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Abstract 

Welding is one of the most common methods of joining engineering structures. Under 

cyclic loading, welds, particularly weld toes, are prone to fatigue cracking. This is 

because of their geometry, which act a stress concentrator, along with the often 

high residual stresses due to the welding process. Computational weld and fatigue 

analyses present great advantages for design engineers. An accurate analysis can 

help the designer predict and account for the fatigue lives of welded structures before 

beginning experimental testing, which can be costly and time consuming. Crack 

initiation is predicted using the strain-life method with the Ramberg-Osgood stress-

strain constitutive model and crack growth is predicted using linear elastic fracture 

mechanics. Finite element models of a hole and a double-fillet weld joint are used to 

predict the stress concentrations at blunt notches and sharp notches and agree very 

well with analytic results. A single-edge crack specimen is cyclically loaded to predict 

stress intensity factors and fatigue crack propagation. These results also agree very 

well with analytic solutions. Finally, a welded gusset joint is analyzed, incorporating 

both welding residual stresses and in-service loading. 
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Preface 

The purpose of this thesis is to lay the foundation for computational fatigue analysis 

of welded joints using VrSuite. VrSuite a finite element analysis package, developed by 

Goldak Technologies Inc., used to model welding, heat treatment and structural tests. 

Previous works using VrSuite have explored in great detail thermal, microstructural 

and residual stress analyses during welding and heat treating. This thesis aims to 

build on the computational analysis of welded joints by examining the prediction of 

local peak stresses at weld toes due to in-service cyclic loading and subsequent crack 

initiation and crack propagation. 
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Chapter 1 

Introduction 

1.1 Factors Affecting Fatigue Life of Welded Joints 

Welding is one of the most important and commonly-used industrial joining methods. 

Because of the nature of the welding process itself, welds are frequently the site of 

fatigue crack initiation and propagation under cyclic loading. The welding process 

can leave crack-like imperfections [6] and can generate high tensile residual stresses 

at the weld toe. The residual stresses are caused by localized thermally-induced 

expansion and microstructural changes. These stresses can approach the material's 

yield limit [7] or cause cracking [8] even before in-service loading. In addition to the 

unfavourable high tensile residual stresses, the geometries of the weld toes themselves 

can act as sharp notches and are therefore stress concentrators. The use of high-

strength materials, thick sections and highly-constrained parts further increases these 

effects. The advance of computational welding and fatigue models obviously has many 

benefits. These tools can help the designer predict the stresses caused by welding and 

in-service loading and estimate the fatigue lives of welded joints. 
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1.2 Computational Welding Analysis 

Welding simulations are complex and weld models must properly account for many 

variables. Most fundamentally important are the thermal, microstructure and stress 

models used in the simulation. The analysis should account for transient effects 

because of the localized, non-uniform and dynamic nature of the heat input. The 

heat distribution and heating and cooling rates will affect the microstructure of the 

weld and the heat affected zone. The thermal and microstructure history will, in turn, 

affect the stress distribution in the model. For a weld analysis, the user must also 

account for many variables. These include accurately defining the material properties, 

welding parameters, welding sequence and boundary conditions that include tack 

welds and constraints. The user must also create a mesh and define time stepping in 

a way that can accurately capture the thermal, microstructure and stress history of 

the welding process. For a subsequent fatigue analysis, the in-service loading history, 

in-service constraints, weld toe geometry and material fatigue coefficients must also 

be accounted for. 

VrSuite [9], a simulation package developed by Goldak Technologies Inc., is used for 

finite element analyses. VrWeld, which is used for welding simulations, uses Goldak's 

double-ellipsoid model and performs the transient 3-D thermal, microstructure and 

residual stress analyses of the welding process. VrDesigner imports the residual stress 

field from the weld analysis and computes the additional stresses and fatigue crack 

propagation due to in-service loading. 

The scope of this thesis is restricted to fatigue predictions - that is crack initiation 

and propagation - as much work has already been performed on the thermal and 

microstructural models used in the weld analysis. For more information, the reader is 
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directed to [10] for thermal and microstructural considerations, [11] for the analysis 

of microstructure evolution from a 3D thermal analysis, and [12] for complete 3D 

thermal, microstructural and residual stress analyses. In the context of this thesis 

residual stresses are taken as an input variable. For more information regarding 

the computation of welding residual stresses the reader is directed to [13], [14], [15] 

and [16]. 

1.3 Objectives 

The objective of this thesis is to assess the capability to computationally predict 

the fatigue lives of welded structures, incorporating stresses due to both the welding 

process and constant-amplitude in-service loading. Simple test problems are sim

ulated to establish the mesh sensitivity to stress concentrations and stress intensity 

factors by comparing computed FEM results to known analytic solutions. The predic

tion of local non-linear peak stresses and fatigue initiation lives of welded structures 

from the VrSuite are compared to calculations using Glinka's FALIN crack initiation 

software [17]. 

1.4 Outline 

This thesis is divided into five chapters. Chapter 1 gives an overview of the factors 

affecting fatigue of welded joints, describes some considerations when performing com

putational weld analyses and outlines the objectives of this thesis. Chapter 2 presents 

the relevant fatigue theory used for fatigue life predictions in subsequent chapters. 

These include strain-life methods to predict crack initiation and linear-elastic fracture 

mechanics to predict crack propagation. Chapter 3 consists of test problems, which 

compare results from finite element analyses to known analytic solutions from the 
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literature to verify the FEA results. The test problems include the analyses of the 

stress concentrations at a blunt notch, such as a hole and at a sharp notch, such 

as the weld toe of a double-fillet T-joint. Also included is the analysis of the stress 

intensity factor for a single-edge crack (SEC) specimen. Chapter 4 consists of a total 

life predictions of a welded gusset joint, incorporating both welding residual stresses 

and in-service loading. Several total model and submodel analyses, predicting weld

ing stresses and in-service stresses are examined and discussed. Finally, Chapter 5 

includes conclusions and recommendations for future work. Appendix A details the 

transformation of local linear-elastic stresses and strains to non-linear elastic stresses 

and strains, the generation of a hysteresis loop under constant amplitude loading with 

a load ratio, R, of zero and the calculation of crack initiation life. 



Chapter 2 

Fatigue Theory 

2.1 Weld Toe Stress Concentration 

In cyclically-loaded welded structures fatigue cracking will often initiate at weld toes. 

Because of their geometry, the weld toes act as stress concentrators. Therefore, in 

addition to the tensile residual stresses induced by welding, weld toes exhibit high 

local stresses during cyclic loading. The stress concentration at the weld toe depends 

on the weld geometry, including the angle and the toe radius. To accurately predict 

local stresses near a weld toe one must account for these features. Figure 2.1(a) 

shows a macrograph of the cross section of an actual weld while Figure 2.1(b) shows 

a computer model of the toe geometry and the FEM mesh around the toe. 

2.1.1 Hot Spot Stress Method 

A convenient method for accounting for the weld geometry is the hot spot stress 

method, where the total non-linear stress at the weld toe is broken down into lin

ear membrane (tensile/compressive), linear bending and non-linear components [1] 

as shown in Figure 2.2. The hot spot stress is defined as the structural stress that 

"includes all stress raising effects of a structural detail excluding all stress concentra

tions due to the local weld profile itself [18]. The non-linear component is discarded 

5 



(a) (b) 

Figure 2.1: (a) Weld macrograph and (b) FEM mesh around the weld toe. 

v\feld Toe 

Structural Stress 

Total Stress 

Hot Spot Stress 

Figure 2.2: Stress distribution and stress components at the weld toe [1]. 

and a peak weld toe stress is obtained by combining the membrane and bending 

components with stress concentration factors that are functions of the weld geome

try. This method is especially useful when the non-linear component of the stress is 

difficult to accurately predict, such as when solving a problem analytically or when 

using a relatively coarse mesh for a finite element analysis. The hot spot stress is 

oftened determined by extrapolation from reference points ahead of the weld toe. The 

extrapolation method is preferred when plate or shell elements are used. However, 

"a multi-layer arrangement of solid elements allows to linearise the stresses over the 



plate thickness directly at the weld toe". Since the analyses performed in this thesis 

use multiple solid elements through the plate thickness, this is the method used here. 

The hot spot membrane stress, <r^, and bending stress, a^s, are computed according 

to [19] 

ahs = ~f I 2- 1) 

b 6f_/
t%a(y)-ydy 

ahs = £2 (22> 

where y is the through-thickness direction and t is the thickness. The discretized 

finite element form of equations (2.1) and (2.2) are 

ahs = ~t (2-3) 

h QTlf=zla{yi)yi^yi ahs = p • I2-4) 

The hot spot stress, ahs, is the sum of the hot spot membrane and bending stresses 

and the peak stress, opeaki is the product of the hot spot stress and hot spot stress 

concentration factor, Kt>hs-

*hs = vZ + °bhs (2-5) 

Vpeak = Kt,hs • Ohs (2.6) 

Since the stress concentration at the weld toe depends on the ratio of membrane and 

bending stresses a universal stress concentration formulation cannot be obtained for 

the total hot spot stress. Instead, analytic formulae are used to calculate separate 

membrane and bending stress concentration factors, which are purely a function of 
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the weld geometry. The peak stress at a point on the weld toe line is then 

Vpeak = Kt?h saZ + Kt,hsahs- (2-7) 

2.1.2 Direct Method 

If the weld geometry detail is accurately modelled and a fine enough mesh is used, 

the peak stress can be obtained directly from a finite element analysis. In [20] finite 

element analyses are performed in order to examine the effects of various weld toe 

radii on stress concentration factors. The smaller the weld toe radius, the greater 

the stress concentration. In this thesis, three-dimensional simulations are run on a 

relatively coarse mesh. Three-dimensional slice submodels or two-dimensional plain 

strain submodels are then created at areas of interest, in this case weld toes, with 

a much finer mesh. An example of a three-dimensional slice submodel is shown in 

Figure 4.2(b) while an example of a two-dimensional submodel is shown in Figures 

4.3 and 4.4. In [18] it is recommended that the element size be at most 1/6 the radius 

of curvature of the weld toe for linear elements and 1/4 the radius for higher-order 

elements. Then the peak stress at the toe can be directly resolved without the use of 

stress concentration factors. 

2.2 Crack Initiation 

Even under nominally elastic loading there exists the possibility of localized plastic 

yielding. This can occur at microscopic material discontinuities such as inclusions 

and dislocations and at macroscopic discontinuities such as holes, sharp notches or 

weld toes. These areas can be damaged during cyclic loading, which can lead to 

macroscopic cracks. A popular method to predict crack initiation, which is used 

here, is to perform a linear elastic stress analysis of the structure under in-service 
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loading to obtain the peak linear elastic strains at or near the weld toe. The peak 

elastic strains are then related to the local total (elastic and plastic) strains and strain 

amplitudes at the weld toe using either the Neuber Rule [21] or the Equivalent Strain 

Energy Density (ESED) method [22]. The constitutive stress-strain relationship used 

to approximate localized plasticity is the Ramberg-Osgood equation. Once the local 

non-linear strain amplitudes are determined, they can be related to the material's 

strain-life curve to estimate the number of loading cycles to crack initiation. Crack 

nucleation is another term for crack initiation frequently used in the literature. 

2.2.1 Stress-Strain Relationship 

The total strain at a point is the sum of the elastic and plastic components: 

e = ee + sp. (2.8) 

The stress-strain behaviour of ductile solids can be described by the Ramberg-Ogood 

relationship [23], a non-linear elastic constitutive equation [24], which is given by 

where k and n are the strength coefficient and hardening exponent, respectively. 

The Ramberg-Osgood relationship is useful for approximating the local elastic-plastic 

strain at the stress concentration. It does not account for actual plasticity however; 

if the load is removed, the stress and strain will return along the same path. The 

stabilized cyclic material stress-strain response can be approximated with the cyclic 

Ramberg-Osgood relationship, which takes the same form as equation (2.9). Under 

cyclic loading, engineering materials may cyclically harden or soften until equilib

rium, or cyclic stability, is reached. The cyclic stress-strain curve can be obtained 
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through various test procedures, all of which cycle the material at various strain am

plitudes, generating several hysteresis loops. A curve is fitted to the peaks of each 

hysteresis loop to give the cyclic stress-strain response [25] as seen in Figure 2.3. The 

cyclic Ramberg-Osgood equation is 

s = E + ®* (2.10) 

where k' and n' are the cyclic strength coefficient and hardening exponent, respec

tively. If the cyclic strain amplitude is: 

Figure 2.3: Construction of the cyclic stress strain curve [2]. 

Ae 
2 

Aee Aep 
(2.11) 

then, according to Massing's hypothesis the material's stabilized hysteresis behaviour 

can be described by doubling the cyclic stress-strain curve to give 

Ae 
2 

ACT /ACT 

2£ + V 2*7 
(2.12) 
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Since the Ramberg-Osgood equation describes non-linear elasticity, not plasticity, 

equation (2.12) will not alone generate the stress-strain hysteresis loop for cyclic 

loading. Several variations of the equation, using different stress and strain incre

ments, must be assembled to approximate the hysteresis loop for cyclic plasticity. 

See Appendix A for a more detailed discussion. If experimental data needed to define 

the hysteresis loop is unavailable, the cyclic hardening exponent, n', and the cyclic 

strength coefficient, k', can be approximated from the strain-life coefficients as [26] 

n' = - (2.13) 
c 

k' = 77^7 . (2.14) 
{e'fY 

2.2.2 Neuber's Rule 

Neuber's rule is used to relate the nominal linear elastic stress to the actual non

linear stress and strain at the weld toe, approximated by equation (2.9). Neuber's 

rule states that the linear elastic stress concentration factor, Kt, is the geometrical 

mean of the stress and strain concentration factors, Ka and Ke, for any constitutive 

law [21] and is given by 

Kt = y/KaKe. (2.15) 

For nominal linear elastic loads the stress and strain concentration factors are func

tions of the local non-linear stress and strain at the weld toe, aa and ea, and the 

nominal linear elastic stress and strain, anom and snom. 

tfff = — (2-16) 
&nom 

Ks = - ^ - (2.17) 
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Since the nominal linear-elastic strain is 

Neuber's rule can be rewritten as 

\Ktanom) 

annm ( 2 i g ) 

E 
= craea. (2.19) 

In this method, the welding residual stress is accounted for by considering it to be a 

prestress. The initial strain energy density due to the weld residual stress is added 

to the left-hand side of equation (2.19) and the residual stress is added to the linear 

elastic stress to give 

{Kt<Jnom + CTr) . . 
+ arsr = aa£a. (2.20) 

When applied to the Ramberg-Osgood stress-strain model, where aa and ea represent 

the non-linear Ramberg-Osgood stress and strain, Neuber's rule gives 

(Ktanom + ary 
E + °rSr = f + " . ( £ ) * (2-21) 

and the residual strain, er, is computed from the cyclic Ramberg-Osgood equation 

with the residual stress as the input. The residual stress does not change the stress 

amplitude, but it does change the mean stress value. Neuber's rule was extended to 

cyclic loading in [27] to give 

(KtAcr f = A(jaA£a_ {222) 

hi 



13 

When applied to the Ramberg-Osgood hysteresis equation, equation (2.12), the rela

tionship becomes 

E 2E u\2k , 

When using the hot spot method, the nominal elastic stress and strain are equivalent 

to the hot spot stress and strain. 

2.2.3 Equivalent Strain Energy Density 

Since the local peak linear elastic stress and strain for a uniaxial case are 

&peak = l^t&nom yZ.Z'i) 

Speak = ^ f ^ ( Z 2 5 ) 

the Neuber rule gives 

&peak£peak = ^a^a- {Z.ZO) 

This relationship tends to overestimate the non-linear weld toe stress and strains, 

however. The linear-elastic strain energy according to Hook's Law is \aeee but this 

is not true for non-linear models such as the Ramberg-Osgood formulation. Glinka 

proposed the equivalent strain-energy density (ESED) method to correctly model the 

strain energy relationship for any constitutive equation based on observations that 

for localized plasticity the strain energy distribution in the plastic and elastic zones 

were nearly equal [22]. 

Remark: For elastic stress models it is appropriate to integrate J^crde where de 
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is the elastic strain increment to compute the strain energy density. However, if 

plastic strain occurs, then it would be more precise to write J" <ydetotai — J vdeeiastiC + 

J (jdepiastic- The first integral on the right hand side is the strain energy density. 

The second integral is the plastic work density. Since the literature on this topic 

ignores this distinction, this thesis adheres to the notation as generally described in 

the literature and ignores the separation into strain energy density and plastic work 

density. 

The strain energy density, W, is 

W = f ads. (2.27) 
Jo 

Integrating, the linear-elastic strain energy density is 

1 o-2 

Integrating the strain energy density according to the Ramberg-Osgood cyclic stress-

strain relationship gives 

Equating the linear and non-linear strain energy densities gives 

a2 
peak 

IE 

Integrating the Ramberg-Osgood hysteresis equation gives 

Jo 
*,«**.) = M + 2 _ ^ _ ( ^ ) * . „31) 
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2.2.4 Strain-Life (s - N) Equation 

The strain-life approach to fatigue crack initiation is based on the works of Basquin 

[23], Coffin and Manson [23]. Basquin found that for constant amplitude loading, 

a linear relationship exists between the logarithm of the stress amplitude and the 

number of load reversals, 2AT7, to failure. The Basquin relationship is given by 

where o^ is the fatigue strength coefficient, b is the fatigue strength (Basquin) expo

nent. Since the elastic strain amplitude is 

Aee ACT . „„s 

-TT = 7 ^ (2-33) 
2 2E v ' 

the relationship between elastic strain amplitude and number of load reversals to 

failure is 

^ = ^(mf. (2.34) 

Similarly, Coffin and Manson found that a linear relationship exists between the 

logarithm of the plastic strain amplitude and the number of load reversals to failure. 

The Coffin-Manson equation is given by 

^ E = £'f{2NI)
c (2.35) 

where e'f is the fatigue ductility coefficient and c is the fatigue ductility exponent. 

The total strain amplitude, Ae, is the linear superposition of the elastic and plas

tic components. This gives the strain-life equation, which relates the total strain 
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amplitude to the number of reversals to failure. 

^ = ^(2NI)
b + e'f(2NI)

c (2.36) 

The strain-life curve given by equation (2.36) is constant for a given material and 

is determined by smooth-specimen experimental tests. The local weld toe strains 

obtained from the cyclic Ramberg-Osgood equation are related to the strain-life curve 

to obtain an estimate of the component's crack initiation life. Several variations of the 

strain-life equation exist to account for mean stress effects. These include the Morrow 

equation and the Smith-Watson-Topper equation, presented in equations (2.37) and 

(2.38), respectively [28]. 

a, 
As _ (<T \2b . i i / 0 7 , r \b+c 

max 2 E 
(2NZ)M + a'fe'f {2NI)

0+C (2.38) 

where amean = amax + amin and amax = 4f + omean. For a compressive maximum 

stress, however, the Smith-Watson-Topper equation becomes undefined [29]. 

2.3 Crack Propagation 

When a macroscopic crack has formed in a structure, the crack can be viewed as 

an infinitely sharp notch. Because of the stress singularity that exists at the crack 

tip, stress-based criteria cannot be used to predict failure and instead the stress 

intensity factor is used. The stress intensity factor is a function of the structure's 

geometry, loading and crack length [23]. If the structure is sufficiently loaded so that 

the stress intensity factor reaches the material's critical value, or fracture toughness, 
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the crack will grow unstably and this will lead to fracture. Cyclic loading, even 

at stress intensities well below the material's fracture toughness, can still lead to 

crack growth. Fatigue crack growth is often slow and predictable and in many cases 

the use of fracture mechanics allows the crack propagation life to be accurately and 

safely predicted. The most widely-used approach for predicting crack growth is linear 

elastic fracture mechanics (LEFM). LEFM assumes quasi-static crack growth and 

that plasticity is confined to a small area around the crack tip in an otherwise linear 

elastic surrounding. 

2.3.1 Paris-Erdogan Equation 

The most commonly-used method of predicting fatigue crack growth is the Paris-

Erdogan equation, which was developed empirically. However, Barenblatt has shown 

that it can be derived by the method of intermediate asymptotes [5]. This equation 

relates the increment in crack length per loading cycle to the stress intensity factor 

range. The Paris-Erdogan equation is given by 

^ = C(AKr (2.39) 

where a is the crack length, N is the number of cycles and C and m are usually 

viewed as material constants. AK is the stress intensity factor range, defined as 

AK = Kmax-Kmin. (2.40) 

In the crack growth algorithm used in this thesis, the crack is incremented by one 

element in each time step and the stress intensity factor is re-computed for each 

increment in crack tip position. Rearranging equation (2.39) and integrating from a 
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Figure 2.4: Idealized three crack growth stages [3]. 

to Aa, the number of cycles required for each increment of crack length, AN, is then 

AN = f C~l{AK)-
J a—Aa 

%da. (2.41) 

In [30], it is proposed that integrating the Paris-Erodogan equation be evaluated using 

the following equation: 

AN = 
Aa({AKa_Aa) l—m (AKay-m) 

C(AKa-AKa_Aa)(m-l) 
(2.42) 

Many variations of the Paris equation exist to account for mean stress and other 

effects. But, as mentioned in [31], the usefulness of such empirical relations is not 

great, owing to the large scatter of empirical data and limited applicability. Since 

different methods are used to determine crack initiation according to the strain-life 

equation and crack propagation according to the Paris-Erdogan equation, an initial 

macroscopic crack size, a0, must be estimated to begin crack propagation. The applied 

stress intensity factor range, AK, must be greater than the minimum stress intensity 
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factor range for a crack to propagate. This minimum value is known as the threshold 

stress intensity factor range, AKth- The propagation life is determined by either 

specifying a critical crack size, ac, or a critical stress intensity factor, Kc, at which 

the component is considered to have failed. Then the number of propagation cycles 

until failure, N = NP. The threshold and critical stress intensity factors represent 

the lower and upper bounds on the Paris-Erdogan equation, where ^ tends to zero 

as AK approaches AKth and tends to infinity as AK approaches (1 — R)KC and 

unstable growth occurs [32]. It has been observed that in the threshold regime the 

stress intensity factor range is much more dependent on the loading ratio than the 

Paris regime. For austenitic, ferrite-pearlite, martensitic and bainitic steels, [33] gives 

conservative estimates for AKth as 

AKth = 7( l -0.85i?) MPaVm (R > 0.1) (2.43) 

AKth = 6 MPaVm {R < 0.1) (2.44) 

where 

R = | ^ . (2.45) 
**-max 

2.4 Stress Intensity Factor 

The stress intensity factor, which characterizes the state of stress at the crack tip 

due to remote loading and/or residual stresses, can be determined through various 

methods. Analytic solutions have been formulated for many geometries, most are 

relatively simple, and assembled in compositions such as Rooke and Cartwright's 

Compendium of Stress Intensity Factors [34]. Energy methods, such as Rice's J-

integral, are often used computationally. The material forces method, from which the 
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J-integral can be determined as a special case, is a more recent advance in determining 

the 'driving force' for crack propagation. It does not require the assumptions inherent 

to the J-integral. Its use, however, is still mostly confined to the academic field. 

Linear elastic fracture mechanics is based on Griffith's strain energy release rate, 

which states that the decrease in potential energy of a system due to crack extension 

is equal to the energy required to extend the crack surface [23]. The total energy 

change of the system, dE, which is conserved during a unit crack extension is [35] 

dE = dli + dS = 0 (2.46) 

where dU and dS are the potential energy change and the surface energy change, 

respectively. If the potential energy change of the cracked body is defined in terms of 

the elastic strain energy density, W, and the work done per unit volume by external 

forces, Wp, as 

n = W-WF (2.47) 

then the strain energy density released per unit crack extension, da, is 

G - -S <-) 
where A is the crack surface area. 

2.4.1 Analytic Method 

The linear elastic analytic solution for the stress intensity factor takes the form 

K = a^a-Y (2.49) 
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where Y is a geometry correction factor. For example, the mode-I (tensile opening 

mode) stress intensity factor for an edge crack in a finite width sheet, from p. 84 

of [34] is 

Ki = ayfna ,12-0,3(?)+10.6(^-21,(^ + 30,(?y .(2.50) 

This example is used in Section 3.3 to varify the stress intensity factor computed 

using the material forces method. Under more complex loading conditions, such as 

a combination of membrane and bending loads, the stress intensity factor is a linear 

superposition of the stress intensity factors due to each condition. 

K = Km + Kb (2.51) 

Another, more advanced method of computing stress intensity factors for more com

plex geometries, such as a crack in a weld toe, is the weight function method. The 

weight function method determines the stress intensity factor by determining the 

stress distribution, a(x), normal to the potential crack plane of the un-cracked speci

men [36]. The stress distribution is then applied as tractions to the crack surface and 

is integrated according to 

K = I a(x)m(x,a)dx (2.52) 
Jo 

where m (x, a) is a weight function for a one-dimensional stress field that is dependent 

on geometry but not the stress distribution [37]. 

2.4.2 Material Forces Method 

The material force method for determining the crack driving force was advanced by 

Maugin [38, 39] and Steinmann [24, 40] among others and is based on the works of 
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Eshelby [41]. Eshelby derived a momentum balance in the material, as opposed to the 

spatial, configuration to describe the forces acting on defects and inhomogeneities. 

The more popular J-integral, developed by Rice, was also based on the works of 

Eshelby but is more restrictive. In [42] it was shown that material forces can be 

formulated for magnetic, thermal, dissipative and dynamic effects. Here, both the 

material force and the J-integral are restricted to the elastic, quasi-static assumptions 

of LEFM. The pointwise quasi-static spatial balance of momentum is given by 

Vcr + b = 0 (2.53) 

where a is the stress tensor b is the body force vector. By applying a virtual dis

placement, Su, the weak form of the spatial momentum balance is 

f VSuTadV- f 5uTbdV- f 8uTandA = 0 (2.54) 
Jv JV JdV 

where V is a spatial volume and dV is a spatial surface. Through deformation and 

hyperelasticity concepts [43] the momentum balance can be mapped from the spatial 

configuration to the material, or reference, configuration to give 

V - E + 0 = 0 (2.55) 

where X is the energy-momentum, or Eshelby stress tensor, and g is the configura-

tional body force vector. The energy-momentum tensor is defined as [41] 

£ = WI-VuTa- (2.56) 

where W is the strain energy density, I is the identity matrix and u is the spatial 

displacement vector. The material force, Fmat, acting on the singular part of the 
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material surface, OVQ, is approximated in terms of the regular part of the material 

surface, dV^ as 

Fmat ~ - J J P n / V-NdA (2.57) 

The material force vector represents a generalized version of the scalar J-integral. 

Material forces will appear at geometric discontinuities such as holes and cracks and 

at material inhomogeneities such as a boundary between dissimilar materials. In finite 

element analyses, material forces will also appear at nodes which are constrained, such 

as interior nodes in a coarse mesh or boundary nodes with prescribed displacements. 

The J-integral is restricted to a two-dimensional plane normal to the crack, an infinite 

domain length and steady-state growth. The crack driving force is restricted to the 

direction tangent (t) to the crack plane and normal to the crack tip curve and is 

represented as 

J = Urn J [Writ - u,t (a- • n)] ds. (2.58) 

Integration is performed along an arbitrary contour path, T, counterclockwise from 

an arbitrary point on the lower crack surface to one on the upper surface. The J-

integral can be derived from Griffith's energy balance [35], equations (2.46)-(2.48). 

It can also be obtained by simply projecting the negative material force onto the 

two-dimensional crack plane in the direction tangent to the straight crack path [24]. 

J = -Fmaft (2.59) 

Under LEFM assumptions, the scalar material force and J-integral are equal to Grif

fith's strain energy release rate. The energy release rate is related to the stress 
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K = VEG (plane stress) (2.60) 

K = \ (plane strain) (2.61) 

where E is the modulus of elasticity, G is the energy release rate and v is the Poisson 

ratio. Computationally, several contour integrals, with increasing distances from the 

crack tip, are usually evaluated using the J-integral or the material force until the 

value converges to a desired tolerance. 



Chapter 3 

Test Problems 

3.1 Stress Concentration at the Hole in a Finite 

Plate 

The first test problem examines the accuracy of a two-dimensional finite element 

submodel stress analysis of a blunt notch by analyzing a plate with a central hole in 

tension. The objectives of the analysis are to: 

1. Compare the submodel stress concentration at the edge of the hole to a known 

analytic solution. 

2. Compare the magnitudes and directions of the material force vectors at the hole 

to a model from literature. 

3.1.1 Problem Geometry and Setup 

The analytic solution for the stress concentration at the edge of the hole is taken from 

[44] who claim that the formula predicts a maximum stress within 2 % of photoelastic 

measurements. The problem geometry is shown in Figure 3.1. The analysis uses plate 

dimensions D = 0.1143 m and 2r = 0.00635 m and an applied tensile stress, ao, of 

25 
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3.78 MPa. The nominal stress, anom, is the average tensile stress across section B-

B 
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B 

Figure 3.1: Hole test problem geometry. 

B in Figure 3.1 due to the reduction in area from the hole. The nominal stress is 

determined according to 

D 
On 

D-2r 
a0. (3.1) 

The stress concentration factor, Kt, for a plate with a hole in tension is 3.0 when 

the plate has an infinite width (D = oo). For a plate with a finite width, the stress 

concentration will be lower and the analytic solution is determined according to 

Kf = 3.00-3.13 + 3.66 
2r 

- " » ' ! (3.2) 

As the plate width goes to infinity, the stress concentration factor from equation 3.2 

goes to 3.0. The maximum stress, crmax, at the boundary of the hole, point A, is 

— R-t&nom- (3.3) 

The finite element analysis consisted of a coarse 3D stress analysis using 8-node bricks 

and a fine 2D stress analysis using 4-node quads in a circular region around the hole 

and assumed plain strain conditions. The minimum submodel element size in the 



vicinity of the hole was 0.15 mm. 
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3.1.2 Results 

The uniaxial stress in the direction of the applied load is shown in Figure 3.2. The 

tensile load stretches the hole vertically, resulting in compressive stresses on the top 

and bottom of the hole and large tensile maximum stresses at the sides. The stress 

distribution from the maximum stress at the hole to the minimum stress at the plate 

edge is plotted in Figure 3.3. The computed nominal stress and analytic maximum 

and nominal stresses are also shown. There is good agreement between the finite 

element results and the analytic solution. The analytic nominal stress is 4.00 MPa 

and the analytic stress concentration factor is 2.837, which gives a maximum stress of 

11.35 MPa at the hole. The computed nominal stress is 4.11 MPa and the computed 

maximum stress is 11.11 MPa at the hole. The slightly lower maximum stress and 

slightly higher nominal stress give a computed stress concentration factor of 2.703, 

slightly lower than the analytic value. The computed minimum stress at the edge of 

the plate is 3.76 MPa. 

Figure 3.2: Hole test submodel stress distribution. 
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Figure 3.3: Hole test stress distribution plot from edge of hole to edge of plate. The 
computed peak and nominal stresses are 11.11 MPa and 4.11 MPa respectively. The 
computed minimum stress at the edge of the plate is 3.76 MPa. The analytic peak 
and nominal stresses are 11.35 MPa and 4.00 MPa respectively. 

The material force vectors are shown in Figure 3.4 and compared to results from [4]. 

From Eshelby's viewpoint the hole can be viewed as an inclusion of zero stiffness. 

The material forces at the interior nodes would zero if the FEM solution was exact 

because the plate is homogeneous. The material forces at the interior nodes tend to 

zero because the error in the FEM solution is small because of the fine mesh. At the 

boundary of the hole the material force vectors are large and point in the direction 

of the large strain energy gradients at the discontinuity (the hole). In Figure 3.4(b) 

displacements are prescribed to the top and bottom plate edges which results in 

material forces as reactions because the edge nodes are constrained. If the circular 
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hole was perturbed to an elliptical hole, then the change in strain energy would be 

the dot product of the material nodal force and the displacement of the nodes on the 

hole boundary from the circle to the ellipse. In other words, if a stress analysis was 

done with the circular hole and a second stress analysis done with an elliptical hole, 

the difference in the total strain energy would exactly equal the energy computed 

using the material nodal force. 

(a) (b) 

Figure 3.4: (a) Material force vectors from hole test problem in VrDesigner and (b) 
material force vectors in a hole from [4]. 

3.2 Stress Concentration at the Toe of a Double-

Fillet T-Joint Weld 

The second test problem examines the accuracy of a two-dimensional finite element 

submodel stress analysis of a sharp notch by analyzing a double-fillet t-joint weld 

loaded in tension. The objective is to compare the submodel peak stress, using a 

fine mesh to accurately model the weld toe radius, to the hot spot peak stress using 

\ * ; 
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theoretical stress concentration factors with membrane and bending stresses obtained 

from a coarse three-dimensional finite element stress analysis. 

3.2.1 Problem Geometry and Setup 

The hot spot and direct methods for determining the stress at the weld toe are 

detailed in Sections 2.1.1 and 2.1.2 respectively. Three analyses are performed using 

weld toe radii of p = 0.5 mm, 1.0 mm and 1.5 mm while keeping the loading and 

other geometry the same. The geometry of the t-joint is shown in Figure 3.5 with 

dimensions W = 15 mm, h = hp — 5 mm, t = tp = 10 mm, S — 20 mm and 

9 = 45°. Although the loading is purely tensile, the nature of the geometry causes 

some bending, which cannot be ignored. In the coarse three-dimensional analysis 

:W 

I 

•TeX/ 
lip t 

1 

Figure 3.5: Double-fillet weld geometry. 

rigid body modes are removed, one end of the plate is prescribed to zero horizontal 

displacement and a tensile stress of 100 MPa is applied at the opposite end of the plate. 

The hot spot membrane and bending stresses at the weld toe are determined from the 

through-thickness stress distribution in the coarse 3D finite element stress analysis and 
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multiplied by theoretical membrane and bending stress concentration factors to obtain 

the peak stress. The stress concentration factors are obtained using Tsuji's equations, 

developed from boundary element method calculations and presented in [45] and 

Monahan's equations, presented in [46]. Tsuji's equations for the membrane and 

bending stress concentration factors for a t-joint are 

Km = 1 + l.O15Qa446/(0) (3.4) 

Kb = l + jo .629+ 0.058In ( - H (^"""^tanh ( — ) / ( # ) (3.5) 

where Q and f(6) are 

l - e x p { -0.900 JW/2h) 

W) = r ^±T (3-7) 

1 - exp | - 0 .90 (7 r /2 )vW2^} 

Monahan's equations for a fillet weld are much simpler and are given by 
/ , \ 0.454 

K™hs = 1 + O.38800-37 ( - J (3.8) 
/ , \ 0.469 

K\M = 1 + O.51200-572 ( - J (3.9) 

The direct method for determining the weld toe peak stress uses a 2D submodel plane 

strain stress analysis with a 0.1 mm element size around the weld toe. The displace

ments prescribed to the boundaries are obtained from the coarser three-dimensional 

analysis. 
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3.2.2 Results 

The stress concentration factors caculated for each weld toe radius are given in Table 

3.1. There is very little difference in the stress concentration factors obtained using 

the Tsuji method and the relatively simpler Monahan method. Table 3.2 shows the 

hot spot membrane and bending stresses for each of the three radii and the peak 

stresses calculated from the different approaches. The hot spot membrane stresses 

are roughly the same for each radius and very close to the 100 MPa applied traction. 

Bending causes compressive stress components at the weld toes, which are much 

smaller than the tensile membrane stresses but still contribute to a decrease in the 

peak stresses. The finite element submodel peak stresses agree slightly more with 

the peak stresses obtained using the Monahan stress concentration factors, but even 

the largest error compared to the Tsuji model is below 5 %. Figure 3.6 shows the 

submodel mesh and stress distribution around the 1.5 mm weld toe. Figure 3.7 plots 

the submodel stress distribution from the weld toe through the thickness for the 1.5 

mm weld toe. While it is small compared to the membrane stress, the influence of 

the negative bending stress near the weld toe is clearly visible. 

Stress Concentration Factor 

* & > Tsuji 

Kt,h., T s u J i 
K™hs, Monahan 

Klhs, Monahan 

p = 0.5 m m 

2.4022 

2.7046 

2.3826 

2.8174 

p = 1.0 m m 

2.0293 

2.2644 

2.0093 

2.3130 

p = 1.5 m m 

1.8590 

2.0617 

1.8396 

2.0856 

Table 3.1: Double-fillet stress concentration factors for weld toe radii of 0.5 mm, 1mm 
and 1.5 mm. 
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Stress (Mpa) 

< 

(Tpeak, T s u j i 

<?peak, Monahan 

apeak, FEM 

% Error , FEM vs. Tsuji 

% Error , FEM vs. Monahan 

p = 0.5 m m 

96.151 

-6.190 

214.231 

211.649 

205.120 

4.25 

3.08 

p = 1.0 m m 

98.026 

-3.797 

190.316 

188.171 

184.180 

3.22 

2.12 

p = 1.5 m m 

97.265 

-3.429 

173.746 

171.777 

168.970 

2.75 

1.64 

Table 3.2: Double-fillet weld toe stresses. 

3.3 Single-Edge Crack Test for Stress Intensity 

Factor 

The single edge crack test examines the accuracy of a fine two-dimensional fracture 

mesh used for fatigue crack propagation. The objectives of the analysis are to: 

1. Predict fatigue crack growth along a projected crack path using the Paris-

Erdogan equation for three different maximum loads with a minimum stress 

ofO. 

2. Compare the stress intensity factors from re-computed J-integral values during 

crack growth, obtained from the material force, to stress intensity factors from 

a known analytic solution. 

3.3.1 Problem Geometry and Setup 

The mode-I analytic solution for the SEC under tensile loading is given in [34] and 

in equation 2.50 and is valid for a crack length-to-plate length ratio of a/b < 0.6. 

The SEC geometry is shown in Figure 3.8. The plate dimensions used in the analy

sis are h = 0.1 m and b = 0.1 m. The plate thickness is 0.05 m. In the coarse 
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Figure 3.6: Double-fillet submodel stress distribution at the 1.5 mm weld toe. 

three-dimensional finite element stress analysis, the bottom edge of the plate was 

constrained in the vertical direction, rigid body motion was removed, and tractions 

of 138 MPa, 69 MPa and 34.5 MPa were applied to the top surface in three successive 

tests. In the two-dimensional plane strain submodel fracture analysis, the displace

ment at one edge of the submodel was prescribed to zero while the traction, obtained 

from the three-dimensional analysis, was applied to the other edge. The crack was 

grown from a/b = 0.25 to a/b = 0.5 (a = 0.025 m to a = 0.05 m) in increments of one 

element, or 0.2 mm, and did not incorporate a threshold or a critical stress intensity 

factor. A Paris-Erdogan coefficient of C = 6.9 x 10~12 (m/cycles)(MPa-v/m)_m and 

exponent of m = 3.0 were used. 
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Figure 3.8: SEC specimen geometry. 

3.3.2 Results 

The number of cycles to grow the crack from 0.025 m to 0.05 m for the same material 

at remote stresses of 138 MPa, 69 MPa and 34.5 Mpa were determined, using the 

Paris-Erdogan equation, as 4869, 38956 and 311644 cycles, respectively. Figure 3.9 

shows a plot of log ^ against log AK while Figure 3.10 shows a plot of the crack 

length against the number of cycles. The three load levels plotted in Figure 3.9 are 

all extensions of the same line because they are the same material and have the same 

Paris coefficients while the curves in Figure 3.10 demonstrate the much greater rate 

of crack growth at higher load levels. 

Figure 3.11 shows the crack opening displacement at the final crack length of 0.05 

m and Figure 3.12 shows the the stress distribution and mesh perpendicular to the 

crack path. The analytic and computed stress intensity factors for crack-to-width in

crements of 0.05 are given in Table 3.3. The error between the computed solution and 

the analytic solution ranges between 3.25 % and 9.03 % which gives good agreement 

between results. While the mesh is graded away from the crack perpendicular to the 
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gure 3.9: SEC test log | | vs. log AK for remote stresses of 138 MPa, 69 MPa and 
34.5 MPa. 

crack path, as shown in Figure 3.12, a closer agreement could possibly be obtained 

by creating a rounded mesh around the crack tip graded exponentially in the radial 

direction. The disadvantage would be the need to remesh for every increment in 

crack length. The analysis also used 4-node quadratic elements. The use of 8-node 

quadratic elements would better approximate bending and a further step would be to 

create special crack-tip elements by shifting the mid-edge nodes of the 8-node quads 

to the quarter-points to capture the stress singularity at the crack tip. This approach 

was suggested in [47] and demonstrated in [40]. 
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Figure 3.11: SEC test submodel crack displacement at a/b = 0.5 
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Stress (Pa) 

t6.40e+09 

Figure 3.12: SEC test stress distribution and graded mesh perpendicular to the crack 
path. 

a/b 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

Ki a n a l y t i c (Mpa^E) 

58.19 

70.55 

85.29 

103.39 

126.20 

155.47 

^compu ted V r v J 

60.15 

74.46 

92.54 

113.65 

138.48 

168.17 

Error (%) 

3.25 

5.24 

7.84 

9.03 

8.87 

7.55 

Table 3.3: SEC test stress intensity factors at different crack lengths. 



Chapter 4 

Fatigue Life Prediction of a Welded 

Gusset Joint 

The gusset joint test examines the total life prediction of a weld specimen with a 

relatively simple geometry, incorporating both residual stresses and in-service loading 

with an in-service load ratio, R, of zero. The residual stress, however, raises the mean 

stress amplitude, so the Smith-Watson-Topper version of the strain-life equation is 

used to account for mean stress effects. 

4.1 Problem Geometry and Setup 

The Gusset joint model consists of a 0.1 m x 0.05 m x 0.004 m vertical rectangular 

plate with a 0.0125 m diameter hole welded to a second 0.5 m x 0.5m x 0.004 

m horizontal rectangular baseplate, as shown in Figure 4.1. The fillet weld is 5 

mm in height with an angle of 51.34° and a toe radius of 0.8 mm. The membrane 

and bending stress concentration factors for this geometry, according to Monahan's 

equations, are 1.7736 and 2.0228 respectively. A single-pass wrap-around weld is 

performed at the interface between plates. For fatigue testing, each corner of the 

baseplate is constrained over an area of 0.08 m x 0.04 m and the vertical plate is 

40 
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loaded by applying a distributed in-plane load of 1000 N through the hole. The fatigue 

coefficients are given in Table 4.1. The Ramberg-Osgood and strain-life coefficients 

are taken from [48]. The Paris-Erdogan coefficients are taken from [29]. 

Figure 4.1: Gusset joint geometry and constraints. 

Four separate sets of simulations are performed: 

1. A three-dimensional thermal, microstructure and stress weld analysis of the 

total model to determine the residual stress. A submodel analysis maps the 

final stress and displacement from the total project to a three-dimensional slice 

with a fine mesh around the weld toe as an initial state. The submodel analysis 
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Yield strength, ay 

Modulus of Elasticity, E 

Cyclic Ramberg-Osgood strength coefficient, k' 

Cyclic Ramberg-Osgood hardening exponent, n' 

Fatigue strength exponent, b 

Fatigue ductility exponent, c 

Fatigue strength coefficient, a'* 

Fatigue ductility coefficient, e'f 

Paris-Erdogan exponent, m 

Paris-Erdogan coefficient, C 

Initial crack length, Oj 

Final crack length, a/ 

440 MPa 

208200 MPa 

1270 MPa 

0.192 

-0.101 

-0.524 

1000 MPa 

0.422 

3 

6.9 x 10~12 (m/cycles)(MPaVm)-m 

1 mm 

4 mm 

Table 4.1: Fatigue life properties 

then recomputes the stress on the finer mesh using linear elasticity. A three-

dimensional submodel slice is used instead of a two-dimensional submodel to 

facilitate the residual stress mapping from the 8-node brick elements of the total 

model. 

2. A stress analysis of the total model using only in-service loading. The hot spot 

method with analytic stress concentration factors computes the weld toe stress 

from the total analysis. The displacements from the total analysis are mapped 

to the 3D submodel slice, the stress is re-solved on the finer mesh and the toe 

stress is obtained directly. A two-dimensional submodel is also analyzed in the 

same way to examine any differences between the use of 3D and 2D submodels. 

3. A three-dimensional submodel slice analysis incorporating both residual and in-

service stresses. The final stress state from the total weld analysis is imported 

to the submodel slice as an initial state and the displacements from the the 

total in-service load test are applied. The submodel stress is computed using 
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linear elasticity. 

4. A two-dimensional crack growth analysis. A 2D fracture mesh is analyzed using 

the traction and displacements from the 3D structural submodel of Test 2. 

A crack is grown along a predetermined path from the weld toe through the 

thickness of the baseplate. As in the SEC test of Section 3.3 the stress intensity 

factors are computed using the J-integral, obtained from the material force 

vector. 

Figure 4.2(a) shows a closer view of the total three-dimensional weld model while 

Figure 4.2(b) shows the three-dimensional submodel slice. The two-dimensional sub

model, shown in Figures 4.3 and 4.4, is the same as the three-dimensional slice except 

it is not extruded. The crack initiation life is computed in MATLAB using the sep

arate residual and in-service stresses from Tests 1 and 2. The Smith-Watson-Topper 

variation of the strain-life method of Section 2.2 is used to account for the influence 

of the welding residual stress on the mean stress. Neuber's rule is used to convert the 

linear elastic stresses from the analyses to non-linear Ramberg-Osgood stresses. The 

FALIN crack initiation software is used to validate the calculations. A FALIN calcu

lation using the equivalent strain energy density (ESED) method is also performed 

to examine the difference in predicted initiation lives. 

4.2 Results 

The weld toe residual and in-service stresses are presented in Table 4.2. The significant 

difference between the residual stress from the total model analysis of Test 1, 441 MPa, 

and that of the submodel, 372 MPa, comes from the mapping of the displacements 

and stresses from the total model to the submodel. The residual stress from the 

three-dimensional weld analysis incorporates plasticity while the submodel stress is 
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Figure 4.2: (a) Gusset joint three-dimensional total weld model and (b) three-dimensional 
slice submodel. 

re-solved using linear elasticity. The purpose of re-solving the submodel stress using 

linear elasticity was to verify mapping and data flows in Test 3 and will be discussed 

further. 

In Test 2 the in-service peak stress was calculated using the hot spot method at the 

weld toe of the total model and directly at the weld toes of the three-dimensional 

and two-dimensional submodels. The two-dimensional submodel stress is shown in 

Figure 4.3 and a close-up view of the weld toe stress distribution is shown in Figure 

4.4. The hot spot peak stress from the total model shows good agreement with the 

peak stresses from both the 2D and 3D submodels. The use of either of the three 

methods for determining the peak local stress at the weld toe is feasible. 

In Test 3 the welding residual stress from the total weld model of Test 1 is mapped 

to the submodel as an initial state and the in-service load from the total in-service 

model of Test 2 is applied. The stresses from these two projects are re-solved in 

the submodel using linear elasticity. Since the welding residual stress is considered 

to be an initial stress state, solving the problem using linear elasticity is a good 

(a) 
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Method 

Test 1: residual, total model 

Test 1: residual, submodel 

Test 2: in-service membrane, total model 

Test 2: in-service bending, total model 

Test 2: in-service peak, total model 

Test 2: in-service peak, 3D submodel slice 

Test 2: in-service peak, 2D submodel 

Test 1 + 2: residual and in-service peak, total model 

Test 1 + 2: residual and in-service peak, submodel 

Test 3: residual and in-service submodel 

a (MPa) 

441.45 

371.71 

6.44 

97.62 

205.98 

191.12 

186.18 

647.43 

562.83 

556.04 

Table 4.2: Gusset joint peak stresses. 

method for determining data flows from the parent analyses to the submodel analysis. 

The separately-computed linear elastic residual stress and in-service stress from the 

submodel slice analyses of Tests 1 and 2 should add to give the total stress computed 

in Test 3. Table 4.2 shows that the sum of the submodel stresses from Test 1 and 

Test 2, 563 MPa, and the total stress computed directly in the submodel slice analysis 

of Test 3, 556 MPa, are nearly identical. While there is not much practical sense in 

recomputing the residual stress using linear elasticity, the exercise demonstrates that 

the total stress due to welding and in-service loading can be obtained by mapping 

the final stress state of a weld analysis to a submodel slice and then applying the 

boundary conditions from in-service loading. 

Since the total model analyses of Tests 1 and 2 gave higher stress results than the 

submodel analyses so these are used in the crack initiation calculations for more 

conservative estimates. The non-linear stresses and strains obtained using MATLAB 

and FALIN with the Neuber rule and FALIN with the ESED method are presented 
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mmiM 

Stress (Pa) 

• H 1.866+08 

^ ^ 1.44e+08 

1.036+08 

6.12e+07 

1.96e+07 

i -2.206+07 

-6.366+07 

•1.056+08 

-1.476+08 

•1.886+08 

-2.306+08 

Figure 4.3: Gusset joint 2D submodel mesh and in-service stress. 

Figure 4.4: Gusset joint 2D submodel mesh and in-service stress (close). 

Method 

Peak Stress (MPa) 

Peak Strain 

Stress Amplitude (MPa) 

Strain Amplitude 

Initiation Life (No. Cycles) 

MATLAB, Neuber 

493.2 

9.6 xlO"3 

102.8 

5.0 xKT 4 

2.3xl06 

FALIN, Neuber 

496.5 

9.9 xl0~3 

102.0 

5.0 xlO"4 

2.2xl06 

FALIN, ESED 

494.7 

9.8 xlO"3 

101.89 

5.0 xl0~4 

2.2xl06 

Table 4.3: Gusset joint non-linear stresses and strains. 
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500 

• Residual stress 

- Residual stress and in-service stress 

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 
Strain, e 

ure 4.5: Gusset joint stress-strain curve and hysteresis loop with welding residual 
stress and in-service stress. 

in Table 4.3. The MATLAB-calculated stress strain curve and hysteresis loop for 

the Gusset plate is shown in Figure 4.5. The MATLAB and FALIN calculations 

using the Neuber rule show good agreement, especially in the computation of the 

stress and strain amplitudes. The slight differences are most likely due to different 

numerical strategies for solving the Ramberg-Osgood equation. The local non-linear 

stresses and strains calculated using the ESED method do not differ much from those 

calculated using the Neuber rule for this analysis. This is most likely due to the fact 

that the in-service stress has much less influence than the welding residual stress, 

which is applied as a non-linear prestress. The crack initiation life predictions using 

the Smith-Watson-Topper variation of the strain-life equation are also given in Table 
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4.3. The relatively long initiation life calculations, of the order of 2.2xlO6 cycles, are 

due to the small cyclic strain amplitudes. 

z-<-

Displacement (m) 

6.096-06 

0.00 

Figure 4.6: Gusset joint crack path and displacement. 

The crack was grown slightly ahead of the weld toe with a pre-determined crack 

path, as shown in Figure 4.6. The crack path was chosen to be approximately normal 

to the maximum principal tensile stress. The initial crack length was specified to 

be 1 mm and the final crack length was specified to be 4 mm. Two crack growth 

analyses were performed. The first analysis used stress data from the 3D submodel 

slice stress analysis under in-service loading only with zero initial stress. The second 

analysis used stress data from the 3D submodel slice analysis with in-service loading 

but with the the residual stress from the weld analysis as an initial stress. Both 

yielded similar results, however. This is because all of the side faces of the 3D slice 

submodel are constrained to equal the displacements from the total 3D analysis. In 

the 2D fracture analysis, prescribed displacements are only applied to the far edges of 

the submodel, in this case to the baseplate. Figure 4.7 shows the through-thickness 

stress distribution ahead of the weld toe for the 3D total, 3D slice and 2D analyses 

incorporating in-service loading only. Figure 4.8 show the through-thickness stress 
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distribution for the three same models incorporating in-service loading and welding 

residual stress as the initial stress. 

Since the in-service loading is applied along the same plane as the submodel, the stress 

components in this plane are the most significant and the 3D total, 3D slice and 2D 

tests with in-service loading and with zero initial stress only show good agreement. 

The in-service stress is predominantly a bending stress. The 3D total project has the 

lowest maximum stress and shallowest slope because of its coarser mesh and the 3D 

nature of the stress. The 3D slice submodel has the highest stress because it is more 

constrained, and the 2D submodel falls in between because it is less constrained. 

The stress distributions of the 3D total, 3D slice and 2D models incorporating both 

in-service stress and weld residual stress as initial stress do not show good agree

ment. The residual stress is a complex three-dimensional stress state. Because so 

much constraint on the side faces is removed in the two-dimensional analysis, the 

equilibrium stress state with initial stress mapped from the 3D weld residual stresses 

are very different from the residual stresses in the 2D model. Residual stresses are 

by definition self-equilibrating. The software forces the initial stress in all models 

including the 2D models to be self-equilibrating. In this case, the self-equilibration 

process removes a large portion of the 3D residual stress. Figures 4.9, 4.10 and 4.11 

show the three principal stresses from the 3D submodel slice analysis incorporating 

both the in-service stress and the residual stress as an initial stress. If the surfaces of 

the 2D fracture analysis are not constrained, the 2D stress distribution will clearly be 

very different. As seen in Figure 4.8 the 3D submodel slice again shows the highest 

stress and greatest slope because it is so highly constrained. The 2D submodel has 

a stress distribution closer that of the in-service only analysis because the residual 

stresses are allowed to relax. This indicates that a 2D crack growth submodel would 
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not be accurate when the 2D stress state is not a sufficiently accurate approximation 

of the 3D stress state. In such cases the most obvious alternative is use 3D crack 

growth models. 

p-i 

m -0.5 

-2, 

-3D total in-service 
-3D slice submodel in-service 
-2D submodel in-service 

0.5 1 1.5 2 2.5 
Distance through thickness (m) 

3.5 
x10~" 

ure 4.7: Gusset joint through-thickness (zz-) stress distributions ahead of the weld toe 
for in-service loading only. 

Figure 4.12 shows the through-thickness (zz-) stress distribution along the crack path 

for the crack growth analysis incorporating in-service loading only (see Figure 4.6). 

The initial through-thickness stress distribution is shown along with recomputed 

stress distributions as the crack is grown. Figure 4.13 also shows the initial un-

cracked through-thickness stress distribution. As the crack grows the stress behind 

the crack goes to zero and as expected there is a large stress concentration at the 

crack tip. This is seen at crack lengths of 1.1 mm and 2.5 mm and in Figure 4.14. 
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Figure 4.8: Gusset joint through-thickness stress distributions ahead of the weld toe for 
in-service loading and initial stress. 

The zz-stress is mostly bending at the beginning of crack growth, as seen by the initial 

un-cracked through-thickness stress. The bending stress remains as the crack grows to 

lengths of 1.1 mm and 2.5 mm but the membrane component becomes larger at longer 

crack lengths. At crack lengths of 3.5 mm and 4.0 mm the membrane component is 

compressive and this increases with crack length, as seen in Figure 4.15. 

Figure 4.16 shows the number of cycles for crack growth from 1 mm to 4 mm in the 

test with zero initial stress. Crack growth takes 6 x 106 cycles. The stress intensity 

factor ranges from 3.28 MPa-v/m at ao = 1 mm to 7.25 MPav'm at a/ = 4.0 mm. 

Values of Kic for steels range between 45 to 200+ MPay/m. [35]. This implies that 

for this geometry, stress state and maximum 2D crack length, the gusset joint would 

3D total in-service & residual 
3D slice submodel in-service & residual 
2D submodel in-service & residual 
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Figure 4.9: Gusset joint 3D slice submodel first principal stress. 

not fracture. 
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Principal Stress 2 

6.790+08 

Figure 4.10: Gusset joint 3D slice submodel second principal stress. 

Principal Stress 3 

2.06e+09 

•2.62e+09 

Figure 4.11: Gusset joint 3D slice submodel third principal stress. 
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a — 1.1 mm 
a = 2.5 mm 
a — 3.5 mm 
a = 4.0 mm 

0.5 1.5 2 2.5 3 3.5 
Distance along crack path (m) 

4.5 
x10 

Figure 4.12: Gusset joint through thickness (zz-) stress distributions at different crack 
lengths. 
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Figure 4.13: Gusset joint initial through-thickness stress. 
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Stress (Pa) 

11.92e+08 

Figure 4.14: Gusset joint through-thickness stress at a = 2.5 mm. 

Stress (Pa) 

I ].66e+0d 

« 

-2.43e*08 

Figure 4.15: Gusset joint through-thickness stress at a = 4.0 mm. 
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Figure 4.16: Gusset joint crack length, a, vs. number of cycles, N. 



Chapter 5 

Conclusions 

The foundation for predicting the fatigue life of welded joints using the VrSuite weld

ing simulation software has been established. The prediction of welding residual 

stresses using VrWeld and other finite element analysis software has been performed 

previously and several of the studies are listed in Section 1.2. The objectives of the 

thesis were to predict local linear elastic stress concentrations at weld toes due to 

in-service loading and, together with residual stresses, to predict crack initiation and 

propagation at the stress concentrations. The strain-life method was used for crack 

initiation and linear elastic fracture mechanics was used for crack propagation. 

5.1 Stress Concentrations 

A three-dimensional welding residual stress analysis can be computationally expensive 

because of the thermal and microstructure data flow. As a result, time stepping and 

mesh size must be carefully balanced to obtain an accurate analysis in a reasonable 

period of time and significant detail in geometry is not as important as other factors. 

For fatigue analyses of specific stress raisers, such as weld toes, detail and fine mesh 

size become much more important when one tries to resolve the local peak stress 

directly. In Sections 3.1 and 3.2 analyses were performed on a plate with a hole 
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in tension, a blunt notch, and the toe of a double-fillet t-joint weld, a sharp notch. 

The objective was to accurately compute stress concentrations using two-dimensional 

plane-strain submodels. In the hole test, the peak stress at the hole and the nominal 

stress at the edge of the plate were compared to a known analytic solution and showed 

good agreement with the analytic results. In the t-joint test, more approximate 

methods were used for validation, although they have been shown to be fairly accurate. 

The hot spot method detailed in Section 2.1.1 was used to determine the through-

thickness bending and membrane stresses at the weld toe. Two different theoretical 

stress concentration factor formulations were used to predict the peak linear elastic 

stress at the weld toe. There is still very close agreement between the two-dimensional 

submodel results and the hot spot results. The hole and t-joint tests demonstrated 

that the peak stress at a stress concentration can be directly and accurately resolved. 

This was further validated with the three-dimensional and two-dimensional submodels 

of the gusset joint in Section 4. The use of the hot spot method with theoretical stress 

concentration factors on a coarse mesh or a three-dimensional or two-dimensional 

submodel with a fine mesh and weld geometry detail are valid methods for predicting 

local peak stresses at weld toes. 

5.2 Local Non-Linear Stress and Strain 

The Ramberg-Osgood non-linear elastic constitutive equation was used to formulate 

the local weld toe stresses and strains used in the crack initiation predictions. The 

local uniaxial linear elastic peak stresses obtained at the weld toes were related to the 

Ramberg-Osgood stresses and strains using the Neuber rule and the Equivalent Strain 

Energy Density Method. These methods are useful when analytic or purely linear 

elastic solutions are available, but could be avoided by using the Ramberg-Osgood 

model directly in the finite element analysis. At this point, a three-dimensional 
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generalization of the Ramberg-Osgood law (see [23] and [24]) has been implemented 

in VrDesigner but not yet fully tested. An actual plastic constitutive model could 

also be used. 

5.3 Crack Initiation 

The strain-life equation and its variants were used to predict crack initiation based 

on damage due to plastic strain. As with the local non-linear Ramberg-Osgood stress 

and strain conversions, crack initiation predictions were performed externally using 

MATLAB and checked using the FALIN crack initiation software. The strain-life 

equation has also been implemented in VrDesigner but has not yet been fully tested. 

For an extension from uniaxial to multiaxial analyses, the strain-life approach can 

be formulated in terms of the maximum principal strain [23]. The crack initiation 

formulae presented are applied only to constant amplitude loading conditions. For 

variable amplitude loading a damage accumulation model such as Rainflow counting 

[49] could be implemented. The current work also consisted of deterministic analyses. 

For practical applications a probabilistic approach should be used because of the 

significant scatter that exists in fatigue test data [50]. 

5.4 Stress Intensity Factors 

In order to predict crack growth, the stress intensity factor is used to characterize the 

stress state at the crack tip. In Section 3.3 a crack was grown in a two-dimensional 

submodel of a single edge crack specimen under three separate remote loads using 

stress intensity factors determined from the material force, detailed in Section 2.4.2. 

The material force was restricted to linear elastic fracture mechanics assumptions and 

was related to the stress intensity factor, or energy release rate, using the plane-strain 
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assumption. The computed stress intensity values were compared against analytic 

SEC solutions for the corresponding crack lengths. While there was some discrepancy 

between the computed and analytic stress intensity factors, they showed reasonable 

agreement, with a maximum difference of less than 10 percent. As mentioned in the 

analysis, a different meshing strategy, such as a radially-graded mesh, could possibly 

reduce the error, but would be more computationally expensive as the crack would 

need to be re-meshed with every crack increment. Another possibility would be the 

use of quarter-point crack tip elements. If an adaptive mesh strategy is employed, 

the material force vector can also be used to determine the crack path. The material 

force method is capable of predicting crack curvature. As applied in this thesis, crack 

growth followed a pre-determined path. In this thesis, the crack growth analysis 

was restricted to linear elasticity. For significant plasticity surrounding the crack-tip, 

elastic-plastic fracture mechanics could be used with the material force or J-integral. 

5.5 Crack Propagation 

The standard form of the Paris-Erdogan equation was used to predict fatigue crack 

propagation based on the stress intensity factor range. The standard form does 

not account for residual stress effects or crack closure and applies only to Region 

II of crack growth. This form is often used, however a stochastic approach would 

often be preferred in practical situations. Barenblatt cautions against using Paris 

coefficients as material properties. Barenblatt notes in [5] that the coefficients depend 

on specimen size. He shows that the coefficients are a function of the dimensionless 

parameter, Z — ̂ — , where h is the characteristic length scale of the specimen, such 

as the thickness, KIC is the fracture toughness of the material and ay is the yield 

stress. Figure 5.1 shows a plot of the Paris exponent, m, against the dimensionless 

parameter, Z. 
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Figure 5.1: The Paris exponent, m, vs. the dimensionless parameter, Z, for 4340 steel [5]. 

In the gusset joint crack growth analysis the crack was grown from a specified initial 

crack length of 1 mm to a specified final crack length of 4 mm. For each increment of 

crack length, the stress intensity was only computed for the maximum in-service load 

in each load cycle. Thus the increment in the stress intensity was set equal to the 

stress intensity. This is correct if the residual stress is zero. The stress intensity at the 

crack tip should have been computed with zero in-service load but with the residual 

stress. Then the difference or increment in the stress intensity should have been used 

to compute the crack growth rate. This was not possible because this option is not 

currently supported by the code. 

If residual stress is incorporated in a crack growth analysis, a three-dimensional crack 

growth submodel should be used as discussed on page 50. The two-dimensional crack 

growth submodel is not well-suited for a crack growth analysis incorporating residual 

stresses in this case because the 2D model is not a good approximation of the 3D 

stress state because the model allows the stresses to relax. 
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Appendix A 

Crack Initiation Calculation 

This example, using MATLAB, determines the crack initiation life for a point that 

is cyclically loaded at a constant amplitude from zero to a maximum linear elastic 

stress, ah8, using the Neuber rule, the Ramberg-Osgood non-linear elastic constitutive 

equation and the strain-life equation. 

A.l Part 1: Cyclic Ramberg-Osgood Curve 

The Neuber rule is used to relate the hypothetical local linear elastic stress and strain 

according to Hooke's Law from any given elastic problem to the corresponding local 

nonlinear stress and strain according to the Ramberg-Osgood equation. Note that 

while the monotonic and cyclic versions of the Ramberg-Osgood equation take the 

same form, the coefficients in monotonic loading are associated with an experimentally 

measured tensile test. The coefficients of the Ramberg-Osgood equation for cyclic 

loading are associated with experimentally measured cyclic plasticity or the strain-

life coefficients. 

According to Neuber's rule, the linear elastic strain energy density, W, in terms of the 
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stress concentration factor and the total hot spot stress is related to the Ramberg-

Osgood strain energy density for the maximum load. 

W = {Kt,hsahsmax)
 a\ ro\ 

E + (A.1) 

Once the peak Ramberg-Osgood stress has been determined from the peak linear 

elastic stress, the Ramberg-Osgood stress-strain curve is generated by incrementally 

increasing the load from <7ro(o) = 0 to crro(i). The corresponding Ramberg-Osgood 

strains are calculated according to 

W_ 
Urn 

(A.2) 

An example of a Ramberg-Osgood stress-strain curve is shown in Figure A.l. 

X.10" 

Figure A. l : Cyclic Ramberg-Osgood stress-strain curve 
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A.2 Part 2: Ramberg-Osgood Hysteresis Curve 

Since the Ramberg-Osgood equation is nonlinear elastic and not plastic, once the load 

is released the stress-strain curve will return to the origin by the same path and will 

not follow a linear-elastic unloading path. The cyclic behaviour of ductile materials 

can be approximated, however, by using four distinct equations. The ifirst equation 

uses the cyclic Ramberg-Osgood stress-strain relationship for loading from the origin 

to the maximum stress, ar0l. The second equation uses the cyclic Ramberg-Osgood 

relationship to determine the cyclic stress and strain amplitude and the correspond

ing minimum stress and strain, ar02 and er02. The third equation again uses the 

cyclic Ramberg-Osgood relationship to increment the stress from the maximum to 

the minimum stress by defining an incremental stress amplitude, Aaroi^2. This incre

mental amplitude is defined in such a way as to produce the decreasing section of the 

hysteresis curve. Finally, a fourth equation is used for the second incremental stress 

amplitude, Acrr02_1, which is defined such that one can build the increasing section 

of the hysteresis loop. The four equations are 

-i \^t,hscrh,smax) ffr01 . /0Vo]\ ^7 

-*-• E ~ E + ar°i V k' ) 

o [Ktiahs-co)] _ Atr^ , D A - (Aaro \ ^7 
z - E ~ E "+" ̂ ^aro \ 2k' J 

°' 2 ~* IE ~^~ \ 2W ) 

A £ro2—»i ~£^Q2 <7'ro2—»i ~°Vo2 | / °Vo2_»i —°"ro2 \ n 

^' 2 — 2J3 •" ̂  2k' J 

Once the cyclic Ramberg-Osgood curve has been determined, as in Section A.l, the 

next step in approximating a hysteresis curve is to determine the stress and strain 

amplitudes according to the cyclic hysteresis version of the Ramberg-Osgood equa

tion, which is only applicable to materials that exhibit the same behaviour in tension 
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and compression. This is done by using Neuber's rule to relate the cyclic linear elastic 

stress amplitude to the cyclic Ramberg-Osgood stress amplitude according to 

[*(«*.-«*)]» _ ^l+2ArTrj^f (A.3) 
E E ro\2k> 

Once the Ramberg-Osgood stress amplitude has been determined, the strain ampli

tude can be determined in the same way as for the initial loading case. When the 

structure has been unloaded the minimum Ramberg-Osgood stress and strain, ar02 

and er02, are determined according to 

&ro2 &ro\ L\&ro 

£-ro2 — c-roj L\&ro 

A.2.1 Building t h e Hysteresis : From <x 

The decreasing part of the hysteresis loop is generated by incrementing the stress 

from aroi —»• ar02 and defining an incremental stress amplitude according to 

Then the incremental strain, eroi^2, is computed from 

ro i ? £j"Oi —> &rc>2 i^-ro-i 

(A.4) 

(A.5) 

Er0l £roi_>2 

2E V 2k 
+ r01 . 7 ? 0 1 ^ (A.7) 
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A.2.2 Building t h e Hysteresis: From <jro , e 
rc>2i °ro2 @ro\ t^ro\ 

The increasing part of the hysteresis is generated by incrementing the stress from 

ar02 —> aroi and defining an incremental stress amplitude according to 

^<-^ro2->i @roi-*\ @ro2 (A.8) 

Then the incremental strain, er02^1 is computed from 

£-ro2-»i £ ro2 <^ro2^i <^ro2 . / CVo2->i &ro2 

2E 2k' 
(A.9) 

The complete hysteresis loop is shown in Figure A. 2. 

200 

xlO 

Figure A.2: Ramberg-Osgood constant amplitude hysteresis curve 
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A.3 Strain-Life Equation for Crack Initiation 

The strain life equation is used to calculate the initiation life of the the point on the 

structure using the Ramberg-Osgood strain amplitude determined from equation A.3. 

The number of cycles to initation is determined according to 

Aer = ^ (2iV7)
6 + e'f (2NrY 

E 
(A.10) 

•id" 
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-plastic strain amplitude (- j^) 

total strain amplitude (^f1) 
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Figure A.3: Number of cycles to failure according to the strain-life crack initiation ap
proach 



A.4 MATLAB code 

Kt=1.87; E=190000; 

Kprime=1097; 

nprime=0.249; 

Smax=116 ; 

sigmafprime=1014; 

epsilonfprime=0.271; 

b=-0.132; 

c=-0.451; 

°/0Cyclic Ramberg-Osgood 

SEmax=((Kt*Smax)~2)/E; 

sigmamatrix= [] ; °/0emptystress matrix 

epsi lonmatrix=[]; SEmatrix=[]; for sigma=0:0.l:2*Smax 

SE=(sigma~2)/E + 

sigma*(sigma/Kprime)~(l/nprime); 

sigmamax=sigma; 

epsilonmax=SE/sigma; 

s igmamatr ix=[s igmamatr ix ; s igma] ; 

epsilon=SE/sigma; 

epsilonmatrix=[epsilonmatrix;epsilon]; 

else 
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end 

end figure(l); plot (epsilonmatrix, sigmamatrix) 

°/0Ramberg-Osgood stress and strain amplitude 

deltaSEmax=SEmax; 

for deltasigma=0:0.l:2*sigmamax 

deltaSE=(deltasigma~2)/(E)+ 

(2*deltasigma)*(deltasigma/(2*Kprime))~(1/nprime); 

if (deltaSE<deltaSEmax) 

sigmamin=sigmamax-deltasigma; 

deltaepsilon=deltaSE/deltasigma; 

epsilonmin=epsilonmax-deltaepsilon; 

end 

end 

%to generate hysteresis loop 

for sigmahyst=sigmamax:-0.1:sigmamin 

deltasigmahyst=sigmamax-sigmahyst; 

deltaSEhyst= (deltasigmahyst"2)/(E)+ 

(2*deltasigmahyst)*(deltasigmahyst/(2*Kprime))"(1/nprime); 

deltaepsilonhyst=deltaSEhyst/deltasigmahyst; 

epsilonhyst=epsilonmax-deltaepsilonhyst; 

sigmamatrix=[sigmamatrixjsigmahyst]; 

epsilonmatrix=[epsilonmatrix;epsilonhyst]; 
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end for sigmahyst=sigmamin:0.l:sigrnamax 

deltasigmahyst=sigmahyst-sigmamiii; 

deltaSEhyst= (deltasigmahyst~2)/(E)+ 

(2*deltasigmahyst)*(deltasigmahyst/(2*Kprime))~(1/nprime); 

deltaepsilonhyst=deltaSEhyst/deltasigmahyst; 

epsilonhyst=epsilonmin+deltaepsilonhyst; 

sigmamatrix=[sigmamatrix;sigmahyst]; 

epsilonmatrix=[epsilonmatrix;epsilonhyst]; 

end figure(2); title('Stress-Strain Hysteresis'); 

xlabel('\epsilon'); ylabel('\sigma (MPa)'); plot(epsilonmatrix, 

sigmamatrix) 

%strain-life calculation 

Nmatrix=[]; elasticmatrix=[] ; plasticmatrix=[] ; totalmatrix=[] ; 

for(N=0:1000:le8) 

deltaepsilonlife=2*((sigmafprime/E)*(2*N)~(b)+ 

epsilonfprime*(2*N)"(c)); 

if deltaepsilonlife>deltaepsilon 

deltaepsilonelastic=(sigmafprime/E)*(2*N)"(b); 

deltaepsilonplastic=epsilonfprime*(2*N)"(c); 

elasticmatrix=[elasticmatrix;deltaepsilonelastic]; 

plasticmatrix=[plasticmatrix;deltaepsilonplastic]; 

totalmatrix=[totalmatrix; deltaepsilonlife/2]; 

Ni=N; 

Nmatrix=[Nmatrix;2*N]; 

end 

end InitiationLife=Ni 
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figure(3);loglog(Nmatrix,elasticmatrix,Nmatrix, 

plasticmatrix,Nmatrix,totalmatrix) 

InitiationLife = 

24512000 


