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Abstract 

 

Fuse pins are used in landing gear designs to attach the landing gear to the airframe and 

are designed to allow for a controlled separation of the landing gear from the aircraft 

structure in the event of a crash. Traditional uniaxial fatigue analysis methods have been 

found to be insufficient for properly predicting the fatigue life of the fuse pins; often 

significantly over-predicting or under-predicting the fatigue life. To improve the life 

prediction of these pins, multiaxial fatigue analysis methods were selected and 

implemented into a custom fatigue analysis program. The analysis procedure includes the 

constitutive modeling of the elastic-plastic material, the notch correction methods, cycle 

counting method and the fatigue damage criteria. The results of predictions made using the 

multiaxial fatigue methods for three fuse pin designs were compared to data from fatigue 

tests of three different landing gear assemblies. It was found that the performance of the 

constitutive model used for predicting the elastic and plastic stresses and strains, and the 

choice of fatigue damage criterion had the most effect on the final predicted fatigue life. 

Significant improvements over the traditional uniaxial fatigue analysis methods were 

shown and reasonable correlation with test data was demonstrated using the multiaxial 

approaches. 
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1    Chapter: Introduction 

Engineers rely on fatigue analyses to guarantee the safe operation of components during 

their intended service life.  In some cases, conflicting design requirements and limited 

analysis methods can make it difficult to achieve safe operation for a component's full 

service life. 

In the design of aircraft landing gears, fuse pins are used to attach the landing gear to the 

aircraft. These fuse pins are designed so that they fail at a specific maximum load, 

separating the landing gear from the aircraft structure to protect the contents of the aircraft. 

To achieve such a controlled failure, circumferential grooves are machined into the inner 

diameter of fuse pins at the location of expected maximum shear force.  While the driving 

design requirement for fuse pins is the controlled static failure of the pins, the fatigue 

analysis of the pins have proved to be a significant challenge for designers. Due to the 

complex stresses in the fuse groove due to the nature of the pin joint and the stress 

concentrating effect of the groove, traditional uniaxial fatigue analysis methods have been 

unable to properly predict the fatigue damages in the fuse pins (Narayan, Behdinan, & 

Vanderpol, 2006).  As a result of this shortfall in the fatigue analysis process, the 

replacement of fuse pins is often required earlier in the service life of the designed landing 

gear assembly. 

To better take into account the true nature of fatigue failure under complex multiaxial 

stresses, multiaxial approaches to fatigue analysis have been proposed over the last few 

decades.  While research in multiaxial fatigue analysis has existed since the early 1990s, it 

is only in the recent decade that the analytical tools have reached a point where they can 

be used by practicing engineers.  Major research has been performed in developing 

constitutive models such as the Mroz (1967) and Garud (1981) kinematic hardening 

models, to predict the elastic-plastic stresses and strains in a material under complex 

loading histories.  Notch correction methods such as the ESED and multiaxial Neuber methods 

introduced by Singh et al.(1996) are then required in addition to the constitutive model to 

determine the stresses and strains in notched components. Multiaxial cycle counting 
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procedures have been proposed along with a multitude of fatigue damage criteria to 

appropriately determine the fatigue life of variable amplitude load histories.  Many 

comparative studies and reviews have been carried out by researchers such as Li (2009), 

Wang & Yao (2004), and Fatemi & Shamsaei (2011).  A textbook covering the major 

aspects of multiaxial fatigue was published by Socie & Marquis (2000) and provides an in-

depth coverage of the different fatigue damage criteria. 

The purpose of this thesis is to explore the applicability of many of the multiaxial fatigue 

analysis methods to the analysis of the landing gear fuse pin. The multiaxial fatigue 

analysis includes four major components: the stress-strain model, the notch correction 

method, the cycle counting procedure, and the fatigue damage criterion. The stress-strain 

model selected for this thesis is the model proposed by Jiang & Sehitoglu (1996a) and 

simplified by Shamsaei (2010). Three notch correction methods —the incremental ESED 

method and the multiaxial Neuber’s rule proposed by Singh et al.(1996), and the Unified 

method proposed by Ye et al. (2008)- were selected for testing along with two major 

multiaxial cycle counting procedures —the Wang-Brown procedure, and the Bannantine-

Socie procedure. Finally, four fatigue damage criteria were selected from Socie & Marquis 

(2000) to represent various classes of multiaxial damage criteria that have been proposed: 

the Kandil-Brown-Miller, Fatemi-Socie, Smith-Watson-Topper, and Liu Virtual Strain 

Energy criteria. 

All four components of the multiaxial fatigue analysis were incorporated into a custom 

computer program that required an elastic stress history as input. The first step in this thesis 

was to develop this program and perform tests to verify the correct implementation of each 

component of the fatigue analysis. The verification tests first required the correlation of 

elastic-plastic stress and strain predictions under proportional and non-proportional loading 

with experimental results of smooth specimens from literature. Once the smooth specimen 

behaviour was verified, the implemented notch correction methods were then tested against 

experimental data from the literature. Finally, cycle counting procedures were tested using 

ASTM standard (2011) examples as a benchmark. 
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With all of the components of the software verified against experimental results from the 

literature the fatigue analysis of three test fuse pins (identified as Pin A, B, and C 

throughout the thesis) provided by UTC Aerospace Systems – Landing Systems (UTAS-

LS) were then performed. Thirteen different locations in each fuse pin were analyzed for 

fatigue damage using the different combinations of fatigue damage criterion, notch 

correction method, and cycle counting procedure to determine the effect of each of these 

elements of the fatigue analysis. The fatigue failure of one of the fuse pins was used as a 

test point for evaluating the performance of the multiaxial fatigue analyses.  

1.1 Thesis Outline 

The objective of this thesis is to determine if the multiaxial approach to fatigue analysis 

can provide for better fatigue life predictions of the landing gear fuse pins. The fatigue 

damages for a total of thirteen locations in three different fuse pin designs (i.e. Pin A, B, 

and C) are calculated for different combinations of fatigue damage criterion, notch 

correction method, and cycle counting procedure. The results of these fatigue damages are 

compared to the results using traditional uniaxial fatigue analysis approaches and to 

experimental results from the tests performed by UTAS-LS. Good correlation with test 

results were found for some combinations of the fatigue analysis and recommendations are 

made for further testing of the fuse pins. 

Chapter 2 provides introduces fatigue analysis fundamentals for both uniaxial and 

multiaxial fatigue analysis methods and establishes the problem of the analysis of the 

landing gear fuse pins. Chapters 3, 4, and 5 present the implementation of the multiaxial 

stress-strain model, the notch correction methods, and the cycle counting procedures, 

respectively. In each of those chapters, the methods and results of the verification tests that 

are used to ensure proper implementation of each of the fatigue analysis procedures is 

presented as well. Finally, the fatigue damage results for the test fuse pins are presented 

and compared to experimental results in Chapter 6. Conclusions and recommendations for 

future work in investigating the use of multiaxial fatigue analysis methods in the design of 

fuse pins are presented in Chapter 7.
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2    Chapter: Background and Literature Review 

This chapter presents the fundamental concepts involved in the fatigue analysis of 

materials, focusing mainly on the behaviour of metals as it pertains to the design of landing 

gear fuse pins.  Methodologies are introduced in a uniaxial context before being followed 

by a discussion of the current multiaxial fatigue analysis procedures.   The state of the art 

of landing gear fuse pin design and fatigue analysis will be presented in the final sections 

of this chapter with the purpose of illustrating the need for implementing multiaxial fatigue 

analysis methodologies. 

2.1 Fatigue Analysis Fundamentals 

Before discussing uniaxial and multiaxial fatigue analysis methodologies, it is important 

to provide a basic introduction to the key elements of a fatigue analysis.  A fatigue analysis 

first begins with a characterization of the loads and the load history of a component.  The 

magnitude of the loads will dictate the type of approaches to be used for the fatigue 

analysis.  With the load history understood, the monotonic and cyclic material response to 

these loads will need to be determined using empirical models developed through uniaxial 

tension/compression tests.  If a notch is present in the component being analyzed, the effect 

of stress concentrations will also need to be understood.  Finally, the accumulation of 

fatigue damage will also have to be understood and modeled to then determine the service 

life of the component being analyzed. All of these aspects of fatigue analysis are introduced 

in the following sections. 

2.1.1 Approaches to Fatigue Analysis 

Lightweight design in the aircraft industry has rapidly grown to use the fail-safe design 

principle, where the capability of structures to operate while sustaining damage is 

considered.  This calls for the use of fracture mechanics to analyze the integrity of parts 

with pre-existing cracks.  Life predictions are then made based on the number of cycles 

that are required to propagate a pre-existing crack to a critical length.  Many fracture 
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mechanics-based fatigue theories have been established with significant practical 

applications and are covered well in standard textbooks such as Anderson (2005). 

While the application of the fail-safe design principle allows engineers to achieve much 

more lightweight designs, a more aggressive demand for safety can make it impractical for 

many components such as aircraft landing gear to apply such a design approach.   In these 

types of components, factors such as large variances in load environment, inspection 

difficulty, and lack of structural redundancy will require a safe-life design philosophy.  

Safe-life fatigue design will make use of so-called total-life approaches, which make use 

of test data that capture the cycles required to cause a crack to initiate in the material.   

Stress-Life and Strain-Life Fatigue Analysis 

Total-life approaches to fatigue are used conservatively to predict the initiation of a crack 

in a component, and thus signaling the “failure” of the part.  The first total-life approach 

that was developed was stress-based (often referred to as stress-life fatigue) and is used for 

low amplitude cyclic stresses where deformation is expected to be predominantly 

elastic.  The stress-based approach generally presumes unconstrained deformation and thus 

neglects any consideration of strain in its analysis.  The stress-based approach uses S-N 

curves to relate stress amplitudes to the number of cycles to failure and uses mean stress 

correction methods such as Soderberg, Goodman, Gerber, and Morrow relationships 

(Bannantine, Comer, & Handrock, 1990).  While simplistic in its approach, stress-based 

fatigue analyses are limited to elastic deformation.   When significant plastic deformation 

occurs, a strain-based approach (strain-life fatigue) becomes the more appropriate method 

for predicting fatigue lives.  Strain-based approaches alternatively use strain-life curves 

which, similar to S-N curves, show the relationship between the total strain amplitude and 

the fatigue life for a given material.  Mean stress effects are captured by means of corrective 

relationships analogous to those of the stress-life approach and notch effects are captured 

through the prediction of elastic-plastic deformation in response to stress concentrations 

based on rules such as Neuber’s Rule (Suresh, 1998).   Procedures for both stress-life and 

strain-life fatigue analyses are well-established in the context of uniaxial fatigue analyses 
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and are presented in many fatigue analysis textbooks such as Fuchs (1980), Dowling 

(1993), and Suresh (1998).  

Overall, the strain-based approach is much more involved than the stress-based approach 

in that there are numerous stages involved in its analysis. However, even in the absence of 

plastic deformation, the strain-based approach has been shown to better reflect the nature 

of fatigue failure in engineering components as it takes into consideration the constrained 

nature of the deformation in real assemblies.  As illustrated by Figure 2-1, the strain-life 

approximation is also found to reduce to the stress-life approximation in the high-cycle 

regime. This approach is thus considered to be a comprehensive approach that can simply 

replace the stress-based approach in all situations (Dowling, Mechanical Behavior of 

Materials, 1993).     Using this philosophy that the following sections will focus on 

elements of fatigue analysis that are pertinent to a strain-based approach to fatigue analysis.  

The fundamental elastic-plastic behaviour of materials under monotonic and cyclic loading 

will be discussed to provide a basis upon which constitutive relations for materials can be 

developed.  The effects of loading sequence and notches on the fatigue life of metals will 

be discussed and the concept of fatigue damage in the context of crack initiation will be 

introduced. 
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Figure 2-1: Schematic representation of stress-life and strain-life curve approximations 

2.1.2 Elastic-Plastic Behaviour of Materials under Monotonic Loading 

Under elastic loading conditions, stresses and strains are related linearly through Hooke’s 

law as given by (2-1)for direct strains and (2-2) for shear strains, where 𝐸 is the Young’s 

modulus and 𝜈 is Poisson’s ratio and the components of the stresses and strains.   
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Hooke’s law can be expressed alternatively using a tensor notation as given by (2-3).   

 휀𝑖𝑗
𝑒 =

1 + 𝜈

𝐸
𝜎𝑖𝑗 −

𝜈

𝐸
𝜎𝑘𝑘𝛿𝑖𝑗 (2-3) 

Here the Kronecker delta 𝛿𝑖𝑗 is used and is defined by (2-4). 

 𝛿𝑖𝑗 = {
 1, 𝑓𝑜𝑟 𝑖 = 𝑗
 0,         𝑓𝑜𝑟 𝑖 ≠ 𝑗

 (2-4) 

In utilizing (2-5), the summation convention of indicial notation is used where on repeated 

indices a summation is implied as follows: 

 𝜎𝑘𝑘 = 𝜎11 + 𝜎22 + 𝜎33 (2-5) 

Expressing Hooke’s law in tensor form and introducing the indicial notation here will be 

useful in later sections for presenting more complex constitutive relations. 

Once the stress in a material is large enough to cause plastic deformation, a non-linear 

relationship is required to relate the stress and the strain.  Under uniaxial loading 

conditions, the Ramberg-Osgood relation expressed in (2-6) is the most commonly used 

formula to relate the stress to the total strain, which is the additive combination of the 

elastic strain given by Hooke’s law and the plastic strain.  This power-law relationship uses 

two parameters to capture the plastic strain component as it relates to stress: the monotonic 

strength coefficient 𝐾 and the strain hardening exponent 𝑛.  These parameters are easily 

determined from the stress-strain curves generated from simple uniaxial tension tests. 

 휀 =
𝜎

𝐸
+ (

𝜎

𝐾
)
1/𝑛

 (2-6) 

Equations (2-2) and (2-6) provide the sufficient tools required for determining the complete 

stress-strain state of a material under monotonic loading conditions.    
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2.1.3 Elastic-Plastic Behaviour of Materials under Cyclic Loading 

For fatigue analyses the behaviour of materials under cyclic loading must be considered. 

Cyclic loading of a material introduces a number of new material behaviours that go 

beyond the simple plastic deformation seen in monotonic loading.  The following 

discussion of these behaviours is a brief summary of the detailed account of the 

mechanisms and experimental observations provided by (Suresh, 1998). 

After a certain amount of forward plastic deformation, it has been experimentally observed 

that the onset of yielding in a material will occur at a lower stress in the reversed loading 

direction than the original yield point in the forward direction.  This effect of a shifting 

yield point, known as the Bauschinger effect, is illustrated Figure 2-2. This occurs due to 

the anisotropy in the material that is created due to the plastic deformation in the initial 

direction and is accounted for in advanced cyclic plasticity models by including a kinematic 

hardening rule that dictates how the plastic strain evolves with each load.   The physical 

mechanism for this effect varies depending on the nature of the material; for example, the 

degree to which the Bauschinger effect will be observed in a given metal will vary for 

particle-hardened, age-hardened, and dispersion strengthened metal alloys. 

 

Figure 2-2: Schematic representation of kinematic hardening and the Bauschinger effect. 
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As metals undergo cumulative plastic deformation through repeated cyclic loading, 

internal residual stresses are introduced into the metal matrix.  In certain situations, a 

number of repeated cycles of loading can give rise to a state of equilibrium within the 

material where no net accumulation plastic deformation occurs and only recoverable elastic 

deformation is observed over a cycle.  When the material reaches this saturated state it is 

said to have undergone elastic shakedown, or simply shakedown.  This behaviour is often 

captured by including an isotropic hardening rule associated with the evolution of the 

plastic strain in a cyclic plasticity model.  If a yield locus is considered to be the limits upon 

which a yield criterion is based, isotropic hardening is the progressive and uniform 

expansion of this yield locus with each plastic strain increment.  This process is illustrated 

in Figure 2-3. Conversely, kinematic hardening is the translation of this yield locus that is 

associated with each plastic strain increment.  After some degree of plastic straining, the 

yield locus will have increased to a size that a selected yield criterion no longer indicates 

plastic yielding and thus reflects the state of elastic shakedown.   

 

Figure 2-3: Schematic representation of isotropic hardening. 
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are used to create CSS curves to observe the cyclic behaviour of ductile materials.   During 

each cycle, a hysteresis loop is generated; however, each consecutive hysteresis loop will 

not be identical to its predecessor.  As illustrated in Figure 2-4, the material can undergo a 

series of cyclic hardening or softening before reaching a state of saturated plastic 

deformation.  The evolution of these hysteresis loops will depend on each individual 

material’s response in terms of the Bauschinger effect and elastic shakedown. 

 

 

Figure 2-4: Example of stabilization of hysteresis loop under strain-controlled reversed 

loading. 

Like the monotonic stress-strain curve, the CSS curve can also be modeled empirically 

based on a power-law assumption by an equation similar to the Ramberg-Osgood type 

equation: 

 𝛥휀

2
=
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2𝐾′
)
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 (2-7) 

where 
Δ𝜀

2
 is the total strain amplitude, 

Δ𝜎

2
 is the stress amplitude, 𝐾′ is the cyclic strength 

coefficient, and 𝑛′ is the cyclic strain hardening exponent.  It is important to note that the 

use of the CSS curve to predict the strain amplitude based on the stress amplitude only 
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effect and elastic shakedown of materials.  An additional complication when considering 

cyclic loads beyond the relationship of the magnitude of stresses and strains is the order in 

which they are applied to the material.  The sequence of load application can significantly 

affect the overall stress-strain response and thus the fatigue life of a component.  These 

load sequence effects are introduced and discussed in the following section. 

2.1.4 Load Sequence and its Effect on Fatigue Life 

In an ideal world, the exact loading scenario of a part would be known for the entire 

duration of its service.  With the loads at any given point in time known, the stresses and 

strains in the part can be calculated to within the accuracy of the predicting model.  In 

reality, engineers must predict the loads that the part being designed will encounter. The 

loading sequence, real or predicted, will vary.  Many components will often see very 

consistent repeated loading with little variance.  When a block of cycles contain the same 

stress or strain amplitude and mean stress or strain this sequence is referred to as constant 

amplitude loading.  On the other hand, most components will see great variance in their 

loads.  For example, an aircraft landing gear will see varying degrees of takeoff, taxiing, 

braking, and turning loads in a given day.  These types of load histories, where the load 

amplitude varies from cycle to cycle, is referred to as variable amplitude loading. 

For constant amplitude loading, fatigue analysis is relatively straightforward.  For a 

particular cycle, the number of repetitions, stress and strain amplitude, and mean stress and 

strain are all known.  In addition to the Bauschinger effect and elastic shakedown, the 

presence of a mean stress or strain can lead to ratchetting or mean stress relaxation, 

respectively.  Ratchetting, also referred to as cyclic creep, is the effect of a steady 

progressive increase in plastic deformation per cycle in the forward or reversed loading 

direction due to a load sequence with constant cyclic stress amplitude and a tensile or 

compressive mean stress. Mean stress relaxation occurs in both cyclically hardening and 

softening materials when a sequence of repeated fixed cyclic strain amplitudes with a 

tensile mean strain.  The effect of such a load sequence is a progressive reduction in mean 

stress eventually approaching a zero mean stress. 



 

13 

 

Fatigue analyses become further complicated when considering variable amplitude 

loading, where sequence effects play a major role in determining the fatigue life of a 

material.  Sequence effects observed in variable amplitude loading are rooted in the nature 

of crack initiation and propagation.  The simple case of sequence effects is made by 

comparing the high-low and low-high load sequence examples.  Starting with a number of 

high level loads a microscopic crack could be initiated.  Following this high load sequence, 

a low level load sequence would then act to further grow the previously initiated crack at 

a faster rate than would otherwise have been expected.  If the sequence of loads were 

reversed, a series of low level loads could be applied without significantly contributing to 

the number of cycles required for failure.  Along with these basic sequence effects, block 

size effects, mean stress effects, and the effectiveness of cycle counting procedures were 

further investigated by (Dowling, 1972).   

To simplify variable amplitude load sequences into blocks of constant amplitude loading 

for fatigue analyses, cycle counting procedures are used.   These procedures attempt to 

capture the overall hysteresis loop that would be observed under a given set of cycles.  

Many procedures have been introduced over the decades.  While (Dowling, 1972) notes 

that many proposed procedures have been clearly observed to produce unreasonable 

results, the range pair and rain flow counting procedures were shown to be the most 

reasonable and allows for accurate life predictions.  Today these two methods are among 

the standard practice cycle counting procedures as recommended by the American Society 

for Testing Materials (ASTM International, 2011).  These cycle counting procedures will 

be discussed in more detail in the context of a uniaxial fatigue analysis in 2.2.4. 

2.1.5 Effect of Notches 

Of significant interest in fatigue analysis is the effect of notches on the stress-strain 

response of the material.  Geometrical discontinuities in materials will cause a local stress 

concentration.   These geometrical discontinuities are colloquially referred to as notches, 

though this may refer to holes, shoulders, and true notches.  This local stress concentration 

gives rise to potential local yielding which needs to be captured when predicting the stress 
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and strain within a component.  Under purely elastic loading conditions, a stress 

concentration factor (𝐾𝑡) can be defined by Eqn. (2-8) for a given geometry relating the 

peak stress at the notch to the nominal stress as illustrated in Figure 2-5: 

 𝐾𝑡 =
𝜎𝑚𝑎𝑥

𝜎𝑛𝑜𝑚
 (2-8) 

Beyond simply inducing a localized maximum stress in the material, stress concentrations 

will affect the fatigue life of the component.  In other words, for a given maximum stress 

amplitude the fatigue life of a component can be reduced significantly if that stress 

amplitude is in a location of a stress concentration compared to if that same stress amplitude 

was in a plain un-notched section.  Stress-life fatigue approaches will make use of fatigue 

sensitivity factors to either modify the stresses or the fatigue life curves to account for the 

material response to a stress concentration (Suresh, 1998).  On the other hand, strain-life 

fatigue approaches will make use of energy-based theories such as Neuber’s rule in the 

uniaxial context and variations thereof in the multiaxial context.  These methodologies will 

be discussed further in Sections 2.2.3 and 2.3.3. 

 

Figure 2-5: Schematic of notch stresses. 
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of a fatigue analysis is to determine the point of failure of the material.    The fatigue failure 
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of a material can be divided into two stages: crack initiation and crack propagation.  During 

crack propagation, the measure of damage is simply the length of the crack.  The mechanics 

involved in crack propagation and the definition of the critical crack length are all a part of 

the fracture mechanics field.  The practice of incorporating crack propagation into design 

is referred to as damage-tolerant design and is covered in detail in many textbooks such as 

Anderson (2005). While most lightweight structures have now moved towards a damage-

tolerant design approach, many heavier components such as landing gear use the safe-

life design approach.  This approach assumes no initial cracks and defines failure at the 

first sign of a detectable crack.  The fatigue analysis of these components is thus limited to 

the analysis of materials within the crack initiation stage of failure. 

In the absence of a physical measure of damage, researchers over the past 50 years have 

debated over what metric is appropriate for predicting the failure of a component.  The first 

formally established rule, and the most well-known today, is the Palmgren-Miner linear 

damage rule, which can be expressed mathematically by (2-9).   

 𝐷 = ∑
𝑛𝑖

𝑁𝑓𝑖
= 1

𝑚

𝑖=1

 (2-9) 

where 𝑛𝑖is the number of cycles corresponding to the 𝑖th block of constant stress amplitude 

and 𝑁𝑓𝑖 is the number of cycles to failure at that constant stress amplitude.  The damage 

rule states that if the sum of the ratios of the allowable cycles (𝑛𝑖) and the allowable cycles 

(𝑁𝑓𝑖) reaches a value of unity then failure will occur. 

This linear damage rule has been popular in the industry due to its simplicity.  However, it 

faces significant criticism due to a number of shortfalls: it neglects sequence effects of the 

load history; it neglects the effect of load-level; and it neglects the effect of load-

interaction.  Over the decades, many new damage theories have been proposed that include 

other linear damage rules, non-linear damage rules, damage curve approaches, and various 

hybrid theories.  An in-depth review of the recent damage theories is covered by Fatemi 

and Yang (1998).   Since the purpose of this thesis is not to investigate the damage 
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accumulation theories, all of the analyses in this thesis will simply make use of the 

Palmgren-Miner damage rule for fatigue life predictions. 

2.2 Uniaxial Fatigue Analysis 

While in most cases the stress state in a component is at the very least biaxial, there are 

many situations where a uniaxial approach is appropriate.  The discussion presented in this 

section is a summary of the key concepts of uniaxial fatigue analysis as presented by Suresh 

(1998), Fuchs (1980), and Bannantine et al. (1990). 

2.2.1 Strain-Life Curves 

For a total life fatigue analysis, the strain-life approach uses strain-life curves that relate 

the total strain amplitude to the number of load reversals to failure as determined through 

experiments.  The Basquin equation, originating from the stress-life approach to fatigue 

analysis, relates the stress amplitude 
Δ𝜎

2
 logarithmically to the number of reversals to failure 

2𝑁𝑓, where 𝜎𝑓
′ and 𝑏 are fitting parameters referred to as the fatigue strength coefficient 

and the fatigue strength exponent, respectively: 

   
𝛥𝜎

2
= 𝜎𝑓

′(2𝑁𝑓)
𝑏
  (2-10) 

Applying Hooke’s law to a uniaxial stress state, as shown below, Equation (2-10) is then 

modified to express the elastic strain amplitude 
Δ𝜀𝑒

2
 as a function of the number of reversals 

to failure: 

  
𝛥휀𝑒

2
=

𝛥𝜎

2𝐸
   

  
𝛥휀𝑒

2
=

𝜎𝑓
′

𝐸
(2𝑁𝑓)

𝑏
   (2-11) 

 

The plastic strain amplitude can also be modeled logarithmically with respect to the number 

of load reversals to failure using the Coffin-Manson equation, where 휀𝑓
′  and 𝑐 are additional 
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fitting parameters referred to as the fatigue ductility coefficient and fatigue ductility 

exponent, respectively: 

  
𝛥휀𝑝

2
= 휀𝑓

′(2𝑁𝑓)
𝑐
   (2-12) 

Equations (2-11) and (2-12) are then combined to give Equation (2-13), the complete 

relationship between the total strain amplitude 
Δ𝜀

2
 and the number of load reversals to 

failure.   

  
𝛥휀

2
=

𝜎𝑓
′

𝐸
(2𝑁𝑓)

𝑏
+ 휀𝑓

′(2𝑁𝑓)
𝑐
   (2-13) 

This equation is referred to as the strain-life curve relation, or simply the strain-life 

relation.  For pure torsional loads, a similar equation is given as follows: 

  
𝛥𝛾

2
=

𝜏𝑓
′

𝐺
(2𝑁𝑓)

𝑏𝛾
+ 𝛾𝑓

′(2𝑁𝑓)
𝑐𝛾

   (2-14) 

In most cases, torsional strain-life data is not available.  However, the following 

approximations based on the octahedral shear strain theory have been found to be 

appropriate: 

  

𝜏𝑓
′ ≈

𝜎𝑓
′

√3
 

𝑏𝛾 ≈ 𝑏 

𝛾𝑓
′ ≈ √3휀𝑓

′  

𝑐𝛾 ≈ 𝑐    

(2-15) 

 

2.2.2 Mean Stress Correction 

Two key methods that are used to account for the mean stress effect on fatigue life are the 

Morrow mean stress correction and the Smith-Watson-Topper mean stress correction 

methods.  The Morrow mean stress correction method modifies the elastic strain term in 

the strain-life curve relation of Eqn. (2-13) to account for the mean stress 𝜎𝑜:  

  
𝛥휀

2
=

𝜎𝑓
′ − 𝜎𝑜

𝐸
(2𝑁𝑓)

𝑏
+ 휀𝑓

′(2𝑁𝑓)
𝑐
   (2-16) 
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By assuming that the mean stress only affects the elastic component of the strain-life curve, 

predictions made with this correction effectively predict that the mean stress effects are 

more significant when there is less significant plastic strain than there is elastic. On the 

other hand, it has been shown that using the Morrow mean stress correction incorrectly 

predicts a dependence of the ratio of elastic and plastic strain on the mean stress. 

The Smith-Watson-Topper mean stress correction method transforms the strain-life curve 

relation into an energy-based relationship by multiplying both sides of the equation by the 

maximum stress 𝜎𝑚𝑎𝑥 in the cycle. According to Eqn. (2-10), the maximum stress for 

completely reversed loading is given as  

  𝜎𝑚𝑎𝑥 =
𝛥𝜎

2
=   𝜎𝑓

′(2𝑁𝑓)
𝑏

 (2-17) 

Multiplying Eqn. (2-13) by Eqn. (2-17) then gives the following relationship: 

  𝜎𝑚𝑎𝑥

𝛥휀

2
=

𝜎𝑓
′2

𝐸
(2𝑁𝑓)

2𝑏
+ 𝜎𝑓

′휀𝑓
′(2𝑁𝑓)

𝑏+𝑐
   (2-18) 

For non-zero mean stress situations, the maximum stress is then evaluated as 

  𝜎𝑚𝑎𝑥 =
𝛥𝜎

2
+ 𝜎𝑜 (2-19) 

The Smith-Watson-Topper method gains favour over the Morrow mean stress correction 

method as it correctly maintains an independence of the elastic-plastic strain ratio from the 

mean stress.  However, the Smith-Watson-Topper mean stress correction falls short for 

cycles where the maximum stress is compressive and predicts zero fatigue damage for 

compressive stresses. 

2.2.3 Notch Correction: Neuber’s Rule 

When the local stress in a material exceeds the yield strength, the stress and strain are no 

longer proportional.  The nominal stress and strain, 𝑆 and 𝑒, then need to be related to the 

local stress and strain, 𝜎 and 휀, using two separate factors as given by Eqn. (2-20).   
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  𝐾𝜎 =
𝜎

𝑆
   ,       𝐾𝜖 =

휀

𝑒
 (2-20) 

Neuber’s Rule, which was derived for longitudinally grooved shafts in torsion, states that 

the theoretical elastic stress concentration factor 𝐾𝑡 is the geometric mean of the stress and 

strain concentration and is given mathematically by Eqn. (2-21). 

  𝐾𝑡 = √𝐾𝜎𝐾𝜖 (2-21) 

Using Eqn. (2-20) and (2-21), the theoretical stress concentration factor can then be related 

to the nominal and local stresses and strains by the following equation: 

  𝜎휀 = 𝐾𝑡
2𝑆𝑒 (2-22) 

Eqn. (2-22) used in combination with the Ramberg-Osgood cyclic relationship given by 

Eqn. (2-7) provides a means of finding the local stress and strain in a notch by first 

calculating the linear stress and strain using the theoretical elastic stress concentration 

factor.   

2.2.4 Rainflow Cycle Counting 

Cycle counting procedures, as introduced in Section 2.1.4, are required as part of a fatigue 

analysis to simplify variable amplitude load sequences into blocks of constant amplitude 

loading.  Once these blocks are identified, the stress and strain amplitude and the mean 

stress can be used with the strain-life curves to determine the number of reversals to failure.  

Among many cycle counting procedures, the range-pairing and rainflow counting 

procedures have been noted as the most reasonable.  For notch-strain analyses, it has been 

noted that the rainflow counting procedure is the most advantageous method and thus this 

thesis will focus solely on this procedure.  

Referring to Figure 2-6, the rainflow cycle counting procedure will walk through the load 

history while determining the relative magnitudes of the peaks and valleys.  Reversals are 
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considered to be every instance the load changes direction, and a cycle is the combination 

of two adjacent reversals.  The rainflow procedure mostly focuses on identifying clear and 

independent reversals (half-cycles) but it also attempts to identify adjacent reversals to 

form a complete cycle.  The detailed algorithm is for the rainflow cycle counting procedure 

is documented in ASTM E1049-85 (2011). 

 

Figure 2-6: Illustration of cycle counting terminology. 

2.2.5 Residual Stresses at Notches 

When stress concentrations create local zones of plasticity in a component residual stresses 

are introduced to the material due to the surrounding elastic material.  There are a number 

of empirical methods such that have been proposed to predict the residual stresses 

introduced by overloads at a notch.  A graphical method was proposed by Potter (1971) 

that evaluated the cycle-by-cycle notch stress level to determine the resulting residual 

stresses.  Methods similar to the method by Potter (1971) have been developed privately 

over the years by various companies and are often incorporated into in-house Neuber notch 

correction software.  This thesis does not focus on the effects of residual stresses on the 

overall fatigue life of components. 
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2.2.6 Uniaxial Analysis of Multiaxial Stress States 

As mentioned before, most stress states in real components are multiaxial; that is, more 

than one component of stress will be present.  Since most of the test data available are for 

uniaxial stress states either in tension/compression or torsion loading, the simplest 

approach to multiaxial stress states is to simplify the stress state to a uniaxial stress state.   

As inspired by its use as a yield criterion, the application of the octahedral shear strain 

energy theory, or Von Mises criterion, to simplify the multiaxial stress state has become 

the most popular.  The von Mises stress is given by Eqn. (2-23). 

  𝜎𝑣𝑚 =
1

√2
√(𝜎𝑥 − 𝜎𝑦)

2
+ (𝜎𝑦 − 𝜎𝑧)

2
+ (𝜎𝑥 − 𝜎𝑧)

2 + 6(𝜏𝑥𝑦
2 + 𝜏𝑦𝑧

2 + 𝜏𝑥𝑧
2 ) (2-23) 

When simplifying the three-dimensional stress state to a von Mises stress using Eqn. 

(2-23), it is clear that only positive values will be obtained.  In order to reflect reversals in 

load, a signed von Mises convention can be adopted.  For example, if the loading is 

dominated by the shear stress component 𝜏𝑥𝑦 the sign of the von Mises stress would be 

designated as being the same as the sign of 𝜏𝑥𝑦.  In a uniaxial fatigue analysis, this 

simplification of the multiaxial stress history to a signed von Mises stress history would be 

performed at the start of the analysis. 

With a simplified signed von Mises stress history, the Neuber’s rule along with the material 

stress-strain curve can then be used to determine the local stresses and strains which are 

then cycle counted using the rainflow cycle counting procedure.  Once the cycles have been 

counted, fatigue lives are determined using the strain-life relation with or without the mean 

stress correction.  This methodology is a major simplification of the mechanisms involved 

in fatigue failure.    

In reality, microscopic fatigue cracks are initiated and propagated by the individual 

components of stress.  Depending on the relative magnitudes of the stress components and 

the nature of failure of the material itself, fatigue life can be over-predicted or under-

predicted if a uniaxial simplification is employed.  The next section introduces the concepts 
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involved in a complete multiaxial fatigue analysis, which removes the barriers involved in 

a uniaxial approach. 

2.3 Multiaxial Fatigue Analysis 

Multiaxial fatigue analyses will follow the same basic structure of a uniaxial fatigue 

analysis.  Fatigue criteria are defined in place of the strain-life curve relations to relate the 

combination of stresses and strains in various directions to the number of reversals to 

failure that is found experimentally.  To determine the stresses and strains for input into 

the fatigue criteria, a constitutive model is required to simulate the kinematic and isotropic 

hardening of the material.   Cycle counting procedures, similar to the uniaxial versions, are 

employed to reduce the variable amplitude loading into blocks of constant amplitude 

loading for fatigue life evaluation.  Finally, the fatigue damage can be calculated using 

rules such as the Palmgren-Miner linear damage rule.  All of these aspects are explored in 

detail in this section. 

2.3.1 Multiaxial Fatigue Criteria 

Equivalent Stress and Strain Model (Octahedral Shear Stress and Strain Theory) 

The simplest method for handling multiaxial fatigue problems is to use an equivalent stress 

or strain approach.  These approaches are developed from stress-based static yield theories 

or strain-based theories.  The approach presented here is similar to the uniaxial 

simplification presented in Section 2.2.6, however this procedure assumes that the three-

dimensional stress state that has been determined is already the local stress state; that is, 

the effects of the notch and strain hardening have already been accounted for. 

An equivalent stress range can be defined based on the octahedral shear stress theory, as 

given by Equation (2-24). 

𝛥𝜎𝑒𝑞 =
1

√2
√(𝛥𝜎𝑥 − 𝛥𝜎𝑦)

2
+ (𝛥𝜎𝑦 − 𝛥𝜎𝑧)

2
+ (𝛥𝜎𝑥 − 𝛥𝜎𝑧)

2 + 6(𝛥𝜏𝑥𝑦
2 + 𝛥𝜏𝑦𝑧

2 + 𝛥𝜏𝑥𝑧
2 ) (2-24) 
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An effective value of mean stress 𝜎𝑚 may be defined in terms of the mean values of the 

principal stress,  𝜎𝑖𝑚(𝑖 = 1,2,3) as given by Equation (2-25). 

  𝜎𝑚 = 𝜎1𝑚 + 𝜎2𝑚 + 𝜎3𝑚 (2-25) 

Equations (2-24) and (2-25) can be used in a stress-life based approach to determine the 

fatigue life of a component subjected to multiaxial loading.   

For strain-life fatigue analyses, an equivalent strain range can be calculated based on the 

octahedral shear strain theory. 

𝛥휀𝑒𝑞 =
1

√2(1 + 𝜈)
√(𝛥휀𝑥 − 𝛥휀𝑦)

2
+ (𝛥휀𝑦 − 𝛥휀𝑧)

2
+ (𝛥휀𝑥 − 𝛥휀𝑧)

2 +
3

2
(𝛥𝛾𝑥𝑦

2 + 𝛥𝛾𝑦𝑧
2 + 𝛥𝛾𝑥𝑧

2 ) (2-26) 

To include the effects of mean stress in the strain-life approach, the model proposed by 

Smith, Watson & Topper can be used in a similar manner to Equation (2-18). In this model 

the maximum stress is noted to be σmax = 𝜎𝑚 +
Δ𝜎𝑒𝑞

2
, where the equivalent mean stress 

and stress range are calculated using Equations (2-24) and (2-25).  The strain-life relation 

of Eqn. (2-13) can be modified to take the following form: 

  𝜎𝑚𝑎𝑥

𝛥휀𝑒𝑞

2
=

𝜎𝑓
′

𝐸
(2𝑁𝑓)

𝑏
+ 휀𝑓

′(2𝑁𝑓)
𝑐
 (2-27) 

Although the equivalent stress/strain approaches are computationally the simplest methods 

to implement, they have significant limitations in their ability to predict the fatigue 

behaviour of materials.  Yokobori et al. (1965) found that the octahedral shear strain range 

cannot distinguish between pure tension and pure torsion cases.  This was proven by 

showing that for the same octahedral shear strain range, pure torsional loading will be less 

damaging than a pure tension case. 

Another limitation in the use of equivalent stress/strain approaches is in the abstract nature 

of the calculations.  These approaches cannot identify the failure mode or the plane upon 

which failure is expected to occur since these methods are essentially calculated average 

stresses and strains in a volume of material. 
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In search of a more realistic and observation-based methodology for predicting fatigue 

failure of components, researchers eventually developed a number of critical plane models.   

These models are based on the observation that crack growth, depending on the stress and 

strain state, environment and material, will occur along either shear planes or tensile planes.  

Critical planes can be identified as those with the largest range of a particular stress 

component or strain component.  Once the critical plane is identified, the fatigue life is 

evaluated using a formula similar to the strain-life relation of Eqn. (2-13).  While there are 

both stress-based and strain-based models, this section will focus on the strain-based 

models for the reasons discussed in Section 2.1.1.  The following discussion is a summary 

of that which is presented by Socie and Marquis (2000). 

Kandil-Brown-Miller Model 

The Kandil-Brown-Miller (KBM) model assumes that failure will occur on the plane of 

maximum shear strain range Δ𝛾𝑚𝑎𝑥.   The final proposed strain-life relation is given by 

Eqn. (2-28): 

  
𝛥𝛾𝑚𝑎𝑥

2
+ 𝑆𝛥휀𝑛 = 𝐴

𝜎𝑓
′ − 2𝜎𝑛,𝑚𝑒𝑎𝑛

𝐸
(2𝑁𝑓)

𝑏
+ 𝐵휀𝑓

′(2𝑁𝑓)
𝑐
 (2-28) 

where  𝐴 = (1 + 𝜈𝑒) + (1 − 𝜈𝑒)𝑆 

 𝐵 = (1 + 𝜈𝑝) + (1 − 𝜈𝑝)𝑆 

The material parameter 𝑆 is determined based on the tension and torsion strain-life 

equations (2-13) and (2-14): 

  𝑆 =

𝜏𝑓
′

𝐺 (2𝑁𝑓)
𝑏𝛾

+ 𝛾𝑓
′(2𝑁𝑓)

𝑐𝛾
− (1 + 𝜈𝑒)

𝜎𝑓
′

𝐸 (2𝑁𝑓)
𝑏
+ (1 + 𝜈𝑝)휀𝑓

′(2𝑁𝑓)
𝑐

(1 − 𝜈𝑒)
𝜎𝑓

′

𝐸
(2𝑁𝑓)

𝑏
+ (1 − 𝜈𝑝)휀𝑓

′(2𝑁𝑓)
𝑐

 (2-29) 

The left-hand side of Eqn. (2-28) was originally defined by Kandil, Brown and Miller 

(1981) as an equivalent shear strain range.  This equivalent shear strain range was then 

equated to the uniaxial strain-life equation modified both by the material parameter 𝑆 and 

the mean stress acting normal to the plane of maximum shear strain range.  The result is a 
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strain-life formulation that accounts for the normal strain and shear strain independently 

while employing a Morrow-type mean stress correction. 

Fatemi-Socie Model 

The Fatemi-Socie (FS) model is a modification to the KBM model in that it assumes, based 

on experimental observation, that the maximum normal stress 𝜎𝑛,𝑚𝑎𝑥 should represent the 

crack-opening component of fatigue model in place of the normal strain.  At the same time, 

since the maximum stress is included in the formulation a mean stress correction such as 

that seen in the KBM model is not required.  The formulation proposed then comes in the 

following form: 

  
𝛥𝛾

2
(1 + 𝑘

𝜎𝑛,𝑚𝑎𝑥

𝜎𝑦
) =

𝜏𝑓
′

𝐺
(2𝑁𝑓)

𝑏𝛾
+ 𝛾𝑓

′(2𝑁𝑓)
𝑐𝛾

 (2-30) 

where the material constant 𝑘 is determined using the following relationship: 

  𝑘 = (

𝜏𝑓
′

𝐺 (2𝑁𝑓)
𝑏𝛾

+ 𝛾𝑓
′(2𝑁𝑓)

𝑐𝛾

(1 + 𝜈𝑒)
𝜎𝑓

′

𝐸 (2𝑁𝑓)
𝑏
+ (1 + 𝜈𝑝)𝛾𝑓

′(2𝑁𝑓)
𝑐
− 1)

𝜎𝑦

𝜎𝑛,𝑚𝑎𝑥
  (2-31) 

Here it can be noted that the FS model equates the equivalent shear strain term (left-hand 

side of Eqn. (2-30)) to the torsional form of the strain-life relation.   

Kim & Park (1999) found that both the KBM and FS fatigue models provided acceptable 

life predictions for axial-torsion variable amplitude loading when used with the rainflow 

cycle counting on the shear strain history. Shamsaei et al. (2011) and Shamsaei & Fatemi 

(2009)reported good correlation of fatigue life predictions for smooth tubular 1050 QT 

steel and 304L stainless steel specimens under various axial-torsion strain paths, both of 

which showed crack orientations to be around the maximum shear plane.  Gates and Fatemi 

(2014) performed axial torsion tests on smooth and notched aluminum alloy 2024-T3 

specimens and found that cracks initiated on planes of maximum shear stress for both 

smooth and notched specimens.  For notched specimens it was found that the cracks in 

notched axial-torsion specimens of 2024-T3 aluminum would eventually change direction 
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to grow on planes of maximum principal stress while cracks in the smooth specimens 

continued on the planes of maximum shear.  For both smooth and notched specimens, 

Gates and Fatemi (2014) found that the use of the FS fatigue model correlated well with 

experimental failure mostly within a factor of 3.   

Smith-Watson-Topper (SWT) Model 

In contrast to the KBM and FS models, the Smith-Watson-Topper (SWT) model is 

intended for use when a material is expected to fail along planes of maximum tension and 

compression.  The SWT fatigue criterion equation follows the exact form of the Smith-

Watson-Topper mean stress corrected strain-life relation: 

  𝜎𝑛,𝑚𝑎𝑥

𝛥휀1

2
=

𝜎𝑓
′2

𝐸
(2𝑁𝑓)

2𝑏
+ 𝜎𝑓

′휀𝑓
′(2𝑁𝑓)

𝑏+𝑐
  (2-32) 

where 
Δ𝜀1

2
 is the maximum principal strain range and 𝜎𝑛,𝑚𝑎𝑥 is the maximum normal stress 

acting on the plane of maximum principal strain range. 

Significant caution must be taken in applying methods such as the SWT model.  As the 

fatigue criterion assumes for fatigue cracks to propagate under tensile action, significant 

errors can be observed when applied to materials that predominantly fail in shear modes.   

Wu et al. (2014) conducted tests on titanium alloy TC4 tubular specimens and found that 

the SWT fatigue model tended to predict significantly non-conservative fatigue lives for 

multiaxial and pure torsion load histories.   

Liu Virtual Strain Energy (VSE) Model 

The Liu model is a virtual strain energy (VSE) model that assumes that failure occurs on 

the plane having the maximum VSE quantity Δ𝑊. In multiaxial loading, Δ𝑊 is the sum of 

the axial and shear work acting on any given plane.  The Liu model considers two planes 

of failure: (I) the plane on which the axial work is maximized, and (II) the plane on which 

the shear work is maximized. 
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For plane I, the total VSE is calculated using Equation (2-33).  Here Δ𝜏Δ𝛾 is the shear work 

calculated on plane with maximum axial work. 

  
𝛥𝑊𝐼 = (𝛥𝜎𝑛𝛥휀𝑛)𝑚𝑎𝑥 + (𝛥𝜏𝛥𝛾)

= 4𝜎𝑓
′휀𝑓

′(2𝑁𝑓)
𝑏+𝑐

+
4𝜎𝑓

′

𝐸
(2𝑁𝑓)

2𝑏
 

(2-33) 

For plane II, the total VSE is calculated using Equation (2-34). Here Δ𝜎Δ휀 is the axial work 

calculated on plane with maximum shear work. 

  
𝛥𝑊𝐼𝐼 = (𝛥𝜎𝑛𝛥휀𝑛) + (𝛥𝜏𝛥𝛾)𝑚𝑎𝑥  

= 4𝜏𝑓
′𝛾𝑓

′(2𝑁𝑓)
𝑏𝛾+𝑐𝛾

+
4𝜎𝑓

′

𝐺
(2𝑁𝑓)

2𝑏𝛾
 

(2-34) 

For each VSE quantity, a corresponding fatigue life is calculated.  The smaller value of 

fatigue life 𝑁𝑓 is then taken as the fatigue life of the component for that cycle.  Advantages 

with using energy methods such as the Liu VSE method are attributed to the use of both 

the stress and strain terms in the fatigue damage formulation.  A major downside to this 

method is the inability to consider the mean stress effects. 

2.3.1.1 Stress-Strain Analysis: Constitutive Modeling 

In uniaxial analyses, the formulations presented in Sections 2.1.2 and 0 where a 

combination of stress-strain curves and Hooke’s law were sufficient to have a complete 

understanding of the elastic-plastic stress-strain state in a material under monotonic and 

cyclic loading.  While Hooke’s law handles the elastic deformation in three dimensions, 

constitutive laws are required to determine how a material plastically deforms.  Two 

categories of theories exist for defining plastic deformation: the deformation theories and 

the incremental plasticity theories.  Whereas the deformation theories attempt to relate the 

total strain to the current stress state, incremental plasticity theories attempt to relate the 

increment of plastic deformation to the stress and strain increment for a given state of the 

material.  Due to the stepped nature of incremental plasticity theories, these types of models 

have gained widespread use as computing power increased over the decades.   

Any theory attempting to define such constitutive laws will contain the three basic elements 

of a theory of plasticity: 
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1. A yield condition that defines the point at which plastic strains are obtained during 

an increment of load.  Nearly all incremental plasticity models, as well as 

deformation theories, will use the von Mises criterion as defined by Equation (2-35) 

. 

  𝑓 = (𝑆 − 𝛼): (𝑆 − 𝛼) − 2𝑘2 = 0 (2-35) 

where 𝑆 is the deviatoric stress tensor, 𝛼 is the backstress tensor (identifying the 

center of the yield surface), and 𝑘 is the yield shear stress of the material.  Note that 

𝑘 = 𝜎𝑦 √3⁄ , where 𝜎𝑦 is the yield strength in uniaxial tension.  The yield surface is 

then defined as all points in the deviatoric stress space that satisfy Eqn. (2-35).  Here 

the “:” operator denotes a tensor dot (inner) product.  Note that the deviatoric stress 

tensor is defined by Eqn. (2-36) using tensor indicial notation. 

  
𝑆𝑖𝑗 = 𝜎𝑖𝑗 −

1

3
𝜎𝑘𝑘𝛿𝑖𝑗 

(2-36) 

2. A flow rule to compute the increment of plastic strain for an increment of load.  The 

most common flow rule (the “normality flow rule”) defines the plastic strain 

increment as being collinear with the exterior normal to the yield surface at the 

beginning of the increment. This is given mathematically as  

  𝑑휀𝑝 =
1

ℎ
〈𝑑𝑆 ∶ 𝑛〉𝑛  (2-37) 

where 𝑑휀𝑝 is the plastic strain tensor increment, 𝑑𝑆 is the deviatoric stress 

increment, and 𝑛 is the exterior unit normal to the yield surface at the loading point 

given by Equation (2-37): 

  𝑛 =
𝑆 − 𝛼

|𝑆 − 𝛼|
  (2-38) 



 

29 

 

Note the McCaulay brackets used in Eqn. (2-37) to indicate that only deviatoric 

stress increments directed outwards of the yield surface will result in a non-zero 

plastic strain increment. 

3. A hardening rule that defines how the yield condition changes under the increment 

of plastic strain.  Hardening rules are either isotropic (yield surface increases in size 

with no translation, 𝜶 = 0), kinematic (yield surface translates with no increase in 

size, k = constant) or mixed-mode (both isotropic and kinematic). 

There are numerous incremental plasticity models that have been proposed in the last half 

century. Some models utilize the concept of field of work-hardening (plastic) moduli 

proposed by Mroz (1967) where the uniaxial stress-strain curve is approximated as being 

piece-wise linear, with each segment representing a constant plastic modulus of its own. 

Garud (1981) later proposed a modification to the Mroz kinematic hardening rule; a 

detailed comparison of these two methods is presented by Tipton and Bannantine (1993). 

Currently, a popular model among several studies is the Armstrong-Frederick incremental 

plasticity model first proposed by Armstrong and Frederick (1966) and modified by Jiang 

and Sehitoglu (1996a), (1996b). The three key components of this plasticity model, 

henceforth referred to as the Jiang-Sehitoglu model, are the definitions of the backstress 

evolution, the plastic modulus function, and Tanaka’s non-proportionality parameter.   

Backstress Evolution 

Since the backstress tensor identifies the centre of the yield surface in the deviatoric stress 

space, rules governing the evolution of the backstress tensor are kinematic hardening rules. 

In defining the hardening rule for the Jiang-Sehitoglu model, the total backstress is 

considered to be divided into M components as follows: 

  𝛼 = ∑𝛼𝑖

𝑀

𝑖=1

 (2-39) 

Using a series expansion of the backstress 𝛼 as given by (2-40) allows for the use of a non-

linear hardening rule to describe the evolution of the backstress.  The Jiang-Sehitoglu 
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model then defines the evolution of each backstress component based on the magnitude of 

the plastic strain increment 𝑑𝑝 using the following relation: 

  𝑑𝛼𝑖 = 𝑐𝑖𝑟𝑖 (𝑛 − (
|𝛼𝑖|

𝑟𝑖
)

𝜒𝑖+1

𝐿𝑖)𝑑𝑝 (2-40) 

where 𝑐𝑖 and 𝑟𝑖 are material constants that can be calculated from the uniaxial cyclic stress-

strain curve,  𝜒𝑖 is a ratchetting rate constant determined through stress-controlled cyclic 

tests, and 𝐿𝑖 and 𝑑𝑝 are defined as follows: 

𝐿𝑖 =
𝛼𝑖

|𝛼𝑖|
    (𝑖 = 1,2,3, … ,𝑀) 

𝑑𝑝 = |𝑑휀𝑝| 

Plastic Modulus Function 

Following the decomposition of the backstress, the plastic modulus function is then defined 

as a series expansion containing kinematic hardening and isotropic hardening components. 

  ℎ = ∑𝑐𝑖𝑟𝑖 [1 − (
|𝛼𝑖|

𝑟𝑖
)

𝜒𝑖+1

𝐿𝑖: 𝑛] + √2
𝑑𝑘

𝑑𝑝

𝑀

𝑖=1

 (2-41) 

The first term of Eqn. (2-41) represents the change in the plastic modulus as the backstress 

evolves while the second term represents the isotropic hardening that takes place.  Since 

the plastic modulus is the proportionality constant between the plastic strain increment 𝑑휀𝑝 

and the deviatoric stress component normal to the yield surface 〈𝑑𝑆: 𝑛〉𝑛 as seen in Eqn. 

(2-37), the process of determining the plastic strain increment based on an input stress 

increment will be an iterative process.  
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Non-Proportional Loading and Tanaka’s Non-Proportionality Parameter  

A significant difference between uniaxial and multiaxial stress analysis is the consideration 

of the proportionality of the stress components during loading.  Proportional loading is 

defined as loading paths that result in no rotation of the principal planes, which generally 

means that all of the stress components increase proportionally.  Non-proportional loading 

is conversely defined as loading paths that result in a rotation of the principal planes.  As 

an example, a load history where an axial load is held constant while a torsional load cycles 

would be considered non-proportional loading. 

Non-proportional loading introduces an added complication to the modeling of strain 

hardening as research has shown that, depending on the material, additional hardening or 

softening will be observed as the degree of non-proportional loading increases.  Kanazawa 

et al. (1979) studied the effects of combined axial and torsional loading on 1% Cr-Mo-V 

steel and developed a linear correlation between the maximum shear stress and a rotation 

factor.  This rotation factor relied on the factor of non-proportionality defined by Eqn. 

(2-42). 

  𝛷 =
𝜎𝑂𝑃

𝜎𝐼𝑃
− 1 (2-42) 

where 𝜎𝑂𝑃 is the 90° out-of-phase equivalent stress amplitude and 𝜎𝐼𝑃 is the in-phase 

equivalent stress amplitude.  This is a material parameter that represents the sensitivity of 

the material to non-proportional hardening and is dependent on the 90° out-of-phase CSS 

curve and the in-phase (uniaxial) CSS curve.  As the value of Φ will increase with the strain 

level, the calculation of Φ is generally performed at the highest strain level.    

Instead of using (2-42) to find the factor of non-proportionality based on a comparison of 

the in-phase and out-of-phase CSS curves, Shamsaei and Fatemi  (2010) proposed that the 

following estimation can be used to determine Φ based on standard uniaxial monotonic 

and cyclic material properties: 
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  𝛷 = 1.6 (
𝐾

𝐾′
)

2

(
𝛥휀

2
)
2(𝑛−𝑛′)

− 3.8 (
𝐾

𝐾′
) (

𝛥휀

2
)

(𝑛−𝑛′)

+ 2.2 (2-43) 

Gates and Fatemi (2014) highlighted the importance of considering non-proportional 

hardening when modeling multiaxial stress states by demonstrating experimentally how 

out-of-phase loading in both 2024-T3 aluminum and a structural steel resulted in lower 

fatigue lives than in-phase loading at the same equivalent stress in both smooth and notched 

specimens.  In contrast, Wu et al. (2014) found that non-proportional loading in titanium 

alloy TC4 did not produce any significant on the fatigue damage in low-cycle analyses.  

These two examples highlight the need for the non-proportionality parameter Φ to 

characterize the sensitivity of different materials to non-proportional loading. 

Tanaka (1994) introduced a scheme for tracking the degree of non-proportionality of the 

load history using a fourth-order tensor 𝐶 which is initialized with zero value: 

  𝑑𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑐(𝑛𝑖𝑗𝑛𝑘𝑙 − 𝐶𝑖𝑗𝑘𝑙)𝑑𝑝 (2-44) 

where 𝐶𝑐 is a material constant.  The fourth-order tensor 𝐶 given by Eqn. (2-44) is then 

used to determine an associated nonproportionality parameter defined as follows: 

 

  𝐴 = √1 −
𝑛𝑝𝑞𝐶𝛼𝛽𝑝𝑞𝐶𝛼𝛽𝑟𝑠𝑛𝑟𝑠

𝐶𝑖𝑗𝑘𝑙𝐶𝑖𝑗𝑘𝑙
 (2-45) 

Shamsaei et al. (2010) implemented Tanaka’s nonproportionality constant 𝐴 in the 

following evolution equations for the yield stress and plastic modulus parameter 𝑟𝑖: 

  

𝑑𝑘 = 𝛽(𝑘𝑜𝑒
(√2𝜙+1)𝐴 − 𝑘)𝑑𝑝 

 

𝑑𝑟𝑖 = 𝛽[𝑟𝑜
𝑖𝑒(√2𝜙+1)𝐴 − 𝑟𝑖]𝑑𝑝 

(2-46) 
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where 𝛽 is a nonproportionality hardening rate constant and the subscript о denotes the 

initial values .  Where only steady state responses are concerned a value of 𝛽 = 5 is found 

to provide good estimates for a wide range of applications.  Note that the form of Eqn. 

(2-46) presented here corresponds to that presented in Socie and Marquis (2000), which 

was confirmed by the author to be the correct form.  In their study of 1050 QT steel and 

304L stainless steel, Shamsaei et al. (2010) found good correlation between strains 

predicted using Tanaka’s nonproportionality constant and experimental strains.  An 

alternative method for accounting for the non-proportionality of load histories has been 

proposed by Meggiolaro and Pinho de Castro (2014) that includes the calculation of a 

moment of inertia which is calculated for a wire tracing the strain path.  This method is 

argued to better account for the individual contributions of every segment of the strain path 

in determining a non-proportionality factor. 

2.3.2 Notch Correction Methods 

Singh et al. (1996) proposed two analytical models for calculating the local stress and 

strains at a notch based on an equivalent strain energy density (ESED) approach: an 

incremental ESED method and an incremental Neuber’s method.  Both proposed models 

use the same set of constitutive equations presented in the following section. Though 

initially proposed with the Prandtl-Reuss incremental plasticity model, the following 

relations are based on the normality flow rule as presented with the Jiang-Sehitoglu 

incremental plasticity model discussed in Section 2.3.2. 

Manipulation of Constitutive Relations for Notch Corrections 

The normality flow rule given by Eqn. (2-37) can be expressed in tensor indicial notation 

as follows: 

  𝑑휀𝑖𝑗
𝑝

=
1

ℎ
𝑛𝑖𝑗𝑑𝑆𝑠𝑡𝑛𝑠𝑡 (2-47) 

The total strain increment 𝑑휀𝑖𝑗 can then be expressed as the summation of Eqn. (2-3) and 

Eqn.(2-47): 
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 𝑑휀𝑖𝑗 =
1 + 𝜈

𝐸
𝑑𝜎𝑖𝑗 −

𝜈

𝐸
𝑑𝜎𝑘𝑘𝛿𝑖𝑗 +

1

ℎ
𝑛𝑖𝑗𝑑𝑆𝑠𝑡𝑛𝑠𝑡 (2-48) 

Based on the definition of the deviatoric stress given by Eqn. (2-36) the deviatoric stress 

increments can be replaced such that 

 𝑑휀𝑖𝑗 =
1 + 𝜈

𝐸
𝑑𝜎𝑖𝑗 −

𝜈

𝐸
𝑑𝜎𝑘𝑘𝛿𝑖𝑗 +

1

ℎ
𝑛𝑖𝑗 (𝑑𝜎𝑠𝑡 −

1

3
𝑑𝜎𝑘𝑘𝛿𝑠𝑡)𝑛𝑠𝑡 (2-49) 

Expanding out and applying the summation convention for indicial notation then results in 

the following set of equations for the components of the total strain increment: 

𝑑휀11 = (
1

𝐸
+ 𝑛11𝐾1)𝑑𝜎11 + (𝑛11𝐾2 −

𝜈

𝐸
) 𝑑𝜎22 + (𝑛11𝐾3 −

𝜈

𝐸
)𝑑𝜎33 + 𝑛11𝐾4𝑑𝜎12 + 𝑛11𝐾5𝑑𝜎23 + 𝑛11𝐾6𝑑𝜎13 

𝑑휀22 = (𝑛22𝐾1 −
𝜈

𝐸
)𝑑𝜎11 + (

1

𝐸
+ 𝑛22𝐾2) 𝑑𝜎22 + (𝑛22𝐾3 −

𝜈

𝐸
)𝑑𝜎33 + 𝑛22𝐾4𝑑𝜎12 + 𝑛22𝐾5𝑑𝜎23 + 𝑛22𝐾6𝑑𝜎13 

𝑑휀33 = (𝑛33 −
𝜈

𝐸
)𝐾1𝑑𝜎11 + (𝑛33𝐾2 −

𝜈

𝐸
)𝑑𝜎22 + (

1

𝐸
+ 𝑛33𝐾3)𝑑𝜎33 + 𝑛33𝐾4𝑑𝜎12 + 𝑛33𝐾5𝑑𝜎23 + 𝑛33𝐾6𝑑𝜎13 

𝑑휀12 = 𝑛12𝐾1𝑑𝜎11 + 𝑛12𝐾2𝑑𝜎22 + 𝑛12𝐾3𝑑𝜎33 + (
1 + 𝜈

𝐸
+ 𝑛12𝐾4)𝑑𝜎12 + 𝑛12𝐾5𝑑𝜎23 + 𝑛12𝐾6𝑑𝜎13 

𝑑휀23 = 𝑛23𝐾1𝑑𝜎11 + 𝑛23𝐾2𝑑𝜎22 + 𝑛23𝐾3𝑑𝜎33 + 𝑛23𝐾4𝑑𝜎12 + (
1 + 𝜈

𝐸
+ 𝑛23𝐾5)𝑑𝜎23 + 𝑛23𝐾6𝑑𝜎13 

𝑑휀13 = 𝑛13𝐾1𝑑𝜎11 + 𝑛13𝐾2𝑑𝜎22 + 𝑛13𝐾3𝑑𝜎33 + 𝑛13𝐾4𝑑𝜎12 + 𝑛13𝐾5𝑑𝜎23 + (
1 + 𝜈

𝐸
+ 𝑛13𝐾6)𝑑𝜎13 

(2-50) 

where 

𝐾1 =
1

3ℎ
(2𝑛11 − (𝑛22 + 𝑛33)),   𝐾2 =

1

3ℎ
(2𝑛22 − (𝑛11 + 𝑛33)), 𝐾3 =

1

3ℎ
(2𝑛33 − (𝑛11 + 𝑛22))  

𝐾4 =
2𝑛12

ℎ
, 𝐾5 =

2𝑛23

ℎ
, 𝐾6 =

2𝑛13

ℎ
 

Equation (2-50) makes up six of the twelve equations required to solve for all of the local 

stress and strain components at a notch.  The remaining six equations can be either 

determined based on the incremental ESED method or the multiaxial Neuber’s rule 

presented in the following sections. 
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Incremental ESED Method 

The ESED approach was used by Ince et al. (2014) to analyze the stress and strain of a 

SAE 1070 steel axial-torsion specimen under non-proportional loading.  Using the cyclic 

plasticity model proposed by Garud (1981), it was shown that the incremental ESED 

method was able to produce reasonably accurate predictions of the local stresses and strains 

at the notch using linear-elastic FE stress histories. The increment in strain energy in the 

body per unit volume due to an increment of applied load is given by Equation (2-51). 

 𝑑𝑊𝑎 = 𝜎𝑖𝑗
𝑎𝑑휀𝑖𝑗

𝑎  (2-51) 

where the superscript 𝑎 denotes the actual strain energy density increment, stress 

component, or strain increment. It is further proposed by Singh (1996) that the increment 

in the strain energy density at the notch tip in an elastic-plastic body can be approximated 

by that obtained if the body was to hypothetically remain elastic throughout the loading 

history; that is, the increment in strain energy density is the same.  This is expressed by 

Equation (2-52).   

 d𝑊𝑒 = d𝑊𝐸    or   𝜎𝑖𝑗
𝑒d휀𝑖𝑗

𝑒 = 𝜎𝑖𝑗
𝐸d휀𝑖𝑗

𝐸  (2-52) 

The superscripts e and E denote the notch variables determined using linear elastic theory 

and/or FEA and the real notch variables as determined by the incremental ESED approach, 

respectively.  As reference, Equation (2-52) would yield the following expression: 

𝜎11
𝑒 d휀11

𝑒 + 𝜎22
𝑒 d휀22

𝑒 + 𝜎33
𝑒 d휀33

𝑒 + 2𝜎12
𝑒 d휀12

𝑒 + 2𝜎23
𝑒 d휀23

𝑒 + 2𝜎13
𝑒 d휀13

𝑒

= 𝜎11
𝐸 d휀11

𝐸 + 𝜎22
𝐸 d휀22

𝐸 + 𝜎33
𝐸 d휀33

𝐸 + 2𝜎12
𝐸 d휀12

𝐸 + 2𝜎23
𝐸 d휀23

𝐸 + 2𝜎13
𝐸 d휀13

𝐸  

This equation thus provides one additional equation for the system of linear equations. 

Assuming that the contribution of each elastic-plastic stress and strain component to the 

increment in strain energy density at the notch tip is the same as the contribution of each 
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stress-strain component to the increment in strain energy density at the notch tip obtained 

from a linear elastic analysis, the following relationship holds true: 

 𝜎𝛼𝛽
𝑒 d휀𝛼𝛽

𝑒 = 𝜎𝛼𝛽
𝐸 d휀𝛼𝛽

𝐸  (2-53) 

Note that in this case although 𝛼 = 𝛽 = 1,2,3 they are not used as Einstein indices and are 

not subject to an implied summation. Equation (2-53) then yields the following 

relationships: 

 

𝜎11
𝑒 d휀11

𝑒 = 𝜎11
𝐸 d휀11

𝐸 ,     𝜎22
𝑒 d휀22

𝑒 = 𝜎22
𝐸 d휀22

𝐸 ,     𝜎33
𝑒 d휀33

𝑒 =

𝜎33
𝐸 d휀33

𝐸  

𝜎12
𝑒 d휀12

𝑒 = 𝜎12
𝐸 d휀12

𝐸 ,     𝜎23
𝑒 d휀23

𝑒 = 𝜎23
𝐸 d휀23

𝐸 ,     𝜎13
𝑒 d휀13

𝑒 =

𝜎13
𝐸 d휀13

𝐸  

(2-54) 

Five of the six equations in equation set (2-54) are linearly independent from Equation 

(2-52), thus completing the system of equations necessary to solve for the stress increment 

components (𝑑𝜎11, 𝑑𝜎22, 𝑑𝜎33, 𝑑𝜎12, 𝑑𝜎23, 𝑑𝜎13) and the elastic and plastic strain increment 

components (𝑑휀11, 𝑑휀22, 𝑑휀33, 𝑑휀12, 𝑑휀23, 𝑑휀13). 

Multiaxial Incremental Neuber’s Method 

Rather than using the strain energy density as the basis of a new set of linear equations, 

Singh (1996) also proposed an approach that is based on the total strain energy density per 

unit volume Ω, (sum of the strain energy density and the complementary strain energy 

density per unit volume), where the actual incremental change in total strain energy density 

per unit volume is given by  

 dΩ𝑎 = 𝜎𝑖𝑗
𝑎d휀𝑖𝑗

𝑎 + 휀𝑖𝑗
𝑎d𝜎𝑖𝑗

𝑎  (2-55) 

As was the case with the incremental ESED approach, it was proposed that the increment 

in total strain energy density per unit volume is the same for an elastic and an elastic-plastic 
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case, as expressed by Equation (2-56).  The superscript N denotes the real local notch 

variables as determined by the multiaxial incremental Neuber’s method. 

 

ΔΩ𝑒 = ΔΩ𝑁 

or  

𝜎𝑖𝑗
𝑒Δ휀𝑖𝑗

𝑒 + 휀𝑖𝑗
𝑒 Δ𝜎𝑖𝑗

𝑒 = 𝜎𝑖𝑗
𝑁Δ휀𝑖𝑗

𝑁 + 휀𝑖𝑗
𝑁Δ𝜎𝑖𝑗

𝑁 

(2-56) 

Assuming that the contribution of each elastic-plastic stress and strain component to the 

increment in total strain energy density at the notch tip is the same as the contribution of 

each stress-strain component to the increment in total strain energy density at the notch tip 

obtained from a linear elastic analysis, the following relationship also holds true: 

 𝜎𝛼𝛽
𝑒 Δ휀𝛼𝛽

𝑒 + 휀𝛼𝛽
𝑒 Δ𝜎𝛼𝛽

𝑒 = 𝜎𝛼𝛽
𝑁 Δ휀𝛼𝛽

𝑁 + 휀𝛼𝛽
𝑁 Δ𝜎𝛼𝛽

𝑁  (2-57) 

Analogous to the incremental ESED approach, the multiaxial incremental Neuber’s 

method uses one equation produced by Equation (2-56) and five produced by Equation set 

(2-57) to complete the system of linear equations. This system of linear equations is then 

solved simultaneously to find the stress increment components (𝑑𝜎11, 𝑑𝜎22, 𝑑𝜎33, 

𝑑𝜎12, 𝑑𝜎23, 𝑑𝜎13) and the elastic and plastic strain increment components (𝑑휀11, 𝑑휀22, 𝑑휀33, 

𝑑휀12, 𝑑휀23, 𝑑휀13).   

Incremental Unified Method 

Ye et al. (2008) proposed the use of an energy dissipation coefficient Cq given by Eqn. 

(2-58). This energy dissipation coefficient is then incorporated into Equations (2-51) and 

(2-52) as shown in Eqn. (2-59) for the total ESED relation and in Eqn. (2-60) for the energy 

strain ratio relations. 

 𝐶𝑞 =
1 − 2𝑛′

1 − 𝑛′
 (2-58) 

where 𝑛′ is the cyclic hardening exponent. 
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 𝜎𝑖𝑗
𝑒𝑑휀𝑖𝑗

𝑒 + 휀𝑖𝑗
𝑒 𝑑𝜎𝑖𝑗

𝑒 = (1 + 𝐶𝑞)𝜎𝑖𝑗
𝑈𝑑휀𝑖𝑗

𝑈 + (1 − 𝐶𝑞)휀𝑖𝑗
𝑈𝑑𝜎𝑖𝑗

𝑈 (2-59) 

 

 𝜎𝛼𝛽
𝑒 𝑑휀𝛼𝛽

𝑒 + 휀𝛼𝛽
𝑒 𝑑𝜎𝛼𝛽

𝑒 = (1 + 𝐶𝑞)𝜎𝛼𝛽
𝑈 𝑑휀𝛼𝛽

𝑈 + (1 − 𝐶𝑞)휀𝛼𝛽
𝑈 𝑑𝜎𝛼𝛽

𝑈  (2-60) 

The predictions made by the incremental unified method are reported to produce better 

approximations than both the incremental ESED method and the multiaxial Neuber’s rule, 

with each producing a lower and upper bound to experimental measurements, respectively 

(Ye, Hertel, & Vormwald, 2008). Equations (2-59) and (2-60) approach the ESED 

formulations for 𝐶𝑞  = 1 and reduces to the Neuber’s rule relations for 𝐶𝑞 = 0.  The general 

algorithm for using the incremental ESED, multiaxial incremental Neuber’s rule, and 

unified method is illustrated in Figure 2-7. 

 

Figure 2-7: General procedure for implementing multiaxial notch correction methods. 
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2.3.3 Cycle Counting Procedures 

While the rainflow cycle counting procedure was developed for a uniaxial fatigue analysis, 

equivalent methods have been introduced to take into account multiaxial stress states either 

by incorporating the rainflow procedure differently or by taking inspiration from the 

rainflow procedure.   Shamsaei et al. (2011) compared the Wang-Brown and Bannantine-

Socie cycle counting procedures; noting that these are the only two methods that have been 

proposed that reflect the critical plane concept.  In their evaluation of various loading 

histories for 1050 QT steel and 304 stainless steel, it was found that both cycle counting 

procedures produced satisfactory predictions when coupled with the FS fatigue criterion.  

The details involved in these two cycle counting procedures are presented in this section. 

Wang-Brown Cycle Counting Procedure 

The Wang-Brown cycle counting procedure is based in the use of the von Mises criterion.  

The procedure proposed by Wang & Brown (1996) is summarized hereafter. 

The cycle counting procedure assumes that the total strain history 휀𝑖𝑗(𝑡) is known.  Rather 

than considering the history as a function of time, the remainder of this document will refer 

to each total strain tensor as (휀𝑖𝑗)𝑘
 , where 𝑘 = 1, 2, 3, … 𝑛 is the load number of the total 

strain tensor and 𝑛 is the total number of load cases. 

Throughout the procedure, a relative strain history (휀𝑖𝑗)𝑘

𝐴
 is defined as follows: 

 (휀𝑖𝑗)𝑘

𝐴
= (휀𝑖𝑗)𝑘

− (휀𝑖𝑗)𝐴
 (2-61) 

where (휀𝑖𝑗)𝐴
 is the reference strain tensor for the relative strain history. 
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The basis for the cycle counting procedure will be the equivalent strain 휀𝑒𝑞 defined by: 

 

휀𝑒𝑞 =
1

√2(1 + 𝜈′)
√(휀𝑥 − 휀𝑦 )

2
+ (휀𝑦 − 휀𝑧)

2
+ (휀𝑧 − 휀𝑥)

2 +
3

2
[𝛾𝑥𝑦

2 + 𝛾𝑦𝑧
2 + 𝛾𝑧𝑥

2 ] 

=
1

√2(1 + 𝜈′)
√2휀𝑥

2(1 + 𝜈′)2 +
3

2
𝛾𝑥𝑦

2         (𝑠𝑖𝑚𝑝𝑙𝑒 𝑎𝑥𝑖𝑎𝑙 + 𝑡𝑜𝑟𝑠𝑖𝑜𝑛) 

(2-62) 

The following cycle counting procedure is then followed until every data point has been 

counted: 

1. Arrange the original data file so that it starts with the first major turning point, i.e. 

the point with the peak value of equivalent strain.  This is done by identifying the 

maximum turning point and moving all load cases occurring before this point to the 

end of the history.  This load case then becomes the reference point (Point A) for 

the subsequent analysis. 

2. Calculate the relative strain history with respect to the first data point (휀𝑖𝑗)𝐴
 of the 

strain history using Equation (2-61). 

3. Identify the maximum peak (turning point) (Point B) of the relative strain history. 

4. Identify fragment points, which are defined as any point at which the equivalent 

relative strain history falls prior to and after the maximum peak.   

5. The load sequence from point A to point B is then identified as one reversal. 

6. The data points from each fragment up to the point where the history resumes its 

upward progression to the maximum peak will be referred to as its corresponding 

fragmented history.  For each fragment, repeat steps 2 through 5 with the 

corresponding fragment point as the reference point (휀𝑖𝑗)𝐴
. 

Note that once the analysis begins for the sub-histories of each fragment, additional 

fragments will be found and the procedure will be repeated until all peaks are counted as 

reversals.  Chapter 5 walks through an example presented by Wang & Brown (1996). 
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Bannantine-Socie Cycle Counting Procedure 

The cycle counting procedure proposed by Bannantine and Socie (1989) is rooted in the 

philosophy of the critical plane approach to multiaxial fatigue analysis.  The procedure is 

defined as follows: 

1. Determine a critical plane either by experience or arbitrarily. 

2. Evaluate the stress and strain history on the critical plane selected in Step 1. 

3. Based on the nature of material, select the critical crack initiating or propagating 

strain component. 

4. Carry out the rainflow cycle counting procedure as defined in ASTM E1048-85 on 

the strain component selected in Step 3. 

5. Calculate the fatigue damage based on the counted cycles. 

6. Repeat steps 1-5 for as many critical planes as is required to determine the plane 

with the highest fatigue damage. 

2.3.4 Residual Stresses 

Residual stresses are created when local yielding occurs at a notch.  As was introduced in 

Section 2.2.5, residual stresses can be beneficial when compressive and damaging when 

tensile.  To the author’s knowledge, there is currently no analytical method for estimating 

the residual stresses that are formed at a notch after the unloading of a multiaxial stress 

state that is equivalent to the uniaxial approach.  The only method to address this as the 

current research stands is to perform an elastic-plastic finite element analysis of the 

component in question and determine the residual stresses upon removal of a static load. 

2.4 Landing Gear Fuse Pin Design and Analysis: State of the Art 

The purpose of this thesis is to demonstrate the applicability of the multiaxial approach to 

fatigue analysis in improving the life prediction of landing gear fuse pins.  Fuse pins are 

used in landing gear designs to provide a safe and controlled separation of the landing gear 

from the aircraft in the event of a crash.  This controlled failure is achieved by the use of 

grooves circumferentially machined into the inner diameter of the fuse pin at the location 
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of maximum shear load.   These grooves introduce a stress concentration to an area in the 

fuse pin that is already highly stressed.  In combination with the bearing load on the pin in 

the joint and the bending loads, the simple shear load in the fuse pin joint then creates a 

complex stress state at the fuse pin groove.  The following sections discuss the basic design 

of fuse pins and the current state of the fatigue analysis of the fuse pin groove. 

2.4.1 Fuse Pin Stress State and Joint Design 

In general, fuse pins are used in three basic types of joints:  a clevis joint with bushings, a 

cantilever joint with bushings, and a cantilever joint with a spherical bearing.  Schematics 

of these three typical joints are presented in Figure 2-8, Figure 2-9, and Figure 2-10.  

Between the three joint assemblies, the degree of constraint at the joint will vary; the clevis 

joint has the highest level of constraint and the cantilever joint with spherical bearing has 

the lowest level of constraint.  Regardless of the type of joint, the fuse pin groove will be 

subject to three basic components of stress: the shear stress, the longitudinal stress due to 

bending, and the hoop stress due to the bearing loads on the pin.  This is illustrated in 

Figure 2-11. 
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Figure 2-8: Clevis joint with bushings 
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Figure 2-9: Cantilever joint with bushings 
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Figure 2-10: Cantilever joint with spherical bearing 
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Figure 2-11: General triaxial stress state of the fuse pin groove. 

2.4.2 Fatigue Analysis of the Fuse Pin 

The fatigue analysis of the fuse pin groove has traditionally been focused on the shear 

failure of the pin with the maximum shear occurring at the neutral axis of the pin.  To this 

date, uniaxial fatigue analyses using the methods introduced in Section 2.2 have been 

employed to predict the fatigue life of fuse pins.  Methods based on pure shear analyses 

have been found to significantly under-predict the actual fatigue life of fuse pins when 

tested.   

Narayan et al. (2006) proposed a simplified equivalent uniaxial fatigue stress model in an 

attempt to include the effects of the compressive stress as a relief on the fatigue damage in 

the fuse groove.  This method requires the determination of a correction factor that is 

determined using an elastic finite element analysis of the fuse pin assembly; the correction 

factor is then used in a stress transformation to then reduce the biaxial hoop-shear stress 

state into a uniaxial equivalent stress.  While it was shown that the proposed model is 
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effective in predicting lower fatigue damage than the traditional uniaxial fatigue analysis 

methods, the method was still reported to produce significantly conservative results.  More 

importantly, this method neglects the importance of longitudinal stresses in the fuse pin, 

which create a triaxial stress state instead of the simplified biaxial stress state.  The 

longitudinal stresses due to the bending of the pin should not be neglected, even at the 

theoretical neutral axis of the fuse pin.   In addition to this, the effects of non-proportional 

hardening are not accounted for when an equivalent stress approach is taken.  It is these 

shortfalls that the work presented hereafter aims to improve on by employing the multiaxial 

fatigue analysis methodologies. 
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3    Chapter: Multiaxial Constitutive Model 

The constitutive model is the basis upon which the notch correction and fatigue damage 

models are built.  With a constitutive model, elastic-plastic strains are related to applied 

stresses using a yield criterion, a flow rule, hardening rules. This chapter presents the 

implementation and verification of the Jiang-Sehitoglu multiaxial constitutive model 

introduced in Section 2.3.2.   

3.1 Implementation of the Jiang-Sehitoglu Incremental Plasticity Model 

A program was written in the VB .NET Framework to predict elastic-plastic strains based 

on input stresses.  The framework was chosen so as to maintain compatibility with existing 

fatigue tools used by UTAS-LS.  The hardening model chosen for implementation was the 

Jiang-Sehitoglu model, which is a modified version of the Armstrong-Frederick kinematic 

hardening model.  The Jiang-Sehitoglu model, as discussed in Section 2.3.2, has been 

shown to better model behaviours such as ratchetting than more simple hardening models 

such as the Mroz and Garud models.   While the focus of this work is not ratchetting, having 

the option available in the program for future research was considered to be beneficial. 

3.1.1 Approximation of Material Constants 

The Jiang-Sehitoglu model is defined by the backstress evolution given by Equation (2-40) 

and the plastic modulus equation (2-41).  In solving these equations, three sets of material 

coefficients 𝑐(𝑖) , 𝑟(𝑖), and 𝜒(𝑖) are required.  The material coefficients 𝑐(𝑖) are used together 

with coefficients 𝑟(𝑖) to model cyclic strain hardening.  Mathematically, the coefficients 

𝑟(𝑖) represent the radii of each 𝑖th yield surface defined by the backstress tensor 𝛼(𝑖).    The 

ratchetting decay rate is controlled by 𝜒(𝑖) in the Jiang-Sehitoglu model.  A value 

of 𝜒(𝑖)(𝑖 = 1, 2, … ,𝑀) = 10  was found by Shamsaei (2010) to provide sufficiently good 

estimates for a wide range of materials and load histories when only the steady state 

response is of interest. 
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Jiang and Sehitoglu (1996b) presented two approaches to determining the sets of material 

coefficients 𝑐𝑖 and 𝑟𝑖; the method involving the pre-selection of the 𝑐𝑖  (𝑖 = 1, 2, … ,𝑀) for 

𝑀 points on the uniaxial CSS curve was chosen for the present model due to its simplicity.  

The following procedure is used to calculate 𝑐𝑖 and 𝑟𝑖using a given Δ𝜎 − Δ휀𝑝 curve 

determined from uniaxial test data: 

Determining 𝑐𝑖 and 𝑟𝑖 

1. Select 𝑀 points on the Δ𝜎 − Δ휀𝑝 curve. 

2. Use the following formulation to determine the material coefficients 𝑐𝑖: 

 𝑐(𝑖) = 2√
2

3

1

𝛥휀(𝑖)
𝑝  

  (𝑖 = 1,2, … ,𝑀) (3-1) 

3. Each of the material coefficients 𝑟(𝑖) is the radius of the 𝑖th limiting surface located 

by the backstress tensor 𝛼(𝑖) and is calculated using Equation (3-2): 

 𝑟(𝑖) =
2

3

𝐻(𝑖) − 𝐻(𝑖+1)

𝑐(𝑖) 
  (𝑖 = 1,2, … ,𝑀) (3-2) 

where 

 

 

𝐻(𝑖) =
𝛥𝜎(𝑖) − 𝛥𝜎(𝑖−1)

𝛥휀(𝑖)
𝑝 − 𝛥휀(𝑖−1)

𝑝   (𝑖 = 1,2, … ,𝑀) (3-3) 

Throughout an analysis, the material constants 𝑐(𝑖) will remain constant while 𝑟(𝑖) will be 

updated following Equation (2-46), which defines the kinematic hardening behaviour.   

Tanaka’s nonproportionality constant 

In using Tanaka’s formulation to take non-proportional hardening into account, the 

material constant 𝐶𝑐 must be selected.  𝐶𝑐 controls the transient behaviour associated with 

non-proportional hardening and sufficiently large values can cause faster convergence on 

maximum stress magnitudes (Zhang & Jiang, 2008).  A value of 𝐶𝑐 = 200 was used for 
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all analyses on the basis that the current research is only concerned with steady-state 

material responses. 

3.2 Verification of the Stress-Strain Model 

Shamsaei et al. (2010) provides the in-phase (IP) and the 90° out-of-phase (OP) cyclic 

stress-strain curve for 304L stainless steel.  Using the material inputs as specified by 

Shamsaei et al. (2010), the in-phase and out-of-phase CSS curves were used as benchmarks 

for the verification of the stress-strain model.  Four verification tests were performed to 

test the program: two single-stress monotonic tests, one proportional (in-phase) test, and 

one non-proportional (out-of-phase) test.  The two monotonic tests are performed with the 

intention of producing a cyclic result; that is, they replicate a uniaxial tension-compression 

or uniaxial shear cyclic loading type and thus are both proportional loading.  A summary 

of the verification tests is provided in Table 3-1. 

Table 3-1: Summary of Stress-Strain Model Verification Tests 

Test No. Description Loading Type 

1 Pure tension Monotonic 

2 Pure shear Monotonic 

3 In-phase axial-torsion Cyclic 

4 90° out-of-phase axial torsion Cyclic 

To simulate a 90° out-of-phase load history, a circular path of radius 𝜎𝑒𝑞 =

100, 200, 300 𝑀𝑃𝑎 traced in the 𝜎𝑥 − √3𝜏𝑥𝑦 stress-space was discretized as illustrated in 

Figure 3-1.   The stress inputs for each verification step are provided in Table 3-2 and the 

material properties are presented in Table 3-3 for 304L stainless steel.  The results of the 

four verification tests are plotted against the two experimental CSS curves for 304L 

stainless steel obtained from Shamsaei et al. (2010) in Figure 3-2.  
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Table 3-2: Stress inputs for Stress-Strain Model Verification Tests (stresses in MPa) 

Load 

Test 1  

(Pure Tension) 

Test 2  

(Pure Shear) 

Test 3  

(In-Phase) 

Test 4  

(Out-of-Phase)1 

𝜎𝑥 𝜏𝑥𝑦 𝜎𝑥 𝜏𝑥𝑦 
Δ𝜎𝑥

2
 

Δ𝜏𝑥𝑦

2
 

Δ𝜎𝑥

2
 

Δ𝜏𝑥𝑦

2
 

I 100 0 0 50 70.71 40.82 100.00 57.74 

II 200 0 0 100 141.42 81.65 200.00 115.47 

III 300 0 0 150 212.13 122.47 300.00 173.21 

IV 400 0 0 200 - - 400.00 230.94 

Note:  1  Out-of-phase loading follows a 32-load case pattern and stress amplitude 

values represent maximum stress amplitudes (see Figure 3-1). 

 

Table 3-3: Material properties for 304L stainless steel (Shamsaei, Fatemi, & Socie, 2010). 

Elastic modulus, E (MPa) 195 

Elastic Poissson’s ratio, 𝜈𝑒 0.27 

Yield strength, 𝜎𝑦 (MPa) 208 

Strength coefficient, K (MPa) 680 

Strain hardening exponent, n 0.214 

Cyclic Strength coefficient, 𝐾′ (MPa) 2841 

Cyclic Strain hardening exponent, 𝑛′ 0.371 

Cyclic yield strength, 𝜎𝑦
′  (MPa) 283 
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Figure 3-1: Illustration of discretization of 90° out-of-phase stress path in the 𝝈𝒙 − √𝟑𝝉𝒙𝒚 

stress-space into individual load cases. 

The purpose of the monotonic verification tests in pure tension and in pure shear is to test 

how well the program predicted the cyclic stress-strain behaviour from a single load case.  

That is, since the transient response of the material is being largely ignored the single load 

case should produce results akin to the steady-state response uniaxial cyclic loading of the 

same equivalent stress magnitude.  Figure 3-2 shows the three test points for the pure 

tension verification test lying directly on the experimental IP CSS curve.  This is expected 

since the IP CSS curve was generated directly from uniaxial cyclic stress-strain tests.  The 

pure shear verification test results also follow the trend of the IP CSS curve closely.  The 

slight deviation reflects difference in strain hardening in uniaxial shear loading and strain 

hardening in uniaxial tension-compression loading. 

The in-phase (proportional) loading verification test results are also shown to follow the 

in-phase CSS curve in Figure 3-2.  This is to be expected since the in-phase CSS curve is 

used as input into the program.  More importantly, the out-of-phase (non-proportional) 

loading test results are also found to correlate well with the out-of-phase CSS curve.  This 

Load case 
True 90°out-of-phase load 

path 

𝜎𝑥 

√3𝜏𝑥𝑦 
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verifies the implementation of both the approximation of the degree of nonproportionality 

Φ given by Eqn. (2-43) and the Jiang-Sehitoglu kinematic hardening model with Tanaka’s 

nonproportionality constant. 

In addition to the stress-strain results, it was found that the model was sensitive to the size 

of the stress increment for each step of the analysis.  A user control was added to the 

program to allow for the specification of the maximum allowable stress increment.  Much 

like how the element size affects the accuracy of a finite element analysis, a stress 

increment step that is too large can lead to erroneous results in the prediction of the plastic 

strain increment and the evolution of the yield surface.  Through trial and error, it was 

found that if the allowable stress increment for calculation in the Jiang-Sehitoglu 

incremental plasticity model was limited to roughly 2.5% of the yield stress of the material 

then the analysis would converge on a solution.  The convergence of the axial strain and 

shear strain calculated in the OP loading verification tests is presented in Figure 3-3. 

 

Figure 3-2: Stress-strain model verification test results compared to experimental cyclic 

stress-strain curves for 304L stainless steel from Shamsaei et al. (2010). 
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Figure 3-3: Convergence of axial and shear strain components in 90° OP cyclic loading 

verification tests. 
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4    Chapter: Multiaxial Notch Correction Methods 

4.1 Implementation of Notch Correction Methods 

To account for the notch effect on the local stress and strain, the notch correction methods 

presented in Section (1.3.3) are used together with the Jiang-Sehitoglu stress-strain model.   In the 

program, the system of equations defined by the notch correction methods is first solved to 

determine local notch stress and total strain increments.  With the notch stress and total strain 

known, the local plastic strain increment as predicted by the notch correction equations can be 

determined.  The local notch stress and plastic strain increment are then run through the Jiang-

Sehitoglu hardening model to determine if the solution is valid.  The validity of the solution is 

determined simply on the basis of whether or not the predicted plastic strain increment is 

compatible with the predicted local stress increment.    If the solution is not valid, the elastic stress 

increment is halved and the process would be restarted.  

Applying the incremental ESED approach requires the use of equations (2-50), (2-52) and (2-54).    

Equations (2-52) and (2-54) explicitly solves for the total strain increment based on the current 

notch stress state determined from previous increments.  The total strain increments are then used 

directly in (2-50) to solve for the local stress increments. 

Applying the incremental Neuber’s Rule and the incremental unified method requires the 

simultaneous solution of Eqns. (2-50),(2-59) and (2-60).   These three equations are combined into 

one matrix equation given by Eqn. (4-1).  For an analysis using the incremental Neuber’s rule, a 

value of 𝐶𝑞 = 0 is set.  For an analysis using the incremental unified method, the value of 𝐶𝑞 is 

solved for using Eqn. (2-58). 
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Neuber/Unified Method System of Equations: (4-1) 

[𝐴][𝑥] = [𝑏] 

[𝐴] =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 1 0 0 0 0 0 −(

1

𝐸
+ 𝑛11𝐾1) (

𝜈

𝐸
− 𝑛11𝐾2) (

𝜈

𝐸
− 𝑛11𝐾3) −𝑛11𝐾4 −𝑛11𝐾5 −𝑛11𝐾6

0 1 0 0 0 0 (
𝜈

𝐸
− 𝑛22𝐾1) −(

1

𝐸
+ 𝑛22𝐾2) (

𝜈

𝐸
− 𝑛22𝐾3) −𝑛22𝐾4 −𝑛22𝐾5 −𝑛22𝐾6

0 0 1 0 0 0 (
𝜈

𝐸
− 𝑛33𝐾1) (

𝜈

𝐸
− 𝑛33𝐾2) − (

1

𝐸
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𝑒 𝜓12

𝑒 𝜓23
𝑒 Γ𝑒]𝑇 

[𝑥] = [𝑑휀11
𝑈 𝑑휀22

𝑈 𝑑휀33
𝑈 𝑑휀12

𝑈 𝑑휀23
𝑈 𝑑휀13

𝑈 𝑑𝜎11
𝑈 𝑑𝜎22

𝑈 𝑑𝜎33
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𝑈 𝑑𝜎23
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𝑈 ]𝑇  

𝜓𝛼𝛽
𝑒 = 𝜎𝛼𝛽

𝑒 𝑑휀𝛼𝛽
𝑒 + 𝜖𝛼𝛽

𝑒 𝑑𝜎𝛼𝛽
𝑒 ,    Γ𝑒 = 𝜎𝑖𝑗

𝑒𝑑휀𝑖𝑗
𝑒 + 𝜖𝑖𝑗

𝑒 𝑑𝜎𝑖𝑗
𝑒  

𝑄1 = 1 + 𝐶𝑞 ,     𝑄2 = 1 − 𝐶𝑞  

 𝐾𝑖 (𝑖=1,2,3,…,6) determined as presented Equation (2-50).
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4.2 Verification of Proportional Loading of Notch Specimens 

The verification tests presented in this section allow for the testing of the notch analysis 

methods without considering any non-proportional hardening effects.  Finite element 

analyses are used as a benchmark to compare the performance of the three multiaxial notch 

correction methods (ESED, Neuber, and Unified) presented in the previous section.  It is 

the objective of this section to establish an understanding of how well the notch correction 

methods as implemented will perform for pure axial, pure shear, and axial-torsion load 

histories and the effect of geometry and material on the quality of predictions. 

4.2.1.1 Finite Element Analysis of Notched Specimens 

Finite element analyses (FEA) of three different specimens were performed using 

ABAQUS to form a benchmark for the numerical analysis performed by the stress-strain 

program with the multiaxial notch correction methods.  The geometry of the specimens 

used is shown in Figure 4-1.  The notch geometry and material is varied for the three 

different analyses as per Table 4-1.  Two different geometries were selected to represent 

different stress concentration intensities.   SAE 1070 and 1045 steel were selected for 

analysis based on available data from the literature; the material properties are summarized 

in Table 4-2.   

 

Figure 4-1: Geometry of notched specimen for numerical analysis. 
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Table 4-1: Geometry of specimens used for verification of multiaxial notch analysis. 

Specimen Material 𝜌/𝑡  𝑅/𝑡 𝐾𝑡,𝑎𝑥 𝐾𝑡,𝑡 

A SAE 1070 0.5 1 1.54 1.13 

B SAE 1070 0.3 7 3.66 2.19 

C SAE 1045 0.3 7 3.66 2.19 

Table 4-2: Material properties for SAE 1070 (Firat, 2011) and SAE 1045 (Singh, Glinka, 

& Dubey, 1996). 

Material SAE 1070 SAE 1045 

Elastic modulus, E (GPa) 210 202 

Poisson’s ratio, 𝜈 0.3 0.3 

Yield strength, 𝜎𝑦 (MPa) 242 202 

Cyclic strength coefficient, 𝐾′ 1736 1258 

Cyclic strain hardening exponent, 𝑛′ 0.199 0.208 

For each specimen, three different load types at three load levels were considered: pure 

axial loading, pure torsional loading, and proportional axial-torsional loading.  Non-

proportional loading was not considered for the FEA since non-proportional hardening is 

not accounted for in the standard static analysis in ABAQUS.  The loads associated with 

each test case are summarized in Table 4-3.  The specimen A loads were chosen first such 

that there were three levels of load corresponding to nominal stresses of 𝜎𝑒𝑞 = 400 𝑀𝑃𝑎, 

, 446.5 𝑀𝑃𝑎, and 600 𝑀𝑃𝑎. The second load levels of each test (tests 1B, 2B, and 3B) 

were selected initially as a baseline reference from Firat (2011), while the first and third 

levels were chosen arbitrarily to represent a relatively low and high load.   



 

59 

 

With the loads chosen for specimen A, loads were chosen for Specimen B/C so that the 

resulting elastic axial notch stresses were the same as those in specimen A; this way for 

each test the effect of the notch, and not the stress level, can be compared.  To determine 

the specimen B/C loads, a trial-and-error approach was required due to yielding at the 

notch. To provide an initial guess, the theoretical stress concentration factors from Table 

4-1 were used.  It is noted that while the axial notch stresses are matched, the 

circumferential notch stresses will not be the same between the two specimens due to the 

difference in the ratio of the stress concentration factors in the axial and circumferential 

directions.  

Table 4-3: End loads applied to finite element analyses for notch verification tests. 

 Specimen A Specimen B/C 

Test P (kN) T (N-m) P (kN) T (N-m) 

1a 202.7 0 213.6 0 

1b 226.2 0 238.5 0 

1c 304.0 0 320.4 0 

2a 0 743.1 0 1925 

2b 0 829.5 0 1441 

2c 0 1114.6 0 2887 

3a 143.3 525.5 141.6 1441 

3b 150.0 621.0 158.1 1608 

3c 215.0 788.1 212.4 2161 

Quadratic quadrilateral elements used throughout each axisymmetric FEA.  The meshing 

scheme is as shown in Figure 4-2.  The mesh was refined at the notch until a minimum of 

10% convergence was achieved.  To further illustrate the contrast in the sharpness of the 

notch, the meshed specimen notches are compared in Figure 4-3. 
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Figure 4-2: Axisymmetric finite element analysis of axial-torsion specimens.  Mesh 

refined based on convergence study. 

 

Figure 4-3: Meshed notches. 
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4.2.2 Results and Discussion 

To verify the implementation of the notch analysis with the multiaxial stress-strain 

program, the results of the FEA defined in Section 4.2.1.1 were compared to results 

produced using the incremental ESED, Neuber, and Unified notch correction methods.  

Elastic stresses as predicted using theoretical stress concentration factors or elastic FEA 

are used as input into these notch correction methods.  The input stresses for the notch 

correction methods for each test and specimen are presented in Table 4-4.  The resulting 

notch stresses predicted by the notch correction methods are plotted against the FEA 

predicted stresses in Figure 4-4 to Figure 4-6, Figure 4-7 to Figure 4-9, and Figure 4-10 to 

Figure 4-12 to  for the pure axial tests, pure torsion tests, and axial-torsion tests, 

respectively. 

Considering the results of the pure axial tests for Specimen A in Figure 4-4, a clear decrease 

in correlation with FEA results is observed for the axial and hoop stresses with increasing 

load level.  With the exception of the hoop stresses predicted by the multiaxial Neuber’s 

rule, most predictions are within 10-15% of the FEA values.  Comparing these results to 

those for Specimen B in Figure 4-5 one can see significant improvements in correlation 

with FEA due to the increase in stress concentration.  The increased Kt creates and sustains 

a more concentrated and localized plastic zone as the load increases.  This is important for 

the application of the incremental ESED, Neuber’s rule, and Unified notch correction 

method because of the assumption of conserved virtual strain energy.  A lower Kt allows 

for yielding to occur over a larger area, and thus reducing the validity of the conserved 

virtual strain energy assumption.  Alternatively, increasing the ductility of a material will 

also result in a larger plastic zone for the same geometry.  The effect of increased ductility 

is observed by comparing the results of Specimen C in Figure 4-5 to those of Specimen B.  

While the hoop stress predictions are better than those predicted for Specimen A, severe 

reductions in correlation are observed for the axial and hoop stresses at high load level. 

The pure torsion verification tests for the three notched specimens show similar results to 

that of the pure axial tests.   With higher load, an overall reduction in correlation is observed 
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with the exception of the highly notched Specimen B.  Overall the shear stresses predicted 

by the notch correction methods are less than those predicted by the FEA by 5-15%. 

Specimen C, with the highest ductility and highest Kt, resulted in the best predictions for 

low- and mid-level loads but the worst predictions for the high-level load.   

For the axial-torsion verification tests, it is expected that the trends observed in the pure 

axial and pure torsion verification tests would persist.  Figure 4-10 to Figure 4-12 compares 

all three stress components on each plot for each of the notched specimens.  Specimen B 

is observed to provide the best correlation with the FEA results for all three components of 

stress and demonstrated the ability to sustain good correlation for higher load levels.  Most 

predictions for Specimen B are within 10% difference of the FEA predictions and only a 

few low-level load predictions ended up with 10-20% difference.  Hoop stress predictions 

for Specimen A continued to diverge significantly from experimental results when 

predicted by the multiaxial Neuber’s rule, and axial and shear predictions would correlate 

less with the FEA results with increasing load for all notch correction methods.    The hoop 

stresses predicted for Specimen C did not appear to be affected much by the increased 

ductility in the axial-torsion tests; however, the axial stresses continued to be over-

predicted by the notch correction methods. 

Overall, predictions are within 20% difference as compared to the FEA results indicating 

reasonable performance by the implementation of the incremental ESED, Neuber, and 

Unified approaches.  The increase in correlation with FEA results corresponds to the 

increased localization of the stress at the stress concentration.   Since these notch correction 

methods rely on the assumption of a localized plastic zone to use the conservation of virtual 

strain energy, the predictions will deviate further from the real results as the plastic zone 

grows larger.  The localization of the plastic zone breaks down for lower Kt where a larger 

section is subjected to yielding and for more ductile materials such as SAE 1045. Figure 

4-13 compares the ratio of the plastic zone size to the overall radius of the notched section 

of the three specimens at the three load levels.  Specimen A, with the lower Kt, has the 

largest plastic zone size by orders of magnitude compared to the other two specimens.  

With the same material, Specimen B has a much smaller plastic zone size for all three load 
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levels due to the roughly doubled stress concentration factor.  Specimen C has a plastic 

zone size of about an order of magnitude more than Specimen B for all load levels due to 

the increased ductility.    Based on the observations discussed previously, it can be 

concluded that these incremental multiaxial notch correction methods perform better with 

increasing stress concentration and decreasing ductility.  

 

Table 4-4: Elastic notch stresses (MPa) used as input into stress-strain model for notch 

verification tests. 

Test 

Specimen A Specimen B/C 

𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦 𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦 

1a 564.9        104.4 0 564.9        151.2 0 

1b 630.5 116.5 0 630.5        168.8 0 

1c 759.1         140.2 0 759.1        203.2 0 

2a 0 0 -265.2 0 0 -265.2 

2b 0 0 -295.9 0 0 -295.9 

2c 0 0 -356.3 0 0 -356.3 

3a 374.5          69.2 -198.5 374.5         100.3 -198.5 

3b 418.0 77.2 -221.6 418.0         111.9 -221.6 

3c 503.2          93.0 -266.7 503.2         134.7 -266.7 
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Figure 4-4: Comparison of notch correction and FEA stress predictions for Specimen A 

pure axial tests (1a, 1b, 1c). 
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Figure 4-5: Comparison of notch correction and FEA stress predictions for Specimen B 

pure axial tests (1a, 1b, 1c). 
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Figure 4-6: Comparison of notch correction and FEA stress predictions for Specimen C 

pure axial tests (1a, 1b, 1c). 

  

100

150

200

250

300

350

400

450

500

100 150 200 250 300 350 400 450 500

N
o
tc

h
 C

o
rr

ec
ti

o
n
 P

re
d
ic

te
d
 S

tr
es

s 
(M

P
a)

FEA Predicted Stress (MPa)

ESED Neuber Unified

Axial Stresses

Hoop Stresses

SAE 1045

Steel

Kt,ax = 3.66

Kt,t = 2.19



 

67 

 

 

 

 

 

 

Figure 4-7: Comparison of notch correction and FEA stress predictions for Specimen A 

pure torsion tests (2a, 2b, 2c). 
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Figure 4-8: Comparison of notch correction and FEA stress predictions for Specimen B 

pure torsion tests (2a, 2b, 2c). 
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Figure 4-9: Comparison of notch correction and FEA stress predictions for Specimen C 

pure torsion tests (2a, 2b, 2c). 
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Figure 4-10: Comparison of notch correction and FEA stress predictions for Specimen A 

axial-torsion tests (3a, 3b, 3c). 
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Figure 4-11: Comparison of notch correction and FEA stress predictions for Specimen B 

axial-torsion tests (3a, 3b, 3c). 
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Figure 4-12: Comparison of notch correction and FEA stress predictions for Specimen C 

axial-torsion tests (3a, 3b, 3c). 
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Figure 4-13: Ratio of plastic zone size to specimen groove radius for Test 1a (400 MPa), 

1b (446.5 MPa) and 1c (600 MPa) 

 

 

 

  

0.000

0.200

0.400

0.600

0.800

1.000

1.200

400 446.5 600

R
at

io
 o

f 
p
la

st
ic

 z
o
n
e 

si
ze

 t
o
 r

ad
iu

s 
(r

p
/r

)

Nominal Equivalent Stress (MPa)

Specimen A Specimen C Specimen B



 

74 

 

4.3 Verification of Non-proportional Loading of Notched Specimens 

Two tests were performed to test the ability of the three implemented notch correction 

methods (ESED, Neuber, and Unified) and the stress-strain model in predicting non-

proportional hardening; for these verification tests, experimental results from the literature 

were used as a benchmark.  The first test is a basic box-patterned stress path shown in 

Figure 4-14 where the elastic notch normal stress and shear stress are reversed one at a 

time for a maximum nominal equivalent stress amplitude of  
Δ𝜎𝑒𝑞

2
= 296 MPa.  The second 

test is an unequal frequency stress path shown in Figure 4-15 where the tensile/compressive 

load is cycled three times per cycle of the shear load a maximum nominal equivalent stress 

amplitude of  
Δ𝜎𝑒𝑞

2
= 566 MPa.  The experimental strain data for both tests were obtained 

from Ince et al. (2014), and was originally reported by Barkey (1993).  The experimental 

data is based on a SAE 1070 steel cylindrical specimen with geometry as shown in Figure 

4-1 with R = 25.4 mm and 𝜌/t = 1 and R/t = 2.  This results in stress concentration factors 

of Kt,ax = 1.42 and Kt,t = 1.15 (Ince, Glinka, & Buczynski, 2014).  Non-proportional loading 

verification tests with higher stress concentration factors could not be performed due to 

lack of experimental data from the literature. 

For each test, the complete stress path was cycled 8 times to obtain a stable result.  The 

material properties defined in Section 4.2 for SAE 1070 were used in addition to a manually 

inputted factor of non-proportionality of  Φ = 0.7, following the value used by Ince et al. 

(2014).   To achieve convergence in the final strain results, a maximum stress increment 

allowable of 20 MPa was used for the stress-strain analysis.   
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Figure 4-14: Box-patterned stress path used to test cyclic non-proportional loading. 

 

 

Figure 4-15: Unequal frequency stress path used to test cyclic non-proportional loading. 
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4.4 Results and Discussion 

The results of the box-patterned stress path tests are presented in Figure 4-16 to Figure 

4-18 for the three notch correction methods used.  The strain predictions made by the ESED 

approach follow the stress path shape quite precisely, indicating an independence of axial 

and shear strain from one another.  This is contrary to the experimental results in that in 

the events of plastic straining at the corners of the box pattern axial-shear strain coupling 

is expected.  The axial-shear strain coupling is present in the Neuber and Unified analyses 

in Figure 4-17 and Figure 4-18, however the shear and axial strains appear to fall short in 

the positive direction.   

Overall, there is a general under-prediction of the axial strain range of between 10 and 

25%, and an under-prediction of the shear strain range between 25 and 35%.  The best 

performing notch correction method was the multiaxial Neuber’s rule which results in axial 

strain range under-predictions of 11% and 15% for the box-pattern and unequal frequency 

stress paths, respectively.  The shear strain range predictions by the Neuber notch 

correction method is also slightly better than the other two methods with under-predictions 

of 15% and 28% for the box-pattern and unequal frequency stress paths, respectively. The 

under-prediction of the axial and shear strains are consistently worse for the unequal 

frequency stress path, which has an equivalent stress amplitude of roughly double that of 

the yield strength of SAE 1070.  These under-predictions are to be expected based on the 

results of the proportional loading verification tests where for specimen A, which has 

comparable geometry to the specimens used by Ince et al. (2014) with respect to the notch,  

it was found that the shear stresses would see increasing under-predictions with increasing 

load.   

Compared to results made by Ince et al. (2014) based on Garud’s hardening model which 

reported under-predictions of 4-6% for axial strain ranges and under-predictions of 11-15% 

for shear strain ranges this is a significant under-prediction, particularly in the shear strain 



 

77 

 

range, that should be addressed in future iterations of stress-strain model. Furthermore, it 

was noticed that there was a slight offset in the normal strain in the experimental data that 

occurred prior to the initial loading sequence.  It is not clear at the present time as to where 

this offset came from, though it is hypothesized that there could have been prior plastic 

strain accumulation in that one axial direction in earlier stages of the experiment that is not 

evident in the literature.   

  



 

78 

 

 

 

 

 

Figure 4-16: Strain predictions using incremental ESED notch correction for box-

patterned stress path compared to experimental data for SAE 1070 (Ince, Glinka, & 

Buczynski, 2014). 
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Figure 4-17: Strain predictions using the multiaxial Neuber’s rule notch correction for 

box-patterned stress path compared to experimental data for SAE 1070 (Ince, Glinka, & 

Buczynski, 2014). 
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Figure 4-18: Strain predictions using Unified notch correction for box-patterned stress 

path compared to experimental data for SAE 1070 (Ince, Glinka, & Buczynski, 2014). 
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Figure 4-19: Strain predictions using ESED notch correction for unequal frequency stress 

path compared to experimental data for SAE 1070 (Ince, Glinka, & Buczynski, 2014). 
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Figure 4-20: Strain predictions using Neuber notch correction for unequal frequency 

stress path compared to experimental data for SAE 1070 (Ince, Glinka, & Buczynski, 

2014). 
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Figure 4-21: Strain predictions using Unified notch correction for unequal frequency 

stress path compared to experimental data for SAE 1070 (Ince, Glinka, & Buczynski, 

2014). 
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Table 4-5: Strain range prediction comparisons for non-proportional loading verification 

tests. 

Test 

Strain 

Range 

% Difference with respect to 

experimental data 

ESED NEUBER UNIFIED 

Box Pattern 

(Δ𝜎𝑒𝑞 2⁄ = 296 𝑀𝑃𝑎) 

Δ휀22 (%) -23.6 -11.2 -20.0 

Δ𝛾23 (%) -35.4 -25.6 -28.9 

Unequal Frequency 

Δ𝜎𝑒𝑞 2⁄ = 566 𝑀𝑃𝑎) 

Δ휀22 (%) -17.1 -14.7 -16.7 

Δ𝛾23 (%) -30.6 -28.2 -30.1 
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4.5 Conclusions 

The incremental ESED, multiaxial Neuber’s rule, and incremental Unified notch analysis 

methods were implemented in the stress-strain analysis program alongside the Jiang-

Sehitoglu kinematic hardening model discussed in Section 3.1.  Verification tests were 

carried out to determine how well the implementation of the three different methods 

performed with proportional and non-proportional loading histories.  Overall, the three 

methods performed similarly for both loading types.   

For proportional loading histories, the predictions made by the three notch analysis 

methods were mostly found to be within 10-20% of finite element analysis predictions.  

The proportional loading histories were further used with three different notch specimens 

where the geometry and material were varied.  It was found that the notch correction 

methods performed best where there is a high stress concentration and when the material 

is less ductile.  For low stress concentration and high ductility, predictions made by the 

notch corrections made would tend to approach 20% or more error with respect to the finite 

element predictions due to the low constraint at the point of analysis.  

For non-proportional loading histories, the notch analysis methods under-predicted 

experimental results found in literature by up to 30% in some cases.  The multiaxial 

Neuber’s rule produced the best results overall for both axial and shear strain range 

predictions, however it still under-predicted the experimental results significantly.  The 

errors were largest in the unequal frequency tests, which had the largest amount of plastic 

deformation.  Further noting that the specimens used in the literature were of low stress 

concentration factor, these observations reinforced the conclusion from the proportional 

loading verification tests that under-predictions of the axial and shear strain are to be 

expected where there is low geometric constraint.  Caution should be applied in performing 

fatigue analyses using these methods in these situations as the predicted strains in regions 

of significant plasticity will most likely be non-conservative.  In the future additional tests 

can be performed for specimens with higher stress concentration factors to provide a more 

complete understanding of the behaviour of the notch correction methods.   
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5    Chapter: Multiaxial Cycle Counting Procedures 

Cycle counting procedures are required as part of a fatigue analysis to simplify variable amplitude 

load histories into blocks of constant amplitude.  Similar to the rainflow cycle counting procedure 

developed for uniaxial fatigue analysis, the Wang-Brown and Bannantine-Socie cycle counting 

procedures were developed to count multiaxial stress histories.  The detailed steps for these two 

procedures were presented in Section 2.3.4.  This chapter aims to provide insight into how the 

procedures were implemented and will compare the two procedures in terms of the stress ranges 

that they predict. 

5.1 Example of Wang-Brown Cycle Count 

The detailed steps for the Wang-Brown cycle counting procedure presented in Section 2.3.4 is 

illustrated in Figure 5-1.   These steps are followed in order to establish the pairs of load cases that 

will form each reversal.  This section presents a brief example of the execution of the Wang-Brown 

cycle count using sample axial and shear strain history from Wang & Brown (1996) shown in 

Figure 5-2.  The results of this example match the example presented in Wang & Brown (1996) 

and were used as a reference to ensure that the implemented program would generate the expected 

results. The following discussion walks through the first two iterations of the cycle count.   

Each load case shown in Figure 5-2 is a combined axial-torsion load.  The axial and shear strains 

are then used to calculate the equivalent strain history shown in Figure 5-3.  In this case, Load 

Case 1 (point A) is the maximum turning point, so the first equivalent strain history can be 

calculated relative to this load case and is also shown in Figure 5-3.  Note that the relative strains 

are calculated based on the components of strain and not on the values of equivalent strain. 
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Calculate stress-strain 
history

Identify peak

Shuffle history

Calculate relative εk
A history

Identify fragments in history

Create subhistories for each 
fragment

Pair εA with peak fragment Reversal

For each subhistory with 
corresponding fragment used as 

εA until all peaks counted

For each strain
εk

A = εk - εA

Set peak as εA

Rearrange so that peak is at 
beginning of history

 

Figure 5-1: Illustration of algorithm used for the Wang-Brown cycle counting procedure. 

With the equivalent relative strain history with respect to A, two more turning points B and D (also 

referred to as fragments) are identified as shown in Figure 5-3.  Load case D (load number 47) is 

the maximum turning point and is paired with the reference strain of the relative strain history, 

load case A (load number 1).  This pair is identified as a reversal, i.e. half of a full cycle.  The load 

cases from B to D and D to E, inclusively, form two sub-histories (or fragments) upon which two 

new relative equivalent strain histories are calculated with respect to the fragment points B and D 

as shown in Figure 5-4. 

Since load case H in Figure 5-4 is the maximum turning point in its respective sub-history, a second 

reversal is formed by pairing load case 10 with load case 32.  Two fragments are identified from 

this sub-history between load cases G and H, and between load cases H and I.  Two equivalent 

relative strain histories are further calculated relative to load cases G and H and are shown in 

Figure 5-5. From the D’ sub-history, a reversal is simply identified between load case D’ and load 

case J. 
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From the G’ relative strain history, load case M is identified as a fragment point and a reversal is 

identified between load case G’ and the maximum load case N.  From the H’ relative strain history, 

load case O is identified as a fragment and a reversal is identified between load case H’ and load 

case P.  Continuing to iterate until all load cases are included within a reversal will result in the 

pairs summarized in Table 5-1. 

Table 5-1:Load case pairs determined using the Wang-Brown cycle counting procedure on the 

sample axial-torsion strain data from Wang & Brown  (1996). 

Load Case 1 Load Case 2 

1 47 

11 32 

47 57 

21 32 

32 47 

25 32 

39 47 
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Figure 5-2: Sample strain data used to test multiaxial cycle counting procedures (Wang & 

Brown, 1996). 
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Figure 5-3: Equivalent strain history and equivalent relative strain history with respect to point A 

calculated in the first iteration of cycle count. 
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Figure 5-4: Equivalent relative strain histories with respect to point B and D calculated in the 

second iteration of cycle count. 

  

0

0.5

1

1.5

2

2.5

0 5 10 15 20 25 30 35 40 45 50 55 60

S
tr

ai
n
 (

%
)

Load Number

Relative Eq. Strain B Relative Eq. Strain D

B'

G H

D'

J



 

92 

 

 

 

 

 

Figure 5-5: Equivalent relative strain histories with respect to point G and H calculated in the 

third iteration of cycle count. 
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5.2 Implementation of the Bannantine-Socie Cycle Counting Procedure  

The Bannantine-Socie cycle counting procedure uses the standard rainflow cycle counting 

algorithm defined in ASTM E1049-85 as described in Section 2.2.4.  With the rainflow cycle 

count, the Bannantine-Socie procedure will identify both reversals and full cycles, depending on 

the relative magnitudes of the peaks and valleys.   

A work flow diagram illustrating the procedure for running a Bannantine-Socie cycle count is 

shown in Figure 5-6.   For each critical plane designated by the user, a rainflow cycle count is 

performed based on the reference strain component as if it were a uniaxial analysis.  When 

performed with a fatigue analysis, the fatigue damage is calculated for each critical plane cycle 

count and the maximum value is used. 

 

Figure 5-6: User controls for Bannantine-Socie cycle counting procedure. 
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5.3 Comparison of Wang-Brown and Bannantine-Socie Counting Procedures 

Using the sample strain history given in Figure 5-2, the cycle counted pairs formed by the Wang-

Brown and Bannantine-Socie procedures were compared.  The Bannantine -Socie procedures were 

run for 0°, 45°, and 90° critical angles with reference to the E22 strain.  A histogram is presented 

in Figure 5-7 and Figure 5-8 to show the distribution of the axial and shear stress range, 

respectively, of the cycles counted using the Wang-Brown and Bannantine-Socie procedures. It is 

first noted that the Bannantine-Socie cycle counts all result in more reversals being counted than 

the Wang-Brown procedure.  This difference occurs because the rainflow cycle count used by the 

Bannantine-Socie procedure includes a step that attempts to count full cycles (two reversals), 

whereas the Wang-Brown procedure only counts individual reversals.   

Both cycle counting procedures are observed to predict the larger axial and shear stress ranges 

adequately.  For the Bannantine-Socie procedures, the critical angles that result in the largest axial 

or shear stress range pair (0° and 90°) also ends up being the cycle count that is most evenly 

distributed.  This is in contrast to the cycle count performed on the 45° critical plane, which results 

in cycles that are skewed towards the lower axial and shear stress ranges.  The Wang-Brown cycle 

count appears to have an even stress range distribution while predicting the max stress range well.   

5.4 Modification of Wang-Brown Cycle Counting Procedure 

A significant difference between the Wang-Brown and Bannantine-Socie procedures is the 

identification of fully cycles within the rainflow algorithm of the Bannantine-Socie procedure.  

Since the rainflow algorithm has gained such significant acceptance from the engineering 

community for uniaxial fatigue analyses, it was deemed worthwhile to attempt to modify the 

Wang-Brown procedure to include the evaluation of full cycles.  The following rules based on the 

rainflow counting procedure are proposed and adopted into a modified version of the Wang-Brown 

procedure: 

1. If the sub-history being analyzed is the final sub-history in the relative strain history being 

analyzed, then the starting point (defined as point S) is the first load case in that sub-history. 
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2. If the starting point of a sub-history is S, then the peak of this sub-history (once identified) 

will become the next starting point S. 

3. If a counted range does not contain the starting point S, then this range will be considered 

a full cycle. 

If a counted range contains the starting point S, then this range will be a reversal, or half cycle. 

By using this modified version of the Wang-Brown procedure, identical results to the 

Bannantine-Socie procedure and standard rainflow count are produced for a uniaxial stress or 

strain history.  While this does not represent an improved Wang-Brown procedure, it provides 

a third option for evaluation when considering the integration of the cycle counting procedures 

into the overall fatigue analysis process.  These three cycle counting procedures (Wang-Brown, 

Bannantine-Socie, and modified Wang-Brown) will be compared further in Chapter 6 for their 

effect on the predicted fatigue life of the landing gear fuse pin. 
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Figure 5-7: Axial stress range of cycles counted by Wang-Brown and Bannantine-Socie counting 

procedures. 
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Figure 5-8: Shear stress range of cycles counted by Wang-Brown and Bannantine-Socie counting 

procedures
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6    Chapter: Fatigue Analysis of Test Fuse Pins 

This chapter presents the preliminary and final results of the fatigue analysis of three fuse pin 

designs using the multiaxial fatigue methodologies presented in the previous chapters. 

Combinations of fatigue damage criterion, notch correction methods, and cycle counting 

procedures are tested in the analysis of each of the three pins to determine which best predicts the 

fatigue damage observed in test.  The uniaxial fatigue analysis results are presented as well to 

establish a benchmark for improvements in the life prediction of the fuse pins. 

6.1 Test Fuse Pins 

UTC Aerospace Systems – Landing Gear Systems (UTAS-LS) has provided test data for three 

different fuse pins –each representing one of the three joints discussed in Section 2.4.1.    The three 

fuse pins have all undergone complete assembly-level fatigue testing with one of the pins failing 

prematurely.  All three of the test fuse pins are made out of a heat-treated low-alloy stainless steel.  

The details regarding the test fuse pins are summarized in Table 6-1.  The detailed geometry of 

each test fuse pin was provided by UTAS-LS in the form of finite element assembly models in 

ABAQUS 0F0F

1. 

Table 6-1: Summary fuse pins provided by UTAS-LS 

 Joint Type Fatigue Failure in Test Reference Figure 

Pin A Clevis-Bushing Yes Figure 2-8 (p.43) 

Pin B Cantilever-Bushing No Figure 2-9( p.44) 

Pin C Cantilever-Spherical Bearing No Figure 2-10 (p.45) 

                                                 

1 Due to the proprietary nature of the data provided by UTAS-LS, details such as material properties, fuse pin 

geometry, and loads cannot be provided in this thesis. 
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6.2 Stress Distribution in the Fuse Groove 

Static FEA using elastic and elastic-plastic material properties were performed by UTAS-LS for 

the three test fuse pins in ABAQUS and the results were provided for the fatigue analysis of the 

fuse groove of each pin.  The FE models are all quarter-symmetric assembly models containing all 

relevant parts in the fuse pin joint similar to the illustrations in Figure 2-8, Figure 2-9, and Figure 

2-10. As given in Table 6-1, Pin A is the clevis joint with bushings, Pin B is the cantilever joint 

with bushings, and Pin C is the cantilever joint with a spherical bearing and a bushing. Quadratic 

quadrilateral elements were used throughout each fuse pin with a refined mesh along the fuse 

groove.  A maximum tension and a maximum compression analysis were performed for each fuse 

pin for a pure elastic analysis and an elastic-plastic analysis.  The purpose of the pure elastic 

analysis is to determine the theoretical elastic notch stresses for each pin under tension and 

compression, while the elastic-plastic analysis is to be used for verification of the notch stresses 

and strains as predicted by the multiaxial stress-strain model for the maximum tension and 

compression load cases. 

While the fuse pin joint is loaded in simple tension and compression, the type of joint assembly 

has a significant effect on the stress distribution within the fuse groove.  As was illustrated in 

Figure 2-11, there are three active components in the fuse groove: the hoop stress, the longitudinal 

stress, and the shear stress. To illustrate the different stress states along the fuse groove for the 

three different joints, the three stress components at the fuse groove for a maximum compression 

load are plotted for each fuse pin in Figure 6-1, Figure 6-2, and Figure 6-3, respectively.  The 

figure shows the stress distribution along the fuse groove at five different circumferential locations 

in the fuse groove.  All of the stresses are normalized with respect to the maximum pure shear 

stress 𝜏𝑚𝑎𝑥 that is calculated for each pin and the longitudinal positions have been normalized with 

respect to the width of the fuse groove for each pin.  The normalization of these parameters 

removes the dependency of the stress distribution on the applied load and pin geometry. 

Depending on the longitudinal location along the fuse groove, the stress state will vary due to the 

load path from the airframe and landing gear lugs into the fuse pins.  In Figure 6-1, Figure 6-2, 

and Figure 6-3, the positive ẑ is defined as the airframe side of the pin, while the negative z is 
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landing gear side of the pin. For positive ẑ, the first positive angular locations (0°, 45°, and 90° 

from the neutral axis) are located on the loaded side of the pin for a compressive load.  The 

remaining two locations (-45° and -90° from the neutral axis) are on the unloaded side of the pin; 

that is, these locations lie on the side of the pin with no direct compressive loads on the exterior of 

the pin from the airframe lug.  For negative ẑ, the reverse is then true for each angular location. 

Considering first the hoop stress distributions in Figure 6-1(a) to (c), it can be seen that the hoop 

stress overall becomes increasingly negative from Pin A to C.  This correlates with a decreasing 

amount of constraint within the pin joint; Pin A is the most highly constrained due to the clevis 

configuration compared to the cantilever configuration of Pin B and C, and the spherical bearing 

of the Pin C configuration further reduces the constraint of the joint.  The opposite trend is seen in 

Figure 6-1(d) and (e), where Pin C has a more positive hoop stress and is tensile in some locations 

along the fuse groove.  Since compressive stresses will tend to increase fatigue lives in general, 

this difference in the hoop stress distribution, which is predominantly compressive, can impact the 

fatigue life predictions significantly. 

Figure 6-2 (a) for the longitudinal stress distributions at the neutral axis of the pin shows the impact 

of the spherical bearing in Pin C.  The longitudinal stress distribution deviates significantly from 

the bushing-styled joints of Pin A and B, generally resulting in a longitudinal stress of the opposite 

sign.  Away from the neutral axis, Figure 6-2 (b) and (c) show a similarity between the two 

cantilever joints of Pin B and C, with a slight deviation from the clevis joint of Pin A.  Overall, 

these plots indicate clear longitudinal stress peaks away from the centre of the fuse groove which 

is significant since strain gauges during fatigue and static tests are typically placed at the centre of 

the fuse groove due to practical limitations.   

The shear stress distributions at the neutral axis plotted in Figure 6-3 (a) shows increasing shear 

stress with decreasing constraint; i.e. Pin C has the maximum shear stress followed by Pin B and 

A, respectively. Furthermore, as observed in Figure 6-3 (b) to (e), the peak shear stress tends to 

shift towards the unloaded side of the fuse pin for the cantilever joints of Pin B and C while 

maintaining the trend that Pin C shows the highest normalized shear stress.  For example, at the 

45° location in Figure 6-3 (b) the peak shear stresses for Pin B and C occur at a negative ẑ position, 
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where there is no direct load from the lug to the pin on that half of the pin.  The reverse is then 

seen at the -45° location in Figure 6-3 (d) where the peak shear stress occurs at a positive ẑ position. 

Understanding the stress distribution along the fuse groove for the three different pins is crucial to 

the developing a proper fatigue analysis procedure.  From these distributions, it is observed that 

when doing a fatigue analysis positions representing the positive ẑ, the negative ẑ and the centre 

of the fuse pin (ẑ = 0) need to be analyzed so as to account for both the longitudinal and shear 

stress peaks.  The hoop stresses are also found to vary significantly with the three different pins 

and is expected to play an important role in determining the fatigue life of each pin.   
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Figure 6-1: Hoop stress distribution along fuse pin groove at (a) neutral axis; (b) 45° from neutral 

axis; (c) 90° from neutral axis; (d) -45° from neutral axis; and (e) -90° from neutral axis. Stresses 

determined from elastic-plastic FEA. 
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Figure 6-1 (continued): Hoop stress distribution along fuse pin groove at (a) neutral axis; (b) 45° 

from neutral axis; (c) 90° from neutral axis; (d) -45° from neutral axis; and (e) -90° from neutral 

axis. Stresses determined from elastic-plastic FEA. 

-2.00

-1.50

-1.00

-0.50

0.00

0.50

-0.60 -0.40 -0.20 0.00 0.20 0.40 0.60

N
o
rm

al
iz

ed
 H

o
o
p
 S

tr
es

s,
 

σ
h
/τ

m
ax

(d) -45° from N.A.

-2.00

-1.50

-1.00

-0.50

0.00

0.50

1.00

-0.60 -0.40 -0.20 0.00 0.20 0.40 0.60

N
o
rm

al
iz

ed
 H

o
o
p

 

S
tr

es
s,

 σ
h
/τ

m
ax

(e) -90° from N.A.



 

104 

 

 

Figure 6-2: Longitudinal stress distribution along fuse pin groove at (a) neutral axis; (b) 45° from 

neutral axis; (c) 90° from neutral axis; (d) -45° from neutral axis; and (e) -90° from neutral axis. 

Stresses determined from elastic-plastic FEA.  
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Figure 6-2 (continued): Longitudinal stress distribution along fuse pin groove at (a) neutral axis; 

(b) 45° from neutral axis; (c) 90° from neutral axis; (d) -45° from neutral axis; and (e) -90° from 

neutral axis. Stresses determined from elastic-plastic FEA.  
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Figure 6-3: Shear stress distribution along fuse pin groove at (a) neutral axis; (b) 45° from neutral 

axis; (c) 90° from neutral axis; (d) -45° from neutral axis; and (e) -90° from neutral axis. Stresses 

determined from elastic-plastic FEA.  
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Figure 6-3 (continued): Shear stress distribution along fuse pin groove at (a) neutral axis; (b) 45° 

from neutral axis; (c) 90° from neutral axis; (d) -45° from neutral axis; and (e) -90° from neutral 

axis. Stresses determined from elastic-plastic FEA. 
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6.3 Methodology 

A fatigue analysis was performed for each of the three test fuse pins using different combinations 

of notch correction methods, cycle counting methods, and fatigue damage criteria introduced in 

the previous chapters.  The different options for each of the elements of the fatigue analysis are 

summarized in Table 6-2.   

Table 6-2: Summary of categories of the different elements of fatigue analysis. 

Fuse Pins 

Notch 

Correction 

Methods Cycle Counting Methods Fatigue Damage Criteria 

Pin A ESED Wang-Brown Kandil-Brown-Miller (KBM) 

Pin B Neuber Wang-Brown Modified Fatemi-Socie (FS) 

Pin C Unified Bannantine-Socie (E23) Smith-Watson-Topper (SWT) 

  Bannantine-Socie (E22) Liu Virtual Strain Energy (VSE) 

The load history for each fuse pin was provided by UTAS-LS.  Pin A was analyzed for 8444 

reversals, Pin B was analyzed for 1122 reversals, and Pin C was analyzed for 2968 reversals.  From 

the elastic FEA results provided by UTAS-LS, unit stresses (stress per unit lug load) for the hoop, 

longitudinal, and shear stress were determined for each of the fuse pins for each location along the 

circumference of the fuse pin; unit stresses and results determined through this procedure are 

referred to as FEA-based.  The unit stresses are alternatively determined through the strain gauge 

readings determined from the actual tests for each fuse pin; results found using these unit stresses 

are referred to as test-based.   

A total of five angular locations were analyzed along the circumference of the fuse groove: at the 

neutral axis (0°), at ±45° to the neutral axis, and at ±90° to the neutral axis.  At each of the angular 

locations, excluding the neutral axis, a fatigue analysis was performed for a point before, after, and 

along the centerline of the fuse groove.   The locations of maximum longitudinal stress in each of 

the pins are analyzed at each of the angular positions.  For all of the 13 locations mentioned, FEA-
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based unit stresses 1F1F

2 were determined while test-based unit stresses were only determined for the 

neutral axis.  Test-based unit stresses 2F2F

3 were not determined for other locations due to the inability 

of the strain gauges to detect the sharp changes in strain along the width of the fuse groove.    

6.4 Results of Multiaxial Fatigue Analysis 

A complete fatigue analysis was performed for each of the fuse pins at 13 different locations in 

the fuse groove.  This section presents the strain results and fatigue damage results as predicted 

using the multiaxial fatigue program which incorporates the three different elements of the fatigue 

analysis process. 

6.4.1 Stress-Strain Predictions 

The first stage of fatigue analysis procedure is calculating the elastic-plastic stresses and strains 

using the stress-strain model which includes the Jiang-Sehitoglu kinematic hardening model 

defined in Section 2.3.2 and the notch correction methods from Section 2.3.3.  During the analysis, 

it was found that the amount of non-proportional hardening was insignificant for the given load 

history and thus the non-proportional hardening factor Φ was artificially set to a value of zero for 

all results presented in this section.   

Significant plasticity was found for two locations: at the neutral axis in Pin A and at the neutral 

axis in Pin B.  The load at which yielding is expected to occur in the pin, referred to as the limit 

load, was determined from the elastic FEA for each pin.  The maximum load in the load history 

used for Pin A is approximately 148% of the limit load, while the maximum load for Pin B is 

approximately 104% of the limit load and the Pin C loads caused no plasticity.  

The strains predicted by the stress-strain model using FEA-based unit stresses are plotted against 

the experimental strain in Figure 6-4 through Figure 6-6 , Figure 6-7 through Figure 6-9, and Figure 

6-10 through Figure 6-12 for predictions made using the ESED, Neuber, and Unified notch 

correction methods, respectively, for Pin A.  Figure 6-13 through Figure 6-15 show the predicted 

                                                 
2 Due to the proprietary nature of the work, the FEA-based unit stresses cannot be provided in this thesis. 
3 Due to the proprietary nature of the work, the test-based unit stresses cannot be provided in this thesis. 
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strains compared to the experimental strains for Pin B. All strain values are total strain 

measurements and predictions.  In each of these figures, the strain for every thousand load cases 

is plotted to show the progression of the strain predictions and experimental values.  No plots are 

provided for Pin C and other locations inside the fuse groove in Pin A and B due to there being 

little or no plastic deformation. 

For all three correction methods, significant ratchetting is observed in Pin A in the experimental 

longitudinal strain that cannot be replicated by the current implementation of the Jiang-Sehitoglu 

stress-strain model.  In Figure 6-4 for the ESED-based predictions, it is clear that the predicted 

strain tends towards a stabilized result while the experimental longitudinal strains continue to 

increase.  It is noted here that the Jiang-Sehitoglu model was implemented so as to neglect 

ratchetting effects, as discussed in Chapter 3, and thus this type of correlation was somewhat 

expected for this particular case.  In Figure 6-7 for the Neuber-based predictions it is observed that 

the predicted strains actually show a reversed accumulation of longitudinal strain where the 

predicted strain becomes increasingly compressive while the experimental longitudinal strain 

becomes increasingly tensile. A similar behaviour is observed for the Unified notch correction-

based predictions in Figure 6-10.  This demonstrates a deficiency in the implementation of the 

stress-strain model where significant ratchetting effects are not being properly modeled. 

Figure 6-5 shows reasonable prediction of the hoop strain using the ESED notch correction method 

for Pin A, where all predicted values are within roughly 20% of the experimental results.  The 

analyses using the Neuber and Unified notch correction method shows less stable results in 

comparison.  In Figure 6-8 and Figure 6-11, the hoop strain predicted by the stress-strain model 

appears to drift in the tensile direction while no such tendency is observed experimentally.   

For all notch correction methods, the shear strain results show very good correlation with 

experimental results.  As seen in Figure 6-6, Figure 6-9, and Figure 6-12, most shear strain 

predictions are within 10-20% of the experimental values.  The success of these predictions can 

potentially outweigh the deficiencies found in the predictions of the longitudinal and hoop strains 

since the fuse pin stress history at the neutral axis is dominated by shear loading.  In general, the 
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shear strain range is more than double that of the longitudinal strain range in both the experimental 

and predicted results.   

Having observed the behaviour of the implemented stress-strain model for Pin A, where the 

maximum load reaches 148% of the limit load, the behaviour of the stress-strain model can be 

further evaluated by considering Pin B, where the amount of the plastic deformation is significantly 

lower.  Figure 6-13, Figure 6-14, Figure 6-15 show the strain predictions compared to the 

experimental results from the Pin B tests.  All strain components are plotted on the same graph.  

No significant ratchetting effects are observed in the experimental data for Pin B and thus relatively 

stable strains are observed.  The longitudinal and hoop strains are both under-predicted by up to 

50%.  Significant over-prediction of the shear strain is observed for all three notch correction 

methods, reaching a maximum of roughly double the value of the experimental strains.  Overall, 

the under- and over-prediction of the experimental strains remain consistent with respect to the 

load-level for all cases.   

While the differences between the predicted data and experimental data are significant, much of 

these differences can be attributed to the FEA predictions of the unit stresses.   Figure 6-16, Figure 

6-17, and Figure 6-18 show the longitudinal, hoop, and shear stresses for Pin A as a function of 

the applied fuse pin load as calculated from the linear elastic FEA and from the experimental strain 

data.  All stress values have been normalized by the maximum average shear stress of Pin A and 

the applied loads have been normalized by the maximum fuse pin load.  The experimental 

longitudinal stresses for compressive loads deviate significantly from that which is predicted by 

the linear FEA.  This may indicate either some systematic experimental error due to the application 

of the strain gauge at the bottom of the fuse grove or some assembly level non-linearity that the 

FEA does not reflect.  The experimental hoop stresses follow the linear elastic FEA predictions 

much better; however there is still a slight deviation for both compressive and tensile loads. The 

shear stress, on the other hand, shows essentially exact correlation between linear elastic FEA and 

the experimental measurements.  For Pin A, it is difficult to separate the errors due to the FEA-

based unit stresses and the errors due to the stress-strain model because of the significant 

ratchetting that occurs.  Pin B provides better insights into the difference between the FEA-based 

stresses and the test-based stresses. 
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Figure 6-4: Longitudinal strain predicted by Jiang-Sehitoglu stress-strain model with suppressed 

non-proportional hardening and ESED notch correction compared to experimental longitudinal 

strain at the neutral axis and center of the fuse groove Pin A. 
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Figure 6-5: Hoop strain predicted by Jiang-Sehitoglu stress-strain model with suppressed non-

proportional hardening and ESED notch correction compared to experimental hoop strain at the 

neutral axis and center of the fuse groove for Pin A. 
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Figure 6-6: Shear strain predicted by Jiang-Sehitoglu stress-strain model with suppressed non-

proportional hardening and ESED notch correction compared to experimental shear strain at the 

neutral axis and center of the fuse groove for Pin A. 
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Figure 6-7: Longitudinal strain predicted by Jiang-Sehitoglu stress-strain model with suppressed 

non-proportional hardening and Neuber notch correction compared to experimental longitudinal 

strain at the neutral axis and center of the fuse groove for Pin A. 
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Figure 6-8: Hoop strain predicted by Jiang-Sehitoglu stress-strain model with suppressed non-

proportional hardening and Neuber notch correction compared to experimental hoop strain at the 

neutral axis and center of the fuse groove for Pin A. 
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Figure 6-9: Shear strain predicted by Jiang-Sehitoglu stress-strain model with suppressed non-

proportional hardening and Neuber notch correction compared to experimental shear strain at the 

neutral axis and center of the fuse groove for Pin A. 
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Figure 6-10: Longitudinal strain predicted by Jiang-Sehitoglu stress-strain model with suppressed 

non-proportional hardening and Unified notch correction compared to experimental longitudinal 

strain at the neutral axis and center of the fuse groove for Pin A. 
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Figure 6-11: Hoop strain predicted by Jiang-Sehitoglu stress-strain model with suppressed non-

proportional hardening and Unified notch correction compared to experimental hoop strain at the 

neutral axis and center of the fuse groove for Pin A. 
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Figure 6-12: Shear strain predicted by Jiang-Sehitoglu stress-strain model with suppressed non-

proportional hardening and Unified notch correction compared to experimental shear strain at the 

neutral axis and center of the fuse groove for Pin A. 
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Figure 6-13: Longitudinal, hoop, and shear strain predicted by Jiang-Sehitoglu stress-strain model 

with suppressed non-proportional hardening and ESED notch correction compared to experimental 

strain at the neutral axis and center of the fuse groove for Pin B. Note that all data points from the 

strain history are included in this chart. 
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Figure 6-14: Longitudinal, hoop, and shear strain predicted by Jiang-Sehitoglu stress-strain model 

with suppressed non-proportional hardening and Neuber notch correction compared to 

experimental strain at the neutral axis and center of the fuse groove for Pin B. Note that all data 

points from the strain history are included in this chart.  
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Figure 6-15: Longitudinal, hoop, and shear strain predicted by Jiang-Sehitoglu stress-strain model 

with suppressed non-proportional hardening and Unified notch correction compared to 

experimental strain at the neutral axis and center of the fuse groove for Pin B. Note that all data 

points from the strain history are included in this chart. 
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Figure 6-16: Longitudinal stress as predicted by linear elastic FEA and by experimental strain data 

for Pin A.  Stress values have been normalized with respect to the maximum average shear stress 

in the fuse groove. 
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Figure 6-17: Hoop stress as predicted by linear elastic FEA and by experimental strain data for Pin 

A.  Stress values have been normalized with respect to the maximum average shear stress in the 

fuse groove. 
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Figure 6-18: Shear stress as predicted by linear elastic FEA and by experimental strain data for Pin 

A.  Stress values have been normalized with respect to the maximum average shear stress in the 

fuse groove. 
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Figure 6-19: Longitudinal stress as predicted by linear elastic FEA and by experimental strain data 

for Pin B.  Stress values have been normalized with respect to the maximum average shear stress 

in the fuse groove. 
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Figure 6-20: Hoop stress as predicted by linear elastic FEA and by experimental strain data for Pin 

B.  Stress values have been normalized with respect to the maximum average shear stress in the 

fuse groove. 
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Figure 6-21: Shear stress as predicted by linear elastic FEA and by experimental strain data for Pin 

B.  Stress values have been normalized with respect to the maximum average shear stress in the 

fuse groove. 
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6.4.2 Fatigue Damage Predictions 

Results using UTAS-LS Uniaxial Fatigue Analysis Methodologies 

As a reference, fatigue damages predicted using UTAS-LS traditional methodologies are provided 

in Table 6-3 for the three pins.  Three methodologies are compared: a pure shear method, an 

absolute max principal method, and a signed Von Mises method.  All three methods use the 

uniaxial strain-life relation with the Smith-Watson-Topper mean stress correction presented as 

Eq.(2-18), the rainflow cycle counting procedure, and a modified Neuber’s Rule which 

incorporates a residual stress calculation with each cycle.  The pure shear method uses the simple 

average shear stress calculation at the centre of the fuse groove to determine the stresses for each 

cycle.  While the pure shear method simply uses the fuse pin load and pin geometry to determine 

the stress, the absolute max principal and signed Von Mises methods use FEA results to calculate 

the stresses at every location in the fuse groove.  The absolute max principal method uses the 

absolute maximum principal stress at a given location in the fuse groove to determine the peak 

stress at that location.  The signed Von Mises method uses the von Mises as the peak stress at any 

given location in the fuse groove and adopts its sign from the direction of the shear stress.  The 

absolute max principal and signed von Mises methods can then be used to calculate the fatigue 

damage at any location in the fuse groove.  The maximum value is then used as the final result for 

the analysis 3F3F

4.  All of the properties necessary for a fatigue analysis including the cyclic stress-

strain curve and Coffin-Manson fatigue constants were provided by UTAS-LS 4F4 F

5.   

Due to the premature failure of Pin A in test, the fatigue damages associated with this pin for all 

three fatigue analysis methods have been scaled to represent the damage accumulated at the time 

of failure.  Conversely, the fatigue damages presented for Pin B and C are the fatigue damages 

predicted at the end of the test. For all three pins, the pure shear method severely over-predicts the 

fatigue damage in each of the three pins.  Pin A is expected to have a value of 1 to indicate failure, 

while Pin B and C should all have damages below 1 since failure did not occur during the test.  

                                                 
4 Due to the proprietary nature of this data, additional information regarding the calculation of these fatigue damages 

cannot be provided. 
5 Due to the proprietary nature of this data, the exact values for the material and fatigue properties cannot be provided. 
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The absolute max principal and signed von Mises methods significantly under-predict the fatigue 

damage expected for Pin A, while over-predicting the damage for Pin B. 

Table 6-3: Fatigue damages calculated by UTAS-LS for the three test fuse pins using three 

different fatigue analysis methodologies. 

 Fatigue Analysis Method 

Pure Shear 

Absolute Max 

Principal 

Signed Von 

Mises 

Pin A1 75.1 0.189 0.373 

Pin B 7.66 4.32 4.57 

Pin C 3.96 0.01 0.09 

 Note: 1All fatigue damages scaled to represent damage accumulated at point 

of failure. 

While the pure shear analysis provides no additional information regarding a predicted location of 

crack initiation, the other two methods do provide the analyst with a point of maximum fatigue 

damage.  Both the absolute max principal and signed von Mises methods predict maximum fatigue 

damage at roughly the -45° location in the fuse pin for Pin A, the -80° location in the fuse pin for 

Pin B, and the 25° location in the fuse pin for Pin C.  None of these analyses are able to predict the 

major crack initiation point at the neutral axis, which was found in the testing of Pin A.  The fatigue 

damage at the neutral axis for both the absolute max principal and signed von Mises methods were 

essentially zero for all three pins. 

Results using Multiaxial Stress-Strain Model and Fatigue Analysis Methods 

Fatigue analyses were performed at 13 different locations in each of the three test fuse pins using 

the methods outlined in Chapters 3, 4, and 5.  For each analysis the notch correction method, cycle 

counting method, and fatigue damage criteria was varied.  The fatigue damages were calculated 

using the following formula: 
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 𝐷 = 𝑆𝐹 × 𝑁𝑏 × ∑
𝑛𝑖

𝑁𝑓𝑖

𝑚

𝑖=1

 (6-1) 

where SF is the scatter factor used to account for variation in the fatigue life data, and 𝑁𝑏 is the 

number of blocks.  The number of blocks represents the number of times the test spectrum is to be 

repeated to cover the expected life of the part being tested.  The 𝑛𝑖 assumed a value of 0.5 for each 

reversal as counted by each cycle counting method and assumed a value of 1 for each full cycle 

counted.    With this damage formulation, a damage value of 1 will indicate predicted failure in 

the test.   

The results from the fatigue damage analyses are presented in Figure 6-22 through Figure 6-24 for 

Pin A, in Figure 6-25 through Figure 6-27 for Pin B, and in Figure 6-28 for Pin C.  Only analyses 

that resulted in fatigue damages above a value of 0.1 were presented.  The location of each analysis 

is indicated by the angular position (0°, ±45°, ±90°) and the percentage offset from the centre of 

the fuse groove.  In each plot, the fatigue damage results have been grouped based on the cycle 

counting procedures.  Note that the Bannantine-Socie method was analyzed using the shear strain 

component (E23) as a reference as this was considered to be the dominant stress and strain 

component in the fuse groove. 

As expected, the fatigue analyses for Pin A resulted in the highest fatigue damages, with failure 

being predicted at the neutral axis by the Kandil-Brown-Miller (KBM) and the Liu Virtual Strain 

Energy (VSE) fatigue damage criteria with a number of combinations of cycle counting and notch 

correction methods.  This correlates well with the test results which indicated very clear crack 

initiation at the neutral axis of Pin A.  At the 45° location, the analysis for Pin A at 19% offset to 

the centre of the fuse grove also predicts appreciable damage, but only the KBM criteria used with 

the Bannantine-Socie (BS) cycle counting procedure predicts failure.  At this point in time, it is 

not clear whether any secondary cracks initiated at any location other than the neutral axis.   

The analyses for Pin B where the KBM and Smith-Watson-Topper (SWT) fatigue damage criteria 

are used predict failure at the -45° and -90° locations in the fuse pin.  This seems to follow the 

trend seen in the UTAS-LS uniaxial analyses and disagrees strongly with the fatigue test results, 
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which resulted in no fatigue failure.  The analyses for Pin C collectively predict no fatigue failure 

in the pin throughout the test load history, which is supported the experimental results.  The effects 

of the fatigue damage criteria, notch correction method, and cycle counting procedures are 

discussed further in Section 6.5. 
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Figure 6-22: Fatigue damage predictions using FEA-based unit stresses for Pin A at the neutral 

axis and at the centre of the fuse groove. 

 

 

 

0.000 0.500 1.000 1.500 2.000 2.500 3.000 3.500 4.000 4.500

ESED

NBR

UNF

ESED

NBR

UNF

ESED

NBR

UNF

Fatigue Damage

N
o
tc

h
 C

o
rr

ec
ti

o
n
 M

et
h

o
d

Liu Virtual Strain Energy Smith-Watson-Topper Fatemi-Socie Kandil-Brown-Miller

Wang-Brown 
Modified

Wang-Brown

Bannantine-Socie 
(E23)

Pin A (0%)



 

135 

 

 

 

 

 

Figure 6-23: Fatigue damage predictions using FEA-based unit stresses for Pin A at 45° to the 

neutral axis and at a 19% offset from the centre of the fuse groove. 
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Figure 6-24: Fatigue damage predictions using FEA-based unit stresses for Pin A at -45° to the 

neutral axis and at a -19% offset from the centre of the fuse groove. 
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Figure 6-25: Fatigue damage predictions using FEA-based unit stresses for Pin B at the neutral 

axis and at the centre of the fuse groove. 
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Figure 6-26: Fatigue damage predictions using FEA-based unit stresses for Pin B at -45° to the 

neutral axis and at a -21% offset to the centre of the fuse groove. 
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Figure 6-27: Fatigue damage predictions using FEA-based unit stresses for Pin B at -90° to the 

neutral axis and at a -23% offset to the centre of the fuse groove. 
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Figure 6-28: Fatigue damage predictions using FEA-based unit stresses for Pin C at the neutral 

axis and at centre of the fuse groove. 
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6.5 Discussion of Fatigue Life Predictions 

Having presented the fatigue damages using various combinations of fatigue damage criteria, 

notch correction methods, and cycle counting procedures in the previous section, the effects of 

each of these elements of the analysis procedure on the predicted damage is discussed in this 

section.  In evaluating the performance of each of the elements of the fatigue analysis, the test 

results for Pin A at the neutral axis is used as the main test point for comparison since it is the only 

pin to have failed in test.  Successful fatigue analyses are then those that are able to predict a fatigue 

failure with a fatigue damage of approximately 1 for Pin A.   Fatigue analyses under-predicting 

damage in Pin A or predicting damages greater than a value of 1 for Pins B and C are then 

considered to be unsuccessful. 

6.5.1 Performance of Fatigue Criteria 

Due to the nature of each of the four fatigue damage criteria that were tested, there is a strong 

difference in the performance of each of the criteria.  The KBM and FS model are both criteria 

that are based on the assumption of cracks initiating on maximum shear planes. These two models 

differ in that the KBM uses the normal strain while the FS criteria uses the maximum normal stress 

on the plane of maximum shear to capture the crack opening component of a given cycle.  The 

SWT represents the class of fatigue damage criteria that assume that cracks will initiate on plane 

of maximum normal strain, and the Liu VSE criteria represents the class of energy-based fatigue 

damage criteria. 

Kandil-Brown-Miller (KBM) Fatigue Damage Criterion 

The KBM fatigue damage criterion overall predicts among the highest fatigue damage under all 

combinations of cycle counting procedures and notch correction methods compared to the other 

damage criteria. The KBM criterion still slightly under-predicts the fatigue damage in Pin A at the 

neutral axis, although this can be attributed to the under-predicted longitudinal strain as observed 

in Figure 6-7.  This under-prediction is further supported by the under-predicted stress range based 

on the linear elastic FEA results seen in Figure 6-16. 
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It is worth mentioning that the KBM criterion is the only criterion that results in appreciable 

damage at the -45° location in Pin A.  While it is difficult to pinpoint the reason for this major 

difference between the KBM and the other three criteria, it may be argued that the KBM critiera 

is more sensitive to significant contributions of the normal strain component, even though it is 

based on the assumption of a max shear-initiated failure.  This is supported by the dominant 

longitudinal stress range at the -45° location in Pin A that is comparable in magnitude to the shear 

stress range, while the max shear stress can reach up to 75% of the maximum shear stress at the 

neutral axis.  It is difficult to say whether the KBM criterion produces the better estimate of damage 

at this location compared to the other criteria, since it is not certain whether or not cracks initiated 

at this location. 

Fatemi-Socie (FS) Fatigue Damage Criterion 

Overall the FS criterion performs similarly to the KBM criterion, except in the analysis of Pin B 

at the -90° location where the FS criterion is the only damage criterion that did not predict failure.  

The FS criterion is then the only criterion among the four fatigue damage criteria that did not result 

in any clearly overly-conservative damage predictions.  Similar to the KBM criterion, the FS 

criterion generally under-predicts the fatigue damage of Pin A at the neutral axis.   

Smith-Watson-Topper (SWT) Fatigue Damage Criterion 

Analyses using the SWT fatigue damage criterion severely under-predicts the damage in Pin A at 

the neutral axis.  This makes sense since the neutral axis is mostly loaded in shear and the SWT 

criterion is a normal strain-failure criterion.  At other angular locations in Pin A the SWT criterion 

results in damage predictions that are comparable to that of analyses using the KBM and FS 

criteria. For Pin B the SWT criterion results in severe over-predictions of the fatigue damage at 

the -45° and the -90° locations, seen in Figure 6-26 and Figure 6-27.  This would then further 

suggest that the low alloy steel used for these pins would tend to fail more in a shear mode than in 

an axial mode.   Further material testing would need to be performed to verify the failure mode of 

the particular material used for these pins. 
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Liu Virtual Strain Energy (VSE) Fatigue Damage Criterion 

For Pin A at the neutral axis, the Liu VSE fatigue damage criterion results in reasonably 

conservative fatigue damages when used with the Bannantine-Socie and Wang-Brown cycle 

counting procedures.  For Pin B and C, this criterion produces generally good fatigue damage 

predictions, though it is clearly conservative in its prediction of the damages at the -90° location 

in Pin B as seen in Figure 6-27.   Furthermore, for Pin B and C at the neutral axis the analyses 

using the Liu VSE criterion results in the highest fatigue damages among the other criteria, while 

still having damage values below a value of 1.  Based on the available test points, it can then be 

concluded that the Liu VSE fatigue damage criterion will generally provide conservative fatigue 

damage estimates in both shear stress- and axial stress-dominated stress states.  This is can be very 

useful since the use of this criterion does not require the analyst to make a decision regarding the 

dominant failure mode when performing the fatigue analysis. 

6.5.2 Effect of Notch Correction Method 

The differences between the notch correction methods are best highlighted in Figure 6-22 for Pin 

A at the neutral axis, since this is the point where the most plasticity is observed.  The analyses 

where the KBM fatigue damage criterion is used seem to be affected significantly by the choice of 

notch correction method, while analyses using the other damage criteria are affected rather 

minimally.  In general, there is a small difference between the fatigue damages from analyses 

where the notch stresses and strains are calculated using the different notch correction methods.  

At the other locations, where plastic deformation is small, the difference between the three 

different notch correction methods is hardly noticeable.  However large the difference in final 

fatigue damages, the ESED method consistently result in damage predictions on the lower end of 

the three notch correction methods, with Neuber producing the highest damages. 

As discussed in Chapter 4, the ESED method is mathematically simpler and less prone to 

convergence issues. While this method is not capable of capturing the more complex plastic notch 

behaviours such as the coupling of axial and shear straining, the ESED method can provide 

reasonably reliable notch stresses and strains for the purpose of multiaxial fatigue analyses.  The 
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Neuber and Unified notch correction methods become more powerful when capturing the detailed 

strain components and complex cyclic behaviours such as ratchetting becomes more significant. 

Further testing may be required to determine the sensitivity of each of these methods to different 

degrees of stress concentration and material. 

6.5.3 Effect of Cycle Counting Procedure 

In general, there seems to be little difference in the final fatigue damages predicted by the Wang-

Brown and Bannantine-Socie cycle counting procedures.  The only instance where a significant 

difference between the results of the Wang-Brown and the Bannantine-Socie cycle counting 

procedures is observed is in Figure 6-23, at the 45° location in Pin A, where the damages calculated 

with the KBM fatigue damage criteria differs by nearly an order of magnitude.  This difference is 

isolated to analyses using the KBM criterion and thus suggests that it may be due to the 

combination of the Bannantine-Socie procedure with the KBM criterion rather than the cycle 

counting procedure on its own.   

The Wang-Brown cycle counting procedure seems to operate quite predictably overall.  As 

expected, the Wang-Brown Modified procedure essentially produces fatigue damages that are 

roughly double that of the Wang-Brown procedure due to the modified rules that allow the new 

procedure to evaluate both full cycles and reversals.  The result of this modification appears to 

cause the Wang-Brown Modified procedure to severely over-predict the fatigue damage in all of 

the cases analyzed.  It can then be concluded that the simple procedure of only identifying 

reversals, as per the original Wang-Brown procedure, is sufficient for producing reasonable fatigue 

damage predictions.   

Based on the predicted fatigue damages, it is still not possible to say whether the Bannantine-Socie 

or the Wang-Brown cycle counting procedure performs better than the other since both procedures 

produce quite comparable results.  This being said, due to the lack of user intervention required 

the Wang-Brown procedure can be considered to be a more practical choice when compared to the 

more involved Bannantine-Socie procedure, which requires the user to select a reference strain of 

significance and to select a number of critical planes upon which to perform a rainflow cycle count. 
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6.6 Conclusions 

The results of the fatigue analysis of the three test fuse pins provided by UTAS-LS were presented 

and significant improvements to the uniaxial fatigue analysis were demonstrated with the use of 

multiaxial fatigue analysis methodologies.  Strains predicted using the Jiang-Sehitoglu kinematic 

hardening model were compared to the experimental strains measured at the neutral axis of each 

pin.  Preliminary tests showed little difference between the results which included non-

proportional hardening and the results that neglected non-proportional hardening.  This was 

considered to be largely due to the small amount of plasticity encountered in the load histories 

being investigated.  Results including non-proportional hardening were then neglected for the 

remainder of the fatigue analyses. 

Large errors were observed in the hoop and longitudinal stress and strain predictions, particularly 

for Pin A.  This was found to be due to the large amount of ratchetting that was not accounted for 

in the implementation of the multiaxial stress-strain model.  The effect of these errors is reflected 

in the final fatigue damage predictions; however the strong correlation of the predicted shear 

strains to the experimental shear strains appears to be enough to provide reasonable damage 

predictions.   

The test results of fuse pin A were used to determine how well each combination of fatigue damage 

criterion, notch correction method, and cycle counting procedure could predict a known fatigue 

failure.  The test results of fuse pins B and C were used to highlight overly conservative 

combinations of fatigue damage criterion, notch correction method, and cycle counting procedure.  

The SWT damage criterion was found to severely under-predict the damage of pin A that the 

neutral axis under all combinations of notch correction method and cycle counting procedure and 

was overly conservative for the Pin B and C analyses.  The KBM, FS, and Liu VSE fatigue damage 

criteria provided generally good estimations of the damage in Pin A, with Liu VSE being the most 

conservative.  The FS criterion was found to be better than the KBM criterion in that it was less 

likely to be result in overly conservative results where damage is not expected.  The selection of 

cycle counting procedures and notch correction method was found to not play a significant role in 

the final fatigue damages compared to the choice of fatigue damage criterion and stress-strain 
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model. Out of the four elements of the fatigue analysis process, it is concluded that improvements 

in the multiaxial stress-strain model will have the most impact on the final fatigue life predictions. 
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Chapter 7 : Conclusions and Recommendations 

The objective of this research was to investigate the use of different multiaxial fatigue analysis 

methods to improve the fatigue life prediction of aircraft landing gear fuse pins.  Experimental 

results from the literature was used to verify the design and implementation of a complete fatigue 

analysis program that includes the multiaxial stress-strain model, notch correction calculations, 

cycle counting procedures, and fatigue damage calculations proposed in literature.  Test data 

provided by UTAS-LS was used to then compare the applicability of each combination of fatigue 

analysis procedures in predicting the fatigue life of three fuse pin designs. This chapter summarizes 

the key conclusions and recommendations. 

7.1 Conclusions 

Verification of the fatigue analysis program 

For smooth specimens, nearly perfect correlation was found for monotonic and cyclic load 

histories following proportional and non-proportional stress paths.  This demonstrated the basic 

implementation of the Jiang-Sehitoglu kinematic hardening model and the use of Tanaka non-

proportional hardening coefficient.   

The program was further tested for notched specimens where the notch stresses and strains were 

calculated using three different notch correction methods: the incremental ESED method, the 

multiaxial Neuber method, and the Unified method.  Specimens with varying stress concentration 

factors and varying ductility were used to determine the sensitivity of the notch correction methods 

to the geometry of the notch and the material properties.  It was found that the three methods 

performed similarly for proportional loading histories, and all three performed best for high stress 

concentration factor geometries and low ductility materials.  The notch correction methods were 

also tested for non-proportional loading histories and it was found that predictions would tend to 

under-predict shear strains by up to 30% and axial strains by up to 50%.  Contrary to observations 

in the literature, the current implementation of the notch correction methods seems unable to 
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capture the axial-shear coupling in the non-proportional loading histories, which is the main reason 

for the under-predictions of the strains. 

The Wang-Brown and Bannantine-Socie multiaxial cycle counting procedures were briefly tested 

to ensure that cycle counts operated as expected.  A modified Wang-Brown procedure was 

proposed that includes a step for distinguishing between full cycles and half-cycles in a manner 

similar to the uniaxial rainflow cycle counting procedure.  This was included as an attempt to have 

a modified version of Wang-Brown that produced the same results as the rainflow cycle counting 

procedure for uniaxial cases.  Examples from the ASTM E1049-85 standard for cycle counting 

and the literature were used as benchmark tests.   

Analysis of the Test Fuse Pins 

Multiaxial fatigue analyses were performed for three different fuse pins and the results were 

compared to the results from tests performed by UTAS-LS.  The notch correction method, cycle 

counting procedure, and fatigue damage criterion was varied for each fatigue analysis.  At the load 

level that was analyzed, which was selected to match the test load history, no significant non-

proportional hardening effect was observed. 

The effect of four different fatigue damage criterion on the final fatigue damage prediction was 

investigated.  The KBM and FS damage criteria, both assuming shear-dominated crack initiation, 

performed reasonably well.  The KBM was more conservative than the FS criterion and was found 

to be over-conservative in predicting the fatigue failure where it was not found to occur in test.  

The SWT damage criterion, which assumes axial-dominated crack initiation, performed poorly in 

most scenarios.  The SWT criterion under-predicted expected fatigue failure and over-predicted 

damage in areas where no failure was expected.  The Liu VSE damage criterion, the energy-based 

criterion, was a good generalized method that performed equally well for axial- and shear-

dominant stress states.  The Liu VSE damage criterion was found to be generally more 

conservative than the KBM and FS damage criteria.  Based on the results of this investigation, the 

Liu VSE damage criterion is considered to be a good choice when the analyst is uncertain of the 
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nature of crack initiation for the material under consideration.  When cracks are expected to initiate 

due to shear stresses or shear strains, the FS damage criterion is found to be a suitable choice. 

Other than the damage criterion selection, the notch correction method and cycle counting 

procedure selection was found to have less effect on the final fatigue damage prediction.  The 

Wang-Brown Modified procedure, which was proposed in this thesis, was found to be over-

conservative in all scenarios.  It is thus concluded that the original Wang-Brown procedure, where 

only reversals are counted, and the Bannantine-Socie procedure, which requires a rainflow cycle 

count to be performed on selected critical planes for a chosen reference strain component, are both 

suitable choices.    Overall, it was found that the performance of the stress-strain model and the 

selection of the fatigue damage criterion had the most effect on the final fatigue life prediction of 

the fuse pins analyzed in this thesis. 

7.2 Recommendations 

A major component of the fatigue analysis procedure that can be improved upon is the stress-strain 

model.  Relative success in using other hardening models such as the Mroz kinematic hardening 

model and the Garud hardening model has been reported in the literature.  These models could be 

implemented and compared directly to the Jiang-Sehitoglu model in future iterations of this work.   

While the Jiang-Sehitoglu model also has been reported to work very well, many of the 

calculations in the model have been simplified for the scope of this work.  Additional work to 

include the more advanced components of the Jiang-Sehitoglu model, such as ratchetting and 

material memory, can be investigated in the future.  This would require additional material tests 

that would allow for the comprehensive calculation of the material constants in the Jiang-Sehtiglu 

model as originally proposed in the literature instead of the simplified approximations used in this 

thesis.   

The notch correction methods could also be investigated further to determine sensitivities to shear- 

and axial-dominated stress and strain histories.  This can potentially help to provide users and 

researchers with a better understanding of the capabilities and limitations of the ESED, Neuber, 
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and Unified methods.  The cycle counting procedures can also be tested for more complex stress 

and strain histories; more non-proportional histories may show a more significant difference 

between the Wang-Brown procedure, the Bannantine-Socie procedure, and the proposed modified 

Wang-Brown procedure.  Additional fatigue damage criteria beyond the four that were tested in 

this thesis can also be investigated in the future. 

Finally, additional testing of fuse pins to the point of failure would provide more test points for the 

verification and correlation of the proposed multiaxial fatigue analysis methods.  At this point in 

time, only one of the three fuse pins have been tested to failure and thus all observations and 

conclusions rely on this single test point.  Furthermore, in future tests strain gauges should also be 

placed at positions that are offset to the centre of the fuse groove to capture the larger longitudinal 

strain cycles that are not present at the centre of the fuse groove. 

7.3 Contributions 

The results of the research presented demonstrates the potential for significant improvement of 

fatigue life predictions of landing gear fuse pins by implementing multiaxial fatigue methods.  

With future successful use of the methods presented in this thesis, practicing engineers performing 

fatigue analyses will be able to certify more efficient designs for service. For customers, such as 

the aircraft manufacturers and airlines, significant savings will be seen in the long-term 

maintenance costs of the landing gear assembly since the fuse pins will no longer be life limited 

due to limitations in the fatigue analysis of the pins.  

7.4 Scope and Limitations 

The results of this research should be treated as preliminary at this stage.  Successful 

implementation of the multiaxial fatigue methods has been demonstrated for the three fuse pins 

provided by UTAS.  It is important to note that the results of this research is based on a single test 

point since only one of the three fuse pins failed in test; therefore, to make any further use of the 

conclusions of this work additional testing where the fuse pins are tested to failure is required.
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Appendices 

Appendix A  Fatigue Damage Results Calculated using Multiaxial Fatigue Approach 

This appendix presents all of the fatigue damage results calculated using the multiaxial 

fatigue methodologies presented in the main body of this thesis.  The results of the analysis 

of the three test fuse pins are presented for 13 locations in the fuse groove of each of these 

pins. 
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A.1 Pin A FEA-Based Fatigue Damage Results 

Table A.1-1: Fatigue damage results for Pin A at the neutral axis and centre of the fuse 

groove (ẑ = 0). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.4983 

NBR Wang-Brown KBM 1.7885 

UNF Wang-Brown KBM 1.5178 

ESED Wang-Brown Modified KBM 0.9791 

NBR Wang-Brown Modified KBM 3.5155 

UNF Wang-Brown Modified KBM 2.9661 

ESED Bannantine-Socie KBM 0.8363 

NBR Bannantine-Socie KBM 1.8247 

UNF Bannantine-Socie KBM 1.3947 

ESED Wang-Brown FS 0.6236 

NBR Wang-Brown FS 0.7419 

UNF Wang-Brown FS 0.7008 

ESED Wang-Brown Modified FS 1.2121 

NBR Wang-Brown Modified FS 1.4344 

UNF Wang-Brown Modified FS 1.3305 

ESED Bannantine-Socie FS 0.7425 

NBR Bannantine-Socie FS 0.7967 

UNF Bannantine-Socie FS 0.7406 

ESED Wang-Brown SWT 0.0198 

NBR Wang-Brown SWT 0.075 

UNF Wang-Brown SWT 0.0422 

ESED Wang-Brown Modified SWT 0.0372 

NBR Wang-Brown Modified SWT 0.142 

UNF Wang-Brown Modified SWT 0.0757 

ESED Bannantine-Socie SWT 0.0282 

NBR Bannantine-Socie SWT 0.0962 

UNF Bannantine-Socie SWT 0.0536 

ESED Wang-Brown Liu VSE 1.6308 

NBR Wang-Brown Liu VSE 1.7174 

UNF Wang-Brown Liu VSE 1.6674 

ESED Wang-Brown Modified Liu VSE 3.1425 

NBR Wang-Brown Modified Liu VSE 3.302 

UNF Wang-Brown Modified Liu VSE 3.1275 

ESED Bannantine-Socie Liu VSE 1.8698 

NBR Bannantine-Socie Liu VSE 1.9651 

UNF Bannantine-Socie Liu VSE 1.888 
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Table A.1-2: Fatigue damage results for Pin A at 45° to the neutral axis and centre of the 

fuse groove (ẑ = 0). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.001 

NBR Wang-Brown Modified KBM 0.001 

UNF Wang-Brown Modified KBM 0.001 

ESED Bannantine-Socie KBM 0.059 

NBR Bannantine-Socie KBM 0.059 

UNF Bannantine-Socie KBM 0.059 

ESED Wang-Brown FS 0.003 

NBR Wang-Brown FS 0.003 

UNF Wang-Brown FS 0.003 

ESED Wang-Brown Modified FS 0.006 

NBR Wang-Brown Modified FS 0.006 

UNF Wang-Brown Modified FS 0.006 

ESED Bannantine-Socie FS 0.009 

NBR Bannantine-Socie FS 0.009 

UNF Bannantine-Socie FS 0.009 

ESED Wang-Brown SWT 0.006 

NBR Wang-Brown SWT 0.006 

UNF Wang-Brown SWT 0.006 

ESED Wang-Brown Modified SWT 0.010 

NBR Wang-Brown Modified SWT 0.010 

UNF Wang-Brown Modified SWT 0.010 

ESED Bannantine-Socie SWT 0.005 

NBR Bannantine-Socie SWT 0.005 

UNF Bannantine-Socie SWT 0.005 

ESED Wang-Brown Liu VSE 0.008 

NBR Wang-Brown Liu VSE 0.008 

UNF Wang-Brown Liu VSE 0.008 

ESED Wang-Brown Modified Liu VSE 0.015 

NBR Wang-Brown Modified Liu VSE 0.015 

UNF Wang-Brown Modified Liu VSE 0.015 

ESED Bannantine-Socie Liu VSE 0.009 

NBR Bannantine-Socie Liu VSE 0.009 

UNF Bannantine-Socie Liu VSE 0.009 
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Table A.1-3: Fatigue damage results for Pin A at 45° to the neutral axis and offset 19% 

from the centre of the fuse groove (ẑ = 0.19). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.157 

NBR Wang-Brown KBM 0.166 

UNF Wang-Brown KBM 0.158 

ESED Wang-Brown Modified KBM 0.296 

NBR Wang-Brown Modified KBM 0.320 

UNF Wang-Brown Modified KBM 0.305 

ESED Bannantine-Socie KBM 0.385 

NBR Bannantine-Socie KBM 1.539 

UNF Bannantine-Socie KBM 1.450 

ESED Wang-Brown FS 0.007 

NBR Wang-Brown FS 0.008 

UNF Wang-Brown FS 0.008 

ESED Wang-Brown Modified FS 0.013 

NBR Wang-Brown Modified FS 0.015 

UNF Wang-Brown Modified FS 0.015 

ESED Bannantine-Socie FS 0.007 

NBR Bannantine-Socie FS 0.007 

UNF Bannantine-Socie FS 0.007 

ESED Wang-Brown SWT 0.201 

NBR Wang-Brown SWT 0.218 

UNF Wang-Brown SWT 0.205 

ESED Wang-Brown Modified SWT 0.376 

NBR Wang-Brown Modified SWT 0.425 

UNF Wang-Brown Modified SWT 0.400 

ESED Bannantine-Socie SWT 0.200 

NBR Bannantine-Socie SWT 0.215 

UNF Bannantine-Socie SWT 0.203 

ESED Wang-Brown Liu VSE 0.012 

NBR Wang-Brown Liu VSE 0.012 

UNF Wang-Brown Liu VSE 0.012 

ESED Wang-Brown Modified Liu VSE 0.021 

NBR Wang-Brown Modified Liu VSE 0.023 

UNF Wang-Brown Modified Liu VSE 0.023 

ESED Bannantine-Socie Liu VSE 0.012 

NBR Bannantine-Socie Liu VSE 0.012 

UNF Bannantine-Socie Liu VSE 0.012 
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Table A.1-4: Fatigue damage results for Pin A at 45° to the neutral axis and offset -19% 

from the centre of the fuse groove (ẑ = -0.19). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.002 

NBR Wang-Brown KBM 0.002 

UNF Wang-Brown KBM 0.002 

ESED Wang-Brown Modified KBM 0.004 

NBR Wang-Brown Modified KBM 0.004 

UNF Wang-Brown Modified KBM 0.004 

ESED Bannantine-Socie KBM 0.004 

NBR Bannantine-Socie KBM 0.004 

UNF Bannantine-Socie KBM 0.004 

ESED Wang-Brown FS 0.002 

NBR Wang-Brown FS 0.002 

UNF Wang-Brown FS 0.002 

ESED Wang-Brown Modified FS 0.003 

NBR Wang-Brown Modified FS 0.003 

UNF Wang-Brown Modified FS 0.003 

ESED Bannantine-Socie FS 0.002 

NBR Bannantine-Socie FS 0.002 

UNF Bannantine-Socie FS 0.002 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.002 

NBR Wang-Brown Liu VSE 0.002 

UNF Wang-Brown Liu VSE 0.002 

ESED Wang-Brown Modified Liu VSE 0.004 

NBR Wang-Brown Modified Liu VSE 0.004 

UNF Wang-Brown Modified Liu VSE 0.004 

ESED Bannantine-Socie Liu VSE 0.002 

NBR Bannantine-Socie Liu VSE 0.002 

UNF Bannantine-Socie Liu VSE 0.002 
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Table A.1-5: Fatigue damage results for Pin A at 90° to the neutral axis and at the centre 

of the fuse groove (ẑ = 0). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.001 

NBR Wang-Brown KBM 0.001 

UNF Wang-Brown KBM 0.001 

ESED Wang-Brown Modified KBM 0.001 

NBR Wang-Brown Modified KBM 0.001 

UNF Wang-Brown Modified KBM 0.001 

ESED Bannantine-Socie KBM 0.001 

NBR Bannantine-Socie KBM 0.001 

UNF Bannantine-Socie KBM 0.001 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.002 

NBR Wang-Brown SWT 0.002 

UNF Wang-Brown SWT 0.002 

ESED Wang-Brown Modified SWT 0.003 

NBR Wang-Brown Modified SWT 0.003 

UNF Wang-Brown Modified SWT 0.003 

ESED Bannantine-Socie SWT 0.002 

NBR Bannantine-Socie SWT 0.002 

UNF Bannantine-Socie SWT 0.002 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.1-6: Fatigue damage results for Pin A at 90° to the neutral axis and offset 21% 

from the centre of the fuse groove (ẑ = 0.21). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.079 

NBR Wang-Brown KBM 0.084 

UNF Wang-Brown KBM 0.078 

ESED Wang-Brown Modified KBM 0.151 

NBR Wang-Brown Modified KBM 0.160 

UNF Wang-Brown Modified KBM 0.150 

ESED Bannantine-Socie KBM 0.056 

NBR Bannantine-Socie KBM 0.060 

UNF Bannantine-Socie KBM 0.056 

ESED Wang-Brown FS 0.010 

NBR Wang-Brown FS 0.011 

UNF Wang-Brown FS 0.010 

ESED Wang-Brown Modified FS 0.020 

NBR Wang-Brown Modified FS 0.020 

UNF Wang-Brown Modified FS 0.020 

ESED Bannantine-Socie FS 0.011 

NBR Bannantine-Socie FS 0.011 

UNF Bannantine-Socie FS 0.011 

ESED Wang-Brown SWT 0.126 

NBR Wang-Brown SWT 0.142 

UNF Wang-Brown SWT 0.126 

ESED Wang-Brown Modified SWT 0.238 

NBR Wang-Brown Modified SWT 0.272 

UNF Wang-Brown Modified SWT 0.243 

ESED Bannantine-Socie SWT 0.133 

NBR Bannantine-Socie SWT 0.150 

UNF Bannantine-Socie SWT 0.134 

ESED Wang-Brown Liu VSE 0.011 

NBR Wang-Brown Liu VSE 0.011 

UNF Wang-Brown Liu VSE 0.011 

ESED Wang-Brown Modified Liu VSE 0.021 

NBR Wang-Brown Modified Liu VSE 0.021 

UNF Wang-Brown Modified Liu VSE 0.021 

ESED Bannantine-Socie Liu VSE 0.013 

NBR Bannantine-Socie Liu VSE 0.013 

UNF Bannantine-Socie Liu VSE 0.013 
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Table A.1-7: Fatigue damage results for Pin A at 90° to the neutral axis and offset -21% 

from the centre of the fuse groove (ẑ = -0.21). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.001 

NBR Wang-Brown Modified KBM 0.001 

UNF Wang-Brown Modified KBM 0.001 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.002 

NBR Wang-Brown FS 0.002 

UNF Wang-Brown FS 0.002 

ESED Wang-Brown Modified FS 0.003 

NBR Wang-Brown Modified FS 0.003 

UNF Wang-Brown Modified FS 0.003 

ESED Bannantine-Socie FS 0.002 

NBR Bannantine-Socie FS 0.002 

UNF Bannantine-Socie FS 0.002 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.003 

NBR Wang-Brown Liu VSE 0.003 

UNF Wang-Brown Liu VSE 0.003 

ESED Wang-Brown Modified Liu VSE 0.006 

NBR Wang-Brown Modified Liu VSE 0.006 

UNF Wang-Brown Modified Liu VSE 0.006 

ESED Bannantine-Socie Liu VSE 0.004 

NBR Bannantine-Socie Liu VSE 0.004 

UNF Bannantine-Socie Liu VSE 0.004 
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Table A.1-8: Fatigue damage results for Pin A at -45° to the neutral axis and at the centre 

of the fuse groove (ẑ = 0). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.061 

NBR Wang-Brown KBM 0.061 

UNF Wang-Brown KBM 0.061 

ESED Wang-Brown Modified KBM 0.116 

NBR Wang-Brown Modified KBM 0.116 

UNF Wang-Brown Modified KBM 0.116 

ESED Bannantine-Socie KBM 0.071 

NBR Bannantine-Socie KBM 0.071 

UNF Bannantine-Socie KBM 0.071 

ESED Wang-Brown FS 0.009 

NBR Wang-Brown FS 0.009 

UNF Wang-Brown FS 0.009 

ESED Wang-Brown Modified FS 0.017 

NBR Wang-Brown Modified FS 0.017 

UNF Wang-Brown Modified FS 0.017 

ESED Bannantine-Socie FS 0.010 

NBR Bannantine-Socie FS 0.010 

UNF Bannantine-Socie FS 0.010 

ESED Wang-Brown SWT 0.010 

NBR Wang-Brown SWT 0.010 

UNF Wang-Brown SWT 0.010 

ESED Wang-Brown Modified SWT 0.018 

NBR Wang-Brown Modified SWT 0.018 

UNF Wang-Brown Modified SWT 0.018 

ESED Bannantine-Socie SWT 0.010 

NBR Bannantine-Socie SWT 0.010 

UNF Bannantine-Socie SWT 0.010 

ESED Wang-Brown Liu VSE 0.008 

NBR Wang-Brown Liu VSE 0.008 

UNF Wang-Brown Liu VSE 0.008 

ESED Wang-Brown Modified Liu VSE 0.016 

NBR Wang-Brown Modified Liu VSE 0.016 

UNF Wang-Brown Modified Liu VSE 0.016 

ESED Bannantine-Socie Liu VSE 0.010 

NBR Bannantine-Socie Liu VSE 0.010 

UNF Bannantine-Socie Liu VSE 0.010 
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Table A.1-9: Fatigue damage results for Pin A at -45° to the neutral axis and offset 19% 

from the centre of the fuse groove (ẑ = 0.19). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.003 

NBR Wang-Brown KBM 0.003 

UNF Wang-Brown KBM 0.003 

ESED Wang-Brown Modified KBM 0.006 

NBR Wang-Brown Modified KBM 0.005 

UNF Wang-Brown Modified KBM 0.006 

ESED Bannantine-Socie KBM 0.004 

NBR Bannantine-Socie KBM 0.004 

UNF Bannantine-Socie KBM 0.004 

ESED Wang-Brown FS 0.015 

NBR Wang-Brown FS 0.015 

UNF Wang-Brown FS 0.015 

ESED Wang-Brown Modified FS 0.029 

NBR Wang-Brown Modified FS 0.029 

UNF Wang-Brown Modified FS 0.029 

ESED Bannantine-Socie FS 0.019 

NBR Bannantine-Socie FS 0.019 

UNF Bannantine-Socie FS 0.019 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.034 

NBR Wang-Brown Liu VSE 0.034 

UNF Wang-Brown Liu VSE 0.034 

ESED Wang-Brown Modified Liu VSE 0.066 

NBR Wang-Brown Modified Liu VSE 0.067 

UNF Wang-Brown Modified Liu VSE 0.066 

ESED Bannantine-Socie Liu VSE 0.044 

NBR Bannantine-Socie Liu VSE 0.045 

UNF Bannantine-Socie Liu VSE 0.044 
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Table A.1-10: Fatigue damage results for Pin A at -45° to the neutral axis and offset 

-19% from the centre of the fuse groove (ẑ = -0.19). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.360 

NBR Wang-Brown KBM 0.360 

UNF Wang-Brown KBM 0.360 

ESED Wang-Brown Modified KBM 0.695 

NBR Wang-Brown Modified KBM 0.695 

UNF Wang-Brown Modified KBM 0.695 

ESED Bannantine-Socie KBM 0.414 

NBR Bannantine-Socie KBM 0.414 

UNF Bannantine-Socie KBM 0.414 

ESED Wang-Brown FS 0.002 

NBR Wang-Brown FS 0.002 

UNF Wang-Brown FS 0.002 

ESED Wang-Brown Modified FS 0.004 

NBR Wang-Brown Modified FS 0.004 

UNF Wang-Brown Modified FS 0.004 

ESED Bannantine-Socie FS 0.003 

NBR Bannantine-Socie FS 0.003 

UNF Bannantine-Socie FS 0.003 

ESED Wang-Brown SWT 0.002 

NBR Wang-Brown SWT 0.002 

UNF Wang-Brown SWT 0.002 

ESED Wang-Brown Modified SWT 0.004 

NBR Wang-Brown Modified SWT 0.004 

UNF Wang-Brown Modified SWT 0.004 

ESED Bannantine-Socie SWT 0.006 

NBR Bannantine-Socie SWT 0.006 

UNF Bannantine-Socie SWT 0.006 

ESED Wang-Brown Liu VSE 0.001 

NBR Wang-Brown Liu VSE 0.001 

UNF Wang-Brown Liu VSE 0.001 

ESED Wang-Brown Modified Liu VSE 0.001 

NBR Wang-Brown Modified Liu VSE 0.001 

UNF Wang-Brown Modified Liu VSE 0.001 

ESED Bannantine-Socie Liu VSE 0.001 

NBR Bannantine-Socie Liu VSE 0.001 

UNF Bannantine-Socie Liu VSE 0.001 
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Table A.1-11: Fatigue damage results for Pin A at -90° to the neutral axis and at the 

centre of the fuse groove (ẑ = 0). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.001 

NBR Wang-Brown KBM 0.001 

UNF Wang-Brown KBM 0.001 

ESED Wang-Brown Modified KBM 0.002 

NBR Wang-Brown Modified KBM 0.002 

UNF Wang-Brown Modified KBM 0.002 

ESED Bannantine-Socie KBM 0.002 

NBR Bannantine-Socie KBM 0.002 

UNF Bannantine-Socie KBM 0.002 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.001 

NBR Wang-Brown Modified FS 0.001 

UNF Wang-Brown Modified FS 0.001 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.003 

NBR Wang-Brown SWT 0.003 

UNF Wang-Brown SWT 0.003 

ESED Wang-Brown Modified SWT 0.006 

NBR Wang-Brown Modified SWT 0.006 

UNF Wang-Brown Modified SWT 0.006 

ESED Bannantine-Socie SWT 0.003 

NBR Bannantine-Socie SWT 0.003 

UNF Bannantine-Socie SWT 0.003 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.001 

NBR Wang-Brown Modified Liu VSE 0.001 

UNF Wang-Brown Modified Liu VSE 0.001 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.1-12: Fatigue damage results for Pin A at -90° to the neutral axis and offset 

21% from the centre of the fuse groove (ẑ = 21%). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.001 

NBR Wang-Brown KBM 0.001 

UNF Wang-Brown KBM 0.001 

ESED Wang-Brown Modified KBM 0.002 

NBR Wang-Brown Modified KBM 0.002 

UNF Wang-Brown Modified KBM 0.002 

ESED Bannantine-Socie KBM 0.002 

NBR Bannantine-Socie KBM 0.002 

UNF Bannantine-Socie KBM 0.002 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.001 

NBR Wang-Brown Modified FS 0.001 

UNF Wang-Brown Modified FS 0.001 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.003 

NBR Wang-Brown SWT 0.003 

UNF Wang-Brown SWT 0.003 

ESED Wang-Brown Modified SWT 0.006 

NBR Wang-Brown Modified SWT 0.006 

UNF Wang-Brown Modified SWT 0.006 

ESED Bannantine-Socie SWT 0.003 

NBR Bannantine-Socie SWT 0.003 

UNF Bannantine-Socie SWT 0.003 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.001 

NBR Wang-Brown Modified Liu VSE 0.001 

UNF Wang-Brown Modified Liu VSE 0.001 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.1-13: Fatigue damage results for Pin A at -90° to the neutral axis and offset 

-21% from the centre of the fuse groove (ẑ = -21%). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.002 

NBR Wang-Brown KBM 0.002 

UNF Wang-Brown KBM 0.002 

ESED Wang-Brown Modified KBM 0.005 

NBR Wang-Brown Modified KBM 0.004 

UNF Wang-Brown Modified KBM 0.005 

ESED Bannantine-Socie KBM 0.003 

NBR Bannantine-Socie KBM 0.003 

UNF Bannantine-Socie KBM 0.003 

ESED Wang-Brown FS 0.013 

NBR Wang-Brown FS 0.013 

UNF Wang-Brown FS 0.013 

ESED Wang-Brown Modified FS 0.025 

NBR Wang-Brown Modified FS 0.025 

UNF Wang-Brown Modified FS 0.025 

ESED Bannantine-Socie FS 0.016 

NBR Bannantine-Socie FS 0.016 

UNF Bannantine-Socie FS 0.016 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.031 

NBR Wang-Brown Liu VSE 0.031 

UNF Wang-Brown Liu VSE 0.031 

ESED Wang-Brown Modified Liu VSE 0.061 

NBR Wang-Brown Modified Liu VSE 0.061 

UNF Wang-Brown Modified Liu VSE 0.061 

ESED Bannantine-Socie Liu VSE 0.039 

NBR Bannantine-Socie Liu VSE 0.040 

UNF Bannantine-Socie Liu VSE 0.040 
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A.2 Pin A Test-Based Fatigue Damage Results 

Table A.2-1: Fatigue damage results for Pin A at the neutral axis and centre of the fuse 

groove (ẑ = 0).  Input stresses calculated using strain test data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 1.020 

NBR Wang-Brown KBM 0.791 

UNF Wang-Brown KBM 0.521 

ESED Wang-Brown Modified KBM 1.982 

NBR Wang-Brown Modified KBM 1.558 

UNF Wang-Brown Modified KBM 0.998 

ESED Bannantine-Socie KBM 1.113 

NBR Bannantine-Socie KBM 1.307 

UNF Bannantine-Socie KBM 1.002 

ESED Wang-Brown FS 0.807 

NBR Wang-Brown FS 0.781 

UNF Wang-Brown FS 0.680 

ESED Wang-Brown Modified FS 1.567 

NBR Wang-Brown Modified FS 1.540 

UNF Wang-Brown Modified FS 1.309 

ESED Bannantine-Socie FS 0.882 

NBR Bannantine-Socie FS 0.885 

UNF Bannantine-Socie FS 0.824 

ESED Wang-Brown SWT 0.050 

NBR Wang-Brown SWT 0.084 

UNF Wang-Brown SWT 0.035 

ESED Wang-Brown Modified SWT 0.092 

NBR Wang-Brown Modified SWT 0.162 

UNF Wang-Brown Modified SWT 0.067 

ESED Bannantine-Socie SWT 0.063 

NBR Bannantine-Socie SWT 0.111 

UNF Bannantine-Socie SWT 0.050 

ESED Wang-Brown Liu VSE 1.917 

NBR Wang-Brown Liu VSE 2.020 

UNF Wang-Brown Liu VSE 1.941 

ESED Wang-Brown Modified Liu VSE 3.703 

NBR Wang-Brown Modified Liu VSE 3.978 

UNF Wang-Brown Modified Liu VSE 3.733 

ESED Bannantine-Socie Liu VSE 2.207 

NBR Bannantine-Socie Liu VSE 2.334 

UNF Bannantine-Socie Liu VSE 2.231 
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Table A.2-2: Fatigue damage results for Pin A at 45° to the neutral axis and centre of the 

fuse groove (ẑ = 0). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.011 

NBR Wang-Brown KBM 0.011 

UNF Wang-Brown KBM 0.011 

ESED Wang-Brown Modified KBM 0.020 

NBR Wang-Brown Modified KBM 0.020 

UNF Wang-Brown Modified KBM 0.020 

ESED Bannantine-Socie KBM 0.013 

NBR Bannantine-Socie KBM 0.013 

UNF Bannantine-Socie KBM 0.013 

ESED Wang-Brown FS 0.003 

NBR Wang-Brown FS 0.003 

UNF Wang-Brown FS 0.003 

ESED Wang-Brown Modified FS 0.006 

NBR Wang-Brown Modified FS 0.006 

UNF Wang-Brown Modified FS 0.006 

ESED Bannantine-Socie FS 0.004 

NBR Bannantine-Socie FS 0.004 

UNF Bannantine-Socie FS 0.004 

ESED Wang-Brown SWT 0.002 

NBR Wang-Brown SWT 0.002 

UNF Wang-Brown SWT 0.002 

ESED Wang-Brown Modified SWT 0.003 

NBR Wang-Brown Modified SWT 0.003 

UNF Wang-Brown Modified SWT 0.003 

ESED Bannantine-Socie SWT 0.002 

NBR Bannantine-Socie SWT 0.002 

UNF Bannantine-Socie SWT 0.002 

ESED Wang-Brown Liu VSE 0.003 

NBR Wang-Brown Liu VSE 0.003 

UNF Wang-Brown Liu VSE 0.003 

ESED Wang-Brown Modified Liu VSE 0.006 

NBR Wang-Brown Modified Liu VSE 0.006 

UNF Wang-Brown Modified Liu VSE 0.006 

ESED Bannantine-Socie Liu VSE 0.004 

NBR Bannantine-Socie Liu VSE 0.004 

UNF Bannantine-Socie Liu VSE 0.004 
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Table A.2-3: Fatigue damage results for Pin A at 90° to the neutral axis and at the centre 

of the fuse groove (ẑ = 0). 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.001 

NBR Wang-Brown KBM 0.001 

UNF Wang-Brown KBM 0.001 

ESED Wang-Brown Modified KBM 0.001 

NBR Wang-Brown Modified KBM 0.001 

UNF Wang-Brown Modified KBM 0.001 

ESED Bannantine-Socie KBM 0.001 

NBR Bannantine-Socie KBM 0.001 

UNF Bannantine-Socie KBM 0.001 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.002 

NBR Wang-Brown SWT 0.002 

UNF Wang-Brown SWT 0.002 

ESED Wang-Brown Modified SWT 0.003 

NBR Wang-Brown Modified SWT 0.003 

UNF Wang-Brown Modified SWT 0.003 

ESED Bannantine-Socie SWT 0.002 

NBR Bannantine-Socie SWT 0.002 

UNF Bannantine-Socie SWT 0.002 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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A.3 Pin B FEA-Based Fatigue Damage Results 

Table A.3-1: Fatigue damage results for Pin B at the neutral axis and centre of the fuse groove (ẑ 

= 0).  Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.088 

NBR Wang-Brown KBM 0.092 

UNF Wang-Brown KBM 0.089 

ESED Wang-Brown Modified KBM 0.162 

NBR Wang-Brown Modified KBM 0.170 

UNF Wang-Brown Modified KBM 0.164 

ESED Bannantine-Socie KBM 0.080 

NBR Bannantine-Socie KBM 0.082 

UNF Bannantine-Socie KBM 0.081 

ESED Wang-Brown FS 0.144 

NBR Wang-Brown FS 0.149 

UNF Wang-Brown FS 0.145 

ESED Wang-Brown Modified FS 0.266 

NBR Wang-Brown Modified FS 0.275 

UNF Wang-Brown Modified FS 0.266 

ESED Bannantine-Socie FS 0.133 

NBR Bannantine-Socie FS 0.134 

UNF Bannantine-Socie FS 0.133 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.200 

NBR Wang-Brown Liu VSE 0.204 

UNF Wang-Brown Liu VSE 0.200 

ESED Wang-Brown Modified Liu VSE 0.368 

NBR Wang-Brown Modified Liu VSE 0.377 

UNF Wang-Brown Modified Liu VSE 0.368 

ESED Bannantine-Socie Liu VSE 0.187 

NBR Bannantine-Socie Liu VSE 0.188 
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Notch Method Cycle Count Fatigue Criterion Damage 

UNF Bannantine-Socie Liu VSE 0.187 

Table A.3-2: Fatigue damage results for Pin B at 45° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 
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Notch Method Cycle Count Fatigue Criterion Damage 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 

 

Table A.3-3: Fatigue damage results for Pin B at 45° to the neutral axis and offset 35% from the 

centre of the fuse groove (ẑ = 0.35). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.005 

NBR Wang-Brown KBM 0.005 

UNF Wang-Brown KBM 0.005 

ESED Wang-Brown Modified KBM 0.010 

NBR Wang-Brown Modified KBM 0.010 

UNF Wang-Brown Modified KBM 0.010 

ESED Bannantine-Socie KBM 0.005 

NBR Bannantine-Socie KBM 0.005 

UNF Bannantine-Socie KBM 0.005 

ESED Wang-Brown FS 0.001 

NBR Wang-Brown FS 0.001 

UNF Wang-Brown FS 0.001 

ESED Wang-Brown Modified FS 0.003 

NBR Wang-Brown Modified FS 0.003 

UNF Wang-Brown Modified FS 0.003 

ESED Bannantine-Socie FS 0.001 

NBR Bannantine-Socie FS 0.001 

UNF Bannantine-Socie FS 0.001 

ESED Wang-Brown SWT 0.006 

NBR Wang-Brown SWT 0.006 

UNF Wang-Brown SWT 0.006 

ESED Wang-Brown Modified SWT 0.011 

NBR Wang-Brown Modified SWT 0.011 

UNF Wang-Brown Modified SWT 0.011 

ESED Bannantine-Socie SWT 0.006 

NBR Bannantine-Socie SWT 0.006 

UNF Bannantine-Socie SWT 0.006 

ESED Wang-Brown Liu VSE 0.001 

NBR Wang-Brown Liu VSE 0.001 

UNF Wang-Brown Liu VSE 0.001 

ESED Wang-Brown Modified Liu VSE 0.002 
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Notch Method Cycle Count Fatigue Criterion Damage 

NBR Wang-Brown Modified Liu VSE 0.002 

UNF Wang-Brown Modified Liu VSE 0.002 

ESED Bannantine-Socie Liu VSE 0.001 

NBR Bannantine-Socie Liu VSE 0.001 

UNF Bannantine-Socie Liu VSE 0.001 

 

Table A.3-4: Fatigue damage results for Pin B at 45° to the neutral axis and offset 21% from the 

centre of the fuse groove (ẑ = -0.21). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 
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Notch Method Cycle Count Fatigue Criterion Damage 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.3-5: Fatigue damage results for Pin B at 90° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.3-6: Fatigue damage results for Pin B at 90° to the neutral axis and offset 26% from the 

centre of the fuse groove (ẑ = 0.26). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.004 

NBR Wang-Brown KBM 0.004 

UNF Wang-Brown KBM 0.004 

ESED Wang-Brown Modified KBM 0.008 

NBR Wang-Brown Modified KBM 0.008 

UNF Wang-Brown Modified KBM 0.008 

ESED Bannantine-Socie KBM 0.005 

NBR Bannantine-Socie KBM 0.005 

UNF Bannantine-Socie KBM 0.005 

ESED Wang-Brown FS 0.001 

NBR Wang-Brown FS 0.001 

UNF Wang-Brown FS 0.001 

ESED Wang-Brown Modified FS 0.002 

NBR Wang-Brown Modified FS 0.002 

UNF Wang-Brown Modified FS 0.002 

ESED Bannantine-Socie FS 0.001 

NBR Bannantine-Socie FS 0.001 

UNF Bannantine-Socie FS 0.001 

ESED Wang-Brown SWT 0.015 

NBR Wang-Brown SWT 0.015 

UNF Wang-Brown SWT 0.015 

ESED Wang-Brown Modified SWT 0.028 

NBR Wang-Brown Modified SWT 0.028 

UNF Wang-Brown Modified SWT 0.028 

ESED Bannantine-Socie SWT 0.014 

NBR Bannantine-Socie SWT 0.014 

UNF Bannantine-Socie SWT 0.014 

ESED Wang-Brown Liu VSE 0.001 

NBR Wang-Brown Liu VSE 0.001 

UNF Wang-Brown Liu VSE 0.001 

ESED Wang-Brown Modified Liu VSE 0.002 

NBR Wang-Brown Modified Liu VSE 0.002 

UNF Wang-Brown Modified Liu VSE 0.002 

ESED Bannantine-Socie Liu VSE 0.001 

NBR Bannantine-Socie Liu VSE 0.001 

UNF Bannantine-Socie Liu VSE 0.001 
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Table A.3-7: Fatigue damage results for Pin B at 90° to the neutral axis and offset -23% from the 

centre of the fuse groove (ẑ = -0.23). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.3-8: Fatigue damage results for Pin B at -45° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.003 

NBR Wang-Brown KBM 0.003 

UNF Wang-Brown KBM 0.003 

ESED Wang-Brown Modified KBM 0.006 

NBR Wang-Brown Modified KBM 0.006 

UNF Wang-Brown Modified KBM 0.006 

ESED Bannantine-Socie KBM 0.003 

NBR Bannantine-Socie KBM 0.003 

UNF Bannantine-Socie KBM 0.003 

ESED Wang-Brown FS 0.002 

NBR Wang-Brown FS 0.002 

UNF Wang-Brown FS 0.002 

ESED Wang-Brown Modified FS 0.004 

NBR Wang-Brown Modified FS 0.004 

UNF Wang-Brown Modified FS 0.004 

ESED Bannantine-Socie FS 0.002 

NBR Bannantine-Socie FS 0.002 

UNF Bannantine-Socie FS 0.002 

ESED Wang-Brown SWT 0.003 

NBR Wang-Brown SWT 0.003 

UNF Wang-Brown SWT 0.003 

ESED Wang-Brown Modified SWT 0.005 

NBR Wang-Brown Modified SWT 0.005 

UNF Wang-Brown Modified SWT 0.005 

ESED Bannantine-Socie SWT 0.003 

NBR Bannantine-Socie SWT 0.003 

UNF Bannantine-Socie SWT 0.003 

ESED Wang-Brown Liu VSE 0.002 

NBR Wang-Brown Liu VSE 0.002 

UNF Wang-Brown Liu VSE 0.002 

ESED Wang-Brown Modified Liu VSE 0.004 

NBR Wang-Brown Modified Liu VSE 0.004 

UNF Wang-Brown Modified Liu VSE 0.004 

ESED Bannantine-Socie Liu VSE 0.002 

NBR Bannantine-Socie Liu VSE 0.002 

UNF Bannantine-Socie Liu VSE 0.002 
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Table A.3-9: Fatigue damage results for Pin B at -45° to the neutral axis and offset 35% from the 

centre of the fuse groove (ẑ = 0.35). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.002 

NBR Wang-Brown Liu VSE 0.002 

UNF Wang-Brown Liu VSE 0.002 

ESED Wang-Brown Modified Liu VSE 0.003 

NBR Wang-Brown Modified Liu VSE 0.003 

UNF Wang-Brown Modified Liu VSE 0.003 

ESED Bannantine-Socie Liu VSE 0.002 

NBR Bannantine-Socie Liu VSE 0.002 

UNF Bannantine-Socie Liu VSE 0.002 
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Table A.3-10: Fatigue damage results for Pin B at -45° to the neutral axis and offset 21% from 

the centre of the fuse groove (ẑ = -0.21). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 1.405 

NBR Wang-Brown KBM 1.496 

UNF Wang-Brown KBM 1.398 

ESED Wang-Brown Modified KBM 2.658 

NBR Wang-Brown Modified KBM 2.828 

UNF Wang-Brown Modified KBM 2.652 

ESED Bannantine-Socie KBM 1.316 

NBR Bannantine-Socie KBM 1.410 

UNF Bannantine-Socie KBM 1.338 

ESED Wang-Brown FS 0.236 

NBR Wang-Brown FS 0.245 

UNF Wang-Brown FS 0.237 

ESED Wang-Brown Modified FS 0.447 

NBR Wang-Brown Modified FS 0.462 

UNF Wang-Brown Modified FS 0.450 

ESED Bannantine-Socie FS 0.221 

NBR Bannantine-Socie FS 0.225 

UNF Bannantine-Socie FS 0.220 

ESED Wang-Brown SWT 3.205 

NBR Wang-Brown SWT 3.636 

UNF Wang-Brown SWT 3.246 

ESED Wang-Brown Modified SWT 6.058 

NBR Wang-Brown Modified SWT 6.896 

UNF Wang-Brown Modified SWT 6.166 

ESED Bannantine-Socie SWT 2.942 

NBR Bannantine-Socie SWT 3.295 

UNF Bannantine-Socie SWT 2.967 

ESED Wang-Brown Liu VSE 0.002 

NBR Wang-Brown Liu VSE 0.002 

UNF Wang-Brown Liu VSE 0.002 

ESED Wang-Brown Modified Liu VSE 0.003 

NBR Wang-Brown Modified Liu VSE 0.003 

UNF Wang-Brown Modified Liu VSE 0.003 

ESED Bannantine-Socie Liu VSE 0.002 

NBR Bannantine-Socie Liu VSE 0.002 

UNF Bannantine-Socie Liu VSE 0.002 
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Table A.3-11: Fatigue damage results for Pin B at -90° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.001 

NBR Wang-Brown KBM 0.001 

UNF Wang-Brown KBM 0.001 

ESED Wang-Brown Modified KBM 0.002 

NBR Wang-Brown Modified KBM 0.002 

UNF Wang-Brown Modified KBM 0.002 

ESED Bannantine-Socie KBM 0.001 

NBR Bannantine-Socie KBM 0.001 

UNF Bannantine-Socie KBM 0.001 

ESED Wang-Brown FS 0.001 

NBR Wang-Brown FS 0.001 

UNF Wang-Brown FS 0.001 

ESED Wang-Brown Modified FS 0.001 

NBR Wang-Brown Modified FS 0.001 

UNF Wang-Brown Modified FS 0.001 

ESED Bannantine-Socie FS 0.001 

NBR Bannantine-Socie FS 0.001 

UNF Bannantine-Socie FS 0.001 

ESED Wang-Brown SWT 0.002 

NBR Wang-Brown SWT 0.002 

UNF Wang-Brown SWT 0.002 

ESED Wang-Brown Modified SWT 0.004 

NBR Wang-Brown Modified SWT 0.004 

UNF Wang-Brown Modified SWT 0.004 

ESED Bannantine-Socie SWT 0.002 

NBR Bannantine-Socie SWT 0.002 

UNF Bannantine-Socie SWT 0.002 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.001 

NBR Wang-Brown Modified Liu VSE 0.001 

UNF Wang-Brown Modified Liu VSE 0.001 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.3-12: Fatigue damage results for Pin B at -90° to the neutral axis and offset 26% from 

the centre of the fuse groove (ẑ = 0.26). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.3-13: Fatigue damage results for Pin B at -90° to the neutral axis and offset -23% from 

the centre of the fuse groove (ẑ = -0.23). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 2.550 

NBR Wang-Brown KBM 2.749 

UNF Wang-Brown KBM 2.519 

ESED Wang-Brown Modified KBM 4.720 

NBR Wang-Brown Modified KBM 5.051 

UNF Wang-Brown Modified KBM 4.656 

ESED Bannantine-Socie KBM 2.509 

NBR Bannantine-Socie KBM 2.687 

UNF Bannantine-Socie KBM 2.472 

ESED Wang-Brown FS 0.597 

NBR Wang-Brown FS 0.624 

UNF Wang-Brown FS 0.599 

ESED Wang-Brown Modified FS 1.107 

NBR Wang-Brown Modified FS 1.144 

UNF Wang-Brown Modified FS 1.109 

ESED Bannantine-Socie FS 0.559 

NBR Bannantine-Socie FS 0.573 

UNF Bannantine-Socie FS 0.559 

ESED Wang-Brown SWT 8.633 

NBR Wang-Brown SWT 9.929 

UNF Wang-Brown SWT 8.745 

ESED Wang-Brown Modified SWT 15.984 

NBR Wang-Brown Modified SWT 18.344 

UNF Wang-Brown Modified SWT 16.189 

ESED Bannantine-Socie SWT 7.881 

NBR Bannantine-Socie SWT 8.995 

UNF Bannantine-Socie SWT 7.980 

ESED Wang-Brown Liu VSE 1.019 

NBR Wang-Brown Liu VSE 1.032 

UNF Wang-Brown Liu VSE 1.020 

ESED Wang-Brown Modified Liu VSE 1.895 

NBR Wang-Brown Modified Liu VSE 1.912 

UNF Wang-Brown Modified Liu VSE 1.897 

ESED Bannantine-Socie Liu VSE 0.946 

NBR Bannantine-Socie Liu VSE 0.952 

UNF Bannantine-Socie Liu VSE 0.947 
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A.4 Pin C FEA-Based Fatigue Damage Results 

Table A.4-1: Fatigue damage results for Pin C at the neutral axis and centre of the fuse groove (ẑ 

= 0).  Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.003 

NBR Wang-Brown KBM 0.003 

UNF Wang-Brown KBM 0.003 

ESED Wang-Brown Modified KBM 0.0058 

NBR Wang-Brown Modified KBM 0.0058 

UNF Wang-Brown Modified KBM 0.0058 

ESED Bannantine-Socie KBM 0.0624 

NBR Bannantine-Socie KBM 0.0624 

UNF Bannantine-Socie KBM 0.0624 

ESED Wang-Brown FS 0.0349 

NBR Wang-Brown FS 0.0349 

UNF Wang-Brown FS 0.0349 

ESED Wang-Brown Modified FS 0.0675 

NBR Wang-Brown Modified FS 0.0675 

UNF Wang-Brown Modified FS 0.0675 

ESED Bannantine-Socie FS 0.0853 

NBR Bannantine-Socie FS 0.0853 

UNF Bannantine-Socie FS 0.0853 

ESED Wang-Brown SWT 0 

NBR Wang-Brown SWT 0 

UNF Wang-Brown SWT 0 

ESED Wang-Brown Modified SWT 0 

NBR Wang-Brown Modified SWT 0 

UNF Wang-Brown Modified SWT 0 

ESED Bannantine-Socie SWT 0 

NBR Bannantine-Socie SWT 0 

UNF Bannantine-Socie SWT 0 

ESED Wang-Brown Liu VSE 0.115 

NBR Wang-Brown Liu VSE 0.115 

UNF Wang-Brown Liu VSE 0.115 

ESED Wang-Brown Modified Liu VSE 0.2221 

NBR Wang-Brown Modified Liu VSE 0.2221 

UNF Wang-Brown Modified Liu VSE 0.2221 

ESED Bannantine-Socie Liu VSE 0.1145 

NBR Bannantine-Socie Liu VSE 0.1145 

UNF Bannantine-Socie Liu VSE 0.1145 
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Table A.4-2: Fatigue damage results for Pin C at 45° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0 

NBR Wang-Brown KBM 0 

UNF Wang-Brown KBM 0 

ESED Wang-Brown Modified KBM 0 

NBR Wang-Brown Modified KBM 0 

UNF Wang-Brown Modified KBM 0 

ESED Bannantine-Socie KBM 0.0001 

NBR Bannantine-Socie KBM 0.0001 

UNF Bannantine-Socie KBM 0.0001 

ESED Wang-Brown FS 0 

NBR Wang-Brown FS 0 

UNF Wang-Brown FS 0 

ESED Wang-Brown Modified FS 0 

NBR Wang-Brown Modified FS 0 

UNF Wang-Brown Modified FS 0 

ESED Bannantine-Socie FS 0.0001 

NBR Bannantine-Socie FS 0.0001 

UNF Bannantine-Socie FS 0.0001 

ESED Wang-Brown SWT 0 

NBR Wang-Brown SWT 0 

UNF Wang-Brown SWT 0 

ESED Wang-Brown Modified SWT 0 

NBR Wang-Brown Modified SWT 0 

UNF Wang-Brown Modified SWT 0 

ESED Bannantine-Socie SWT 0 

NBR Bannantine-Socie SWT 0 

UNF Bannantine-Socie SWT 0 

ESED Wang-Brown Liu VSE 0 

NBR Wang-Brown Liu VSE 0 

UNF Wang-Brown Liu VSE 0 

ESED Wang-Brown Modified Liu VSE 0.0001 

NBR Wang-Brown Modified Liu VSE 0.0001 

UNF Wang-Brown Modified Liu VSE 0.0001 

ESED Bannantine-Socie Liu VSE 0 

NBR Bannantine-Socie Liu VSE 0 

UNF Bannantine-Socie Liu VSE 0 
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Table A.4-3: Fatigue damage results for Pin C at 45° to the neutral axis and offset 28% from the 

centre of the fuse groove (ẑ = 0.28). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0 

NBR Wang-Brown KBM 0 

UNF Wang-Brown KBM 0 

ESED Wang-Brown Modified KBM 0.0001 

NBR Wang-Brown Modified KBM 0.0001 

UNF Wang-Brown Modified KBM 0.0001 

ESED Bannantine-Socie KBM 0.0033 

NBR Bannantine-Socie KBM 0.0035 

UNF Bannantine-Socie KBM 0.0035 

ESED Wang-Brown FS 0.0001 

NBR Wang-Brown FS 0.0001 

UNF Wang-Brown FS 0.0001 

ESED Wang-Brown Modified FS 0.0002 

NBR Wang-Brown Modified FS 0.0002 

UNF Wang-Brown Modified FS 0.0002 

ESED Bannantine-Socie FS 0.0003 

NBR Bannantine-Socie FS 0.0003 

UNF Bannantine-Socie FS 0.0003 

ESED Wang-Brown SWT 0.0003 

NBR Wang-Brown SWT 0.0003 

UNF Wang-Brown SWT 0.0003 

ESED Wang-Brown Modified SWT 0.0005 

NBR Wang-Brown Modified SWT 0.0005 

UNF Wang-Brown Modified SWT 0.0005 

ESED Bannantine-Socie SWT 0.0003 

NBR Bannantine-Socie SWT 0.0003 

UNF Bannantine-Socie SWT 0.0003 

ESED Wang-Brown Liu VSE 0.0001 

NBR Wang-Brown Liu VSE 0.0001 

UNF Wang-Brown Liu VSE 0.0001 

ESED Wang-Brown Modified Liu VSE 0.0003 

NBR Wang-Brown Modified Liu VSE 0.0003 

UNF Wang-Brown Modified Liu VSE 0.0003 

ESED Bannantine-Socie Liu VSE 0.0001 

NBR Bannantine-Socie Liu VSE 0.0001 

UNF Bannantine-Socie Liu VSE 0.0001 
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Table A.4-4: Fatigue damage results for Pin C at 45° to the neutral axis and offset 28% from the 

centre of the fuse groove (ẑ = -0.28). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.0009 

NBR Wang-Brown KBM 0.0009 

UNF Wang-Brown KBM 0.0009 

ESED Wang-Brown Modified KBM 0.0017 

NBR Wang-Brown Modified KBM 0.0017 

UNF Wang-Brown Modified KBM 0.0017 

ESED Bannantine-Socie KBM 0.0009 

NBR Bannantine-Socie KBM 0.0009 

UNF Bannantine-Socie KBM 0.0009 

ESED Wang-Brown FS 0.001 

NBR Wang-Brown FS 0.001 

UNF Wang-Brown FS 0.001 

ESED Wang-Brown Modified FS 0.0019 

NBR Wang-Brown Modified FS 0.0019 

UNF Wang-Brown Modified FS 0.0019 

ESED Bannantine-Socie FS 0.0011 

NBR Bannantine-Socie FS 0.0011 

UNF Bannantine-Socie FS 0.0011 

ESED Wang-Brown SWT 0.0002 

NBR Wang-Brown SWT 0.0002 

UNF Wang-Brown SWT 0.0002 

ESED Wang-Brown Modified SWT 0.0004 

NBR Wang-Brown Modified SWT 0.0004 

UNF Wang-Brown Modified SWT 0.0004 

ESED Bannantine-Socie SWT 0.0002 

NBR Bannantine-Socie SWT 0.0002 

UNF Bannantine-Socie SWT 0.0002 

ESED Wang-Brown Liu VSE 0.0033 

NBR Wang-Brown Liu VSE 0.0033 

UNF Wang-Brown Liu VSE 0.0033 

ESED Wang-Brown Modified Liu VSE 0.0061 

NBR Wang-Brown Modified Liu VSE 0.0061 

UNF Wang-Brown Modified Liu VSE 0.0061 

ESED Bannantine-Socie Liu VSE 0.0033 

NBR Bannantine-Socie Liu VSE 0.0033 

UNF Bannantine-Socie Liu VSE 0.0033 
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Table A.4-5: Fatigue damage results for Pin C at 90° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0 

NBR Wang-Brown KBM 0 

UNF Wang-Brown KBM 0 

ESED Wang-Brown Modified KBM 0 

NBR Wang-Brown Modified KBM 0 

UNF Wang-Brown Modified KBM 0 

ESED Bannantine-Socie KBM 0 

NBR Bannantine-Socie KBM 0 

UNF Bannantine-Socie KBM 0 

ESED Wang-Brown FS 0 

NBR Wang-Brown FS 0 

UNF Wang-Brown FS 0 

ESED Wang-Brown Modified FS 0 

NBR Wang-Brown Modified FS 0 

UNF Wang-Brown Modified FS 0 

ESED Bannantine-Socie FS 0 

NBR Bannantine-Socie FS 0 

UNF Bannantine-Socie FS 0 

ESED Wang-Brown SWT 0 

NBR Wang-Brown SWT 0 

UNF Wang-Brown SWT 0 

ESED Wang-Brown Modified SWT 0 

NBR Wang-Brown Modified SWT 0 

UNF Wang-Brown Modified SWT 0 

ESED Bannantine-Socie SWT 0 

NBR Bannantine-Socie SWT 0 

UNF Bannantine-Socie SWT 0 

ESED Wang-Brown Liu VSE 0 

NBR Wang-Brown Liu VSE 0 

UNF Wang-Brown Liu VSE 0 

ESED Wang-Brown Modified Liu VSE 0 

NBR Wang-Brown Modified Liu VSE 0 

UNF Wang-Brown Modified Liu VSE 0 

ESED Bannantine-Socie Liu VSE 0 

NBR Bannantine-Socie Liu VSE 0 

UNF Bannantine-Socie Liu VSE 0 
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Table A.4-6: Fatigue damage results for Pin C at 90° to the neutral axis and offset 30% from the 

centre of the fuse groove (ẑ = 0.30). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.0001 

NBR Wang-Brown KBM 0.0001 

UNF Wang-Brown KBM 0.0001 

ESED Wang-Brown Modified KBM 0.0002 

NBR Wang-Brown Modified KBM 0.0002 

UNF Wang-Brown Modified KBM 0.0002 

ESED Bannantine-Socie KBM 0.0001 

NBR Bannantine-Socie KBM 0.0001 

UNF Bannantine-Socie KBM 0.0001 

ESED Wang-Brown FS 0 

NBR Wang-Brown FS 0 

UNF Wang-Brown FS 0 

ESED Wang-Brown Modified FS 0.0001 

NBR Wang-Brown Modified FS 0.0001 

UNF Wang-Brown Modified FS 0.0001 

ESED Bannantine-Socie FS 0 

NBR Bannantine-Socie FS 0 

UNF Bannantine-Socie FS 0 

ESED Wang-Brown SWT 0.0004 

NBR Wang-Brown SWT 0.0004 

UNF Wang-Brown SWT 0.0004 

ESED Wang-Brown Modified SWT 0.0007 

NBR Wang-Brown Modified SWT 0.0007 

UNF Wang-Brown Modified SWT 0.0007 

ESED Bannantine-Socie SWT 0.0004 

NBR Bannantine-Socie SWT 0.0004 

UNF Bannantine-Socie SWT 0.0004 

ESED Wang-Brown Liu VSE 0 

NBR Wang-Brown Liu VSE 0 

UNF Wang-Brown Liu VSE 0 

ESED Wang-Brown Modified Liu VSE 0 

NBR Wang-Brown Modified Liu VSE 0 

UNF Wang-Brown Modified Liu VSE 0 

ESED Bannantine-Socie Liu VSE 0 

NBR Bannantine-Socie Liu VSE 0 

UNF Bannantine-Socie Liu VSE 0 
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Table A.4-7: Fatigue damage results for Pin C at 90° to the neutral axis and offset -30% from the 

centre of the fuse groove (ẑ = -0.30). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0 

NBR Wang-Brown Liu VSE 0 

UNF Wang-Brown Liu VSE 0 

ESED Wang-Brown Modified Liu VSE 0.0001 

NBR Wang-Brown Modified Liu VSE 0.0001 

UNF Wang-Brown Modified Liu VSE 0.0001 

ESED Bannantine-Socie Liu VSE 0 

NBR Bannantine-Socie Liu VSE 0 

UNF Bannantine-Socie Liu VSE 0 
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Table A.4-8: Fatigue damage results for Pin C at -45° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.0001 

NBR Wang-Brown KBM 0.0001 

UNF Wang-Brown KBM 0.0001 

ESED Wang-Brown Modified KBM 0.0001 

NBR Wang-Brown Modified KBM 0.0001 

UNF Wang-Brown Modified KBM 0.0001 

ESED Bannantine-Socie KBM 0.0002 

NBR Bannantine-Socie KBM 0.0002 

UNF Bannantine-Socie KBM 0.0002 

ESED Wang-Brown FS 0 

NBR Wang-Brown FS 0 

UNF Wang-Brown FS 0 

ESED Wang-Brown Modified FS 0.0001 

NBR Wang-Brown Modified FS 0.0001 

UNF Wang-Brown Modified FS 0.0001 

ESED Bannantine-Socie FS 0.0001 

NBR Bannantine-Socie FS 0.0001 

UNF Bannantine-Socie FS 0.0001 

ESED Wang-Brown SWT 0 

NBR Wang-Brown SWT 0 

UNF Wang-Brown SWT 0 

ESED Wang-Brown Modified SWT 0 

NBR Wang-Brown Modified SWT 0 

UNF Wang-Brown Modified SWT 0 

ESED Bannantine-Socie SWT 0 

NBR Bannantine-Socie SWT 0 

UNF Bannantine-Socie SWT 0 

ESED Wang-Brown Liu VSE 0 

NBR Wang-Brown Liu VSE 0 

UNF Wang-Brown Liu VSE 0 

ESED Wang-Brown Modified Liu VSE 0.0001 

NBR Wang-Brown Modified Liu VSE 0.0001 

UNF Wang-Brown Modified Liu VSE 0.0001 

ESED Bannantine-Socie Liu VSE 0 

NBR Bannantine-Socie Liu VSE 0 

UNF Bannantine-Socie Liu VSE 0 
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Table A.4-9: Fatigue damage results for Pin C at -45° to the neutral axis and offset 28% from the 

centre of the fuse groove (ẑ = 0.28). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.003 

NBR Wang-Brown KBM 0.003 

UNF Wang-Brown KBM 0.003 

ESED Wang-Brown Modified KBM 0.005 

NBR Wang-Brown Modified KBM 0.005 

UNF Wang-Brown Modified KBM 0.005 

ESED Bannantine-Socie KBM 0.003 

NBR Bannantine-Socie KBM 0.003 

UNF Bannantine-Socie KBM 0.003 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.4-10: Fatigue damage results for Pin C at -45° to the neutral axis and offset -28% from 

the centre of the fuse groove (ẑ = -0.28). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.0001 

NBR Wang-Brown KBM 0.0001 

UNF Wang-Brown KBM 0.0001 

ESED Wang-Brown Modified KBM 0.0002 

NBR Wang-Brown Modified KBM 0.0002 

UNF Wang-Brown Modified KBM 0.0002 

ESED Bannantine-Socie KBM 0.0016 

NBR Bannantine-Socie KBM 0.0016 

UNF Bannantine-Socie KBM 0.0016 

ESED Wang-Brown FS 0.0007 

NBR Wang-Brown FS 0.0007 

UNF Wang-Brown FS 0.0007 

ESED Wang-Brown Modified FS 0.0013 

NBR Wang-Brown Modified FS 0.0013 

UNF Wang-Brown Modified FS 0.0013 

ESED Bannantine-Socie FS 0.0014 

NBR Bannantine-Socie FS 0.0014 

UNF Bannantine-Socie FS 0.0014 

ESED Wang-Brown SWT 0.0005 

NBR Wang-Brown SWT 0.0005 

UNF Wang-Brown SWT 0.0005 

ESED Wang-Brown Modified SWT 0.0009 

NBR Wang-Brown Modified SWT 0.0009 

UNF Wang-Brown Modified SWT 0.0009 

ESED Bannantine-Socie SWT 0.0005 

NBR Bannantine-Socie SWT 0.0005 

UNF Bannantine-Socie SWT 0.0005 

ESED Wang-Brown Liu VSE 0.0028 

NBR Wang-Brown Liu VSE 0.0028 

UNF Wang-Brown Liu VSE 0.0028 

ESED Wang-Brown Modified Liu VSE 0.0054 

NBR Wang-Brown Modified Liu VSE 0.0054 

UNF Wang-Brown Modified Liu VSE 0.0054 

ESED Bannantine-Socie Liu VSE 0.0029 

NBR Bannantine-Socie Liu VSE 0.0029 

UNF Bannantine-Socie Liu VSE 0.0029 
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Table A.4-11: Fatigue damage results for Pin C at -90° to the neutral axis and at the centre of the 

fuse groove (ẑ = 0). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.4-12: Fatigue damage results for Pin C at -90° to the neutral axis and offset 30% from 

the centre of the fuse groove (ẑ = 0.30). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.001 

NBR Wang-Brown Liu VSE 0.001 

UNF Wang-Brown Liu VSE 0.001 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Table A.4-13: Fatigue damage results for Pin C at -90° to the neutral axis and offset -30% from 

the centre of the fuse groove (ẑ = -0.30). Input stresses determined from elastic FEA data. 

Notch Method Cycle Count Fatigue Criterion Damage 

ESED Wang-Brown KBM 0.000 

NBR Wang-Brown KBM 0.000 

UNF Wang-Brown KBM 0.000 

ESED Wang-Brown Modified KBM 0.000 

NBR Wang-Brown Modified KBM 0.000 

UNF Wang-Brown Modified KBM 0.000 

ESED Bannantine-Socie KBM 0.000 

NBR Bannantine-Socie KBM 0.000 

UNF Bannantine-Socie KBM 0.000 

ESED Wang-Brown FS 0.000 

NBR Wang-Brown FS 0.000 

UNF Wang-Brown FS 0.000 

ESED Wang-Brown Modified FS 0.000 

NBR Wang-Brown Modified FS 0.000 

UNF Wang-Brown Modified FS 0.000 

ESED Bannantine-Socie FS 0.000 

NBR Bannantine-Socie FS 0.000 

UNF Bannantine-Socie FS 0.000 

ESED Wang-Brown SWT 0.000 

NBR Wang-Brown SWT 0.000 

UNF Wang-Brown SWT 0.000 

ESED Wang-Brown Modified SWT 0.000 

NBR Wang-Brown Modified SWT 0.000 

UNF Wang-Brown Modified SWT 0.000 

ESED Bannantine-Socie SWT 0.000 

NBR Bannantine-Socie SWT 0.000 

UNF Bannantine-Socie SWT 0.000 

ESED Wang-Brown Liu VSE 0.000 

NBR Wang-Brown Liu VSE 0.000 

UNF Wang-Brown Liu VSE 0.000 

ESED Wang-Brown Modified Liu VSE 0.000 

NBR Wang-Brown Modified Liu VSE 0.000 

UNF Wang-Brown Modified Liu VSE 0.000 

ESED Bannantine-Socie Liu VSE 0.000 

NBR Bannantine-Socie Liu VSE 0.000 

UNF Bannantine-Socie Liu VSE 0.000 
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Appendix B   

This appendix provides details regarding the basic operation of Multiaxial Fatigue version 

1.0, the multiaxial fatigue analysis program written for this thesis. 

B.1 Input Files 

Three input files are required to perform an analysis in Multiaxial Fatigue: 

1. The load spectrum file (.csv) that provides the order in which the load cases occur; 

2. The stress file (.prn) that provides the stress components for each load case; and 

3. The material data file (.xlsx) that provides the material properties and elastic-plastic 

stress-strain curve. 

The load spectrum file is organized by sequences that contain a certain number of load 

cases, shown in Figure B.1-1.  Sequences are used to make it easier to define repeated 

patterns of load cases.  In the program, the load spectrum input file is read in first so that 

the program knows what load cases to look for when building the stress history file. 

The stress input file shown in Figure B.1-2 is organized in a list format with six stress 

components for each load case. The stresses in this file should be the theoretical elastic 

stresses used for the notch analysis. 

The material data input file is an Excel spreadsheet which contains two sheets to organize 

the material data.  As shown in  

Figure B.1-3, the first sheet contains basic elastic and fatigue properties and the second 

sheet is a table of the elastic-plastic stress-strain curve.   
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Figure B.1-1: Load spectrum input file format for Multiaxial Fatigue v. 1.0. 

 

Figure B.1-2: Stress input file format for Multiaxial Fatigue v. 1.0. 

* Spectrum file (QVLT) 

1 

 

Seq,Rpts,Total Cases,Load Cases 

1, 1, 8444, 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,… 

Sequence 

# 

Repetitions of 

the sequence 

Total # of 

load cases 

Load Case IDs 

Total # of 

sequences in file 

Heade

r 

8444 

*Pin A, 45 DEG, Z = 0 mm, Reduced History 

 

Load No.           sigma_11      sigma_22      sigma_33      sigma_12      sigma_13      sigma_23 

             1           0.0          -7.0          -1.3           0.0           0.0          -6.1 

             2           0.0           0.0           0.0           0.0           0.0           0.0 

             3           0.0        -282.7         548.9           0.0           0.0         298.1 

             4           0.0           0.0           0.0           0.0           0.0           0.0 

             5           0.0          -8.5          -1.6           0.0           0.0          -7.4 

             6           0.0           0.0           0.0           0.0           0.0           0.0 

             7           0.0        -225.6         438.0           0.0           0.0         237.9 

             8           0.0           0.0           0.0           0.0           0.0           0.0 

             9           0.0        -256.9         -46.8           0.0           0.0        -223.8 

            10           0.0          -5.9          -1.1           0.0           0.0          -5.1 

Load Case ID 
Normal stress 

components 

Shear stress components 

Number of load cases in file 

Header text 
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Figure B.1-3: Material data input file format for Multiaxial Fatigue v. 1.0. 

  

Sheet: main Sheet: sscurve 
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B.2 Preferences 

Preference settings are available for the user to change the default settings for the three 

input files and the output directory for future use.  This is shown in Figure B.2-1. 

 

Figure B.2-1: Preferences settings. 
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B.3 Analysis Settings 

The main window is divided into three main sections as shown in Figure B.3-1: (a) the 

analysis settings section, (b) the execution section, and (c) the progress status section.  The 

analysis settings section is further divided into 6 tabs that allow the user to make selections 

in different aspects of the fatigue analysis.  In the Input tab shown in Figure B.3-1, the 

spectrum, stresses, and material data files can be selected.  The file can either be selected 

using the Browse buttons or the address of the file can be pasted into the text box.  In the 

execution section the output directory can be selected, the user can choose to run a single 

analysis or run a batch of jobs, the user can choose to filter the cycles that are printed and 

the user can request for a Word output.  At the end of an analysis, the highest cumulative 

damage is shown in the execution section. 

 

Figure B.3-1: Input file settings. 

(a) 

(b) 

(c) 
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The Analysis tab shown in Figure B.3-2 provides the user with options for select the type 

of notch correction method and for specifying the maximum stress increment.  The 2D 

Analysis Settings allows the user to control which component of stress will be treated as 

the out-of-plane stress, which is zeroed throughout the entire fatigue analysis.  All analyses 

performed in Multiaxial Fatigue version 1.0 are plane stress analyses. 

The Output tab shown in Figure B.3-3 provides checkboxes for the user to select stress and 

strain components that they want to have printed in the output files.  Figure B.3-4 shows 

the Fatigue settings tab, which provides options for the user to select the cycle counting 

procedure and the fatigue damage criterion.  If the Bannantine-Socie cycle counting 

procedure is selected, the user is also required to input the critical angles to be analyzed 

and the reference strain angle to be used for the rainflow cycle count.   Under the Fatigue 

Controls group box, the user can also set the number of blocks and scatter factor to be 

applied to the final damage calculation. 

If the user wishes to perform a batch analysis, the “Add to Batch” button can be used to 

add a job to the batch queue with the current selected settings.  Once added, the job will 

appear in the Batch tab shown in Figure B.3-5.   With multiple jobs to the queue the user 

can also save the list of jobs to a local directory for later use.  To perform a batch analysis, 

the “Batch Run” toggle directly below the “Calculate” button must be selected.   
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Figure B.3-2: Analysis type settings. 
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Figure B.3-3: Output request settings. 
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Figure B.3-4: Fatigue settings. 

 



 

209 

 

 

Figure B.3-5: Batch analysis settings. 

B.4 Future Improvements 

The program is in its first iteration and has many areas of improvement.  Currently a major 

area of improvement is the generation of the Word output file. For very large analyses, the 

generation of the Word output file exceeds the duration of the analysis by hours.  Methods 

for more efficient generation of formatted reports can be investigated.   In addition to this, 

there can be more safeguards designed into the program to catch more analytical errors in 

the analysis and generate more detailed error reports for the user. 

 


