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Abstract

Parametric modeling and yield optimization techniques play important roles in

electromagnetic (EM)-based microwave component design. In the first part of this

thesis, we propose a novel training approach for parametric modeling of microwave

passive components with respect to changes in geometrical parameters using ma-

trix Padé via Lanczos (MPVL) and EM sensitivities. In the proposed approach,

the EM responses of passive components versus frequency are represented by pole-

zero-gain transfer functions. The relationships between the poles/zeros/gain in the

transfer function and geometrical variables are learnt by neural networks. A novel

sensitivity-analysis-based pole/zero-matching algorithm is proposed to obtain the

correct correspondences between the poles/zeros at different geometrical parameter

values. Using the matched poles/zeros to train the neural networks allows us to

have fast and reliable predictions for the poles/zeros subject to large geometrical

variations, consequently increasing the accuracy of the overall model.

In the second part of this thesis, we propose a novel surrogate-assisted yield-

driven EM optimization approach combining parallel space-mapping (SM), trust

region algorithm, and polynomial chaos expansion (PCE). In this approach, a novel

trust region algorithm is proposed to increase the robustness of the SM surrogate

in each iteration during yield optimization. Moreover, for the first time, parallel

computation method is incorporated into SM-based yield-driven design to accelerate

the overall yield optimization process of microwave structures. The use of parallel

computation allows the surrogate developed in the proposed technique to be valid

in a larger neighborhood than that in standard SM, consequently increasing the
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speed of finding the optimal yield solution in SM-based yield-driven design. Lastly,

the PCE approach is incorporated into the proposed technique to further speed up

yield verification on the fine model. The proposed technique can achieve a higher

yield increase with shorter CPU time by reducing the number of SM iterations.

As a further advancement, in the third part of this thesis, we propose a novel

non-surrogate-based approach to yield-driven EM optimization based on PCE. We

first formulate a novel objective function for yield-driven EM optimization. By

incorporating the PCE coefficients into the formulation, the objective function is

analytically related to the nominal point. We then derive the sensitivity formulas of

the PCE coefficients with respect to the nominal point, following which we derive the

sensitivities of the objective function. These sensitivities are then used in gradient-

based optimization algorithms to find the optimal yield solution iteratively. Using

the proposed objective function, the number of EM simulations required to find

the update direction and suitable step size for the change of the nominal point is

reduced at each iteration of optimization. This allows the proposed technique to

achieve similar yield increase using much fewer EM simulations or greater yield

increase using similar number of EM simulations. All the proposed approaches are

illustrated by microwave examples.

KEY WORDS: Artificial neural networks, electromagnetic (EM) parametric

modeling, polynomial chaos expansion (PCE), space mapping (SM), yield optimiza-

tion.
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Chapter 1

Introduction

1.1 Introduction and Motivation

Microwave passive components, such as microwave filters and antennas, are widely

used in today’s smart phones, laptops, and many other electronic devices. To reach

the optimal design of a microwave passive component, three-dimensional electro-

magnetic (EM) simulations are typically needed to simulate the EM behavior of the

component, and an optimization process has to be performed to obtain the opti-

mal set of physical dimensions. EM design optimization require parametric studies

where the given EM structure has to be analyzed at different geometrical parameter

values. This process is computationally expensive as repetitive EM simulations with

different geometrical parameter values have to be performed. Parametric modeling

techniques hold a great potential to accelerate this process. Typically, parametric

models are developed to represent the EM behavior of microwave components sub-

ject to geometrical variations. Once developed, the models can provide fast and

accurate prediction of the EM behavior of microwave passive components, and can
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be further utilized in high-level microwave circuit and system designs [1]-[4].

Artificial neural networks (ANNs) are recognized vehicles in EM parametric

modeling and design optimization [1], [3]-[10]. Through a suitable training process,

ANNs can represent the relationship between the EM responses and geometrical

parameters. To improve the accuracy and reliability of ANN parametric modeling,

knowledge-based neural network models have been developed. The knowledge-based

approaches combine neural networks with prior knowledge such as equivalent circuits

[11]-[13] and analytical expressions [14], [15]. These knowledge are used to help

improve the capability of learning and generalization of the overall models as well

as to accelerate the model development process [16].

Another advanced EM parametric modeling approach, i.e., the neuro-transfer

function (neuro-TF) modeling approach, has been reported in [17]-[21]. This ap-

proach can be used even if accurate equivalent circuit models are not available. With

this method, the EM behavior of microwave passive components versus frequency

can be expressed by transfer functions in a certain form. Since the coefficients (or

poles/residues) in the transfer functions change as geometrical parameters change,

neural networks are typically trained to learn the relationship between the coeffi-

cients (or poles/residues) in the transfer functions and geometrical parameters. The

coefficients (or poles/residues) in transfer functions corresponding to a given set of

EM responses, are obtained by the vector fitting technique [22].

Recently, another alternative transfer function based parametric modeling method

that does not rely on the use of the vector fitting technique has been presented in [23]

and [24]. The transfer functions used in this alternative method are derived from
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an application of the model-order reduction (MOR) technique. The poles/residues

in the transfer function are obtained directly from full-wave EM simulations instead

of through a vector fitting process. Thanks to the MOR technique, the order of

transfer function between different geometrical parameter values can be consistent.

Therefore, one can use a constant order for the transfer function at different geomet-

rical parameter values to avoid the order-changing problem in traditional neuro-TF

modeling methods.

This group of methods addressed a common problem, i.e., the problem of mis-

match of poles. To estimate the poles for a new change of geometrical parameters,

interpolations are needed based on existing samples of poles. These samples are

computed (or recomputed) by the MOR technique each time we change the geo-

metrical parameters. However, the indices of the poles after the recomputation may

not have clear correspondences with those before the recomputation. This may

lead to wrong predictions of the poles for a new change of geometrical parameters.

An intuitive distance-based algorithm has been presented in [23] to address this

problem. As a further extension, an extrapolation based continuation method has

been presented in [24] to deal with the combinatorial explosion issue and improve

the solution quality while matching the poles. These two methods both perform

well in applications with small/medium geometrical variations. However, how to

address the issue of mismatch of poles to achieve accurate parametric models for

more challenging applications involving large geometrical variations still remains an

open subject in the literature.

Furthermore, uncertainties introduced in the manufacturing process pose in-
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herent randomness on physical dimensions and material properties of microwave

components. Under this consideration, performing yield-driven EM optimization is

an essential step in manufacturability-driven designs of microwave passive compo-

nents [25], [26]. Many techniques have been developed for yield-driven EM yield

optimization in the last two decades. One group of methods are the space-mapping

(SM) based methods such as those in [27]-[30]. Another group of methods are the

feature-based methods such as those in [31] and [32].

All the aforementioned SM-based methods do not use parallel computation,

which holds a great potential to speed up EM design optimization. Parallel com-

putation is an efficient technique to speed up EM optimization by accelerating EM

data generation [33] and surrogate model training [34]. Recently, a parallel SM ap-

proach has been presented in [35], where the parallel computation mechanism has

been combined with SM, to facilitate EM-based nominal optimization. It has been

shown that with parallel computation, the SM surrogate can be trained to be valid

in a relatively larger neighborhood and the optimal nominal design can be obtained

in shorter time and fewer SM iterations [35].

At each iteration of yield optimization, the prediction of yield values (also re-

ferred to as yield estimation) is typically involved. Recently, approaches based on

polynomial chaos expansion (PCE) [36] have emerged as favorable alternatives for

yield estimation and statistical analysis in the microwave area, such as [37]-[47].

It has been demonstrated that the PCE approach shows significant computational

advantages over the traditional Monte Carlo analysis and can be regarded as a

powerful tool in yield estimation and statistical analysis of microwave structures.
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Compared to yield estimation, yield optimization has additional challenges. Unlike

yield estimation where one fixed nominal point (usually regarded as the mean val-

ues of statistical parameters) is considered, in yield optimization the nominal point

is a variable which is updated iteratively, resulting in many nominal points to be

considered. At each iteration of yield optimization, yield estimation needs to be

performed w.r.t. one nominal point, and the update direction and suitable step size

for the change of the nominal point need to be determined. These tasks have to be

done repetitively from iteration to iteration during optimization, requiring a large

number of EM simulations if we directly apply the conventional Monte Carlo-based

or geometrical yield optimization approaches. Considering the computational ad-

vantages that PCE offers in yield estimation, it is of great interest to explore the use

of PCE for yield optimization. However, how to exploit the parallel computation

method and PCE to facilitate EM-based yield optimization of microwave structures

still remains an open subject in the literature.

1.2 List of Contributions

The main objective of this thesis is to investigate and develop advanced parametric

modeling and yield optimization approaches for microwave passive components.

Toward this objective, the following significant contributions are made in this thesis:

• A novel training approach is proposed for developing parametric models of

microwave passive components with respect to changes in geometrical pa-

rameters using Padé via Lanczos and EM Sensitivities. The EM responses

(e.g., S -parameters) of passive components versus frequency are represented
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by pole-zero-gain transfer functions. Neural networks are trained to learn the

relationship between the poles/zeros/gain in the transfer function and geomet-

rical parameters. To address the issue of mismatch of pole/zeros when large

geometrical variations are considered, we propose a novel sensitivity-analysis-

based pole/zero-matching algorithm to obtain the correct correspondences

between the pole/zeros at different geometrical parameter values. Using the

matched poles/zeros to train the neural networks allows us to have fast and

reliable predictions for the poles/zeros subject to large geometrical variations,

consequently increasing the accuracy and robustness of the overall model.

Once developed, the model can provide fast and accurate prediction of the

EM behavior of microwave components with geometrical parameters as vari-

ables, and can be further utilized in high-level microwave circuit and system

designs.

• We propose a surrogate-assisted approach that combines parallel SM, trust re-

gion algorithm and PCE to solve the problem of yield-driven EM optimization.

A novel trust region algorithm specifically for EM-based yield-driven design is

proposed to increase the robustness of the SM surrogate. For the first time, we

incorporate the parallel computation method to SM-based yield optimization

of microwave structures. The use of parallel computation allows the surrogate

in SM to be trained in a larger neighborhood in the design parameter space

than that in the standard SM, consequently increasing the speed of finding

the optimal yield solution in yield-driven design. The PCE approach is used

in the verification of the fine model yield to further accelerate the proposed
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yield optimization technique.

• A PCE-based non-surrogate approach is proposed to solve the problem of

yield-driven EM optimization when equivalent circuit coarse models are not

available. For the first time, we elevate the use of PCE approach from EM-

based yield estimation to EM-based yield optimization. We formulate a novel

objective function for yield-driven EM optimization incorporating PCE coeffi-

cients. In this way, the objective function is analytically related to the nominal

point. The proposed objective function requires fewer EM simulations to pro-

vide reliable yield representation than that in the conventional Monte Carlo

based yield optimization approach. As a result, the number of EM simulations

required to find the update direction and proper step size for the change of

the nominal point is reduced at each iteration of optimization. This allows

the proposed approach to achieve similar yield increase using much fewer EM

simulations or greater yield increase using similar number of EM simulations.

• We derive the sensitivity formulas of the PCE coefficients w.r.t. the nominal

point. The sensitivities of the objective function w.r.t. the nominal point are

derived based on the sensitivity formulas of the PCE coefficients. These sen-

sitivities are then used in gradient-based optimization algorithms to find the

optimal yield solution iteratively. To the best of our knowledge, the proposed

PCE-based non-surrogate approach is the first work that provides systematic

formulation and sensitivity formulas of EM-based yield optimization, and does

not require the availability of a coarse model.
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1.3 Thesis Organization

The rest of the thesis is organized as follows: Chapter 2 presents a literature re-

view of popularly used parametric modeling and yield optimization techniques for

microwave passive components. First, an overview of ANN-based EM parametric

modeling methods and recently reported neuro-transfer function parametric mod-

eling methods are provided. Then, some existing yield-driven EM optimization

approaches, including the SM-based methods and the feature-based methods are

reviewed. Finally, the PCE-based approaches to statistical analysis and yield esti-

mation of microwave circuits are discussed.

Chapter 3 presents a novel training approach for developing parametric models

of microwave passive components with respect to changes in geometrical parameters.

The proposed approach addresses the condition that no coarse model is available,

and obtain better model accuracy in challenging applications involving large geo-

metrical variations. Three application examples are presented to demonstrate this

proposed approach.

Chapter 4 presents a novel parallel SM based yield-driven EM optimization tech-

nique incorporating trust region algorithm and PCE. By incorporating the parallel

computation method and PCE, the proposed technique can greatly accelerate the

overall SM-based yield optimization process by reducing the number of SM itera-

tions. This proposed technique is illustrated by two microwave examples.

Chapter 5 presents a novel PCE-based approach that addresses the yield-driven

EM optimization problem when equivalent circuit models are not available. By
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formulating a new objective function incorporating the PCE coefficients, the pro-

posed approach can achieve similar yield increase using much fewer EM simulations

or greater yield increase using similar number of EM simulations. This proposed

approach is demonstrated by three microwave examples.

Finally, Chapter 6 presents the conclusions and possible future research direc-

tions.
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Chapter 2

Literature Review

Electromagnetic design optimization can be computationally expensive since it usu-

ally requires repetitive EM simulations where the given EM structure has to be an-

alyzed at different geometrical parameter values. Parametric modeling techniques

hold a great potential to accelerate EM design optimization. Typically, paramet-

ric models are developed to represent the EM behavior of microwave components

subject to geometrical variations. Once developed, the models can provide fast and

accurate prediction of the EM behavior of microwave passive components, and can

be further utilized in high-level microwave circuit and system designs.

2.1 ANN-Based Parametric Modeling Methods

Artificial neural networks have been recognized as powerful tools in EM parametric

modeling and design optimization [1], [3]-[10]. Through a suitable training process,

ANNs can represent the relationship between the EM responses and geometrical

parameters. Once trained, the ANN models can provide fast and accurate prediction

of the EM behavior of passive components, and can be further utilized in subsequent
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high-level microwave circuit designs.

The past three decades have witnessed the use of ANNs in parametric modeling

of a large variety of microwave applications, including microstrip filters [13], [51],

antennas [52], vias [53], power amplifiers [5], high-speed interconnects [54], [55], high

electron mobility transistor (HEMT) devices [8], transmission line components [56],

[57], coplanar waveguide (CPW) components [58], waveguide filters [9], [34], [59],

embedded passives [60], [61], voltage-controlled oscillators [7], mixers [62], bends

[63], and spiral conductors [64] etc.

Recent research efforts of ANN-based EM parametric modeling techniques have

focused on automated model generation (AMG) methods [13], [51], [65], hybrid

training methods incorporating parallel processing [34], and multiphysics paramet-

ric modeling [66], [67]. In [51], an advanced algorithm for AMG using neural net-

works has been presented, where interpolation techniques are incorporated to avoid

redundant training in AMG, accelerating the overall model generation process. As

an extension of the work in [51], an enhanced AMG algorithm has been presented in

[13] to automate the development process of knowledge-based neural network models

for microwave applications. As a further advance, in [65], the parallel computation

method has been incorporated into the AMG algorithm to achieve an additional

speedup for neural modeling of microwave devices. In [34], a global neural network

training method that combines hybrid training algorithm with parallel processing

has been provided, where multiple neural network trainings are distributed to dif-

ferent processors and local search is performed in parallel to increase the probability

and speed of finding a global optimum. More recently, ANNs have been introduced
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to multiphysics parametric modeling of microwave components. In [66], neural net-

works have been applied to multiphysics parametric modeling of microwave filters.

In [67], the space mapping (SM) concept has been elevated from pure EM parametric

modeling to multiphysics parametric modeling. The coarse model in SM is repre-

sented by ANNs trained from the data generated by EM single-physics simulation,

while the fine model corresponds to EM-centric multiphysics simulation.

On the other hand, different microwave applications have motivated the research

community to investigate and develop ANN-based parametric modeling techniques

based on a great variety of ANN structures, such as multilayer perception (MLP)

neural networks [68], dynamic neural networks (DNNs) [69], [70], radial basis func-

tion (RBF) neural networks [71], [72], recurrent neural networks (RNNs) [73], [74],

[75], time-delay neural networks (TDNNs) [76], state-space dynamic neural networks

(SSDNNs) [77], [78], and the recently introduced deep neural networks [79].

To enhance the reliability and accuracy of ANN parametric modeling for mi-

crowave components, the knowledge-based neural network (KBNN) models have

been developed. The knowledge-based approaches combine neural networks with

prior knowledge such as equivalent circuits [11]-[13] and analytical expressions [14],

[15]. These knowledge are used to help improve the capability of learning and gen-

eralization of the overall models as well as to accelerate the model development

process [16].
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2.2 Neuro-Transfer Function Parametric Model-

ing Methods

Recently, another advanced EM parametric modeling approach, i.e., the neuro-

transfer function (neuro-TF) modeling approach, has been reported [17]-[21]. This

approach can be used even if accurate equivalent circuit models are not available.

With this method, the EM behavior of passive components versus frequency can

be expressed by transfer functions in a certain form. Since the coefficients (or

pole/residues) in the transfer functions change as geometrical parameters change,

neural networks are trained to learn the relationship between the coefficients (or

pole/residues) in the transfer functions and geometrical parameters. In the following

sections, we review several seminal research works focused on the development of

neuro-TF parametric modeling methods.

2.2.1 Parametric Modeling of Microwave Components Us-
ing Combined Neural Network and Rational Transfer
Function

In [17], a rational transfer function based training method for developing paramet-

ric neuro-TF models of microwave passive components has been presented. The

problem of discontinuity of coefficients in transfer functions, resulting from varied

orders of transfer functions at different regions of geometrical parameter space, is

also addressed. Figure 2.1 illustrates the structure of the neuro-TF model presented

in [17]. As shown in the figure, the model consists of neural network and rational

transfer functions. The inputs to the model are geometrical variables and frequency,
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Figure 2.1: Structure of the rational function based neuro-TF model [17].

while the outputs of the model are EM responses (e.g., S -parameters) of microwave

components. Let x represent the vector of geometrical variables. Let y represent

the output vector of the model. Let d represent the desired outputs of the model.

The development of a neuro-TF model consists of two stages. In the first stage,

the relationship between the coefficients of the transfer function and geometrical

parameters x are learnt by neural networks through a suitable training process.

In the second stage, the overall model is further refined by adjusting the neural

network weights such that the differences between y and d are minimized.
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2.2.2 Parametric Modeling of Microwave Components Us-
ing Combined Neural Network and Pole-Residue-Based
Transfer Function

To address the challenge of high sensitivities of the coefficients in the rational trans-

fer functions for high-order problems, the transfer function has been expressed in

the pole-residue form in [20]. The order of the transfer function may change as

geometrical parameters change. To solve this order-changing problem, the authors

of [20] presented a pole-tracking technique where new groups of poles/residues are

added to retain the consistency of the order of transfer function between different

geometrical parameter values.

Figure 2.2 illustrates the structure of the pole-residue-based neuro-TF model

[20]. The model consists of neural networks and pole-residue-based transfer func-

tions. The model inputs contains a set of geometrical variables and frequency, while

the model outputs are EM responses (e.g., S -parameters) of the microwave com-

ponent. The development of the neuro-TF model mainly consists of three parts,

i.e., a novel pole-residue tracking technique to solve the order-changing problem,

preliminary training of neural networks, and pole-residue-based neuro-TF model re-

finement. In the first stage, several poles are chosen to be split into two overlapping

poles, and then new groups of poles/residues are added to retain the consistency

of the order of transfer function between different geometrical parameter values. In

the second stage, the relationship between the poles/residues in the transfer func-

tion and geometrical parameters are learnt by neural networks by a proper training

process. In the last stage, the overall model is further refined by performing a
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Figure 2.2: Structure of the pole-residue-based neuro-TF model, from [20]. x rep-
resents the vector of geometrical variables. y represents the output vector of the
model. d represents the desired outputs of the model.

refinement training process.

2.2.3 Parametric Modeling of Microwave Components Us-
ing Adjoint Neural Networks and Pole-Residue Trans-
fer Functions with EM Sensitivity Analysis

As a further extension of [20], another sensitivity-analysis-based neuro-TF model

has been proposed in [21], where EM sensitivity information has been exploited to

achieve a faster model development process. The structure of the sensitivity-based

neuro-TF model is shown in Fig. 2.3. The model consists of the original neuro-TF

model and the adjoint neuro-TF model. The same inputs (i.e., geometrical variables

and frequency) are shared between the original model and the adjoint model. The

outputs of the adjoint model contain the derivatives of y (i.e., the original model
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Figure 2.3: Structure of the sensitivity-analysis-based neuro-TF model [20]. x rep-
resents the vector of geometrical variables, y represents the output vector of the
transfer function, and dy/dx denotes the derivatives of y with respect to x.

outputs) with respect to geometrical variables x. Let dy/dx denote the outputs

of the adjoint model. Then, the outputs of the overall model contain both y and

dy/dx.

The input-output EM behavior and the EM sensitivity information are gener-

ated from EM simulation simultaneously. Then, they are used to train the para-

metric model. The use of sensitivity information allows one to reduce the amount

of training data to achieve desired model accuracy, accelerating the overall model

development process. In addition, the sensitivity information also helps to solve the

order-changing problem when the step sizes between geometrical parameter values

are large.
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2.2.4 Transfer Function Based Parametric Modeling Method
Incorporating the Model Order Reduction Technique

For all the aforementioned neuro-TF modeling methods, the initial training data

of neural networks, i.e., the coefficients (or poles/residues) in transfer functions

corresponding to a given set of EM responses, are obtained by the vector fitting

technique [22]. Recently, another alternative transfer function based parametric

modeling method that does not rely on the use of the vector fitting technique has

been reported in [23] and [24]. The transfer functions used in this alternative method

are derived from an application of the model-order reduction (MOR) technique.

The poles/residues in the transfer function are obtained directly from full-wave

EM simulations instead of through a vector fitting process. Thanks to the model

order reduction (MOR) technique, the order of transfer function between different

geometrical parameter values can be consistent. Therefore, one can use a constant

order for the transfer function at different geometrical parameter values to avoid

the order-changing problem in traditional neuro-TF modeling methods. The reason

is that, unlike traditional neuro-TF modeling methods, the changes of the less-

dominant poles are not random with respect to geometrical parameters for a fixed-

order transfer function.

Uncertainties, introduced by the manufacturing process, pose inherent random-

ness on both geometrical dimensions and material properties of microwave compo-

nents. Under this consideration, performing yield-driven optimization becomes an

essential step in manufacturability-driven designs in a time-to-market development

environment [25], [26]. The two decades after 1970 have witnessed the development
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of various yield optimization approaches, such as Monte Carlo-based approaches

[25], [26], [80]-[82] and geometrical approaches [83]-[85]. These methods are devel-

oped mostly for circuit-based yield-driven design. Since the 1990s, electromagnetic

(EM) simulations have been increasingly used in microwave design [35], [86]-[89].

However, compared with circuit-based yield-driven design, EM-based yield opti-

mization is much more challenging. Simply replacing circuit simulations by EM

simulations in conventional yield optimization approaches is not suitable because

the requirement of a large number of EM simulations in yield optimization is com-

putationally prohibitive. To alleviate the aforementioned difficulty, space mapping

optimization method has been introduced to the yield-driven design of microwave

structures. Space mapping employs computationally fast coarse models to reduce

the evaluation cost of the computationally expensive EM fine models. The number

of EM simulations required in yield optimization is expected to be reduced as all

the EM simulations are attributed to calibrating the coarse model at each space

mapping iteration. In the following section, we present a review of some initiative

space mapping based methods for EM-based yield-driven design.

2.3 Space Mapping-Based Yield-Driven EM Op-

timization Methods

2.3.1 Yield-Driven EM Optimization Using SM-Based Neu-
ralmodels

In [27], space mapping neuromodels have been used in an efficient EM-based yield

optimization procedure. In this technique, an equivalent circuit model is taken as

19



the coarse model, while full-wave EM simulation is taken as the fine model. The

mapping function between the inputs (i.e., geometrical parameters) to the coarse

model and the inputs to the fine model is implemented by a neural network, whose

internal weights are to be optimized so that the the responses of the coarse model

are close to those of the fine model. Once the training process is finished, the

input-mapped coarse model provides fast and accurate predictions of the statistical

properties for the EM responses, and can be utilized in subsequent yield estimation

and optimization of microwave circuits. Nevertheless, this method does not update

the surrogate during yield optimization. Instead, they require the surrogate to be

initially constructed to be valid in a large neighborhood in the design parameter

space. This means that, in the surrogate model development phase, a large number

of EM simulations have to be performed, which is computationally expensive. The

overall flow chart of the yield optimization procedure using SM-based neuralmodels

is illustrated in Fig. 2.4.

2.3.2 The Ellipsoidal Technique for Yield-Driven EM Opti-
mization Using Space Mapping Surrogates

In [28], space mapping has been combined with a modified ellipsoidal technique

and then applied to yield optimization of microwave circuits. In this work, the SM

surrogate is constructed by adding a linear mapping function to both inputs and

outputs of the coarse model. The mapping parameters are updated in each SM

iteration through a parameter extraction (PE) process. Both the EM responses at

the nominal points in preceding iterations and the EM sensitivities at the nominal
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Start

Test the initial yield using the 
neuromodel

Optimize the yield using the 
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Obtain the optimal yield 
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Test the final yield using the 
neuromodel

Figure 2.4: An illustration of the yield optimization procedure using SM-based
neuralmodels.

point in current iteration are used to in the PE process enhance the accuracy of

the surrogate model. Then, with the updated surrogate, a modified ellipsoidal

technique is applied to find the optimal yield solution in each iteration. The SM

surrogate provides a good approximation to the actual feasible region in the design

parameter space with significantly reduced number of EM simulations, accelerating
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Figure 2.5: A summary of the yield optimization framework using the SM-based
ellipsoidal technique.

the overall EM-based yield optimization process. The overall flow chart of the yield

optimization procedure for this SM-based ellipsoidal technique is shown in Fig. 2.5.

2.3.3 Yield-Driven EM Optimization Using Tuning Space
Mapping Surrogates

In [29], a tuning space-mapping surrogate based yield estimation and optimiza-

tion technique has been presented. The responses of the surrogate are corrected to

achieve enhanced yield estimation accuracy, facilitating the overall yield optimiza-

tion process. Fig. 2.6 shows the flow chart of the overall yield optimization process.
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Figure 2.6: An illustration of the yield optimization procedure using tuning SM
surrogates.
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2.3.4 Yield-Driven EM Optimization Via a Non-Derivative
Trust Region Approach and Space Mapping Surro-
gates

In [30], a non-derivative trust region approach (i.e., the new unconstrained opti-

mization algorithm, NEWUOA) has been been combined with SM for optimizing

the yield of microwave circuits. The generalized SM surrogate is initially constructed

with an input and output linear space mapping, and then reconstructed during yield

optimization by parameter extraction. Jacobian matrices of the EM responses are

evaluated and used in the parameter extraction optimization process to enhance the

accuracy of surrogate models. Moreover, to achieve an additional speedup for the

yield estimation process, the Latin Hypercube Sampling (LHS) [90] is employed to

generate the EM samples. An illustration of the overall yield optimization process

using this technique is shown in Fig. 2.7.

2.4 Feature-Based Yield-Driven EM Optimization

Methods

All the aforementioned space mapping-based approaches require the availability

of an equivalent circuit coarse model. In many practical cases, equivalent circuit

coarse models are not always available [91]. More recently, feature-based methods

have been studied and applied to yield estimation and optimization of microwave

structures [31], [32], [92]. In [31] and [92], a yield estimation technique exploiting

feature-based statistical analysis has been presented. Yield optimization is then

performed by optimizing the feature-based model using a pattern search algorithm.
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Figure 2.7: An illustration of the overall yield optimization process using the
NEWUOA algorithm and SM surrogates.

In [32], a correction method for feature parameters has been described to allow

yield estimation of microwave filters. Yield optimization is then formulated as a

constrained optimization problem and solved accordingly. In this technique, a new

set of feature parameters called specification frequencies s are defined. Feature

frequency parameters f and ripple height parameters t are also obtained. After

generating the EM data at the nominal point as well as a number of geometrical

samples using star distribution. The mappings from “x-space” to the spaces of

the feature frequency parameters f and specification frequencies s are constructed.
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With these mappings, the feature parameters can be predicted with respect to

each change of design parameters. The mapping between t and f is determined

in a similar way. Finally, the yield is estimated by checking whether the predicted

feature parameters violate the specifications or not for all the random outcomes of x.

Yield optimization is then done by solving a constrained optimization problem. The

overall yield optimization procedure is illustrated in Fig. 2.8, where n represents

the dimension of statistical variables.

2.5 Polynomial Chaos Expansion Based Approach

to Statistical Analysis and Yield Estimation

of Microwave Circuits

At each iteration of yield optimization, the prediction of yield values (also referred

to as yield estimation) is typically involved. Recently, approaches based on poly-

nomial chaos expansion (PCE) [36] have emerged as favorable alternatives for yield

estimation and statistical analysis in the microwave area, such as [37]-[47]. In [37],

for example, PCE has been used to expand the time-domain electric and magnetic

field into orthogonal polynomial chaos basis functions of uncertain mesh parame-

ters. In [38], a decoupled PCE and its applications to statistical analysis and yield

estimation of high-speed interconnects have been reported. In [39], a non-intrusive

formulation of the PCE approach has been applied to quantify the uncertainties in

deterministic models of the indoor radio channel. It has been demonstrated that

the PCE approach shows significant computational advantages over the traditional

Monte Carlo analysis and can be regarded as a powerful tool in statistical analysis
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Figure 2.8: An illustration of the overall yield optimization process using the feature-
based method presented in [32].

and yield estimation of microwave structures. Next, we present the formulation of

the PCE approach and illustrate the idea of performing statistical analysis and yield

estimation using PCE.
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2.5.1 Formulation of Polynomial Chaos Expansion Approach

A key component of PCE-based statistical analysis is performing a transformation of

parameters from the original random parameters x to independent standard random

parameters ξ then applying the stochastic expansion in the transformed space [93].

The transformation can be denoted as ξ = T (x0,x). Let Rj(ξ) be the EM response

at the frequency of interest that corresponds to the j-th design specification sample.

In PCE, the functional form between Rj(ξ) and ξ is approximated by the sum of

weighted orthogonal basis polynomials in terms of the standard random parameters

ξ as follows [36]

Rj(ξ) =
P∑
i=0

aijΦi(ξ), (2.1)

where Φi(·) is the generalized polynomial chaos basis function. The optimal bases to

construct the multi-variate basis depend on the continuous probability distribution

types of the design parameters. aij is the weighting coefficient for the i-th basis

function of the j-th EM response. P + 1 is the number of terms in (2.1), given by

P + 1 = (n+D)!
n!·D!

, where n is the dimension of x, and D is the highest polynomial

order in the expansion.

Depending on how the PCE coefficients are evaluated, PCE-based approaches

can be classified into intrusive and non-intrusive approaches. The non-intrusive

PCE approach evaluates the PCE coefficients aij using the orthogonality condition

of the polynomial chaos basis functions Φi(ξ). Specifically, the PCE coefficients aij

are found by

aij =

∫
Ωn Rj(ξ)Φi(ξ)ρ(ξ)dξ∫

Ωn Φ2
i (ξ)ρ(ξ)dξ

, (2.2)
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where Ωn is the n-dimensional space of all possible values of ξ. ρ(ξ) is the joint

probability density function of the standard random parameters ξ. The multi-

dimensional integration in (2.2) can be evaluated using numerical quadrature, e.g.,∫
Ωn

Rj(ξ)Φi(ξ)ρ(ξ)dξ ≈
M∑
l=1

Rj(ξ
(l))Φi(ξ

(l))w(l), (2.3)

∫
Ωn

Φ2
i (ξ)ρ(ξ)dξ ≈

M∑
l=1

Φ2
i (ξ

(l))w(l), (2.4)

where ξ(l) and w(l) are the integration quadrature points (also called “nodes”) and

weights in the “ξ-space”, respectively. M is the total number of integration quadra-

ture points. Rj(ξ
(l)) is the EM response evaluated at the l-th sampling point in the

original random space. To reduce the computational costs for multi-dimensional

numerical integration, sparse grid techniques are typically applied [94].

2.5.2 Performing Statistical Analysis and Yield Estimation
Using PCE Approach

One valuable feature of the PCE approach is that, once the coefficients aij are

computed, the statistical properties of the stochastic quantity Rj(ξ), e.g., mean µj

and variance σ2
j can be obtained analytically through these coefficients in a simple

closed form [39]

µj = E(Rj) = a0j, (2.5)

σ2
j = E[(Rj − µj)2] =

P∑
i=1

a2
ij(

M∑
l=1

Φ2
i (ξ

(l))w(l)). (2.6)

To perform yield estimation of a given EM structure, a number of PCE models have

to be constructed at all the frequencies of interest according to (2.1)-(2.4). More
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specifically, a single PCE model has to be constructed for each frequency point under

consideration. In other words, the total number of PCE models is equal to the total

number of frequency points in the whole frequency range of interest. Then, a Monte

Carlo analysis needs to be performed on the PCE models taking into consideration

all the design specifications [95].

2.6 Conclusion

In this chapter, we have provided a literature review of popularly used parametric

modeling and yield-driven optimization methods of microwave passive components.

We first present an overview of the ANN-based parametric modeling method in the

past years. Both the knowledge-based neural network models and the neuro-TF

modeling methods have been reviewed. Then, a number of existing yield-driven

EM optimization methods have been briefly illustrated. We start with a group of

SM-based methods, namely, the neural SM based method, the tuning SM-based

method, the method combining SM with the ellipsoidal technique, and the method

combining SM with a non-derivative trust region approach. Then, we review two

recent feature-based yield-driven EM optimization methods. Lastly, a review of the

PCE approaches to statistical analysis and yield estimation of microwave circuits

has been provided. In the next chapter, a novel training approach for paramet-

ric modeling of microwave passive components using Padé via Lanczos and EM

sensitivities is proposed.
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Chapter 3

Parametric Modeling of
Microwave Passive Components
Using PVL and EM Sensitivities

3.1 Introduction

In this chapter, we propose a novel training approach for parametric modeling of

microwave passive components that can address large geometrical variations. In the

proposed approach, the EM responses (e.g., S -parameters) of passive components

versus frequency are represented by pole-zero-gain transfer functions derived from an

application of the finite element method and the matrix Padé via Lanczos algorithm.

To address the issue of mismatch of poles/zeros when the geometrical variations are

large, we propose a novel sensitivity-analysis-based pole/zero-matching algorithm

to obtain the correct correspondences between the poles/zeros at one geometrical

parameter value and the poles/zeros at the other geometrical parameter value. The

proposed algorithm exploits the EM sensitivity information, which provides useful

knowledge for the direction of movement of the poles/zeros, to predict the new
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positions of the poles/zeros for each change of geometrical parameters in the multi-

dimensional parameter space. The predicted new positions are then used to guide

the matching process of poles/zeros between different geometrical parameter val-

ues. The use of the EM sensitivities allows the proposed algorithm to obtain more

reliable pole/zero-matching solutions than existing methods when the geometrical

variations are large. Using the matched poles/zeros to train the neural networks

allows us to have fast and reliable predictions for the poles/zeros subject to large

geometrical variations, consequently increasing the accuracy and robustness of the

overall model. Compared with the existing methods, the proposed approach can

obtain better accuracy in challenging applications involving large geometrical vari-

ations. Once developed, the model can provide fast and accurate prediction of the

EM behavior of microwave components with geometrical parameters as variables,

and can be further utilized in high-level microwave circuit and system designs.

3.2 Proposed Training Approach for Parametric

Modeling of Microwave Passive Components

The structure of the proposed neuro-TF model is shown in Fig. 3.1. The model

consists of two main components, i.e., neural networks and transfer functions in the

complex propagation space. The outputs of the model are the EM responses (e.g.,

S -parameters) of the microwave component, while the inputs contain geometrical

variables of the EM structure and frequency. Let x and y be the vector of geomet-

rical variables and the output vector of the proposed neuro-TF model, respectively.

Let d be the desired output vector of the model. Let w denote the neural network
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Figure 3.1: Structure of the proposed neuro-TF model. x represents the geometrical
variables. y represents the outputs (e.g., S -parameters) of the transfer function in
the complex propagation space. d represents the outputs of EM simulations.

weights. The purpose of training the model is to minimize the differences between y

and d at different values of x by adjusting w using a certain optimization algorithm.

Assume that the finite element method (FEM) is applied to solve the EM wave

propagation problems in the frequency domain [96], and that the MPVL algorithm

is applied to the FEM system for fast frequency sweep [97]. The MPVL algorithm

uses an iterative process to reduce the original system matrix in FEM to a q × q

tridiagonal matrix T , where q is the order of the reduced-order models (ROMs) [97].

The outcomes from MPVL also include a q × 1 matrix ρ and a q × Nin matrix η,

where Nin is the number of unknowns on the input port. Note that T , ρ, and η are

all in general complex-valued matrices, and their elements all change as geometrical

parameters change.

Let H(ω) represent the frequency response (e.g., S11) of microwave passive com-
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ponents, where ω is the angular frequency. Let γ(ω) = jβ(ω), where β(ω) is the

propagation constant. Given T , ρ, and η, the transfer function H(ω) can be written

in the following pole-zero-gain form [97] (see Appendix for detailed information):

H(ω) = γ(ω)K

∏q−1
i=1 (γ(ω)− γ0 − zi)∏q
i=1(γ(ω)− γ0 − pi)

+ c, (3.1)

where pi represents the poles, zi the zeros, K the gain of the transfer function,

and c a constant. q is the order of the ROMs and is also the number of poles in

the transfer function. γ0 = γ(ω0) and ω0 is the expansion point in frequency. To

obtain the poles, zeros, and gain in H(ω), the FEM, the MPVL algorithm, and an

eigendecomposition process have to be executed, as given by Appendix. Note that

the poles and zeros defined in (3.1) are not in the well-known “s-space” (s = jω).

We refer to the poles/zeros in (3.1) as the poles/zeros in the complex propagation

space, or the “γ-space” in this chapter.

As geometrical parameters change, the poles and zeros, as well as the gain change

accordingly. Further, as geometrical parameters change to a new value, the FEM,

the MPVL algorithm, and the eigendecomposition process have to be re-executed

to obtain a new set of poles, zeros and gain. However, two issues arise as one

recomputes the new set of poles, zeros, and gain. Firstly, the time-consuming

nature of the FEM makes the evaluation of the poles/zeros/gain computationally

expensive, and repetitive changes of the geometrical parameter values necessitate

massive evaluations of the poles/zeros/gain. To make these evaluations fast and

accurate, we propose to use neural networks to learn the relationship between the

poles/zeros/gain and geometrical parameters by a proper training process. Sec-
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ondly, as the poles/zeros are recomputed by MPVL and eigendecomposition each

time we change the geometrical parameters, the indices of the poles/zeros after the

recomputation may not have clear correspondences with those before the recompu-

tation. In other words, without sorting, the sequence of the unsorted poles/zeros at

one geometrical parameter value may not correspond with that at the other geomet-

rical parameter value. Consequently, the poles/zeros at one geometrical value do

not match with those at the other geometrical value. This may lead to wrong pre-

dictions of the poles/zeros for a new change of geometrical parameters. We call this

issue the issue of mismatch of poles/zeros in this chapter. In the following sections,

we describe this issue in more detail and propose a novel sensitivity-analysis-based

algorithm to solve it.

3.2.1 The Issue of Mismatch of Poles and Zeros

We first use a simple fictitious example with two real-valued poles (p1 and p2)

and one geometrical variable (L) to illustrate the issue of mismatch of poles. As

L changes, the values of p1 and p2 have to be recomputed. Table 3.1 shows the

original unsorted poles, where the indices of the poles at one geometrical parameter

value do not correctly correspond to those at the other geometrical parameter value.

A discontinuity is observed for both poles as the geometrical variable changes. If

we use these original unsorted poles to interpolate the values of the poles at new

geometrical parameter values, the interpolation results may be totally wrong. For

example, using the information in Table 3.1, the interpolation results at a new

value of L (12.05 mm) are p1 = 14.195 and p2 = 14.2. In reality, both of these
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Table 3.1: The Original Unsorted Poles Versus Changing Values of the Geometrical
Parameter L - An Illustrative Example

L (mm) p1 p2

12.02 3.68 24.61

12.04 3.72 24.64

12.06 24.67 3.76

12.08 24.70 3.80

12.10 24.73 3.84

Table 3.2: The Poles of Table 3.1 After Being Sorted Correctly

L (mm) p1 p2

12.02 3.68 24.61

12.04 3.72 24.64

12.06 3.76 24.67

12.08 3.80 24.70

12.10 3.84 24.73

two poles from interpolation are wrong. Table 3.2 shows the poles after we sort

the original poles in Table 3.1 correctly. If we use these sorted poles to interpolate

the values of p1 and p2 at L = 12.05 (mm), the correct solutions p1 = 3.74 and

p2 = 24.655 can be obtained. This example shows that it is necessary to sort the

poles at each geometrical parameter value into the correct sequence in order to have

correct interpolation results for the poles at new geometrical parameter values.

A simple solution to this issue is to sort the poles/zeros according to their mag-

nitudes at each geometrical parameter value, as shown in Table 3.2. Such sorting is

usually available in many numerical computing tools such as MATLAB. However,
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sorting the poles simply according to their magnitudes cannot solve the issue of

mismatch of poles completely. To illustrate, Fig. 3.2 shows another example where

the poles are obtained from a fifth-order waveguide bandpass filter. The two poles

are recomputed as the geometrical variable L changes to any new values in the range

of 14.01 (mm) to 14.95 (mm), where L is the distance from one pair of irises to the

waveguide wall. The original unsorted poles in Fig. 3.2(a) are directly obtained

from eigendecomposition in a typical numerical computing tool (i.e., MATLAB).

Using the unsorted poles in Fig. 3.2(a), interpolation results for the poles at new

geometrical parameter values may be wrong. Consequently, the overall model devel-

oped using these original poles will be inaccurate and non-robust. Fig. 3.2(b) shows

the poles after sorting the original ones according to their magnitudes. It is seen

that the issue of mismatch of poles still exists after the sorting. This demonstrates

that simply sorting the poles according to their magnitudes cannot solve the issue

completely.

Fig. 3.2(c) shows the correct sorting results of the two poles. In comparison

with those in Fig. 3.2(a) and Fig. 3.2(b), the changes of the poles in Fig. 3.2(c)

are more continuous and smooth. Therefore, to allow reliable interpolations for

the poles/zeros, the original poles/zeros need to be sorted/matched correctly before

being used as training data for the neural networks in the proposed model. Specifi-

cally, the basic problem we are considering can be stated as follows: Given two sets

of poles corresponding to two different geometrical parameter values, we need to

determine which pole in one set corresponds to a given pole in the other set. We

refer to the process to determine such correspondences as the pole-matching process
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Figure 3.2: Illustration of the mismatch issue of poles w.r.t. one geometrical variable
using a fifth-order waveguide bandpass filter example: (a) The original unsorted
poles obtained directly from the eigendecomposition processes; (b) The poles sorted
according to their magnitudes; (c) Correct sorting results of the two poles. In both
(a) and (b), the dashed circles indicate the areas where the issue of mismatch of
poles occurs.
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in this chapter.

In practice, the original poles/zeros obtained from eigendecomposition are usu-

ally unsorted. Therefore, the indices for the poles/zeros at a geometrical parameter

value may not be consistent with those at another geometrical parameter value.

The two examples above show relatively easy cases where two poles are mismatched

as one geometrical parameter changes. In many practical cases, as multiple geo-

metrical parameters change, the poles/zeros move in a multi-dimensional space and

multiple poles/zeros are simultaneously mismatched. Therefore, the mismatch pat-

tern of the poles/zeros is much more complex and the correct solution of matching

the poles/zeros turns out to be neither simple nor obvious.

Some research activities have been carried out to approach this problem recently,

i.e., the distance-based pole-matching method presented in [23] and the continua-

tion method presented in [24]. Both methods perform well for applications with

small/medium geometrical variations. In this work, we focus on more challenging

applications involving large geometrical variations. Accurate parametric models

valid in a large region in the geometrical parameter space are useful for accelerating

nominal and yield-driven design of microwave passive components. In the following

section, we propose a novel sensitivity-analysis-based pole/zero-matching algorithm

to address the issue of mismatch of poles/zeros. The proposed algorithm exploits

the EM sensitivities of poles/zeros at a geometrical parameter value to predict the

new positions of the poles/zeros at another geometrical parameter value in multi-

dimensional parameter spaces. Then, it matches the poles/zeros such that the dif-

ferences between the predicted poles/zeros and the original ones are minimal. The
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use of the EM sensitivities allows the proposed algorithm to obtain more reliable

pole/zero-matching solutions than existing methods when the geometrical varia-

tions are large. This advantage ultimately makes the overall model developed using

the proposed approach more accurate and robust than those developed by existing

methods, especially for challenging applications with large geometrical variations.

3.2.2 Sensitivity-Analysis-Based Pole/Zero-Matching Algo-
rithm

Let x be a vector containing all the geometrical parameters of the microwave struc-

ture, i.e., x = [x1, x2, . . . , xm]T , where m is the dimension of x. The proposed

training approach for developing a neuro-TF model begins with the generation of

training data (for both the neural networks and the overall model) by performing

full-wave EM simulations at a set of geometrical parameter values. To do this, we

change the value of x multiple times to obtain a set of samples of x (also called a

set of geometrical parameter values in this chapter). Let N represent the number of

changes in geometrical parameter values. Let X be the set containing all the geomet-

rical parameter values in the training data, i.e., X = {x(0),x(1), . . . ,x(N)}. x(0) is

the initial geometrical parameter value before any change, while x(1),x(2), . . . ,x(N)

are samples of x after x is changed following a certain sampling method. In gen-

eral, x(n) is the nth sample of x, where n = 0, 1, . . . , N . Let Tr represent the

index set of the training samples at different geometrical parameter values, i.e.,

Tr = {0, 1, . . . , N}. The total number of geometrical parameter values (samples) in

X is N + 1.
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Let p ∈ Cq×1 and z ∈ C(q−1)×1 be two vectors containing all the poles and

zeros in H(ω) at a given geometrical parameter value, respectively. Then, we have

p = [p1 p2 . . . pq]
T and z = [z1 z2 . . . zq−1]T , where q and q − 1 represent the

number of poles and the number of zeros in H(ω), respectively. For each geometrical

parameter value x(n), n ∈ Tr, we apply the FEM to solve the EM propagation

problem [96], reduce the order of the system resulting from FEM using the MPVL

algorithm [97], and execute an eigendecomposition process (refer to Appendix for

more details) to obtain the following three sets of data: {x(n), p(n)}, {x(n), z(n)},

and {x(n), K(n)}. K(n) is the gain evaluated at x(n). p(n) and z(n) are two vectors

containing the poles and the zeros evaluated at x(n), respectively, i.e.,

p(n) = [p
(n)
1 p

(n)
2 . . . p(n)

q ]T , (3.2)

z(n) = [z
(n)
1 z

(n)
2 . . . z

(n)
q−1]T . (3.3)

Assuming that sensitivity analysis is available from full-wave EM simulations,

then we can obtain the matrices of EM sensitivities of poles and zeros w.r.t. geomet-

rical variables at all the geometrical parameter values in X. For the nth geometrical

parameter value x(n), we apply the FEM and the MPVL algorithm to solve the EM

wave propagation problem in the frequency domain, and perform EM sensitivity

analysis to obtain the following two Jacobian matrices:

J (n)
p = [

∂p1

∂x(n)

∂p2

∂x(n)
· · · ∂pq

∂x(n)
]T , (3.4)

J (n)
z = [

∂z1

∂x(n)

∂z2

∂x(n)
· · · ∂zq−1

∂x(n)
]T , (3.5)
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where J
(n)
p ∈ Cm×q, J

(n)
z ∈ Cm×(q−1), ∂pr

∂x(n) = ∂pr
∂x
|x=x(n) (r = 1, . . . , q), and ∂zr

∂x(n) =

∂zr
∂x
|x=x(n) (r = 1, . . . , q − 1). J

(n)
p and J

(n)
z contain the EM sensitivities of poles

and the EM sensitivities of zeros w.r.t. geometrical variables at x(n), respectively.

The sensitivities in J
(n)
p and J

(n)
z are both evaluated at x(n). These sensitivity

information are to be utilized in the subsequent pole/zero-matching process.

3.2.2.1 Matching the Poles Between Two Neighboring Geometrical Pa-

rameter Values

Suppose that two neighboring geometrical parameter values are chosen from X

for the purpose of pole-matching. Let x(k) and x(l) (k ∈ Tr, l ∈ Tr) denote these

two values. As geometrical parameters change from x(k) to x(l), all the poles at

x(k) move to new positions. To match the poles at x(l) with those at x(k), we first

exploit the sensitivity information of the poles w.r.t. geometrical variables at x(k)

to predict the new positions of the poles at x(l). Then, We compare the predicted

pattern of the q poles with the original unsorted pattern of the q poles at x(l). The

purpose is to sort (and re-sort) the original pattern until the sorted pattern matches

the predicted pattern. In other words, the q poles at x(l) are matched with those

at x(k) such that the overall differences between the actual and the predicted new

positions of the poles at x(l) are minimal. Let p̄(l) represent the predicted new

positions of the poles at x(l). By taking advantage of the EM sensitivities of the

poles at x(k), p̄(l) is obtained as follows:

p̄(l) = p(k) + J (k)
p ∆x, (3.6)
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where ∆x = x(l)−x(k), which denotes the change of geometrical parameters between

x(l) and x(k). J
(k)
p represents the EM sensitivities of the poles at x(k). Note that

in Eqn. (3.6), a linear function is utilized to represent the relationship between

the change of the poles and that of the geometrical parameters for two neighboring

geometrical samples. However, in general, when geometrical parameters change

inside the entire region covered by all the samples in the design parameter space,

the change of the poles is typically a nonlinear function of the change of geometrical

parameters.

Ideally, one should consider all the possibilities of matching the poles between

x(k) and x(l) (i.e., all the sorting possibilities of sorting the poles at x(l)), and find the

optimal pole-matching solution by comparing all of them. One possible candidate

as a pole-matching solution is actually a permutation of the indices of the q poles at

x(l). By permutating the indices of the poles, the optimal correspondence between

the two sets of poles (one set at x(k) and the other set at x(l)) can be obtained.

Since the total number of permutations of q indices is q!, the total number of possible

candidates as the pole-matching solution is q! as well. Thus, the search space for

the optimal pole-matching solution would become extremely large if all the possible

candidates are considered (e.g., when q = 12, q! = 479001600). To avoid the high

computational complexity, we propose an efficient and effective method to seek sub-

optimal pole-matching solutions. With this method, the computational complexity

of the proposed pole-matching algorithm can be reduced from O(q!) to O(q2).

Let D ∈ Rq×q be a matrix containing the distances between the actual and the

predicted new positions of the poles at x(l). The elements in D are obtained as
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follows:

Dij = ‖p̄(l)
i − p

(l)
j ‖, (3.7)

where i, j = 1, 2, . . . , q. p̄
(l)
i represents the predicted new position for the ith pole

at x(l), while p
(l)
j represents the actual new position for the jth pole at x(l).

Given the matrix D, the poles between x(k) and x(l) are matched in q rounds.

Let r be a counter, where r = 1, 2, . . . , q. In the rth round, we find the index of the

minimum element in D, i.e.,

(ir, jr) = arg min
i∈{1,...,q},i/∈Ωr

1
j∈{1,...,q},j /∈Ωr

2

{Dij}, (3.8)

where ir and jr denote the row index and column index of the minimum element in

D, respectively. Ωr
1 is a set containing all the row indices of the minimum elements

found in the rounds prior to round r, while Ωr
2 is a set containing all the column

indices of the minimum elements found in the rounds prior to round r. Ωr
1 and

Ωr
2 are both initialized as an empty set in the first round (r = 1) and updated in

subsequent rounds as follows:

Ωr+1
1 = Ωr

1 ∪ {ir}, (3.9)

Ωr+1
2 = Ωr

2 ∪ {jr}, (3.10)

where r = 1, . . . , q−1. A small value of Dij implies that the predicted new position

of the ith pole is close to the actual new position of the jth pole. Hence, the ith

pole is very likely to move to the actual new position of the jth pole at x(l). By

using this idea, we match the irth pole at x(k) with the jrth pole at x(l) in round r.
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The above procedure terminates after q rounds when all the poles of x(l) have

a one-to-one match with those of x(k). Let Φ be a set containing the final pole-

matching solution. Specifically,

Φ = {(ir, jr)|r = 1, 2, . . . , q}, (3.11)

where the rth element in Φ, i.e., (ir, jr), implies that the irth pole at x(k) is matched

with the jrth pole at x(l).

Lastly, we sort the poles at x(l) such that the original jrth pole is sorted into the

new rth pole, where r = 1, . . . , q. For example, if q = 3 and Φ = {(1, 3), (2, 1), (3, 2)},

then the poles after the sorting are p(l) = [p
(l)
3 p

(l)
1 p

(l)
2 ]T . By performing such sort-

ing, each pole at x(l) will have a correct match with that at x(k). The flow chart of

matching the poles between two neighboring geometrical parameter values is shown

in Fig. 3.3.

3.2.2.2 Enumerating All the Geometrical Parameter Values for Pole-

Matching

The pole-matching algorithm described above is to match the poles between any

two neighboring geometrical parameter values. i.e., between x(k) and x(l). In reality,

many geometrical parameter values (samples) exist. Two concerns have to be dealt

with while matching the poles at all the geometrical samples in X. Firstly, the

matching of the poles at all the geometrical samples should follow a common set of

reference indices of the poles. Secondly, to avoid massive number of EM simulations

especially in applications involving high-dimensional geometrical parameter spaces,
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Figure 3.3: Flow chart of the proposed sensitivity-analysis-based pole-matching
algorithm to match the poles between two neighboring geometrical parameter values,
i.e., between x(k) and x(l).

the geometrical parameter values in X are not necessarily grid samples. For non-grid

sampling methods, the samples are scattered in different directions in the multi-

dimensional parameter space. In such a case, it may not be possible to have a

sequence of geometrical parameter values where consecutive samples are always
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within each other’s neighborhood. In other words, two consecutive geometrical

samples in X may sometimes be far apart in the geometrical parameter space.

Consequently, the data of poles at such consecutive geometrical samples may not

have enough information for reliable pole-matching between them.

To solve this problem, we develop a new algorithm to enumerate all the geo-

metrical samples in X into a sequence of pairs, while ensuring that each pair of

geometrical samples chosen for pole-matching are always within each other’s neigh-

borhood. The enumerating algorithm also guarantees that the poles at all the

geometrical samples are matched following a common set of reference indices.

We first define two sets Γ and Υ, with Γ ∪ Υ = X. The set Γ stores the

geometrical parameter values at which the poles are already matched, while the set

Υ stores the geometrical parameter values at which the poles are not matched yet.

Initially, all the poles at all the geometrical parameter values in X are not matched,

thus Γ = ∅ and Υ = X. To start the overall pole-matching process, we place x(0)

into Γ, and remove x(0) from Υ as follows:

Γ = {x(0)}, (3.12)

Υ = X \ {x(0)}, (3.13)

where the symbol \ is used to denote the difference between two sets. Note that

by using (3.12) and (3.13), the indices of the poles at x(0) are designated as the

common reference indices to be followed by the poles at all the other geometrical

parameter values in X. In other words, the indices of the poles at x(0) are chosen

as the reference indices according to which the poles at all the other geometrical
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parameter values should be sorted. For notational convenience, let u and v denote

two samples of x, one from Γ and the other from Υ, respectively. Let S be a set

containing all the pairs of u and v as follows:

S = {(u,v) | ∀u ∈ Γ,∀v ∈ Υ, ‖u− v‖ ≤ δ}, (3.14)

where δ is the threshold for a neighborhood. According to (3.14), the u and v for

each pair in S are within each other’s neighborhood. Once S is obtained, we sort

all the pairs in S in ascending order according to the distance between the two

members (i.e., the distance between u and v) in each pair. Whenever a new pair

is added to S, we compare the distance between u and v in the new pair with the

distances in all the existing pairs in S. Then, we insert the new pair into S at a

suitable location according to ascending value of the distances. In this way, the first

pair in S always has the shortest distance between its two members among all the

pairs in S.

Next, the first pair of u and v in S will be chosen as the x(k) and x(l) to be used

in the pole-matching process, i.e.,

(x(k),x(l)) = (u1,v1), (3.15)

where (u1,v1) represents the first pair in S. Given the chosen x(k) and x(l), the

poles between them are matched using the sensitivity-analysis-based pole-matching

algorithm as described in (3.6)-(3.11). Once the matching process for these two sets
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of poles has been finished, we update S by removing the pair (u1,v1) as follows:

S = S \ {(u1,v1)}. (3.16)

After that, we mark the poles at x(l) as already matched and then update Γ and Υ

as follows:

Γ = Γ ∪ {x(l)}, (3.17)

Υ = Υ \ {x(l)}. (3.18)

Lastly, we add several new pairs into S as follows:

S = S ∪ {(x(l),v) | ∀v ∈ Υ, ‖x(l) − v‖ ≤ δ}, (3.19)

Note that the new pairs are inserted into S at suitable locations so that the first

pair still has the shortest distance between its two members among all the pairs

in S. This concludes one iteration. Next, we go back to (3.15) to start the next

iteration, in which a new pair of geometrical parameter values will be chosen for

pole-matching.

The above procedure proceeds iteratively and terminates when Γ = X and

Υ = ∅. In other words, the iterative process terminates when the poles at all the

geometrical parameter values are matched already. Fig. 3.4 shows the flow chart of

the overall pole-matching process. The overall matching process for the zeros can

be done in a very similar manner as the matching process for the poles. The only

difference is that the number of zeros at each geometrical parameter value is q − 1

instead of q. After the poles and zeros at all the geometrical parameter values are
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Figure 3.4: Flow chart of the algorithm to enumerate all the scattered geometrical
parameter samples into pairs and to organize the sequence of pairs for matching the
poles following a common set of reference indices for all the geometrical samples.
The details in the dashed block is described by Fig. 3.3.

matched, we are ready to use them as training data to train the neural networks in

the proposed neuro-TF model.
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3.2.3 Preliminary Training of the Neural Networks

The training process of the proposed neuro-TF model consists of two stages. In

the first stage, we perform preliminary training of the neural networks to learn the

relationships between the poles/zeros/gain and the geometrical parameters. Let the

training data for this stage be denoted as {x(n),p(n)}, {x(n), z(n)}, and {x(n), K(n)},

where n ∈ Tr. Note that the poles (zeros) used here are after being sorted using

the new indices in (3.11). Since the nonlinear relationship between p and x are

usually different from that between z and x and that between K and x, different

neural networks are used to learn the relationships between p and x, z and x, and

K and x, respectively. Let pNN , zNN , and KNN represent the outputs of the neural

networks for poles, zeros, and gain, respectively. Let wp, wz, and wK represent the

internal neural network weights corresponding to pNN , zNN , and KNN , respectively.

The purpose in this stage is to minimize the differences between pNN(x(n),wp) and

p(n), zNN(x(n),wz) and z(n), and KNN(x(n),wK) and K(n), by adjusting the weights

wp, wz, and wK in a proper training process. After the preliminary training of the

neural networks is finished, the overall model is further refined in the following

model refinement stage.

3.2.4 Refinement Training of the Proposed Neuro-TF Model

In this stage, the proposed neuro-TF model is further refined in a refinement training

process. The training data for this stage is {x(n),d(n)}, n ∈ Tr, where d represents

the EM responses (e.g., S -parameters) from EM simulation. The model inputs

are geometrical parameter values and the model outputs are EM responses. The
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Figure 3.5: Mechanism for the refinement training process of the overall model. The
optimization variables here are the weighting parameters wp, wz, and wK in neural
networks pNN , zNN , and KNN .

mechanism for the refinement training process is illustrated in Fig. 3.5. The initial

values of the neural network weights in pNN , zNN , and KNN are solutions from

the preliminary training process in the first stage. The output vector of the overall

model, y, is a function of the poles, zeros, gain, and frequency, i.e.,

y = y(p, z, K, ω), (3.20)

where p, z, and K are all functions of geometrical variables x, i.e., p = p(x),

z = z(x), and K = K(x). The overall training process is to minimize the error

function Etr by optimizing the neural network weights wp, wz, and wK using a
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certain training algorithm:

Etr(wp,wz,wK) =
1

2(N + 1)

∑
n∈Tr

∑
i∈F

‖y(pNN(x(n),wp), zNN(x(n),wz),

KNN(x(n),wK), ωi)− d(n)
i ‖2, (3.21)

where Tr is the index set of all the geometrical parameter values. i is the index for

frequency sample and F is the index set of all the frequency samples.

The training process terminates when the training error is lower than a user-

defined threshold ε. Then, a new set of data samples which has not been used

in the training process is used to test the quality of the trained model. If the

testing error is also lower than ε, the model refinement training process terminates,

and the developed model can be used for high-level circuit and system designs.

Otherwise, we adjust the number of hidden neurons in pNN , zNN , and KNN , and

repeat the preliminary and refinement training processes until the desired testing

error is achieved. Fig. 3.6 shows the overall flow chart of the proposed training

approach for developing parametric neuro-TF models.

3.3 Application Examples

3.3.1 Parametric Modeling of a Fifth-Order Waveguide Band-
pass Filter: Simple Example with Two Geometrical
Variables

This example illustrates the proposed pole/zero-matching algorithm by parametric

modeling of a waveguide filter with two geometrical variables. Consider a fifth-order

waveguide bandpass filter with nonsymmetrical irises [98], whose structure is shown
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Figure 3.6: Flow chart of the overall training approach for developing parametric
models of microwave passive components.

in Fig. 3.7. The cross section of the waveguide where the filter is constructed is

19.05 mm × 9.525 mm (WR-75). d1 and d2 are the distances from two pairs of irises

to the waveguide wall. We consider d1 and d2 as geometrical variables. The model

thus has two inputs, i.e., x = [d1 d2]T (mm). Frequency is taken as an additional

input to the model. The model contains one output, i.e., y = |S11|.
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Figure 3.7: Structure of the fifth-order waveguide bandpass filter for EM simulation
and parametric modeling: Simple example with two geometrical variables. For this
simple example, only d1 and d2 are geometrical variables as inputs to the model,
i.e., x = [d1 d2]T .

Table 3.3: Definition of Training and Testing Data for the Fifth-Order Bandpass
Filter Example with Two Geometrical Variables

Geometrical
Training Data Testing Data

Variables (49 samples) (36 samples)

Min Max Step Min Max Step

Case 1
d1 (mm) 14.45 15.05 0.1 14.5 15.0 0.1

d2 (mm) 12.68 13.19 0.09 12.72 13.15 0.09

Case 2
d1 (mm) 13.57 15.92 0.39 13.76 15.73 0.39

d2 (mm) 11.9 13.97 0.35 12.07 13.8 0.35

Since existing commercial EM simulators such as HFSS and CST do not pro-

vide the poles/zeros/gain in the “γ-space” for training the neural networks, we

develop an in-house FEM program based on Gmsh [99] and an MPVL program in

MATLAB to obtain the poles/zeros/gain in the “γ-space” and the EM responses

of microwave passive components. In our program, the FEM is applied to solve
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the EM wave propagation problem in waveguides in the frequency domain, and the

MPVL algorithm is applied to solve the FEM system for a fast frequency sweep.

Mesh deformation [100][101] is incorporated into the EM simulations to guarantee

the order consistency of the full-order models resulting from FEM as the values

of geometrical parameters change. Appendix provides the specific equations used

for the development of our program. The training and testing data for developing

the overall model, the poles/zeros for training the neural networks, and the EM

sensitivities for running the proposed sensitivity-analysis-based pole/zero-matching

algorithm are all generated from our in-house FEM program. Grid sampling method

is used in the d1-d2 space to generate both training and testing data for this ex-

ample. For the MPVL algorithm, the order of the ROMs is set as q = 18 after

performing a convergence analysis of the EM responses. This results in a total of

18 poles and 17 zeros at each geometrical parameter value. The expansion point

of the frequency is chosen as 11 GHz, which is the center frequency in the whole

frequency range of interest (9 GHz-13 GHz).

As shown in Table 3.3, two different cases of geometrical parameter ranges are

considered for parametric modeling. In Case 1, the geometrical parameters change

in a narrower range, while in Case 2 the geometrical parameters change in a wider

range. In both cases, seven points are sampled uniformly in the parameter range

of both d1 and d2 to generate a total of 49 training data samples (N + 1 = 49).

The poles and zeros, along with their EM sensitivities are evaluated by executing

the FEM, the MPVL algorithm, and performing EM sensitivity analysis at all the

geometrical parameter values (i.e., all the 49 samples). Six points are sampled uni-
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formly in the parameter range for each of the two parameters to generate a total

of 36 testing data samples. The ranges of training and testing data are given in

Table 3.3. The proposed sensitivity-ananlysis-based pole/zero-matching algorithm

is applied. The overall neuro-TF model is trained and tested using the NeuroModel-

erPlus software. Using the proposed approach, in Case 1, the average training and

testing errors of the model are 0.06% and 0.05%, respectively, while in Case 2, the

average training and testing errors are 0.65% and 0.64%, respectively.

For comparison purpose, we also apply the two existing pole-matching methods,

i.e., the distance-based method and the continuation method, to match the poles

and zeros at all the geometrical parameter values for both cases. For Case 1, since

the geometrical parameters have small variations, both of the two existing methods

can achieve correct pole/zero-matching solutions (which are the same with that of

the proposed algorithm). For Case 2, however, the two existing methods perform

differently from the proposed algorithm. For the purpose of illustration, we choose

three poles (p1, p2, and p4) and show their original distributions in the “γ-space”

in Fig. 3.8. These poles are evaluated using MPVL at each of the 49 geometrical

parameter values in the training data.

The pole-matching solutions for these three selected poles using the three meth-

ods are shown in Fig. 3.9. It is observed that the three methods have different

pole-matching solutions. The detailed pole-matching solutions for the first pole p1

with the three methods are shown in Fig. 3.10, where the testing samples of p1

are also shown explicitly. It can be seen that, by using the proposed sensitivity-

analysis-based pole-matching algorithm, the pattern formed by the training samples
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Figure 3.8: Original distributions of the three selected poles (p1, p2, and p4) in the
“γ-space”. These poles are evaluated using MPVL at 49 geometrical parameter
samples in the training data for Case 2 of the fifth-order waveguide bandpass filter.
There are a total of 147 poles (three groups with each group having 49 poles) in
this figure. From these unsorted poles, we need to use a pole-matching method to
identify which 49 poles belong to p1, which 49 poles belong to p2, and which 49
poles belong to p4, by sorting the poles at each of the 49 geometrical parameter
values correctly.

of p1 appear to be very similar to that formed by the testing samples of p1. When

the training and testing samples of p1 have similar patterns, one can use p1 in the

training data to predict p1 for the testing data reliably. In contrast, by using the

two existing methods, the patterns of the training and testing samples of p1 appear

to be different. This indicates that using p1 in the training data to predict p1 for the

testing data will have large prediction errors. Similar conclusions can be drawn for

the other two selected poles p2 and p4, as well as the zeros in the zero-matching pro-

cess. In comparison with the existing methods, the proposed pole/zero-matching
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Figure 3.9: Pole-matching solutions of the three selected poles with different meth-
ods in Case 2 of the fifth-order waveguide bandpass filter example. The figure
shows how the 147 poles in Fig. 3.8 are sorted and grouped into p1 (solid squares),
p2 (circles), and p4 (crosses) using different pole-matching methods: (a) The pro-
posed sensitivity-analysis-based pole-matching algorithm, (b) The distance-based
method, and (c) The continuation method. It is seen that different methods have
different pole-matching solutions.
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Figure 3.10: Detailed pole-matching solution for p1 showing the degree of similarity
of the patterns between training samples and testing samples for the fifth-order
waveguide bandpass filter example: (a) The proposed sensitivity-analysis-based
pole-matching algorithm, (b) The distance-based method, and (c) The continua-
tion method. The training and testing samples of p1 are represented by hollow and
solid circles, respectively.
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Table 3.4: Model Accuracy Comparisons of Different Modeling Methods for the
Fifth-Order Bandpass Filter Example with Two Geometrical Variables

Modeling Method
Number
of Hidden
Neurons

Average
Training
Error

Average
Testing
Error

Case 1

Distance-based method 10 0.35% 0.27%

Distance-based method
with refinement training

8 0.06% 0.05%

Continuation method
with refinement training

8 0.06% 0.05%

Proposed approach 8 0.06% 0.05%

Case 2

Distance-based method
20 21.3% 565%

30 4.09% 541%

Distance-based method
with refinement training

10 0.57% 94.81%

Continuation method
with refinement training

10 0.71% 30.12%

Proposed approach 10 0.65% 0.64%

algorithm achieves more reliable predictions of the poles/zeros using limited EM

samples in large modeling range (i.e., Case 2). This advantage will ultimately make

the overall model developed by the proposed approach more accurate than those

developed by using the existing methods.

We next compare the performance of the proposed approach in terms of the

overall model accuracy with those of the following three existing modeling methods

(slight modifications are made to align them with the proposed approach): 1) The

distance-based pole-matching method; ANNs are used to interpolate the poles and

residues in the transfer function; 2) The distance-based pole-matching method with
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refinement training; and 3) The continuation method with refinement training. For

both 2) and 3), ANNs are used to interpolate the poles and zeros in the transfer

function and a refinement training process is added to further refine the overall

model. Table 3.4 compares these three existing modeling methods and the proposed

approach in terms of the overall model accuracy. In Case 1, since the geometrical

parameters have small variations, it is relatively convenient to match the poles/zeros

(or poles/residues) correctly. Hence, the training and testing errors obtained by

all the four methods are comparable and very small. In Case 2, the geometrical

parameters have large variations and it becomes more challenging to match the

poles/zeros correctly. In this case, only the proposed approach achieves a small

testing error. This demonstrates that, when the geometrical variations are large, the

proposed sensitivity-analysis-based pole/zero-matching algorithm can achieve more

reliable pole/zero-matching solutions than the existing modeling methods. The

reason for this is that EM sensitivities provide useful information of the direction

of movements of the poles/zeros. Using these direction information, the proposed

algorithm can predict the movements of the poles/zeros more reliably than those

methods without using EM sensitivities, especially when the steps between two

neighboring EM samples are large.

3.3.2 Parametric Modeling of a Three-Pole H-Plane Filter

In the second example, we consider the parametric modeling of a three-pole H -plane

filter [9], as shown in Fig. 3.11. The cross section of the waveguide where the filter

is constructed is 19.05 mm × 9.525 mm (WR-75). The model for this example
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Figure 3.11: Structure of the three-pole H -plane filter for EM simulation and
parametric modeling. The four geometrical parameters of the filter are x =
[L1 L2 W1 W2]T , with a = 19.05 mm, b = 9.525 mm, and t = 2.0 mm.

has four geometrical variables as inputs, i.e., x = [L1 L2 W1 W2]T (mm), and one

output, i.e., y = |S11|, which is the magnitude of S11. Fig. 3.12 shows the structure

of the neuro-TF model for this example.

The in-house FEM program is used to generate both the training and the testing

data for parametric modeling. The MPVL algorithm is applied for fast frequency

sweep, with the order of the ROMs being set as q = 9. This results in a total

of 9 poles and 8 zeros at each geometrical parameter value. The expansion point

of the frequency is chosen as 12 GHz, which is the center frequency in the whole

frequency range of interest (11 GHz-13 GHz). We use the design of experiments

(DOE) method [102] as the sampling method for both training and testing data.

The DOE samples are not grid samples.

We apply the proposed approach to two different cases as defined in Table 3.5.

In Case 1, the geometrical parameters change in a narrower range, while in Case

2 the geometrical parameters change in a wider range. In both cases, seven levels
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Figure 3.12: Structure of the neuro-TF model for the three-pole H -plane filter
example.

of DOE are used for defining the samples of training data, resulting in a total of

49 samples (N + 1 = 49) of training data. Six levels of DOE are used for defining

the samples of testing data, resulting in a total of 36 samples of testing data. The

ranges of the training and testing data are shown in Table 3.5. Since Case 2 has

larger steps between two neighboring EM samples than Case 1, it is more challenging

to match the poles/zeros correctly in Case 2. For this example, the dimension of

the geometrical parameter space is four. Because the EM samples generated using

the DOE sampling method are not grid samples [102], it is impossible to have

a sequence of 49 samples where every consecutive samples are within each other’s

neighborhood. We apply the algorithm described in Section 3.2.2.2 to enumerate all

the geometrical parameter values for pole/zero-matching. This enumeration allows

us to split the 49 geometrical parameter values into a sequence of 48 pairs. Each pair
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Table 3.5: Definition of Training and Testing Data for the Three-Pole H -Plane
Filter Example

Geometrical
Training Data Testing Data

Variables (49 samples) (36 samples)

Min Max Step Min Max Step

Case 1

L1 (mm) 13.7 14.26 0.09 13.75 14.21 0.09

L2 (mm) 14.9 15.5 0.1 14.95 15.45 0.1

W1 (mm) 8.82 9.18 0.06 8.85 9.15 0.06

W2 (mm) 5.88 6.12 0.04 5.9 6.1 0.04

Case 2

L1 (mm) 13.28 14.68 0.23 13.4 14.56 0.23

L2 (mm) 14.44 15.96 0.25 14.57 15.83 0.25

W1 (mm) 8.55 9.45 0.15 8.63 9.38 0.15

W2 (mm) 5.7 6.3 0.1 5.75 6.25 0.1

of geometrical parameter values are within each other’s neighborhood. Then, the

algorithm presented in Section 3.2.2.1 is executed to match the 9 poles (or 8 zeros)

at one geometrical parameter value with those at the other geometrical parameter

value for each of the 48 pairs of geometrical parameter values. Using the proposed

approach, in Case 1, the average training and testing errors are 0.16% and 0.18%,

respectively, while in Case 2, the average training and testing errors are 0.62% and

1.56%, respectively.

For comparison purpose, we also apply the three existing modeling methods to

model the EM behavior of the filter for the two cases. Table 3.6 compares the

proposed approach with the three existing methods in terms of the overall model

accuracy. In Case 1, since the geometrical parameters have small variations, it is
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Table 3.6: Model Accuracy Comparisons of Different Modeling Methods for the
Three-Pole H -Plane Filter Example

Modeling Method
Number
of Hidden
Neurons

Average
Training
Error

Average
Testing
Error

Case 1

Distance-based method 20 1.37% 1.66%

Distance-based method
with refinement training

10 0.16% 0.18%

Continuation method
with refinement training

10 0.16% 0.18%

Proposed approach 10 0.16% 0.18%

Case 2

Distance-based method
20 35.8% 107.57%

40 0.86% 81.91%

Distance-based method
10 1.94% 14.09%

with refinement training 20 0.17% 26.42%

Continuation method
with refinement training

10 3.56% 12.83%

20 1.16% 460.51%

Proposed approach 10 0.62% 1.56%

relatively convenient to match the poles/zeros (or poles/residues) correctly. All the

methods achieve comparably small training and testing errors, with the distance-

based method having slightly larger training and testing errors than the other three

methods. The proposed approach, the distance-based method with refinement train-

ing, and the continuation method with refinement training have exactly the same

training and testing errors because the pole/zero-matching solutions are identical

for all the three methods. This implies that when the geometrical variations are

small, all the three pole-matching methods are able to match the poles and zeros
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correctly. In Case 2, the geometrical parameters vary in a large range and the

mismatch pattern of poles/zeros becomes more complex. In this case, only the

proposed approach can still achieve small training and testing errors, while all the

three existing methods have large testing errors. Figure 3.13 compares the model

outputs obtained from the proposed approach with EM data and the model outputs

obtained from the three existing methods for Case 2. This comparison is done at

three different test geometrical parameter values (referred to as test geometrical pa-

rameter values #1, #2, and #3). The values of geometrical variables for the three

selected test samples of filters are as follows:

Test geometrical parameter value

#1: x = [14.1742 14.9889 9 5.8333]T (mm)

Test geometrical parameter value

#2: x = [14.1742 15.6222 8.875 6.16667]T (mm)

Test geometrical parameter value

#3: x = [13.7858 14.9889 9.125 6.25]T (mm)

It can be observed from Fig. 3.13 that, when the geometrical variations are

large, the model outputs obtained from the proposed approach match the EM data

much better than the model outputs obtained from the other three existing methods.

Moreover, it can be concluded that the proposed model is accurate at the test values

even though these test values are not used in the training process.
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Figure 3.13: Comparison of the outputs (|S11| in decibels) of the models and the
EM data for Case 2 of the three-pole H -plane filter example: (a) Test geometrical
parameter value #1, (b) Test geometrical parameter value #2, and (c) Test geo-
metrical parameter value #3. The three existing methods are: 1) Distance-based
method, 2) Distance-based method with refinement training, and 3) Continuation
method with refinement training. The model outputs obtained from the proposed
approach matches the EM data much better than the model outputs obtained from
the three existing methods.
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Figure 3.14: Structure of fifth-order waveguide bandpass filter for EM simulation
and parametric modeling: Harder example with nine geometrical variables. The
nine geometrical variables of the filter are x = [d1 d2 d3 z1 z2 z3 t1 t2 t3 ]T .

3.3.3 Parametric Modeling of the Fifth-Order Waveguide
Bandpass Filter: Harder Example with Nine Geomet-
rical Variables

In this example, we consider a harder case of parametric modeling of the fifth-

order waveguide bandpass filter. The structure of the filter is shown in Fig. 3.14.

d1, d2, and d3 are the distances from the irises to the waveguide wall. z1, z2,

and z3 are the distances between two adjacent irises. The thicknesses of the irises

are t1, t2, and t3. The model has nine geometrical variables as inputs, i.e., x =

[d1 d2 d3 z1 z2 z3 t1 t2 t3 ]T (mm), and one output, i.e., y = |S11|, as shown in Fig.

3.15. The order of the reduced-order models in the MPVL algorithm is set as

q = 18. DOE method is used as the sampling method in generating training and

testing data. The DOE samples are not grid samples.

The proposed approach is applied to two different cases as defined in Table 3.7.

In Case 1, the geometrical parameters change in a narrower range, while in Case
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Figure 3.15: Structure of the neuro-TF model for the fifth-order waveguide bandpass
filter example with nine geometrical variables.

2 the geometrical parameters change in a wider range. In both cases, nine levels

of DOE are used for defining the training data, resulting in a total of 81 samples

(N + 1 = 81) of training data, while eight levels of DOE are used for defining

the testing data, resulting in a total of 64 samples of testing data. Since Case 2

has larger steps between two neighboring EM samples than Case 1, it is harder to

match the poles/zeros correctly in Case 2. For this example, the dimension of the

geometrical parameter space is nine. The EM samples generated using the DOE

sampling method are not grid samples [102]. Therefore, it is not possible to have

a sequence of 81 samples where every consecutive samples are within each other’s

neighborhood. We apply the algorithm described in Section 3.2.2.2 to enumerate all

the geometrical parameter values for pole/zero-matching. This enumeration allows

us to split the 81 geometrical parameter values into a sequence of 80 pairs. Each

pair of geometrical parameter values are within each other’s neighborhood. Then,
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the algorithm presented in Section 3.2.2.1 is executed to match the 18 poles (or

17 zeros) at one geometrical parameter value with those at the other geometrical

parameter value for each of the 80 pairs of geometrical parameter values. Using the

proposed modeling technique, in Case 1, the average training and testing errors of

the model are 0.08% and 0.07%, respectively, while in Case 2, the average training

and testing errors of the model are 0.78% and 1.59%, respectively.

For comparison purpose, the three existing modeling methods are also applied

to the two cases. Table 3.8 compares the three existing methods and the pro-

posed approach in terms of the overall model accuracy. In Case 1, the geometrical

variations are small and the issue of mismatch of poles and zeros is relatively con-

venient to address. All the four methods in the comparison achieve small training

and testing errors. The models developed by the proposed approach, the distance-

based method with refinement training, and the continuation method with refine-

ment training have the same model accuracy because the pole/zero-matching so-

lutions obtained from the three methods are exactly the same. This is because

when geometrical variations are small, both the proposed sensitivity-analysis-based

pole/zero-matching algorithm and the two existing pole-matching methods are able

to match the poles/zeros correctly. In Case 2, since the geometrical parameters have

large variations, the mismatch pattern of poles/zeros becomes more complex. The

proposed approach can still achieve small training and testing errors, while all the

other three existing methods have large testing errors. It is also noticeable that the

proposed approach can achieve a smaller training error with robust ANN structures

than all the three existing methods.
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Figure 3.16: Comparison of the outputs (|S11| in decibels) of the models and the EM
data for Case 2 of the fifth-order waveguide bandpass filter example: (a) Test geo-
metrical parameter value #1, (b) Test geometrical parameter value #2, and (c) Test
geometrical parameter value #3. The three existing methods are: 1) Distance-based
method, 2) Distance-based method with refinement training, and 3) Continuation
method with refinement training. It can be seen that the model outputs obtained
from the proposed approach matches with the EM data much better than the model
outputs obtained from the three existing methods.
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Table 3.7: Definition of Training and Testing Data for the Fifth-Order Bandpass
Filter Example with Nine Geometrical Variables

Geometrical
Training Data Testing Data

Variables (81 samples) (64 samples)

Min Max Step Min Max Step

Case 1

d1 (mm) 14.6 14.89 0.04 14.62 14.87 0.04

d2 (mm) 12.81 13.07 0.04 12.83 13.05 0.04

d3 (mm) 11.76 12 0.03 11.78 11.98 0.03

z1 (mm) 11.76 12 0.03 11.78 11.98 0.03

z2 (mm) 13.89 14.17 0.04 13.91 14.15 0.04

z3 (mm) 14.78 15.08 0.04 14.81 15.06 0.04

t1 (mm) 1.59 1.63 0.005 1.6 1.63 0.005

t2 (mm) 2.57 2.63 0.007 2.58 2.62 0.007

t3 (mm) 1.43 1.48 0.004 1.44 1.47 0.004

Case 2

d1 (mm) 14.01 15.48 0.18 14.1 15.39 0.18

d2 (mm) 12.42 13.45 0.13 12.48 13.39 0.13

d3 (mm) 11.64 12.11 0.06 11.67 12.09 0.06

z1 (mm) 11.29 12.47 0.15 11.36 12.4 0.15

z2 (mm) 13.68 14.38 0.09 13.73 14.34 0.09

z3 (mm) 14.56 15.31 0.09 14.6 15.26 0.09

t1 (mm) 1.29 1.93 0.08 1.33 1.89 0.08

t2 (mm) 2.21 2.99 0.1 2.26 2.94 0.1

t3 (mm) 1.16 1.74 0.07 1.2 1.71 0.07

Figure 3.16 compares the model outputs obtained from the proposed approach

with EM data and the model outputs obtained from the three existing methods

for Case 2. This comparison is done at three different test geometrical parameter
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Table 3.8: Model Accuracy Comparisons of Different Modeling Methods for the
Fifth-Order Bandpass Filter Example with Nine Geometrical Variables

Modeling Method
Number
of Hidden
Neurons

Average
Training
Error

Average
Testing
Error

Case 1

Distance-based method 10 0.71% 0.55%

Distance-based method
with refinement training

10 0.08% 0.07%

Continuation method
with refinement training

10 0.08% 0.07%

Proposed approach 10 0.08% 0.07%

Case 2

Distance-based method
10 28.59% 41.81%

40 4.64% 35.42%

Distance-based method
10 2.77% 13.61%

with refinement training 20 1.07% 21.29%

Continuation method
with refinement training

10 1.97% 12.61%

20 1.61% 54.92%

Proposed approach 10 0.78% 1.59%

values. We refer to them as test geometrical parameter values #1, #2, and #3.

The values of geometrical variables for the three selected test samples of filters are

as follows:

Test geometrical parameter value

#1: x = [14.0998 12.4834 11.67 11.3604 13.7259

14.6075 1.33016 2.25875 1.19939]T (mm)

Test geometrical parameter value

#2: x = [14.8371 13.1302 12.0857 11.8059 14.1645
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14.7941 1.41078 2.84375 1.19939]T (mm)

Test geometrical parameter value

#3: x = [14.2842 13.0009 11.7887 12.2514 14.1645

14.8875 1.33016 2.64875 1.70822]T (mm)

It can be observed from Fig. 3.16 that, when the geometrical variations are large,

the model outputs obtained from the proposed approach match the EM data much

better than the model outputs obtained from the other three existing methods.

3.4 Conclusions and Summary

In this chapter, a novel training approach for developing parametric models of mi-

crowave passive components using Padé via Lanczos and EM sensitivities has been

proposed. The EM responses (e.g., S -parameters) of passive components versus

frequency have been represented by pole-zero-gain transfer functions. To address

the issue of mismatch of poles/zeros, a novel sensitivity-analysis-based pole/zero-

matching algorithm has been proposed. The proposed algorithm utilizes EM sen-

sitivities, which provides useful information for the direction of movement of the

poles/zeros, to predict the new positions of the poles/zeros for each change of ge-

ometrical parameters. The predicted new positions have been used to guide the

matching process of poles/zeros between different geometrical parameter values. It

has been shown that in comparison with the existing methods, the proposed al-

gorithm can obtain more reliable pole/zero-matching solutions when geometrical

variations are large. This allows the trained neural networks to have more accurate

predictions for the poles and zeros subject to large geometrical variations, and ul-
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timately increases the accuracy and robustness of the overall model. It has been

demonstrated that the proposed approach can obtain better accuracy in challenging

applications involving large geometrical variations.
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Chapter 4

Surrogate-Assisted Approach to
Yield-Driven EM Optimization

4.1 Introduction

Yield optimization, also called design centering, is an optimization process that aims

to find a nominal design solution with the maximum yield [25]. Direct electromag-

netic (EM)-based yield optimization does not appear to be feasible as a significantly

large number of EM simulations are typically required during the whole optimization

process [50]. As a recognized engineering optimization methodology, space mapping

(SM) holds a great potential to accelerate yield-driven EM optimization [103]-[105].

The basic concept of SM is to replace EM-based fine models with fast yet not so

accurate coarse models and calibrate the coarse models with certain mapping (lin-

ear or nonlinear) structures in each iteration during optimization. Such mapping

structures construct a mathematical link between a coarse model and a fine model.

Through SM, the original CPU-intensive evaluations on the fine model are replaced

by fast computations on the coarse model, while the accuracy of the fine model is
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still maintained [103].

In the last two decades, a number of research activities have been carried out to

develop SM-based approaches to facilitate yield optimization of microwave struc-

tures [28], [32], [92], [106]-[108]. For example, neural space-mapping models have

been exploited in [106] to perform EM-based yield optimization efficiently. The

sensitivity formulas of the surrogate model responses have also been derived, which

are then used in approximating the sensitivities of the fine model responses. In

[107], a tuning space-mapping surrogate based yield estimation and optimization

technique has been presented. The responses of the surrogate are further corrected

to obtain improved yield accuracy, facilitating the overall yield optimization pro-

cess. However, in these two methods, the SM surrogate is not updated during yield

optimization, which means that a large amount of EM data are required to train

the surrogate to be valid in a large region. Some other research works exist in the

literature that update the SM surrogate in each iteration during yield optimization.

For example, in [28], a modified ellipsoidal technique has been incorporated into

space mapping and then applied to the yield optimization problem of microwave

circuits. The mapping structure between coarse and fine models is updated iter-

atively in yield optimization using the EM responses at all the nominal points in

the preceding iterations. In [108], a derivative-free trust region approach has been

presented to maximize the yield of microwave circuits, where the generalized SM

surrogate is used and updated at each SM iteration in yield optimization. For both

[28] and [108], Jacobian matrices of the fine model responses are also used in the

parameter extraction process to enhance the accuracy of the surrogate model. Re-
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cently, SM approaches exploiting response features have also been investigated with

the objective of achieving more efficient yield estimation and/or optimization of

microwave structures [32], [92].

All the aforementioned SM-based methods do not use parallel computation,

which holds a great potential to speed up EM design optimization. Parallel com-

putation is an efficient technique to speed up EM optimization by accelerating EM

data generation [33] and surrogate model training [34]. Recently, a parallel SM ap-

proach has been presented in [35], where the parallel computation mechanism has

been combined with SM, to facilitate EM-based nominal optimization. It has been

shown that with parallel computation, the SM surrogate can be trained to be valid

in a relatively larger neighborhood and the optimal nominal design can be obtained

in shorter time and fewer SM iterations [35].

Yield estimation is an indispensable component of yield optimization. Tradi-

tional Monte Carlo (MC) method for EM-based yield estimation is computationally

expensive as a large number of EM simulations are required to achieve desired yield

estimation accuracy. Recently, the polynomial chaos expansion (PCE) approach

[36] has emerged as a powerful tool for statistical analysis and yield estimation in

microwave design [37]-[95]. Existing studies have shown that PCE has significant

benefits over the traditional Monte Carlo analysis in terms of reduced computational

costs and shorter CPU time for yield estimation of microwave structures [95]. How-

ever, how to combine SM, the parallel computation method, and PCE to facilitate

EM-based yield optimization still remain an open subject in the literature.

In this chapter, we propose a novel parallel space-mapping based yield-driven
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EM optimization technique incorporating trust region algorithm and PCE. In this

technique, a novel trust region algorithm designed specifically for EM-based yield-

driven design is proposed to increase the robustness of the SM surrogate. The

proposed algorithm updates the trust radius of each design parameter in each SM

iteration based on the effectiveness of minimizing the l1 objective function using

the surrogate. Moreover, for the first time, we incorporate the parallel computation

method to SM-based yield optimization of microwave structures. Specifically, par-

allel computation method is used to generate fine model EM responses at multiple

geometrical samples simultaneously and to train the surrogate model to match the

fine model over multiple geometrical samples. The use of parallel computation al-

lows the surrogate to to be trained in a larger neighborhood in the design parameter

space than that in standard SM, consequently increasing the speed of finding the

optimal yield solution in yield-driven design. Lastly, we propose to incorporate the

PCE approach, which is an efficient alternative method for EM-based yield estima-

tion, into the proposed technique to further accelerate the overall yield optimization

process. Compared with the standard SM-based yield optimization technique, the

proposed technique reduces the number of SM iterations to achieve a desired yield

value, thereby accelerating the overall EM-based yield optimization process. Two

microwave examples are presented to demonstrate the advantages of the proposed

technique.
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4.2 Formulation of the Original EM-based Yield

Optimization Problem

Let x be a n-dimensional vector containing n design parameters (e.g., geometri-

cal/physical parameters) of the microwave structure under consideration. Let x0

denote the nominal point of x. In the approaches to statistical design of microwave

structures, the uncertainties introduced by the manufacturing process make the ac-

tual values of x be distributed around x0. The distribution is usually considered to

follow some kind of distribution, e.g., uniform, Gaussian, etc.

Microwave design typically involves goals in terms of a number of design speci-

fications applied on the responses of microwave structures. In practice, the design

specifications are sampled at a number of frequency points in the whole frequency

bands of interest. Let Ns denote the total number of design specification sam-

ples, which usually consist of both the upper and the lower ones. Let the jth

design specification sample be denoted by Sj, where j = 1, · · · , Ns. Let Nu
s and N l

s

(N l
s = Ns − Nu

s ) be the number of upper specification samples and the number of

lower specification samples, respectively. Without the loss of generality, we assume

that the first Nu
s samples, S1, · · · , SNu

s
, represent upper design specification samples,

and that the remaining N l
s samples, SNu

s +1, · · · , SNs , are lower design specification

samples. Let Rf
j (x) represent the response of the fine model at the frequency of

interest corresponding to Sj. Let e(x) be an error vector used to indicate how well

the response vector of the fine model satisfies the design specifications. Specifically,
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e(x) is defined as follows:

e(x) = [e1 e2 · · · eNu
s
· · · eNs ]

T , (4.1)

where the jth element in the above vector, ej(x), is given by

ej(x) =


Rf
j (x)− Sj, if 1 ≤ j ≤ Nu

s ,

Sj − Rf
j (x), if Nu

s < j ≤ Ns.

(4.2)

Yield refers to the percentage of non-defective designs of all produced designs.

To realize EM-based yield analysis and optimization, a sufficiently large number of

random outcomes of the design parameters are typically generated, represented by

xm = x0 + ∆xm, m = 1, 2, . . . , Nmc, (4.3)

where xm represents the deviation between the mth outcome and the nominal point,

and Nmc is the total number of random outcomes for yield analysis. In this chapter,

m (m = 1, · · · , Nmc) is used to represent the index of random outcomes in Monte

Carlo analysis. Due to the uncertainties in the manufacturing process, the EM

responses at some outcomes may satisfy design specifications while others may not.

Let the yield at nominal point x0 be denoted as Y (x0). Then, Y (x0) can be

approximated as the number of acceptable design outcomes over the total number

of design outcomes, i.e.,

Y (x0) ≈ Nacpt/Nmc, (4.4)

where Nacpt represents the total number of acceptable design outcomes.

Let Hp(·) represent the one-sided least pth function. According to [25], the
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following objective function U(x0) can be used to solve the original EM-based yield

optimization problem

U(x0) = Hp(u(x0)), (4.5)

where u = [u1, u2, · · · , uNmc ]
T . The mth component in u is found from

um = αmHq(e(xm)), m = 1, · · · , Nmc, (4.6)

where q and p are two parameters indicating the norms used for e and u, respec-

tively. A smaller value of U(x0) indicates a higher yield. Following the suggestion

in [25], we set p = q = 1 and the weighting factor αm = 1 in this thesis. These

settings lead to an objective function in the following form [50]:

U(x0) =
∑
m∈M

∑
j∈J(xm)

ej(x
m). (4.7)

J(xm) = {j|ej(xm) > 0} (4.8)

M = {m|J(xm) 6= ∅} (4.9)

In most practical cases, a reasonably large number of random comes are required

to achieve an effective minimization of the objective function defined in (4.1)-(4.9).

4.3 Proposed Parallel Space-Mapping Based Yield

Optimization Technique Incorporating Trust

Region Algorithm and PCE

A direct application of the objective function U(x0) is feasible if the responses

are computed by circuit simulations. When the responses are obtained from EM
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simulations, it appears to be computationally expensive to apply U(x0) to EM-based

yield optimization directly [50]. To address this challenge, we propose in this chapter

a parallel SM based yield-driven EM optimization technique incorporating trust

region algorithm and PCE. The proposed technique mainly consists of five parts,

namely, fine model data generation with parallel computational method, surrogate

modeling over multiple geometrical samples with parallel computation method, the

l1 design centering algorithm to optimize the yield using the surrogate model, a

novel trust region algorithm to update the trust region of the surrogate, and the

PCE approach to yield verification on the fine model. We provide the details of

these five parts in the subsequent sections.

4.3.1 Fine Model Data Generation with Parallel Computa-
tion Method

Parallel computation is a powerful tool to accelerate the EM data generation process.

Here, we propose to use parallel computational method to evaluate the fine model

responses using multiple processors in parallel, thereby reducing the total CPU time

of EM-based yield optimization. Let N be the number of data points generated

using the fine model. The fine model responses at N data points are evaluated

using N parallel processors. Let Sp and η represent the parallel speedup factor

and the parallel efficiency, respectively. The communication time between multiple

processors running in parallel produces an overhead cost to the EM data generation

process in each iteration. The speedup is defined as the ratio of the data generation
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time on a single processor over that on N processors running in parallel [35], i.e.,

Sp =

∑N
j=1 Tj

To + max1≤j≤N Tj
, (4.10)

where To represents the additional communication time for data generation using

N processors, and Tj denotes the time for each fine model evaluation on the jth

processor. The parallel efficiency η is defined as the ratio of the speedup factor over

the total number of processors [35], i.e.,

η =
Sp
N
. (4.11)

Obviously, when all the N processors have similar evaluation time Tj and the over-

head cost To is much smaller than Tj, a large speedup and a high parallel efficiency

can be achieved.

4.3.2 Surrogate Modeling over Multiple Geometrical Sam-
ples Using Parallel Computation Method

Direct EM-based yield optimization with accurate full-wave EM simulations is com-

putationally prohibitive. Therefore, the first step in the proposed technique is to

develop a surrogate model to replace the fine model to achieve high-quality yield op-

timization solutions in an efficient manner. Same as all the SM-based approaches,

we assume the availability of a computationally fast but not so accurate coarse

model and an accurate but computationally expensive fine model. Let Rc(x) and

Rf (x) denote the response vectors of the coarse and fine models corresponding to

x, respectively. We first establish a surrogate model combining the coarse model
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with a linear input mapping as follows:

xc = Bxf + c, (4.12)

Rs(xf ,w) = Rc (xc) = Rc(Bxf + c), (4.13)

where xc and xf are two vectors containing all the design variables of the coarse

model and the fine model, respectively. Rc(xc) is the response vector of the coarse

model corresponding to xc, while Rs(xf ,w) represents the response vector of the

SM surrogate. w is a vector of mapping parameters which contain all the elements

in B and c, where B and c represent the coefficients in the linear mapping function.

The surrogate in the proposed technique is trained over multiple geometrical

samples. The purpose is to make the surrogate valid in a relatively larger neigh-

borhood in the design parameter space, thereby reducing the SM iterations in the

whole optimization process. Let the nominal point at the kth (k = 1, 2, . . . ) iter-

ation during yield optimization be denoted by x0,k, where x0,1 is initialized as the

optimal solution from nominal optimization. In each iteration, a set of geometrical

samples are generated in the neighborhood of x0,k in the design parameter space.

The fine model responses at these geometrical samples are to be used to train the

surrogate model. In this work, star distribution is used as the sampling method to

generate the geometrical samples around x0,k in the design parameter space. Let

Xk
Tr represent the set of geometrical samples in iteration k, then,

Xk
Tr = {x(1),k,x(2),k, · · · ,x(2n+1),k}. (4.14)

Next, the fine model are evaluated at all these 2n+ 1 geometrical samples by using
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2n+ 1 processors in parallel

{Rf (x(i),k)|i = 1, 2, . . . , 2n+ 1}

= {Rf (x(1),k),Rf (x(2),k), . . . ,Rf (x(2n+1),k)}. (4.15)

In each iteration (say iteration k), the surrogate model is trained by using an

optimization formulation with the objective of minimizing an error function. Let

E(w) be the error function. E(w) is defined as the sum of the squared differences

between the responses of the fine model and those of the surrogate at all the 2n+ 1

geometrical samples, i.e.,

E(w) =
2n+1∑
l=1

e(l),k(w)

=
2n+1∑
l=1

∥∥Rf (x(l),k)−Rs(x(l),k,w)
∥∥2
, (4.16)

where Rf (x(l),k) and Rs(x(l),k) denote the response vectors of the fine and coarse

models corresponding to the lth (l = 1, 2, . . . , 2n+ 1) training sample x(l),k, respec-

tively. The training process of the surrogate model can be denoted by

wk = arg min
w
E(w), (4.17)

where wk contains the optimal parameters of the mapping function after training.

Similar to the fine model data generation process, in this work, the training process

of the surrogate model to match the fine model at 2n+ 1 data points also uses the

parallel computation method [35]. This reduces the surrogate modeling time in each

iteration, thereby further accelerating the overall yield optimization process. Once
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the training procedure is finished, a new set of mapping parameters is obtained.

Next, we perform yield optimization using the updated surrogate to obtain the next

optimal yield solution x0,k+1.

4.3.3 The One-Sided l1 Centering Algorithm for Yield Op-
timization Using the Parallel SM Surrogate

Once the development of the surrogate is done, we next perform yield optimization

on the surrogate model with the same statistical distributions and design specifi-

cations as those in the original EM-based yield optimization problem. The yield

optimization on the surrogate is effective provided that the surrogate model is well

trained over a number of geometrical samples and that a suitable region of interest

is defined for the surrogate.

In this work, we use the one-sided l1 design centering algorithm [106] to optimize

the yield of the surrogate. Let es(x) represent the error vector used to indicate how

well the response vector of the surrogate model satisfies the design specifications.

Similar to (4.1), we have

es(x) = [es1 e
s
2 · · · esNu

s
· · · esNs

]T . (4.18)

For each random outcome xm, we have a corresponding error vector es(xm). The

value of esj(x
m), where j = 1, . . . , Ns, indicates the degree to which the surrogate

model response violates the jth design specification sample Sj. A larger value of

esj(x
m) implies that Sj is violated to a larger degree.

To optimize the yield of the microwave structure at x0, the l1 design centering
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algorithm minimizes the following objective function using a certain gradient-based

optimization algorithm:

U s(x0) =
∑
m∈M

∑
j∈J(xm)

esj(x
m), (4.19)

J(xm) = {j|esj(xm) > 0}

M = {m|J(xm) 6= ∅}

where esj(x
m) is defined in the same way as that in (4.2), but this time the responses

are evaluated from the surrogate model instead of the fine model, i.e.,

esj(x) =


Rs
j(x,w)− Sj, if 1 ≤ j ≤ Nu

s ,

Sj − Rs
j(x,w), if Nu

s < j ≤ Ns.

(4.20)

It is seen that the yield objective function defined in (4.19) is closely related to the

number of failed designs. By minimizing (4.19), the yield of the fine model is ex-

pected to be increased. Therefore, the new nominal point used for yield verification

on the fine model, x0,k+1, is obtained as follows:

x0,k+1 = arg min
x0

U s(x0). (4.21)

Note that by replacing the EM-based fine model with a computationally efficient

surrogate model, and applying (4.19)-(4.21) on the surrogate, we avoid the large

number of computationally expensive EM simulations and thus the EM-based yield

optimization procedure can be greatly accelerated.
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4.3.4 Proposed Trust Region Algorithm for Parallel SM
Based Yield Optimization

Since the surrogate model can only learn the EM behavior of the fine model in a

certain region in the design parameter space, a trust region has to be defined for the

surrogate in each iteration during yield optimization. The trust region is a region

in the design parameter space beyond which the surrogate become unreliable and

cannot represent the behavior of the fine model accurately. Therefore, the l1 design

centering algorithm should only explore the parameter space inside the trust region

in order to have an effective minimization of the objective function defined in (4.19).

Based on this idea, we propose a novel trust region algorithm to update the trust

radius of each design parameter in each iteration in yield-driven design.

Let Ωk be the trust region of the surrogate model in iteration k, defined as

follows:

Ωk = {x|x0,k
i − δki ≤ xi ≤ x0,k

i + δki , ∀i = 1, . . . , n}, (4.22)

where δki represents the trust radius for the ith design variable in iteration k. Let

δk = {δk1 , δk2 , . . . , δkn} be the set containing the trust radii for all the design variables.

The update of the trust radius for each design parameter depends on the ratio of

yield improvements of the surrogate model over that of the fine model between

two consecutive iterations. Specifically, between iteration k and iteration k + 1, we

evaluate the yield values of the fine model (denoted by Yf (x
0,k) and Yf (x

0,k+1))

and the yield value of the surrogate model (denoted by Ys(x
0,k+1)) via the PCE

approach. Define a parameter r to be the ratio of yield increase on the surrogate
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model over that on the fine model as follows:

r =


Yf (x

0,k+1)− Yf (x0,k)

Ys(x0,k+1)− Yf (x0,k)
, if Yf (x

0,k+1) ≥ Yf (x
0,k),

−1, otherwise.

(4.23)

The parameter r can be used as an indicator to update the trust radius of each design

parameter due to the following reasons: 1) when Yf (x
0,k+1) < Yf (x

0,k), this means

that yield optimization on the surrogate is not effective, i.e., it cannot increase the

yield of the fine model. Therefore, the trust radius of each design parameter should

shrink; 2) when Yf (x
0,k+1) ≥ Yf (x

0,k), this implies that the yield of the fine model is

increased after performing yield optimization on the surrogate. Depending on how

large the yield improvement on the fine model is, one can choose to keep, enlarge,

or shrink the current trust radius. In this thesis, we use the following formulas to

update the trust radii of the design parameters in the kth iteration [109]:

δk+1 =


0.69δk, if r < 0.1,

min{1.3δk,∆max}, if r > 0.75,

δk, otherwise,

(4.24)

where ∆max denotes the maximal allowed trust radii for the design variables. In

this thesis, ∆max is set as 50% of the initial nominal values of the design variables.
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4.3.5 Incorporating the PCE Approach for Yield Verifica-
tion on the Fine Model

In each iteration, after the yield optimization on the surrogate is done and a new

nominal point is found, the yield value on the fine model at the new nominal point

has to be verified. To further speed up the overall optimization process, we propose

to use the PCE approach to verify the yield of the fine model in each iteration during

yield optimization. To realize PCE-based yield estimation, one has to first transform

the original random parameters x to independent standard random parameters ξ.

Next, the stochastic expansion has to be applied in the “ξ-space” [93] to express the

function between the stochastic quantity and ξ. In the kth iteration, let Rf
j (x

0,k, ξ)

be the response of the fine model at the frequency point where the jth design

specification sample exists. Via PCE, the relationship between Rf
j (x

0,k, ξ) and ξ is

represented by the weighted sum of a set of orthogonal basis functions as follows:

Rf
j (x

0,k, ξ) =
P∑
i=0

aij(x
0,k)Φi(ξ), (4.25)

where Φi(·) represents the generalized basis function in PCE. The total number of

terms in (4.25) is P + 1. aij represents the PCE coefficients, which are also the

weighting coefficients for different basis functions at different EM responses.

Given that the basis functions Φi(ξ) are orthogonal to each other, the coefficients

of PCE, aij, are evaluated as follows:

aij(x
0,k) =

∫
Ωn R

f
j (x

0,k, ξ)Φi(ξ)ρ(ξ)dξ∫
Ωn Φ2

i (ξ)ρ(ξ)dξ
, (4.26)

where Ωn represents the n-dimensional random space of ξ. ρ(ξ) represents the joint
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Figure 4.1: Flow chart of the proposed yield optimization technique.

probability density function (PDF) of the transformed parameters ξ. Numerical

quadrature based on sparse grid techniques [95] are typically used to evaluate the

multi-dimensional integrations in (4.26). Let Nsg be the number of samples in sparse

grid techniques.

To perform yield estimation of the fine model, a number of PCE models have
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to be constructed at all the frequencies of interest. More specifically, a single PCE

model has to be constructed for each frequency point under consideration. In other

words, the total number of PCE models is equal to the total number of frequency

points in the whole frequency range of interest. Then, an MC analysis needs to be

performed on the PCE models taking into consideration all the design specifications

[95]. We summarize the yield verification on the fine model via PCE at iteration k

as follows:

Step 1) Generate Nsg samples of the transformed parameters ξ, i.e., {ξ(1), ξ(2), · · · ,

ξ(Nsg)}, in the “ξ-space” following the rules of the sparse grid technique.

Step 2) Transform the Nsg samples in the “ξ-space” back into the “x-space”, to

obtain a set of geometrical parameter samples around the nominal point

x0,k.

Step 3) Evaluate the responses of the fine model at the Nsg geometrical parameter

samples in parallel.

Step 4) Numerically evaluate the PC coefficients aij using numerical quadrature

based on the sparse grid technique [50].

Step 5) Perform an MC analysis on the PCE models taking into consideration all

the design specifications to obtain the yield verification result on the fine

model at x0,k.

As demonstrated in [39], the PCE approach to EM-based yield estimation is

much more computationally efficient than traditional MC analysis, since an accurate
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evaluation of PCE coefficients typically requires much fewer EM samples than the

MC analysis does.

4.3.6 The Proposed Yield Optimization Algorithm

The overall yield optimization procedure terminates if the difference of x0,k between

subsequent iterations is sufficiently small or the yield value of the fine model at the

new nominal point is higher than a user-defined threshold, i.e.,

∥∥x0,k+1 − x0,k
∥∥ ≤ ε, (4.27)

or Y (x0,k+1) ≥ Yth, (4.28)

where ε and Yth are both user-defined criteria. The flow chart of the proposed

yield optimization algorithm is shown in Fig. 4.1, which can also be summarized as

follows:

Step 1) Set iteration counter k = 1. Initialize the termination criteria ε and Yth

(the desired yield value). Initialize the trust radius for each design pa-

rameter. Set the perturbation sizes in star distribution for the design

parameters the same as their trust radius.

Step 2) Initialize the nominal point x0,k to be the optimal solution from nominal

optimization x0
ini. Estimate the yield of the fine model at x0,k using the

PCE approach described in Section 4.3.5.

Step 3) If k ≥ 2, update the trust radius for each design parameter using (4.23)

and (4.24), and update the perturbation size to be the same as the updated
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trust radius.

Step 4) Generate 2n+1 geometrical samples, Xk
Tr, following star distribution based

on the updated trust region for training the surrogate.

Step 5) Build a new surrogate model Rs(x,w) using (4.14)-(4.17) and obtain the

optimal mapping parameters B and c.

Step 6) Perform yield optimization on the new surrogate by solving (4.21) using a

gradient-based algorithm, e.g., the quasi-Newton method, to find the next

optimal yield solution x0,k+1.

Step 7) Estimate the yield of the fine model at the new nominal point x0,k+1 using

the PCE approach.

Step 8) If
∥∥x0,k+1 − x0,k

∥∥ ≤ ε or Y (x0,k+1) ≥ Yth is satisfied, go to Step 9), other-

wise, set k = k + 1 and go to Step 3).

Step 9) Output the final optimal yield solution x∗ = x0,k and the final yield value

Y ∗ = Yf (x
0,k).

4.3.7 Discussion

In the proposed technique, we choose to use the PCE approach to verify the yield

of the fine model during the overall yield optimization process. The PCE approach

serves as an efficient vehicle to further speed up the proposed technique. There

also exist some other methods in the literature that can avoid the high computa-

tional costs in traditional Monte Carlo based analysis, such as the stochastic testing

96



method [110], the polynomial chaos-Kriging (PC-Kriging) method [111], and the

neural network based technique [112]. They all perform well for statistical analysis

and/or yield estimation in different applications. Considering that the main focus

of this study is yield-driven EM optimization, a comprehensive comparison between

these methods and the PCE approach is beyond the scope of this study. However,

upon being used properly, other efficient methods such as those in [110]-[112] can

also be incorporated in the proposed technique to achieve efficient yield optimization

of microwave structures.

4.4 Application Examples

4.4.1 Yield Optimization of a Low-Pass Elliptic Microstrip
Filter

In this example, we aim to perform yield optimization for a two-section low-pass

elliptic microstrip filter [35], as shown in Fig. 4.2. We consider six design variables,

i.e., x = [L1 L2 Lc1 Lc2 Wc Gc]
T (mil), and assume that the variables have inde-

pendent normal distributions to allow yield optimization. The initial nominal point

obtained from nominal EM optimization is x0
ini = [44.79825 171.68189 165.44252

45.05873 6.06197 3.36753]T (mil). The standard deviation of each design variable

is 2% of its mean value. The design specifications for the filter are defined as

|S21| ≥ −0.92 dB, for 1.0 GHz ≤ ω ≤ 1.97 GHz

|S21| ≤ −18 dB, for 2.3 GHz ≤ ω ≤ 4.0 GHz

The HFSS EM simulator with a fast simulation feature is used to perform fine
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Figure 4.2: The structure of the low-pass elliptic microstrip filter used in EM sim-
ulation and yield optimization, from [35].

model evaluations. The coarse model is the equivalent circuit for the low-pass filter

using simple transmission lines [35]. NeuroModelerPlus software is used to program

the coarse model, implement surrogate model training over multiple geometrical

samples, and perform yield optimization on the surrogate model. The initial yield

value of the fine model at the initial nominal point is 56%. The initial trust radius

of each design parameter is set as 5% of its nominal value, i.e., δ1 = 0.05×x0
ini. The

stop criteria of the propose yield optimization algorithm are set as ε = 1.0e− 5 and

Yth = 75%. A cluster of computers is used to allow parallel processing for parallel

data generation.

The proposed yield optimization technique stops after two SM iterations, meet-

ing the user-defined yield criterion Yth. The final optimal yield solution is x∗ =
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[43.91140 158.20101 163.80511 46.46544 6.23598 3.22687]T (mil) with a yield value

of 77% of the fine model. The yield value of the fine model during yield optimization

is verified by the PCE approach. For a further verification, we evaluate the responses

of the fine model at a sufficiently large number (Nmc) of random outcomes around

the initial and final design solutions, and obtain the corresponding yield values using

Monte Carlo analysis, as shown in Fig. 4.3. To obtain the reasonable value of Nmc

in Monte Carlo analysis, the yield at the initial nominal point is estimated with

different number of random samples. We gradually increase the value of Nmc until a

convergence on the yield value is observed (which happens when Nmc = 100). The

same value is used for the number of random outcomes during yield optimization

on the surrogate model. It is observed from Fig. 4.3 that a significant increase on

the yield value is obtained, which demonstrates the effectiveness of the proposed

technique.

For this example, we have 2n+1 = 13 data samples, so 13 processors are used to

perform fine model evaluations in parallel. The time for fine model evaluations using

the parallel computation method is 32 min, while that using the sequential compu-

tation method is 372 min. This results in a speedup of 11.6 and a parallel efficiency

(η) of about 89.5%. This speedup contributes to the total CPU time reduction of

the proposed yield optimization technique. For the purpose of comparison, we also

apply the standard SM approach to optimize the yield for this example. For the

standard SM, the surrogate model is built at only one geometrical sample in each

SM iteration without using the parallel computation method. Specifically, in each

iteration, the response of the fine model at the current nominal point is used to train
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Table 4.1: Comparison of Standard SM based Yield Optimization Technique and
the Proposed Yield Optimization Technique for the Lowpass Microstrip Filter

Yield optimization
technique

Standard SM
based yield
optimization
technique

Proposed yield
optimization
technique

Initial yield of fine model 56% 56%

Number of SM iterations 4 2

Fine model evaluation
time

29min × 4 32min × 2

Surrogate model training
time

12s ×4 40s × 2

Total surrogate yield op-
timization time

24min 11min

Total CPU time 141min 76min

Final yield of fine model 62% 77%

the surrogate model. The comparison between the standard SM based yield opti-

mization technique and the proposed yield optimization technique in terms of the

yield improvement and total CPU time is shown in Table 4.1. Note that the CPU

time for yield verification on the fine model in each iteration is omitted for both

methods. As can be seen in the table, the standard SM based yield optimization

terminates after four iterations, achieving a small yield increase of the fine model.

The reason behind this is that standard SM builds the surrogate model over a single

point. Hence, the surrogate model is valid in a smaller region than that built with

the parallel SM approach, making it difficult to achieve an effective yield optimiza-

tion of the surrogate. It is also seen from the table that, compared with the standard
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(a)

(b)

Figure 4.3: Yield optimization results of the low-pass microstrip filter using the
proposed technique: (a) Before and (b) After yield optimization. In both figures,
the grey dashed lines indicate 100 random samples in Monte Carlo analysis, while
the black solid line indicates the nominal response.
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SM based yield optimization technique, the proposed yield optimization technique

achieves a much greater yield increase in shorter CPU time. This is because our

proposed technique builds the surrogate model over multiple geometrical samples,

which enables the surrogate to be valid in a larger neighborhood. Therefore, the

proposed technique is able to find the optimal yield solution in fewer SM iterations,

accelerating the overall yield optimization process.

4.4.2 Yield Optimization of a Bandstop Microstrip Filter
with Open Stubs

In the second example, we perform yield optimization for a bandstop microstrip

filter with quarter-wave resonant open stubs [35], as shown in Fig. 4.4. The filter

has five design variables, i.e., x = [W1 W2 L0 L1 L2]T (mil). We assume indepen-

dent normal distributions for the design variables to realize yield estimation and

optimization, with the standard deviation of each design variable being 0.5% of its

mean value. The initial nominal point obtained from nominal EM optimization

is x0
ini = [5.83198 14.68157 120.06024 119.10691 110.10827]T (mil). The design

specifications for the filter are defined as

|S21| ≥ 0.9, for 5.0 GHz ≤ ω ≤ 8.0 GHz

|S21| ≤ 0.05, for 9.3 GHz ≤ ω ≤ 10.7 GHz

|S21| ≥ 0.9, for 12.0 GHz ≤ ω ≤ 15.0 GHz

The HFSS EM simulator with a fast simulation feature is used to perform fine

model evaluations. The coarse model is the equivalent circuit for the bandstop filter

using simple transmission lines based on ADS [35]. NeuroModelerPlus software is
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Figure 4.4: The structure of the bandstop microstrip filter defined for EM simulation
and yield optimization, from [35].

used to program the coarse model, implement surrogate model training, and perform

the yield optimization on the surrogate model. The yield value of the fine model at

the initial nominal point is 22%. The initial trust radius of each design parameter

is set as 5% of its nominal value, i.e., δ1 = 0.05 × x0
ini. The stop criteria of the

propose yield optimization algorithm is set as ε = 1.0e − 5 and Yth = 80%. The

proposed yield optimization technique terminates after two SM iterations, satisfying

the user-defined stopping criterion
∥∥x0,k+1 − x0,k

∥∥ ≤ 1.0e − 5. The final optimal

yield solution is x∗ = [5.86118 14.59794 117.55622 121.90948 107.62781]T (mil)

with a yield value of 46% of the fine model. The yield values at the initial nominal

solution and the final optimal yield solution are both further verified by the Monte

Carlo-based yield estimation, as shown in Fig. 4.5.

For this example, we have 2n + 1 = 11 data samples, so 11 processors are used
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Table 4.2: Comparison of Standard SM based Yield Optimization Technique and
the Proposed Yield Optimization Technique for the Bandstop Microstrip Filter

Yield optimization
algorithm

Standard SM
approach to
yield optimiza-
tion

Proposed yield
optimization
technique

Initial yield of fine model 22% 22%

Number of iterations 5 2

Fine model evaluation
time

14min × 5 16min × 2

Surrogate model training
time

20s × 5 3min × 2

Total surrogate yield op-
timization time

22min 15min

Total CPU time 94min 53min

Final Yield of fine model 39% 46%

to perform fine model evaluations in parallel. The time for fine model evaluations

using the parallel computation method is 16 min, while that using the sequential

computation method is 157 min. This results in a speedup of 9.8 and a parallel

efficiency (η) of about 89.2%. This speedup contributes to the total CPU time

reduction of the proposed yield optimization technique. For comparison purposes,

the standard SM approach is also applied to optimize the yield for this example.

In each iteration during yield optimization, the surrogate model is trained with

the EM response at the current nominal point. Table 4.2 compares the standard

SM based yield optimization technique and the proposed technique in terms of

the yield improvement and the total CPU time. It is observed from the table
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that, the proposed yield optimization technique achieves a higher yield increase

using fewer SM iterations compared with the standard SM based yield optimization

technique. Specifically, the standard SM optimization terminates after five SM

iterations with a yield value of 39% of the fine model, while the proposed technique

terminates after two SM iterations with a yield value of 46% of the fine model.

This is because the surrogate model in the proposed technique is trained to be valid

in larger neighborhood than that in the standard SM. Therefore, the trust region

defined for the surrogate in the proposed technique can be larger than that in the

standard SM, which increases the ability of improving the yield of the fine model for

the proposed technique. These advantages ultimately allow the proposed technique

to achieve a greater yield increase of the microwave structure in shorter CPU time

compared with the standard SM based yield optimization technique.
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(a)

(b)

Figure 4.5: Yield optimization results of the bandstop microstrip filter using the
proposed technique: (a) Before and (b) After yield optimization. In both figures,
the grey dashed lines indicate 100 random samples in Monte Carlo analysis, while
the black solid line indicates the nominal response.
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Chapter 5

Non-Surrogate-Based Approach to
Yield-Driven EM Optimization
Exploiting PCE

5.1 Introduction

The parallel SM based technique presented in the previous chapter is able to acceler-

ate the overall yield optimization process by reducing the number of SM iterations.

However, it requires the availability of an equivalent circuit coarse model. In many

practical cases, equivalent circuit coarse models are not always available [91]. To

address this situation, in this chapter, we propose a novel non-surrogate-based ap-

proach to yield-driven EM optimization exploiting PCE. For the first time, the use

of PCE approach is elevated from EM-based yield estimation to EM-based yield

optimization. The proposed approach provides systematic formulation and sensi-

tivity formulas of EM-based yield optimization and does not require the availability

of a coarse model. In the proposed approach, we first formulate a novel objective

function for yield-driven EM optimization. By incorporating PCE coefficients into
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the formulation, the objective function is analytically related to yield optimization

variables which are the nominal point. We then derive the sensitivity formulas of the

PCE coefficients w.r.t. the nominal point. The sensitivities of the objective func-

tion w.r.t. the nominal point are derived based on the sensitivity formulas of the

PCE coefficients. These sensitivities are then used in gradient-based optimization

algorithms to find the optimal yield solution iteratively. The proposed objective

function requires fewer EM simulations to provide reliable yield representation than

that in the conventional Monte Carlo-based yield optimization approach. As a

result, the number of EM simulations required to find the update direction and

proper step size for the change of the nominal point is reduced at each iteration of

optimization. This allows the proposed approach to achieve similar yield increase

using much fewer EM simulations or greater yield increase using similar number of

EM simulations compared to the conventional yield optimization approach. Three

waveguide filter examples are used to demonstrate the advantages of our proposed

approach.

5.2 Formulations of the PCE Approach

In this section, we give a brief overview of formulations of the PCE approach and

establish necessary notations for the descriptions of the proposed approach.

Let x represent the vector of n design parameters (e.g., geometrical parameters)

of the EM structure, where x = [x1, x2, · · · , xn]T . Let x0 be the nominal point of

x. For statistical analysis of EM structures, the actual values of design parame-

ters of the manufactured devices are spread around x0 following certain (uniform,
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normal, etc.) distributions. A key component of PCE-based statistical analysis is

performing a transformation of parameters from the original random parameters x

to independent standard random parameters ξ and then applying the stochastic ex-

pansion in the transformed space (i.e., the “ξ-space”) [93]. Let ξ = [ξ1, · · · , ξn]T be

the vector of the independent standard random parameters. For example, ξ1, · · · , ξn

are with zero mean and unit variance if x1, x2, · · · , xn have normal distributions,

or with support [−1, 1] if x1, x2, · · · , xn are uniformly distributed. In the context

of EM-based yield optimization, the change of x0 should be considered when per-

forming the transformation as the nominal point is a variable. We thus denote this

transformation as ξ = T (x0,x) with the inverse transformation denoted as

x = T−1(x0, ξ). (5.1)

The design goals are typically defined by a set of specifications imposed on the

response of the EM structure at each frequency of interest. Let Sj be the j-th design

specification sample, where j = 1, · · · ,m. The symbol m denotes the number

of specification samples, including samples for upper specifications and samples

for lower specifications. Let mu be the number of upper specification samples.

For convenience of description, we assume that S1, · · · , Smu are upper specification

samples and that Smu+1, · · · , Sm are lower specification samples. Let Rj(x) be the

EM response at the frequency of interest that corresponds to Sj. As we focus on

yield optimization where the nominal point x0 is a variable, we intend to write Rj(x)

in a form where x0 is explicitly presented. Substituting the reverse transformation

(5.1) into Rj(x) allows us to have Rj(x) = Rj(T
−1(x0, ξ)). An error vector e(x)
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can be defined to measure the degree to which the response satisfies the design

specifications as follows

e(x) = e(T−1(x0, ξ)) = [e1 e2 · · · emu · · · em]T , (5.2)

where the j-th element in the error vector, ej(T
−1(x0, ξ)), is given by

ej(T
−1(x0, ξ)) =


Rj(T

−1(x0, ξ))− Sj, if 1 ≤ j ≤ mu,

Sj − Rj(T
−1(x0, ξ)), if mu < j ≤ m.

(5.3)

In practice, it is possible to impose both an upper specification and a lower specifi-

cation on the response at a common frequency of interest. For example, if Sj1 and

Sj2 are the upper specification and the lower specification at a common frequency,

respectively, then the responses Rj1(T
−1(x0, ξ)) and Rj2(T

−1(x0, ξ)) have the same

values.

In PCE-based statistical analysis of EM structures, the stochastic quantity of

interest is Rj(x). The functional form between Rj(x) and ξ is approximated by

the sum of weighted orthogonal basis polynomials in terms of the standard random

parameters ξ as follows [36]

Rj(x) = Rj(T
−1(x0, ξ)) =

P∑
i=0

aij(x
0)Φi(ξ), (5.4)

where Φi(·) is the generalized polynomial chaos basis function. The optimal bases to

construct the multi-variate basis depend on the continuous probability distribution

types of the design parameters. For example, Hermite polynomials are optimal for

normal distribution while Legendre polynomials correspond to uniform distribution
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[93]. aij(x
0) is the weighting coefficient for the i-th basis function Φi of the j-th

EM response Rj(T
−1(x0, ξ)). P + 1 is the number of terms in (5.4), given by [36]

P + 1 =
(n+ D)!

n! · D!
, (5.5)

where n is the dimentionality of x, and D is the highest polynomial order in the

expansion.

In this thesis, we focus on the non-intrusive stochastic collocation scheme (more

specifically, the spectral projection approach) to compute the PCE coefficients

aij(x
0). Using the orthogonality condition of the polynomial chaos basis functions

Φi(ξ), the PCE coefficients aij(x
0) can be found by projection [39]

aij(x
0) =

∫
Ωn Rj(T

−1(x0, ξ))Φi(ξ)ρ(ξ)dξ∫
Ωn Φ2

i (ξ)ρ(ξ)dξ
, (5.6)

where Ωn is the n-dimensional space of all possible values of ξ. ρ(ξ) is the joint

probability density function (PDF) of the standard random parameters ξ. The

definition of ρ(ξ) is given by ρ(ξ) =
∏n

d=1 f(ξd), where f(ξd) is the PDF of ξd,

d = 1, 2, · · · , n. Equation (5.6) is the same as that in [39] except that the change of

the nominal point is considered. As x0 changes during yield optimization, the PCE

coefficients aij need to be re-evaluated from iteration to iteration.

The multi-dimensional integration in (5.6) can be evaluated using numerical

quadrature, e.g., [39]∫
Ωn

Rj(T
−1(x0, ξ))Φi(ξ)ρ(ξ)dξ ≈

M∑
l=1

Rj(T
−1(x0, ξ(l)))Φi(ξ

(l))w(l), (5.7)
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∫
Ωn

Φ2
i (ξ)ρ(ξ)dξ ≈

M∑
l=1

Φ2
i (ξ

(l))w(l), (5.8)

where ξ(l) and w(l) are the integration quadrature points (also called “nodes”) and

weights in the “ξ-space”, respectively. M is the total number of integration quadra-

ture points. Rj(T
−1(x0, ξ(l))) is the EM response evaluated at the l-th sampling

point in the original random space. As an example, assuming that the design pa-

rameters are independently Gaussian distributed with mean values x0
1, x

0
2, · · · , x0

n

and standard deviations σ1, σ2, · · · , σn, the l-th sample in the original space is given

by

T−1(x0, ξ(l)) = x0 + Γξ(l), (5.9)

where Γ is a diagonal matrix containing the standard deviations for all the design

parameters, i.e., Γ = diag{σ1 σ2 · · · σn}. To reduce the computational costs for

multi-dimensional numerical integration in (5.7) and (5.8), sparse grid techniques

based on the Smolyak algorithm are typically applied [94]. In many cases this

can accurately approximate multi-dimensional integrals with substantially fewer

quadrature points.

As the change of x0 does not affect the numerical quadrature in (5.8), for nota-

tional convenience, we define bi as follows

bi =
M∑
l=1

Φ2
i (ξ

(l))w(l). (5.10)

bi is problem-independent. It only depends on M and the distribution types of

standard random parameters ξ. Therefore, bi can be determined before one performs

yield optimization. Based on (5.6)-(5.8) and (5.10), the PCE coefficients can be
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computed from

aij(x
0) =

1

bi

M∑
l=1

Rj(T
−1(x0, ξ(l)))Φi(ξ

(l))w(l), (5.11)

where Φi(ξ
(l)) and w(l) are constants for yield optimization.

One valuable feature of the PCE approach is that, once the coefficients aij(x
0)

are computed, the statistical properties of the stochastic quantity Rj(T
−1(x0, ξ)),

e.g., mean µj(x
0) and variance σ2

j (x
0) can be obtained analytically through these

coefficients in a simple closed form [39]

µj(x
0) = E(Rj) = a0j(x

0), (5.12)

σ2
j (x

0) = E[(Rj − µj)2] =
P∑
i=1

a2
ij(x

0)bi. (5.13)

5.3 Proposed Non-Surrogate-Based Yield Opti-

mization Approach Exploiting PCE

In this section, our proposed PCE-based yield optimization approach is presented in

detail. In the first part, we incorporate the PCE coefficients into the objective func-

tion for yield-driven EM optimization. By taking full advantages of the statistical

properties provided by the PCE coefficients, the number of EM simulations required

to achieve reliable yield representation is reduced. In the second part, we derive the

sensitivity formulas of the PCE coefficients w.r.t. the nominal point, followed by the

derivation of the sensitivities for the proposed objective function. These sensitivities

are then used in gradient-based optimization algorithms to find the optimal yield
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solution iteratively. Finally, the proposed yield optimization process is summarized

into a stepwise algorithm.

5.3.1 Formulation of the Objective Function for Yield-Driven
EM Optimization Incorporating PCE Coefficients

Bandler and Chen presented in [25] a one-sided least p-th objective function U(x0)

which was well suited to accelerating yield optimization. The objective function

U(x0) is congregated from the simulated responses related to design specifications

for all the circuit outcomes randomly generated around the nominal point. Increase

of the yield can be achieved by minimizing U(x0) since such minimization leads to

a better center in the feasible region [26]. In this chapter, we use the formulation

in [25] as a starting point and propose a new and different objective function to

facilitate yield-driven EM optimization.

In the statistical approach to microwave design, we consider that the random

outcomes of the design parameters x are actually spread around the nominal point

x0 following their statistical distributions and tolerances [27]. The k-th random

outcome of x can be denoted as

xk = T−1(x0, ξk), k = 1, · · · ,N, (5.14)

where N is the total number random outcomes of x. ξk is the vector of standard

random parameters that corresponds to xk. In this chapter, to distinguish the

random outcomes of x in Monte Carlo analysis from the sparse grid samples of x

in the PCE approach, we use k (k = 1, · · · , N) to represent the index of random
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outcomes and use l (l = 1, · · · ,M) to represent the index of sparse grid samples.

Suppose that Hp(·) represents the one-sided least p-th function. Following [25],

the objective function U(x0) for the Monte Carlo-based yield optimization is given

by [25]

U(x0) = Hp(u(x0)), (5.15)

where u = [u1, u2, · · · , uN ]T . The k-th component in u is defined as

uk = αkHq(e(T−1(x0, ξk))), k = 1, · · · , N, (5.16)

where q is an index indicating the norm used for e while p is an index indicating the

norm used for u. The specific definition of the least p-th norms (p = 1, 2, . . . ,∞)

can be found in [25]. If we use p = 1 and q = 1 (as used in [25]) and take the

weighting factor αk = 1, the objective function U(x0) will take the following form

[25]

U(x0) =
∑
k∈K

∑
j∈J(xk)

ej(T
−1(x0, ξk)). (5.17)

J(xk) = {j|ej(T−1(x0, ξk)) > 0} (5.18)

K = {k|J(xk) 6= ∅} (5.19)

The objective function defined in (5.17) typically requires the number of out-

comes N to be reasonably sufficient to make the minimization of (5.17) effective.

It works efficiently if the computation of responses is by circuit simulations. How-

ever, it is not computationally efficient to directly apply (5.17) to yield-driven EM

optimization. The reason is that in each iteration of yield optimization, the EM
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simulations need to be done N times, where N is the number of random outcomes

of x. Further those simulations have to be re-done from iteration to iteration as the

nominal point x0 is changed, resulting in a large number of EM simulations.

To alleviate this difficulty, we propose a new formulation of the objective func-

tion inspired by the fact that the statistical properties of the EM response can be

obtained analytically through the PCE coefficients. Provided that the computa-

tion of the PCE coefficients is accurate and not too expensive, we can take full

advantage of the statistical properties offered by PCE such that the number of EM

simulations required to achieve reliable yield representation is reduced. In terms of

non-intrusive PCE approaches, it has been shown that the number of integration

samples M required to obtain accurate PCE coefficients is much fewer than the

number of outcomes N required in Monte Carlo analysis [39]. Thus, if we can use

the PCE coefficients properly to formulate a new objective function, the computa-

tional costs to achieve reliable yield representation can be reduced and the overall

yield optimization process can be expedited. In the subsequent descriptions, we

follow this idea to propose our PCE-based yield optimization approach.

As shown in (5.4), for each specification sample Sj, we have one response

Rj(T
−1(x0, ξ)) and one corresponding set of PCE coefficients aij, i = 0, 1, · · · ,P.

In order to incorporate the PCE coefficients into EM-based yield optimization, we

need to re-organize the objective function defined in (5.17) into a form where the

error element ej(T
−1(x0, ξk)) is accumulated first w.r.t. each specification sample

Sj then w.r.t. each set of design parameters of the outcomes xk. By doing this,

the statistical properties of the responses computed from the PCE coefficients can
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be exploited. To achieve this, we rewrite the original objective function U(x0) in

(5.17) by swapping the order of the summations, and at the same time re-arrange

the elements in J and K as follows

U(x0) =
∑
j∈J̄

∑
k∈K̄j

ej(T
−1(x0, ξk)), (5.20)

K̄j = {k|ej(T−1(x0, ξk)) > 0} (5.21)

J̄ = {j|K̄j 6= ∅} (5.22)

where K̄j is a set containing all the indices of the outcomes whose responses violate

the specification sample Sj. J̄ is a set containing all the indices of the specification

samples which are violated by at least one outcome.

As shown in (5.3), the error element ej(T
−1(x0, ξk)) is calculated differently

for upper and lower specifications. For convenience of description, we divide the

re-organized objective function (5.20) into two parts according to the design speci-

fication type of Sj as follows

U(x0) =
∑
j∈J̄u

∑
k∈K̄j

ej(T
−1(x0, ξk)) +

∑
j∈J̄l

∑
k∈K̄j

ej(T
−1(x0, ξk)), (5.23)

where J̄u and J̄l contain the indices of the upper and lower specification samples

which are violated by at least one outcome, respectively, i.e.,

J̄u = {j|j ∈ J̄, 1 ≤ j ≤ mu}, (5.24)

J̄l = {j|j ∈ J̄,mu < j ≤ m}. (5.25)

It can be noted that J̄u ∪ J̄l = J̄.
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Let N fail
j be the number of elements in K̄j. N fail

j represents the number of

outcomes whose responses fail to satisfy the specification Sj. If the total number of

outcomes N goes to infinity, then the statistical properties of
∑
k∈K̄j

ej(T
−1(x0, ξk))

can be represented more accurately by an integral form as follows

lim
N→∞

1

N

∑
k∈K̄j

ej(T
−1(x0, ξk))

=
1

N
E(ej(T

−1(x0, ξ)) ·N fail
j

= E[(Rj − Sj) | Rj > Sj] ·
N fail
j

N

=

∫∞
Sj

(Rj − Sj)f(Rj)dRj∫∞
Sj
f(Rj)dRj

·
N fail
j

N

=

∫∞
Sj

(Rj − Sj)f(Rj)dRj

N fail
j /N

·
N fail
j

N
(5.26)

=

∫ ∞
Sj

(Rj − Sj)f(Rj)dRj

= −Sj
∫ ∞
Sj

f(Rj)dRj +

∫ ∞
Sj

Rjf(Rj)dRj,

where j ∈ J̄u, Rj = Rj(T
−1(x0, ξ)), which can be expressed as truncated series

expansion as shown in (5.4) if we apply the PCE approach. E[(Rj − Sj) | Rj > Sj]

represents the mean value of (Rj − Sj) conditional on Rj > Sj. f(Rj) denotes the

PDF of Rj.

Similarly, the statistical properties of
∑
k∈K̄j

ej(T
−1(x0, ξk)), j ∈ J̄l, can be repre-

118



sented more accurately by an integral form as follows

lim
N→∞

1

N

∑
k∈K̄j

ej(T
−1(x0, ξk)) = Sj

∫ Sj

−∞
f(Rj)dRj −

∫ Sj

−∞
Rjf(Rj)dRj. (5.27)

It is noted that (5.26) and (5.27) have different intervals for the integration, i.e.,

(5.26) has interval [Sj,∞) while (5.27) has interval (−∞, Sj].

For notational convenience, we define ūj(x
0) as a yield indicator w.r.t. the

specification sample Sj as follows

ūj(x
0) =


−Sj

∫∞
Sj
f(Rj)dRj +

∫∞
Sj

Rjf(Rj)dRj, j ∈ J̄u,

Sj
∫ Sj

−∞ f(Rj)dRj −
∫ Sj

−∞Rjf(Rj)dRj, j ∈ J̄l.

(5.28)

ūj(x
0) can be regarded as an indicator of the yield because a small value of ūj(x

0)

basically represents that there are few outcomes whose responses violate the speci-

fication sample Sj, indicating a high yield. Therefore, reducing ūj(x
0) is expected

to lead to an increase of the yield.

Given µj, σ
2
j , and higher moments of Rj [93], f(Rj) in (5.28) can be approxi-

mated using existing PDF estimation techniques, e.g., the moment matching tech-

nique [113] and the maximum entropy technique [114]. Then the integrals in ūj(x
0)

can be evaluated by applying the Gauss quadratures developed in [115]. In this the-

sis, to analytically relate ūj(x
0) to the nominal point through the PCE coefficients,

we consider a special case where the EM response Rj follows normal distribution

with µj and σj as its mean and standard deviation, respectively. In the following de-
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scriptions, we show how ūj(x
0) is analytically related to the nominal point through

PCE coefficients under such consideration.

Based on (5.12) and (5.13), the first term of ūj(x
0), j ∈ J̄u, can be related to

the nominal point x0 through PCE coefficients as follows

−Sj
∫ ∞
Sj

f(Rj)dRj = Sj

φ
 Sj − a0j(x

0)√∑P
i=1 a

2
ij(x

0)bi

− 1

 , (5.29)

where φ(·) is the cumulative distribution function (CDF) of the standard normal

distribution. a0j and aij are PCE coefficients as functions of yield optimization

variables x0.

For notational convenience, let γj(x
0) be defined as

γj(x
0) =

Sj − a0j(x
0)√

P∑
i=1

a2
ij(x

0)bi

, j ∈ J̄u ∪ J̄l. (5.30)

φ(γj(x
0)) represents the probability that Rj satisfies the specification Sj in case

j ∈ J̄u or violates Sj in case j ∈ J̄l.

To analytically relate the second term of ūj(x
0), j ∈ J̄u, to the nominal point

through PCE coefficients, we are interested in finding the mean value of the EM re-

sponse Rj under the condition that Rj violates the upper specification Sj. Let E(Rj |

Rj > Sj) be the mean value of Rj conditional on Rj > Sj. Then
∫∞
Sj

Rjf(Rj)dRj
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can be analytically related to the nominal point x0 as follows [116]∫ ∞
Sj

Rjf(Rj)dRj

= E(Rj | Rj > Sj) ·
∫ ∞
Sj

f(Rj)dRj

= µj(1− φ(γj(x
0))) +

1√
2π
σj · e−

1
2
γ2j (x0), (5.31)

where µj and σj can be computed from PCE coefficients as given by (5.12) and

(5.13).

The PCE coefficients are incorporated into ūj(x
0) for the upper specifications

by substituting (5.12)-(5.13) and (5.29)-(5.31) into ūj(x
0), j ∈ J̄u, as follows

ūj(x
0) =

√√√√ P∑
i=1

a2
ij(x

0)bi · [(φ(γj(x
0))− 1)γj(x

0) +
1√
2π
e−

1
2
γ2j (x0)]. (5.32)

Following similar derivations, we can incorporate the PCE coefficients into ūj(x
0)

for the lower specifications, j ∈ J̄l, as follows

ūj(x
0) =

√√√√ P∑
i=1

a2
ij(x

0)bi · [φ(γj(x
0))γj(x

0) +
1√
2π
e−

1
2
γ2j (x0)]. (5.33)

The proposed PCE-based objective function Ū(x0) for yield-driven EM opti-

mization including both upper and lower specifications is given by

Ū(x0) =
∑
j∈J̄u

ūj(x
0) +

∑
j∈J̄l

ūj(x
0), (5.34)

where ūj(x
0) is given by (5.32) and (5.33) for upper (j ∈ J̄u) and lower specifications

(j ∈ J̄l), respectively. By substituting (5.32) and (5.33) into (5.34), the proposed
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optimization objective function can be written in a more convenient form

Ū(x0) =
∑
j∈J̄

Vj(x
0) +

∑
j∈J̄u

(a0j(x
0)− Sj), (5.35)

where Vj(x
0) is computed from the PCE coefficients as follows

Vj(x
0) =

√√√√ P∑
i=1

a2
ij(x

0)bi · [φ(γj(x
0))γj(x

0) +
1√
2π
e−

1
2
γ2j (x0)]. (5.36)

Notice that aij(x
0) are PCE coefficients, and γj(x

0) is computed from the PCE

coefficients aij(x
0) as shown in (5.30).

It is pointed out that through (5.20)-(5.36), we have changed the original ob-

jective function defined in (5.17) into a new form where the PCE coefficients are

incorporated. The PCE coefficients are able to provide the statistical properties and

approximate the PDF of the EM response with fewer EM samples than that required

by Monte Carlo analysis. Therefore, the new PCE-based formulation requires fewer

EM simulations to obtain accurate yield representation than the original formula-

tion (which is based on assembling the responses evaluated at Monte Carlo samples).

This advantage allows our proposed objective function to be able to facilitate the

overall EM-based yield optimization process more efficiently.

5.3.2 Derivation of Sensitivity Formulas for the Proposed
Objective Function

To use the proposed objective function formulated above in yield-driven EM opti-

mization, the derivatives of the proposed objective function Ū(x0) w.r.t. the varying

nominal point x0 need to be derived so that a gradient-based optimization algorithm
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(e.g., quasi-Newton method) can be employed. In this subsection, we first derive

the sensitivity formulas of PCE coefficients w.r.t. x0, then derive the sensitivities

for the objective function based on the sensitivity formulas of the PCE coefficients.

At each iteration of the proposed yield optimization algorithm, a set of EM

design parameters X are generated around the current nominal point x0 following

the sparse grid technique, i.e.,

X = {T−1(x0, ξ(1)), · · · , T−1(x0, ξ(M))}. (5.37)

Then the PCE coefficients are numerically evaluated using the EM responses simu-

lated at these design parameters. The sparse grid samples are formed based on the

Smolyak algorithm [117], which selectively combines the tensor products of lower

order quadrature rules to cover the parameter space more efficiently [39]. As illus-

trated in Fig. 5.1, as the nominal point moves from x0 to x0
new, the sparse grid

samples in the original parameter space move accordingly, forming a new set of

sparse grid samples Xnew. In other words, the movement of the nominal point af-

fects the location of every sparse grid point in the original parameter space, which

in turn affects each PCE coefficient aij.

In this work, we consider the design parameters to be Gaussian (normal) dis-

tributed and that the standard deviation is σd for the d-th design parameter,
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Figure 5.1: Illustration of the movement of sparse grid samples in PCE between
two consecutive iterations during yield optimization. The two black dots represent
the nominal points between two successive iterations. The circles represent the
integration samples around the nominal points following the sparse grid technique.
In yield optimization, the nominal point x0 is a variable which is updated iteratively.
As the nominal point moves from x0 to x0

new, all the sparse grid samples move
accordingly.

d = 1, 2, · · · , n. Then the reverse transformation in (5.9) takes the following form

T−1(x0, ξ(l)) =



x0
1

x0
2

...

x0
n


+



σ1ξ
(l)
1

σ2ξ
(l)
2

...

σnξ
(l)
n


, (5.38)

where l = 1, · · · ,M . Note that σd and ξ
(l)
d are predetermined constants for yield
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optimization.

Based on (5.11) and (5.38), we can obtain the derivatives of each PCE coefficient

aij(x
0) w.r.t. the nominal point x0 as follows

∂aij(x
0)

∂x0
=

1

bi

M∑
l=1

Φi(ξ
(l))w(l)∂Rj(x)

∂x
|x=x(l) , (5.39)

where x(l) = T−1(x0, ξ(l)).
∂Rj(x)

∂x
|x=x(l) represents the EM sensitivities of Rj(x)

evaluated at the l-th sparse grid point x(l) in the original parameter space. These

EM sensitivities can be obtained from existing EM solvers with sensitivity analysis

feature. bi, Φi(ξ
(l)) and w(l) are predetermined constants for yield optimization.

From (5.35) and (5.36) we can deduce the derivatives of the proposed objective

function Ū(x0) w.r.t. each PCE coefficient aij as follows

∂Ū(x0)

∂aij
=



1− φ(γj(x
0)), for i = 0, j ∈ J̄u,

−φ(γj(x
0)), for i = 0, j ∈ J̄l,

2aijbi
1√
2π

1√∑P
p=1 a

2
pj(x0)bp

· e−
1
2
γ2j (x0),

for i = 1, · · · ,P, j ∈ J̄u ∪ J̄l.

(5.40)

The derivatives of the proposed objective function Ū(x0) w.r.t. the varying

nominal point x0 can be found by

∂Ū(x0)

∂x0
=

P∑
i=0

∑
j∈J̄

∂Ū(x0)

∂aij

∂aij(x
0)

∂x0
, (5.41)
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where ∂Ū(x0)
∂aij

and
∂aij(x0)

∂x0 are given by (5.39) and (5.40), respectively.

5.3.3 PCE-based Yield Optimization Algorithm

In this subsection, we provide the detailed algorithm for the proposed PCE-based

yield-driven EM optimization.

Firstly, a set of M samples {ξ(1), ξ(2), · · · , ξ(M)} are generated in the “ξ-space”

following the rules of the sparse grid technique. These samples are generated only

once and would be reused in the subsequent iterations. The distribution pattern

of the samples follows the rules of sparse grid techniques [94]. M is related to the

accuracy level in sparse grid techniques. Increasing the accuracy level improves

the multi-dimensional integration accuracy, but results in a larger M and thus

requires more EM simulations. It is recommended that one fulfills the PCE model

construction at the initial nominal point before performing yield optimization for a

specific EM structure to obtain the required minimal accuracy level. The minimal

accuracy level can be obtained by starting from a small value and increasing it

gradually until no significant integration difference can be observed between two

successive accuracy levels.

Next, the M samples are transformed into EM geometrical parameter samples

{T−1(x0, ξ(1)), T−1(x0, ξ(2)), · · · , T−1(x0, ξ(M))} using (5.38). Then an existing EM

simulator is driven to evaluate the EM responses Rj(T
−1(x0, ξ(l))) and the EM sen-

sitivities
∂Rj(x)

∂x
|x=x(l) , for l = 1, 2, · · · ,M . Since the responses and the sensitivities

for different samples can be obtained independently, we evaluate the EM responses

and the EM sensitivities at those M samples in parallel [118]. By using this parallel
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computation scheme, we achieve additional speed up for EM-based yield optimiza-

tion. Then the PCE coefficients aij(x
0) are numerically evaluated using (5.6)-(5.8)

and the derivatives of each PCE coefficient w.r.t. the nominal point are evaluated

according to (5.39). After that, the proposed PCE-based objective function Ū(x0)

is evaluated using (5.35) and (5.36), while the derivatives ∂Ū(x0)
∂x0 are evaluated fol-

lowing (5.39)-(5.41).

Finally, Ū(x0) and ∂Ū(x0)
∂x0 are used in a gradient-based optimization algorithm

(such as quasi-Newton method) to find the update direction and suitable step size

for the change of the nominal point from the current point x0 to a new point. Let

the new nominal point be denoted as x0
new. The optimization terminates if the

iteration counter Niter exceeds the maximum iteration count Nmax
iter or the difference

of x0 between subsequent iterations is sufficiently small, i.e.,

Niter > Nmax
iter , (5.42)

or
∥∥x0

new − x0
∥∥ < ε, (5.43)

where Niter = 0, 1, · · · . ε is a user-defined threshold. Fig. 5.2 shows the flow chart

of the proposed PCE-based yield optimization algorithm. The proposed algorithm

can be summarized into the following steps.

Step 1) Set the initial nominal point x0
ini as the starting point for yield optimiza-

tion, i.e., x0 = x0
ini. Typically, x0

ini should be the optimal solution of

nominal EM optimization. Initialize the iteration counter Niter as 0. Set

the maximum iteration number Nmax
iter and the stopping criteria ε.
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Step 2) Generate M samples {ξ(1), ξ(2), · · · , ξ(M)} in the “ξ-space” following the

rules of the sparse grid technique.

Step 3) Transform {ξ(1), ξ(2), · · · , ξ(M)} into a set of EM geometrical parameter

samples around the nominal point using (5.38).

Step 4) Evaluate the EM responses Rj(T
−1(x0, ξ(l))) and the EM sensitivities

∂Rj(x)

∂x(l) ,

for l = 1, 2, · · · ,M , in parallel.

Step 5) Numerically evaluate the PCE coefficients aij(x
0) using (5.6)-(5.8) and the

derivatives of each PCE coefficient w.r.t. the nominal point using (5.39).

Step 6) Evaluate the proposed PCE-based objective function Ū(x0) defined in

(5.35)-(5.36).

Step 7) Evaluate the derivatives of the proposed objective function Ū(x0) w.r.t.

the nominal point x0 following (5.39)-(5.41).

Step 8) Find the update direction and suitable step size for the current nomi-

nal point using gradient-based optimization algorithm (e.g, quasi-Newton

method), find the new nominal point x0
new.

Step 9) If (5.42) or (5.43) is satisfied, go to step 10). Otherwise, update the nominal

point x0 = x0
new, update the iteration count Niter = Niter + 1 and go to

step 3).

Step 10) Obtain the final optimal yield solution x∗ = x0
new. Stop the optimization

process.
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Figure 5.2: Flow chart of the proposed PCE-based yield optimization algorithm.

5.4 Examples

5.4.1 Yield Optimization of a Waveguide K-Band Bandpass
Filter

The first example under consideration is a waveguide K-band bandpass filter de-

scribed in ADS EMPro tutorial document. The structure of the filter is shown in

Fig. 5.3. The section of the waveguide where the filter is constructed is 10.668

mm × 4.318 mm (WR-42). The heights of three cylindrical posts are all 4.318 mm.

r1 is the radius of the two posts on the side while r2 is the radius of the post in

the middle. The two resonators placed between the cylindrical posts are of equal
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Figure 5.3: The structure of the K-band bandpass filter example for EM simulation
and yield optimization. The three design parameters of the filter are x = [r1 r2 d]T .

length d. The design parameters are x = [r1 r2 d]T (mm). The design specifications

are given by |S11| ≤ −15 dB, in the frequency range from 24.935 GHz to 25.065

GHz, and |S11| ≥ −1 dB, in the frequency ranges from 24 GHz to 24.75 GHz and

from 25.25 GHz to 26 GHz. The optimal nominal solution obtained by performing

nominal EM optimization using HFSS is x0
ini = [0.9597 1.7921 8.563]T (mm).

For yield analysis and optimization, we assume independent normal distribution

for the design parameters, with the standard deviation being 5 microns. Both the

Monte Carlo-based yield optimization approach presented in [25] and the proposed

PCE-based yield optimization approach are used to optimize the yield. For the pro-

posed approach, Hermite polynomials are used and the polynomial chaos expansion

is truncated at total order D = 2. The one-dimensional Kronrod-Patterson [94]

quadrature rule is used to form a three dimensional total-order grid. An integration

accuracy level 3 is required for this example, which results in the total number of

quadrature points M being 19. To find the reasonable value of N for the Monte

Carlo-based yield optimization approach, we run a Monte Carlo analysis to estimate
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the yield at the initial nominal point. By varying the number of random samples, a

convergence on the yield value is observed when N = 50. For comparison purpose,

we use N = 19, N = 30 and N = 50 for the Monte Carlo-based yield optimization

approach. Quasi-Newton method is used as the gradient-based optimization algo-

rithm to find the optimal yield solution iteratively for both approaches. At each

iteration of optimization, HFSS is driven to evaluate the EM responses and the EM

sensitivities at all the parameter samples in parallel. To find the optimal yield solu-

tions, we set the maximum number of iterations to be a large number to allow both

optimization approaches to converge. When the optimization process terminates,

we verify the yield at the optimal yield solution by running a Monte Carlo analysis

with 100 random samples for the two approaches.

For this example, we also perform yield optimization using a third approach,

i.e., the ADS internal yield optimization tool with EMPro. A parametrized 3D

structure of the K-band bandbass filter is created using EMPro. Then nominal

EM optimization is performed in ADS to find an optimal nominal solution. Two

nominal solutions that can meet the design specifications are found, i.e., x0
ini =

[1.2069 2.1315 9.1955]T (mm) (case 1) and x0
ini = [1.1785 2.0811 9.1094]T (mm)

(case 2). Following that, yield estimation is conducted using the yield estimation

tool in ADS for both cases. Finally, we take these two nominal solutions as starting

points and use the build-in yield optimization tool in ADS to optimize the yield.

We stop the yield optimization process until no significant yield increase can be

observed.

Table 5.1 summarizes the yield optimization results of three yield optimization
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Table 5.1: Comparison of Yield Optimization Results for the K-Band Bandpass
Filter

Yield Number of EM Initial Final Total Number Total

optimization simulations yield yield of EM CPU

approach per iteration simulations time

Monte 19 41% 52% 247 2h25min

Carlo-based 30 41% 56% 1050 10h17min

50 41% 59% 1700 16h39min

Proposed 19 41% 60% 532 5h12min

ADS yield

optimization N/A 33% 49% 3350 32h48min

(case 1)

ADS yield

optimization N/A 35% 47% 3180 31h9min

(case 2)

approaches for this example. As can be seen from the table, all the three approaches

achieve improvements of the yield. However, the total number of EM simulations

and the total CPU time required by the Monte Carlo-based yield optimization

approach and the proposed approach are much fewer than that required by the

build-in yield optimizer in ADS. The reason for this is that the Monte Carlo-based

yield optimization approach and the proposed approach use sensitivity information

and gradient-based optimization algorithms in the yield optimization process. From

Table 5.1 it can also be observed that to achieve a similar yield increase the pro-

posed PCE-based approach requires much fewer EM simulations (and thus much

shorter CPU time) than the Monte Carlo-based yield optimization approach. This
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Table 5.2: Comparison of Yield Improvements With Similar Number of EM Simu-
lations for the K-Band Bandpass Filter

Yield Number of EM Total number

optimization simulations Initial yield Final yield of EM

approach per iteration simulations

Monte 30 41% 53% 540

Carlo-based 50 41% 55% 550

Proposed 19 41% 60% 532

is because by incorporating the PCE coefficients into the formulation of the yield

optimization objective function, the proposed approach requires fewer EM simu-

lations to find the effective direction and suitable step size for the update of the

nominal point at each iteration of optimization than the Monte Carlo-based yield

optimization approach. Fig. 5.4 shows the yield before and after optimization using

the proposed approach for the K-band bandpass filter. The optimal yield solution

found by the proposed approach is [0.9643 1.7779 8.554]T (mm).

To further demonstrate the advantages of the proposed approach, we perform

another numerical experiment by deliberately stopping the Monte Carlo-based yield

optimizations at a certain iteration such that the total number of EM simulations

during optimization is similar to that in the proposed approach. Table 5.2 shows

the comparison of yield improvements under this consideration. It can be seen

from the table that using similar number of EM simulations, the proposed approach

achieves a greater yield improvement than the Monte Carlo-based yield optimization

approach. The reason for this is that the proposed PCE-based approach provides
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more effective direction and step size for the update of the nominal point than that

the Monte Carlo-based yield optimization approach provides. As a result, with

similar number of EM simulations, the proposed approach is able to provide more

promising yield increase than the Monte Carlo-based yield optimization approach.

5.4.2 Yield Optimization of a Waveguide Bandpass Filter
with Fractal-Shaped Irises

In the second example, we consider a waveguide bandpass filter with fractal-shaped

irises (FSI), as shown in Fig. 5.5 [119]. The design parameters are x = [d1 d2 d3]T

(mm), where d1, d2 and d3 represent the distances between the first, second, and

third pair of symmetrical irises, respectively. An example of the geometrical dimen-

sions of the fractal-shaped irises are given by Fig. 5.6. The section of the waveguide

is a = 22.86 mm, b = 10.16 mm (WR-90). The design specification for this fil-

ter is given by |S11| ≤ −22 dB, in the frequency range from 9.2 GHz to 9.8 GHz.

The optimal nominal solution x0
ini = [9.3444 4.9203 3.7423]T (mm) is obtained by

performing nominal EM optimization [120].

We assume independent normal distributions for all design parameters to allow

yield estimation and optimization. The standard deviation for each design parame-

ter is assumed to be 20 microns. The proposed approach and the Monte Carlo-based

yield optimization approach are both used to optimize the yield. For the proposed

approach, Hermite polynomials are used and the integration accuracy level required

is 3 for the sparse grid technique. This results in the number of sparse grid samples

M = 19. For the Monte Carlo-based yield optimization approach, it is found that
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Figure 5.4: Yield optimization results of the K-band bandpass filter: (a) Before
yield optimization and (b) After yield optimization. For both figures, grey dashed
lines indicate 100 samples from Monte Carlo analysis, while the black solid line
indicates the response evaluated at the nominal point.
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Figure 5.5: The structure of the waveguide bandpass filter example with fractal-
shaped irises for EM simulation and yield optimization. The three design parameters
of the filter are x = [d1 d2 d3]T .
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Figure 5.6: Details of the geometrical structure of the fractal shaped iris as circled
in Fig. 5.5.

N = 100 is suitable to represent the statistics of all the possible outcomes. For

comparison purpose, different number of random samples (N = 19, 50, 100) per it-

eration are used for Monte Carlo-based yield optimization approach. The maximum

iteration count is set to be a large number to allow both optimization approaches
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Table 5.3: Comparison of Yield Optimization Results for the Waveguide FSI Filter

Yield Number of EM Initial Final Total number Total

optimization simulations yield yield of EM CPU

approach per iteration simulations time

Monte 19 67% 69% 304 1h27min

Carlo-based 50 67% 72% 900 4h18min

100 67% 79% 1100 6h15min

Proposed 19 67% 84% 475 2h16min

to converge.

Table 5.3 shows a comparison between the two approaches in terms of the final

yield, the total number of EM simulations, and the total CPU time required during

optimization. From the table we can conclude that the proposed method achieves

the greatest yield increase among four cases of optimizations compared. It can

also be observed that to achieve a similar yield increase, the total number of EM

simulations required by the proposed approach is less than half of that required by

the Monte Carlo-based yield optimization approach. This reduction allows us to

achieve a substantial speed up for the overall EM-based yield optimization process.

Fig. 5.7 shows the yield of the waveguide FSI filter before and after optimization

using the proposed approach. The optimal yield solution found by the proposed

approach is [9.3682 4.9542 3.7585]T (mm).

To further demonstrate the advantages of the proposed approach, we perform

another numerical experiment by deliberately stopping the Monte Carlo-based yield

optimizations at a certain iteration so that the total number of EM simulations used

137



8 8.5 9 9.5 10 10.5 11
Frequency (GHz)

-80

-60

-40

-20

0

S 11
 (d

B
)

Yield = 67%

(a)

8 8.5 9 9.5 10 10.5 11
Frequency (GHz)

-80

-60

-40

-20

0

S 11
 (d

B
)

Yield = 84%

(b)

Figure 5.7: Yield optimization results of the waveguide bandpass filter with fractal-
shaped irises: (a) Before yield optimization and (b) After yield optimization. Grey
dashed lines indicate 100 samples from Monte Carlo analysis, while the black solid
line indicates the response evaluated at the nominal point.
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Table 5.4: Comparison of Yield Improvements With Similar Number of EM Simu-
lations for the Waveguide FSI Filter

Yield Number of EM Total number

optimization simulations Initial yield Final yield of EM

approach per iteration simulations

Monte 50 67% 70% 450

Carlo-based 100 67% 75% 500

Proposed 19 67% 84% 475

is similar to that in the proposed approach. The yield improvements achieved by

the two approaches under this condition are shown in Table 5.4. It can be seen

from the table that using similar number of EM simulations, the proposed approach

achieves a greater yield improvement than the Monte Carlo-based yield optimization

approach. The reason is that the proposed PCE-based objective function provides

more accurate yield representation and thus more effective direction and step size

for updating the nominal point than the conventional Monte Carlo-based yield op-

timization approach.

5.4.3 Yield Optimization of a Four-Pole Waveguide Filter

Lastly, the proposed approach is applied to yield optimization of a four-pole waveg-

uide filter [120]. The structure of the waveguide filter is shown in Fig. 5.8, with

five design parameters x = [h1 h2 h3 hc1 hc2]T (mm). h1, h2, and h3 represent

the heights of posts in the coupling windows, while hc1 and hc2 are the heights

of posts in the resonant cavities. The thickness of all the coupling windows is

set to be 2 mm. The design specification is given by |S11| ≤ −16 dB, in the
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Figure 5.8: The structure of the four-pole waveguide filter example for EM sim-
ulation and yield optimization. The five design parameters of the filter are
x = [h1 h2 h3 hc1 hc2]T .

frequency range from 10.85 GHz to 11.15 GHz. The optimal nominal solution

x0
ini = [3.407 4.083 3.571 3.295 2.978]T (mm) is obtained by performing nominal

EM optimization [120].

The design parameters are assumed to be independently normal distributed

around their nominal values with 10 microns standard deviation. Before performing

yield optimization, Monte Carlo analysis is used to estimate the yield at the optimal

nominal solution. By varying the number of random samples from 51 to 300, we

observe a convergence on the yield value (53%) when N = 300. For this example,

Hermite polynomials are used and the accuracy level required is 3 for the sparse

grid technique. This results in the number of sparse grid samples M = 51.

Yield optimization is then performed using the proposed approach with M = 51.

For comparison purpose, we also use the Monte Carlo-based yield optimization

approach with N = 51, 75, 100, 200 to optimize the yield. The final yield is verified

by performing a Monte Carlo analysis with 300 random samples at the optimal

yield solution. Fig. 5.9 shows the initial yield and the yield after optimization
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Figure 5.9: Yield optimization results of the four-pole waveguide filter: (a) Before
and (b) After yield optimization. Grey dashed lines indicate 300 samples from
Monte Carlo analysis, while the black solid line indicates the response evaluated at
the nominal point.
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Table 5.5: Comparison of Yield Optimization Results for the Four-Pole Waveguide
Filter

Yield Number of EM Initial Final Total number Total

optimization simulations yield yield of EM CPU

approach per iteration simulations time

51 53% 58% 1173 3h5min

Monte 75 53% 62% 1575 4h8min

Carlo-based 100 53% 63% 2800 7h21min

200 53% 67% 4400 11h33min

Proposed 51 53% 68% 1275 3h21min

using the proposed approach for this example. The optimal yield solution found by

the proposed approach is [3.3913 4.1464 3.6241 3.3019 2.9776]T (mm). The yield

optimization results are summarized in Table 5.5 and Table 5.6. It can be observed

from Table 5.5 that the proposed approach achieves the greatest yield increase

among the five cases of optimizations compared. To achieve a similar yield increase,

the proposed approach requires much fewer EM simulations and thus much shorter

CPU time than the Monte Carlo-based yield optimization approach. A substantial

speed up for the overall yield optimization process has been achieved. As a further

comparison shown in Table 5.6, it can be observed that using similar number of EM

simulations, the proposed approach achieves a greater yield improvement than the

Monte Carlo-based yield optimization approach.
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Table 5.6: Comparison of Yield Improvements With Similar Number of EM Simu-
lations for the Four-Pole Waveguide Filter

Yield Number of EM Total number

optimization simulations Initial yield Final yield of EM

approach per iteration simulations

Monte 75 53% 58% 1275

Carlo-based 100 53% 60% 1300

200 53% 64% 1400

Proposed 51 53% 68% 1275

5.5 Conclusions and Summary

In this work, a novel polynomial chaos-based approach to yield-driven EM optimiza-

tion has been proposed. The computational advantages of the polynomial chaos ap-

proach have been exploited to facilitate EM-based yield optimization of microwave

structures. The PCE coefficients have been incorporated into the formulation of the

optimization objective function such that the number of EM simulations required

to obtain effective update direction and suitable step size of the nominal point is

reduced. Sensitivity formulas have been derived for both the PCE coefficients and

the proposed objective function w.r.t. the yield optimization variables. Compared

with the conventional Monte Carlo-based yield optimization approach, the proposed

approach is able to achieve similar yield increase using much fewer EM simulations

or greater yield increase with similar number of EM simulations. The proposed

approach helps to achieve high-quality solutions in shorter time for the challenging

problem of yield-driven EM optimization.
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Chapter 6

Conclusions and Future Research

6.1 Conclusions

In this thesis, a novel training approach for parametric modeling of microwave

passive components with respect to changes in geometrical parameters has been

developed. A novel parallel space mapping based yield-driven EM optimization

approach incorporating trust region algorithm and PCE has been presented. To

address the situation when no equivalent circuit coarse models are available, another

PCE-based approach has been further proposed for yield-driven EM optimization.

This thesis has first proposed a novel training approach for developing para-

metric models of microwave passive components using Padé via Lanczos and EM

sensitivities. The EM responses (e.g., S -parameters) of passive components versus

frequency have been represented by pole-zero-gain transfer functions. To address

the issue of mismatch of poles/zeros, a novel sensitivity-analysis-based pole/zero-

matching algorithm has been proposed. The proposed algorithm utilizes EM sen-

sitivities, which provides useful information for the direction of movement of the
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poles/zeros, to predict the new positions of the poles/zeros for each change of ge-

ometrical parameters. The predicted new positions have been used to guide the

matching process of poles/zeros between different geometrical parameter values. In

comparison with the existing methods, the proposed algorithm obtains more reliable

pole/zero-matching solutions when geometrical variations are large. This allows the

trained neural networks to have more accurate predictions for the poles and zeros

subject to large geometrical variations, and ultimately increases the accuracy and

robustness of the overall model. The proposed approach obtains better accuracy in

challenging applications involving large geometrical variations.

A novel parallel space-mapping based yield-driven EM optimization technique

incorporating trust region algorithm and PCE has been proposed to facilitate yield-

driven EM optimization. A trust region algorithm has been proposed to update

the trust radius of each design parameter in each space mapping iteration during

optimization. Parallel computation method has been used to generate the EM data

in parallel and enable surrogate modeling over multiple geometrical samples. The

trained surrogate has been used to find the new yield optimal solution using the l1

centering algorithm. The PCE approach has been incorporated to further speed up

the yield verification on fine models.

To address the situation when equivalent circuit coarse models are not available,

a novel polynomial chaos expansion based approach has been further developed.

The PCE coefficients have been incorporated into the formulation of the optimiza-

tion objective function such that the number of EM simulations required to obtain

effective update direction and suitable step size of the nominal point is reduced.
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Sensitivity formulas have been derived for both the PCE coefficients and the pro-

posed objective function w.r.t. the yield optimization variables. Compared with

the conventional Monte Carlo-based yield optimization approach, the proposed ap-

proach is able to achieve similar yield increase using much fewer EM simulations or

greater yield increase with similar number of EM simulations.

6.2 Future Research

Some possible future research directions based on the extension of the approaches

proposed in this thesis are identified as follows

• One of the future research directions is to apply the proposed parametric mod-

eling approach to accelerate EM-based yield estimation and EM-based yield

optimization. With the proposed approach, we can train a surrogate model

to accurately represent the EM behavior of a given microwave component in

a certain region in the design parameter space. The region can be either a

relatively small region around the initial nominal point to allow reliable yield

estimations or a large region to enable yield-driven design. Once an accurate

parametric model is developed, Monte Carlo analysis can be performed on the

surrogate model to realize yield estimation, and gradient-based optimization

algorithms can be employed to find the optimal yield solution iteratively.

• Another future research direction is to extend the use of the proposed train-

ing approach from pure EM parametric modeling to multi-physics parametric

modeling of microwave passive components. High performance microwave
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design often calls for the consideration of the behavior of microwave compo-

nents in a multi-physics environment. Under this consideration, multi-physics

simulations, which provide comprehensive bi-directional analyses between dif-

ferent physics domains (such as EM, thermal, and structural mechanics etc.),

are typically required. However, the computational costs of multi-physics sim-

ulations are usually very high as it involves the analyses of the behavior of

the microwave component in multiple domains. This problem becomes more

severe when considering multiphysics optimizations, since repetitive changes

of design parameter values necessitates massive number of multiphysics sim-

ulations. Using the proposed training approach, parametric models that are

able to provide fast and accurate prediction of the multiphysics behavior of

microwave components can be developed. The developed parametric models

can then be utilized for high-level circuit and system designs in a multiphysics

environment.

• The surrogate-assisted yield optimization approach has been demonstrated

by microstrip filter examples in this thesis. Yield-driven design of other mi-

crowave passive components such as diplexers and antennas also involves high

computational costs. Another future direction is to apply the proposed paral-

lel SM based yield optimization approach to EM-based yield-driven design of

other types of microwave passive components, such as antennas. To do this,

suitable equivalent circuit coarse models need to be found. In case that an

equivalent circuit coarse model is not easy to be established, coarse- and fine-

mesh SM can be utilized where coarse-mesh simulation is used as the coarse
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model and fine-mesh simulation is used as the fine model.

• As another further research, we would like to expand the use of the proposed

PCE-based yield optimization approach for applications involving high dimen-

sional design parameter spaces. One of the difficulties for such an expansion is

that the computational complexity of PCE coefficients increases dramatically

as the number of statistical parameters increases. To reduce the number of

sparse grid samples required in computing the PCE coefficients, one possible

solution is to apply the principal component analysis (PCA) method to con-

vert the original possibly correlated variables into a set of linearly uncorrelated

variables. Another solution is to use the sensitivities of the stochastic output

(i.e., EM response) with respect to the statistical variables in the computation

of PCE coefficients. The adjoint sensitivity approach can also be employed in

the computation of sensitivity of the stochastic output.
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Appendix

In this appendix, we provide the detailed derivations of the transfer function in the

complex propagation space, as given by Equation (3.1). This transfer function is to

be used in the proposed training approach for parametric modeling of microwave

passive components in Chapter 3.

Formulation of the FEM

Let µr and εr represent relative permeability and relative permittivity, respectively.

Application of the FEM to time-harmonic field problems deals with the following

vector wave equation [96]:

∇× (
1

µr
∇× E)− k2

0εrE = −jk0Z0J , (6.1)

where E represents the electric field vector and k0 =
√
ω2µ0ε0. µ0 and ε0 are

permeability and permittivity of the free space, respectively. Z0 is the impedance

of free space and J represents current density.

In the following descriptions, we take the problem of waveguide discontinuities as

an example to show our derivations. Let S1 and S2 denote the input port and output

port for the waveguide, respectively. The boundary conditions for the problem
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include:

n̂× (∇× E) + γn̂× (n̂× E) = Uinc, on S1

n̂× (∇× E) + γn̂× (n̂× E) = 0, on S2 (6.2)

n̂× E = 0, on waveguide wall

where γ = jβ and β is the propagation constant. For example, for rectangular

waveguides, β =
√
ω2µ0ε0 − (π/a)2, where a is the width of the waveguide. Uinc =

−2jβEinc, where Einc represents an incident wave. By following the generalized

variational principle, we obtain [96]

Ke =

∫∫∫
V e

[
1

µer
{∇ ×Ne} · {∇ ×Ne}T

− k2
0ε
e
r{Ne} · {Ne}T ]dV,

Bs =

∫∫
ss
γ{Ss} · {Ss}TdS, (6.3)

bs =

∫∫
ss
{n̂× Ss} ·UincdS,

and the following linear system [96]:

Ke = b, (6.4)

where Ne represents the 3-D vector basis functions, and Ss represents the 2-D

vector basis functions. The system matrix K is assembled from Ke and Bs, while

the system right hand side b is assembled from bs. Both K and b change as

geometrical parameter values of the EM structure change. e is the vector containing

all the degree of freedoms (DoFs) used in approximating the electric field E in the
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solution domain.

Once we have solved (6.4) for the electric fields on S1 and S2, the S -parameters

S11 and S21 can be calculated as follows [96]:

S11 =
2e−jβz1

abE0

∫∫
S1

E(x, y, z1) · y10(x, y)dS − e−2jβz1 ,

S21 =
2ejβz2

abE0

∫∫
S2

E(x, y, z2) · y10(x, y)dS, (6.5)

where a and b denote the width and height of the waveguide, respectively. z1 and

z2 are the z-coordinates of the input and output ports, respectively. E0 denotes the

magnitude of the incident wave, and y10 is given by

y10 = ŷ sin
πx

a
, (6.6)

where ŷ represents the unit vector of the y-axis.

Application of MPVL to the FEM System

As a frequency-domain model-order reduction technique, the MPVL algorithm al-

lows fast frequency sweeps by obtaining a transfer matrix H(s) through solving

the FEM system at a single frequency point. MPVL solves problems where the
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equations describing the system can be expressed as follows [97]:

H(s) = LT (G+ sC)−1B,

s = s0 + σ,

A = −(G+ s0C)−1C, (6.7)

R = (G+ s0C)−1B,

H(s0 + σ) = LT (I − σA)−1R,

where s is the Laplace frequency variable, s0 is the point of expansion in the complex

s plane, and L is a collection of vectors that choose the outputs of interest from the

unknowns e. The matrices G, C, and B are all in general complex-valued matrices

whose elements are independent of s.

The linear system in (6.4) can be cast into the following form [121]:

(K0 + γK1 + γ2K2)e = γb1, (6.8)

where K0, K1, and K2 are all sparse matrices independent of the frequency but

dependent on the values of geometrical parameters. b1 is a column matrix describing

the specific excitation and is independent of the frequency. To apply the MPVL

algorithm to solve (6.8) for fast frequency sweep, the following definitions are made
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[97]:

G =

0M×M IM×M

K0 K1

 ,
C =

−IM×M 0M×M

0M×M K2

 ,
b̂1 =

0M×1

b1

 , (6.9)

A = −(G+ γ0C)−1C,

r = (G+ γ0C)−1b̂1,

γ = γ0 + σ,

where M is the total number of degree of freedoms (DoFs) for the original FEM

system; σ = γ − γ0, and γ0 is the point of expansion in the complex γ plane.

Given G, C, b̂1, A, and r defined above, the results returned from the MPVL

algorithm are the q × q tridiagonal matrix T , the q × 1 vector ρ, and the q × Nin

matrix η, where q is the order of the ROMs. For the calculation of S -parameters

(e.g., S11), we are interested in the electric fields on the waveguide ports. Let the

unknowns (DoFs) on the input port (S1) be denoted by ES1(γ) ∈ CNin×1, where Nin

is the number of unknowns on the input port. Then, by using the MPVL algorithm,

ES1 is obtained as follows [97]:

ES1(γ0 + σ) = ηT (I − σT )−1ρ, (6.10)
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Note that since G, C, and b̂1 all depend on geometrical parameter values, the el-

ements of T , ρ, and η will change as geometrical parameter values change. Once

ES1 has been found by using the MPVL algorithm, the S -parameters (or, the trans-

fer functions) can be calculated. For example, the S11 can be obtained as follows

(assume z1 = 0.0 and E0 = 1.0)

S11 =
2

ab
×αTγES1 − 1.0, (6.11)

where αT represents a constant vector whose elements depend on the coordinates

of the nodes in the FEM mesh.

Transformation of the Transfer Function

Next, we perform eigendecomposition to obtain two matrices Q ∈ Cq×q and Λ ∈

Cq×q as follows [23]:

T = QΛQ−1 = Q diag(λ1, λ1, . . . , λq) Q
−1. (6.12)

Substituting (6.12) into (6.10) yields

ES1 = ηTQ(I − σΛ)−1Q−1ρ. (6.13)

Let α̂ = αTηTQ and β = Q−1ρ, where α̂ ∈ C1×q and β ∈ Cq×1. Let α̂i and

βi be the ith (i = 1, . . . , q) element in α̂ and the ith element in β, respectively.
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Substituting (6.13) into (6.11), we obtain

S11 =
2

ab
γα̂(I − σΛ)−1β − 1.0

=
2

ab
γ

q∑
i=1

µi
1− σλi

− 1.0

=
2

ab
γ

q∑
i=1

ri
σ − pi

− 1.0, (6.14)

where µi = α̂iβi, ri = −µi/λi, and pi = 1/λi, i = 1, . . . , q. The symbols pi

and ri represent the poles and residues in the transfer function in the “γ-space”,

respectively. The values of the poles and residues change as geometrical parameters

change. By transforming the pole-residue form into the pole-zero-gain form, we

obtain zi and K [122]. The S11 expressed in pole-zero-gain form is

S11(ω) = γ(ω)K

∏q−1
i=1 (σ(ω)− zi)∏q
i=1(σ(ω)− pi)

− 1.0, (6.15)

where σ(ω) is defined as σ(ω) = γ(ω) − γ0. Equation (6.15) coincides with the

transfer function given by (3.1). Other S -parameters can be calculated in a similar

manner.
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