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Abstract

This thesis examines data structures with query times that are a function of the 

distribution of queries made to them. When a query distribution exhibits non

uniformity—as is often the case in many applications—the sequence of queries can 

often be executed faster. Several such problems are considered.

For the dictionary problem, this thesis presents the first binary search tree to 

achieve the working-set property for individual queries in the worst case, a data 

structure that supports searching from arbitrary temporal fingers, and a data struc

ture that supports a stronger version of the unified property.

For the predecessor search problem in bounded universes, this thesis presents 

a data structure that answers queries in time that is a function of the distance 

between the query and its answers (which leads to several applications in the areas 

of nearest neighbour search and range searching), as well as several data structures 

that answer queries in time that is a function of the entropy of the query distribution 

and various space requirements.
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Chapter 1

Introduction

In this thesis, we present methods to exploit non-uniform query distributions in 

data structuring problems. Data structures that exhibit behaviour of this kind are 

typically termed distribution-sensitive. The idea of a query distribution being non- 

uniform is a deliberately vague notion; distribution-sensitive data structures can 

take advantage of many different types of underlying patterns in a query distri

bution, and we will elaborate on the specific types of patterns that are generally 

studied in Chapter 2.

Most distribution-sensitive data structures operate using the same high-level 

principle. For a given problem, a data structure that does not take advantage of 

the query distribution has a query time that is usually a function of the size of 

the data structure, and a (possibly matching) lower bound may also exist. Some 

quantity related to a property of the query distribution is defined and a new data 

structure is created such that its query time is a function of this quantity as opposed 

to the size of the data structure. Typically, this quantity, in the worst case, is no 

larger than the size of the data structure. As a result, any existing lower bounds are
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not violated. However, in many cases, it is possible to beat known lower bounds, at 

least for some queries (or sequences of queries).

In this chapter we motivate the use of distribution-sensitive data structures in 

Section 1.1. We then describe the problems to be addressed in this thesis in Sec

tion 1.2. The contributions of this thesis are outlined in Section 1.3. Most of these 

contributions have been or are in the process of being published; bibliographic 

details appear in Section 1.4. We conclude the introduction by outlining the orga

nization of the remainder of the thesis in Section 1.5.

1.1 Motivation

Distribution-sensitive data structures are often motivated by practical concerns, 

since the types of queries handled in real-world applications are generally not uni

formly random.

For example, imagine a file system on a server that handles a large number of 

users. One possible source of non-uniformity is that some files get accessed much 

more frequently than others (e.g., programs essential to the operating system or 

commonly-accessed documents, such as a thesis), and an efficient file system may 

wish to speed up access to these files. The same could be said of users, as well. 

Users who log-in to the system infrequently (such as guest users) might have their 

files retrieved more slowly in order to speed up the access of more frequent users.

Another source of non-uniformity could be the relative location of files. During 

a directory traversal, for example, a user might be likely to access files that are, in 

some sense, close together (either physically on disk or abstractly in the directory
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structure). If directory traversal is a common operation, speeding up such accesses 

would be beneficial.

Perhaps the clearest source of non-uniformity would be an explicit description of 

the distribution of queries to files. Each file would have some specified probability 

of being requested by a user. Naturally, we would expect frequently requested 

files to be accessed quickly, while files that are seldom requested could be accessed 

relatively slowly. Having complete information about the distribution of queries is, 

in general, a somewhat unrealistic assumption. Nevertheless, this information can 

be approximated empirically.

1.2 Problem Statements

This thesis addresses the following problems.

The Working-Set Property in Binary Search Trees. The working-set property 

roughly states that queries are fast when their answer has been reported recently. 

Several data structures have this property (as we shall see in Chapter 2), but those 

that have it even in the worst case (as opposed to the expected sense or amortized 

sense) do not belong to the binary search tree model of computation. Our goal 

in this line of research is to obtain the working-set property in the worst case in 

the binary search tree model. Since some binary search trees have the working-set 

property in the amortized sense, one can also view this problem as de-amortizing 

the working-set property in the binary search tree model.
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Searching with Temporal Fingers. While the working-set property states that 

queries are fast when their answer has been reported recently, the queueish property 

conversely states that queries are fast when their answer has not been reported 

recently. We propose a generalization of these two properties: queries are fast when 

they are close to the element accessed a certain number of distinct queries ago (i.e., 

the temporal finger). In this line of research, we desire data structures with running 

times that satisfy both the working-set and queueish properties, depending on the 

choice of temporal finger.

The Strong Unified Property. The unified property states that a query is fast if it is 

close to a recent query. Here, “close” refers to the rank distance among all elements 

stored in the data structure. We propose a strengthened version of this propery that 

allows us to ignore less-recent elements when measuring rank distance. Essentially, 

the distance we consider is the distance among recently-accessed elements instead 

of among all elements. In this line of research, our goal is to achieve data structures 

that satisfy this property.

Distance-Sensitive Predecessor Search in Bounded Universes. Searching for 

predecessors (or successors) is a fundamental problem in computer science. Given 

a set of elements drawn from a large, totally-ordered universe, we wish to know 

the largest element of the set that is less than or equal to (i.e., the predecessor of) 

a given query drawn from the universe. In the case of bounded universes, there are 

some (known) bounds on the query time that are based on the size of the universe. 

This line of research seeks data structures that use the distance (measured as the 

difference between elements) between the query and the predecessor to bound the
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time needed to perform a predecessor search as opposed to the size of the universe.

Biased Predecessor Search in Bounded Universes. This line of research returns 

to the problem of predecessor search, but instead seeks query times that are related 

to the query distribution itself: each element of the universe is associated with a 

probability that it is the query. The data structure is then tasked with performing 

a predecessor search in time that is a function of the probability of receiving that 

query.

1.3 Summary of Contributions

The following is a list of the contributions of this thesis. Each result is categorized 

into one of the five problems described in Section 1.2. Relevant theorems are in

cluded.

The Working-Set Property in Binary Search Trees

In Theorem 3.4, we establish the existence of the first binary search tree that has the 

working-set property on a per-query basis in the worst-case (instead of the amor

tized sense). This closes the gap between data structures that are binary search 

trees but only have the working-set property in the amortized sense and data struc

tures that have this version of the working-set property but are not binary search 

trees.
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Searching with Temporal Fingers

In Theorem 4.1, we describe a data structure that supports queries in time that is 

logarithmic in the distance between the query element and a pre-specified temporal 

finger; plus a small additive term. Despite this additional query overhead, it should 

be noted that by choosing the temporal finger that corresponds to the working-set 

property or the queueish property, we match the bounds of known data structures 

(i.e., without this overhead). This is the first dictionary data structure to provide 

this temporal finger property.

The Strong Unified Property

In Theorem 5.1, we establish a data structure that comes to within a small additive 

term of achieving the strong unified property, a property we introduce in this thesis. 

The property roughly states that accesses are fast if they are close (among certain 

recently accessed elements) to a recently accessed element. This is the first data 

structure to strengthen the unified property in this manner.

Distance-Sensitive Predecessor Search in Bounded Universes

In Theorem 6.8, we describe a data structure for predecessor search in a bounded 

universe with a query time that is a function of the distance between the query and 

the element returned by the data structure, where the distance is the difference be

tween the query element and its predecessor. The data structure supports insertions 

and deletions of elements in the same time bound.

Theorem 6.9 gives a data structure for the dynamic approximate nearest neigh-
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bour problem in bounded universes. The query time of this data structure is a 

function of the Euclidean distance between the query point and the point returned. 

Insertions and deletions are also supported in the same time bound.

Theorems 6.10, 6.11 and 6.12 describe data structures for range searching in 

a bounded, two-dimensional universe. Supported query regions include quadrants 

(i.e., dominance reporting), half-infinite regions (unbounded in one direction), and 

orthogonal range queries. The query times are a function of the dimensions of the 

region queried (plus the number of points contained in the region).

Biased Predecessor Search in Bounded Universes

In Theorem 7.2, we give a data structure for the predecessor search problem in a 

bounded universe whose expected query time is logarithmic in the entropy of the 

query distribution and with space that is asymptotically less than any fractional 

power of the universe size, but still super-linear in the number of elements stored.

Theorem 7.4 extends the previous result (at the cost of a small increase in the 

space) to provide a data structure whose expected query time is a function of an el

ement’s weight, where the weight of an element is a non-negative number specified 

at the time the data structure is constructed.

Theorem 7.5 achieves linear space for the same problem at the cost of a query 

time that is at most the square root of the entropy.

1.4 Bibliographic Notes

Most of the results in this thesis have been or are in the process of being published.
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The results of Chapter 3 appeared in the Proceedings of the 9th Latin Ameri

can Theoretical Informatics Symposium [14]. My coauthors were Prosenjit Bose, 

Karim Douieb, and Vida Dujmovic. This work has subsequently been published in 

Algorithmica [16].

The results of Chapter 6 appeared in the Proceedings of the 22nd Canadian 

Conference on Computational Geometry [15]. My coauthors were Prosenjit Bose, 

Karim Douieb, Vida Dujmovic, and Pat Morin. This work has subsequently been 

published in a special issue of Computational Geometry: Theory and Applications 

[17].

The results of Chapter 4 arose from discussions with Prosenjit Bose, and Pat 

Morin. The results of Chapter 5 arose from discussions with Prosenjit Bose, John 

Iacono, and Pat Morin. The results of Chapter 7 arose from discussions with Pros

enjit Bose, Rolf Fagerberg, and Pat Morin.

1.5 Organization of the Thesis

The remainder of the thesis is organized in the following way.

Chapter 2 presents a review of the relevant literature and background used in 

the remainder of the thesis. We will describe the history of distribution-sensitive 

data structures, present properties of distributions that will be studied and survey 

several data structures. Note that problem-specific background is deferred until the 

relevant chapter.

Chapter 3 shows how to obtain a data structure that fits into the binary search 

tree model and has the working-set property even in the worst case. This unifies
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previous results that obtain the working-set property in the worst case but are not 

in the binary search tree model with results that are in the binary search model but 

only guarantee the working-set property in the amortized sense.

Chapter 4 defines the notion of temporal fingers for the dictionary problem and 

proceeds to establish a data structure that achieves a query time that is logarithmic 

in this temporal distance to within a small additive term.

Chapter 5 defines a stronger version of the unified property and presents a data 

structure that achieves this property to within a small additive term.

Chapter 6 shows how to solve the predecessor search problem in bounded uni

verses in time proportional to the distance between the query and the predecessor 

of the query.

Chapter 7 shows how to solve the predecessor search problem in bounded uni

verses using a different metric: each element of the universe is assigned a probabil

ity and the query time is a function of the probability that element is the query.

The thesis concludes with Chapter 8 which summarizes the results and open 

problems contained in the thesis.



Chapter 2

Background

In this chapter, we present a summary of the literature relevant to distribution- 

sensitive data structures. As mentioned in the previous chapter, we defer problem- 

specific background until the relevant chapter.

We begin with a review of optimum binary search trees in Section 2.1. The 

notion of a “non-uniform” query distribution is then comprehensively addressed 

in Section 2.2. Armed with these definitions, we turn our attention to splay trees 

(which demonstrate several of these properties) in Section 2.3. We conclude our 

review of the literature with a survey of several other distribution-sensitive data 

structures in Section 2.4.

2.1 Optimum Binary Search Trees

Perhaps the earliest data structuring result that can be considered distribution- 

sensitive is that of optimum binary search trees, introduced in 1971 by Knuth [48]. 

An optimum binary search tree is a binary search tree on n keys that has average

10
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search cost that is no larger than that of any other binary search tree built on those 

n keys. Note that finding such a tree is not trivial, and an exhaustive approach is 

hopeless since it is well-known that there are an exponential number of possible 

binary search trees on a given number of keys.

To construct such a tree, one defines a query probability for each key.1 The con

struction algorithm uses dynamic programming to construct the tree in 0 (n 2) time. 

The average search cost for a key drawn from the specified probability distribution 

is the sum (over all keys) of the probability associated with a key multiplied by the 

cost to search for that key in the tree (i.e., the depth of the node containing that 

key).

It is important to note that the optimum binary search tree has the minimum 

average search cost over all binary search trees built on the given keys: there is no 

asymptotic notation required. This is, in general, a fairly lofty goal (as evidenced 

by the large amount of time required to construct the tree), and we typically settle 

for such results to within constant factors.

One important limitation of optimum binary search trees is that they require a 

priori knowledge of the query distribution, which (in many applications) may not 

be available.

2.2 Defining Non-Uniformity

Optimum binary search trees exploit the most obvious form of non-uniformity: ex

plicit non-uniformity. In this section, we discuss other patterns and properties of

JOne may also wish to consider the case when not all queries are stored in the tree (i.e., some 
queries are unsuccessful). In this case, one also defines the probability that a query lies between two 
adjacent keys for each such pair.
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queries that are commonly observed in data structuring problems. We defer exam

ples of data structures with these properties until Section 2.4.

For simplicity, we describe these properties as they are used for static dictionary 

data structures. Such data structures maintain a static set S — {si, s2, • • ■, sn} of 

n keys under the search operation, where we are given a key and must return the 

corresponding element in the data structure. The sequence of queries is given online 

and is denoted A =  (ai,a2, . . . ,  am), where a,t € S  (for 1 < t < m) and m  is the 

length of the query sequence. We also assume a sufficiently long query sequence, 

so that m  is (n log n). Throughout this thesis, we use log x  to denote max{ 1, log2 x}.

2.2.1 Static and Dynamic Optimality

Consider the frequency f ( x ) of a query x e S, i.e., the number of times that query is 

made in A: f(x)  = |{i | at =  x}|. The static optimality property states that the time 

to execute A is

It may not be clear from where the “optimality” in “static optimality” is derived. 

To see this, we note that the quantity f (x i ) /m  is essentially the probability p{xf) 

that Xi is queried. The sum can therefore be re-written as

y ;  f ( x i) IoS(m / f ( xi)) -  'Yhm'p x̂ ^  =  m '^2p(x i) log (l/p(xi)) = mH

where H  is the empirical entropy of the query distribution.2 The average query 

time is therefore mH/rn. = H. Since the entropy of the query distribution is a lower

2For this reason, the static optimality property is also known as the entropy bound.

n n n
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bound on the average query time (to within lower-order terms) [59], it follows 

that a data structure with the static optimality property is optimal in this sense. 

The optimum binary search trees of Knuth [48] match this average query time. 

Note that, although the query time is stated in terms of query frequencies, it is 

not necessarily required that the data structure be given the frequencies. While 

optimum binary search trees require the frequencies to be specified in advance, not 

all data structures require this.

The dynamic optimality property enforces a much stronger sense of “optimality.” 

Given some specific class of data structure (e.g., binary search trees), let OPT(A) 

denote the total query time of the fastest possible data structure in that class to 

execute the sequence A, given that it may perform arbitrary restructuring after 

each query (e.g., rotations in a binary search tree), which are included in the access 

time. Another data structure of that class is dynamically optimal if it can execute A  

in time 0{OPT(A)), assuming A is sufficiently long. Note that the optimum binary 

search trees of Knuth [48] do not necessarily fall into this category, because they do 

not take advantage of the possibility of restructuring after a query.

It may be helpful to consider some lower bound on OPT (A). In binary search 

trees, for example, Wilber [66] presented two lower bounds on the time to execute 

an access sequence. Such results will not be required for this thesis, however, as we 

concentrate on upper bounds.

2.2.2 Key-Independent Optimality

Another kind of optimality is that of key-independent optimality, which was intro

duced by Iacono [42]. Let b : S  S  be a random bijection and let b(A) denote the
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query sequence {b(ai), fe(a2) , . . . ,  b(am)). Recall that OPT(A) represents the fastest 

possible time that a data structure in a given class can execute A. Now, consider 

the quantity E[OPT(b(A))}: the expected value of the fastest time a data structure 

in a given class can execute b(A). We say that a data structure is key-independently 

optimal if it can execute A in time 0(E[0PT{b{A))\).

Intuitively, a key-independently optimal data structure executes sequences with 

random key values as fast as any other data structure in that class.

2.2.3 The Working-Set Property

In the query sequence A = {a\, a ,̂ ■ ■ ■, am), we say that at is queried at time t for 

1 < t < m. We define the working-set number of x  at time t, denoted wt(x), to be 

the number of distinct elements queried since the last time x was queried (i.e., the 

last time x  appeared in 4 ). If a; has not yet appeared in A (prior to time t), then we 

set wt{x) = n. To be more precise, we slightly modify the notation of Iacono [42]: 

let U{x) = min ({oo} U {f' > 0 | dt-t.' — £}) and define

Intuitively, query sequences that repeat particular queries frequently are exe

cuted faster in data structures with the working-set property. Sleator and Taijan

\{ot-it(x)+i, ■ ■ - ,(k}\ otherwise

The working set property states that the time required to execute A is

Oi m + y^l°gwt(at)
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[61] indicate one possible motivation for why this is a desirable property. Suppose 

that, while the set S  is quite large, there exists a subset S' c  S such that all queries 

to the data structure belong to S'. In this case, the working-set property allows 

queries to run in 0(log |S"|) time instead of O(log |£|) time, since the working-set 

number of any query at any time is at most \S'\. This essentially means that the 

elements of 5  \  S' can be ignored, since they are never queried. Put another way, it 

is as if those elements are not present in the data structure.

This property was first discussed in this context by Sleator and Taijan [61], 

although the general idea is similar to that of the move-to-front heuristic [60]. In

terestingly, Iacono [40] proved that any data with the working-set property is also 

statically optimal. Therefore, ensuring the working-set property is one way of cir

cumventing the need for a priori knowledge of the queiy distribution. Furthermore, 

Iacono [42] also showed that the bound provided by the working-set property is 

asymptotically equivalent to that provided by key-independent optimality. There

fore, any data structure that has the working-set property is also key-independently 

optimal and any data structure that is key-independendy optimal has the working- 

set property.

2.2.4 The Queueish Property

In some sense, the queueish property is the opposite of the working-set property. 

The queue number of the element x  e A at time t is denoted qt(x) and is defined 

to be n -  wt(x) -  1, i.e., the number of distinct elements of S that have not been 

queried since the last time x  was queried. The queueish property states that the time
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required to execute A is
771

0 m + J^ioggtCat)
i = i

Iacono and Langerman [45] proved that no binary search tree has the queueish 

property. As a result, this particular property has yet to be explored in significantly 

more detail, at least for the dictionary problem. A weaker version of this property 

called the weakly queueish properly exists in at least one dictionary [45]. The weak 

version of the property states that a query at should execute in time 0(loggt(at)) +  

o(logn).

2.2.5 The Static and Dynamic Finger Properties

While the working-set and queueish properties consider the time between queries, 

the static and dynamic finger properties consider the distance between queries. Let 

d(x, y) denote the rank distance between x and y, i.e., the number of elements in S  

between x and y.

We first consider the static finger property. Fix some particular element f  € S, 

which we shall call a finger. The static finger property states that the time required 

to execute A is

The “static” in “static finger” arises from the fact that the finger /  is fixed. Iacono 

[41] showed that any data structure that has the static optimality property also has 

the static finger property, for any choice of finger / .

The dynamic finger property allows the finger to dynamically change over time: 

the finger is always the previous query. Therefore, the dynamic finger property
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states that the time required to execute the sequence A is

( m

m  +  log d(at-i, at)

t=2

2.2.6 The Unified Property

The unified property3 is a combination of the working-set and dynamic finger prop

erties and was introduced by Badoiu et al. [20]. The unified bound ut(x) for a query 

x at time t is defined as follows

ut(x) =  min(w;t(y) +  d(y, x))
y€S

Intuitively, ut(x) is small whenever a recently queried element is close to x. More 

formally, the unified property states that the time required to execute A  is

+  log

It is important to note that having the unified property is not the same as simul

taneously having both the working-set and dynamic finger properties. To illustrate 

this, we consider an example of a query sequence due to Badoiu et al. [20]. Suppose 

S — { 1. 2 , . . . ,  n} for some even n and define A  as follows

A =  (1, n/2 +  1, 2, n j 2 +  2,3, n /2  +  3 , . . . ,  n /2, n, 1, n) 2 +  1, . . . )

3As noted by Badoiu et a l [20], a “unified bound” appears in the original paper on splay trees by 
Sleator and Taijan [61], which is simply the minimum of the bounds provided by static optimality 
the working-set property and the static finger property. The property we discuss here is distinct.
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In A, every query (after the first n queries) will have working-set number n, and 

so the working-set property gives a bound of 0 (m  log n) for the sequence. Similarly, 

every query is at distance n/2 from the previous query, and so the dynamic finger 

property gives a bound of 0(m  log n) for each sequence as well. However, observe 

that after the first n queries, query a/_2 is at distance 1 from at. The unified property 

therefore gives a bound of only 0(m) for the sequence, since both the working-set 

number and the distance are constant, which is a factor of O(logn) better than 

either of the other two bounds.

2.3 Splay Trees

The splay tree of Sleator and Tarjan [61] is among the first distribution-sensitive 

data structures and is certainly one of the most interesting. The reasons for this 

are two-fold: first, splay trees have a considerable number of distribution-sensitive 

properties, including most of those mentioned in Section 2.2. Perhaps more in

teresting is the fact there is still much to be shown about the behaviour of splay 

trees.

The splay tree fits into the usual binary search tree model (which we define 

precisely in Section 3.1.3), and the splay operation, which consists of a series of 

rotations, is used after every query. We omit the details of the splaying operation. 

Splay trees support queries in O(logn) amortized time; this means that individual 

queries may take as much as 0(n) time, but the sequence as a whole executes in 

0(m  log n) time.

Splay trees have many of the properties mentioned in Section 2.2. Sleator and
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Taijan [61] showed that splay trees are statically optimal, have the static finger 

property and have the working-set property. Iacono [42] showed that splay trees 

are key-independently optimal.

Sleator and Taijan conjectured that splay trees have the dynamic finger prop

erty; this was verified 15 years later with a fairly difficult proof due to Cole et al. 

[23, 24], although Tarjan showed that the less general sequence where the keys 

are queried in sequential order can be executed in 0 (n ) time [62]. This bound is 

known as the scanning bound or sequential access theorem.

Given that splay trees have both the working-set and dynamic finger properties, 

Badoiu et al. [20] conjectured that splay trees also satisfy the unified property; this 

question is still open.

Perhaps the most important unresolved conjecture was also posed by Sleator and 

Tarjan in their original paper; are splay trees dynamically optimal? This problem 

remains open and is generally viewed as the most important question in this line 

of research. Note that this problem must, by its nature, be studied with respect to 

a particular class of data structure. For example, the problem is resolved for some 

classes of skip lists and B-trees [11].

2.4 Some Distribution-Sensitive Data Structures

In this section, we survey a selection of known distribution-sensitive data structures.

The Working-Set Structure. The working-set structure is due to Badoiu et al. [20] 

and provides an even stronger version of the working-set property. Rather than 

executing the sequence in time 0(m  +  YlT=i l°g wt(at)), the working-set structure
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guarantees that each query at is answered in worst-case time 0(log wt(a*)) per query 

in the sequence. This can be viewed as de-amortizing the working-set property 

provided by, for example, splay trees. This means that any query can be answered 

in time O(logn), since wt(at) < n for all t; this is a significant improvement over 

the 0(n) guarantee offered by splay trees. The working-set structure is not a binary 

search tree, however. Instead, it is a collection of binary search trees and queues, 

each of which increases doubly exponentially in size to ensure that recendy queried 

elements are found quickly. Therefore, the working-set structure is not directly 

comparable with splay trees.

The Unified Structure. The unified structure was also introduced by Badoiu et al. 

[20] and was the first data structure to have the unified property. Like the working- 

set structure, the unified structure is not a binary search tree and is therefore not 

direcdy comparable with splay trees either. However, Derryberry [30] studied bi

nary search trees that support the unified property.

Skip-Splay Trees. The skip-splay tree is due to Derryberry and Sleator [31] and 

is an attempt to achieve the unified property within the binary search tree model. 

Skip-splay trees fall slighdy short of this goal: they execute the query sequence in 

time 0(m  log log n +  log ut(at)), and so spend an extra O(log log n) amortized 

time per query.

Nearing Dynamic Optimality. Considering the apparent difficulty of the problem 

of proving splay trees to be dynamically optimal, attention has turned somewhat to 

finding other binary search trees that are competitive to dynamically optimal data
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structures: their query times are a (sub-logarithmic) factor away from dynamic 

optimality. Several data structures come within a factor of 0  (log log n) of dynamic 

optimality [13, 28, 65].

Finger Search. In the finger search problem, we are given a pointer to some el

ement of the data structure before we perform a query for another element. The 

goal is then to execute the query in time that is a function (usually logarithmic) of 

d, where d is the rank distance from the query to the finger. This is a generalization 

of the dynamic finger property: to achieve the dynamic finger property, one can 

simply use a pointer to the previous answer. Several finger search data structures 

are known for various models (e.g., [4, 19, 32]). Skip lists also allow for finger 

searches [57]. Kaporis et al. [47] show how to achieve O(log log d) queries when 

the contents of S  are chosen according to a certain kind of distribution.

Biased Search Trees. The biased search trees of Bent et al. [10] are similar in 

spirit to optimum binary search trees. Each element s* e S  is assigned a positive real 

weight and a query for s* is executed in time 0(log W/wi), where W  =  XX=i w '<- 

is the sum of all weights in the data structure. When w* is viewed as the probability 

that Si is queried, then we have W  = 1 and achieve essentially the same as an 

optimum binary search tree (to within a constant factor). The key difference is 

that biased search trees support insertions and deletions of elements into and from 

S. Splay trees can also be made to support this query time, although only in the 

amortized sense. Treaps support this query time in the expected sense [58]. Bagchi 

et al. [6] presented a biased version of skip lists that can also match this query time.



Chapter 2. Background 22

Priority Queues. Johnson [46] described a priority queue that allowed for inser

tion and deletion in time O (log log .D), where D is the difference in priorities of the 

elements before and after the element to be inserted or deleted. In this setting, the 

allowable values of priorities come from a restricted range of integers. This type 

of distribution sensitivity is similar in spirit to that of the dynamic finger property, 

except that the measure of distance is in terms of priority and that the distance is 

measured to both the previous and next elements. Iacono [40] showed that pairing 

heaps offer a bound very similar to that of the working-set property, except in the 

priority queue setting. The minimum element can be extracted from a pairing heap 

in time 0(logmin{n, k}), where n is the number of elements in the pairing heap and 

k is the number of heap operations performed since x was inserted. Similar results 

were obtained by Elmasry [36].

Queaps and Queueish Dictionaries. Iacono and Langerman [45] presented a 

heap with the queueish property: the minimum element x can be extracted in time 

O(log k), where k is the number of elements that have been in the heap longer 

than x. A dictionary data structure is also presented that supports a query for x  at 

time t in time 0(log^(a:) + log log n). Iacono and Langerman [45] also showed that 

no binary search tree can have the queueish or even weakly queueish property by 

showing an access sequence such that having the queueish property would violate 

the lower bound of Wilber [66].

The Temporal Precedence Problem. For the temporal precedence problem, a 

list must be maintained over many insertion operations. Queries consist of two 

pointers into the list and must quickly determine which of the two items pointed
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to was inserted first. Brodal et al. [18] gave a data structure in the pure pointer 

machine model that is capable of answering queries in time 0(log log<5), where 

5 is the number of insertions that occurred between the insertions of the query 

elements.

Random Input and Predecessor Search. The predecessor search problem asks 

for the largest element of S  less than or equal to some query element. Belazzougui 

et al. [9] showed that this can be accomplished quickly when the set S  is chosen 

according to a certain kind of distribution (as in the work of Kaporis et al. [47]). 

This differs from the usual notion of distribution sensitivity: rather than considering 

patterns in the query distribution, patterns in the input itself are considered.

Point Searching. For the (planar) point searching problem, the set S  consists of 

points in the plane and a query consists of a point and the data structure must 

determine if that point is in the set S. If the point is not in the set S, then the data 

structure must indicate this. Demaine et al. [27] described how to answer point 

searching queries in a distribution-sensitive manner. The query time is logarithmic 

in a function related to the number of points in a certain region defined by the 

current and previous queries. Therefore, this data structure can be considered to 

have a two-dimensional analogue of the dynamic finger property.

Point Location. For the (planar) point location problem, we are given a series 

of regions in the plane. Queries consist of a query point and the data structure 

must determine which region contains the query point. This particular problem has 

been thoroughly studied and has had several distribution-sensitive data structures
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proposed for it. One approach is to obtain an optimal data structure based on the 

probability distribution of the queries (e.g., [5, 25]). In fact, it is possible to achieve 

dose to this even without knowledge of the distribution [43]. Another approach to 

the problem is to support an analogue of the dynamic finger property, as proposed 

by Iacono and Langerman [44]. In this setting, the query time achieved is very 

similar to that achieved for point searching [27].

Nearest Neighbour Search. For the nearest neighbour problem, we are given a 

set of points in the plane, and a query asks for the closest point in the set to the query 

point. In general, it is difficult to find the exact solution quickly using a reasonable 

amount of space, and so most data structures settle for an approximate solution 

(i.e., a point that is not much further away than the nearest neighbour). Derryberry 

et al. [29] proposed a data structure for the (approximate) nearest neighbour prob

lem that executes queries in time that is a (logarithmic) function of the number of 

points in a certain box containing the query and the answer to the previous query. In 

fact, this technique works in any constant dimension; the query time has quadratic 

dependence on the dimension (and, of course, the approximation becomes worse 

as the dimension increases).

Biased Range Trees. Range searching is a very well-studied problem, but very lit

tle has been done in terms of distribution-sensitive data structures for range search

ing. Recall that for the range searching problem, we are given a set of points in 

the plane. A query consists of some region (typically of a specific shape) and we 

must report (or count) the number of points in the region. Dujmovic et al. [34] de

scribed a data structure that, given a query distribution, can answer quarter-space
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(i.e., quadrant) queries in time that is optimal (to within a constant factor). Afshani 

et al. [2] subsequently extended this result to four-sided queries.



Chapter 3

The Working-Set Property in Binary 

Search Trees

In this chapter, we show how to construct a binary search tree, which we call a 

layered working-set tree, that satisfies a slightly stronger version of the working-set 

property. In particular, the time to execute an individual query is logarithmic in the 

working-set number of the query in the worst case. This differs from the working- 

set property defined in Section 2.2.3, since there we only require this bound for the 

amortized time of an individual query.

3.1 Problem Definition

Let S  be a set of keys drawn from a totally ordered universe and denote a sequence 

of queries into this set by A  =  (al ta2, . . . ,  am), where at € S. We wish to construct 

a binary search tree such that the query a* can be executed in (worst case) time 

0(log wt(at)), where wt(at) is the working-set number of at at time t.

26
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Our binary search tree will also support insertion and deletion. Let St c  S  

denote the set of keys stored in the binary search tree at time t. We allow elements 

of S  to be inserted or deleted at time t in time 0(log |£t|).

3.1.1 Background

As discussed in Sections 2.3 and 2.4, the splay trees of Sleator and Tatjan [61] fall 

into the binary search tree model (to be defined in Section 3.1.3) and have the 

working-set property. However, individual queries may take as much as 0 (n ) time 

to execute. The working-set structure of Badoiu et al. [20], conversely, guarantees 

that an individual query can be executed in (worst case) time 0(log wt(at)) (which 

implies that any query can be executed in time 0(log |St|), since wt{at) < jS't| for all 

t), but their structure is not a binary search tree. Therefore, all that remains is to 

unify these results by providing a binary search tree that guarantees a query can be 

executed in time logarithmic in the working-set number of the query in the worst 

case.

3.1.2 The Working-Set Structure

It will be useful to review how the working-set structure achieves its query time. In 

this section, we summarize the work of Badoiu et al. [20].

The working-set structure, pictured in Figure 3.1 is composed of k balanced 

binary search trees (e.g., AVL trees [1]) 7 i,T 2, . .. ,Tk along with k doubly-linked 

lists Qi, Qi-, ■■■■, Qk- For all 1 < i < k, the contents of Ti and Qt are identical, 

and pointers are maintained between corresponding elements of T* and Qi. Each 

element in the set St is contained in exacdy one tree and its corresponding list. For
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t 3

Tk

Q i Qi Q3 Qk

Figure 3.1: The working-set structure. Pointers between corresponding elements in 
the trees and linked lists have been omitted.

i < k, the size of % and Qi is 22*; the size of Tfc and Qk is the number of elements 

remaining, i.e., |St | — YiZ i 22’ < 22<!. Note that since 7* is a balanced binary search 

tree, it can answer queries in O ̂ log 22'^ =  0(2*) time. Furthermore, since there are 

a total of l-Stl elements, we have that k is ©(loglog \St\).

The working-set structure works by keeping an element x in a low index tree 

and linked list when its working-set number is small and allows elements with 

large working-set numbers to fall back to the high index trees. More precisely, an 

element x with working-set number wt(x) at time t will be stored in a tree T* with 

i < flog log wt(x)]. In order to help ensure this, we will use the doubly-linked lists 

Qi ,Q2, , Qk- Every list Qi orders the elements of its corresponding tree T* in 

order of their last access: the youngest (i.e., most recently accessed) element of 7) 

appears at the beginning of Qi and the oldest (i.e., least recendy accessed) element 

of Ti appears at the end of Q

The key operation used by the working-set structure is called a shift. A shift is 

performed between two trees Ti and T,. Intuitively, a shift from T  to 7) decreases
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the size of Ti by one and increases the size of Tj by one. This will allow us to move 

elements around the data structure. A shift works in the following way. Assume 

that i < j  (the other case is symmetric). Look at the oldest element of Qi (which 

is located at the end) and follow the pointer to the corresponding element in Tj. 

Remove the element from both and Tt (recall that deletions can be performed 

from the end of a doubly-linked list in constant time and from a balanced binary 

search tree of size 22’ in 0(2*) time). This element is then inserted into Ti+X and 

Qi+1 (at the beginning, since this element is now the youngest element of Qi+1 ). 

We then continue the shift from Ti+1 to Tj. This process repeats until we attempt to 

shift from a tree to itself. Observe that the total time required to perform this shift 

is 0(2*"*) =  0(2*).

We now describe how to perform a search in the working-set structure. During 

a query for element x, we sequentially query Ti,T2, . . . until we either find x or 

search all trees and fail to find x. If we fail to find x, then we report so in total time 

Y2iL i2* = 0 { 2k) = 0(logIStl).1 Otherwise, suppose we find x in T*. Since T, has 

size 22‘, the time spent to get to Tj is 0(2*). We now remove x  from Tj and Qi and 

insert it into Tt and Q\. At this point, Ti and Qi are one element too large, while Tj 

and Qi are one element too small. To fix this, we perform a shift from 1 to % in time 

0(2*). The total time spent searching is thus 0(2*).

The key observation is that if a; e  Tj for i > 1, then x must have been removed 

from Qi-i. At the point it was removed from Qj_i, x was the oldest element of Qi-i, 

which contains a total of 22‘-1 elements. Therefore, wt(x) > 22'-1, which implies that 

i < 1 4- log log wt(x). The search time of 0(2*) is thus 0 (2 loglogu,̂ x̂ ) =  0(logtt;t(x)),

JFor simplicity, we say that the working-set number of any element not stored in a data structure 
is equal to the size of the data structure.
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as required.

To insert x into the working-set structure, we insert it into Tx and Qls which are 

now one element too large. To fix this, we shift from 1 to k in total time O (2fc) . Since 

k is 0(log log |St|), the insertion time is 0 (log |St |). To delete x from the working-set 

structure, we first search for it in time 0(log wt(x)) = 0(log |St|). Suppose we find x 

in Tj. We then remove x from Tj and Qi in time 0(2*) and perform a shift from k to 

i in time 0(2 fc). In total, we spend 0 (2 fe) =  0(log \St\) time to delete x. Note that 

during an insertion, we may need to increment k and create a new tree if necessary. 

Conversely, during a deletion, we may need to decrement k and remove the last 

tree if it becomes empty.

3.1.3 Model

Until now, we have avoided precisely defining what it means to be a binary search 

tree. We use the model of Wilber [66]. Each node of the tree stores the key of S  that 

is associated with it, and further maintains pointers to its left and right children, as 

well as its parent. Recall that the keys in the binary search tree are from a totally 

ordered universe. Nodes are ordered so that at any given node, all of the keys in 

the left subtree are less than that stored in the node and all of the keys in the right 

subtree are greater than that stored in the node.

Each node is permitted to store a constant2 amount of additional information 

called fields, but no additional pointers may be stored.

To perform a query for a key, the key is accessed in the binary search tree. Ini

2By standard convention, “constant” means asymptotically equivalent to the size of a key (which 
is typically logarithmic in the number of keys). Since each node must store a key, this only increases 
the storage at a node by a constant factor.
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tially, we are given a finger to the root of the tree. An access consists of moving the 

pointer from a node to one of its adjacent nodes (through the parent pointer or one 

of the child pointers) until the pointer reaches the key being queried. Any time the 

pointer points to a node, we are allowed to modify the fields and pointers stored at 

that node at no cost. The total cost of an access (i.e., the query time) is the total 

number of nodes pointed to by the pointer.

3.2 Definition of Layered Working-Set Trees

In this section, we define the structural portion of layered working-set trees. A 

layered working-set tree results from adapting the working-set structure into the 

binary search tree model.

3.2.1 Tree Decomposition

Let T  denote our layered working-set tree. At a high level, one can view a layered 

working-set tree as layering the trees Ti ,T2, . . .  ,Tk of the working-set structure into 

a single binary search tree, while augmenting each node with sufficient information 

to determine the oldest element of a tree at a given time.

The first issue to address is precisely how to layer the trees of the working-set 

structure. To do this, we will label the nodes of T  with a number from the set 

{1 ,2 ,..., A:} such that no element of T  has an ancestor with a label that is strictly 

greater than its own label. Given a label i from the set {1,2 ,..., Ar}, we say that the 

set of all nodes of T  with label i form a layer Li. A layer plays exactly the same 

role in T  as the tree Tj in the working-set structure. In particular, layer Lt consists
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Figure 3.2: The decomposition of a layered working-set tree into layers. All trian
gles represent layer-subtrees, while all triangles with the same label form a layer.

of 22’ elements for all i < k, and Lk contains the remaining elements. However, Li 

differs from Tj in that L* is not a single tree: instead, Li consists of a collection of 

subtrees in T. We refer to a connected component of nodes with equal labels as a 

layer-subtree. Figure 3.2 show an example of such a decomposition.

It is important to note that layer Li can be connected to any layer Lv with i' > i. 

For example, one of the layer-subtrees below the topmost layer in Figure 3.2 has 

label 4. It is not always the case that labels increase by one over any root-to-leaf 

path.

Every node x e T  will maintain a field that records the layer that x  is contained 

in (i.e., the value i such that x  g  L , ) .  We shall denote this field’s value at a node x 

by layer [a;]. At the root of the tree, we will also maintain the number of layers k and 

the size \Lk\ of the deepest layer Lk.
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Layer-subtrees are maintained independendy as balanced binary search trees. 

The key requirement is that given a layer-subtree T', each node x € V  has depth 

0(log IT'D, measured from the root of T' (i.e., the highest node of T '). Now, suppose 

that the layer-subtree V  is part of layer L,:. It therefore follows that the depth of any 

node in V  is at most 0(log|Lj|). The independent maintenance of a layer-subtree 

means that whatever balance criteria are applied to ensure logarithmic depth are 

applied only within the layer-subtree. For our purposes, we maintain layer-subtrees 

as red-black trees [7, 38].

We begin with an observation about the depth of a node x e  L^

Observation 3.1. The depth of a node x € Li (measured in the tree as a whole) is 

0 (2*).

Proof. Consider the layers traversed on the path from the root to x. There are at 

most i such layers: Li, L2, . . . ,  L*. The path from the root to x traverses at most one 

layer-subtree in each of these layers. In layer 1 < j  < i, there are 22J elements, and 

so the layer-subtree we pass through at this layer has size at most 2V . Since each 

layer-subtree is maintained as a balanced binary search tree, each layer-subtree has 

logarithmic depth. Therefore, the total depth of x  is 1 0(2j ) =  0(2*). □

3.2.2 Encoding the Linked Lists

In the previous section, we have shown how to incorporate all trees of the working- 

set structure into a single binary search tree. It remains to show how we will encode 

the linked lists into the binary search tree model. For a summary of how the linked 

lists are encoded, refer to Figure 3.3.
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Let Li (1 < i < k) be a layer of the tree. Each node x e Li maintains a field 

that stores the key of the element in that layer inserted immediately before and 

immediately after it. This information is stored in the fields younger[x] and older[x], 

respectively. One can read youngerfx] as “the element inserted into L,: immediately 

before x,” and older[x] as “the element inserted into L* immediately after x ” If x  is 

the most recently inserted element in its layer, then we assign youngerfx] = nil, and 

if x is the least recently inserted element in its layer, then we assign older [x] =  nil.

Each node x e Li also maintains a field nextlayerfx]. If x is the most recently 

accessed element in a layer (i.e ., x  is the youngest so that youngerfx] =  nil), then 

nextlayerfx] contains the key of the most recently accessed (i.e., youngest) element 

in the next layer Li+l. Conversely, if x is the least recently accessed element in a 

layer (i.e ., x is the oldest so that olderfx] =  nil), then nextlayer[x] contains the key 

of the least recently accessed (i.e ., oldest) element in the next layer Li+i. If x  is 

neither the youngest nor the oldest element in its layer, we set nextlayer[x] =  nil.

To ensure that we stay within the binary search tree model of computation de

scribed in Section 3.1.3, the fields of every node contain keys, and not pointers. 

Therefore, the operations we describe in the next section cannot use these fields to 

move around the tree. The only permissible use of these keys is to direct a subse

quent search through the binary tree.

3.3 Operations on Layered Working-Set Trees

In this section, we define how operations are performed on layered working-set 

trees. The main obstacle in adapting the working-set structure operations into a
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Figure 3.3: Encoding linked lists into a layered working-set tree. In this example, 
the elements (from most recently inserted (youngest) to least recently inserted (old
est)) are a, b, c, d, e, f, g. For example, olderffe] =  c and youngerf/] =  e. A is the most 
recently inserted element in the previous layer and B  is the least recently inserted 
element in the previous layer. C is the most recently inserted element in the next 
layer and D is the least recently inserted element in the next layer. For example, 
next layer [A] = o and nextlayerfx] = D.

single binary search tree is that layers correspond to single trees in the working-set 

structure but to a series of trees in layered working-set trees. Layer-subtrees, how

ever, are implemented as red-black trees and so the usual operations on red-black 

trees must be adapted to work between layers. We divide operations on layered 

working-set trees into those operating on a single layer (intra-layer operations), 

those spanning two adjacent layers (inter-layer operations), and finally those oper

ating on the tree as a whole (tree operations).

3.3.1 Intra-Layer Operations

We refer to operations performed on a single layer as intra-layer operations. These 

operations correspond to those traditionally performed on any balanced binary
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search tree. In particular, we need algorithms to maintain balance in layer-subtrees 

after insertion and deletion operations, as well as algorithms to perform splitting 

and joining of layer-subtrees to facilitate restructuring of layers.

For clarity, we describe how these operations can be achieved using red-black 

trees. This is not a requirement, however, and any binary search tree that meets 

the speed requirements for each operation can be used. It is also an important 

responsibility of layer-subtrees to ensure that their operations do not leave the layer- 

subtree in which they are originated; this can be achieved by checking the layer 

number (in the corresponding field) of a node before visiting it or performing any 

operation on it.

As indicated above, intra-layer operations rearrange layer-subtrees in some man

ner. At the boundaries of a layer-subtree (where a node has a different layer number 

than its child), there maybe several layer-subtrees of different layers. Observe that 

the roots of each of these layer-subtrees can be viewed as the results of unsuccessful 

searches. In this sense, then, intra-layer operations on layer-subtrees are local: we 

need not concern ourselves with impacting any layer-subtree below the one we are 

performing an operation on.

Let T  denote a layer-subtree of layer L* and let x g  T '. We define the following 

operations.

R e b a la n c e - I n s e r t (o : )  This operation restores logarithmic depth within T' after 

the node x has been inserted into this layer-subtree. For red-black trees, this oper

ation is precisely the R B -In ser t-F ix u p  operation presented by Cormen et al. [26, 

Section 13.3]. While the version presented there does not handle properly assigning 

a colour to x, it is straightforward to modify it to do so.
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R e b a la n c e - D e le t e  (a:) This operation is the counterpart to the previous opera

tion and is responsible for ensuring logarithmic depth within T ' after a deletion 

in T'. The node x to be given to this operation is dependent on the underlying 

structure used to implement layer-subtrees. For red-black trees, this operation is 

precisely the R B -D e le te -F ix u p  operation presented by Cormen et al. [26, Section 

13.4]. In this case, the node x is the child of the node spliced out by the dele

tion algorithm. We will elaborate on this when discussing inter-layer operations in 

Section 3.3.2.

S p l i t  (a;) This operation moves x to the root of T', which results in all other ele

ments of that layer-subtree appearing as a descendant of either the left or the right 

child of x. A balance condition is also ensured, so that both the subtrees of the left 

and right children that are within the layer-subtree each have logarithmic depth. It 

may be the case that T‘, as a whole, is no longer balanced, however. For red-black 

trees, this operation is described by Tarjan [63, Chapter 4]. Note that, in our case, 

we do not destroy the original trees, but rather stop when x becomes the root of 

the layer-subtree.

J o in  (&■) This operation is the inverse of the previous operation. Initially, we have 

a node x in a given layer and we wish to join it with its children (if they are in the 

same layer). We therefore must rebalance the layer-subtree so that each node has 

logarithmic depth. For red-black trees, this operation is described by Cormen et al. 

[26, Problem 13-2].

We summarize the results of these operations in Lemma 3.2.
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Lemma 3.2. For a node x  G L{, the intra-layer operations R e b a la n c e - I n s e r t ( : c ) ,  

R e b a la n c e - D e le t e  ( x ),  S p l i t  (a;) and J o in (x )  can be implemented in such a way 

that they can be executed in time 0(2*).

Proof. By implementing layer-subtrees as red-black trees, the time bounds follow 

immediately from the arguments given by Cormen et al. [26] and Taijan [63]. □

3.3.2 Inter-Layer Operations

In this section, we turn our attention to inter-layer operations. These operations 

facilitate structural changes between adjacent layers and correspond roughly to 

those used by the shift operation in the working-set structure. We defer discussion 

of running times until after the descriptions of the operations.

As in the previous section, we will describe the requirements of the operations 

independently of the actual layer-subtree implementation. Only the M o v e D o w n  (x ) 

operation will require knowledge of how layer-subtrees are implemented; the re

maining operations simply use the operations defined in the previous section, al

lowing for maximum flexibility.

Y o u n g e s t I n L a y e r  (Lfj This operation returns the key of the youngest (most re

cently accessed) element in the layer Li. To accomplish this, we first exhaustively 

examine all elements in L\.  This exhaustive search is permissible for two reasons: 

first, this layer has size 0(1), and second, all elements in L\ must be in the same 

layer-subtree and can thus be enumerated in time linear in the size of the layer. 

Once we find the element of Lx that is the youngest (by looking for the element 

x\ for which younger^!] = nil), we go back to the root and search for nextlayer^ i],



Chapter 3. The Working-Set Property in Binary Search Trees 39

which will return the key of the youngest element in L2, say x2. We then return to 

the root and search for nextlayer[x2], and so on. This process repeats until we find 

the youngest element in Lis as desired.

O ld e s t I n L a y e r  (Lj) This operation returns the key of the oldest (least recently 

accessed) element in the layer Lj. This is accomplished in a manner identical to 

that of YouNGESTlNLAYER(Lj), except that the initial search in L i is for the oldest 

element (the element x\ for which older[xi] = nil).

M o v e U p (x ) This operation will move x  from its current layer Li to the next higher 

layer Li-X. This corresponds to (one part of) a shift operation in the working- 

set structure in which we shift from a higher-index tree to a lower-index tree. To 

accomplish this, we begin by bringing x to the root of its layer-subtree by executing 

S p l i t (x ) .  We then remove x from L, and place it into Lj_i by setting layer[.x] = i — I, 

which creates two new layer-subtrees in L,: one for each child of x. We must now 

ensure balance in both the layer-subtree x  was removed from in Lt and the layer- 

subtree x was inserted into in !,*_i. Observe that, by the definition of the split 

operation in the previous section, both of the layer-subtrees that are rooted at the 

children of x are already balanced. Therefore, we need only ensure balance in the 

layer-subtree in which x  was inserted. This can be accomplished by executing the 

intra-layer operation R e b a la n c e - I n s e r t (x ) .

The final step is to update the encoding of the linked lists. To accomplish this, 

we examine the fields associated with x. If neither older[x] nor younger[x] are nil, 

then we go back to the root and perform searches for older[x] and youngerfx]. When 

we get to those nodes, we set younger[older[x]] =  younger[x] and older[younger[x]] =
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older [x], essentially “splicing out” x from the linked list encoding in layer Liy which 

means x has been removed from the linked list encoding for L*. It remains to 

insert x into the linked list encoding for layer Lf;_i. To do this, we note that x 

should now be the youngest element of L*_i, and so we find the youngest element 

in Li-1 , say y, by executing YouNGESTlNLAYER(Li_ 1). We then search for y and set 

younger[x] =  nil, older [x] = y, and younger[y] = x. Note that, since y was the youngest 

element in £i_i, we must update nextlayer[.x] =  nextlayer[y] and set nextlayer[y] =  nil. 

The final step is to update the field stored by the youngest element in Lj_2, say 2 , 

by executing Y oungestInLayer^L^), searching for z, and setting nextlayer[^] = x.

Otherwise, if younger[x] is nil but older[x] is not, then we conclude x was the 

youngest element of Lis and so older[x] should be the new youngest element in Lt. 

We therefore go to the root and search for older [x] and set younger[older[x]] =  nil. 

Since older[x] is now the youngest element in Liy we also copy nextlayer[x] into 

nextlayer[older[x]]. At this point, we have removed x  from the linked list encoding in 

layer Li and must now insert it into the linked list encoding for layer Lj_i. This can 

be achieved exacdy as in the previous case.

The final case occurs if older[x] is nil but younger[x] is not. If this happens, then 

we conclude x was the oldest element of Li and can proceed in a manner symmetric 

to the previous case. All three cases are illustrated in Figure 3.4.

M o v e D o w n (x )  This operation will move x from its current layer Li to the next 

lower layer Li+l. In this sense, it is the opposite of the M o v eU p (x ) operation and 

corresponds to (one part of) a shift operation in the working-set structure in which 

we shift from a lower-index tree to a higher-index tree. This operation is dependent 

on how layer-subtrees are implemented; we describe it in terms of red-black trees.
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x>

(a) (b) (c)

Figure 3 .4 : The M o v eU p (.t ) operation in a layered working-set tree. Each row 
represents a layer. The elements are sorted left to right from youngest to oldest. 
The layers, from top to bottom, are Lj_2, Li- 1 , Lu and Li+1. In all cases, the new 
position of x  after the operation is the leftmost (youngest) position in Li- x. The 
arrows indicate what keys are referred to in the fields of nodes. Dotted arrows 
indicate the field has been overwritten during the operation. The lower x is the old 
position of x and the higher x  is the new position of x. (a) x is neither the youngest 
nor the oldest element in Li. (b) x  is the youngest element of L*. (c) x  is the oldest 
element of Li.

Let p denote the predecessor of x in Li} i.e., the largest element of Li that is less 

than x. If x is the smallest element of Lit then set p — x. Similarly, let s denote the 

successor of x  in Li} i.e., the smallest element of L* that is greater than x. If x is the 

largest element of Li} then let s = x.

Our first goal is to move x  such that it becomes a leaf of its layer-subtree. There 

are three cases to consider, based on the number of children x has that are in the 

same layer (and thus the same layer-subtree). If x  has no children in its layer- 

subtree, then it is a leaf of its layer-subtree and we are done.

If x has only one child s', then to make x a leaf of its layer-subtree, we splice out 

x by attaching its left (respectively right) child s' as a parent of x  and attaching x 

as a right (respectively left) child of p (respectively s).

If x has two children in its layer-subtree, then to make x a leaf of its layer-
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Figure 3 .5 : The M o v eD o w n (x ) operation in a layered working-set tree. In this 
case, x has two children in its layer-subtree. The dotted lines to nodes and sub
trees indicate layer boundaries, (a) The initial layer-subtree containing x. (b) The 
layer-subtree after the nodes have been moved and layers changed, but before re
balancing.

subtree, we splice out the node s by making the parent of s point to the right child 

of s instead of s itself. This is permissible because s is a descendant of x  and because 

s has no left child in Li} since it is the smallest element greater than x. We then 

move s to the location of x. Finally, we make x a child of p and make the new 

children of x the old children of p and s. These operations can all be accomplished 

by merely changing fields of these nodes. Figure 3.5 explains the process of making 

x a leaf of its layer-subtree for this case.

Observe that x is now a leaf of its layer-subtree and that the layer-subtree is con

figured exactly as if we had deleted x  using the deletion operation described by Cor- 

men et al. [26, Section 13.4]. Therefore, we can perform Re b a l a n c e -D e l e t e (s ') ,  

where s' is the (only) child of the node we have spliced out during deletion, as 

required by the description of the operation.

To complete the movement of x  to the next layer, we change the layer number of
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x  a c co rd in g ly  a n d  ex e c u te  J o in  (a;) to  c re a te  a  b a la n c e d  la y e r -su b tre e  f ro m  x. a n d  its  

c h ild re n . I t is c ritica l to  n o te  th a t  if  th e  c h i ld re n  o f  x h a v e  la rg e r la y e r  n u m b e r s  t h a n  

th e  n e w  la y e r  n u m b e r  o f  x, th e  jo in  o p e ra t io n  h a s  n o  e ffe c t an d  x b e c o m e s  th e  lo n e  

e le m e n t in  a  n e w  la y e r-su b tre e ; th is  fo llo w s fro m  th e  fa c t th a t  th e  j o in  o p e r a t io n  

o n ly  o p e ra te s  o n  n o d e s  o f  th e  s a m e  layer.

W e m u s t  a lso  u p d a te  th e  l in k e d  lis ts  e n c o d e d  a t  th e  a p p ro p r ia te  la y e rs . T h is  

c a n  b e  acco m p lish e d  in  e s se n tia lly  th e  s a m e  w a y  as  w a s  do n e  fo r  th e  M o v e U p (.t ) 

o p e ra tio n .

We summarize the results of these operations in Lemma 3.3.

L e m m a  3 .3 . For any layer Li, the intra-layer operations YoUNGESTlNLAYER(Lj) and 

O l d e s t In Layer  (L ^  can be implemented in such a way that they can be executed 

in time 0(2*). For any node x  e  Li} the intra-layer operations M o v eU p (x ) and 

M o v eD o w n  (x ) can be implemented in such a way that they can be executed in time 

0 (2*).

Proof. The operations Yo u n g e s t I n La y e r (L i) and O l d e s t InLa y e r ^ )  proceed to 

find the youngest (respectively oldest) element in layers L1, L 2, . . . ,  Lt. Given the 

youngest (respectively oldest) element in layer Lj} we can determine the youngest 

(respectively oldest) element in layer Lj+1 in constant time since such an element 

maintains the key of the youngest (respectively oldest) element in the next layer. 

We then need to traverse from the root to that element. By Lemma 3.1, the total 

time is thus £ j =1 0 (2») = 0(2*).

T h e o p e ra tio n s  M o v e D o w n  (x ) a n d  M o v eU p (x ) c o n s is t  of s e a rc h in g  fo r  x, p e r 

fo rm in g  a  c o n s ta n t  n u m b e r  o f  in tra - la y e r  o p e ra t io n s  a n d  th en  m a k in g  a  s e r ie s  o f  

q u e rie s  fo r  th e  y o u n g e s t  e le m e n ts  in  s e v e ra l la y e rs  a n d  u p d a tin g  th e  l in k e d  l is t  e n -
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codings. The search can be done in time 0 (2*) by Lemma 3.1 and the intra-layer 

operations each take time 0(2*) by Lemma 3.2. Finally, the queries for the youngest 

elements and the time spent updating the linked lists is dominated by the time of 

the query in the deepest layer, since each has size the square of the previous one. 

Since x € Li} the time is 0(2*) by the previous argument. The total time required 

for M o v eU p (x ) and M o v eD o w n (x ) is thus 0(2*). □

3.3.3 Tree Operations

Armed with our intra-layer and inter-layer operations, we are now ready to describe 

how to perform the tree operations Se a r c h  (a;), In s e r t  ( x )  and D e l e t e  (a;) on the 

layered working-set tree as a whole. Tree operations are independent of the layer- 

subtree implementation given suitable implementations of the intra- and inter-layer 

operations already defined in the previous sections.

S e a r c h  (x) To perform a search for x, we begin by searching the binary search 

tree T  in the usual way. Once we have found x € L», we execute M o v e U p (x ) a total 

of z — 1 times in order to bring x into Lx. We then restore the sizes of the layers 

as was done in the working-set structure. We execute O l d est I n La y e r (L i ) to find 

the oldest element in Lx, say xx, and then run M o v eD o w n (x i ). We then perform 

the same operation in L2 by running O l d e s t In La y e r (L 2) to find the oldest element 

in L2, say x2, and then run M o v e D o w n (x 2). This process of moving elements 

down layer-by-layer continues until we reach a layer Lj such that \Lj\ < 2^, at 

which point we stop.3 Note that efficiency can be improved by remembering the

3In an ordinary search, we have i = j .  However, thinking of the algorithm this way gives us a 
cleaner way to describe the insertion process later.
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oldest elements of previous layers instead of finding the oldest element in each of 

Lu . . . , Li during the second stage of the algorithm. However, such an improvement 

does not alter the asymptotic running time.

I n s e r t ( x )  To insert x into T, we first examine the index k and size |Lfc| of the 

deepest layer of T  (recall that k and \Lk\ are stored at the root of T). If \Lk\ — 

22fe, then we increment k and set \Lk\ =  1. Otherwise, if |Lfc| < 22k, we simply 

increment \Lk\. We now insert x into T  (ignoring layers for now) using the usual 

algorithm where x is inserted at the point the search path for x terminates. We 

set layer [a:] = k + 1 (i.e., a temporary layer larger than any other) and update the 

linked list encoding in the same manner as described in Section 3.3.2. Finally, we 

run Se a r c h ( x )  to bring x  into Lx. Note that since Se a r c h (x) stops moving down 

elements once the first non-full layer is reached, we do not place another element 

in layer k +1. Thus, this layer is now empty and we update the youngest and oldest 

elements in layer t to indicate that there is no layer below it.

D e l e t e  (a:) To delete x from T, we first examine the number of layers k, which 

is stored at the root. We then locate x € Li and perform Mo v eD o w n  ( x )  a total 

of k -  i + 1 times. This will cause x to be moved to a new (temporary) layer that 

is guaranteed to have no other nodes in it. Therefore, x must be a leaf of the 

tree, and we can simply remove it by setting the corresponding child pointer of 

its parent to nil. As was the case for insertion, this temporary layer is now empty 

and can be removed. We must now restore the size of layer i. To do this, we 

execute Yo u n g e s t I nLa y e r (L ^) to determine the youngest element in Lk, say xk. 

We then execute MovEUp(xfe) to increase the size of Lfc_i by one. We then execute
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Y0UNGESTlNLAYER(Lfc_ 1) to determine the youngest element in Lfe_1, say cc*_i, and 

execute MovEUp(xjt_i) to increase the size of Lk_2, and so on, until we reach L{. 

At this point, all layers have the correct size. It could now be the case that \Lk\ =  0. 

If this happens, we decrement the number of layers k, which is stored at the root, 

and update the youngest and oldest elements in the new deepest layer to indicate 

that there is no layer below.

The main contribution of this chapter is

T h e o r e m  3 .4 .  There exists a binary search tree on n elements that supports a search 

for key x at time t in worst-case time 0(log wt(x)) (where wt(x) is the working-set 

number of x at time t), as well as insertions and deletions in time O(logn).

Proof. A search consists of a regular search in a binary tree followed by several layer 

operations. Suppose x e  Li at time t. By Lemma 3.1, we can find x in time 0(2*). 

We then perform M o v e U p (x )  in time 0(2*) by Lemma 3.3. We then run a constant 

number of inter-layer operations for every layer from 1 to i. By Lemma 3.3, this 

takes total time ]T)*=1 0{2j ) =  0(2*). The total time to find x  e  L,; is therefore 

0(2'). By the same analysis as that of the working-set structure by Badoiu et al. 

[20], we have wt{x) > 22'-1, and so 0(2') =  0(logwt(z)).

An insertion consists of traversing through all layers. By Lemma 3.1, this takes 

time Yli=i 0(2') = 0(2*) =  0 (2 loglogls'l) =  0(log|St |). We then perform a search 

in time O(logn) by the previous argument, since the element searched for is in the 

deepest layer. The total time is therefore O(logn).

A deletion consists of searching the tree to find x e Li and then performing a 

constant number of inter-layer operations per layer. The initial search takes 0(2') 

time by Lemma 3.1 and the inter-layer operations take ]T*=10(2j ) — 0(2*) by
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Lemma 3.3 for a total time of 0(2k) — O(logn). □

3.4 Conclusion and Open Problems

In this chapter; we have developed the first binary search tree that answers queries 

in time logarithmic in the query’s working-set number even in the worst case. This 

unifies the results of Sleator and Tarjan [61], who showed that one binary search 

tree (namely the splay tree) has this property in the amortized sense with the results 

of Badoiu et al. [20], who demonstrated that this property exists in data structures 

that are not binary search trees. This result can be viewed as de-amortizing the 

working-set property in the binary search tree model.

There are several possible directions for future research.

1. It seems that by enforcing this good worst-case behaviour for temporally lo

cal query distributions, we sacrifice good performance on some other access 

sequences. Is it the case that a binary search tree that has this stronger ver

sion of the working-set property cannot achieve other properties of, e.g., splay 

trees? For example, what kind of sequential access bound can be achieved 

in this setting? Recall that the scanning bound refers to the amount of time 

required to execute all queries in sequential order.

2. Are similar results possible for the dynamic finger property? Is it possible to 

answer a query in worst-case time 0(log |at — at_i |)? As with the working-set 

property, this is well-known outside of the binary search tree model.



Chapter 4 

Searching with Temporal Fingers

In this chapter, we show how to construct a data structure that supports query 

times that are logarithmic in the distance from the query element to a temporal 

finger, plus a small additive term.

4.1 Problem Definition

As in Chapter 3, we consider a set S  and a sequence A — {a,i, a2, ■. ■, am), where 

at E S. For the purposes of this chapter, we assume S  = {1,2 (which is

simply a reduction to rank-space) and that the set S  is static.

Recall that the working-set property roughly states that accesses are fast if they 

have been made recently. Conversely, the queueish property states that accesses are 

fast if they have not been made recently. We propose a generalization of these two 

properties, where a temporal finger is defined and the access time is a function of 

the distance in A between the temporal finger and the element to be accessed. Such 

a property can be viewed as a temporal version of the static finger property.

48
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4.1.1 Defining Temporal Distance

We briefly review some definitions from Section 2.2.3. Recall that our access se

quence is A = (oi, <2 2 , - . . ,  cim.)• Define

lt(x) =  min ({oo} U {t' > 0 | at_^ =  x})

One can think of lt(x) as the most recent time x has been queried in A before 

time t. We then define

wt{x) = <
n  if lt (x) = oo

I (*)+!> •••)«<} I otherwise

Here, wt(x) is the usual working-set number of element x at time t. We are now 

ready to define temporal distance. Consider a temporal finger /  where 1 < f  < n. 

The temporal distance from x  to /  at time t is defined as

TtJ(x) =  \wt{x) -  /  +  1|

Observe that if /  =  1, then rtj (x )  = wt(x). In this case, having query time 

logarithmic in the temporal distance is equivalent to the working-set property. Con

versely, if /  =  n, then rtj(x )  = n — wt(x) -  1, which is precisely the queue number 

qt(x) defined by Iacono and Langerman [45] and described in Section 2.2.4. Per

forming a query in time logarithmic in the temporal distance in this case is equiva

lent to the queueish property. In general, our goal is a query time of O (log rtj{x))  +  

o(logn).
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Another way to view temporal distance is the following. At any time t, the 

query sequence A defines a permutation of the elements that orders them from 

most recent query to least recent query. The temporal finger /  points to the / - th 

item in this permutation, and the temporal distance Tij(x) is the distance from the 

/-th  item to a; in the permutation.

4.1.2 Background

The notion of a dictionary with query times that are sensitive to temporal distance 

is not new: the working-set structure [20] and the queueish dictionary [45] are two 

well-known examples. The layered working-set tree of Chapter 3 also falls into this 

category.

However, the notion of allowing the finger by which temporal distance is mea

sured to be selected in advance is relatively new; prior to this thesis, this prob

lem has only been studied in the context of priority queues. Elmasry et al. [37] 

developed a priority queue that supports a constant number of temporal fingers. 

In particular, this shows the existence of a priority queue that supports both the 

working-set and queueish properties.

4.2 The Data Structure

Our data structure consists of two parts: Old and Young. A schematic of the data 

structure is illustrated in Figure 4.1.
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Y o u n g  •*  -  - r  -  * -  O ld

A A A
Q\ \ Qj Q2 Qk-i Qk

. /

most recent least recent

Figure 4.1: A schematic of the data structure for temporal finger searching. Pointers 
between elements in substructures and the corresponding queue elements are not 
shown. The substructures in the Old data structure are drawn as trees, but are 
actually implemented as sorted arrays.

4.2.1 The Old Data Structure

The Old data structure contains the n — /  elements that were last accessed more 

than /  queries ago. They are stored in a working-set structure [20].

As discussed in Section 3.1.2, the working-set structure consists of balanced bi

nary search trees (e.g., AVL trees [1]) Dx, £>2, . . . ,  Dk of size 2V for j  = 1 ,2 , . . . ,  k. 

It follows that k is O (log log (n — /)). Each tree Dj has an accompanying queue Qj 

containing the same elements as in the order that they were inserted into Dj. Point

ers are maintained between an element in a tree and the corresponding element in 

the queue. The concatenation of all queues is precisely a list of the n — f  elements 

in the order they were queried, from most recent to least recent.
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4.2.2 The Yo ung  Data Structure

The Yo u n g  data structure contains the /  elements that were accessed at most /  

accesses ago. They are stored in a modified queueish dictionary [45].

The queueish dictionary consists of a series of substructures D[,D'2. . . . ,  D’k, and 

queues ■ ■ ■ ,Q'k>- As in the Old data structure, the concatenation of the

queues in this data structure orders the elements in increasing order of last ac

cess time. However, the queues no longer correspond exactly to the substructures: 

all of the elements of Q[ U Q'2 U • • • U Q' are stored in D ', but D ' may contain 

additional elements. Pointers are maintained between each element of Dj and its 

corresponding entry in a queue (which may not be Q '). The size of <2' is between 

2V~1 and 2V. D'k, will contain all elements in the structure and thus have size / ,  

and Q'k, has size at least 22* -1. Therefore, k' =  0(loglog /) . As suggested by Iacono 

and Langerman [45], £>' can be implemented as a sorted array. Note that D'k, will 

be implemented differently; we address this issue during the analysis.

4.2.3 Performing a Query

To p e r fo rm  th e  q u e ry  x a t  t im e  t, w e  s e a rc h  in  Di, D[, D2, D'2, . . .  a n d  so  o n ,  u n t i l  x 

is fo u n d . A t th is  p o in t  x is n o w  th e  m o s t  r e c e n d y  a c c e s se d  (i.e., youngest) e le m e n t  

in  th e  d a ta  s tru c tu re , so  w e  d e le te  i t  f ro m  th e  s tru c tu re  w e  fo u n d  i t  in  a n d  in s e r t  it 

in to  Y o u n g . T h e re  a re  tw o  p o ss ib le  c a se s : e i th e r  x is fo u n d  in O l d  o r  Y o u n g .

Suppose first that x is found in O l d , say x e Dj. In this case, we delete x from 

Dj, insert x into Yo u n g . We then delete the oldest element in Yo u n g  and insert it 

into O l d . In doing so, we will need to shift elements in O ld down to restore the 

size of Dj. This can be done by taking the oldest element out of each subtree and
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placing it in the next larger subtree until we reach Dj.

Suppose now that x is found in Young, say x e Dj. This case is handled exactly 

as it would be in a regular queueish dictionary: x  is removed from Q' and inserted 

at the front of Q'k,. In doing so, \Q'j\ may become too small (i.e., less than 22J_1). 

If this occurs, we remove 22j — |Q '| elements from the end of Q '+1, insert them at 

the front of Qj, and reconstruct £>' from the elements in Q[, Q'2, . . . ,  Qj. This may 

result in Q'J+l becoming too small (and so on); these cases are handled identically.

4.2.4 Access Cost

The cost of an access can be separated into two parts: the cost of finding the query 

element and the cost of adjusting the data structure.

Finding x. To find the element x at time t, we search in Dh D[, D2, D2, . . .  until x  

is found in Dj or Dj. The cost to find the element is therefore o (log22'^ = 

Xw=1 0(2*) = 0{2j ). Again, there are two possible cases: either x  e  Dj or x  € Dj.

If  a; €  Dj,  t h e n  wt(x) =  f  +  T h e re fo re , rtj(x) — ^ ( r )  -  /  +  1| =

| /  +  Q ( 2?* ̂  — /  + 1| =  f i(2 23-1) .  E q u iv a len tly , j  <  log log t lj ( x )  +  0 (  1). T h e  c o s t  to  

find th e  e le m e n t is th e re fo re  0(2j ) =  0(\ogrtj(x)) .

If x £ Dj, then qt(x) = (n -  f )  + 0^22J_l^, and since wt(x) = n — qt {x) -  1, we 

have wt{x) = / - Q ^ 2 2J-1  ̂- 1 .  Therefore, rtj {x)  =  |wt(r) - / + 1 |  =  | / - 0 ^ 2 23-1̂  -  

1 -  /  -f 1| =  | -  Q ^ 23"1 j  | =  0^22J_1̂ . Equivalently, j  < loglogrti/( r )  +  0(1). The 

cost to find the element is therefore 0(2j ) = O(\ogrtj (x)) .

In either case, we have that the portion of the access cost dedicated to finding x 

is O(log Ttj{x)).
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Adjusting the Data Structure. The data structure must now be adjusted. If x is 

found in Young , then Young  can be restructured in the usual manner at amortized 

cost 0(log log / )  by radix sorting the indices, as suggested by Iacono and Langerman 

[45]. If x  is found in Old, however, an insertion must be performed into D'k,. If Dk, 

is implemented as a binary search tree or sorted array, this will take time 0(log /) , 

which is too slow.

We therefore describe alternative implementations of D'k, to improve our access 

time.

The first alternative is to use a y-fast trie [67]. In this case, the word size can 

be considered 0(logn), since we are effectively operating in rank space. Doing so 

allows us to insert, delete and search in D'k, in amortized time O (log log n). This 

follows from the fact that we know the rank of x  because we have already found it 

in the previous stage.

Recall that the queueish dictionary still requires a way of rebuilding smaller 

structures from larger structures. If the other substructures are implemented as 

arrays, all that is required is following pointers from Q'k, to the oldest elements in 

D'k,, placing them in an array, deleting them from Q'fc,, and proceeding as usual. 

This results in an amortized query time of

0 (logrt)/(2 :)) +  O (log log n)

The second alternative is to instead use the predecessor search structure of 

Beame and Fich [8]. Doing so allows us to insert, delete and search in D'k, in
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time
f  (loglogn)(loglog/ )  I log/  ) ^ 

u y mn<  ̂ log log log n ’ V l o g l o g / j J

This results in an amortized query time of

nn ' " ■ f (loglogw)(loglog/) / log /
0g Tf,/ y { log log log n ’ Y log log /  J J

At this point we note that, using the first technique, we match the performance 

of the queueish dictionary described by Iacono and Langerman [45] when f  — n. 

Using the second technique, we match the performance of the working-set structure 

of Badoiu et al. [20] when /  =  1. It is also straightforward to determine in advance 

which technique should be used: if /  is Q(log n), then the first technique should be 

used; otherwise the second technique should be used.

To summarize, we have

Theorem 4.1. Let 1 < /  < n. There exists a static dictionary over the set {1,2, . . . ,  n) 

that supports querying element x in amortized time

nn  / ^  . n (  ■ fi  i (log log n) (log log/) / log /  \  ̂0{l0gTU (x)) + O (mm  jlog logn , logbglog„  . \j  J j  J

where rtj(x )  denotes the temporal distance between the query x and the element f  

at time t.
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4.3 Conclusion and Open Problems

In this chapter; we constructed the first dictionary data structure that supports query 

times that are sensitive to an arbitrarily placed temporal finger.

There are several possible directions for future research.

1. Can the additive term in Theorem 4.1 be reduced? This would be interesting 

even for specific (ranges of) values of / .  When /  =  n, for example, the best 

known result is O (log rtnn + log log n) [45]. The case when /  =  1 is fully 

solved by Badoiu et al. [20].

2. Is it possible to support multiple temporal fingers (e.g., 0(1) many)? Simply 

searching the structures in parallel allows us to find the query element in time 

proportional to the logarithm of the minimum temporal distance, but it is not 

obvious how to quickly restructure the data structures and promote the query 

element to the cheapest substructure in parallel for each structure.

3. Is it possible to maintain the temporal finger property while supporting dy

namic update operations?



Chapter 5 

The Strong Unified Property

In this chapter, we define a stronger version of the unified property. In particular, 

we count distance only among elements in a certain subset of the dictionary (as 

opposed to all elements). For many access sequences, this results in smaller query 

times. We then present a data structure that comes to within a small additive term 

of the query time stated by this property.

5.1 Problem Definition

We consider a set S  and a sequence A = (ai,a, 2 - ,am), where at e  S. As in 

Chapter 4, we assume S  =  (1 ,2 . . . . ,  n) (i.e., a reduction to rank-space) and that 

the set S  is static.

We wish to store the elements of S  in a data structure so that accessing the 

elements in the order defined by A  is fast. Recall that the unified property roughly 

states that an access is fast if it is dose to a recent access. For example, in the access

57
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sequence
/ n , „ n n n n n , n , \
(*> 2 2 2 ’ ’ "  ’ 2 ’ ’ 2 7

almost every access is at a distance of one from the element accessed two accesses 

ago. However, consider the following access sequence:

/  77. 77 71 \
( K , -  + K ,2 K , -  + 2 K ,3 K ,-  + 3K t ...)

where K  is a large number. This new access sequence is very similar to the old one, 

except that distances are no longer preserved. Therefore, the unified property no 

longer indicates that this sequence should execute quickly. However it still seems 

as if this access sequence has some locality: each access is close in terms of rank 

distance among recently-accessed elements to the query made two accesses ago.

5.1.1 Defining the Strong Unified Property

Recall the definitions used in Section 2.2.3. Define

lt (x) = min ({oo} U {t1 > 0 | at-t' — 2 })

One can think of lt{x) as most recent time x has been queried in A before time 

t. We then define

w t ( x ) =  <
n  if lt (x) = 0 0

I j • • •, at} I otherwise

We also define Wt(s) to be the set of elements x e  S  such that wt(x) < s and
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&r(a, b), for a set T  and elements a, b € T, to be the rank distance between a and b 

in the set T.

Intuitively, we would like the strong unified property to state that the time to 

access an element x at time t to be

Unfortunately, such an access time is not possible. To see this, consider the 

access sequence

where x e S. Suppose the access to x occurs at time t. Note that the access at time 

t — 1 is to 1 and that 2,3, . . . ,  x  — 1 are not present in Wt(wt(x)). Therefore, the value 

of y that minimizes (*) is 1, which has constant working-set number and constant 

rank distance to x. This means that for any of the n choices of x, the strong unified 

property requires the data structure to perform the access in constant time; this is 

not information-theoretically possible [59].

We therefore modify the strong unified bound so that it is at least information- 

theoretically plausible:

Note that this Wt(wt(x)2) includes elements that were accessed less recently than 

x. These additional elements will allow us to support the rest of the access cost 

while respecting information-theoretic lower bounds. The intuition for expand

ing the set under consideration in this manner is the fact that the data structure

( r“ ,in, „ loS f a t e ) +  dwt(wt(x))(•'£, y)))\ y € W t ( w  t (x)) J

(2,3,4,5,6,.. . , 1, x ,.. .)

( ^  log W ^ )  +  dwt(wf.(xp)(x, y)) )\ y € W t {wt(x)2) J
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will consists of substructures that increase doubly-exponentially in size, and so by 

squaring the working-set number under consideration, we can take advantage of 

elements in the next substructure.

As an example, consider the following access sequence, where 15 is the element 

currently being searched for at the end of the sequence:

W t (wt (15)2)

2,3,4,5,6,7,8/9,10,11,12,13,14,15,16,115
Wt(u;,(15))

The original definition in (*) uses dwt(wt(is)), whereas the modified definition uses 

dWt(wt(i5)2)- The modified definition allows for 9,10,11,12 and 13 to contribute to 

the rank distance which results in an information-theoretically plausible query time, 

since it no longer results in a situation where any query must be executed in con

stant time.

5.1.2 Background

The unified property was introduced by Badoiu et al. [20], who also showed how 

to construct a data structure that matched this query time. Derryberry [30] fur

ther considered the problem when restricted to the binary search tree model and 

introduced skip-splay and cache-splay trees; the former comes within an additive 

0(log logn) of the unified bound, while the latter achieves it to within a constant 

factor.

The idea of restricting the rank space used to count distance has not previously 

been studied.
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5.2 Towards the Strong Unified Property

In this section, we describe a data structure that achieves the strong unified property 

to within a small additive term of

O ((log dWl{wt{x)) (x, y)) (log log wt (x)))

5.2.1 The Data Structure

The data structure consists of k finger search trees as well as k accompanying 

queues. The finger search trees of Brodal et al. [19] support insertions and deletions 

in 0(1) worst-case time (when provided with a pointer to the element to be deleted) 

and finger searches in O(logd) worst-case time, where d is the distance between the 

element being searched for and the supplied pointer into the data structure.

The size of 2} is 2^, except for Tk which has size ti. It follows that k is O (log log n). 

We will maintain the invariant that Tj c  T,+i for all 1 < j <  n. The queue Qj con

tains exactly the same elements as Tj in the order they were inserted into Tj. Point

ers are maintained between elements in the queue and corresponding elements in 

the finger search tree. A schematic is presented in Figure 5.1.

To perform a search, we will perform finger searches in Tx, T2, . . .  until we find 

x e  Tj. In Ti, we use an arbitrary element as the starting finger for the search. In 

all other trees, we run two finger searches in parallel, one from the successor of the 

element found in the previous tree, and one from the predecessor of the element 

found in the previous tree, stopping as soon as one of these searches terminates. 

Once we have found x  e Tj, we insert x  into T1, T2, . . . ,  7}_i (note that x  is not
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Q  i Q 2  Q 3  Q i  Q j  Q k

Figure 5.1: A schematic of the data structure for the strong unified property. Point
ers between elements in finger search trees and the corresponding queue elements 
are not shown.

present in any of these trees, since if it were, it would have already been found) and 

enqueue x in Q i,Q i, . . . ,  Q j- 1 . At this point, we note that each of Tx, T2, T j _  1 

and Qi, Q2, ■ ■ ■, Qj- 1 are too big. We therefore dequeue the oldest element in each 

of Qi.Qi, • ■ •, Qj-1 and delete the corresponding elements in Tu T2, . . . ,  T j-X.

5.2.2 Analysis

Recall that we are aiming for a running time of

CewSS5«)»)l0g + dw ^ ^ x ’

Consider a search for x  at time t, and consider the element y that minimizes the 

above expression. Suppose x  first appears in Tj and y first appears in Tj,. Because 

x first appears in Tj, we have that wt(x) > 22J_1. Therefore, j  < log logtye(x) +  1. 

Similar reasoning shows wt(y) > 22J -1, so that f  < log log wt(y) +  0(1).

If j  < j '  (i.e., x  appears no later than y), then the running time follows easily:
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x has working-set number wt(x) < vjt(y). The element x  can thus be found in time 

I X i 2* = 0(2f), which is 0(2^') =  0(logwt(y)).

The more interesting case occurs when j  > j '  {i.e., x  appears after y). Here, y 

can be found in time Ym=i 2z =  0(2j>) = O(log wt(y)). By the time the algorithm 

finishes searching Tr , it has a finger for an element y' such that dWl{wt x̂))(x,y') < 

dWt(wt(x))(x,y). Therefore, each of the remaining finger searches is over a rank dis

tance of at most dwt(v>t(x))(x, y), except for the last search which is over a rank dis

tance of at most dWi(Wt(xf)(x, y). There are thus 0(log logwt(x)) finger searches that 

cost O (log dWt(Wl(x))(x, y)) to be performed, and one that costs O (log dwt(«>«(z)2) (x ,v))- 

The total cost of these searches is therefore

0((\ogdWt{wtXx))(x, y)) (log log wt(x)) + logd^t(lBt(*)a)(x, y))

At this point, x has been found and we must now adjust the data structure. First, 

x must be inserted in Ti, T2, . . . ,  Tj- 1 . Because we have a finger for x  inside each 

of these structures, this takes total time 0(loglog wt(x)). Enqueuing x in each of 

Qi > Q2 . ■■■, Qj- 1 also takes 0 ( j ) =  0(loglog wt(x)). The subsequent deletions and 

dequeueings of the oldest elements in Qx, Q2, Q j - 1 and Tl5 T2, . . . ,  Tj-X take a 

total of 0(j) — 0(log loguy(:r)) time as well, since the dequeueing operation takes 

0(1) time and provides a pointer to the node in the corresponding tree where the 

deletion must be performed.

We therefore have

Theorem 5.1. There exists a static dictionary over the set (1 ,2 , . . . ,  n} that supports
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querying element x in time

0 ( (  min log (wt(y) +  dWt(wt{x)2)(x, y)) ) +  (logdu/t(,,,£(x))0, y))(\og logu^x)) ) 
V \J/6VVt(tut(x)2) /  /

5.3 Conclusion and Open Problems

In this chapter, we defined a stronger version of the unified property and described a 

data structure that achieves it to within a small additive term. Instead of computing 

rank distance over the entire dictionary, we compute rank distance only within a 

working-set containing an element that is close to a recently-accessed element. 

There are several possible directions for future research.

1. One can reduce the distance measure dwt(wt(x)2){%,y) to dwt(ti>t(x)1+')(x>2/) by 

changing how the substructures grow. Is it possible to reduce this further, say

to dwt{p{wt(x))){x,y')’̂

2. We argued that it is not possible to use dwt(wt(x))(x, y) in the worst case. Is this 

possible to achieve this in the amortized sense?

3. Can the additive term in Theorem 5.1 be reduced? It seems difficult to re

duce this term below 0(loglogwt(a;)) using an approach similar to the one 

presented here, since elements must shift through this many substructures.

4. Is it possible to maintain the strong unified property while supporting dynamic 

update operations?



Chapter 6 

Distance-Sensitive Predecessor 

Search in Bounded Universes

In this chapter, we show how to perform predecessor searches in bounded universes 

in a distribution-sensitive manner. Given a set of elements drawn from a larger 

universe of a known size, we wish to know the largest element of the set that is less 

than or equal to (i.e., the predecessor of) a given query drawn from the universe.

The time for a predecessor query will be a function of the distance between the 

query and the answer to the query, which unifies results on hashing data struc

tures (e.g. [33]) with results from predecessor search data structures (e.g. [67]). We 

also give several useful applications of a distance-sensitive predecessor search data 

structure, namely the approximate nearest neighbour search problem and the range 

searching problem.

65
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6.1 Problem Definition

Let U =  { 0 , 1 , — 1}. We address the problem of maintaining a dictionary 

subject to searches, insertions and deletions on a subset S  Q U of size |Sj =  n  in the 

word-RAM model. In this model, we allow constant-time access to elements of U, 

which are repesented by ©(log U) bits, and arithmetic and comparison operations 

on elements of U also take constant time.

This problem has been well-studied in several different contexts. If we do not 

take advantage of the fact that S Q U , then the results of Chapter 3 apply. Using 

the fact that S QU, however, we can use dynamic perfect hashing [33] to support 

all operations in 0(1) expected time.

It would therefore seem that the problem is solved. However, hashing does not 

provide a useful answer after an unsuccessful query. In such a situation, one turns 

to predecessor queries. In such a query, the data structure must return the element 

searched for (if it is stored in S) or the largest element that is smaller than the query 

element (if the query element is not stored in S). Again, if we ignore the fact that 

S Q U , then the results of Chapter 3 apply. However, using the fact that S  Q U  

again allows us to achieve a query time of O (loglog U) using, e.g., van Emde Boas 

trees [64], x- and y-fast tries [67], or the data structure of Mehlhom and Naher 

[52]; this is an improvement when n is cu(log U).

Space is an important consideration in such problems. The static version of the 

problem, for example, can be solved using 0(U) space simply by precomputing the 

answer to every query. However, this amount of space is far too large. Generally, 

we aim for 0(n) or 0 (n logc U) space for some constant c. The same is true for the 

dynamic version of the problem.
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We introduce the idea of local searching in a bounded universe in order to unify 

the results of hashing with those of predecessor search structures. Suppose we have 

a query x e U and let pred(x) € S  denote its predecessor stored in the data structure 

(if x e  S, then we define pred(x) =  x). Equivalendy, pred(x) = max{y|y < x}. De

fine A =  \x -  pred(.x)|. We wish to answer predecessor queries (i.e., return pred(x)) 

in time O(loglog A). Observe that if it happens that x  is in the data structure, then 

A = 0 and so the query will run in 0(1) time, which matches the query time ob

tained by hashing. Conversely, if x S, then we still have A < U, and so the query 

runs in O (log log 17) time, which is no worse than that offered by the usual prede

cessor search structures. We will also show how updates can be supported with the 

same time bound.

6.1.1 Background

As mentioned previously, predecessor searches can be performed by van Emde Boas 

trees [64] or the x- and y-fast tries of Willard [67]. van Emde Boas trees support 

a query time of O(log log U) using space 0(17). This large space usage is the pri

mary drawback of van Emde Boas trees. In general, one endeavours to avoid any 

dependence on U in the space requirements; linear dependence is not acceptable, 

while polylogarithmic dependence is more reasonable, x- and y-fast tries were pro

posed by Willard to overcome this deficiency and support the same query time of 

0(log log U) using space 0(n). We elaborate on these results in Section 6.1.2 since 

they play a key role in the results of this chapter

Perhaps surprisingly, the query time of 0(loglog(/) can be further improved 

somewhat. Beame and Fich [8] gave a data structure that uses space n0^  and
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supports a query time of

O
log log log U ’ V log log n

log log U / logn

The space can be reduced to 0(n) by allowing an additional O(loglogn) factor 

in the first half of the previous bound to achieve a bound of

There has been further study into the exact complexity of the predecessor search 

problem [55,56], but those results go beyond the scope of the distribution-sensitive 

data structures to be discussed in this chapter.

Few distribution-sensitive results are known for the predecessor search problem. 

There are two results that can be viewed as “close” to the result presented here. The 

first is that of Kaporis et al. [47], who presented a property similar to finger search 

and supported queries in time 0(log log d), where d is the distance from the query 

to a finger. However, that query time only applies to subsets S  that are chosen 

randomly according to a particular kind of distribution. A data structure with a 

similar restriction was presented by Belazzougui et al. [9] that supports constant 

query time with high probability. It is crucial to note that these data structures use 

randomization in the input and therefore depart significantly from the usual setting.

The second result similar to the one here is that of Andersson and Thorup [4], 

who showed that finger search can be supported in time o(^y/logdf log log d ) . If 

one does not take advantage of the fact that S Q U , then the other finger search 

results mentioned in Section 2.4 apply as well, of course, but are exponentially

O log log log U
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slower than those discussed in this chapter for subsets S  of sufficient size. The 

0(n)-space data structure of Nekrich [53] supports 0(l)-time update operations 

provided that the updates occur near existing elements, but only achieves a query 

time of 0(log log U).

6.1.2 x -  and y-fast Tries

We begin with a review of x- and y-fast tries, which were presented by Willard [67] 

as space-efficient alternatives to van Emde Boas trees [64].

An x-fast trie is a binary tree whose leaves are elements ofU and whose internal 

nodes represent the binary prefixes of these leaves. Since any element of U can be 

represented by 0(log U) bits, the height of an x-fast trie is 0 (log U). At any internal 

node, moving to the left child appends a 0 to the prefix, while moving to the right 

child appends a 1. The prefix at the root of the trie is empty. Therefore, a node at 

depth i represents a block of the at most 2log2 u~i elements of S  having the same i 

highest order bits. Any root-to-leaf path in the trie yields the binary representation 

of the element at the leaf of that path.

At every level of the tree (where the level of a node is equal to the height of the 

subtree rooted at that node, so that leaves are at level 0), a hash table is maintained 

on all nodes (i.e., prefixes of elements) at that level. Each internal node with no left 

(respectively right) child is augmented with an additional pointer to the smallest 

(respectively largest) leaf in its subtree, and all leaves maintain pointers to both 

the previous and next leaves. Nodes with no elements stored at their leaves are 

removed from the tree. An x-fast trie therefore uses 0(n  log U) space, since each of 

the n elements of S  appears in 0(log U) hash tables (one at each level).
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A query is performed by executing a binary search on the hash tables to find 

the deepest node whose prefix is a prefix of the query. If the query x has binary 

representation x =  xiog2 uxiog2 u - 1 ■ ■ - xo, then the query in the hash table at depth 

i is for Xi = x\og2 vx iog2 u- 1 • • • ®iog2 v-%- If this nodes happens to be a leaf, then 

the search is complete. Otherwise, this node must have exactly one child (since 

otherwise the found node is not the deepest node whose prefix is a prefix of the 

query). Since the node has only one child, this node has a pointer to the largest 

(or smallest) leaf in its subtree. Following this pointer will lead to a node that is 

distance at most 1 away from the predecessor of the query. Since the leaves form 

a doubly-linked list, the correct predecessor can thus be found easily. The binary 

search among the levels takes 0(log logC/) time since there are 0(log£/) levels, and 

the subsequent operations take 0 (1 ) time, for a total of 0(loglogf7) time.

The main drawback of x-fast tries is the fact that they use 0 (n  log U) space. The 

y-fast trie overcomes this obstacle by using indirection to reduce the space usage 

to 0(n). The leaves are divided into 0(n/\ogU ) groups called buckets, each of size 

0(log U), and each group is placed into a balanced binary search tree. Each binary 

search tree has a representative which is stored in the trie. A search in the trie for 

an element will eventually lead to a binary search tree, which can then be searched 

in time 0(log log 17). Observe that the number of elements stored in the x-fast trie 

is 0 (n / log U), since only one representative from each group is stored. The total 

space needed is thus 0((n/logU ) logC/) =  O(n). The y-fast trie also facilitates 

insertions and deletions easily by simply rebuilding the binary search trees when 

their sizes have doubled or quartered: this allows for insertion and deletion in 

expected amortized time 0(log log U).
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6.2 A Preliminary Data Structure

In this section, we describe a preliminary version of the data structure that uses a 

large amount of space and does not support update operations. We will improve 

upon this in Section 6.3.

In order to make “local” searches (those searches where A is small) fast, the 

key observation is that instead of performing a binary search on the levels of an 

x-fast trie, we should instead perform a doubly exponential search on the levels 

(i.e., searching levels 22’), beginning at the leaves. By doing this, we ensure that 

any element for which A = 0 is returned immediately. Furthermore, elements that 

are close to the query will be contained in the same (fairly small) subtree.

Suppose we have an x-fast trie. During a search, we perform hash table queries 

for the appropriate prefix of the query at level 0 and then at levels 22* for i = 

0 ,1 ,..., 0(logloglogf/). If the prefix is found, the query can be answered by per

forming a search in the x-fast trie starting at that node (i.e., all nodes not in the 

subtree rooted at that node can be ignored). If, however, the prefix is not found, 

then we search for the predecessor of that prefix (in the usual binary ordering) at 

the same level. If this predecessor is found, the query can be answered by following 

a pointer from that predecessor to the largest leaf in its subtree. If this predecessor 

is not found, then the exponential search continues.1 Checking for the presence of 

this predecessor can be viewed as verifying that the predecessor of the query really 

is “far away” and so the cost of continuing the exponential search is not too large.

We now show that this query algorithm supports the desired query time.

*It is worth noting that we could also check for the successor of the appropriate prefix at that 
level, since this will also allow us to navigate quickly to a leaf that is close to the predecessor. Such 
an improvement does not alter the asymptotic query time.
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Lemma 6.1. The modified search algorithm for an x-fast trie described above is correct 

and can be performed in 0(loglog A) time.

Proof If the query is contained in the trie, it must be stored in the hash table 

containing all the leaves, and thus can be found in 0(1) =  O(log log A) time.

Assume the query is not contained in the trie. We must show that its pre

decessor is found in time O(loglogA). Assume that a hash table query (for ei

ther the appropriate prefix or its predecessor) is first successful at level 22*. Then 

both the prefix of the query and the predecessor of that prefix were not found at 

level 22'”1. If the prefix of the query and the predecessor had been in the trie, 

then the subtree rooted there would have size o (2 22 However, since they 

are not present, these elements are not present either and we therefore have that 

A > 222 , so that i is log log log A +  0(1). The exponential search reaches level

22’ in 0(i) time, and the subsequent search of the trie rooted at the found node 

will take O ̂ log log 222  ̂ = 0{T)  time, for a total of 0(2*) = 0(loglog A) time, as

required. □

Observe that this data structure is essentially the same as an x-fast trie; we are 

merely changing the search algorithm. It follows that the space used by this data 

structure is 0(n  log U).

Theorem 6.2. Let U — {0 ,1 ...., U -  1}. There exists a data structure that supports 

predecessor searches over a subset ofU in time 0(loglog A) using 0 (n  log U) space.

As was the case with x-fast tries, the major drawback of the result of Theo

rem 6.2 is that its space requirements are a function of U. Although only loga

rithmic, this extra factor is still fairly large. In the next section, we show how to
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drastically reduce this factoi; while at the same time making the data structure 

dynamic.

By replacing “predecessor” with “successor” throughout the description of the 

data structure, the same time bound can be achieved where A is defined to be 

the difference between the element being searched for and its successor in the data 

structure. Furthermore, if both structures are searched simultaneously until one 

returns an answer, it is possible to answer such queries in O(log log A) time where 

A is the minimum of the differences between the query and its predecessor and 

successor in the structure.

6.3 Reducing Space and Supporting Updates

In this section, we will improve the result of Theorem 6.2 by reducing the space 

requirements and by supporting insertions and deletions.

One straightforward solution would be to modify the data structure from The

orem 6.2: to insert an element, we add the appropriate prefixes to all of the hash 

tables, and to delete an element we delete the appropriate prefixes from the hash ta

bles (with some additional bookkeeping to make sure that no other element stored 

has a prefix that we delete). Unfortunately, this technique is not fast enough for our 

purposes: there are 0(log U) hash tables in an a;-fast trie (one for each level) and 

so the update time would be 0(loglog A + log U). This can be partially overcome 

by storing only the hash tables at level 0 and 22< for i — 0 ,1 ,..., 0(logloglog U). Of 

course, the search algorithm would still have to be adapted so that not every hash 

table need be maintained. Furthermore, this still only improves the update time to
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0(log log A + log log log U).

The key problem here is that too many hash tables must be updated during an 

insertion or deletion. We would therefore like to have each hash table maintain 

the appropriate prefixes without needing explicit updating after every insertion and 

deletion. To do so, we again use indirection.

We maintain a skip list2 [57] that stores all elements currently in the trie. Point

ers are maintained between the elements of the trie and their corresponding ele

ments in the skip list. Furthermore, each element of the hash tables maintains a 

y-fast trie whose universe is the maximal subset of U that could be stored as leaves 

of that node; equivalently, the universe is the set of all elements of U whose prefix is 

the element. Therefore, an element of a hash table at level 22‘ has a y-fast trie over 

a universe of size 222 . Recall that y-fast tries maintain buckets that have size that is 

logarithmic in the size of the universe. This means that the y-fast trie pointed to by 

an element of a hash table at level 22’ has a y-fast trie with bucket size 22*. The key 

to reducing the query time is to maintain these buckets indirectly. Any pointer in 

the “top” portion of a y-fast trie that points to an element in a bucket instead points 

to a representative of that bucket that is stored in the skip list.

The remaining trick is to carefully select a representative of the bucket in order 

to ensure that buckets do not need to be frequently rebuilt during insertions and 

deletions. We shall select representatives based on their height in the skip list. For 

reasons that will become clear shortly, we select the probability of promotion in the 

skip list to be 1/3. Now, consider a y-fast trie pointed to by a hash table element at 

level 22’. The representatives of the buckets for that y-fast trie will be the elements

2Skip lists belong in the pointer machine model, and can therefore by implemented in our model 
as well.
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having that prefix who have height at least 2* in the skip list. The expected size of a 

bucket is thus the expected number of elements between two elements of the skip 

list at height 2*. Since the probability of promotion is 1/3, the expected size of a 

bucket is thus l /( l /3 )2’ = 32*.

Lemma 6.3. The expected space used by this data structure is 0(n  log log log U).

Proof. Since a prefix corresponding to each of the n elements in the dictionary is 

stored in O (log log log U) hash tables and y-fast tries, each of which uses space that 

is linear in the number of elements stored in them, the space required for the trie 

portion of the data structure is O(nlog log log U). The expected space used by the 

skip list is 0(n). Therefore, the total expected space is 0 (n  log log log U). □

There remains one slight technical issue that must be dealt with before dis

cussing how to perform operations on this data structure. By allowing insertions 

and deletions, it is possible to force many hash table updates in the following way. 

Consider a (large) empty interval of U that is adjacent to an element stored in the 

data structure. If the boundary of a tall subtree happens to line up with the end 

of this interval and the largest element of this interval is repeatedly inserted and 

deleted, then A =  0(1) for all operations, but all hash tables must be updated 

(since there are no other possible representatives in this interval). Updates will 

therefore take f2(log log log U) time. To remedy this, we randomly shift the universe 

before building the data structure.3 Intuitively, performing this random shift means 

that the probability of being forced to make many hash table updates is small. More 

formally:

30 f  course, even after randomly shifting the universe, this bad situation can still arise. However, 
we make the standard assumption that the adversary lacks access to the size of the shift.
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L e m m a  6 .4 .  After performing a random shift by r (0 < r < U) ofU, the expected 

height of the lowest common ancestor of two leaves x and y is O(log \x — y\).

Proof. Let A =  \x -  y\ and assume, without loss of generality, that x < y. We begin 

by computing the probability that the lowest common ancestor of x  and y has height 

at least h. There are at least 2h elements oiU  inside a subtree with height at least h. 

The probability that the lowest common ancestor of x  and y has height at least h is 

therefore the probability that r + x and r + x + A are in different subtrees of height 

at least h. This happens precisely when x + r is contained in the last A positions of 

its subtree, and so a probability of A/2h follows.

We now compute the expected height of the lowest common ancestor x  and y:

oo a  logA A  oo A  logA  oo A

t 4 = ^ 4 + £  4 £ £ 1+ £  4  = 0(1°«A)
h= 1 h=l fe=log A + l h =l /i= lo g A + l

Since A =  \x -  y\, the lemma follows. □

Note that Lemma 6.4 is not needed to prove the running time of the search 

operation.

Search. To execute a search, we proceed as we did in the previous section and 

perform hash table queries for the appropriate prefix of the query at levels 22‘ for 

i =  0 ,1 , . . . ,  0 ( lo g  log logU). If the prefix is not found at a level, we search for the 

predecessor of that prefix (in the usual binary ordering) at the same level. If the 

prefix or such a predecessor is found, then the query can be answered by following 

a pointer to the maximum representative in the associated y-fast trie and then per

forming a finger search in the skip list using a pointer to this representative. If the
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Figure 6.1: Searching for the predecessor of a query. The search path begins at 
the left, where levels 22’ (for i = 0 , 1 , ,  0(log log log t/)) of the modified x-fast 
trie are searched. When an appropriate element is found (either the appropriate 
prefix or its predecessor), the search moves to the corresponding y-fast trie, which 
is then searched in the usual way. This produces a representative of the bucket that 
contains the predecessor. Once this representative is found, the search path moves 
into the skip list and performs a finger search using the representative element as a 
finger.

predecessor of the prefix was not found, then the exponential search is continued. 

The search algorithm is summarized in Figure 6.1.

We now show that this query algorithm supports the desired query time.

Lemma 6.5. The search algorithm described above can be performed in OQoglog A) 

expected time.

Proof. As in the proof of Lemma 6.1, if the query is contained in the trie, it must 

be stored at the hash table containing all leaves and is thus found in 0(1) = 

0(log log A) time. Otherwise, assume the query is not contained in the trie and 

a hash table query (either for the appropriate prefix or its predecessor) is first suc

cessful at level 22’. Then A > 222 , and so i is log log log A + 0(1).

If the successful hash table query was for the appropriate prefix, then the query 

is answered by querying the associated y-fast trie. Recall that a y-fast trie associated
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with a node at level 22* is over a universe of size 22* and therefore can be queried 

in time O (log log 222* 'j = 0 (2*). This yields the representative which is used as a 

finger in the skip-list. Since the representative and the desired predecessor are in 

the same bucket, the expected distance between them is 32'. The finger search in 

the skip list thus takes 0^1og32*j = 0(2*) expected time. If the successful hash 

table query was for the predecessor of the appropriate prefix, then essentially the 

same argument shows that the query time is again 0(2*).

In either case, the total expected query time is 0(2*) =  0(log log A). □

Insertion. Inserting an element into the data structure can be accomplished by 

first searching for the element to be inserted in order to produce a pointer to that 

element’s predecessor. This pointer is then used to insert the element into the skip 

list. We then insert the appropriate prefixes of the element into the hash tables and 

the corresponding y-fast tries. The y-fast tries may need to be restructured as the 

buckets increase in size, as described in Section 6.1.2. The key observation is that 

we need only alter a hash table when a representative changes.

Lemma 6.6. The insertion algorithm described above can be performed in 0(log log A) 

expected amortized time.

Proof. During an insertion, we insert the element into the skip list given a pointer 

to its predecessor. The probability that the new element reaches level 2* (and thus 

becomes a representative) is (l/3)2\  If this happens, the prefixes of the new element 

must be added to every hash table of the corresponding y-fast trie. Since this y-fast 

trie has height 22’ and each hash table insertion takes 0(1) expected time, the time 

to modify the y-fast trie is 0 (2 2 ). This could happen at every level 22’, however,
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since the y-fast tries are nested. By Lemma 6.4, we expect to go no higher than 

height 0(log A). The total expected amortized time to restructure the y-fast tries is 

therefore

Since the initial search takes expected time 0(log log A) by Lemma 6.5, the insertion 

takes 0(log log A) expected amortized time in total. □

Deletion. Deletion works similarly to insertion. We begin by locating the element 

to be deleted by performing a search to produce a pointer to it. The pointer is 

then used to delete the element from the skip list. Finally, the appropriate prefixes 

must be deleted from the hash tables (if they are not a prefix of another element in 

the structure, of course) and the element must be removed from the corresponding 

y-fast tries. The analysis applied to insertion applies equally well to deletion.

Lemma 6.7. The deletion algorithm described above can be performed in O (log log A) 

expected amortized time.

We therefore obtain

Theorem 6.8. Let U = {0 ,1 ,..., U — 1). There exists a data structure that supports 

predecessor searches over a subset of U in expected time O(log log A) and insertions 

and deletions in expected amortized time 0(log log A) using 0(n  log log log U) expected 

space.

Proof. Combining Lemma 6.5, Lemma 6.6 and Lemma 6.7 proves the time bounds 

on each operation. The expected space bound is proved in Lemma 6.3. □
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6.4 Applications

In this section, we turn our attention to some applications of the data structure 

established by Theorem 6.8. We study the problems of approximate nearest neigh

bour queries and of range searching. As before, our results are restricted to bounded 

universes.

6.4.1 Approximate Nearest Neighbour Queries

Suppose we are given a point set S  C Ud in a constant dimension d > 2. Given a 

query point in Ud, we wish to determine the point in S  that is closest to the query 

point. We refer to such a point as the nearest neighbour of the query. In general, 

this problem does not admit particularly fast solutions. Therefore, we often settle 

for a point that approximates the nearest neighbour. In particular, if the point in 

S  nearest to the query point is at distance 5, we wish to return a point that is at 

distance at most (1 +  e)6 from the query point for some e > 0: such a point is a 

(1 + e)-approximation of the nearest neighbour. If the query point happens to be in 

S, then we must return that point. Our goal query time is 0(log log A), where A is 

the Euclidean distance from the query point to the point returned. We would also 

like to support insertions and deletions in a similar time bound.

This problem is reasonably well-studied. Amir et al. [3] show how to answer 

queries and perform updates in expected time 0(log log U) with exponential depen

dence on d. For the static version of the problem, they also present a deterministic 

data structure that has only linear dependence on d. In unbounded universes, Der- 

ryberry et al. [29] achieves a query time that is logarithmic in the number of points
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in a box (whose size depends on d) containing the query point and the answer. 

There have been no results combining the bounded universe assumption with sen

sitivity to distance.

The result presented here is based on an observation due to Chan [21]. By 

placing d+  1 shifted versions of the points of S  onto a space-filling curve,4 queries 

can be answered by answering the query on each of these curves (lists) and tak

ing the closest point to be the desired approximation. This yields a query time 

of 0 ((l/e )dlogn) and O(logn) update time for sets of size n by placing 0 {{l/e )d) 

additional query points around the real query point.

To apply our results from Section 6.3, observe that searching with the shifted 

versions of the lists is a one-dimensional predecessor search problem and can thus 

be solved in expected time 0(loglog A) by Theorem 6.8. This almost completely 

solves the problem, except that we cannot bound the search time in every one

dimensional structure as a function of A, rather only the data structure which finds 

the element that is ultimately returned.

In order to fix this, we simply randomly shift the entire point set using the 

technique described by Har-Peled [39, Chapter 11] before building any of the data 

structures. The result of such a shift is that the expected time spent searching in any 

one-dimensional structure is 0(loglog A). By combining this with the technique of 

Chan [21], we achieve a query time of O ((l/e)dloglog A). Insertions and deletions 

can be performed simply by performing the operation in each of the 0(d) one

dimensional structures.

4Chan [21] uses the 2 -order, which is obtained by computing the shuffle of a point. If the i-th 
coordinate of a point p is P i with binary representation P i,io g u  . . .  pi.o, then the shuffle of p  is defined 
to be the binary number p i,iogy  • -Pd,logu  • • ■ Pi,o • • • Pd,o-
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Theorem 6.9. LetU = {0,1, . . . ,  U — 1} and d > 2 be a constant For any e >  0, there 

exists a data structure that supports (1 +  e)-approximate nearest neighbour queries 

over a subset ofUd in 0 (( l/e )dloglog A) expected time. Insertions and deletions can 

be supported in expected amortized time 0(loglog A). The expected space required for 

this data structure is 0 (n  log log log U).

6.4.2 Range Searching

In this section, we consider answering range (reporting) queries on the grid U2. We 

wish to preprocess a set of points S Q U 2 into a data structure so that given a query 

region, we can enumerate all points in S  that are contained in the query region.

This problem was studied in this setting by Overmars [54], where several dif

ferent types of query regions are considered. Chan et al. [22] also address this 

problem and obtain data structures for (among other problems) the related prob

lem of orthogonal range emptiness queries: one data structure achieves query time 

O(loglogn) and space 0(n  log logn) for points given in rank space, while another 

data structure achieves space 0(n ) and answers queries in O(loge n) time.

Dominance Queries

A dominance query asks to enumerate the points that dominate5 the query point. 

The query region can then be viewed as the intersection of the halfplanes above 

and to the right of the query point. To solve the dominance reporting problem, 

Overmars [54] maintains an a>fast trie with points ordered by x-coordinate.6 At

5A point p  dominates a point q if all coordinates of p  are at least as large as those of q.
6By an observation of Overmars [54], we may assume that no points share any x - or y- 

coordinates.
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each internal node of the trie, the point with the largest y-coordinate in that subtree 

is stored. Additionally, each leaf of the trie stores a list containing pointers to nodes 

that are right children of nodes on the path from the root to that leaf, sorted by 

y-coordinate, as well as a priority search tree that contains all points stored by the 

nodes on the path from the root to that leaf. Recall that priority search trees [49] 

answer half-infinite range queries in 0(logn  + k) time, where n  is the number of 

points stored in the tree and k is the number of points in the query range, using 

linear space. Since each root-to-leaf path has length 0(logl!7), the total space for 

this structure is 0(n  log U), although by bucketing into priority search trees, this 

can be reduced to 0(n).

To answer a dominance query, a search in the trie with the ^-coordinate of the 

query point is performed. As usual, the search ends at some leaf of the trie. All 

points that dominate the query point must lie either on the path from the root to 

this leaf, or to the right of this path. The points that lie on the path can be found 

by querying the associated priority search tree in time O (loglog U +  kx), where ki 

is the number of points stored on nodes of the root-to-leaf path that dominate the 

query point. The remaining points can be found by examining the associated list 

of right children in decreasing order of y-coordinate until they no longer dominate 

the query point. By traversing these subtrees in a way similar to that of priority 

search trees, only subtrees that contain dominating points will be explored. This 

therefore takes 0(1 +  k2) time, where k2 is the number of points to the right of the 

root-to-leaf path that dominate the query point. Since k =  ki +  k2, a query time of 

0(log log U + k) follows.

We can use the data structure of Theorem 6.8 in place of the s-fast trie. Ad
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ditionally, we store at each leaf another such structure on the points on the path 

from the root to the corresponding leaf of the x-fast trie that are to the right of 

the point stored at the leaf. We also store these points in a list ordered by de

creasing y-coordinate. As before, we also store a list (ordered again by decreasing 

y-coordinate) of pointers to nodes of the x-fast trie that are right children of nodes 

on the root-to-leaf path. Now, consider a query point q = (a, b) G U2. Let A h de

note the horizontal distance from the query point to the end of the grid and let 

A,, denote the vertical distance from the query point to the end of the grid, i.e., 

Ah = U -  a and A„ = U -  b. To answer the query, we first perform a successor7 

query for a in the main structure; this takes time O (log log A^). Note that if no 

successor is found, then no points dominate the query point. We can then find the 

points on the path by performing a successor search for b in the auxiliary struc

ture stored at the leaf we found in time 0(log log A,.). As before, if no successor 

is found, then no points dominate the query point. At this point, we can find the 

rest of the points that dominate the query point that are on the path by walking 

along the ordered list of points on that path and stopping when we drop below 

b. All that remains is to find the points that dominate the query point that are on 

the right of the search path; this is done exactly as before. The total query time 

is thus 0(log log A h +  log log A v + k) = 0(log log(A/t +  A*,) + k). The space used is 

0(n  log (/log log log U): the main data structure uses 0 (n  log log log (/) space as be

fore, the auxiliary lists each use 0(logU ) space and thus 0(nlog U) space in total, 

and the auxiliary structure uses space 0(logC7 logloglogC/), since each root-to-leaf 

path has 0(\ogU) points. Since there are n root-to-leaf paths, the total space used

7Recall that successor queries can be supported in the same time bound as predecessor queries.
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is 0(n  log U log log log?/). Note that bucketing (as in Section 6.1.2) does not seem 

to reduce the space without adversely affecting the query time; we elaborate on this 

point in Section 6.5.

Theorem 6.10. Let hi = {0 ,1 ,..., U -  1} and consider a subset S  C U2. There 

exists a data structure that reports the points (x , y)  G S  that dominate a query point 

(a, b) e U2 in expected time 0(loglog(A/l + A„) +  k) where A h = U -a  and A v = U -b  

and k is the number of points dominated by the query point. The data structure uses 

expected space 0(n  log U log log logU).

Half-infinite Queries

For the case of half-infinite query regions, we consider queries that consist of two 

points (a, c) € U2 and (6, c) € U2 and wish to report all points (x, y) € S  such that 

a < x < b and V > c. Overmars [54] shows how to handle half-infinite query 

regions using a similar technique. Assume queries are unbounded in the positive 

y direction but bounded on the three remaining sides. As before, priority search 

trees are stored at each leaf that contain the points stored on each root-to-leaf 

path. Instead of a single sorted list at each leaf containing the right children of 

the nodes on that path, there are 0(logU) such lists, where the i-th list contains 

the points below depth i (therefore, the first such list is exactly the list stored for 

the dominance reporting data structure discussed previously). Each list is sorted 

by y-coordinate. Symmetrically, each path contains similar lists except for the left 

children of nodes on the path. Since each of the 0 (lo g U) lists has size 0{\ogU), 

the total space for this data structure is 0 (n  log2 U), which can again be reduced to 

0{n) using buckets. Queries are performed by searching for both the left and right
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sides of the query region to find where the search paths diverge in 0(log  log U) time. 

The points in the query range are either on the search paths or in a right child of the 

left path or a left child of the right path. Points on the search paths can be found 

using the priority search trees stored in the leaves as before, and points between 

the paths can be found by looking at the lists in the leaves corresponding to the 

depth of the node where the search paths diverge. A query time of 0(log  log U + k) 

follows.

As before, we construct the usual z-fast trie as well a main structure described 

by Theorem 6.8. At each leaf, we store two auxiliary structures: one on the points 

on the root-to-leaf path that are to the left of the point stored at the leaf, and one 

on the points on the root-to-leaf path that are to the right of the point stored at the 

leaf. Both auxiliary structures are ordered by y-coordinate. Auxiliary lists are also 

stored at each leaf as described for the original structure of Overmars [54]. Queries 

are answered by performing a successor query for a in the main structure and a 

predecessor query for b. We must modify the structure of Theorem 6.8 to “give up” 

the search after a fixed distance; this can be accomplished by simply stopping the 

exponential search when the distance covered is larger than the specified distance. 

In our case, the specified distance is A h = b — a. The successor and predecessor 

queries can thus be performed in expected time O (log log Aft). We then execute 

successor queries for c in both auxiliary structures in time 0(log log A,.), where 

Av = U -  c, and walk along the sorted lists to find points on the search path that 

are in the query region. The points to the left and right of the search path can be 

found using the same technique as that of Overmars [54]. The total query time is 

thus 0(loglog A/t + log log Av + k) =  0(loglog(A^ +  A„) +  k). The space required
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for this data structure is 0 (n  log2 U), since each auxiliary list has size 0(log U) and 

each of the n leaves contains 0 ( log U) such lists.

Theorem 6.11. Let U = {0,1,. .. , U -  1} and consider a subset S  c  U2. There exists 

a data structure that reports the points (x,y) 6 S that are contained in a half-infinite 

region defined by the points (a, c) € U2 and (b, c) e  U2 such that a < x < b and y > c  

in expected time 0(log log(A/, + A,.) + k) where A h = b — a, Av =  U — c and k is the 

number of points reported The data structure uses expected space 0 (n  log2 U).

Note that the result of Theorem 6.11 can be easily adapted to the case of half- 

infinite regions that are unbounded in the negative y, positive x  and negative x 

directions.

Four-Sided Queries

The final type of query we will consider is a four-sided (t'.e., rectangular) query. A 

query consists of two points (a, c) € U2 and (b, d). € U2 and we wish to report all 

points (x , y) G S  such that a < x < b  and c < y < d fi.e., (a, c) and (b, d) define the 

comers of a rectangle). For such queries, the techniques of Overmars [54] described 

above can be combined with a technique of Edelsbrunner [35]. All points are stored 

in an x-fast trie, ordered by y-coordinate. Every internal node that is a left child 

of its parent stores a structure for answering half-infinite range queries among the 

points stored in that subtree, as described above. Every internal node that is a right 

child of its parent stores a structure for answering half-infinite range queries that 

are unbounded in the negative y direction (a simple modification of the previous 

data structure) among points stored in that subtree. Range queries are answered 

by searching for the ^-coordinates of the query and determining where the search
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path splits, which can be determined in O(log log U) time. The auxiliary structures 

of the two children of that node are then queried to answer the original query in 

O(log log U +  k) time. Observe that each point is stored in exactly one auxiliary 

structure at each level; the total space is thus 0(n  log £/).

This case is handled using an adaptation of the technique of Edelsbrunner [35] 

described by Overmars [54]. The structure works exactly like that of Overmars [54] 

except we replace the structures for half-infinite range queries with the data struc

ture described by Theorem 6.11. The query time is therefore 0(loglog(A/l +  A„) +  k), 

where Ah — b — a and Av — d — c. Observe that every point is stored in 0(log U) 

auxiliary structures, each of which use space 0(nlog2U) by Theorem 6.11. The 

total space is therefore 0 (n  log3 U).

Theorem 6.12. Let U =  {0,1,.. ., U — 1} and consider a subset S  C U2. There exists 

a data structure that reports the points (x, y) 6 S  that are contained in a rectangular 

region defined by the points (a, c) e U2 and (b, d) e  U2 such that a < x < b and 

c < y  < din expected time 0(log log (A* +  A„) 4- k) where A h - b —a, A v = d — c and 

k is the number of points reported. The data structure uses expected space O (n log3 U).

Reducing Space Usage

The results of Theorems 6.10, 6.11 and 6.12 can be improved by observing that 

most of the query can be resolved in rank space rather than the entire universe 

U. In each case, the data structure is built on the set of points translated to 

rank space (which has size n), which produces data structures of expected size 

0(n  log n log log log n ) , 0 (n  log2 n) and O (n log3 n) , respectively.

Before a queiy can be executed, the query must first be translated into rank
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space. This can be achieved using the data structure of Theorem 6.8, with the same 

modification to stop the searching algorithm after exceeding the dimensions of the 

query box as was done for Theorem 6.11. In each case, this data structure uses 

expected space 0(n log log log £/)• We obtain the following corollaries:

Corollary 6.13. LetU =  {0,1, 1}. There exists a data structure that reports

the points of a subset ofU2 that dominate a query point (a,b) e  U2 in expected time 

0(log log (h + v) + k), where h = U — a ,v  = U — b and k is the number of points dom

inated by the query point. The data structure uses 0(n(log n log log n + log log log U)) 

expected space.

Corollaiy 6.14. Let U = { 0 , — 1}. There exists a data structure that re

ports the points (x , y) of a subset of U2 that are contained in a half-infinite range 

defined by the points (a, c) and (b, c) such that a < x < b and y > c in  expected time 

0 (lo g  log(h +  v) + k), where h = b — a,, v = U -  c and k is the number of points 

reported. The data structure uses 0 (n ( log2 n + log log log U)) expected space.

Corollary 6.15. Let U =  {0,1,. .. , U — 1}. There exists a data structure that reports 

the points (x, y) of a subset of U2 that are contained in a rectangular range defined 

by the points (a, c) and (b, d) such that a < x < b and c < y < d in  expected time 

0(loglog(h + v) + k), where h = b — a, v = d — c and k is the number of points 

reported. The data structure uses 0 (n ( log3 n + log log log U)) expected space.

6.5 Conclusion and Open Problems

In this chapter we unified results on hashing with those of predecessor search by de

scribing a data structure that supports predecessor queries in time that is a function
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of the distance between the query element and the element returned. For member

ship queries, we match the results of hashing [33], while for predecessor queries 

we do no worse than the results of Willard [67]. Several applications were also 

considered, including dynamic approximate nearest neighbour search and range 

searching.

There are several possible directions for future research.

1. Is it possible to keep the query times stated in Theorem 6.8 using space 0(n)7  

Any progress in this area would immediately improve Theorems 6.10, 6.11 

and 6.12.

2. We rely on randomization (skip lists) and amortization (restructuring y-fast 

tries for the dynamic case). Is it possible to partially de-randomize or de- 

amortize the result of Theorem 6.8? One might consider replacing the skip list 

by the optimal finger search structure of Brodal et al. [19], but this seems to 

require handling restructuring the y-fast tries in a more complicated manner. 

Note that Theorem 6.8 implies 0(1) time for exact searches and therefore the 

lower bounds for hashing apply [33]: as a consequence, 0(1) worst-case time 

is not achievable for searches, insertions and deletions.

3. Is it possible to improve the space usage for the dynamic approximate nearest 

neighbour problem proved in Theorem 6.9 while maintaining the query time? 

Any approach that uses the structure described by Theorem 6.8 will use space

Q(n log log log U).

4. Is it possible to improve the space usage for the range searching problem 

proved in Theorems 6.10, 6.11 and 6.12 while maintaining the query times?
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Any approach that uses the structure described by Theorem 6.8 will use space

Q(nlog log log [/).



Chapter 7 

Biased Predecessor Search in 

Bounded Universes

In this chapter, we describe another method to perform predecessor searches in 

bounded universes in a distribution-sensitive manner. Recall that for the predeces

sor problem in a bounded universe, we are given a set of elements drawn from a 

larger universe of known size and wish to know the largest element that is less than 

or equal to (i.e., the predecessor of) a given query drawn from the universe.

The time for a predecessor query will be a function of the probability distribution 

of the queries. Intuitively, queries from distributions that are highly non-uniform 

can be executed fast because the less likely queries can typically be ignored. Con

versely, queries from uniform distributions correspond to the more usual analysis of 

data structures when we do not have a priori knowledge of the query distribution.

92
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7.1 Problem Definition

As in Chapter 6, we are given a universe U = {0 ,1 ,.... U — 1} of size U and wish to 

perform predecessor searches over a static subset S = {sx, s2, • • • > «n} Q U. Further

more, we are given a probability distribution D = {p0)Pi, • • • ,Pu-1 } such that the 

probability of receiving i e U  as a query is Pi. Since D is a probability distribution, 

we have that Pi — 1-

Our goal is to preprocess U , S  and D into a data structure so that the time to 

execute a query is related to D. The motivation for such results is the following. Let 

H — Ya=o Pi l°g(l/P») be the entropy of the distribution D. Recall that the entropy 

of a [/-element distribution is between 0 and log U. Therefore, a query time of 

0 ( log H) is at most 0(log log U), which matches the performance of, e.g., van Emde 

Boas trees [64] and x- and y-fast tries [67]. However, for distributions with low 

entropy (i.e., highly non-uniform distributions), we can still obtain constant query 

times. We call data structures with query times that are related to D biased.

We present several data structures in this chapter that can be classified based on 

their space requirements. We give one data structure that has query time O (log H) 

but uses space that is a function of U, as well as a data structure that uses only 

linear space but has query time O (^/H ^ .

7.1.1 Background

The related literature for the predecessor search problem is the same as that dis

cussed in Section 6.1.1, and so we concentrate primarily on biased data structures 

in this section.
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As discussed in Section 2.1, the optimum binary search trees of Knuth [48] 

are the most efficient binary search tree possible for a given query distribution. 

However, computing this binary search tree is fairly time consuming. One there

fore turns their attention to finding a binary search tree that answers queries in 

(expected) time 0(H); Mehlhom [50] described such a data structure and subse

quently improved this bound to H + 0(1) [51]. Even if a priori knowledge of the 

distribution is not available, it is still possible to achieve 0(H ) expected query time 

[20,61].

A similar result is that of biased search trees [10]. A biased search tree can 

answer a query in time 0(log l/jh) (and therefore the average query time is 0(H )). 

Perhaps the most natural way to frame the line of research in this chapter is by 

analogy: the results here are to biased search trees as van Emde Boas trees are to 

binary search trees.

7.2 Supporting Logarithmic Query Time

In this section, we describe how to achieve query time O(logtf) using space that is 

a function of both of n and U, rather than only n.

7.2.1 Using 0(n +  Ue) Space

Let t > 0. We will place all elements i e  U with probability pt > ( l / u y ,  along with 

their predecessor (which never changes since S  is static) into a hash table T. All 

elements of S  are also placed into a y-fast trie over the universe U. Since there are 

at most U£ elements with probability greater than (l/U )e, it is clear that the hash
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table requires 0(U e) space. Since the y-fast trie requires 0(n) space, we have that 

the total space used by this structure is 0(n  + Ue). To execute a search, we check 

the hash table first. If the query (and thus the answer) is not stored there, then a 

search is performed in the y-fast trie to answer the query.

The expected query time is thus

J 2 p i° (  i ) +  PjO(log log U)
i£T i£U\T

= o(D  + £  Pi O (log log C/)
i& i\T

= 0(1)+  P i O { loglog(C/e) ^ )
i&A\T

= 0(1) + V  f tO(log(l/e) lo g in
i€U\T

=  0(1)+ 53 P « 0 ( l0g(Ve))+ $3 P iO ( lo g lo g U e)
i£U\T i€U\T

= 0(1) + 0(log(l/e)) + J2 Pi° ( lo§ loS  -Hfjl
i€U \T  '  '

< 0 ( l)  +  0(log(l/e)) + piO(loglog(l/pi))
i€U\T

The last step here follows from the fact that, if * e U \T ,  then pi < (l/U )e, 

and so 1 /(1  /U)e < 1/p*. Recall Jensen’s inequality, which states that for concave 

functions / ,  E [f(X )] < f(E[X)). Since the logarithm is a concave function, we 

therefore have

5 3  Pi0 (log lo g ( l/P i ) )  <  log 5 3  P*0 (log (l/p i)) <  O ( l o g  I f )
i€ U \T  i&U\T
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therefore, the expected query time is 0(log(l/e)) 4- 0(\ogH) = 0(\og(H/e)).

Theorem 7.1. Suppose we are given a probability distribution with entropy H over 

the possible queries in a universe of size U. There exists a data structure that performs 

predecessor searches over a subset ofU in expected time 0(\og(H/e)) using 0 (n  +  Ue) 

space for any e > 0.

7.2.2 Using O (n + 2lo«1/c ̂  Space

At this point, we note that 0(Ue) space is fairly large. Our goal now is to reduce 

this space as much as possible. One observation is that we can more carefully select 

the threshold for “large probabilities” that we place in the hash table T. Instead of 

(1 /U)e, we can use ( l / 2 )logl/Cf/ for some c > 1. The space used by the hash table is 

thus o(2logl/Cf/) , which is o(Ue) for any e > 0. The analysis of the expected query

0 (1 )+  P i O ( l o g l o g U )
i€U\T

0(1) + Y2 PiO(loglog(f/1/c)c)
i e u \ T

0 (1 )+  PieO(l°glogt/1/c)
ie U \T

0 (1 )+ c Y2 P i O ( l o g l o g U 1/c)
i€ U \T

0 (1 )+ c Y2 Pi°{logl0g2losf/1/c)
i€ U \T

0 ( 1 ) + c Y 2  PiO(log\og(l/Pi))
i€ U \T

0(clog H)

times carries through as follows

Y 2 Pi 0 (1) +  Y 2  P i°( l°&l° S u )
iC T i€ U \T

<

<
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Theorem 7.2. Suppose we are given a probability distribution with entropy H over the 

possible queries in a universe of size U. There exists a data structure that performs pre

decessor searches over a subset of Vi in expected time 0(c  log H) using o (n -\-  2logl/c 

space for any c > 1.

7.2.3 Alternate Solution

The same query time as in Theorem 7.2 can be achieved through other means, albeit 

with slighdy higher space requirements. We present this alternate solution for two 

reasons. First, this solution allows for a smoother tradeoff as H increases: solutions 

so far all have the property that query times are 0(1) or 0(loglogf/), whereas 

the solution presented here has query time that is a function of the probability of 

the query element; we elaborate on this point after presenting the data structure. 

Second, this solution may provide a different approach to solving the problem at 

hand, possibly by use of the output entropy, which will be described in Section 7.3.

By Theorem 6.8, there exists a predecessor search data structure that has size 

0 (n  log log log C/) that achieves O(loglogA) expected query time, where A is the 

distance between the query element and the element returned. We add “fake” ele

ments to S  (which have their predecessors precomputed) to ensure that the distance 

between i  and its predecessor is at most A,: <  (l/p i)logC~1(1/'Pi5 for some c > 2. To 

perform a search, we query the data structure. If we happen to be returned a “fake” 

element, then we use its precomputed predecessor to answer the query. We then
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we obtain the following expected running time

ieu . ieu
^ P iO ( lo g lo g A i)  <  PiO  (log  log( 1 / Pi)logC ’(1/Pi))

i eu

Y2Pi0(log (logc_1d M ) log(lM )))
ieu

PiO  (log\ogc(l/p ^ )
i eu

Y^PiCO(log l°g(l/Pi))
i eu

c ^ f tO llo g to g a /f t) )
ieu

< O(clogH)

It remains to determine the amount of space required for this structure. To do 

this, we need to count the number of “fake” elements added to the data structure. 

Let us consider how such elements were added. For each element i e  U, in order 

of the highest probability to lowest, we check to see if the predecessor of i is within 

distance (l/p»)logC_1 ̂ Pi. Observe that the the answer to this question is always “yes” 

if ( lM )logC_l 1/pt > U. We have

(l/P i)logC' ll/p< > U

«=» \og(l / 1/Pi > log U

*=$> \ogc~l ( l / l o g ( l / p i ) 1/Pi > log U
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Of course, we must be careful about how many “fake” elements we add. The 

next lemma shows that this number is not too large.

L e m m a  7 .3 . If we ensure the distance between every element i and its predecessor is 

at most (1 /pi)logC~l 1/Pi for some c > 2, then at most 0^2 Iogl/cŷ  “fake” elements are 

added to the data structure.

Proof. Observe that there are most two elements of U with probability between 1 

and 1/2, at most four elements with probability between 1/2 and 1/4, at most eight 

elements with probability between 1/4 and 1/8, and so on. In general, there are at 

most 2i+1 elements with probability between 1/2* and l / 2 i+1. In the worst case, we 

always place a “fake” element. Therefore, we place at most 2i+1 “fake” elements on 

elements with probabilities between 1/2* and l/2m , but we never place a “fake” 

element for elements with probability at most l / 2 logl/,f/. The number of “fake” 

elements is thus ^ 1=0 ^ U 2j' — O ̂ 2logI/c . □

By Lemma 7.3, the total space requirement is o ({n  +  2logl/C[/) log log log u'j.

This result has an extra factor of 0(log log log U) in the space requirements, but 

has one interesting property that the structure in Theorem 7.2 does not. Observe 

that an individual query for element i can be executed in time 0 (cloglog1/p*) 

time. This is in contrast to Theorem 7.2, where all queries take either 0(1) time or 

0(log log U) time because it is answered in either a hash table or a y-fast trie. As 

a result, this technique can be used to support arbitrarily weighted elements in U. 

Suppose each element i e U  has a real-valued weight Wi > 0 and let W  =  wi- 

By assigning each element probability Pi — Wi/W, we achieve a query time of 

0(clog \og(W/wi)), which is analogous to the 0(log W/wi) query time of biased 

search trees [10].
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Theorem 7.4. Suppose we are given a positive real weight Wi for each element i  in 

a universe U  of size U ,  such that the sum of all weights is W .  There exists a data 

structure that performs a predecessor search for item i  in time 0(c log log (W/wi)) using 

O ̂ (n + 2logl/c v ) log log log U  ̂ space for any c > 2.

7.3 Supporting Linear Space

In this section, we describe how to achieve space O(n) by accepting a larger query 

time of o ( / H ) . We begin with a brief note concerning input entropy vs. output 

entropy.

Input vs. Output Distribution. Until now, we have discussed the input distribu

tion, i.e., the probability that i  € U is the query. We could also discuss the output 

distribution, i.e., the probability that i  € U is the answer to the query. This distribu

tion can be defined by letting p *  — 0 if i  £  S  and p *  =  P j otherwise.

Suppose we can answer a predecessor query for i  in time o(loglogl/p*redW) 

where pred(i) is the predecessor of i .  Then it follows that the expected query time 

is £ ie^ ° ( log logPpred(i))- Since P i ^  Ppred(i) for a11 We ^  that this is 3t 

most £ ieWPiO(loglog l / p i ) ,  i.e., at most the logarithm of the entropy of the input 

distribution. It therefore suffices to consider the output distribution.

Our data structure will use series of optimal data structures for predecessor 

search [8] that increase doubly-exponentially in size in much the same way as 

Badoiu et al. [20]. Recall that Beame and Fich [8] presented an optimal data struc
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ture for predecessor search that executes queries in time

O log log log U ’ V log log n
log log U / l o g  n

We will maintain several such structures Di, D2, . . where Dj  is over the entire

ments of highest probability that are not contained in any Dk for k < j .  Note that 

here, “highest probability” refers to the highest output probability.

Searches are performed by doing a predecessor search in each of Di, D2, —  

Along with each element we also store its successor. When we receive the prede

cessor of the query in Dj, we check its successor to see if that successor is larger 

than the query. If so, the predecessor in Dj is the answer to the query. Otherwise, 

the real predecessor is somewhere between the predecessor in Dj and the query, 

and can be found by continuing the search. This technique is essentially the same 

modification described by Bose et al. [12] to make the working-set structure [20] 

handle predecessor queries.

We now consider the search time in this data structure. Suppose the correct 

predecessor of the query i is found in Dj where j  > 1 (otherwise, the predecessor 

was found in D\ in 0(1) time). All 2V~1 elements of Dj_i have (output) probability 

greater than p;red(i), and so p;red(i) < l/22’~ \ Equivalently, j  is loglogl/p;red(i) + 

0(1). The total time spent searching is

universe U but contains only 223 elements. In particular, Dj contains the 2V ele-
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Therefore, since Pi < p*red(i) for all i, the expected query time is

X ^ ° ( \ / i o g i / ppred« )  ^  '52i>i0 (y/io&l /Pi) < o ( / h )
i&A z€l4

The final step above follows from Jensen’s inequality and the fact that the square 

root is a concave function. To determine the space used by this data structure, 

observe that every element stored in S  is stored in exactly one Dj. Since each Dj  

uses space linear in the number of elements stored in it, the total space usage is

0(n).

Theorem 7.5. Suppose we are given a probability distribution with entropy H over 

the possible queries in a universe of size U. There exists a data structure that performs 

predecessor searches over subsets ofU in expected time using 0 (n ) space.

Observe that we need not know the exact distribution D to achieve the result 

of Theorem 7.5; it suffices to know the sorted order of the keys in terms of non

increasing probabilities. Furthermore, since the result of Beame and Fich [8] is 

in fact dynamic, we can even obtain a bound similar to the working-set property, 

using the same technique as Badoiu et al. [20]: a predecessor search for i can be 

answered in time 0^ \/log  w(i)j where w(i) is the number of distinct predecessors 

reported since the last time the predecessor of i was reported. This result also uses 

0(n) space.



Chapter 7. Biased Predecessor Search in Bounded Universes 103

7.4 Conclusion and Open Problems

In this chapter, we have introduced the idea of biased predecessor search. Two 

different categories of data structures are considered: one with query times that are 

logarithmic in the entropy of the query distribution (with space that is a function 

of U), and one with linear space (with query times that are strictly larger than 

logarithmic).

There are several possible directions for future research.

1. Is it possible to achieve 0(\ogH) query time and 0{n) space?

2. The reason for desiring a 0(log H) query time comes from the fact that H  < 

log U and the fact that the usual data structures for predecessor searching 

have query time 0(log log U). Of course, the data structure of Beame and Fich

[8] is faster than this. Is it possible to achieve a query time of, for example,

O (log If /  log log 17) ?

3. What lower bounds can be stated in terms of either the input or output en

tropies? Clearly 0(U) space suffices for 0(1) query time, and so such lower 

bounds must place restrictions on space usage.



Chapter 8

Conclusion

In this final chapter, we summarize the contributions from the previous chapters as 

well as possible directions for future research.

8.1 Summary of Contributions

In this section, we summarize the contributions of this thesis.

In Chapter 3, we described the first binary search tree that has a stronger ver

sion of the working-set property which requires individual queries to be answered 

in time logarithmic in the working-set number in the worst-case. This binary search 

tree closes the gap between binary search trees that only have the working-set prop

erty in the amortized sense (such as splay trees [61]) and data structures which 

have this stronger version of the working-set property but are not binary search 

trees [20].

In Chapter 4, we developed a dictionary data structure with sensitivity to the dis

tance between the query element and a temporal finger. This is the first dictionary

104
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data structure that allows this temporal finger to be selected arbitrarily.

In Chapter 5, we strengthened the unified property so that query times need not 

be inflated with elements outside of the query’s working-set. This is the first data 

structure to consider this property.

In Chapter 6, we unified results on hashing with results on predecessor search 

by describing a data structure with query time that is a function of the distance 

between the element queried and the element returned. These results are extended 

to the dynamic case. Several applications were considered, including the dynamic 

approximate nearest neighbour problem and the range searching problem (with 

several different types query regions).

In Chapter 7, we considered data structures for biased predecessor search. We 

described several data structures with query time that is logarithmic in the entropy 

of the distribution as well as a data structure with linear space. We also considered 

the case of weights on the elements of the universe instead of probabilities, as well 

as the case when the distribution of queries is not known in advance.

8.2 Open Problems

In this section, we summarize the open problems and directions for future work 

that have appeared in previous chapters.

1. In binary search trees, it seems that by enforcing good worst-case behaviour 

for temporally local query distributions, we sacrifice good performance on 

some other access sequences. Is it the case that a binary search tree that 

has this stronger version of the working-set property cannot achieve other



Chapter 8. Conclusion 106

properties of, e.g., splay trees? For example, what kind of sequential access 

bound can be achieved in this setting? Recall that the scanning bound refers 

to the amount of time required to execute all queries in sequential order.

2. Is it possible to answer queries in a binary search tree in worst-case time 

0(log |at -  at_i|) (i.e., a worst-case analogue of the dynamic finger property)? 

Recall that at and at- i  are the current and previous queries, respectively. As 

with the working-set property, this is well-known outside of the binary search 

tree model.

3. Can the additive term in Theorem 4.1 be reduced? This would be interesting 

even for specific Granges of) values of / .  When /  =  n, for example, the best 

known result is O (log rt)„n + log log n) [45]. The case when /  =  1 is fully 

solved by Badoiu et al. [20].

4. Is it possible to support multiple temporal fingers (e.g., 0(1) many)? Simply 

searching the structures in parallel allows us to find the query element in time 

proportional to the logarithm of the minimum temporal distance, but it is not 

obvious how to quickly restructure the data structures and promote the query 

element to the cheapest substructure in parallel for each structure.

5. Is it possible to maintain the temporal finger property while supporting dy

namic update operations?

6. One can reduce the distance measure dWt(Wt(xp){x,y) to dWt(wt(xy+*){x i y) in 

the strong unified property by changing how the substructures grow. Is it 

possible to reduce this further, say to dWt{o{wt{x))){x, y)l
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7. We argued that it is not possible to use dwt{wt{x)) (£, y) in the worst case for the 

strong unified property. Is this possible to achieve this in the amortized sense?

8. Can the additive term in Theorem 5.1 be reduced? It seems difficult to re

duce this term below 0(log logwt(x)) using an approach similar to the one 

presented here, since elements must shift through this many substructures.

9. Is it possible to maintain the strong unified property while supporting dynamic 

update operations?

10. Is it possible to keep the query times stated in Theorem 6.8 using space 0(n)? 

Any progress in this area would immediately improve Theorems 6.10, 6.11 

and 6.12.

11. For the distance-sensitive predecessor search problem, we rely on randomiza

tion (skip lists) and amortization (restructuring y-fast tries for the dynamic 

case). Is it possible to partially de-randomize or de-amortize the result of 

Theorem 6.8? One might consider replacing the skip list by the optimal fin

ger search structure of Brodal et al. [19], but this seems to require handling 

restructuring the y-fast tries in a more complicated manner. Note that Theo

rem 6.8 implies 0(1) time for exact searches and therefore the lower bounds 

for hashing apply [33]: as a consequence, 0(1) worst-case time is not achiev

able for searches, insertions and deletions.

12. Is it possible to improve the space usage for the dynamic approximate nearest 

neighbour problem proved in Theorem 6.9 while maintaining the query time? 

Any approach that uses the structure described by Theorem 6.8 will use space

Q(n log log log U).
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13. Is it possible to improve the space usage for the range searching problem 

proved in Theorems 6.10, 6.11 and 6.12 while maintaining the query times? 

Any approach that uses the structure described by Theorem 6.8 will use space

Q(n log log log U).

14. For the biased predecessor search problem, is it possible to achieve 0(log H) 

query time and 0(n) space?

15. In the biased predecessor search problem, the reason for desiring a 0(\ogH) 

query time comes from the fact that H < log U and the fact that the usual data 

structures for predecessor searching have query time 0 (log log U). Of course, 

the data structure of Beame and Fich [8] is faster than this. Is it possible to 

achieve a query time of, for example, 0(log H/  log log t/)?

16. For the biased predecessor search problem, what lower bounds can be stated 

in terms of either the input or output entropies? Clearly 0 (U ) space suffices 

for 0(1) query time.
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