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Abstract 

With rapid advances in wireless communication and networking, orthogonal frequency 

division multiplexing (OFDM) and multiple-input multiple-output antennas (MIMO) are 

often adopted in communication systems to create multiple parallel channels. To imple

ment error control through retransmission of packets in a multichannel communication 

system, Automatic-Repeat-reQuest (ARQ) schemes have been generalized for parallel 

multichannel data communications. In this thesis, we develop two stochastic systems, 

denoted by MSW-ARQ and MSW-ARQ-inS, for modeling stop-and-wait ARQ over mul

tiple channels with either time-invariant or time-varying error rates. We evaluate their 

performance analytically and through simulation. With a time-invariant error rate for 

each channel, we derive the distribution function of the packet delay for both stochastic 

systems. Meanwhile, we analyze the probability generating function of the resequencing 

buffer occupancy and the distribution function of the resequencing delay for MSW-ARQ-

inS. By assuming a time-varying error model, we obtain statistical properties of the re

sequencing buffer occupancy and the resequencing delay for MSW-ARQ-inS. Based on 

results from the analysis, we numerically compute the probability mass functions of the 

resequencing buffer occupancy, the resequencing delay, and the packet delay for selected 

values of system parameters, from which the system performance is evaluated. From 

numerical and simulation results, we identify trends in the mean resequencing buffer oc

cupancy, the mean resequencing delay and the mean packet delay as functions of sys

tem parameters. We confirm that the optimal packet transmission scheduling under the 

throughput standard is also optimal under the delay criterion. We expect that the modeling 

technique and analysis approach proposed in this thesis can be applied to the performance 

evaluation of other ARQ protocols (e.g., selective-repeat ARQ) over multiple channels. 

i i i 
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Glossary 

Automatic-Repeat-reQuest (or ARQ): An error-correction technique in digital data trans

mission through data retransmission. Three ARQ schemes, which are SW-ARQ, 

GBN-ARQ, and SR-ARQ, have been developed. 

Channel Model: A channel model is a probabilistic model characterizing the statistical 

property of transmission errors of packets when being transmitted over a channel. 

iid Model: The iid model defines a time-invariant channel model, in which the transmis

sion error of a packet is described by a fixed error rate in any time slot. 

Markov Model: The Markov model defines a time-varying channel model. In this model, 

the transmission error of a packet is modulated by a two-state Markov chain. 

Multichannel System: A data transmission system where the transmitter and the re

ceiver are connected through a link that consists of multiple parallel (forward) chan

nels. In this thesis, the number of parallel channels are assumed to be M. 

Packet Delay: Packet delay is a performance metric evaluated in this thesis. It is mea

sured by the number of the time units (or slots) from the epoch of the first-time 

transmission until the epoch of leaving the system for an arbitrary packet. 

Packet Scheduling Policy: A packet scheduling policy is a packet-to-channel assign

ment rule which the transmitter uses to simultaneously transmit multiple packets 

over parallel channels. In the static scheduling policy, a packet to be retransmitted 

v 



is always assigned to the same channel as originally assigned one, while, in the dy

namic scheduling policy, a packet of the kth smallest sequence number in the block 

of packets to be transmitted is assigned to the channel having the kth smallest error 

rate. 

Round Trip Time (or RTT): The period from the instant at which a packet is sent out 

by the transmitter until the time at which its acknowledgement arrives at the trans

mitter. In this thesis, time is slotted, and RTT is assumed to be an even integer 

number, denoted by m — 1 slots. 

Resequencing Buffer Occupancy: Resequencing buffer occupancy is a performance met

ric measured by the number of packets buffered at the resequencing buffer at the 

receiver. 

Resequencing Delay: Resequencing delay is a performance metric measured by the num

ber of the time units (or slots), with which an arbitrary packet has to spend in the 

resequencing buffer. 

vi 
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Chapter 1 

Introduction 

In this chapter, background and motivations of this thesis research are elaborated in Sec

tion 1.1 and Section 1.2, respectively. The main research contributions are listed in Sec

tion 1.3, followed by the thesis outline stated in Section 1.4. 

1.1 Background 

Automatic-Repeat-reQuest (ARQ) is an error control technique widely used in digital data 

transmission. An ARQ system corrects erroneously received packets through retransmis

sion of packets. The idea of using the ARQ strategy was first introduced by Chang [23], 

after which three classical ARQ schemes (or protocols) have been developed: stop-and-

wait (SW-ARQ), go-back-N (GBN-ARQ), and selective-repeat (SR-ARQ). These ARQ 

protocols were systematically articulated by Benice and Frey [15], and then thoroughly 

illustrated by Wicker [95]. 

In terms of the open system interconnection (OSI) reference model for layered net-
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CHAPTER 1. INTRODUCTION 2 

work architectures [83], an ARQ protocol is usually located at the link layer (i.e., layer 

2). Below and above it are the physical layer (or layer 1) and the network layer (or layer 

3), respectively. From the ARQ's point of view, the physical layer provides forward chan

nels (for data packets from the transmitter to the receiver) and feedback channels (for 

acknowledgement messages from the receiver to the transmitter), while the network layer 

provides/receives data packets. The transmitter sends packets to the receiver, which gener

ates either a positive acknowledgement (ACK) or a negative acknowledgement (NACK) 

for each received packet based on the error detection result. Error detection is imple

mented by using a high-rate cyclic redundancy check (CRC) error-detection code [95]. 

In SW-ARQ, the transmitter sends a packet to the receiver and waits for its acknowl

edgement. Upon receiving a packet, the receiver generates either an NACK or an ACK for 

the received packet and sends it over a feedback channel. If an ACK is received, the trans

mitter sends out the next packet; otherwise, if an NACK is received, retransmission of the 

same packet will be scheduled immediately, and this process continues until the packet 

is positively acknowledged. In GBN-ARQ, the transmitter sends packets to the receiver 

continuously and receives acknowledgements as well. When an NACK is received, the 

transmitter retransmits the negatively acknowledged packet immediately and all follow

ing packets (positively or negatively acknowledged) already transmitted. In SR-ARQ, the 

transmitter sends packets continuously until an NACK arrives at the transmitter, in which 

case the transmitter retransmits the negatively acknowledged packet without re-sending 

the transmitted packets following it. To preserve the original arriving order of packets at 

the receiver in SR-ARQ, a buffer, referred to as the resequencing buffer, is provided at the 

receiver to store the correctly received packets that have not been released to the upper 

layer. 
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An ARQ scheme plays such an important role in digital data transmission that study 

on ARQ continues to be a classical research area, which can be dated back to the 1960s. 

Many studies on ARQ reported in the last century have been based on the assumption 

that the error probability of packets does not change over time (i.e., the time-invariant 

or iid model of packet errors). This assumption is realistic for a satellite communication 

system, which was one of the originally proposed application areas of ARQ [58], and 

has been extensively used for modeling and analysis of ARQ protocols, such as work in 

[6, 15, 20, 29, 31, 32, 51, 62, 63, 71, 72, 77, 78, 80, 81, 84, 90]. 

With the introduction of the third-generation wireless networks in the 1990s, data in

tegrated with voice services have been provided over mobile wireless links. Since ARQ 

protocols achieve reliable transmission of packets over intrinsically unreliable wireless 

links, they have been used in the current and future generation wireless networks with the 

aim being the provisioning of multimedia services. In reality, the transmission condition 

of a wireless channel changes over time due to multi-path fading, scattering, and shad

owing [64]. Consequently, a wireless channel is often severely affected by time-varying 

errors or losses of packets. That is, the probability that packets, when transmitted over 

a wireless channel, are erroneously received or simply lost, varies over time and these 

probabilities at different time instants may be correlated (i.e., the error burstiness). To 

reflect the Quality of Service (QoS) of a wireless system with ARQ, different packet er

ror models (e.g., a finite state Markov chain model) have been employed for modeling 

and analysis of ARQ protocols in the past two decades or so, for instance, studies in 

[7, 11, 12, 13, 30, 36, 49, 52, 60, 61, 65, 73, 74, 75, 89, 92, 99]. 

The above mentioned studies have shown that analysis simply based on an iid model 

of packet errors cannot give rise to a true QoS of a wireless data network with ARQ 
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due to the non-realistic assumption. For instance, Lu and Chang [60] confirmed that the 

throughput performance of ARQ protocols for a Markov channel is better than that for a 

static channel. Kim and Krunz [49] showed that, when a Bernoulli packet arrival process 

is assumed, the mean transport delay (the duration from the time a packet arrives at the 

transmitter until its successful reception by the receiver) of SR-ARQ over a Markov chan

nel is up to 100% longer than that of SR-ARQ over a static channel. Meanwhile, Rossi 

and Badia and Zorzi [74] reported that the mean packet delay (the duration from the time 

a packet is first time transmitted until its in-sequence delivery to the upper layer) of SR-

ARQ over a static channel can be up to 100% longer than that of SR-ARQ over a Markov 

channel, when the transmitter is saturated with packets. All these results have shown that, 

an iid model, which neglects the time-varying property and the error burstiness in packet 

errors (and losses), is a misleading assumption for a time-varying channel in terms of the 

performance (e.g., throughput and delay) of ARQ protocols. 

It is worthwhile to point out that, Rayleigh fading model [69], which describes how the 

signal propagates through the wireless medium, is a very popular channel model adapted 

in studies at the physical layer. Previous studies [8, 34, 87, 93, 94, 101] have used finite-

state Markov chains to model Rayleigh fading channels. It is shown that a Markov process 

can be used to characterize the erroneous behavior of a Rayleigh fading channel and 

the accuracy of Markov models grows with the number of states used. This brings to 

researchers the theoretical basis through which relatively simple Markov chain models 

have been applied to the performance analysis of protocols in a higher layer, such as 

studies mentioned above in the link layer or [5,7, 88] in the TCP layer. This also motivates 

us to study SW-ARQ over multiple Markov channels. 
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1.2 Motivations 

In the series of next-generation wireless communication standards (e.g., IEEE 802.11 or 

WiFi [2], IEEE 802.16 or WiMax [3], high-speed Bluetooth [17], and UMTS [1]), or

thogonal frequency division multiplexing (OFDM) [22, 14] and multiple-input multiple-

output antennas (MIMO) [96] are often adopted in a communication system to create 

multiple parallel channels, leading to a significantly increased data transmission rate in 

such a system. Unlike packet transmission over a single channel, in a multichannel com

munication system, multiple packets are sent simultaneously, i.e., one packet per chan

nel, and packet transmission errors could occur across every channel. To implement er

ror control through retransmission of packets in a multichannel communication system, 

ARQ protocols have been generalized to allow concurrent transmission of multiple pack

ets [70, 91,102] and are becoming integral parts of wireless data services in High Speed 

Downlink Packet Access (HSDPA) [1, 33] and in WiMax [3, 39]. 

Among the three classical ARQ protocols (SW-ARQ, GBN-ARQ, SR-ARQ), SW-

ARQ requires the least overhead and is the simplest one to implement. Since the transmit

ter remains idle during the round-trip propagation delay (RRT) for the packet, SW-ARQ 

is more suitable for short-distance communication systems. In real-life implementations, 

SW-ARQ has been standardized in the specification of Bluetooth [18] for single-channel 

communications, and is expected to be part of the standard for high-speed Bluetooth 

technology [17] in a multichannel communication environment. Another example is the 

adoption of SW-ARQ over multiple channels in HSDPA [1, 33] to achieve a compati

ble system throughput performance with SR-ARQ [91]. A communication system using 

SW-ARQ over multiple channels is also proposed in patent [40]. 
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Unlike studies on ARQ protocols for single-channel communications, only a limited 

number of publications are available on multichannel ARQ protocols. Chang and Yang 

[21] studied performance of the three classical ARQ protocols for multiple identical chan

nels (i.e., all channels have the same transmission rate and the same time-invariant error 

rate). In that study, expressions for the throughput, which is the average number of pack

ets successfully transmitted per unit of time, and the mean transmission delay, which is 

the average time between the instant at which a packet is transmitted for the first time and 

the instant at which it is successfully received, have been derived. Meanwhile, Wu and 

Vassiliadis and Chung [98] conducted a throughput performance study on multichannel 

ARQ protocols based on the same model as that in [21]. The resequencing issue in mul

tichannel ARQ protocols was first addressed by Shacham and Chin [79]. In that study, 

they conducted a resequencing analysis (e.g., the resequencing buffer occupancy and the 

resequencing delay) for SR-ARQ over parallel channels, all of which have the same trans

mission rate but possibly different time-invariant error rates. The authors in [35] analyzed 

the packet delay distribution function of GBN-ARQ for a generic number of parallel chan

nels, each of which has the same transmission rate but a possibly different fixed error rate. 

Recently, Ding and Rice [25, 27] considered ARQ protocols for parallel channels, each 

having unique transmission rate and error rate. An optimal packet scheduling rule has 

been identified and an expression for system throughput has been derived in [25, 27]. 

Hu and Afshartous [44] analyzed the throughput performance of SW-ARQ for multiple 

channels in HSDPA using simulation. Ding [26] derived an approximate expression of the 

mean packet delay for multichannel ARQ protocols. Sima and Zhou and Zhang [82] eval

uated the system throughput performance of SR-ARQ for multiple time-varying channels 

through simulation analysis. 
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From the above discussion, it is clear that SW-ARQ for multiple channels has impor

tant real-world applications, but exact analysis of multichannel SW-ARQ models is very 

limited, which motivated the research in this thesis in one part. Moreover, all above men

tioned studies on multichannel ARQ protocols have been based on the assumption of a 

time-invariant error rate for each channel except [82], in which only simulation analysis 

has been conducted. Similar to studies in the context of single-channel communications, 

we expect that these results based on time-invariant error rates of channels may not reflect 

the true QoS of a communication system containing multiple wireless channels character

ized by time-varying packet errors. There has been no study reported in the literature for 

a systematical analysis of a multichannel ARQ model characterizing time-varying packet 

errors, although studies (see Section 1.1) on ARQ for a single channel of time-varying 

models have been extensively conducted. This motivated another part of the thesis re

search. 

Through the thesis research, we not only extend early studies on ARQ protocols for 

multiple channels with time-invariant error rates, but also generalize the results in pub

lished works on ARQ protocols for single time-varying channels (e.g., Markov channels). 

It is worthwhile to point out that hybrid-ARQ, in which an erroneously received packet 

is corrected by a combination of ARQ and forward-error-correction (FEC) [56, 97], for 

multiple time-varying channels, has also received an increasing research attention re

cently, for instance, studies in [24, 37, 38, 50, 66, 67, 68, 76, 85, 86]. While having 

the impetus to improve the throughput performance of fading MIMO systems, these stud

ies have been conducted from the coding perspective at the physical layer, which is not 

within the scope of this thesis research. 
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1.3 Contributions 

Several contributions presented in this thesis are listed below. 

• Development of stochastic systems for multichannel SW-ARQ 

Two stochastic systems of SW-ARQ for multiple channels are developed for perfor

mance evaluation. These stochastic systems are not only adapted to real-world im

plementations, but also mathematically tractable. This leads to a systematic method 

proposed in this thesis for tackling problems of more complex ARQ schemes over 

multiple Markov channels. 

• Expression of the probability generating function of the resequencing buffer 

occupancy 

The probability generating function of the resequencing buffer occupancy for MSW-

ARQ-inS over both iid and Markov channels is obtained. As shown in examples, 

the distribution function of the resequencing buffer occupancy can be efficiently 

computed based on the probability generating function. To the best of our knowl

edge, this is the first research to report analytical results of the resequencing buffer 

for an ARQ scheme over multiple time-varying channels (i.e., Markov channels). 

• Expression of the probability mass function of the resequencing delay 

The probability mass function of the resequencing delay for MSW-ARQ-inS over 

multiple iid channels is obtained. The function is numerically computed through 

examples, from which it is observed that the probability that a packet goes through 

the resequencing buffer without delay decreases with the increase of either the num

ber of channels or the average error rate of the channels. 
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• Development of a general method for analysis of the packet delay 

Through the analysis of the packet delay for the models, a general method used 

for analyzing the distribution function of the packet delay is established. Instead 

of using the standard method in which the stationary distribution of a constructed 

Markov chain is used to express the system performance metrics, we derive the 

distribution function through the absorption analysis of a transient Markov chain in 

this research. 

• Identification of the impact on the model performance 

Through numerical and simulation analysis, we investigate the impact of various 

protocol parameters on the system performance. The mean resequencing buffer 

occupancy and the mean resequencing delay for MSW-ARQ-inS grow with the 

increase of either the number of channels or the average error rate of channels, 

but decrease as the variance in the error rates increases. For both MSW-ARQ and 

MSW-ARQ-inS, the mean packet delay increases with the average error rate but 

decreases with the variance in the error rates, while the number of parallel channels 

has only an insignificant impact on the mean packet delay. Moreover, with the 

dynamic scheduling, MSW-ARQ-inS always outperforms MSW-ARQ in terms of 

the mean packet delay performance. We also confirm the result that the dynamic 

packet scheduling always outperforms the static scheduling from the mean packet 

delay performance criterion, a result which has been obtained in previous studies 

based on the throughput criterion. 
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1.4 Thesis Outline 

The thesis is organized as follows. A communication system containing multiple parallel 

channels is described in Chapter 2. Two stochastic system, MSW-ARQ and MSW-ARQ-

inS, for modeling multichannel SW-ARQ, are introduced in Chapter 3. Resequencing 

analysis of the MSW-ARQ-inS model is performed in Chapter 4, and packet delay is 

analyzed for both MSW-ARQ and MSW-ARQ-inS in Chapter 5. Concluding remarks are 

made and possible future work is suggested in Chapter 6. 



Chapter 2 

Multichannel Systems with ARQ 

In this chapter, a communication system containing multiple parallel channels is described 

and some assumptions on the system are stated in Section 2.1. Two channel models used 

in this study are defined in Section 2.2. Multichannel SW-ARQ models, which will be 

analyzed in the following chapters, are based on the system and the assumptions discussed 

in this chapter unless specified otherwise. 

2.1 A Multichannel System with ARQ Error Control 

A multichannel data communication system, in which a transmitter-receiver pair com

municates data packets for one communication (e.g., a large-size video file transfer), is 

illustrated in Fig. 2.1. The communication link connecting the transmitter and the re

ceiver consists of M (M > 2) parallel channels numbered from 1 to M, each of which is 

characterized by a data transmission rate and a channel model. The transmission rate of a 

channel is measured by the maximum number of packets that can be transmitted over that 

11 



CHAPTER 2. MULTICHANNEL SYSTEMS WITH ARQ 12 

channel during a specified time period, while the channel model, or the model of packet 

errors, describes the statistical property of transmission errors of packets when they are 

transmitted over the channel. In this study, two channel models (to be discussed in Sec

tion 2.2) will be considered with the assumption that packet errors occurring in different 

channels are mutually independent. A feedback channel is also provided in the system. 

We assume that an erroneous packet can always be detected through CRC coding and that 

the feedback channel is error-free for transmitting acknowledgement packets. 

TX 

i i 

fe 

channel 1 

channel 2 

channel M 

edback chann el 

RX 

TX and RX denote transmitter and receiver, respectively. 

Figure 2.1: A Multichannel System with ARQ 

Each packet to be transmitted is identified by a unique integer number, referred to as 

the sequence number. We assume that there is a buffer in the transmitter, referred to as 

the transmission queue, in which infinitely many packets are waiting according to their 

sequence numbers for first-in-first-out transmission and retransmission. That is, there are 

always packets in the system to be transmitted, which in related studies is referred to as the 

heavy traffic condition. We also assume that all channels have the same transmission rate, 

and that the M channels are time-slotted with one unit (or slot) equal to the transmission 

time of a packet over a channel. Therefore, the transmission rate of each channel is one 

packet per slot. All packets, when transmitted from the transmitter to the receiver, have 
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a fixed round trip time (RRT) equal to (m — 1) slots, which is assumed to be an even 

number of slots. (Therefore, m slots represent the sum of the transmission time and RTT 

of a packet.) A packet experiences the same propagation delay in forward and feedback 

channels, which is (m —1)/2 slots. Once packet transmission starts, the transmitter sends 

multiple packets at a time, one per channel. All channels share the same set of sequence 

numbers of the packets in packet-to-channel scheduling. A multichannel ARQ model, 

which is to be described in the next chapter, is used in the system for packet error control. 

2.2 Channel Models 

A channel model, or a model of packet errors, defines the statistical property of trans

mission errors when packets are transmitted over a physical channel. We consider two 

models of packet errors, iid model and Markov model, for this study. 

2.2.1 The iid Model 

In the case of an iid model, the transmission error of a packet when it is transmitted over 

the channel is characterized by a time-invariant error rate representing the probability that 

the packet is erroneously received or simply lost. 

2.2.2 The Markov Model 

In the Markov model, the packet error property over the Markov channel is characterized 

by the Gilbert-Elliott model [28, 41], in which the state of the channel is modeled as a 

two-state Markov chain {E(t) : t = 0,1, • • • } . The state space of the Markov chain 
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{E(t) :t = 0,1, - • •} is 

{GOOD, BAD}, (2.1) 

and the transition matrix of the Markov chain {E(t) : t > 0} is 

(2.2) 
1 — a a 

P 1 - / ? 

The packet error rate when the channel is in "GOOD" is ea, and the packet error rate 

corresponding to "BAD" is eB. We let 0 < e^ < e^ < 1, since the case where eo = e^ 

corresponds to an iid model with the error rate ea-

The Markov chain {E(t) : t > 0} has the stationary distribution given by 

a P ^ (2.3) 
^a + /3' a + (3J ' 

For the Gilbert-Elliott model, we define the following parameters 

a 1 
o- = ——5 and x = —~^- (2.4) 

a + p a + p 

The two pairs of parameters (x, o) and (a, (5) are uniquely determined by each other. 

In steady state, the stationary distribution of the error process {E(t) : t > 0} can be 

re-written as 

(a,l-a). (2.5) 

2.3 Summary 

In this chapter, we described a multichannel communication system and the assumptions 

on which our analysis of multichannel ARQ models is based. We defined two channel 

models, which will be used for this research. 



Chapter 3 

Multichannel SW-ARQ Models 

In this chapter, we introduce two multichannel SW-ARQ systems in Section 3.1, and 

define performance metrics used for evaluating these models in Section 3.2. 

3.1 Multichannel SW-ARQ Models 

In this section, we describe two stochastic systems for modeling multichannel SW-ARQ, 

which are MSW-ARQ and MSW-ARQ-inS. The following error control procedure is valid 

for both models, while different actions are discussed in Section 3.1.1 for MSW-ARQ and 

in Section 3.1.2 for MSW-ARQ-inS. 

1. At the beginning of a slot tm, t = 0,1, • • • (see Fig. 3.1), the transmitter starts 

transmitting a block of M packets to the receiver, and completes transmission at 

the end of the slot. Before the transmitter sends the next block of M packets in slot 

(t + l)m, it is idle. 

2. The receiver receives the block of M packets at the end of slot tm + (m —1)/2. The 

15 
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packet transmitted over channel i is received erroneously or simply lost according 

to the packet error model corresponding to channel i. Which packet error model for 

the channel is used will be specified when analysis is performed in the following 

chapters. After the error detection, the receiver sends an acknowledgement packet, 

which contains exactly M acknowledgements (ACKs/NACKs) corresponding to 

the most recently received block of M packets, to the transmitter. We assume that 

error detection and transmission of acknowledgement packets take no time at the 

receiver, so that they are both completed at the end of slot tm + [m — l ) /2. 

3. After sending the acknowledgement packet, the receiver takes different actions on 

the M packets, a process which will be discussed in Section 3.1.1 for MSW-ARQ 

and in Section 3.1.2 for MSW-ARQ-inS. The transmitter receives the acknowledge

ment packet at the end of slot (tm + m — 1). It checks each acknowledgement in 

the acknowledgement packet, and prepares the next block of M packets to transmit 

according to rules to be stated in Section 3.1.1 for MSW-ARQ and in Section 3.1.2 

for MSW-ARQ-inS. 

4. To transmit the next block of M packets in slot (t + l)m, a packet-to-channel 

scheduling policy needs to be specified. There are two packet scheduling policies, 

the static scheduling and the dynamic scheduling, to be considered in this study. 

For the static scheduling, an old packet (i.e., a packet to be retransmitted) is al

ways retransmitted over the same channel as the originally assigned one, and new 

packets selected to be transmitted are randomly assigned to the channels available 

for transmitting new packets. With the dynamic scheduling, the transmitter assigns 

the packet with the smallest sequence number (either an old unqualified or a new 
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packet) in the block to channel 1, the packet with the second smallest sequence 

number to channel 2, and so forth. 

5. We assume that the transmitter completes acknowledgement checking and prepa

ration of the next block to transmit instantaneously. Then, the transmitter starts 

transmitting the next block of M packets at the beginning of slot (t + l)m and 

completes transmission at the end of the slot. 

As described above, the different actions between MSW-ARQ and MSW-ARQ-inS 

are those in item 3, which are discussed in detail below. 

3.1.1 MSW-ARQ 

A qualified packet is a correctly received packet with a sequence number such that all 

packets with a smaller sequence number have been correctly received. After sending the 

acknowledgement packet at the end of slot (tm + (m — l)/2), the receiver delivers all 

qualified packets to the upper layer and discards all unqualified packets received. The 

transmitter prepares the next block of M packets to transmit in slot (t + l)m according 

to the following rule: if no NACK is contained in the acknowledgement packet, the next 

block to transmit is composed of M (new) packets that will be transmitted for the first 

time; if the acknowledgement packet contains one or more NACKs, however, the next 

block of M packets contain those (old) unqualified and possibly new packets. MSW-ARQ 

with the dynamic scheduling for three time-invariant channels (discussed in Section 4.1) 

with pi < p2 < P3, where pi e (0,1) represents the error rate for channel i, is illustrated 

in Fig. 3.1. 
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Delay of packet 5 = 2m+(m+l)/2 RRT = (m-l) 
t ime I I \ 
~ < 1 — i — i — i — i — i — i — i — i 1 — i — i — i 1 — i — i — i 1 — i — i — L 

(t+4)m (t+3)m (t+2)m (t+l)m 5i 

Error detected and negligible time for sending NACKs 

channel 1 

6 5 4 4* 1 

channel 2 

7 6* 5* 5 2 

channel 3 

8 7 6 6 3 

*, TX, RX denote transmission error, transmitter, receiver, respectively. 
Integer numbers in boxes are sequence numbers of packets. 

Figure 3.1: MSW-ARQ (M=3, m=5) 

3.1.2 MSW-ARQ-inS 

In MSW-ARQ-inS, which is a variant of MSW-ARQ, the transmitter retransmits only 

erroneously received packets. In order to achieve packets' delivery in the order of their 

sequence numbers (i.e., in-sequence delivery), a resequencing buffer is provided at the re

ceiver to temporarily store undeliverable packets. An undeliverable packet is a correctly 

received but unqualified packet (i.e., there is another packet with a smaller sequence num

ber, which has not been received correctly so far). After sending the acknowledgement 

packet at the end of slot (tm + (m — l)/2), the receiver discards erroneously received 

packets and stores correctly received ones in the resequencing buffer. Then, it delivers all 

qualified packets, as defined in Section 3.1.1, from the resequencing buffer to the upper 

layer, and continues storing undeliverable packets for future delivery. The transmitter pre

pares the next block of M packets to transmit in slot (t + l)m according to the following 

rule: if there is no NACK in the acknowledgement packet, the next block to transmit is 
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composed of M new packets; if the acknowledgement packet contains one or more, for 

example k, NACKs, the next block on M packets consist of those k old packets, which are 

negatively acknowledged by the receiver, and M — k new packets. An example of MSW-

ARQ-inS with the dynamic scheduling for three time-invariant channels (discussed in 

Section 4.1) with pi < p2 < p3, where pi G (0,1) represents the error rate for channel i, 

is illustrated in Fig. 3.2. 

delay of packet 6 = 2m+(m+l)/2 

time 

resequencing delay 
trans, delay RRT = (m-l) 

- i — i — i — i -
(t+4)m (t+3)m (t+2)m (t+l)m tm 

TX 

8 

Error detected and negligible time for sending 

y y channel 1 \ 

4 4* 

NACKs 

\ 
4* 1 

channel 2 

9 7 5 5* 2 

channel 3 

10 8* 
' • 

6 3 

RX 

*, TX, RX denote transmission error, transmitter, receiver, respectively. 
Integer numbers in boxes are sequence numbers of packets. 

Figure 3.2: MSW-ARQ-inS (M=3, m=5) 

3.2 Study Objective and Performance Metrics 

With the settings described above, both MSW-ARQ and MSW-ARQ-inS implement er

ror control while packets are delivered to the upper layer in the order of their sequence 

numbers (or in-sequence delivery). However, the performance, such as throughput and 

delay, of one model is different from the other model, and thus it needs to be investi-
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gated under various channel conditions. The main purpose of this study is to carry out 

steady-state analysis of the two multichannel SW-ARQ models when they are used for er

ror control. We establish a new method used to evaluate the packet delay performance of 

the multichannel SW-ARQ models, conduct a resequencing analysis for MSW-ARQ-inS, 

and identify the impact of packet scheduling policies on the model performance through 

numerical and simulation analysis. 

In our steady-state analysis of the MSW-ARQ model, the performance metric is the 

packet delay. The delay of a packet is defined as the amount of time between the instant at 

which the packet is transmitted for the first time and the instant at which it is delivered to 

the upper layer (see Fig. 3.1 for illustration of the delay of packet with sequence number 

5). 

In the performance analysis of the MSW-ARQ-inS model, in addition to the analysis 

of the packet delay for the model, analysis of the resequencing buffer is also conducted. 

The resequencing buffer is analyzed through deriving statistical properties of resequenc

ing buffer occupancy and resequencing delay in the equilibrium regime. The resequencing 

buffer occupancy is the number of packets waiting in the resequencing buffer for delivery. 

The resequencing delay of a packet is defined as the amount of waiting time of the packet 

in the resequencing buffer. In MSW-ARQ-inS, we use transmission delay to denote the 

time period from the instant at which a packet is transmitted for the first time until its 

correct receipt by the receiver. Then the packet delay is the sum of the transmission delay 

and the resequencing delay. (See Fig. 3.2 for illustration of the resequencing delay and 

the transmission delay of packet with sequence number 6.) 
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3.3 Summary 

In this chapter, we discussed two multichannel SW-ARQ models, stated the purpose of 

this research, and defined the performance measures to be used for analyzing the models. 



Chapter 4 

Resequencing Analysis of 

MSW-ARQ-inS 

In this chapter, we investigate the queueing behavior of packets in the resequencing buffer 

for MSW-ARQ-inS over time-invariant channels and Markov channels in Section 4.1 and 

Section 4.2, respectively. Based on the analytical results, we perform numerical and sim

ulation analysis in Section 4.3, followed by concluding remarks of this chapter made in 

Section 4.4. The results presented in this chapter are to be published in [53]. 

When the resequencing buffer is provided at the receiver, the queueing behavior of 

packets in the resequencing buffer plays an important role in the overall protocol per

formance. Therefore, many studies have focused on analysis of the resequencing buffer 

in the context of either SR-ARQ or a general queueing network setting. The reader is 

referred to Appendix A for a brief literature survey on packet resequencing studies. 

22 
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4.1 Analysis for Time-invariant Channels 

In this section, we investigate statistical properties of the resequencing buffer occupancy 

and the resequencing delay when the time-invariant error model (i.e., the iid model) of 

channels is assumed. That is, the error rate for channel i, for i = 1, • • • , M, is Pi 6 (0,1), 

and Pi might be different from pj for i ^ j . 

Without loss of generality, the M channels are numbered from 1 to M such that pi < 

p2 < • •• < PM- The dynamic scheduling is implemented as follows. To send the next 

block of M packets in slot (t + l)m, the transmitter assigns the packet with the smallest 

sequence number in the block to channel 1, then the packet with the second smallest 

sequence number to channel 2, and so forth. 

We denote by C an arbitrary packet of our interest and let slot 0 represent the slot at 

the end of which C is received for the first time. Given that C is received for the first time 

over channel i, for i = 1, • • • , M, we define the following two random variables for each 

* = 0 ,1 , - - - . 

1. Xt (t) is the number of packets, in the block of M packets received at the end of slot 

tm, whose sequence numbers are not larger than that associated with C. 

2. Yi(t) is the number of packets, in the block of M packets received at the end of 

slot tm, whose sequence numbers are not larger than that associated with C, if C is 

contained in the block, and zero otherwise. 

The stochastic processes {X2(t) : t = 0,1, • • • } and {Y2(t) : t = 0,1, • • •} are 

illustrated in Figure 4.1. Moreover, both process {XM{t) '• t = 0,1, • • •} and process 
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X2(3)=0 
Y2(3)=0 

X2(2)=l 
Y2(2)=0 

X2(l)=2 
Y2(l)=2 

X2(0)=2 
Y2(0)=2 

time 
/ / * I / 

"""• 3m 2m m o 

channel 1 8 4 4* 4* 1 

channel 2 10 8* © © 2 

channel 3 11 9 7 6 3 

* denotes transmission error, (3) denotes the packet of our interest. 

Figure 4.1: Processes {Xi(t) : t > 0} and {Y^t) :t>0} (M=3, m=5) 

{1M(*) : £ = 0,1, • • •} are Markov chains with the same state space 

{0, ! , • • • , M } . 

We define 

and 

<?fc = 1 -Pk,k= !,-•• ,M, 

fii = {!,-•• ,i}. 

(4.1) 

(4.2) 

Then we let B^j denote a subset of 0^ of size j , and B? • = fi, \ 5 j j . The product over 

an empty set <J> is defined to be one, i.e., 

(4.3) 
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The transition matrix of the Markov chain {Xjtf(i) : t — 0,1, • • •} is given by 

1 0 0 ••• 0 

Pio Pu 0 ••• 0 

" — -P20 P21 P22 • • • 0 

PM,O PM,I PM,2 • • • PM, M 

(4.4) 

where 

(4.5) pv = Y, n Pk n & 
BijQiU \kGBij keBlj 

for i = 1, • • • , M and j = 0, • • • , i. The transition matrix of the Markov chain {YM(t) 

t = 0,1, • • •} is given by 

Q = 
1 

q 

0 

T 
= 

1 

?i 

Q2 

QM 

0 

Pi 

Q21 

QMI 

0 

0 

Q22 

QM2
 -

•• 0 

•• 0 

•• 0 

• • QMM 

(4.6) 

where, 

k& ij = Pi-M—1J —1) 

for i = 2, • • • ,M and j = 1, • • • , i, where P^ij^i is given in (4.5). 

(4.7) 

We note that the (i +1) x (i +1) upper-left submatrix of P , which is lower triangular, 

is the transition matrix of the Markov chain {Xi(t) : t > 0}. This implies that for j , I in 

the state space of the Markov chain {Xi(t) : t > 0}, 

(n) P[Xi(t + n) = l\ Xt(t) - j] = F[XM(t + n)=l\ XM(t) = j] - P™, (4.8) 

file:///kGBij


CHAPTER 4. RESEQUENCING ANALYSIS OF MSW-ARQ-INS 26 

where P-™ is the nth step transition probability from j to I of the Markov chain {X^(i) : 

t > 0}. This is also true for the Markov chain {YM(t) : t > 0}. 

As illustrated below, the constructed Markov chains are used to analyze the resequenc-

ing buffer occupancy and the resequencing delay in steady state. 

4.1.1 Resequencing Buffer Occupancy 

We let Br represent the resequencing buffer occupancy at the beginning of a slot, referred 

to as the observation instant. At the end of the slot, a block of M packets are received. 

The probability generating function QBr (z) of Br is given in the following theorem. 

Theorem 4.1. 

M oo i - 1 x\ xn-2 

i= l n = l xi=0a;2=0 a;n_i=0 /A _^ 

\ ( 4 9 ) 

Y[(Pj + qjZp I F[C(n, i, xu • • • , a:n_i)], 

where, 

i-l / n-1 \ 
P[C(n, %, xi, • • • , ar„_i)] = ^ PM5 I Pi-\,XlPXuX2 • • • PXn.uoPi I I P ! B * + 1 I ' ^4 , 1°^ 

5=0 \ fe=l / 

{ n — 1 — max{&; : 0 < k < n — 1, x\~ + 1 > j}, ifj < i, 
(4.11) 

n, otherwise. 

Proof : The packet received over channel 1 at the end of the slot, at which the rese

quencing buffer is observed, is denoted by C0. Due to the dynamic scheduling, C0 has the 

smallest sequence number among all packets that have not been correctly received so far. 
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Therefore, only those correctly received packets with a larger sequence number than that 

associated with C0 will contribute to Br. We define An to be the event that C0 has been 

(incorrectly) received for n (n = 0,1, • • •) times until the observation instant. If A0 is 

true, the oldest packet C0 has never been received before, and therefore, the resequencing 

buffer is empty at the observation instant. When An is true for n > 1, we let AHji be 

the sub-event that C0 is received for the first time over channel i, for i = 1, • • • , M, and 

has been (incorrectly) received for n times. Now we denote by tm the slot at the end of 

which C0 is received for (t + l)st time. When the event An^ is true, we have the process 

{XM(t) : t — 0, • • • , n} by considering the packet received over channel i — 1 in slot 0 

as the packet of our interest (see Figure 4.2). Moreover, 

XM(0) = i - l , (4.12) 

and 

XM(n) = 0. (4.13) 

By conditioning on a sample path of the Markov chain {XM(t) : t = 0, • • • , n}, we have 

i — l X\ Xn-2 

P[Ai,i] = E E ' " E P[C(M,Zl,-",Zn-l)], (4-14) 
£1=0 £2=0 X„_1=0 

where the event C(n, i, x\, • • • , xn_i) is the joint event of the following three independent 

events. 

• At most i — l packets in the M packets received in slot — m (i.e., m slot before slot 

0) are packets retransmitted in slot 0, which has the probability $^5=0 PMS-

• The path of the Markov chain {XM(t) '• t = 0, • • • , n} from step 0 to step n is 

{X(0) = % - 1,X(1) = Xl, • • • ,X(n - 1) = zn_i,X(n) = 0}. 
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• C0 is received erroneously in slots 0, m, • • • , (n — l)m, whose probability is given 

byPiIIfc=lPafc+l. 

Therefore, the probability P[C(n, i, xi, • • • , xn-i)] is given in (4.10). 

When the joint event C(n, i, x\, • • • , xn_i) occurs, the packets that are received cor

rectly between slot 0 and slot (n — l)m and have a larger sequence number than that 

associated with C0 contribute to the resequencing buffer occupancy Br. For each channel 

j = 1, • • • , M, the number of slots in which packets with a larger sequence number are 

received (either erroneously or correctly) between slot 0 and slot (n — l)m is 

N = < 
n — 1 — max{&; : 0 < k < n — 1, xfc + 1 > j}, if j < i, 

n, otherwise. 

An example of fij is shown in Figure 4.2. 

(4.15) 

t i m e 

channel 1 

observation instant 
(n,i)=(4,2) XM(3)=y3=0 XM(2)=y2=0 XM(1)=V 

/ . 
1=1 XM(0)=i-l=l 

4m 3m 2m m Om 

2 2* 2* 1 1* Ui=3-3 

channel 2 8 6 4* 2* 2* U2=3-l 

channel 3 9 ? 5 4* 3 U3=4 

* and H{ denote transmission error and packets possibly contributing to reseq. buffer, respectively. 

Figure 4.2: Example of fij (M=3, m=5) 

If we let B3
r represent the number of packets that contribute to Br over channel j , 

it is a Binomial random variable with parameters [ij and qj. According to the assump

tion of mutual independence between different channels, B}, • • • , B^1 are independent. 
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Therefore, when AHti is true, the conditional pgf of Br is 

M 

zj=i 

GBr\An,i(
z\nii) 

i—1 XI Xn-2 

= EE-E« 
a;i=0a!2=0 a;n_i=0 

P[XM(fc) = a*, 1 < k < n - 1 | An,t] 
i-1 xi xn-2 / M 

An,i, XM(k) = xk, 1 < k < n - 1 X 

- b— J. •*> I '"It, £. I i-VJ. \ 

= p r T l E E " - E l i t e + * * ) " ' P[C(n>i,xll...,rBri_1)K4.16) 
I- n'*J a;i=0x2=0 x n _i=0 \ j = l / 

where the last equality is due to the fact that a Binomial random variable BN,I-P (with 

parameters N and 1 — p) has the pgf 

GB~1-P(z) = (p+z(i-P)r. (4.17) 

Since ^o is true if and only if all M packets received in slot — m (m slots before slot 

0) are received successfully, 

F[AQ] = P[XM(0) - 0 I XM(-l) = M] = PM0. (4.18) 

By conditioning on the events AQ and An^, the pgf Qsr of Br is obtained and given in 

(4.9). Theorem 4.1 is proved. 

4.1.2 Resequencing Delay 

With the construction of Markov chain {XM(t) : t > 0}, the probability that C is trans

mitted for the first time over channel i, for i = 1, • • • , M, is given in the following lemma. 

Lemma 4.2. For each i = 1,2, • • • ,M, we denote by A; the event that C is transmitted 

for the first time over channel i. Then, 

P[Ai] = r 

M 
M,MS 

PMM r .frr^s . ^ 
(4.19) 
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Proof : If Aj occurs, in the block of M packets received in slot — m (m slots before 

slot 0), there is at least one packet that is correctly received. We let W be the number of 

packets received correctly in slot — m. In other words, W is the number of packets that 

are received for the first time in slot 0. By the definition of XM(t), we have 

r[w_5]_ nxM(0) = M-6\XM(-l) = M) 

E P [*M(0) = M-k\ XM(-l) = M) {420) 

If W = 8, the packets received over channels (M — 8 + 1), • • • , M are new packets 

(received for the first time) in slot 0. Since C is an arbitrarily chosen packet that must be 

received for the first time in slot 0, 

U , i f i = (M-«J + l ) , . . . , M , 
¥[Ai | W = 5} = < (4.21) 

0, otherwise. 

By conditioning on the event {W = 8}, we have the probability of At as given in (4.19). 

Lemma 4.2 is proved. 

Clearly, the Markov chain {YM(t) : t > 0} is transient with the absorbing state 0. If S 

denotes the fundamental matrix [19] of the Markov chain {YM(^) : t > 0}, then, we have 

oo 

S = ^ T n = (I - T)" 1 . (4.22) 
71=0 

We denote by Dr the resequencing delay of the packet C. Then the distribution function 

of Dr is given in the following theorem. 

Theorem 4.3. In steady state, if 

dT{x) = P [Dr = xm], x = 0,1, • • • , (4.23) 
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then, 

( E £ i P[A*] E L i ft-i,oft5tt> i/x = 0, 
dr{x) = ^ (4.24) 

( E ^ P N EUfcS* (EJZJ P^Pio), ^ > i, 

w/zere P[Aj] is given by (4.19). 

Proof : If Aj occurs, we denote by Tn^ the event that C is received correctly over 

channel k for the nth transmission with n = 1,2, • • • and k = 1, • • • , i. By the definition 

of the process {Fi(£) : t > 0}, we have 

P[r1;fc | A,] = p[y;(i) = o, Yi(o) = k | Yi(o) = i] 

ft, iffc = i, (4-25) 

0, otherwise, 

and for n > 2, 

P f r ^ l A , ] = P[yi(n) = 0 , y i ( n - l ) = fc|Y<(0) = i] 

= QkoQik 

= g*Q£_1)- (4-26) 

When the events Aj and Tntk occur (i.e., C is received over channel i for the first time and 

correctly received over channel k for its nth transmission), those k — 1 packets that are 

received over channels 1, • • • , k — 1 in slot (n — l)ra have a smaller sequence number than 

that associated with C. Since C is received correctly at the end of slot {n — l)m, the time 

epoch from then until all of the above mentioned k — 1 packets are correctly received will 

be the resequencing delay of C. If k — 1, then there is no packet with a smaller sequence 
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number than that associated with C received in slot (n — l)ra, and C is not blocked by 

any packet in the resequencing buffer. Therefore, 

Dr = 0. (4.27) 

When k > 2, we define L to be the additional number of transmissions (or number of 

receptions including the one in slot (n — l)m) needed for all these k — 1 packets to be 

received correctly. By the definition of the Markov chain {Xjif(t) : t > 0}, we obtain 

P[L = Z|rn,fc,A i] 

= F[XM(n - 1 + 0 = 0, XM(n - 1 + / - 1) ^ 0, • • • , 

XM(n - 1 + 1) ^ 0 | XM(n - 1) = k - 1] 

= ¥[XM(l) = 0, XM(l - 1) ^ 0, • • • , XM{1) ± 0 | XM(0) = k-l] 

= nxM(i) = o, xM(i -1 ) ^ o | xM(o) = k-i] 

-Pfe-1,0) ifl — 1, 

E S ^ t i ^ o , if/>2. 

When the events A; and Tn>k occur with k > 2, we have 

= < (4.28) 

Dr = m(L-l). (4.29) 
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By conditioning on the events A» and Tn^, we have 
M oo i 

P[A- = 0] = J 3 ^ J ] P [ D r = 0 1 ^ , ^ ^ | Aî Ai] 
i=l n= l fe=l 
M / oo 

= J ] P[Ai] Yl P ^ = ° I T»A> A^[ r" , l I A ]̂ + 
t=l \ n = l 
oo i N 

J ] J ] P [ L = 11 rn,fc, A,]p[rn,fc | Ai] 
ra=l fc=2 , 
M oo / i 

= J ] p[A*j ^ P[rnjl I A,] + J2 ^-i,oP[rn>fc I Ai] 
i=l n = l \ fc=2 

M i / oo \ 

= ]T p N E ^-L 0 E p [ r ^ i A*U' (4-30) 

t= l fe=l \ n = l / 

where the second, third and the last equalities are due to (4.27), (4.29) and (4.28), and 

Poo — 1> respectively. Similarly, for x = 1, 2, • • •, we obtain 
M oo i 

F[Dr = mx] = Z E E P ^ 
= mx | rn<k, Aj]P[rn)jt I Aj]P[Aj] 

i=l n= l fe=l 
M i oo 

= J ] ]T ^ P[L = x +11 rn,fc, A,]p[rn,fc | Ai]P[Ai] 
1=2 k=2 ra=l 
M i / fc-1 \ / oo \ 

= E p N E EFiVio Ep[^iA^] • <4-31> 
*=2 fc=2 \j=l / \n=l J 

For i,k>l, by (4.25) and (4.26), we have 

( oo 

E ^ ) + I ^ > 
n=\ 

/ 00 

( oo 

E T n 

n=0 / ik 

= QkSik, (4.32) 

from which we obtain (4.24) using (4.30) and (4.31). Theorem 4.3 is proved. 



CHAPTER 4. RESEQUENCING ANALYSIS OFMSW-ARQ-INS 34 

4.2 Analysis for Markov Channels 

In this section, we analyze the distribution function of the resequencing buffer occupancy 

and the mean resequencing delay for Markov channels. That is, the packet error property 

of channel i, for i — 1, • • • , M, is characterized by the error process {Ei(k) : k > 0}, 

which is a two-state discrete-time Markov chain, k represents the very beginning of slot 

km. The M error processes are mutually independent and have the same state space 

and transition matrix given by (2.1) and (2.2), respectively. We assume that, before the 

transmission of a block of M packets, which occurs during kth step (or in slot km), the 

transmitter knows the realizations (or observed values) of the random variables Ei(k), for 

i = !,••• ,M. 

The dynamic scheduling works as follows. The transmitter counts the number, re

ferred to as L, of channels whose states at step t + 1 are in "GOOD". If L is either zero 

or M (i.e., all channels are in a same state), each packet of the M packets for transmitting 

at step t + 1 is randomly (i.e., with probability 1/M) assigned to a channel; otherwise 

(i.e., L is between 0 and M), the transmitter assigns each of the packets with sequence 

numbers being the first L smallest in the block of M packets, to a channel, whose state is 

in "GOOD", and assigns the rest (M - L) packets to the channels with states being in 

"BAD". 

We let C0 be the packet that has the smallest sequence number in the block of M 

packets to be received at the end of the slot of observing the resequencing buffer, and then 

let Br and An have the same definitions as given in Section 4.1. 

If A0 is true, the resequencing buffer is empty at the observation instant. When An 

is true for n > 1, we denote by nm the slot at the end of which C0 is received for 
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(n + l)st time, and by Br>n the resequencing buffer occupancy. For each t = 0, • • • , n, 

we define X(t) as the number of packets, in the block of M packets received at the end 

of slot tm, which have a sequence number smaller than that associated with C0, and 

Y(t) as the number of channels whose states are in "BAD" at step t. Clearly, X(t) is a 

{0,1, • • • , M — l}-valued random variable and Y(t) is a {0,1, • • • , M}-valued random 

variable. Furthermore, the process {(X(t),Y(t)) : t = 0,1, • • • n} is a Markov chain with 

the state space 

e = { o , i , - - - , M - i } , 

where 

i = {(i,0),(i,l),---,(i,M)}, i = 0 , l , . . - , M - l (4.33) 

is a vector. In the following, we use (*) to represent the binomial coefficient of x choosing 

y, and define 

h = M-h; 

eG = 1 - eG, 

(5 = 1 — 0;; 

eB = 1 - eB\ 

0=1-/3. 

(4.34) 

(4.35) 

(4.36) 

The transition probability matrix P of the Markov chain {(X(t), Y(t)) : t = 0,1, • • • n) 

is given by 
r Po,o O O 

Pi,o Pi, i O 

P2,0 P2, l ?2,2 P = 

P M - I , O P M - I , I P M - I , 2 

o 

o 
O 

. O 

• • P M - I , M - I 

(4.37) 
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where, O represents the zero matrix, 

h 

PtoMXOM = £ ( ( * ) 7 / 8 " ( t
 h_ , ) Q

M a i + ' - 1 ) (4.38) 

and, 

^(i,/»),(j,fc) = /(*» J> h)P{0>hUo,k) (4-3 9> 

for which 

fC)44_ i , **<*> 
f(i,j,h) = { J (4.40) EO^OW"^. else, 

Vz=o 

fori < i < M — 1, 0 < j < i and 0 < h, k < M. The derivation of the transition matrix 

P is given as follows. 

It is clear that the process {Y(t) : t = 0,1, • • • n} is a recurrent Markov chain. Since 

the state space of the Markov chain is finite, it is ergodic [19]. The Markov chain 

{Y(t) : t = 0,1, • • • n} is in steady state when the system is steady. For h, k = 0, • • • ,M 

and h < &, we compute the transition probability P[Y(1) = k \ Y(0) = h] as follows. 

There could be / (= 0, • • • , h) channels whose states stay in "BAD" from step 0 to step 1 

and there are (f) choices. Meanwhile, we need k — I channels that transit from "GOOD" 

to "BAD" in order to have k channels in "BAD" at step 1, and there are (^if) choices. 

Therefore, 

p[y( i ) = k | y(o) = h] = 

J2 K W - P)h~l [kZi) t1 - a)*-,a("-fc>-<*-'> 

with the binomial coefficient rule 

X 

= 0, if y < 0 or x < y (4.42) 
VJ 
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being applied, and this transition probability is true for any h, k = 0, • • • , M. By the 

definition of X(t), it will never be different from state 0 once X(t) enters the state. Then 

the transition probability P(p,h),(o,k) is simply equal to the transition probability PjY(l) = 

k | Y(0) = h] of the Markov chain {Y(t) : t = 0,1, • • • n}. That is, the matrix block 

Poo in (4.37) is the transition matrix of the Markov chain {Y(t) : t — 0,1, • • • n}. For 

example, the matrix block P0o for M = 2 is 

Pnn = 

0? 

aft 

w 

2aa a2 

aft + aj3 aft 

2Pp f32 

(4.43) 

or for M = 4 is 

oo 

a4 4a3a 6a2a2 4aa3 a4 

a3p 3a2ap + a3p 3aa2(3 + 3a2a(3 3aa2p + a3p a3p 

o?p2 2aaP2 + 2a2pp a2p2 + a2p2+ 2a2pp + 2aap2 a2(32 

4aaP(3 

ap3 3app2 + ap3 3app2 + 3aP2p 3aP2p + ap3 aP3 

P4 APP3 6P2P2 4p3p p4 

(4.44) 

For each % = 1, • • • , M — 1, j = 0, • • • , i, and 0 < h, k < M, we use P(i,h),(j,k) 

to represent the transition probability F[(X(1),Y(1)) = (j,k) \ (X(0),Y(0)) = (i,h)]. 

By the definition of X(i) and Y(t), X(l) is independent of Y(l) given X(0) = i and 
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Y(0) = h, and Y(l) is independent of X(0) given Y(0) = h. Therefore, 

p[(x(i),y(i)) = (j,k) | (X(O),Y(O)) = (i,h)} 

=¥[X(l) = j | Y(l) = fc, (X(0), Y(0)) = (i, h)]¥[Y(l) = k | (X(0), Y(0)) = (i, ft)] 

=P[X(1) =j | (X(0),Y(0)) = ( i , / * ) ] ^ ) , ^ ) . 

(4.45) 

The event {(X(0), Y(0)) = (i, h)} is equivalent to the fact that, i packets among the M 

received in slot 0 have a sequence number smaller than that associated with C0, and when 

these i packets are received, there are h channels whose states are in "BAD". If i < 

h = M — h, these i packets are all received over channels whose states are in "GOOD" 

due to the dynamic scheduling. By the assumption of mutual independence between 

different channels, the conditional probability ¥[X(1) = j | (X(0), Y(0)) = (i, h)] is of 

a binomial distribution with parameter eG and i, i.e., 

nX(l)=j | (X(0), Y(0)) = ( U ) ] = ( j ) 4 ( l - eG)'"'. (4.46) 

On the other hand, if i > h, then h packets of sequence numbers smaller than that as

sociated with C0 are received over channels whose states are in "GOOD", and the rest 

i — h packets are over channels in "BAD". The conditional probability P[X(1) = j \ 

(X(0),Y(0)) = (i,h)}iS, 

F[X(l)=j\(X(0),Y(0)) = (i,h)} 

j /7X / • Tx (4.47) 

The derivation of the transition matrix P given in (4.37) is complete. 

We note that, with the same argument for the derivations of (4.46) and (4.47) above, 
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(4.39) is true, and so is (4.40), for i = M and 0<j,h,k< M. (4.39) for i = M will be 

used for the derivation of (4.50), and (4.40) for i = M will be used in (4.56). 

We denote by rr = (n0,ni, • • • ,ITM) the stationary probability distribution of the 

Markov chain {Y(t) : t > 0}. The pgf of Br,n is given in the following lemma. 

Lemma 4.4. IfC0 has been (incorrectly) received for n times until the observation instant 

when n> 1, the probability generating function of Br^n is 

1 M 

PfAnl 
(so,yo)e© (»n-i,yn-i)eeyn=o 

ra-l 
(4.48) 

1=0 

where, for I = 0, • • • , n — 1, 

I I ^ W ^ M C V ' ^OI 2/0, • • • , Zn-l, J/n-1, 0, !/„)], 

(eB H - ^ B ) ) ^ 1 " ^ , //xf+2/i > M - 1, 
QBm (z) = < (4.49) 

(eB + zeB)v< (eG + zed)**-1-*™, else, 

and, 

( n-l \ / M xo \ 

n S i ) E ^ s ^.wj.^.w))x 
i=0 / \y=0 x=0 / (4.50) 

Mio,yo),(^i,!/i) ' ' ' M<En-i,y»-i),(o,yn)> 

m which 

{ eB, ifxi + y^M-1, 
(4.51) 

eG, e/se, 

ybr Z = 0, • • • , n — 1. 
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Proof : By the definition of X(t), X{n) — 0. By conditioning on a sample path of 

the the Markov chain {(X(i), Y(t)) : t = 0,1, • • • n}, we have 

QBTM 
M 

= 5 ^ " " 5 Z ^2^[zBr | An,B(x0,y0,••• ,Zn-i,2fa-i,0,2/n)] 
0ro,2/o)€® ( a : n - i , ! / n - i ) e © y n = 0 

P [B(x0, y0, • • • , xn-u yn-i, 0, yn) \ An] 

1 M 

= p[XT S •"' S 5 ^ E [ ^ r | C(n, z0, ?/o, • • • ,aJn-i,yn-i,0,y„)] 
( ^ O , y o ) e 0 ( S n - l , y n - l ) G © J ' n = 0 

P[C(n, x0,2/o, • • • , Sn-i, J/n-i, 0, yn)], (4.52) 

where the event C(n, x0, y0, • • • , x„_i, 2/n-i, 0, yn) occurs if and only if the following 

three independent events occur. 

An ' at most x0 packets in the M packets received in slot — m (i.e., m slot before slot 0) 

are packets retransmitted in slot 0, which guarantees that C0 is received for the first 

time in slot 0 with x0 packets having a smaller sequence number; 

An: the path of the Markov chain {(X(t), Y(t)) : t = 0,1, • • • , n} from step 0 to step n 

is {(X(0), y(0)) = (x0, y0),.-., (X(n - 1), Y(n - 1)) = (xn.u yn-i\ (X(n), 

Y(n)) = (0,yn)}; 

An : C0 is received erroneously in slots 0, m, • • • , (n — l)ra. 

By further conditioning on {Y(—1) = y}, 

Xo 

n^} = ^ P [ ( X ( 0 ) , y ( 0 ) ) = (x,y0) I X(-1) = M] 

:$J5I7r«'p(Af'»)'(x'««>)' 
y=0 a;=0 
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where P(M,y),(x,y0) is given by (4.39). Clearly, 

P [ ^ 2 ) ] = P(x0,yo),(.xi,m) • • • P(xn-i,yn-i),(0,yn)- ( 4 - 5 4 ) 

For I = 0, • • • , n — 1, C0 is received at the end of slot Im. In slot Im, M — 1 — x\ 

packets with a sequence number larger than that associated with C0 are received and yi 

channels have their error processes in "BAD". If M — 1 — xi > yi, then C0 is re

ceived over a channel having its error process in state "GOOD". Otherwise, C0 is re

ceived over a channel of the error process in "BAD". Thus, the probability of the event 

C(n, x0,2/0, • • • , ^- i ,2 /n- i , 0, yn) given in (4.50) follows. 

When the event C(n, XQ, yo,-" > %n-u Vn-i,0, yn) occurs, the packets that were re

ceived correctly between slot 0 and slot (n — l)m and had a larger sequence number than 

that associated with C0 will contribute to the resequencing buffer occupancy Br,n. For 

each I = 0,1,- •• ,n— l ,we denote by B^'n the number of packets that contribute to the 

resequencing buffer occupancy when C0 is received for the (I + l)st time. In slot Im, 

M — 1 — xi packets with a sequence number larger than that associated with C0 are re

ceived and yt channels have their error processes in "BAD". There are two cases for the 

distribution function of B^i. If yi > M — 1 — x\, all those M — 1 — x\ packets having a 

larger sequence number are received over channels with the instant channel error rate e#. 

Otherwise (i.e., yx < M — 1 — xt), yi packets among these M — 1 — x\ packets are received 

over channels with the error rate eB and the rest M — 1 — xi — yi packets are received 

over channels with the error rate eG. By the assumption of mutual independence between 

different channels, Bj-,n, • • • , B^rT are independent Binomial random variables. There-
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fore, 

E[ZBr,n | C ( n ; XQt yQ) . . . ; Xn_u ynU 0, yn)} = E [^^"o1 

= n^( !)W, (4.55) 

• B{1) 

1=0 

where Q <o is given in (4.49) by (4.17). Lemma 4.4 is proved. 

Since A0 is true if and only if, all M packets received in slot — m (m slots before slot 

0) were received successfully, 

P[Ao] = P[X(0) = 0 I X ( - l ) = M] 
M 

= 5>[x(o) = o,y(-i) = i/|x(-i) = M] 

M 

= ^p[x(o) = o|x(-i) = M,y(-i) = j/]7rI, 

M 

= J]/(M,0,2/K, (4.56) 

where, f(M, 0, ?/) is given by (4.40). 

By conditioning on the event An, the pgf QBr of the resequencing buffer occupancy 

Br is given in the following theorem. 

Theorem 4.5. 

oo M /n—1 \ 

gBR(z)=nAo]+Y: E ••• E E I I ^ ) 
n=l (xo,yo)e0 (xn-i,yn-i)eey„=o \l=o / (4.57) 

P[C(n,x0 ,y0 ,--- ,x„_i,yn-u0,#„)], 

wAere ¥[A0], Q w (z), and F[C(n,xQ,y0, • • • ,zn_i, yn-i,0,yn)] are given by (4.56), 

(4.49), and (4.50), respectively. 
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In steady state, the mean resequencing delay Dr of an arbitrary packet can be obtained 

by conditioning on {Y(t) — y}, i.e., 

M 

E[Dr] = J2 E[A- | Y(t) = y]ny, (4.58) 

where M[Dr \Y(t) = y] can be evaluated in the same way as that for calculating the mean 

resequencing delay for iid channels studied in Section 4.1.2, in which y channels have the 

error rate eB and M — y channels have the error rate ea, respectively. 

4.3 Numerical and Simulation Results 

In this section, numerical and simulation analysis is carried out to provide specific proper

ties on the system performance. Results corresponding to the dynamic scheduling policy 

are numerically computed, while results corresponding to the static scheduling policy are 

obtained through simulation. At the same time, through computations of the probability 

mass functions of Dr and Br, we demonstrate that performance values in terms of the 

probability mass functions of Dr and Br can be efficiently obtained based on the analyti

cal results derived in Section 4.1 and Section 4.2. 

4.3.1 Distribution Functions for Time-invariant Channels 

In this section, numerical results of the probability mass functions of the resequencing 

buffer occupancy and the resequencing delay are computed. We denote by p the average of 

the error rates for the M channels and by A; the ratio of Pi+i andp* for i = 1, • • • , M — 1, 

or 
1 M 
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and 

Ai = ^ ± i , i = 1, • • • , M - 1. (4.60) 
Pi 

We assume A = Ai = • • • = AM_i for any fixed channel number M in this section and 

Section 4.3.2. 

I Distribution Function of Resequencing Buffer Occupancy 

We consider 

b(x) = ¥[Br = x], x = 0,1, • • • , (4.61) 

where the pgf QBT (Z) of Br is given in (4.9). The probability that an empty resequencing 

buffer is observed is 

&(O) = 0Br(O). (4.62) 

Using a Cauchy contour integral, the pmf b(x) for a positive integer x can be expressed 

by 

&(*) = Y~-i GBT^Z-'-HZ, (4.63) 

where i represents the basic imaginary unit \f—\ and Cr is a circular contour around the 

origin with radius 0 < r < 1. By sampling the integrand on 2x points of Cr, the integral 

is approximated by [4] 

b(x) *^TX lgBr(r) + {-lfQBr{-r) + 2 £ ( - 1 ) ^ (&P (re*Mx)) \ , (4.64) 

where Re(z) represents the real part of a complex number z. The error for this approx

imation is bounded by r2x. Thus, acceptable accuracy can be reached by choosing a 

sufficiently small r. Using (4.64) and (4.9), we can approximate the probability mass of 

Br for any given values of M and p l 5 • • • , pM. 
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Figure 4.3: The Probability Mass Function of Br 

In Figure 4.3, we show a plot of the probability mass function of Br for three different 

average error rates. In the plot, M — 8 and A = 1.2. As we expect, the probability that 

an empty resequencing buffer is observed decreases as the average error rate p increases. 

II Distribution Function of Resequencing Delay 

The distribution function of the resequencing delay for time-invariant channels is given by 

(4.24). In Figure 4.4, we plot the pmf of Dr for different values of p. In the plot, M = 8 

and A = 1.1. As we expect, for a bigger average p of the error rates, an arbitrary packet 

would experience a longer resequencing delay with a larger probability. In Figure 4.5 we 

plot the pmf of Dr for M = 4,8 and 16. In the plot, p = 0.25 and A = 1.1. We observe 

that the steady-state probability that an arbitrary packet goes through the resequencing 

buffer without delay (i.e., F[Dr — 0]) decreases as M increases. Intuitively, for more 
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Figure 4.4: The Probability Mass Function of Dr 

parallel channels, more packets are erroneously received in a slot, and an arbitrary packet 

will experience a longer delay in the resequencing buffer with a larger probability. 

4.3.2 Means for Time-invariant Channels 

In this section, we compute numerical values of the mean resequencing buffer occupancy 

E[Br] and the mean resequencing buffer delay E[Dr] for the model with time-invariant 

error rates, and discuss their performance properties. 
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Figure 4.5: The Probability Mass Function of Dr 

I Mean Resequencing Buffer Occupancy 

The mean resequencing buffer occupancy E[Br] can be obtained by differentiating the pgf 

QBT (Z) °f Br at z = 1, where Qsr (z) is given in (4.9). Specifically, 

E[Br]=fzgBr(z) 

M oo i - 1 xi x„-2 / M \ (4.65) 

i=l n=lxi=0x2=0 a;n_i=0 \j'=l / 

where yij and P[C(n, i, xi, • • • , xn-i)] are given in (4.11) and (4.10), respectively. 

In Figure 4.6 and Figure 4.7, we plot the mean resequencing buffer occupancy E[j9r] 

as well as the average of the resequencing buffer occupancy for the static scheduling 

versus M and A, respectively. E[Br] is numerically computed based on (4.65), while 

the average of the resequencing buffer occupancy for the static scheduling is obtained by 



CHAPTER 4. RESEQUENCING ANALYSIS OF MSW-ARQ-INS 48 

simulation. In Figure 4.6, A = 1.2, p = 0.25, and M varies from 2 to 16. As expected, 

the average resequencing buffer occupancy for the dynamic scheduling is smaller than 

that obtained from the static scheduling for each number M of parallel channels, but they 

both increase with M. However, the average resequencing buffer occupancy for the static 

scheduling increases much faster than that for the dynamic scheduling. For instance, 

when M is 12, the average resequencing buffer occupancy for the static scheduling is 

approximately twice more than that obtained from the dynamic scheduling. In Figure 4.7, 

p = 0.25, M — 8, and A varies from 1 to 1.7. Since A = 1 means that all channels 

have the same error rate p, the model functions without any difference between the two 

packet scheduling policies. Consequently, the numerical value of the mean resequencing 

buffer occupancy E[Br] equals the simulation result of the average resequencing buffer 

occupancy for the static scheduling when A = 1. E[£?r] decreases with the increase of 

A, but the average resequencing buffer occupancy for the static scheduling increases with 

A. Intuitively, when each channel has a larger variance in its error states, the packets 

transmitted over the first few channels have a larger probability to be received correctly. 

When the dynamic scheduling is applied, these packets have smaller sequence numbers, 

which results in a smaller possibility for other packets to be blocked in the resequencing 

buffer. In summary, the resequencing buffer occupancy benefits from the presence of the 

variance in the states of error rates when the dynamic scheduling is applied. 

II Mean Resequencing Delay 

In Figure 4.8, we plot the mean resequencing delay E[Z)r] for different values of p and M. 

In the plot, A = 1.05. For a fixed M, the mean resequencing delay increases as p does. 

Likewise, for a fixed p, the mean resequencing delay increases with M. This confirms the 
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Figure 4.8: Mean Resequencing Delay 

fact observed for the mean resequencing buffer occupancy, i.e., the mean resequencing 

buffer occupancy increases with p and M. 

4.3.3 Means for Markov Channels 

For numerical and simulation analysis of the average resequencing buffer occupancy for 

Markov channels, we set 

K 
ec?' 

(4.66) 

for a positive integer K and the transition matrix given by (2.2) to be fixed as 

a 1 — a 

1-P (3 

0.8 0.2 

0.3 0.7 
(4.67) 
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So the stationary distribution of the error process for each channel is given by 

(1-<7,<T) = (0.6,0.4). (4.68) 

Therefore, the average packet error rate for one channel is 

p = 0.6eG + 0.4eB = (0.6 + 0AK)eG. (4.69) 

I Mean Resequencing Buffer Occupancy 

In this section we denote by E[J3r] the mean resequencing buffer occupancy for Markov 

channels. By differentiating QBXZ) given in (4.57) at z — 1, E[Br] is 

oo M / ra -1 \ 

*[*i=£ E - E E E^Si 
"=1 (xo,yo)€® (xn-i,yn-i)eevn=0 \l=0 / (4.70) 

P[C(n, x0, ?/o, • • • , Zn-i, 2/n-i, 0, yn)], 

where, 

(M-l-Xl)eB, ifXl + yi>M-l, 
E[B®n] = { (4.71) 

yteB + (M - 1 - xi - yi)eG, else, 

for I = 0,1, • • • , n - 1, and F[C(n, x0, y0, • • • , xn_i, yn-t, 0, yn)] is given in (4.50). 

In Figure 4.9, Figure 4.10, and Figure 4.11, we plot numerical values of E[Br] together 

with the average of the resequencing buffer occupancy for the static scheduling and for 

the iid channels. E[Br] is computed based on (4.70), while the averages are obtained from 

simulation, and an iid channel has the error rate p. 

In Figure 4.9, we plot numerical values of K[Br] for p = 0.35, M = 8, and K varying 

from 1 to 10. Since K — 1 means that the two error states of a Markov channel are 

equal, there is no difference between the two packet scheduling policies, which results in 
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a system behavior equivalent to M iid channels of the same error rate p = 0.35. As we 

expect, for K larger than 1, E[5 r], which is the mean resequencing buffer occupancy for 

Markov channels with the dynamic scheduling, is the smallest among the three curves in 

Figure 4.9. Moreover, as a consequence of different packet scheduling policies, the mean 

resequencing buffer occupancy for the dynamic scheduling decreases with K, while the 

average for the static scheduling increases with K. The larger the difference between the 

two error states (i.e., eB and ea) is, the smaller the mean for the dynamic rule is. As shown 

in Figure 4.9, E[Br] will be reduced by about 75% when the ratio eB/ea changes form 1 

to 10. In summary, with the dynamic scheduling applied, fewer packets are blocked in the 

resequencing buffer when the considered channel model characterizes the time-varying 

property in packet errors, and the mean resequencing buffer occupancy benefits from a 

larger variance between the two error states. 

In Figure 4.10, we let K = 2, M = 8, and p vary from 0.05 to 0.45. We observe 

that all three curves increase with p, while the average resequencing buffer occupancy 

for the dynamic scheduling is less than and increases more slowly than that for the static 

scheduling and iid channels. In Figure 4.11, we set K = 2, p = 0.35, and M varies from 2 

to 16. As we can expect, the average resequencing buffer occupancy in each curve grows 

with M, but the average resequencing buffer occupancy for the dynamic scheduling is the 

smallest among the three for each value of M. 

II Mean Resequencing Delay 

In Figure 4.12, we plot the mean resequencing delay for different values of p and M. In 

the plot, K = 2. Similar to the trend observed in Section 4.3.2 for the mean resequencing 

delay in the model with time-invariant error rates, E[Dr] increases as p does for a fixed 
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number M, and it increases with M for a fixed value of p. 

4.4 Summary 

We studied the SW-ARQ-inS model for both time-invariant and time-varying channel 

models through analyzing the resequencing buffer occupancy and the resequencing delay, 

in steady state. When the channels have possibly different time-invariant error rates, we 

derived the pgf of the resequencing buffer occupancy and the pmf of the resequencing 

delay. When the Gilbert-Elliott model is assumed on each channel, we analyzed the pgf of 

the resequencing buffer occupancy and the mean resequencing delay. Through examples, 

we numerically computed the pmf of the resequencing buffer occupancy, from which we 

demonstrate that the pmf of the resequencing buffer occupancy can be efficiently obtained 
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from its pgf by using the Lattice-Poisson algorithm [4], and the pmf of the resequencing 

delay. From numerical and simulation results, we observed that: 

• the mean resequencing buffer occupancy for both time-varying and time-invariant 

channels benefits from the dynamic scheduling; 

• the mean resequencing buffer occupancy and the mean resequencing delay for both 

channel models grow with the increase of either the number of channels or the 

average error rate of channels, but decrease with the increase of the variance in the 

error rates, 

which means that, when the time-invariant channel error rates are assumed, the mean 

resequencing buffer occupancy and the mean resequencing delay decrease as the error 

rates of different channels become more different. Likewise, when the Gilbert-Elliott 
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model is assumed, they decrease as the absolute difference between the two error states 

becomes larger. 



Chapter 5 

Packet Delay Analysis 

In this chapter, we derive the distribution function of the packet delay for MSW-ARQ 

and MSW-ARQ-inS in Section 5.1 and Section 5.2, respectively, when an iid model is 

assumed for each channel. Based on the analysis, we present numerical and simulation 

results in Section 5.3. Concluding remarks of this chapter are made in Section 5.4. The 

main results presented in this chapter have been summarized in [54] for publication. 

Our analysis is under the condition that the system is in equilibrium regime. From the 

system settings, the condition under which the system enters equilibrium regime is triv

ially satisfied. Also, our steady-state analysis is based on the dynamic scheduling (sim

ulation results for the static scheduling will be presented in Section 5.3 for performance 

comparisons) and the assumption that each channel assumes an iid model for packet er

rors. The assumption means that a time-invariant error rate pif which is the probability 

that a packet is received erroneously by the receiver or simply lost, corresponds to channel 

i, for i = 1, • • • , M, and pi might be different from pj for i ^ j . 

A special case of the MSW-ARQ model for which pi = • • • = PM was addressed 

57 
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in [21] for the mean packet delay analysis by using a direct probabilistic argument not 

appropriate for a general model. Recently, the MSW-ARQ model studied in this chapter 

was considered and an approximate expression of the mean packet delay was obtained in 

[26]. However, the approximation can significantly deviate from the true result as the error 

rates become relatively large according to a simulation study in [26]. Compared to the 

throughput, which is defined as the average number of packets successfully transmitted 

per slot and given in [25] as 

zj i i (sps+i nLi Qk) 
V- ~ S (5.1) 

m 
where 

PM+I = 1, and qt = 1 - ph i=l,---,M, 

the packet delay is usually a more demanding performance metric. 

5.1 Packet Delay of MSW-ARQ 

In this section, steady-state analysis of the packet delay is performed for MSW-ARQ 

using the dynamic scheduling. Without loss of generality, the M channels are numbered 

from channel 1 to M such that p\ < p2 < • • • < PM-

In steady state, we denote by C* an arbitrary packet of interest and let slot 0 represent 

the slot at the end of which the receiver receives C* for the first time. We denote by A* 

the event that C* is received over channel i for the first time, for i = 1, • • • ,M, and D the 

packet delay of C*. 

Provided that event A; occurs, we define Xi(t) to be the number of packets, in the 

block of M packets received at the end of slot tm, whose sequence numbers are not 
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larger than that associated with C*, for t = 0,1, • • •. An example of the stochastic process 

{Xs(t) : t > 0} is shown in Figure 5.1. 

time 

channel 1 

f (4)= =0 r. (3)= -1 f (2)= 2 

/ ' 
d)= =3 

/ 
(0)= 3 

4m 3m 2m m o 

9 © 5 4 4* 

channel 2 10 7 © 5* 5* 

channel 3 11 8 1 © © 
* denotes transmission error, © denotes the packet of our interest. 

Figure 5.1: Process {X3(t) :t>0} (M=3, m=5) 

The stochastic process {Xi(t) : t = 0,1, • • •} is a Markov chain with the state space 

{0,1, • • • , i}. The initial state of the Markov chain {Xi(t) : t = 0,1, • • •} is i with 

probability one, i.e., 

Xt{0)=i, i=l,---,M. (5.2) 

This is because, if channel i is assigned to transmit C*, then all packets assigned to chan

nels 1 to i — 1 have a sequence number smaller than that associated with C*. Also, the 

Markov chain {Xi(t) : t = 0,1, • • •} eventually enters state 0 and then stays in that state 

forever. Therefore, the Markov chain {Xi(t) : t = 0,1, • • •} is transient with absorbing 

state 0 and transient states 1, • • • , i. We define the product over an empty set $ to be one, 

i.e., 

X\qk = \[pk = l (5.3) 
fee* fee* 

Since the event {Xi(t) = j} is equivalent to the fact that C* is received in slot tm over 

channel j (i.e., packets received over channel 1 to j in slot tm have sequence numbers 
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no larger than that associated with C*), given that C* is received for the first time over 

channel i, we have 
3 

(5.4) 

and 

F[Xi(t+l)=0\Xi(t)=j} = l[qk 
fc=i 

3-1 

F[Xi(t + l) = l\ Xi(t) = j] = Pj-i+1 I J q k , j = 1, • • • ,i; 1 = 1, • • • , j . (5.5) 
fc=i 

Given that Xi(t) = j for j — 1, • • • , i, the number of packets received at the next step 

(t + 1) (or in slot (t + l)m) having a sequence number no larger than that associated 

with C* cannot be larger than j . Therefore, all other transition probabilities are zero. In 

particular, the Markov chain {XM{t) : t > 0} has the state space {0,1, • • • , M} and the 

transition matrix 

P = 

1 0 0 

<?i Pi 0 

<?1<?2 P2Ql Pi 

i i-1 i-2 
Uik PiU Qk Pt-i n Qk 

fc=i *!=i fc=i 

M M-\ M-2 

Y[ Qk PM EI 9* P M - I EI 9fc 
k=l k=l fc=l 

0 

0 

0 

Pi 

M - i 

PM-i+1 EI Qk 
fc=l 

0 

0 

0 

Pi 

(5.6) 

We note that the (i + 1) x (i + 1) upper-left submatrix of P , which is lower triangular, 

is the transition matrix for the Markov chain {Xi(t) : t > 0}. This implies that for j , I in 

the state space of the Markov chain {X»(£) : t > 0}, 

(n) P[X4(t + n) = l\ Xi(t) = j] = P[XM(t + n) = Z I XM(t) - j] = P™, (5.7) 
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where Pj™' is the nth step transition probability from j to I of the Markov chain {XM(t) : 

t>0}. 

Now, we define the absorption time r» of the Markov chain {Xi(t) : t > 0}, which is 

also the absorption time of the Markov chain {XM(t) : t > 0} by (5.7), starting in the 

state i at time 0. That is, 

n = min{i :XM(t) = 0\ XM(0) = i}. (5.8) 

Then, we have, for t = 1, 

Pfa = 1] = P[XM(1) = 0 | XM(0) =i] = PM, (5.9) 

and for t > 2, 

Pfa = t] = P[XM(*) = 0, XM{t - 1) ^ 0, • • • , XM(1) ^ 0 I XM(0) = i] 
i 

= Y,F[XM(t) = 0,XM(*- 1) ^ 0,. . . ,XM(2) ^ 0 | XM(1) = j]Pij 
i= i 

i 

= £ P[XM(< - 1) = 0, XM(t - 2) ^ 0, • • • , XM(1) ^ 0 | XM(0) = j]P^ 

i 

= 5]P[ri = t - l ] % (5.10) 

Therefore, a recursive expression of the distribution function of Ti is given by 

\PiO, ift=l, 

Pfa = £] = < (5.11) 
[Vk=inrk = t-l]Pik, ift>2. 

Using the same argument for the derivation of (4.19), the probability that the event A* 
occurs (i.e., C* is received for the first time over channel i) is given by 

1 M P 
P[A,] = r - 4 - £ ^ f ^ = l,V--,M, (5.12) 

(5=(M+l)-i 
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where the transition probabilities PMJ, for j = 0,1, • • • , M, are given in (5.6). However, 

Tj corresponds to the total number of transmissions (equals to one plus the number of 

retransmissions) of C* before it is delivered to the upper layer given that event Aj occurs 

(i.e., C* is received for the first time over channel i). Therefore, provided that the event 

A, occurs, the packet delay of C*, denoted by Di, is given by 

^ / -N ra — 1 , „. m +1 
Di = (n - l ) m + 1 + ——- = fa - l)m + — — . 

„ m + 1 
D = — 1- mx 

By conditioning on the event Aj, we have 

d(x) = P 

- E p 

i=l 

M 

M 
_ m +1 , 
D = — h mx\Ai 

M 

_ m+1 
IA = — 1- mx 

P[AJ 

P[Ai] 

= £ > [ T i = :c + l]P[Ai], ^ = 0,1,2,-

(5.13) 

(5.14) 

After taking (5.11) and (5.12) into (5.14), the pmf of D is summarized in the following 

theorem. 

Theorem 5.1. In the multichannel system with MSW-ARQ, the steady-state probability 

distribution of the packet delay for an arbitrary packet is given by 

d(x) 

l 
M l M 

E l p V^ £MJd-S 

i = l V 6=(M+l)-i 

ifx = 0, 

M M 
(5.15) 

ii;EEF[ri = ̂  £ f̂=H, ifx>h 
=1 \j=l <S=(M+l)-i 

where Pij and¥[rj = x] are given in (5.6) and (5.11), respectively. 
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As is shown for deriving the pmf of the packet delay of MSW-ARQ-inS in the follow

ing section, the idea of evaluating the packet delay performance through the absorption 

analysis of a transient Markov chain, used for the packet delay analysis of MSW-ARQ, is 

a general method for delay analysis of other multichannel ARQ models. 

5.2 Packet Delay of MSW-ARQ-inS 

To derive the pmf of the packet delay of MSW-ARQ-inS, we use the same notation (e.g., 

packet error rates Pi and an arbitrary packet of interest C*) and definitions (e.g., the 

Markov chain { J M W : t = 0,1, • • •} and its transition probability matrix P) as those 

given in Section 4.1, but the matrix P is given in (4.4). We denote by D the end-to-end 

delay of the packet C*, which is the amount of time between the instant at which C* is 

transmitted for the first time and the instant at which it is delivered to the upper layer. 

Clearly, D is the sum of the transmission time of C* and the resequencing time of C*. 

Instead of analysis of two separate parts of the packet delay, we derive the distribution 

function of the packet delay for MSW-ARQ-inS through the absorption analysis method 

used for packet delay analysis of MSW-ARQ. 

With the definition 

n = min{i : XM(t) = 0 | XM(0) = i}, 

the distribution function of TJ is given by 

\PiO, ift = l, 
W[Ti = t]=l 

{Tfk=i^[n = t-l]Pik, ift>2, 

(5.16) 

(5.17) 
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by using the same argument for the derivation of (5.11). In (5.17), the transition proba

bility Pik is given in (4.4). Moreover, r, corresponds to the sum of the number of trans

missions of C* and the number of cycles (one cycle consisting of m slots) for which 

C* is queued in the resequencing buffer, provided that the event A* occurs. Therefore, 

A = (TJ — l)m + (m + l)/2 is the time interval between the time epoch at which C* 

is transmitted over channel i for the first time and the epoch at which it is delivered from 

the resequencing buffer to the upper layer. That is, Di is the packet delay of C* given that 

C* is transmitted over channel i for the first time. Consequently, the steady-state distri

bution function d(x) = P [D = iry^ + mx] of the packet delay of an arbitrary packet for 

MSW-ARQ-inS is given by 

M ( M 

E [Pio E iMf=1), if* = 0, 
d(x) = { *=i \ M M + i H , ( 5 1 8 ) 

M I i M n \ 

I z f e E £ P [ r i = * ] P y E **?=*• , i f * > l , 
MM i=X \j=l S=(M+l)-i 

where P -̂ and ¥[TJ = x] are given in (4.4) and (5.17), respectively. 

5.3 Numerical and Simulation Results 

In this section, we compute numerically the probability mass function of the packet delay 

for MSW-ARQ and MSW-ARQ-inS based on the pmf derived in Section 5.1 and Sec

tion 5.2, respectively, with selected values of M and pi's. Then, we compare the mean 

packet delay performance of MSW-ARQ and MSW-ARQ-inS, and investigate the impact 

of packet transmission scheduling rules and system parameters on the model performance. 
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Figure 5.2: The pmf of D vs. M (A = 1.2, p = 0.25) 

We use the same definitions of p and A* as given in Section 4.3.1. That is, 

M 

1=1 

and 

^ = ^ ± 1 , i = l,.-.,M-l. 
Pi 

We also assume A = Ai = • • • = A ^ - i in this section. 

(5.19) 

(5.20) 

5.3.1 Distribution Function of Packet Delay 

In Figure 5.2, Figure 5.3 and Figure 5.4, we plot the pmf of D for different sets of selected 

values of M, p and A. We observe that the probability that a packet is delivered without 

retransmission (i.e., d(0)) decreases with the increase of either M, p or A. 
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Figure 5.5: The pmf of D vs. M (A = 1.2, p = 0.25) 

The pmf of D is plotted in Figure 5.5, Figure 5.6 and Figure 5.7 for different sets of 

values of the parameters, respectively. Similar to the observation for the pmf of D, the 

probability J(0) decreases as either one of the three parameters increases. 

5.3.2 Performance Comparison of MSW-ARQ and MSW-ARQ-inS 

In Figure 5.8, Figure 5.9 and Figure 5.10, we plot numerical values of the expectations 

E[D] and E[Z)] together with the averages of the packet delay with the static scheduling. 

E[D] and E[D] are numerically computed using the corresponding probability mass func

tion obtained in Section 5.1 and in Section 5.2, respectively. The average packet delay for 

MSW-ARQ and MSW-ARQ-inS with the static scheduling is obtained from simulation. 

In the following figures, m is set to be 5. 
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Values of the average packet delay are plotted in Figure 5.8 for p = 0.25, A = 1.2 

and M varying from 2 to 16. As we expect, the average packet delay with the dynamic 

scheduling is always smaller than that with the static scheduling. The difference of the 

average delay between the two scheduling policies is small for a small value of M, and 

becomes larger and larger with the increase of M. With the dynamic scheduling, the aver

age packet delay increases at first and then reaches a maximum delay value, which shows 

that the number of parallel channels has only an insignificant impact on the average packet 

delay when the dynamic scheduling is applied. The last observation from Figure 5.8 is 

that, with the dynamic scheduling, the mean packet delay of MSW-ARQ-inS is never 

larger than that of MSW-ARQ. This shows that MSW-ARQ-inS outperforms MSW-ARQ 

in terms of the mean packet delay performance, which is consistent with the result in [25] 

under the throughput criterion. 
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Figure 5.9: Average Packet Delay vs. p (A = 1.2, M — 8) 

In Figure 5.9, we plot the average packet delay for M = 8, A = 1.2, and p vary

ing from 0.05 to 0.45. The average packet delay increases as p does. Similar to the 

observations from Figure 5.8, for both MSW-ARQ and MSW-ARQ-inS, the packet delay 

performance with the dynamic scheduling is better than that with the static scheduling; for 

the dynamic scheduling, MSW-ARQ-inS outperforms MSW-ARQ in terms of the mean 

packet delay. 

Values of the average packet delay are shown in Figure 5.10 for M = 8, p = 0.25 

and A varying from 1.1 to 1.7. As observed in Figure 5.8 and Figure 5.9, MSW-ARQ-inS 

with the dynamic scheduling achieves the best delay performance in all four scenarios. 

Moreover, when the dynamic scheduling is used, the mean packet delay for both MSW

ARQ and MSW-ARQ-inS decreases with the increase of A, while the corresponding 

delay with the static scheduling increases with A. This is because, the greater the variance 
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Figure 5.10: Average Packet Delay vs. A (M = 8, p = 0.25) 

in the error rates is, the smaller the error rates of the first few channels are. (For instance, 

in Figure 5.10, the error rates of channels 1 to 4 when A = 1.2 are smaller than the 

corresponding ones when A = 1.1.) Intuitively, the packets transmitted over the first 

few channels have a larger probability to be correctly received (and delivered to the upper 

layer), which results in a smaller possibility for the other packets to be retransmitted (for 

MSW-ARQ) or queued in the resequencing buffer (for MSW-ARQ-inS) with the dynamic 

scheduling. Therefore, the total number of retransmissions of a packet is reduced, and so 

is the packet delay. 

To verify if the above observation made from time-invariant channels is also valid for 

time-varying channels, we simulate the multichannel SW-ARQ models for multiple time-

varying channels and plot the simulation results of the average packet delay in Figure 5.11. 

In the plot, M = 8 and the error rates of these channels change over time based on a two-
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Figure 5.11: Average Packet Delay for Time-Varying Channels 

state Markov chain with the transition matrix 

0.8 0.2 

0.3 0.7 

Each state in the state space of the Markov chain corresponds to a vector of M error rates 

with a ratio A of any two consecutive error rates in the vector. We assume that the overall 

average error rate of all channels is p = 0.25. However, the average error rate of the M 

error rates in the vector corresponding to a state can be different, which is assumed to 

be 0.2 and 0.325, respectively, for the two states in our example. From Figure 5.11, it is 

clear that the average packet delay for the dynamic scheduling decreases with A, from 

which we conclude that the mean packet delay of both MSW-ARQ and MSW-ARQ-inS 

with the dynamic scheduling shortens from the growth of the variance in the error rates. 

We expect that the observation is also valid in general. 
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5.4 Summary 

In this chapter, we derived the probability mass function of the packet delay for MSW-

ARQ and MSW-ARQ-inS with the dynamic scheduling. Based on the analysis, we com

puted numerically the distribution function for selected values of the number of channels 

and the error rates for both models. We observed that the probability that a packet is 

delivered to the upper layer without experiencing any retransmission decreases with the 

increase of either the number of channels, or the average error rate of all channels, or the 

variance in the error rates. Moreover, we compared the performance of MSW-ARQ and 

MSW-ARQ-inS in terms of the mean packet delay and investigated the impact of packet 

scheduling policies on the delay performance numerically, and through simulation. We 

observed that: 

1. with the dynamic scheduling, MSW-ARQ-inS always outperforms MSW-ARQ; 

2. when the dynamic scheduling is applied, the mean packet delay of both models 

increases with the average error rate but decreases as the variance in the error rates 

increases, and the number of parallel channels has only an insignificant impact on 

the mean packet delay; 

3. for both models, the dynamic scheduling always outperforms the static scheduling 

in terms of the mean packet delay performance, 

which corroborates the result of Ding and Rice [25] under the throughput criterion. 



Chapter 6 

Conclusion and Future Work 

In this chapter, we conclude the thesis research in Section 6.1 and suggest possible future 

work in Section 6.2. 

6.1 Conclusion 

In this thesis, we developed two stochastic systems, which are adaptive to real-life imple

mentations and mathematically tractable, for modeling SW-ARQ over multiple parallel 

channels. By assuming the channel errors are time-invariant, we performed a proba

bilistic analysis of both models with the dynamic scheduling. For multiple channels of 

time-varying error rates, we studied the MSW-ARQ-inS model by deriving the probabil

ity generating function of the resequencing buffer occupancy. We investigated the impact 

of system parameters on the mean value performance of both models and conducted per

formance comparisons of the two packet transmission scheduling policies numerically, 

and through simulation. 
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6.2 Future Work 

The following is a list of possible future work of this research. 

• For the MSW-ARQ-inS model over channels of time-varying error rates, statistical 

properties of the resequencing buffer occupancy have been obtained in this thesis. 

Statistical properties of the resequencing delay and the packet delay are of interest 

to be investigated. 

• The models studied in this thesis can be generalized to allow the transmitter to 

send more than one copy of a packet either simultaneously over multiple channels 

or when channels are idle. It is necessary to conduct performance comparisons 

between the generalized models and the original one. 

• It is challenging to evaluate the performance of SR-ARQ over multiple channels of 

time-varying channel error rates, and we expect that the modeling technique and 

analysis approach used in this thesis can be applied to the analysis of multichannel 

SR-ARQ. 

• Another extension of the research in this thesis is to evaluate the performance of 

ARQ protocols over multiple channels with both different transmission rates and 

different error rates. 



Appendix A 

Literature on Packet Resequencing 

In packet data networks, it often happens that packets (the data units transmitted) depart 

from the receiver in a different order of their arriving at the transmitter due to the random

ness of packets' transmission time. In such a system, however, packets are often required 

to leave the receiver in the same order as they arrived at the transmitter, which is referred 

to as in-sequence delivery. This can be accomplished by providing a resequencing buffer 

at the receiver to control the departure of packets. Such a system meeting the packet re

sequencing requirement, illustrated in Figure A.l [9], is called a resequencing network. 

The network includes three components: disordering network, resequencing buffer, and 

queueing network. Packets arriving at the disordering network are numbered in a numeri

cal sequence. For instance, the sequence Ci, C2, C3, • • • represents a sequence of arriving 

packets, where Cn is the nth packet arriving at the disordering network. Because of the 

random nature of sojourn times of packets in the disordering network, packet Cn may 

leave the disordering network before some packet C& with k < n. In this case, Cn is 

an out-of-sequence packet. A packet Cn is deliverable if it is correctly received and all 
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Figure A.l: A General Resequencing Network 

packets Ck, for k < n, have also been correctly received. In order to make packets enter 

the queueing network in the same order as they arrived at the disordering network, the 

resequencing buffer sends only deliverable packets to the queueing network. For rese

quencing analysis in the context of the resequencing network, delay in the resequencing 

buffer (referred to as the resequencing delay) and a number of packets waiting in the re

sequencing buffer (referred to as the resequencing buffer occupancy) have been the key 

performance metrics often used in the literature. 

By assuming different queueing models in the disordering network component of the 

resequencing network, several studies have been reported for analysis of the resequenc

ing buffer. Kamoun, Kleinrock and Muntz [48] used an M/M/oo queue to represent the 

disordering network, and analyzed the distribution functions of the resequencing buffer 

occupancy and the resequencing delay. Harms and Plateau [43] extended the analysis in 

[48] by replacing the M/M/oo queue with an M/G/oo queue. Baccelli, Gelenbe and 

Plateau [10] further generalized the disordering network to be a GI/G/oo queue and an

alyzed the distribution of the packet delay, which includes delays in all three components 

of the resequencing network, via the factorization method. In this paper, a Markov chain 

{Xn}n>i, in which Yn is the packet delay of packet Cn, has been constructed, and, under 

some condition, its stationary distribution function has been obtained. 

Resequencing studies in the literature have addressed the case where the disordering 
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network consists of a finite number of either homogeneous or heterogenous servers, illus

trated in Figure A.2. Bharath-Kumar and Kermani [16] analyzed the mean resequencing 

buffer occupancy and the mean resequencing delay for an M/M/m queue with the same 

service rate in the disordering network. Yum and Ngai [100] derived the distribution 

function of the resequencing delay for the servers in an M/M/m queue having differ

ent service rates. Iliadis and Lien [45] investigated the impact of packet transmission 

scheduling policies on the mean resequencing delay performance for an M/M/2 queue 

in the disordering network, and an optimal scheduling policy was identified in [57]. The 

resequencing delay and the packet delay were studied in [46] and [42], respectively. Liu 

and Towsley [59] identified an optimal packet scheduling policy for a GI/G/m queue 

in the disordering network. Jean-Marie [47] studied the resequencing delay when the 

disordering network consists of two independently identical M/M/l queues, shown in 

Figure A.3. In this paper, packets are assumed to have two classes and arrive according 

to two independent Poisson processes. An incoming class % packet joins the first queue 

with a probability Pi or the second queue otherwise, and packets only with the same class 

are re-ordered in the resequencing buffer. In steady state, the distribution function of the 

resequencing delay was derived. 

Resequencing studies were also conducted for a particular network protocol, such as 
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Figure A. 3: The Disordering Network with Switched Input 

SR-ARQ. In [71] and [78], the resequencing analysis was conducted in the scenarios 

where the transmitter communicates with a single receiver and multiple receivers, respec

tively. In the case of the transmitter communicating a single receiver, an iV-dimensional 

(N is known as the number of time units of a packet's round-trip time or called the win

dow sizes) Markov chain {{W}, • • • , W^) : t = 1,2, • • • } was constructed, where it was 

proved that W} — N is the size of the resequencing buffer at time t, from which the 

distribution function of the resequencing buffer occupancy in equilibrium regime was de

rived. Kim and Krunz [49] used the Markov chain {(W/, • • • , Wf) :£ = l ,2 , - - -} to 

approximate the mean resequencing delay in the case that the channel error rate is time-

varying (e.g., an on-off Markov channel model). Xia and Tse [99] considered a SR-ARQ 

model where the propagation delay of a packets is random and the resequencing buffer 

is of a limited size, and found an asymptotic tail probability of the resequencing buffer 

occupancy for some given distribution functions of the propagation delay. In [55], a pri

ority queueing model is used to analyze the mean resequencing delay for SR-ARQ with a 

Bernoulli arrival process. 
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