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Abstract

The diffusion of water in the white matter of human brain tissue in vivo was studied in this thesis. 

To provide a better understanding of diffusion behavior related to brain tissue microstructure, an 

analysis based on restricted diffusion and exchange behavior in the tissue is required. The 

diffusion signal decays were accurately measured over an extended range of b-values up to 

12,500 s/mm2 and short diffusion times between 19.9 ms and 53.8 ms in healthy human brain. In 

order to get reliable information from the decays, even when the SNR is small, a few Rician noise 

correction bias methods were investigated. A new method of correcting for the Rician noise bias 

presented in this work performs better than existing methods when the SNR is small.

To analyze the diffusion decays for water in brain tissue, an analysis code, which is based 

on the non-negative least squares (NNLS) algorithm, was developed for this thesis. For all

diffusion times studied there was a diffusion coefficient of approximately

(0.93± 0.003)x l 0 “3(80±1% ) mm2/s and another of about (0 .06± 0.002)x l 0 '3 (19±1% ) 

mm2/s. A small contribution (1%) at about lxlO '2 mm2/s was also detected. The decays show 

small diffusion time dependence for the slow diffusion coefficient which has not previously been 

reported.

The results from the experiments of the studied regions in human brain are comparable 

with analytical results of intracellular restricted diffusion behavior and water exchange between 

intracellular and extracellular spaces in tissue obtained using the Tanner planar equation 

combined with Karger diffusion exchange theory for a human model. Using the theoretical 

predictions with the experimental results for the studied regions, tissue parameters such as

average cell size and exchange time were roughly estimated.
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CHAPTER 1

Introduction

1.1 Review of MRI

The Nuclear Magnetic Resonance (NMR) phenomenon was not clearly established until Bloch et. 

al. [1] and Purcell et. al. [2] separately measured NMR absorption in bulk materials in 1946. In 

the decades that followed this discovery NMR was primarily an analytical tool for chemists and 

physicists probing chemical stmcture and reaction processes. In 1973, Lauterbur modified a NMR 

spectrometer to provide spatially encoded signals through linear variation of the magnetic field 

[3]. He produced the first images of an inhomogeneous object, thereby providing the first 

demonstration of Magnetic Resonance Imaging (MRI). The development of clinical MRI was 

reported soon afterwards by Mansfield et. al. in 1976 [4], After the creation of the first 

superconducting whole body imager, MRI soon become recognized as a technique for producing 

images with superior soft tissue contrast.

1
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Nucleus Spin y/2n  (MHz/T)
Natural 

abundance(%)
Relative sensitivity 

at constant field

1H 1
2

42.57 99.98 1

2H 1 6.54 0.015 2.4x1 O'6

13c 1
2

10.71 1.108 2.5x10‘4

14n 1 3.08 99.63 1.9x1 O'3

19f 1
2

40.05 100 8.5x10‘1

23Na 3
2

11.26 100 1.3x10‘1
31 p 1

2
17.23 100 8.3x1 O’2

33s 2
2

3.27 0.76 3.3x1 O’5

35C | 2
2

4.17 75.53 6.3x1 O'3

39k 3
2

1.99 93.1 1x1 O'3

Table 1.1. NMR sensitivities for nuclei of biomedical interest [5],

There are a few factors which affect the suitability of a given nucleus for NMR 

measurements. These include the percentage of atoms having NMR visible nuclei, the amount of 

signal given off by the nucleus and the density of the nucleus in the material being studied. In 

Table 1.1 nuclei which are of biological significance are listed along with their spin number, 

resonance frequency, natural abundance and relative sensitivity [5]. Natural abundance is a 

critical factor in determining the suitability of isotopes for magnetic resonance (MR) 

measurements and it is specified as the percentage of the total number of a given nucleus that 

occurs as the isotope being considered. Most MR imagers are designed to observe the hydrogen 

nucleus, 'H, because of its relative abundance in the body and the relative strength of the *H MR 

signal.
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An MR image represents the relative response of specific nuclei to absorbed radio 

frequency (RF) energy. Thus, an MR image is often a tomographic map of the distribution of 'H 

nuclei in the imaged sample. However, MR image contrast is also influenced by other physical 

properties such as Tj and T2 relaxation. The loss of energy absorbed from the RF electromagnetic 

radiation by the 'H nuclei to their surroundings is characterized by Ti relaxation. This is normally 

called the spin-lattice or longitudinal relaxation time. T2, the spin-spin or transverse relaxation 

time, characterizes the signal decay associated with energy exchange within the nuclear spin 

system. The relative appearance of normal versus pathologic tissue can be modified by altering 

the acquisition protocol parameters to emphasize different anatomical features, assuring 

exceptional tissue contrast across a wide range of tissue types.

Although early MRI hardware and software greatly benefited from existing computed 

tomography (CT) scanner technology, MR differs from CT in many ways. MR imaging offers the 

unique ability to acquire images in any orientation without repositioning the patient. Besides, MR 

can provide chemical information not measurable with conventional radiography or 

ultrasonography.

MRI uses a combination of a static magnetic field, imposed local variations of the magnetic 

field (gradients) to encode spatial information and RF pulses, applied through an RF pulse 

generation system to generate an MR signal from the tissue. In order to reconstmct an MR image, 

it is necessary to encode the emitted signal such that its components can be related to the spatial 

position of the nuclei which contribute to them. The gradient fields are used in the selection of an 

image slice in one direction and then to spatially encode the MR signal emanating from that slice 

in the two other orthogonal directions, the so called frequency and phase encoding directions. 

This combination of gradients is the basis for the two-dimensional Fourier Transform (2D-FT) 

techniques [4] commonly used in MR.

3
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In MR imaging, pulse programs, or pulse sequences, control the relative contribution of 

proton density, T , and T2 relaxation, diffusion, etc. by adjusting the RF pulses, gradients and 

timing of data acquisition. Thus, two functional parts of a typical MR pulse sequence are spin 

preparation, where the image contrast is set up, and signal detection. Improvements in MR 

imaging hardware and software have allowed fast MR imaging modalities such as EPI (Echo 

Planar Imaging), TSE (Turbo Spin Echo) and GRASE (Gradient and Spin Echo) to be developed 

with scan times which can be less than a second in duration, in some cases.

Clinical MRI technology demonstrates a great deal of maturity but still continues to evolve 

and improve. The diagnostic utility of MRI in neurology is well established. Additionally, some 

specific clinical application areas of MRI, including MR Angiography (MRA), cardiac imaging, 

MR spectroscopy (MRS) and Functional MRI (fMRI), have made MRI of tremendous interest for 

research studies. MRI has been rapidly accepted because of its versatility, sensitivity and 

specificity as a diagnostic modality.

1.2 Review of Diffusion in MR

During the early development of MRI, diffusion did not play a significant role. The very first 

measurements of self-diffusion coefficients using MR were done by Hahn in 1953 and further 

developed by Carr and Purcell in 1961 [6,7], By eliminating some of the experimental limitations 

of the basic spin echo technique Tanner et. al.[8] developed the pulsed-gradient spin echo (PGSE) 

method in 1968 to study restricted self-diffusion in colloidal systems. In the mid-1980’s Le Bihan 

et. al. [9] produced the first diffusion weighted MR images by introducing encoding of molecular 

diffusion effects into MRI with bipolar magnetic field gradient pulses as introduced to NMR 

pulse sequence by Stejskal and Tanner in 1965 [10], Since the early 1990’s diffusion weighted

4
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imaging (DWI) has advanced to play an important role both in clinical MRI and in research.

Although diffusion is not strictly an MR parameter, it is nevertheless an important tissue

characteristic that can be measured using MR techniques.

Self-diffusion refers to the random translational motion of molecules or ions (i.e. Brownian 

motion) driven by the thermal energy of the system. Since reacting species must collide before 

they can react, diffusion is responsible for all chemical reactions as the most fundamental form of 

transport. Translational diffusion is also related to molecular size by the Stokes-Einstein equation:

D = k T / f ,  (1.1)

where k is Boltzmann’s constant, T is the temperature, D is the self-diffusion coefficient of the 

freely diffusing molecules in the liquid and f  is the friction coefficient which, for the simple case 

of a spherical particle, can be given by:

f  = 67trirs , (1.2)

where rs is the effective hydrodynamic radius (i.e. Stokes’ radius) and q is the viscosity of the 

solution. Diffusion consequently can provide information on the interactions and shape of the 

diffusing molecule [11, 12], The diffusion coefficient for water molecules in tissues is found to be 

about one third the self-diffusion coefficient of pure water. This has been attributed to the 

complex heterogeneous structure of tissue which causes diffusion to deviate considerably from 

the predictions of the simple Einstein equation:

< r 2 >= 6Dtd , (1.3)

where <r2> is the mean squared molecular displacement and td is the diffusion time.

The success of diffusion MRI is deeply rooted in the powerful concept that during their 

random displacement, molecules probe tissue structure on the microscopic scale well beyond the 

usual image resolution. During typical diffusion times of about 50 ms, water molecules in brain 

tissue, for example, move over distances of the order of 10 pm  on average, randomly interacting

5
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with many tissue components such as cell membranes, fibers and macromolecules. The 

displacement distribution of water molecules observed within a voxel of several mm3 in diffusion 

MR provides unique information about the structure and geometric organization of the tissue. 

Diffusion images provide access to both superficial and deep organs at high resolution without 

interfering with the diffusion process itself as an intrinsic physical process (totally independent of 

the MR effect or the magnetic field).

The diffusion coefficient in tissue as measured in MRI is often called the “apparent 

diffusion coefficient” as opposed to the “true” diffusion coefficient or self-diffusion coefficient, 

D. In this thesis the apparent diffusion coefficient will be designated by Da but it is also 

frequently called ADC in the literature. Da is often influenced by direction (i.e. anisotropy), tissue 

structure and cell membranes with impeded permeability to water (i.e. restricted diffusion) and 

the exchange of water molecules between different tissue compartments. Measurement of 

diffusion as a function of time can, in principle, yield information about tissue microstructure, 

permeability, and the molecular environment, and may provide a useful basis for tissue 

characterization. The PGSE NMR technique is the classic method for measuring the self- 

diffusion coefficient with MR.

DWI is now a routine clinical technique for detecting brain pathologies such as the early 

stages of ischemia [13, 14]. Changes in Da of water molecules can be used to characterize the 

status of brain tissue. Many experimental and theoretical studies have been made to interpret the 

underlying mechanism of the diffusion contrast and its changes during a brain infarct and other 

pathologies. According to Anderson et. al. [15], the Da decrease of about 40% during ischemia is 

mainly caused by the shift of interstitial water into the intracellular space (i.e. cell swelling). The 

changes in the extracellular volume fraction and its tortuosity factor, X, as measured by 

iontopherosis (i.e. by examining the concentration of ions introduced into the extracellular space

6
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as a function of time) have not been sufficient to quantify the absolute value of Da and its 

changes during ischemia [16,17,18], Increased cell membrane permeability may also be a reason 

for the observed decrease in Da.

The study of diffusion in tissues is also complicated by the fact that tissues are normally 

composed of several different cell populations (e.g. neurons and glial cells). The locally different 

environments can introduce microscopic and macroscopic anisotropy into the molecular water 

diffusion. In order to understand diffusion in such a system one has to study various tissue 

parameters such as intracellular and extracellular diffusion coefficients, the exchange time, 

extracellular tortuosity, and intracellular diffusion restriction. However, even if all of this 

information is available, it is still difficult to relate the results of diffusion measurements from 

different tissue locations to the state of the tissue (i.e. whether it is healthy or not).

Experiments which measure Da in vivo are frequently reported as showing mono

exponential decays which can be fit to the equation

ln[A(b)/A(0)] = -bD a , (1.4)

where b, an important factor in diffusion experiments, is proportional to the square of the 

diffusion gradient amplitude and the sequence timing. A(b) is the measured MR signal amplitude 

as a function of b. This can be seen as an advantage, as it implies that over a wide range of 

experimental conditions the diffusion characteristics in tissue can be described by a single decay 

constant. However, significant deviations from mono-exponential behavior are observed when the 

decay is carefully measured over a wide range of b values and/or diffusion times. One possible 

source of non-exponentiality could be structures that restrict the diffusion of water molecules 

(e.g. cell membranes). The effects of restricted diffusion on the measured decay change with the 

diffusion time of the measurement.

7
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Diffusion studies show that the distance a molecule diffuses in one direction in space may 

or may not be the same as in some other direction. Clearly, in a pure liquid where there are no 

hindrances to diffusion or in a sample where the barriers are not coherently oriented, diffusion is 

the same in all directions and is termed isotropic diffusion. However, if diffusion depends on 

direction, such as in brain tissue where the axonal membranes act as highly oriented barriers, it is 

termed anisotropic diffusion. Tissues in which diffusion anisotropy has been reported in vivo 

include human spinal cord, cat optic nerve, rat trigeminal nerve and the corpus callosum [19-24]. 

In these tissues the anisotropy is attributed to axonal fibers which are long and narrow. Da for 

diffusion parallel to the axonal direction, D a|| has been reported to be between 0.9xl0 "3 mm2/s

and 1.3xl0"3 mm2/s. For diffusion perpendicular to the axonal direction the Da value, called , 

is reported to be between 0.3xl0 "3 mm2/s and 0 .5xl0 ' 3 mm2/s. For these tissues the anisotropy, 

defined as r |a = D a|| / , is typically between 2.0 and 3.0.

To characterize anisotropic diffusion a single parameter (i.e. D or Da) is no longer enough. 

Instead the diffusion tensor, D, must be evaluated. D is a mathematical constmct that describes 

the properties of an ellipsoid. Since D is a 3x3 symmetric tensor:

D:

Dxx Dxy D xz 
Dxy Dyy Dyz 
Dxz Dyz D zz

(1.5)

there are six elements of the tensor that need to be determined. This requires a minimum of six 

measurements. For some situations the variation of image contrast caused by diffusion anisotropy 

can be used to good advantage but for others it is a problem since it can obscure pathology. 

However, since the trace of the tensor, Tr(D) = D xx + D vv + D z/, is rotationally invariant, an 

image of Tr(D) does not show the effects of anisotropy and can be very useful for displaying 

pathology in the presence of diffusion anisotropy. Clinically, properties derived from the
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diffusion tensor, like the trace, which reflects overall water content, have been used successfully 

to evaluate brain ischemia [27-32].

Diffusion anisotropy in white matter, which originates from the specific organization of 

axonal fibers into bundles [12, 33, 34], can be characterized by diffusion tensor imaging (DTI) as 

introduced by Basser et. al. [35, 36, 37], This can provide exquisite details about the tissue 

microstructure. In DTI, D is evaluated for each voxel from measurements of diffusion in several 

directions [24, 38]. The eigenvalues of D, which correspond to the diffusion coefficients along 

the major and minor axes of the diffusion ellipsoid for the voxel, are then determined by 

diagonalizing the tensor. From the eigenvalues the anisotropy can be quantified using various 

parameters such as fractional anisotropy (FA), relative anisotropy (RA), and others [35-37]. One 

can then generate anisotropy maps that show the spatial variation of the anisotropy which can be 

directly related to the axonal fiber orientation in the tissue. Many studies have been published 

dealing with optimization of the MRI sequence for diffusion tensor imaging, the processing and 

display of DTI data and its potential applications.

Diffusion anisotropy is significantly correlated with age in children [39-41], This is 

consistent with increasing neuronal cell density and myelination resulting in reduction in the size 

of the extracellular space of the brain tissue. Anisotropy parameters have been used to evaluate 

white matter diseases such as Multiple Sclerosis (MS) [42, 43, 44], age-related changes [45], 

schizophrenia [46], Alzheimer’s disease [47], and epilepsy [48], The most advanced application 

of DTI is certainly that of fiber tracking in the brain, which in combination with functional MRI 

could open a window to the important issue of connectivity [12]. DTI has also been used to 

demonstrate subtle abnormalities in a variety of brain diseases and is currently becoming part of 

many routine clinical protocols such as detection of acute stroke, MS, dyslexia, and

9
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schizophrenia. Other studies have also probed the potential of diffusion tensor MR imaging of 

brain tumors [49] and migraine [50],

MR fiber tracking or tractography is a technique for studying the orientation of anisotropic 

tissues by traversing a continuous path of greatest diffusivity in 3D image space from an initial 

set of points based on similarities between neighboring voxels in the shape (quantitative 

anisotropy measures) and orientation (principle eigenvector map) of their diffusion ellipsoid [52], 

The study of axonal fiber bundles in neuronal networks is important for the understanding of 

normal and pathological processes that can affect brain functions. These studies may play an 

important role in treatment planning for neurosurgery or dose sculpting in radiation therapy by 

adding this to the diagnostic process available to the oncologist.

Although the vast majority of MR tractography studies have focused on tracking significant 

white matter tracts in the brain, this technique can also be applied to other anisotropic tissues such 

as peripheral nerves, the myocardium, ligaments, tendons, and skeletal muscles [53], In addition 

to the more immediate clinical impact of evaluation of brain tumors and acute stroke, white 

matter tractography combined with DTI has also been used to study other things such as 

adrenoleukodystrophy (a genetic disorder involving the white matter), the adrenal cortex [54], the 

testes [54], anoxic brain injury in premature infants [55] and infant holoprosencephaly (a 

congentional brain malformation related to errors in ventricle induction) [56].

1.3 Clinical Applications

Diffusion imaging for neuroradiological evaluation of acute stroke has attained significant 

clinical relevance [57-62], Diffusion is exquisitely sensitive to cellular geometric features such as 

cell size (reduced diffusion in cytotoxic edema) and orientation. This leads to such important

10
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clinical applications as the detection of multiple sclerosis lesions [63], tumors [64] and 

hippocampal sclerosis in epilepsy [65] as well as the diagnosis of Creutzfeld-Jakob disease [6 6 ], 

schizophrenia [67] and various brain injuries [6 8 ]. The kinds of disease that lead to structural 

damage on the cellular scale can change the restricted diffusion behavior around axons and 

neurons. Thus Da, if measured accurately, relates to the degree of cell damage, demyelination and 

axonal loss [69-72], Some pathological models have been examined based on the Da reduction in 

tissue, e.g. following the time course in focal and global ischemia [73 -77], cell swelling in status 

epilepticus in rats [109] and the induction of cortical spreading depression in the rat brain 

[79,80,81],

Brain connectivity is one of the important potential applications of DTI. It can be used, in 

combination with functional MRI to establish how activated foci are linked together through 

networks [82, 83]. DTI also has promising applications in brain development investigations, 

helping in neurosurgical planning and the evaluation of white matter disease, e.g. in Krabbe’s 

disease [93], cerebral adrenoleukodystrophy [94], AIDS [95], hypertensive encephalopathy [96], 

ischemic leukoariosis [97 ] and Alzheimer’s disease [47].

Outside the brain diffusion has been more difficult to use successfully because of the 

occurrence of respiratory motion artifacts and short T2  values of body tissues, which require 

shorter TE’s than in the brain and are thus less sensitive to diffusion gradient pulses. In spite of 

these complications a potential for tissue characterization has been shown in the extremity 

muscles [84, 85], the spine [8 6 , 87], the breast [8 8 , 89], the kidney and the liver [90, 91]. 

Providing data on heart contractility is a tremendous potential of myocardium DTI [92] but still 

very challenging to perform in vivo due to heart motion.

11
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1.4 Motivation

The real mechanism of diffusion behavior in human brain tissue and its link to the tissue 

microstructure is still largely unknown. To provide a better understanding of the overall water 

diffusion characteristics for a heterogeneous system such as the white matter of the brain a full 

understanding of the diffusion decay and the various processes that contribute to it is required. 

Diffusion measurements are conventionally reported in terms of a single global parameter, the 

apparent diffusion coefficient, often using only 2 or 3 data points to define the diffusion signal 

attenuation assuming that the signal decay is mono-exponential. However, the diffusion behavior 

of tissue is affected by a great number of things such as the existence of sub regions (intracellular, 

interstitial and intravascular), water exchange among the regions, axon orientations, cell wall 

permeability, volume fractions, extracellular tortuosity and others. Consequently, the diffusion 

decay in the tissue cannot be expected to be a mono-exponential decay.

To better understand this behavior, restricted diffusion as well as exchange behavior of 

healthy human brain in vivo was studied for this thesis. Diffusion decays were accurately 

measured over an extended range of b-values up to 12,500 s/mm2 for human brain over a range of 

diffusion times. Previous MR diffusion imaging experiments using high b-values up to 1000 

s/mm2 have shown non mono-exponential diffusion signal decays [100-104], but none of these 

studies considered the effects of Rician noise bias on the signal decay. To obtain reliable 

quantitative diffusion information from the signal decays the noise bias must be properly dealt 

with. In this study, we propose a new more reliable technique for Rician noise bias correction of 

the diffusion decay. We also take care to avoid other systematic errors such as artifacts and eddy 

current effects to make sure we are measuring the diffusion decay accurately.

12
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Performing diffusion weighted MRI experiments on human brain tissue in vivo at very 

large b-values allows us to sensitize the intracellular water molecules in order to understand the 

restricted diffusion behavior. Measurements over a range of diffusion times are also useful for 

better understanding of the exchange behavior.

It should be noted that the real challenge is to find the explanation for changes in the 

apparent diffusion coefficient that occur in ischemia and other pathologies. The approximately 

40% reduction in Da recorded within minutes of an ischemic insult has attracted much attention. 

Changes in tissue properties that could affect the diffusion behavior include an increase in the 

extracellular tortuosity and cell swelling. To explain this behavior in pathological situations 

requires an accurate understanding of the diffusion behavior in healthy human brain in vivo.

It has become clear that the interaction between the intracellular and extracellular 

compartments is complex with the respective diffusion coefficients, the volume fractions of the 

compartments, the cell membrane permeability, the compartmental exchange time, and the 

extracellular tortuosity all playing an important role. The accurate determination of these 

parameters is essential for verification with theoretical models [105-107].

1.5 Thesis Outline and Significance

In this work we study the diffusion signal decay in human brain in vivo for healthy subjects over a 

very large range of b-values and we determine the diffusion components contributing to the decay 

after Rician noise bias correction using non-negative least squares analysis. The results show 

three components in the spectrum of diffusion coefficient data. We also studied the diffusion 

decay as a function of the diffusion time. The intracellular water signal at large diffusion

13
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weighting shows characteristics of restricted diffusion as well as exchange between intracellular 

and extracellular spaces.

Following the introduction of NMR, MRI and diffusion in chapter 1, the background for 

the whole study is reviewed in chapter 2 of the thesis. This chapter includes MR theory, diffusion 

theory and their combination followed by the main sources of noise in MR measurements and 

their effect on diffusion experiments along with a discussion of various artifacts that can affect 

diffusion measurements. More about noise theory is also presented in later chapters. To study the 

diffusion signal attenuation curves at high b-values with the hypothesis that the decay is the sum 

of an unknown number of exponential contributions, for such a heterogeneous system as brain 

tissue, we needed to develop analysis software which uses the non-negative least squares method 

rather than the more commonly used non-linear least squares algorithms, such as Levenberg- 

Marquardt technique, for analyzing the diffusion decay curves. The theory of curve fitting 

methods, with advantages and disadvantages of different methods, is discussed in chapter 2 .

A general discussion of the experimental equipment and procedures used for the 

experiments reported in the thesis is presented in chapter 3. Experimental details for the 

experiments reported in chapters 4 to 6  are given in the chapters where the respective experiments 

are discussed.

In chapter 4, we study the noise in the images and present a new method for correction of 

the noise bias on the diffusion decay [186], Obtaining reliable diffusion information from the 

signal decays is dependent upon this noise correction. A quantitative analysis of the MR-diffusion 

system with noise estimation in diffusion measurements is included in this chapter. The benefits 

and limitations of the noise correction schemes are then discussed.

Following the noise correction of the diffusion signal decay, the NNLS-diff, code which was 

developed for this study, based on the non-negative least squares algorithm, was used for the

14
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diffusion data analysis of human brain tissue measured for 96 b-values. This program was first 

tested with simulated data for both the discrete and continuous mode with known data and then 

validated for some experimental studies such as measurements of diffusion data for a water 

phantom and T2 relaxation data analysis of hyperpolarized xenon experiments. These results are 

all discussed in chapter 5.

In order to investigate the effects of diffusion restriction and exchange between the 

intracellular and extracellular spaces of brain tissue, the diffusion time dependence for human 

brain was studied [185,187] and discussed in chapter 6 . The lep2d-diff pulse sequence of 

Siemens was modified to change the diffusion times and diffusion gradient amplitudes for this 

experiment. The sequence was optimized based on having a range of short diffusion times with 

high b-values while keeping the bi-polarity of the diffusion gradients in order to avoid eddy 

current effects as much as possible. Diffusion restriction and exchange behavior for brain tissue is 

discussed in chapters 6  and 7, based on our diffusion time dependence for 8  healthy human 

subjects.

Discussion of the whole study is presented in chapter 7. In this chapter, the results are 

discussed in terms of a number of possibilities and parameters which could affect the diffusion 

decays. A combination of the restricted diffusion theory of Tanner [8 ] and the exchange theory of 

Karger [127] is then applied over a range of different tissue parameter values to compare our 

experimental results with the analytical results for a human model.

15
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CHAPTER 2

Background
2.1 MRI Theory

2.1.1 Spin states

Nuclear magnetic resonance (NMR) relies on the magnetic properties of the neutrons and protons 

which make up atomic nuclei. Just as with electrons, the nuclei possess intrinsic ‘spin’ associated

with their magnetic moment, |1 , where the scalar constant of proportionality is known as the 

gyromagnetic ratio, y, and is defined by

M = yS , (2.1)

where S is the nuclear spin angular momentum. A simple classical model of the proton as a 

spinning ball of mass, m, with uniformly distributed charge, e, can be used to show that the 

gyromagnetic ratio for the proton depends only on the charge and the mass ( -2 L .) of the proton.

The classical equation of motion for a spin in a magnetic field, B, can be derived by setting 

the torque ( p x B ) equal to the rate of change of angular momentum

16
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d|j,=|j,sin0d(])
d(t)=axlt

Figure 2.1. Precession of the magnetic moment, [X, about a static magnetic field, B, in the 
classical view.

dS

dt (2.2)

Therefore

dM _  
dt

M X yB (2.3)

and

d[J

dt
= ypB sin 0 (2.4)

From equation (2.3) and figure 2.1, it can be seen that (1 precesses about the magnetic field B and

the angular frequency of the precession is:

w  = yB . (2.5)

This is known as the Larmor frequency and the equation is called the Larmor equation. It states 

that the precessional frequency is directly proportional to the magnetic field [117].

17
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spin dow n (m s= - l / 2 )
Error!

AE =  yhB  o =  ftcoo

spin up (m s= + l/ 2 ) i
B r

Figure 2.2. The energy states diagram for a proton spin system. Transitions between the two 
Zeeman energy levels can occur by absorption of electromagnetic energy of frequency C0 q.

A quantum mechanical treatment of a spin in a magnetic field is made by setting the 

Hamiltonian equal to the potential energy of the spin system as follows:

H = -|J*B  . (2.6)

In a time-independent magnetic field, B0, along the z-axis, the Hamiltonian can be written as

H = - yB0Sz (2.7)

and the energy levels for a spin S particle are given by

E m = -y B 0 (/mis ) , (2.8)

where -S< ms < S and h =  2nh  is Planck’s constant and S is the nuclear spin quantum number.

For a spin Vi particle such as a proton, only two energy states are allowed (m s = ± / 2), 

corresponding to spins parallel (| + l/ 2 > ,E + ) and anti parallel (| -  y2 > ,E _ ) to the magnetic field

direction as shown in figure 2.2. The two energy states, spin-up and spin-down, with the

corresponding wave functions are then:

18
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t^b
E-----= has = - ----—, *F = \|/ exp(-ico t)

+  +  2 +  +  +  ’

yftB
E = h( 0 -----= + ---- —, 'F  = \j/ exp(-ico t) ^ 9 )

and thus the energy separation of the two states, known as the Zeeman splitting, is given by:

AE -  y/zB0  = ftco0  ; (2.10)

where coo = ©_ -  co+ , which can be recognized as the classical Larmor precession frequency

since C0 q= yB0. For a proton this resonant frequency for energy absorption (v0 = is 42.5 8 B0

2n

MHz as recorded in table 1.1 of chapter 1. A transition from the lower state to the upper state 

(figure 2.2) occurs by absorption of radio-frequency (RF) energy at the angular frequency coo 

where Tioo0 = AE .

2.1.2 Boltzmann distribution

In order for a net absorption (or emission ) of energy to occur in the spin system, there must be a 

difference in population of the two energy levels. The spin system in thermal equilibrium with the 

lattice is assumed to be distributed amongst the Zeeman energy levels according to the Boltzmann 

distribution. If there are n+ and n. spins parallel and anti parallel to B0 respectively, then the ratio 

of the populations is written as [116]

n+ , A E ,
T r = e x p ( -CT) = e x p ( - f F ) '

where k is Boltzmann’s constant and T is the absolute temperature. The difference in population 

is evaluated as

19
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y ftB n
1  -  e x p ( -----------—) r D

k T
n , -  n =  N -----------------------------=  N tanh( Q) n

+  “  yhB  2kT ’ , (2-12)
1 +  exp( -  - ----- 2 .)

kT

where N = n + + n _ is  the total number of spins. Since the Zeeman energy is very small

compared with the quanta of thermal energy (i.e. Y^B0 « k T ), the tanh function can be 

approximated by its argument so that equation (2 .1 2 ) can be written as:

" ‘ " ■ - . g l  . (2.13)
N 2kT

This is known as the high temperature approximation. The bulk nuclear magnetization M0, in the 

high temperature approximation, is given by

M0= 2 > i » ( n +-n_)7ftms »Y2ft2^ ? (214)
j r̂JC J.

which shows that M 0  is proportional to the external field strength (B0  ) and the square of the 

magnetic moment {y2h2ra.2).

2.1.3 The effect of a RF pulse

Although the angular frequency, coo, obtained from the Hamiltonian is the same as the classical 

Larmor frequency, the motion of a quantum mechanical spin in one of the stationary states should 

not be interpreted as a precession since the probability densities (i.e. < 'Fj > ) and also the

expectation values of the components of the magnetic moment in a static magnetic field are 

independent of time and thus < Sx >=< Sy >= 0 and < Sz > = ± ^h .

20
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z z

y y

X X

Figure 2.3. a. Free precession of the expectation value of the spin vector <S> for a non-stationary 
mixture of spin-up and spin-down proton states in a constant magnetic field, b. Motion of the 
expectation value of <S> from its initial position under the influence of a B! magnetic field (i.e. 
RF) at the resonant frequency spiraling down along z in the laboratory system .

To better understand pulse NMR, it is necessary to follow the motion of spins undergoing 

time dependent perturbations caused by varying magnetic fields, where the wave functions are a 

mixture of time dependent spin-up and spin-down states [116, 122]. For a proton spin such a 

wave function is given as

vf/ = axF+ +b'F_=a(t)\]/+e 1C0+t +b(t)\]/_e lt0 j (2.15)

and the probability density now contains a term of the form:

gi(co+ -co_)t _ e -ico0t (2.16)

which describes a time dependence at the Larmor frequency.
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For a time independent or static magnetic field, a and b will be constant and of the form 

a=Ae’“ and b= Bei|3 and we have “free precession” such that the angular momentum, <S> evolves 

with time as follows:

h
< S >= — sin 9 cos( 8  -  © t)

x 2  o ’

h< S y  >= —  sin 0  sin( 8  -  co0 t)

< S z >= | " cos 0  , (2.17)

where cos9 = A 2 - B 2and s in 0 = —AB by definition. The < S X > and < S y > are evaluated using

the ladder operators S + = S x + i S y  and S _ = S x - i S y  which have the effect of raising or 

lowering the spin state (i.e.S+4'+ =h'¥_,  S + VF _  = 0  and S_VF =  tixV+ , S _ VF +  =  0 , since E +  < E _ ) .  

The initial angular offset from the x-axis at time t=0, as shown in figure 2.3a, is 8  = (3 -  a  and 

is related to the choice of the constants a and b. A precession of the spin angular momentum, 

< S > , in the xy plane (i.e. sin0= 1) at the Larmor frequency, i.e. “free precession”, can be

described through equations (2.17) such that at time t=0 with 8=0, < S X >= < Sy >=0

and clearly < S Z >=0.

A non-stationary state in a time varying magnetic field Bi(t) superimposed on the static 

field, i.e. B(t)= B0 + B^t), can be explained using the Hamiltonian H=H0+ Hj(t) where:

H 0 = —M*B 0 = -y B 0 Sz , (2.18a)

and
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H (t)  = -y B i ( t) .S  . (2.18b)

If Bi is resolved into two counter rotating components, it is only the component that rotates in 

the same sense as the classical Larmor precession (i.e. clockwise) that produces any significant 

effect. Hence B, can be written as a rotating field:

Bj(t) = 6^1 coscot - j  sin cot) (2.19)

and, using equation (2.18),

H t (t) = -yBjSx cosoot + yBjSy sin tot . (2.20)

This can be expressed in terms of ladder operators as defined above:

H i (t) = - ^ y B 1 (eicotS+ + e - icotS_) . (2.21)

Substituting these into the Schrodinger equation with the general wave function of the non- 

stationary spin states given by equation (2.15), a(t) and b(t) are found to satisfy [116,117]:

= i ^ L b e i(to -  co0)t 
dt 2

_  i ® l a e -  i(®  -  ®o)t 
d t  -  2  ’  ( 2 .2 2 )

where tOi= yB , «  cOo=yB0  and co is the RF frequency. If the RF is applied at the resonant 

frequency, co= coo, these equations simplify to:

da ico! 

dt 2

db ico!

7  = T a • <2-23)

It can be verified by substitution back into equation (2.23), that the solution is
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ayt
a ( t)  = cos( )

2

Cfyt
b ( t)  = is in (— ) f (224)

where |a|2 and |b |2 are the probabilities of finding the spin in the spin-up and spin-down state, 

respectively. For example, when C0 it = n  (i.e. a 180° RF pulse), |a | 2 =0 and |b | 2 =1 which means 

that the spin has been inverted and a “spin flip” transition has been produced.

It is possible to evaluate the expectation value of the three components of <S> under the 

influence of an RF pulse by inserting equations (2.24) into the general wave function given by 

equation (2.15):

n
< S  > =  — sin 0 0 , 1  sin cmt 

x 2  ’

h
< S  > =  — sin co,t cos cont 

y 2  1 0

h
< S z > =  2 COSCOlt • (2.25)

These equations describe the slow turning over of < S Z > and the spiraling down of <S > from 

its initial position along the z-axis as shown in figure 2.3b. That is < S >, or 

< | 1  >= y < S >, obeys the classical equation of motion as shown before in equation (2.3):

d < LI >
dt = < M- > xyB ( 2  26)

For a system of N non-interacting spins, the net macroscopic magnetization, which is given by 

M = N < p > , can be seen to satisfy the classical equation [115, 116]
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where B= B0  +

It can be shown that the time derivative of a vector M = M i + M i + M k in thex yJ z

laboratory frame can be related to its time derivative in a coordinate frame rotating about the z- 

axis with the angular velocity ( 0  as follows:

dM dM x .dM  dM z di w  dj „  d k x
—  =  ( i — ^  +  j — - L  +  k  — ^ )  +  (M x —  + U y -f- + M z — )  , 
dt dt dt dt dt dt dt

d M  3M

dt 3 t
+ (©  x M)  ̂ (2 2g)

where fLL = ((0 x  i) and similarly for j and k, for a reference frame rotating at (0. Note that in 
dt

equation 2.28 the notation — does not mean partial derivative. Instead, it represents the rate of

change as observed in the rotating reference frame. Thus, by the combination of equations (2.27) 

and (2.28) we have:

3M
+ (G) x M) = yM x (B q + B j ) ^  2 9 )

3t ' \ • j

For the resonance condition (i.e. ©  = y B0 ), the time derivative of the bulk magnetization

in the rotating frame becomes:

3M
^  - y ( M x B j )  (230)

Similar to the quantum mechanical proton spin solution given in equation (2.25), M in the

rotating frame is found to be
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M . = 0A J

M / = M0  sincOjt

. (2.31)

In general, if the RF pulse is not at the resonance frequency then equation (2.30) can be 

written in terms of the “effective” magnetic field, Beff, as follows:

3M
- p Y<M x B eff> , (2,32)

where the magnetization, in this case, precesses about the vector Beff = Bi + A B0  and A B0  is a 

field offset.

While the magnetization precesses about the Bi field, it rotates away from the z-axis toward 

the xy plane. The angle of rotation, a , about the Bi field, the so called “flip angle” or “tip angle”, 

is defined as the angle between M  and the z-axis. An a  pulse rotates the magnetization by a  

degrees from its equilibrium state. For example, a 90° RF pulse causes the magnetization to flip 

by 90° from its equilibrium state into the xy plane, and a 180° RF pulse causes the magnetization

to flip by 180°. The flip angle is a function of the amplitude and the duration of the applied RF

pulse. The value of a  at the end of an RF pulse is given by

a  = I to (t)dt = rvB (t)dt
J l J ' i , (2.33)
o o

where t p is the pulse duration. In the case of a rectangular pulse

a  = = yBj'tp . (2 .3 4 )
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It should be noted that if the area under the Bi field is the same for two different RF pulses, the 

magnetization will end up in the same orientation after the excitation period even for different RF 

pulse shapes.

The effect of an RF pulse on the magnetization can be expressed using a rotation operator

[167], For example, a rotation about the x ' axis (i.e. the B! field axis in the rotating frame) is 

given by

R  , ( < x )  =
x

1 0 0

0 cos a sin a

0 -  sin a cos a
(2.35)

and the effect of an RF pulse applied to a spin system which is initially at thermal equilibrium, 

M(0), is given by

M ( t )  = R , ( a ) M ( 0 )
x

Using this procedure, the effect of a 90° pulse can be calculated as:

M(t) = R ,(-)M (0 ) = 
x 2

0

M°
z

0

(2.36)

(2.36a)

n
where R x' ( —) =

“

1 0  0 0

0  0  1 and M (0 ) = 0

0 - 1 0

l
O 

N

s
1
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2.1.4 MR relaxation

In order to discuss MR sequences, it is necessary to understand the relaxation processes of the 

spins following the absorption of RF energy since the measured MR signal strength is a function 

of the relaxation time parameters as well as proton density.

Spin lattice relaxation is the process by which the spin population returns to its equilibrium 

Boltzmann distribution through an exchange of spin energy with the thermal motions of the 

molecules (the lattice) of which the nuclear spins are a part. The characteristic time for this 

process is the so called spin-lattice relaxation time, Ti. The z component of the bulk 

magnetization obeys the equation [116, 117]

where M0  is the equilibrium value of M found by equation (2.14). This process is also sometimes 

referred to as longitudinal relaxation.

The magnetization in the xy plane decays via T 2 relaxation through the exchange of energy 

between nuclei in different spin energy states. This is known as spin-spin relaxation or transverse 

relaxation. The decay of the transverse component of the magnetization in the rotating frame 

M xy , is given by

The phenomenological equation that governs the behavior of the nuclear magnetization, 

M(t), in the presence of a magnetic field B(t) was given by Bloch et. al. [1] in 1946 and is 

generally written in the rotating frame as:

(2.37)

(2.38)
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(2.39)

with Beff = B| + A Bo defined as the effective magnetic field as before. The solutions to 

equations (2.37) and (2.38) are given by:

respectively.

The application of a 90° pulse makes the net magnetization precess about Bi (in the rotating 

frame) toward the xy plane. Based on Faraday’s law of electromagnetic induction, a signal in an 

RF coil is detected at the end of the excitation pulse and it gradually decreases with time due to 

the relaxation mechanisms. This signal, the free induction decay (FID), is the most basic form of 

the transient signal from a spin system after a pulse excitation. The maximum amplitude of a FID 

signal depends on both the flip angle and the thermal equilibrium value of the net magnetization. 

The FID signal decay can be characterized by T2 if both the sample and the magnetic field are 

perfectly homogeneous. However, in the presence of B 0 inhomogeneity the FID signal decays 

with a new time constant, T2*, due to the imperfections in the magnetic field and spin-spin 

relaxation [167].

The relative contribution of processes such as Ti and T 2 relaxation and the proton density 

can be controlled with the design of the MR pulse sequence by adjusting the RF pulses, the 

magnetic field gradients and the timing of the data acquisition.

- t / T ,
M z (t) = M 0 + [ M z ( 0 ) - M 0]e

and

M x y ' ( t ) = M xy  (0 )e
- t / T ,

(2.40)
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Dephasing Rephasing Echo

Figure 2.4 a. The spin echo sequence timing, b. The associated diagram of the effect of 90° and 
180° RF pulses on the magnetization during spin echo generation.

2.1.5 The Spin Echo pulse sequence

The combination of a 90° RF pulse to flip the magnetization into the horizontal plane and a 1800

known as a spin echo (SE) pulse sequence. The SE signal can be spatially encoded by applying 

the transverse readout magnetic field gradient Gx during the echo and by repeating the sequence 

Ny times with Ny different amplitudes for the phase encoding gradients Gy. In principle, it is also 

possible to use the FID following a 90° RF pulse, however, the FID signal decays with a time 

constant T2  due to a combination of spin-spin relaxation and the effect of magnetic field 

inhomogeneities:

refocusing pulse after a time gives an RF echo signal at TE, the so called echo time. This is

1 1

(2.41)
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and there is not normally enough time to spatially encode the signal before it has decayed.

Spin-Echo sequences can generate images with T2-weighting by allowing more complete 

evolution of spin-spin interactions by using a large TE. Typical values for TE and the repetition 

time, TR, in a T2-weighted SE sequence are 80-100 ms and >2000 ms, respectively, depending 

on the Ti and T 2 values of the tissues being imaged. SE sequences can be used to generate Ti and 

proton density weighted images as well with appropriate choices for the timing parameters. 

Figures 2.4a and 2.4b show a typical SE sequence along with a diagram showing how the 

magnetization is affected by the RF pulses during the sequence.

2.1.6 The Gradient Echo pulse sequence

A gradient echo (GE) sequence can be generated by applying a gradient in the readout direction 

for a limited time following the RF excitation pulse followed by another gradient pulse of equal 

magnitude and duration but opposite polarity. The first gradient pulse causes the spins to precess 

at different rates leading to dephasing of the spins and signal decay. The second gradient pulse 

reverses the effect of the first gradient; it rephases the spins and thus produces an echo signal. 

One significant difference between a gradient echo and a spin echo sequence is the sensitivity to 

magnetic field inhomogeneities. Unlike the spin echo sequence, gradient echoes do not cancel the 

effects of magnetic field inhomogeneities, rather this plays a part in the dephasing of the spins.

The gradient echo sequence is compatible with the use of RF pulse flip angles smaller than 

90°. This avoids the saturation of the spin system which causes low signal intensity when TR is 

short relative to Tj. Due to the time required for restoration of longitudinal magnetization, the flip 

angle of the RF pulse must be less than 90° when TR is short and is often selected between 15° - 

45° to generate an acceptable echo signal with short imaging times. The optimal angle is the Ernst
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angle, a Ernst =acos(e  // T| ).The shorter TE and TR of GE sequences compared with SE 

sequences, resulting in a decrease in the total scan time, is one important advantage of GE 

sequences, depending on the application.

There are a number of reasons, such as improved image quality, reduced motion artifacts, 

dynamic applications, and “more efficient” MR imaging, which motivated the development of 

fast imaging sequences. In addition to the effect of TR on the total scan time, there are other 

factors that can also influence the scan time. These include the number of phase encoding steps, 

Ny, the number of times each k-space line is measured, NEX, and the “turbo factor”, F, which is 

the number of phase encoding steps measured in each repetition of the sequence. The total scan 

time, Ts , can be computed from the following formula:

2.1.7 The Echo Planar Imaging pulse sequence

The echo planar imaging (EPI) sequence is the fastest imaging sequence in MR. To image so 

rapidly requires high-speed trajectories across k-space where the spatial frequencies, kx and ky are 

defined by [1 2 1 ]:

TR • NEX • N y
T.s (2.42)F

t

(2.43a)
o

t

(2.43b)
o
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Echo Signal 
envelope

Figure 2.5 a. The echo planar imaging (EPI) sequence with a train of readout (RO) and phase 
encoding (PE) gradient pulses that generate a set of gradient echoes centered around one spin 
echo. b. the associated k-space trajectory.

and correspond to the frequency and phase encoding gradients, respectively. A typical echo 

planar pulse sequence and its corresponding k-space trajectory are shown in figure 2.5. As the 

figure shows, a spin echo is created by the 90° and 180° RF pulses. The rectilinear trajectory 

through k-space is illustrated in figure 2.5b. The time points a-c of figure 2.5a correspond to k- 

space points a-c in figure 2.5b. The k-space trajectory and timing are usually designed so that the 

central phase encoding steps are measured at TE. Despite some limitations of EPI, such as a low 

signal-to-noise ratio (SNR) and sensitivity to image artifacts (which will be discussed in more 

detail in section 2.4.3), EPI has developed into a very important MR sequence, particularly when 

motion is a significant problem.
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2.2 Diffusion Theory

2.2.1 Diffusion equation for free diffusion

Diffusion is the random process by which the net displacement of particles in fluids due to their 

random thermal motions occurs [129]. According to Fick’s first law of diffusion [133], the flux of 

the particles, J  (r, t ), is related to the net concentration gradient, V c ( r , t ) by

J ( r , t )  = - D V c ( r . t )  , (2 .4 4 )

where D is the self diffusion coefficient of the particles and c (r, t) is the number of particles per 

unit volume. Due to conservation of mass, the continuity theorem can be expressed as

J - c ( r , t )  = - V  • J ( r , t )   ̂ (245)

where j L c (r j  t) gives the difference between the flux in and flux out at position r  and time t. 

Fick’s second law is obtained by inserting equation (2.44) into equation (2.45):

Jj-c(r,t) = DV2c(r,t) . (2.46)

This is also frequently referred to as the diffusion equation.

The diffusion equation for free diffusion of particles in the absence of a concentration 

gradient can be developed in terms of P (r 0  |r, t), the probability of finding a particle, initially at

c(r,t)
position ro, at position r  at time t, by making the association P(r0 1 r, t) —> — !— where Np is the

N p

number of particles in the system. In this case, the diffusion equation can be written as:

!* P (r 0 | r , t )  = DV 2 P(r 0 | r , t )  . (2.47)
dt

For three-dimensional diffusion in an isotropic, homogeneous and unbounded system (i.e.
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P —> 0 as r —> °° ), P(r0 |r, t) can be determined using Fourier transforms and is given by [10, 11, 

122]:

This corresponds to a Gaussian distribution of particles, with variance 2Dt, in an infinitely large 

system where “free diffusion” occurs. It should be noted that P(r0 |r, t) depends only on the net 

displacement, r - r 0  of the diffusive particle rather than its initial position, r0. This reflects the 

nature of Brownian motion.

The mean-squared displacement (i.e. the second central moment of the displacement) for 

particles in such a system is given by:

where p(r0) is the particle density and, by definition, the total particle density is unity

equation (2.48), is simplified considerably by setting r =x i + y j+ z k and r0 =x0  i + y0 j+ zo k. In 

terms of its Cartesian components P(r0| r, t) is given by

where n=2, 4 or 6  for one, two or three dimensions, respectively. This is well known as Einstein’s 

equation and t= t d is called the diffusion time. The equation shows that for “free diffusion”, the 

mean-squared displacement of the diffusing molecules increases linearly with the diffusion time.

(2.48)

(2.49)

(i.e. jp (r 0 )dr0  =1) .  Evaluation of the integrals in equation (2.49), when P(r0| r,t) is given by

and the mean-squared displacement for “free diffusion” becomes:

< (r - r 0)2 >= n D t , (2.51)
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2.2.2 Diffusion equation for restricted diffusion

Restricted diffusion refers to the case in which a diffusing species encounters reflecting 

boundaries that sequester it within a particular compartment [10]. The solution of equation (2.47) 

becomes much more complicated in this case since the displacement of the particles is now 

influenced by its boundaries (e.g. diffusion in a sphere or a box) and the probability distribution 

function of the net displacement is no longer Gaussian. The solutions for many cases of interest 

can be found in the literature [134,135]. For example, laminar systems consisting of a 

homogeneous fluid confined between two infinite, parallel barriers separated by distance a, 

display restricted diffusion [10,123], The motion of particles parallel (||) to the boundaries is

unrestricted, but particles moving perpendicular (-L) to the boundaries are constrained by the 

restricting barriers. Tanner et. al. [8 ] showed that the probability distribution for diffusion inside 

the layer is a geometry dependent function given by:

P (r0 | r , t )  = (4 7 taDt) _1 e x p [ - (r ] x [ l  + 2 ^ e x p [ - (n 71 Dt^] c o s ( ^ L) c o s ( ^ ^ ) ] .
4Dt a a a

(2.52)

Another example of restricted diffusion is a homogeneous fluid contained in a spherical cavity of 

radius p. The expression for P ( r 0 |r, t) for this case is given in the literature [134, 135, 136],

There are several theoretical models dealing with semi-permeable barriers and numerous 

MR diffusion experiments on the “apparent diffusion coefficient” (Da) for inhomogeneous 

systems like brain tissue. In this case, Da can be influenced by the complex interaction between 

intracellular and extracellular compartments with the respective diffusion coefficients Dj and De, 

the volume fraction of the compartments, f; and fe, the cell membrane permeability, P, the 

compartmental exchange times, Tt and xe, the extracellular tortuosity, X, which is a measure of the
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effect on extracellular diffusion of obstacles in the extracellular environment that need to be 

circumnavigated, and possibly other mechanisms. Restricted diffusion will be discussed in more 

detail in section 2.3.1 on MR-Diffusion theory.

2.2.3 Diffusion time

For a particle confined to the interior of a reflecting sphere of radius R, which is neither 

transported through the boundary nor relaxed by the contact with the boundary, using equation 

(2.51) it is possible to define a dimensionless variable as [11]:

£ =  ° Td
R 2  . (2.53)

In the case of freely diffusing particles, the determined diffusion coefficient will be independent 

of the diffusion time, xD, and the measured displacement will reflect the true diffusion coefficient, 

since the mean squared displacement changes linearly with the time. However, the situation is 

entirely different for the particle confined to a sphere (i.e. restricted diffusion). For very short 

values of td, such that the particle has not diffused far enough to feel the effect of the boundary 

(i.e. £, «  1 ), the measured diffusion coefficient is the same as that for free diffusion. As XD

becomes larger (i.e. k ~ 1 ), a certain fraction of the particles will be affected by the boundary 

and the measured displacement no longer changes linearly with xD. In this case the measured 

diffusion coefficient will certainly be time dependent. At very long diffusion times, the maximum 

distance that the confined particles can travel is limited by the boundaries. This means that the 

measured mean squared displacement and diffusion coefficient both become independent of t d. 

Thus, for very short diffusion times, the measured displacement and diffusion coefficient of a 

particle in a restricted geometry, as observed by the M R signal attenuation using the MR
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Time Limit Free Diffusion Restricted Diffusion

£ « 1

$ - 1

^ » 1

Figure 2.6. The schematic diagram of free diffusion and restricted diffusion for a particle in a 
sphere with radius R in terms of the variation of the time scale. The net displacement in each 
case is shown by the length of the arrows. The effects of the restricted diffusion measurements 
can be related to these three time limits. The apparent diffusion coefficient is a function of
diffusion time for the intermediate time limit ( \  ~ 1 ) when not all of the particles feel the 
effect of the restricting barrier.

diffusion experiment, is tmly sensitive to the diffusion of particles rather than to the shape and 

dimension of the restricting geometry, which is the case for long values of td. The cases of a 

freely diffusing particle and a particle confined to the interior of a reflecting sphere are depicted 

in figure 2.6 for the three diffusion time limits. It should also be noted that the restricting 

geometry is normally not spherically symmetric (i.e. anisotropic medium) and thus the measured 

diffusion coefficient will have an orientational dependence.
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2.2.4 Anisotropic diffusion and the diffusion tensor

So far, to simplify the description of diffusion, the diffusion process has been assumed to be 

isotropic. In this case the diffusion can be characterized by the isotropic diffusion coefficient, D, 

as shown in equation (2.44). In general, however, the characterization of the diffusion process in 

a homogeneous anisotropic medium requires a second order tensor, D. Thus, the more general 

expression of equation (2.44) is

J ( r , t )  = - D V c ( r . t )  . (2 .5 4 )

This can be expanded in matrix notation as

[Jx  ( r , t) J y ( r , t )  J z ( r , t ) ] T = -

^ D x x  D X y  D x z ^

D  xy D  y y  D  y Z  

y D x z  D y Z D z z y

3 c ( r , t )  3 c ( r , t )  3c(r, t )^ .p

3x 3y 3z

(2.55)

where T indicates the transpose. The diffusion equation in this case becomes (see equation (2.46)).

3 c ( r , t)  

3 t
= V D  V c ( r , t ) (2.56)

The displacement distribution is now slightly more complicated due to the tensor 

formulation [24]:

1
P(ro I r, t) = -

r  D r
■exp[  ----- ] ,

4t
(2.57)

V|D|(47rt ) 3

where r  T denotes the transpose of r  and |D| denotes the determinant of D. As can be seen from 

this expression, for an anisotropic medium the diffusion tensor, D, which is the matrix of variance 

and covariance for the distribution is more complicated than D ,  which is simply the variance for 

an isotropic medium (see equation (2.48)). Besides, here |D| appears in the normalization factor
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Figure 2.7. The hypothetical surface of constant mean-squared displacement in a. an isotropic 
medium represented by a diffusion sphere, b. an anisotropic medium represented by a diffusion 
ellipsoid.

of the probability density function instead of D3.

The probability profile for an isotropic medium can be represented by concentric “diffusion 

spheres”, x2 + y2  + z2 = r2 = 6 Dt, (figure 2.7a) by setting the exponent of the displacement

distribution in equation (2.48) to a constant ( - ^  in this case). The surface constructed for 

anisotropic diffusion by the same process gives the following equation:

(DyyD/z  — DyZ) x + 2 (D xzD yz — D xyD z z ) xy +

( ^ x x ^ z z  - D x z ) y  +  2 ( D X y D y Z  + D x z D y y ) x z  +

(2.58)
( ^ x x ^ y y  -  D Xy )z  + 2(DxyD xz + D xxDyZ) yz = - 4 c  | D | t ,

where c is a constant. This is the equation of a three dimensional ellipsoid called the “diffusion 

ellipsoid” (figure 2.7b). To derive equation (2.58) use is made of the fact that D is a symmetric 

tensor (i.e. Dxy= Dyx, Dxz= Dzx, Dyz= Dzy). Thus, for an anisotropic medium at least six 

independent parameters are required (Dxx, Dyy, Dzz, Dxy, Dxz, Dyz) to characterize the 

displacements of the particles in the medium [24],
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2.3 Diffusion-MR Theory

The effect of molecular diffusion on NMR experiments was discovered at a very early stage in 

the development of the subject [125, 11]. The relatively poor main field homogeneity available on 

the early magnets meant that all NMR experiments took place in the presence of a constant 

magnetic field gradient. The Larmor frequency was thus spatially dependent,

co(r) = jB(r)  = y(BQ + g •  r) = co() + y(g • r) ; (2.59)

where g is defined as the gradient of the magnetic field component parallel to B0, i.e.

where i, j, k are the unit vectors of the laboratory frame of reference. The phase shift of the spins 

in the laboratory frame then becomes

t
<|)(t) = yB0t + y |g  • r( t ')d t ' , (2.61)

0

where the second term represents the phase shift due to the effects of the gradient. This shows 

that the degree of dephasing due to g is not only dependent on the strength of the gradient but 

also on the displacement of the spin in the direction of the gradient. From this analogy, it can be 

seen that a well defined magnetic field gradient can be used to label the position of a spin through 

its Larmor frequency. This provides the basis for measuring diffusion.

The pulsed gradient spin echo (PGSE) sequence, first proposed by Stejskal and Tanner in 

1965 [10], is the most commonly used NMR sequence in diffusion experiments. The sequence

consists of two equal rectangular gradient pulses of duration 8  inserted into each T = 3T- period 

of a SE sequence. Although these gradients, which are called diffusion sensitizing gradients, can
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D ephasing R ephasing Sm all echo signal
affected by diffusion

Figure 2.8. The Stejskal-Tanner diffusion pulse sequence. The rectangular gradient pulse of 
duration 8  and magnitude g is inserted into a spin echo sequence sensitizing the system to 
diffusion so that the signal will be attenuated due to the diffusion process.

be applied in any direction, it will be assumed for notational simplicity that they are in the z-

direction. (i.e. g = — Bzk).  As illustrated in figure 2.8, at thermal equilibrium the spin system 
dz

consists of an ensemble of diffusing spins and the net magnetization is oriented along the z-axis. 

A 90° RF pulse is applied to rotate the macroscopic magnetization from the z-axis into the xy 

plane (i.e. perpendicular to the static field). Following the first RF pulse, at time t, a gradient
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pulse of duration 8  and amplitude g is applied. As a result, the spins experience a phase shift 

given by (see equation (2.61))

t+ 8

<Kt + 8 ) = yB0  (t + 8 ) + yg J  z(t') d f ^  ^

where g is taken out of the integral since it is a constant amplitude gradient. At time -^ 2 , a 180°

RF pulse is applied. The effect of this pulse is to reverse the sign of the phase. At time t +A, a 

second gradient pulse with the same amplitude and duration is applied. If the spins have not 

undergone any translational motion with respect to the z-axis, the effects of the two applied 

gradient pulses cancel and all spins refocus. However, if the spins have moved (e.g. through the 

diffusion process), the degree of dephasing due to the applied gradient is proportional to the 

displacement in the direction of the gradient that occurred in the time period A (i.e. the time 

between the leading edges of the gradient pulses).

2.3.1 Attenuation of the MR signal due to diffusion

It is possible to find the signal attenuation due to diffusion during a MR experiment by solving 

the Bloch equations with diffusion terms incorporated. The Bloch equation for the macroscopic 

nuclear magnetization, M (r, t) = M xi +  M yj  + M zk  , when diffusion is considered, is given by 

[125,11]

dM (r ,  t) 1 1 2
 = M x yB(r,  t)   ( M x i + M vj) ( M z -  M 0)k + D V 2M

dt T 2  Tx

in the laboratory frame. If we consider the static field B(r, t) to consist of B 0  =B0k  and a small 

gradient g, such that
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B x  =  0 ,  B y  = 0 ,

(2.64)
B z = B o + ( g * r ) = B 0  + g x x + § y y  + g z z 

and note that

M  x B = ( M y B z -  M zBy )i + ( M ZB X -  M XB Z ) j  + ( M x By -  M y B x )k > (2.65)

equation (2.63), for the transverse magnetization Mxy= Mx + iMy, can be written as 

dMXy M Xy 2

— —  = -ico M -  iy(g • r)M    + DV M (266)
dt xy xy t 2  y ' tz.oo;

To facilitate the solution of equation (2.66), the simpler situation where g=0 and the effects 

of diffusion are ignored, will first be considered. In this case, it can be shown that [21]

M xy = M 'Xy exp(-ico0 t - i - )  (2 6J)

where MXy, the amplitude of the precessing magnetization, is time independent (see also section

2.1.4). A useful trial solution to equation (2.66) can then be generated by replacing the constant

Mxy, by Mxy(r, t) in equation (2.67). Substitution of this trial solution into equation (2.66) gives

dM'™ 2

 = -iy(g  • r)lVf + DV Nf n
dt xy xy • iz.oo;

In the absence of diffusion, the solution to equation (2.68) (a first order ordinary 

differential equation) is

M ' ( t)  = M ' (0) ex p (- iy r  • F )  ̂ ( 2 m

where
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I

F ( t )  = JgC O d t ' (2.70)

Equation (2.69) can now be used to generate a trial solution for equation (2.68) by replacing the 

constant M'xy (t = 0) by the function M xy (r, t ) . Substitution of this trial solution into equation 

(2 .6 8 ) gives, after some simplification:

and thus

—  M ' ( r , t )  = - y 2 D F 2 M" ( r , t )  
dt xy xy

Mxy(t) 2  V 2  , ,
In ~~ = - y  D |  F  ( t ')d t'

Mxy (0 ) QJ

(2.71)

(2.72)

This can be written in the more convenient form

M xy(t) = M 'y(0)e-bD , (2.73)

where the so called “b-factor”, also sometimes called the gradient or diffusion weighting factor, is 

defined as

b = /j(j{g(Od,Vd.'
0  0

Thus, the full solution to Bloch’s equation with diffusion can be obtained by combining equations 

(2.67), (2.69) and (2.73) and is given by

. „ -b D  - t / T  - i ( c on + r * F ) t
M ( r ,  t )  = M ( r , 0 ) e e 2 e 0  n

xy xy •

MR theory in the presence of small magnetic field gradients was initially developed [1,2] 

to deal with inhomogeneities in the main magnetic field. In this case g is time independent and b
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1
can readily be evaluated to give b = —Y2 g 2 t3 . However, in this case, both b and g are functions

of position. W ith the magnets used in MRI today, these inhomogeneities are very small. Of more 

importance are the applied gradient fields. These gradients are applied in pulses (i.e. time 

dependent) and are normally linear, of constant amplitude and independent of position within the 

bore of the magnet. To evaluate equation (2.74) for specific MR sequences, the applied gradient 

must be replaced by the “effective field gradient”, ge®, such that the sign of the effective field 

gradient is changed every time a 180° RF pulse is applied.

The b-factor for the Stejskal-Tanner sequence in the case of free diffusion can be shown to 

be [1 0 ]

diffusion experiments is known as the diffusion time, xD. The diffusion echo signal attenuation 

thus can be written as

In the limit 5 -> 0, while increasing the gradient strength so as to keep the product g8  (i.e. the 

area under the diffusion gradient pulse) finite, the signal attenuation due to diffusion simplifies to

b = y 2 g 2 5 2 (A_ i 5)
(2.76)

by performing the integration in equation (2.74) from t=0 to t=TE. The factor (A

In

xy ' '
(2.77)

In E = - y 2 D g 2 5 2A (2.78)

46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.3.1.1 MR signal attenuation due to restricted diffusion

Although the derivation given in the previous section was performed for free diffusion in 

isotropic media, it can also be derived generally for anisotropic diffusion using the diffusion 

tensor D instead of the scalar diffusion coefficient. If the gradients were applied along three

Cartesian directions, the signal attenuation due to diffusion would be described as [11, 24]

lnE  = - [b xxD xx + b yyD yy + b zzD zz + ( b xy + b yx)Dxy + ( b xz + b zx)Dxz + ( b yz + b zy)Dyz], (2.79) 

where by is now defined by

by =y2g ig j5 2( A - j 5 )  (2.80)

for a PGSE sequence.

In analyzing the diffusion sequence for restricted diffusion with a non-Gaussian 

propagation characteristic, the diffusion time dependent “apparent diffusion coefficient” can be 

defined as the initial slope of the diffusion decay, which will no longer be exponential, in general 

[111]. The echo signal intensity, E(q,TD), which can be calculated theoretically from a knowledge 

of the initial spatial concentration distribution, p(r0), and the displacement probability P(r0| r, xD), 

discussed earlier in section 2.2.1, as [125,10,11]

E(q,xD) = Jp(r0) JP (r0|r,TD)ex p (i2 7 tq (r-r0))drdr0 , (2.81)

where q = (2k )' y8  g. This equation gives a Fourier relationship between the displacement 

probability and the diffusion signal attenuation. For example, for molecular diffusion in a box 

with parallel barriers separated by a distance a, P (r0| r, xD) is defined by equation (2.52). In this 

case, E(q,xD)can be calculated as [8 ]
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. 2{l-cos(27tqa)l , n 2 ji2 DxD. 1 -  (-1)" cos(27tqa)
E(q,TD) =  \  4  ; j +4(27tqa)2^ e x p (  y > V . (2.82)

(2 itqa ) 2 a 2 {(2 rcqa)z -  (mi) 2  }z

Once E is determined Da can be evaluated from the initial slope of the InE vs. q2 decay 

curve. This definition for Da is motivated by the free diffusion case (where the decay is 

exponential) from which we get (see equation (2.78))

3 InE  1 3 InE
D a = lim(----^ — ) = — j— lim(— — -)  (2.83)

b̂ ° 3b 4k 2t d 3q 2

However, to properly use the theoretical models, such as Karger’s equations for exchange in a 

two compartment system, there are other parameters including membrane permeability and 

exchange time which have to be considered [127],

The investigation of restricted diffusion in biological tissue (e.g. brain tissue) is becoming 

of great importance. Due to restricted intracellular and extracellular diffusion, it is expected that 

intracellular water contributes predominantly to the signal at high b-factors or equivalently high 

q-values. However, the effects of restriction can be detected not only at high b-values but also at 

short diffusion times. Restriction manifests itself as a difference in signal attenuation for the same 

b-value at different diffusion times. This is studied for in vivo human brain in this work.

2.3.2 Echo planar imaging

As previously discussed, echo planar imaging (EPI) is becoming the standard technique for ultra 

fast imaging in M R experiments, particularly MR-diffusion studies, despite its being first 

proposed by Mansfield more than 20 years ago [126, 37,138]. EPI is characterized by a very short 

readout train of typically 2 0  to 80 ms, a high acquisition bandwidth in the read direction and a 

very low bandwidth along the phase-encoding axis. The typical acquisition time is generally
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sufficiently short to freeze out most in vivo motion which is a very important consideration for 

those interested in diffusion imaging experiments [35, 36].

According to Norris [126], single-shot EPI is the only MR technique that yields high 

quality images which are intrinsically insensitive to macroscopic or bulk motion without 

compromising on sensitivity. The speed and the motion insensitivity of diffusion weighted EPI 

(DW-EPI) make this method the best choice for the overwhelming majority of diffusion 

experiments. In spite of its advantages with respect to avoiding motion artifacts, EPI is 

susceptible to artifacts such as N/2 ghosting and Gibbs artifacts which will be discussed in the 

next section on noise theory. The sensitivity of single-shot DW-EPI to magnetic field 

perturbations resulting from eddy currents and variations in magnetic susceptibility is another 

limitation of this technique. However, eddy current effects are less problematic on modem high 

performance MR systems with recently developed DW-EPI pulse sequences [124,128,158],

2.3.3 Diffusion time in MR diffusion measurements

The concept of a diffusion time is based on preparing a system in a known initial state, allowing 

the system to evolve by diffusion for a well defined time, Td, and then measuring the state of the 

system at time xD to see the effects that diffusion had on the system. In MR this idealized 

experiment would be done by using a gradient pulse of amplitude G and duration 8  where 

8  — » 0  at time t= 0  to prepare the initial state and an identical gradient pulse to sample the state of 

the system after the diffusion time. If no diffusion has occurred between the two gradient pulses 

then the measured signal at time xD will be the same as the signal at t= 0  (ignoring relaxation 

effects). Otherwise, the signal at XD will be attenuated (see equation (2.73)) by an amount that 

depends on b which, for this idealized experiment would be (see equation (2.76))
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b = y2g 2g2A , (2.84)

where A, the time between the gradient pulses, is equal to the diffusion time.

In practice, 8 -function gradient pulses cannot be generated so equation (2.84) is valid only

for this idealized experiment. For finite gradient pulses b is given by equation (2.76)

b = Y2 g 2 5 2 ( A - ^ 8 ) , (2.76)

where the diffusion time, Td, is considered to be

t d = ^ - W = a 4 5 - (2-85)y 2 g 2 § 2  3

2.3.4 Eddy current effect

MR sequences can provide pulsed gradient protocols with rapidly switching input waveforms. 

However, interaction of the changing magnetic field gradient with surrounding conductive 

components within the MR system (e.g. magnetic shields, magnet coils) induces eddy currents 

which generate a time-spatial dependent magnetic field which gets superimposed on the desired 

gradients [121], Although DW-EPI is well known to be insensitive to severe motion induced 

phase artifacts, it can be affected strongly by eddy currents induced by the diffusion gradients 

resulting in unwanted perturbations to the local magnetic field. The low bandwidth of the EPI 

sequence in the phase-encoded direction leads to significant distortions caused by phase shifts 

due to the perturbed local field of the spins [124,130,131].

The resulting distortion of the image can be described in terms of shears, magnifications (or 

demagnifications) and translations in the phase encoded direction of the distorted image. This is 

due to phase shifts resulting from the residual field in the readout, phase-encoding and slice 

selection directions, respectively, as discussed by Horsfield [131], The magnitude of this phase 

shift is given by the following equation:

50

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



AO ( r , t )  = yTe [AB Ex ( r , t )  +AB ey ( r , t )  + A B Ez ( r , t )]  , (2.86)

where Te is the time between subsequent gradient echoes in the EPI echo train, and ABExyz(r  ,t) 

are the magnetic field shifts from the gradients in x, y and z directions due to the eddy current 

effect. Since the phase shift can be related to the position in the phase-encoded direction, rpe, by

27tTpe
FOV ’ (2.87)

AO

the change in rpe, due to the phase shift, Arpe, is [131]

Arpe = -^—yTeFOV [ A B Ex ( r , t )  + A B Ey ( r , t )  + A B Ez (r, t ) ]  ( 2  8g)

In order to minimize eddy currents, several methods are widely employed in MR systems. 

Design considerations such as physical separation of gradient coils from cryostat components to 

minimize the electromagnetic coupling of the gradient currents with any conductive parts in the 

magnet cryostat, shielded gradient design and active eddy current compensation or so called 

“gradient pre-emphasis”, which is accomplished by changing the shape of the field gradient 

amplitude envelope to compensate for the eddy current induced fields, are commonly used in 

state-of-the-art high performance MR systems. To undo the effects of the additional gradient 

fields due to eddy currents, there are also some proposed modifications and algorithms 

[124,130,131] which may require manual recalibration of sequence timing. In the Siemens 

sequence described in the following section, the eddy current issue is considered in terms of the 

design of the pulse sequence with no cost in scanning efficiency or effectiveness compared to the 

conventional diffusion sequence of Stejskal and Tanner [124].
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Figure 2.9 a. The timing diagram of the TRSE sequence, b. The build up and decay of eddy 
currents due to switching of the gradients.

2.3.5 Siemens diffusion sequence

In the standard PGSE diffusion sequence of Stejskal-Tanner, a single refocusing (7t) RF pulse is 

applied. Using more than one refocusing pulse permits variable intervals between the pulses, 

requiring only that the spin’s alternating defocusing and refocusing times, 8j, sum equally at the 

time of the desired spin echo. This flexibility in timing could be an advantage when used for 

diffusion imaging [124,132],

A SE diffusion sequence with two refocusing pulses forms the twice-refocused spin echo, 

TRSE, sequence shown in figure 2.9. The TRSE sequence compromises neither the efficiency
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nor the effectiveness of the single-refocusing Stejskal-Tanner Pulsed Gradient SE sequence 

(PGSE), while reducing eddy current distortion. The bipolar field gradients, Gd, are applied in the 

TRSE sequence with the RF refocusing pulses splitting each bipolar pair as shown in figure 2.9a 

(i.e. 8 = 8 1 +  8 2  =  8 3  +  8 4 ). By adjustment of the diffusion gradient duration, eddy current induced 

time dependent magnetic fields can be cancelled and thus image distortion can be entirely 

avoided [124]. The graph below the timing diagram of the sequence in figure 2.9b shows the 

build-up and the decay of eddy currents due to gradient switching. The on and off diffusion 

gradient transitions that generate the eddy currents are shown in bold black arrows. The diffusion 

gradient durations are evaluated such that the eddy current build-up is nulled prior to readout, as 

discussed by Reese [124]. The so called “ep2d-diff” sequence on a 1.5 T Siemens Symphony uses 

the diffusion sensitized spin preparation of the TRSE sequence with a single-shot EPI readout, as 

proposed by Heid [132], to provide diffusion experiments with better quality and more flexible 

diffusion gradient timing.

2.4 Noise in MRI

2.4.1 The sources of noise in MRI

The noise in MR measurements is quite different from that obtained with other imaging 

modalities such as radiography, computed tomography, positron emission tomography, etc., 

where the noise is basically related to counting statistics. In fact, the noise in MRI is not 

dependent on the signal value measured, rather it is primarily dependent on the coil resistance and 

the volume of the subject that the coil “sees” [118, 119,121].
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The noise due to the resistance of RF coils increases with operating frequency, but the 

strength of the functional dependence varies considerably with the kind of sample being 

measured. For non-conducting samples, the noise is just thermal noise originating in the 

resistance of the receiver coil. This is known as electronic noise or Johnson noise. A classical 

relationship given by Abragam [168] suggests that the noise is proportional to C0o1/2 for this case. 

He also argues that, since the NMR signal itself originates from the emf induced in the receiver 

coil by the rotating nuclear magnetization (i.e. Mxy after a 90° RF pulse), from Faraday’s law of

induction the amplitude of the emf generated by this varying magnetic flux ) will be

proportional to the static magnetic field B0  and hence to the square of the Larmor frequency, i.e.

dO dM xy 'y
emf oc  =icooM (0 )e lt0ot °c0 0 oBo ro qq\

dt dt xy •

Using this equation, Abragam shows that the SNR should be proportional to o>o3/2- In a more 

realistic analysis, Hoult and Richards determined that the noise for non-conducting samples is 

only proportional to C0 q1/4, so that the SNR increases as coo™ [118].

The situation in a conducting sample is considerably more complex since the sample itself 

becomes a source of noise. The most significant example of such a sample is the human body. In 

the physical model of Hoult and Lauterbur [119] the noise from this source is proportional to coo, 

giving a SNR which increases linearly with frequency. They have shown that the noise is 

associated not only with receiving coil resistance, R, but also with noise originating from the 

sample (i.e. the human subject). The “sample noise” is a result of both “dielectric” and 

“inductive” or “magnetic” losses which can be expressed as an equivalent noise resistance.

Every coil has distributed capacitance associated with its turns. This capacitance is 

proportional to the coil diameter per unit length. Electric lines of force due to this capacitance
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pass through the sample and result in an equivalent series resistance, Re, related to the distributed 

dielectric loss from the sample. The noise generated by dielectric coupling increases as Re 

increases [118]. Fortunately, these losses can be minimized by designing the RF transmission 

coils to produce E fields which are small.

A far more serious loss mechanism is the one associated with currents induced inside the 

sample due to inductive coupling with the B! field of the RF pulses. Hoult and Lauterbur [119] 

have derived an expression for these inductive losses which shows a significant dependence on 

physical dimensions and operating frequency. The depth of penetration of the Bi field into the 

conducting sample is closely related with the inductive loss in the sample and the currents caused 

by the magnetic conduction within the surface layers of the samples. The inductive loss results in 

an associated resistance, Rm, which shields the RF field. Hoult and Lauterbur have derived an 

expression for Rm in series with a solenoidal receiving coil by finding the conductance of the coil 

and the emf induced around the coil by an alternating Bi field [119].

Considering the main sources of noise in MRI, to be electronic noise and sample losses, the 

formula for the SNR of MR measurements proposed by Chen and Hoult for a volume AV inside a 

conducting sphere of radius b is given by the following equation [121,118,119,143]:

S N R = M  o AV(-----^ — ) 1 / 2  r 2

8 jtkTb5Av ’ U 'yU)

where M0 is the equilibrium magnetization, which is proportional to field strength B0, T is the

temperature of the sample (not of the coil), p is the resistivity of the coil, k is Boltzmann’s

constant and Av is the bandwidth of the signal. The ratio of imaging volume, AV, to the total

volume of the RF receiver coil and the acquisition bandwidth are two parameters which can be

adjusted to improve the SNR of MR measurements for a given magnetic field strength. The others
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are mostly fixed for medical imaging applications. There is no way, for instance, to cool the

patient during an MR imaging session.

The SNR can also be presented in terms of the FOY and the acquisition bandwidth, Av,

(assuming that the number of averages is one) as:

1 FOV FOVv 1
SNRocAXAYAZ(— )i / 2  _ — — — I-AZ( — ) 1 / 2  , (2.91)

Av Vn 7  Av

FOV FOVv
where x and —= = -  are the spatial resolutions in the x and y directions and AZ is the slice

Vn 7

thickness for a transverse image. Nx and Ny are the number of times the signal is sampled in the x 

and y directions, respectively.

2.4.2 Gaussian, Rician and Rayleigh distributions

The noise on the real and imaginary signals measured in MRI is well described by a Gaussian 

probability density function (PDF) both in k-space and after Fourier transformation where the 

Gaussian PDF is given by

1 ( M - A ) 2

p<M|A' a ) = 7 w exp[" ^ ^ 1’ <2-92>

where M is the signal intensity corrupted by noise of variance o 2 and A is the “true” signal 

intensity (i.e. the signal induced by the nuclear magnetization).

Although all of the information about the object being imaged is contained in the real and 

imaginary signals, it is more practical to generate the images from the magnitude of the measured 

signals. The calculation of pixel magnitudes from the real and imaginary data is a non-linear
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operation under which the Gaussian PDF for the noise is transformed into a Rician distribution 

for which the PDF is given by [133,160,161]:

where Io is the zeroth order modified Bessel function of the first kind, M is the measured 

intensity, A is the image pixel intensity in the absence of the noise, and a  is the standard 

deviation of the Gaussian noise on the real and imaginary signals. The subscripted M on the left 

hand side of equation (2.93) indicates that Pm (M | A, a) is the PDF for the magnitude of the MR 

signal (see also section 4.2). It can be shown for magnitude MR images that, although the Rician 

PDF reduces to a Gaussian PDF for high SNR, it deviates significantly from a Gaussian when the 

SNR is low, leading to noise biased results.

The two interesting limits of the Rician distribution are when the SNR, which equals A /o in 

this case, is very small or very large. The first limit, when A / a —>0, corresponds to image 

regions where only noise is present. In this case the Rician PDF reduces to the Rayleigh PDF 

given by [133,160]

The “true” noise power, a 2, can be determined from the magnitude image through the evaluation 

of either the mean, <Mbkg>, or the variance, a ^ , for a region of the image where there is only 

noise since for a Rayleigh distribution [133-142]:

(2.93)

(2.94)

(2.95a)

and
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Figure 2.10. The probability density functions of the magnitude image versus SNR.

<Im = (2 -  7t / 2)a2 . (2.95b)

The other interesting limit for the Rician distribution corresponds to large signal intensities 

such that A / a >3.  In this limit the Rician distribution tends to a Gaussian distribution with a

mean of (A 2 + a 2 )1' 2 and a variance equal to o 2 [133]:

PM(M| A , a ) -  . 1 exp[-(M  -  Va 2 +cr2) 2 / 2 o 2]. (2.96)
V27TG2

Although the mean of this PDF is not equal to the “true” image intensity, A, this small

deviation is not important when the SNR is large enough (>3) .  However, this bias cannot be

ignored when the SNR is small, as is the case for MR diffusion experiments at very high b- 

values. More details about the magnitude image bias due to the Rician noise are given in chapter 

4 where several techniques for noise correction are proposed. The Rician PDF is shown in figure 

2.10 in the low SNR (Rayleigh), intermediate SNR and high SNR (Gaussian) limits [133-142],
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2.4.3 Artifacts in MRI

Image artifacts are structures in the image which do not correspond to the object being imaged. 

The purpose of reviewing image artifacts in this work is to describe the most significant artifacts 

that can affect the measured value of the signal intensity, the noise, or both in MR diffusion 

measurements. Care must be taken to avoid contributions from artifacts during the post 

processing and data analysis of the images. The artifacts which are discussed here include 

“motion” artifacts, ghosting, N/2 artifacts as well as Gibbs ringing or truncation artifacts. There 

are many other artifacts, such as B0 inhomogeneity artifacts, susceptibility artifacts, chemical 

shift artifacts, etc., which can also distort MR images [121]. These will not be considered further 

in this thesis.

2.4.3.1 Ghost artifacts

Ghost artifacts manifest themselves as an extra image of the object in the phase encoding 

direction but offset from the correct location of the image of the object. Ghost artifacts are a result 

of phase errors in k-space. These phase errors can be generated in a variety of ways depending on 

the MR experiment, the sequence applied and the anatomy of the object being imaged. Two 

common sources of phase errors that lead to ghosting artifacts are bulk motion of either the whole 

object or part of the object (e.g. respiratory motion) and blood flow.

As mentioned above, ghost images generally occur in the phase encoding direction, 

independent of the direction of the motion. Ghosts arise in this case because the motion 

modulates the magnetization measured in k-space. When the k-space data are Fourier transformed 

to generate the MR image these phase modulations in k-space lead to a shift of the object in the
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image domain. Any process that changes the phase or magnitude of the magnetization during data 

acquisition can cause ghosts in an MR image.

2.4.3.2 N/2 ghost artifacts

EPI sequences are particularly susceptible to ghost artifacts resulting from modulation of the k- 

space magnetization. A problem specifically related to EPI is that every second line of k-space is 

read under a negative gradient (i.e. every other line is registered in the opposite direction). This 

can result in the generation of ghost images known as Nyquist or N/2 ghosts since they are shifted 

by one-half of the FOY [121,158],

The N/2 ghost artifact arises because the odd and even echoes are acquired under opposite 

read gradients and the data require reversal prior to image reconstruction. Inaccurate timing of the 

sampling relative to the switched gradients, temporal asymmetry in the analogue filter and/or 

inhomogeneities in the static field can cause a modulation of alternate lines in k-space. This leads 

to ghost images shifted by ± N / 2  pixels in the phase encoding direction. The linear phase shift 

between odd and even lines in k-space due to the time delay causes a modulation of the k-space 

signals. This can be seen through the Fourier shift theorem f  (x -  t) <-» e -2mxkF(k) to cause a shift 

of the object position in the image.

One source of non-uniform time sampling that can cause N/2 ghosting is eddy currents 

which arise every time the gradient is turned on or off. Eddy currents induce an additional 

magnetic field, which causes a delay in the applied gradient field reaching stability at the desired 

amplitude. This time delay occurs in every other line with the opposite sign causing the sampling 

distances in k-space to be unequal. This leads to a zigzag pattern for the k-space trajectory and 

thus to ghost images shifted by ± N / 2  pixels. A typical N/2 ghost image is shown in figure 

2 .11b.
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a. b.

Figure 2.11. a. The zigzag pattern of k-space for an EPI sequence due to a time delay in the signal 
acquisition, b. A typical image showing N/2 ghosting corresponding to a k-space trajectory 
similar to that shown in a.

Low pass filtering in the receiver system is usually used in MR experiments in order to 

reduce high frequency noise and to get a better SNR. However, this operation can also introduce a 

time delay which is in opposite directions for odd and even lines and this can also become a 

source of N/2 ghosting [158],

2.4.3.3 Gibbs artifact

Gibbs artifact is caused by sampling a limited band of spatial frequencies in k-space while an 

object with sharp edges contains some power at all frequencies. This is due to assumptions made 

for the Fourier transformation process, which are only approximately correct. The Fourier 

transform strictly applies to functions that are of infinite range. However, it is not normally 

practical to acquire MR signals over times longer than a few tens of milliseconds.
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Figure 2.12. The truncation filter resulting in Gibbs ringing (solid line) in comparison with the 
ideal profile (dashed line).

If the signal magnitude is significantly above the noise level at the beginning and at the end 

of the sampling window, Fourier transformation of the signal to form the M R image results in a 

truncation artifact. Tmncation or Gibbs artifact can be observed in both the readout and phase 

encoding directions depending on the signal sampling conditions. For example, if a limited band 

of spatial frequencies is sampled in order to reduce the total imaging time this artifact can be seen 

in the frequency encoding direction. Since the image is reconstructed from the limited data, 

through the inverse Fourier transform, the truncation artifacts manifest as ripples which overshoot 

in the vicinity of edges, or sharp transitions in signal intensity in the image (figure 2.12). This is 

known as Gibbs ringing. A low pass spatial-domain filter such as a Hanning filter, which has a 

cosine roll-off and is set to a value of 1 at the middle, and 0  at the ends, is often used to reduce
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the ringing. The smooth roll-off of the Hanning filter produces less ringing (Gibbs phenomenon) 

than a square cut-off filter such as truncation. [121, 158],

2.4.3.4 Motion artifacts

There are a variety of sources of motion, which can degrade MR images. The most problematic 

physiologic motions include blood flow, cerebrospinal fluid (CSF) pulsation, periodic respiratory 

or cardiac motions, swallowing, gastrointestinal peristalsis and patient motions (especially in the 

case of pediatric imaging).

Blurring associated with motion is generally slight and occurs in the direction of motion. 

Ghost images due to the motion, however, can be significant and occur only in the phase 

encoding direction independent of the motion direction. Motion causes phase shifts which depend 

on the velocity of the moving structure and also on the configuration of the gradient pulses. The 

velocity of many anatomic structures changes during the course of several minutes of data 

acquisition and the phase changes accordingly. Phase shifts also reduce the magnetization in a 

particular voxel if the spins in that voxel have a distribution of velocities. This is called the intra 

voxel phase dispersion. It is clear that voxels will have a lower signal intensity if their 

components have a range of phase angles (i.e. some spins are out of phase with each other). A 

great many strategies have been developed to correct for motion induced phase shifts, which 

cause motion artifacts. As mentioned before, the single shot EPI sequence is well known to be 

insensitive to bulk motion because it is a very fast sequence. This is the main reason why most 

MR diffusion measurements are done using a diffusion-weighted EPI sequence.
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2.4.3.5 Chemical shift artifacts

The Larmor frequency of a particular spin is determined by the applied magnetic field, B0, and 

small perturbations to this field from the local environment of the spin. The shift of the resonance 

frequency due to this local magnetic field from some reference resonance frequency is called the 

chemical shift. The most commonly observed chemical shift in human MR imaging is between 

fat and water. Since the position in the MR image is determined by the frequency of the signal, 

the chemical shift causes a misregistration of the fat signal in the image relative to the water in 

the frequency encoding direction. This effect is spatially constant. The chemical shift is 

proportional to the magnetic field strength so that at higher fields the shift, in terms of the number 

of pixels, is much greater.

2.4.3.6 B0 inhomogeneity artifacts

In contrast to chemical shift, B0  inhomogeneities introduce a spatially varying off-resonance 

effect. Magnet imperfection and susceptibility effects due to different materials (e.g. patients 

having metallic implants) can lead to field inhomogeneities. The resonance frequency of a spin is 

expected to be yB0, but in the presence of a magnetic field inhomogeneity, AB0, it will become 

Y(Bo + AB0 ). This will cause the signal coming from this location in the object to be shifted from 

its true location in the image along the frequency encoding direction by ABo/Gx. AB0  may either 

be due to magnetic field imperfections or the difference between the magnetic susceptibilities of 

two adjacent substances, i.e. AB0 (%[ -  %2) ■ The local image distortion caused by 

susceptibility artifacts mostly occurs at air-tissue, and bone-tissue interfaces [ 1 2 1 ],
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2.5 Curve Fitting Theory

The behavior of a system by the process of self diffusion in MR diffusion studies is characterized 

by exponential decay curves. With homogeneous systems like pure water, the signal attenuation 

due to diffusion leads to a mono-exponential decay curve. For an inhomogeneous system like 

human brain tissue, the decay curves are more complex. They may be the sum of two or more 

exponential functions and hence, for this case, there are many more parameters to be determined 

in order to obtain the best fit to the curve. These terms could originate, for example, from the 

effect of different environments or compartments in the tissue like intravascular, intracellular and 

interstitial regions. The investigation of the behavior of such a system and the accurate 

determination of the parameters that describe this behavior requires a precise characterization of 

the distribution of diffusion coefficients in the system [102, 148].

The multi-exponential behavior of the diffusion process in an inhomogeneous system can 

be described by the general integral equation

•^max

Yk(b)=  Js(D )exp(-bD )dD + ek(0 ,c )  k= l, 2 . . .m ,  (2.97)
^ m in

where the Yk (b) are the measured data at the value of b, S(D) is the unknown weighting factor or 

the amplitude of the spectral component for the value of the variable diffusion coefficient, D, and 

£k is the noise component of the measured data for b. The exponential terms are the kernel of the 

integral which can be generalized and applied for any particular system under investigation. As 

Whittall and MacKay stated, this works well for the analysis of the decay functions for T 2 

relaxation (i.e. exp(-t/ T2)) for spin-spin relaxation studies [109, 145, 146],
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In order to solve equation (2.97) using a computer the integral must be converted to a sum 

of exponential decay terms. This can be done either by introducing the assumption that S(D) is a 

sum of delta functions [109]:

S(D) = J S j 5 ( D  —D j) (2.98)
j=i

or a piece-wise continuous spectrum over many small ranges of D:

Y (b j) = ^ f y S j  where f,j = exp(-b;D )dD  . (2.99)
j=i

The general integral for both of these cases (equation (2.97)) can be written in the following 

form:

Yk(bs) = J s j exp(-biD j ) + ek , (2.100)
j=i

where the Sj are the unknown fractions at the known variable diffusion coefficients Dj. This is our 

assumed model for the diffusion behavior of the brain tissue in the MR-diffusion studies.

Equation (2.100) can also be written in matrix form as

As = y , (2.101)

where y is an m-vector that contains the results of the m measurements being considered, s is an 

n-vector and A is an m x n  matrix. The elements, Sj, of the vector s correspond to the signal 

fractions, Sj in equation (2.98), and the elements of A are given by

A ij= e " b,Dj . (2 .1 0 2 )

If the Dj values are known, equation (2.101) describes a system of m linear equations in n

unknowns. Although th e D j’s are in fact not known, this will prove to be a convenient

formulation of the problem in the following sections.
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This can also be viewed as a least-squares problem since in order to solve equation (2.101) 

a solution, s , must be found that minimizes the Euclidean norm of As -  y denoted as

2.5.1 Least Squares

The conventional method of analyzing multi-exponential decay curves uses a least squares 

analysis to fit the curves to a function with a predetermined number of discrete exponential terms 

which the experimenter has decided in advance is appropriate for the experimental data set. This 

is a non-linear optimization method which solves equation (2 .1 0 0 ) for the amplitudes, Sj at 

unknown D j .  This method normally requires a starting model (i.e. guesses) to begin iterations.

In the non-linear least squares algorithm of Levenberg-Marquardt, % 2 is minimized by 

iteratively comparing the experimental data with corresponding values generated using the user 

defined function (and its derivatives with respect to each adjustable parameter) until the best 

agreement is obtained [147]. The coefficients assigned at the beginning of the program are the 

initial guesses to be used in the fit. An iteration loop is then entered while monitoring successive 

values of %2. Uncertainties are also derived from the square root of the diagonal elements of the 

covariance matrix which is returned after the fit is completed. This method is often unstable when 

there are more than two exponential components involved in the decay curves or when any two of 

the exponential terms are similar. In this case a linear inverse technique based on minimization of 

the least squares misfit is a better method for fitting multi-exponential decay curves.

(2.103)
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2.5.2 Non-Negative Least Squares

Non-Negative Least Squares (AWLS) is a linear inverse technique for solving least squares 

problems that has been shown to work well for multi-exponential systems [108]. This technique 

also has the advantage over more commonly used approaches that there is no need to specify 

beforehand the number of exponential terms in the solution or initial guesses for the fit 

parameters beyond specifying the limits for the fit parameters to be considered. These limits will 

normally define the range over which the parameter has physical meaning. It is also not 

susceptible to converging to a local minimum that is not equal to the true minimization of the 

Euclidean norm given in equation (2.103). .

Consider the system of linear equations

A s= y  , (2.101)

where A is an m x n  matrix of rank k, s is the n-vector of unknowns and y is an m-vector. The 

NNLS algorithm computes one component of yi at a time by solving the reduced problem

A,.sr =y , (2.104)

where A r is an m x n  matrix and s r is the trial solution for the given iteration. With each 

iteration one additional column of A is introduced into A r and the other columns are zeroed. 

Only those components of s with a corresponding non-zero column in A r are solved for in a 

particular iteration. The most important part of the algorithm is the way in which the new column 

to be incorporated into A r is chosen for a particular iteration. This choice is done such that the 

new component introduced into s r is positive and the residue function is reduced relative to the 

previous iteration, thus ensuring that the algorithm converges to a solution where all of the 

components of s are non-negative. The algorithm proceeds until all of the columns of A have
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been considered or until there are no more columns of A that will lead to an improved solution 

when included in the algorithm.

The column which is to be added in each iteration is determined by finding the largest 

component of the dual vector, w, defined as [108]

where s is the solution obtained in the previous iteration. If w t is the largest component of w such 

that the column of A has not yet been incorporated into A r and w f > 0  then the P. th column 

of A is the new column included in A r for the current iteration. The proof that this algorithm 

chooses the most appropriate column can be found in Chapter 23 of reference 108.

The reduced least squares problem given by equation (2.104) is constructed by the 

algorithm such that the problem can be readily solved by QR-decomposition followed by back 

substitution (see figure 1 in Appendix I). For any m x n  matrix, A , it is possible to construct an 

orthogonal matrix, Q , such that

where the elements of R  below the main diagonal are all zero [108], After Q is constructed its 

transpose can be applied to equation (2.104) to give

As long as rank(A) = n < m ,  this system can readily be solved by back substitution. It is 

important to note that orthogonal matrices preserve the Euclidean norm under multiplication 

[108], Thus

w = A T( y - A s )  , (2.105)

A = QR , (2.106)

Q TAs = Rs = Q Ty . (2.107)

(2.108)
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The orthogonal matrix Q is constructed as the product of Householder transformation 

matrices [144,108]. For any non-zero vector v, the Householder transformation matrix, Q j , is 

defined by [108,144]

Q 1v = -o||y|le1 , (2.109)

where

e, = (2.110)

and

o  = -
[ + 1  if v > 0

- 1  if v < 0
(2 .111)

The important thing to note is that the elements of QjV are all zero except for the first element.

The orthogonal matrix Q , , can be constructed from v using the following definition

Ql -Im -
2 u u

Hull
(2 .112)

where

u  =  v +  ct v e. (2.113)

and I  m is the m x m identity matrix.

If we let v be equal to the first column of A then Q, A will have all zeros in the first 

column below the first row. If we now let v be equal to the elements of the second column from 

row 2 to the bottom of the column we can construct an orthogonal matrix Q 2 such that Q ,Q 2 A is 

zero below the main diagonal for the first two columns. If we continue in this way we can
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construct an orthogonal matrix, Q = Q n_i Q 2 Q 1 such thatQ A  = R , where R is  zero below

the main diagonal [144,108],

The NNLS algorithm works based on the above mentioned general computational procedure 

to find the solution vector s for the constrained least squares problem through minimizing the chi- 

square misfit. This algorithm converges in a finite number of iterations using non-negativity 

constraints for the Sj and also minimizes the residual value of the linear least squares misfit [108], 

NNLS is a linear inverse technique which does not require any initial parameter estimation and it 

converges smoothly to a solution with all non-negative components. This algorithm has proven to 

be a very effective technique for the best fitting of multi-exponential decay curves.

The NNLS algorithm solves the general system of equations [108]

i > ijSj- y i = 0  (2.114)
j=i

by minimizing the least-squares misfit, such that the norm ||As -  y|| is minimized, i.e.

m n

X E Ai)sj - yi I2 = minimurr • (2.115)
i=i j=i

The A y ’s are the matrix elements which must be constmcted as input for the NNLS algorithm

where Ay = exp(-b jD j) for a set of b-values (measurement parameters) and a large number

(>100) of Dj diffusion coefficients (trial fit parameters). The set of diffusion coefficients can be

arbitrarily selected to be in a reasonable range and can be sampled over logarithmic or linear 

intervals.

The NNLS algorithm gives the solution with the convergence of equation (2.115) to zero. It 

solves the equation for the fractions Sj corresponding to an unspecified number of exponential
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terms without an initial estimation of the parameters Dj. The only prior assumption is non

negativity of the spectral fractions, s j . Many of these fractions will be zero in the final solution.

The solution found by NNLS is not unique, but the various possible solutions tend to cluster 

around the true values of the Dj coefficients. Further constraints are required to pick the most 

stable solution. To do this a regularizer must be incorporated into the algorithm. Regularization is 

discussed in the next section.

2.5.3 Non-Negative Least Squares with regularization

The solution to the least squares problem provided by the NNLS algorithm is not unique, 

particularly when the solution has broadened peaks due to a distribution of diffusion coefficients, 

for example. In order to obtain a solution which is stable and the best solution, based on some 

criteria, new constraints have to be incorporated into the NNLS algorithm [109,110]. The 

additional constraints are incorporated as extra rows of the matrix A . The least squares problem 

that was previously given in equation (2.115) can now be written as [109,110]

m n K n

X  E  AiisJ -  yi I2 + ^ X  E  R kjs j -  rk I2 = minimum , (2.116)
i= l j=l k=l j=l

where the second term on the right is called the regularizer and the relative strength of the 

regularizer is determined by p., the regularization parameter, where 0 < p. < 1. Note that the 

matrix R considered in this section has no relationship to the matrix R discussed in the previous 

section.

Imposing the extra constraints to minimize along with the chi-square misfit is used to select 

the ‘simplest’ members of a large number of possible solutions, protecting the system against
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significant unexpected information such as sudden sharp changes or extra peaks in the spectrum 

[110]. This is an example of the use of the principle of parsimony which can be defined as 

choosing the solution spectrum that is the smoothest and has the minimum number of peaks. This 

tends to protect the system against significant artifacts [1 1 0 ].

The form of the matrix R and the corresponding vector r can be varied and specified by 

the user. The value of the regularization parameter is adjusted iteratively between 0 and 1 trading 

off with the chi-square misfit until it is close to its expected value, m, which is equal to the 

number of degrees of freedom (ndf) for the system of equations (see figure 2 of Appendix I). 

When p=0, equation (2.116) reduces to equation (2.115) and the basic least-squares solution is 

obtained. When |X > 0 , the equality constraints are eliminated and the regularizer imposes new 

constraints on the problem which have the effect of smoothing the solution. The optimized value 

of (x is obtained at the expense of increasing the % 2  misfit, but attaining a smooth spectrum and a 

more stable solution.

Many different regularizes are possible. The simplest regularizer minimizes the power of 

the spectrum. This corresponds to setting K = n ,r = 0 and R = I n in equation (2.116), where I n is 

the n x n  identity matrix [109]. Then

II Rs ~ r  | | 2 = s ? , (2.117)
j= i

and the solution is now a nice smooth spectrum with a minimum of peaks. This is often more 

consistent with the real system in character. However, this regularizer tends to underfit the data 

and the calculated %2 is normally greater than the ndf, the expected result for the system 

when (X = 0.

There are other possibilities for the regularizer which not only smooth the spectrum but 

also give a solution which is closer to the true value. Using a regularizer that minimizes the first
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or second order derivatives of s has been considered by Whittall and MacKay [109] and 

Provencher [110]. In discrete notation these can be written as

| | R s - r | | 2 = ] T | s j + 1 - S j | 2 (2.118)
j=i

and

|| Rs -  r  | | 2 = |s j+ 2  -  2s j + 1  + s j | 2 , (2.119)
j=i

respectively, where r=0. It can be seen that both of these regularizers act to reduce the difference 

between adjacent points in the solution. More details about implementation of the NNLS 

algorithm with and without regularization will be given in chapter 5. The computational code 

NNLS-diff, developed for fitting the diffusion decay curves for this study will also be thoroughly 

discussed.

2.5.4 Comparing NNLS with other standard curve fitting methods

There are some other linear techniques such as Least Distance Programming, LDP, and Linear 

Programming, LP, with different assumptions and convergence methods which can also be used 

to fit multi-exponential decay curves.

The LDP method is for problems with fewer data values than unknown spectral amplitudes. 

Such systems have no unique solution because many spectra satisfy the limited number of 

inaccurate data points. As discussed by Whittall and MacKay [109], LDP uses a similar approach 

to fitting as NNLS, but from the opposite point of view. The NNLS begins with best-fitting a delta 

function model and then constructs smoother models when the misfit is allowed to increase and 

the regularizer is imposed. In contrast, LDP finds the model with the smallest possible power 

spectrum for some specified misfit governed by a defined parameter, and then constructs less
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smooth models as the parameter decreases. The misfit is forced toward the minimum possible 

value and should converge to the same result as for the discrete form of NNLS (i.e. without 

regularization) [109].

Linear Programming (LP) is a different approach to solving a linear system as discussed by 

Whittall and MacKay [109]. LP finds the solution which satisfies the same constraints as LDP

n
along with minimizing or maximizing the function ^W jSj , where the Wj'sare arbitrary

j=i

weights. LP solutions tend to have a number of discrete delta functions similar to the NNLS least 

squares solution. However, the LP method can also construct smooth spectra by including extra 

constraints into the model. The data analysis with this algorithm tends to provide a good fit to the 

data but is not as good as other techniques at giving the proper peak positions [108,109].

The method of fitting decay curves with non-linear least squares techniques is used 

routinely for fitting T2 relaxation and diffusion decay curves. As discussed before, it is well 

known that this method has the disadvantage of requiring an initial estimation and often 

converges slowly to a solution (i.e. requires many iterations) [102, 145, 146, 148, 149]. This will 

be more problematic when the system behavior is assumed to be the sum of an unspecified 

number of exponential components. Moreover, non-linear methods are inappropriate because of 

the inherent problem of non-convergence and convergence to local minima. In contrast, the 

convergence of linear methods such as NNLS has already been proven, no initial estimation is 

needed and the algorithm is robust in the presence of noise [109, 147],

2.5.5 NNLS literature review

The NNLS algorithm was first introduced and coded in Fortran by Lawson and Hanson [108]. 

Provencher [110] discussed the algorithm as a discrete spectrum of coefficients as 8 -functions
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and how to improve it to a more stable continuous spectrum by choosing a regularizer to smooth 

the spectrum. This is the most important part of analyzing distributed noisy data to get a more 

stable solution with the NNLS algorithm. A general Fortran IV package called CONTEST was 

developed by Provencher for this purpose [110]. Pfeuffer et. al. used CONTEST for the diffusion 

data analysis of MR diffusion experiments on rat brain [102].

Whittall and MacKay [108] discussed the advantages of the NNLS algorithm for data 

analysis of Tj and T 2 relaxation times in MRI including a quantitative interpretation of the 

parameters. They theoretically compared the other linear inversion approaches with NNLS and 

then applied the NNLS algorithm for their purposes in T 2 relaxation experiments, demonstrating 

that the NNLS algorithm is the most appropriate method for analyzing the data of an 

inhomogeneous system like tissue with a multi-exponential model [109,145,146].

2.6. Literature Review

Experiments which calculate the ADC in vivo by assuming that the diffusion decay is a mono

exponential decay curve have the advantage of describing the diffusion characteristics in tissue by 

a single decay constant over a wide range of experimental conditions. However, there are other 

diffusion experiments which demonstrate a significant deviation from mono-exponentiality for 

the diffusion decay curves in tissue. Early experiments on the diffusion time dependence of the 

ADC proposed that it was invariant to the diffusion time [59,150]. However, further experiments 

by Horsfield et. al. [115] showed a marked decrease in the ADC for human brain tissue with 

increasing diffusion time between 40 and 800 ms and b-values up to about 2200 s/mm2 which 

was consistent with restricted diffusion. Subsequently, experiments on adult rat brain in vivo, 

investigated over a greater range of b-values (up to lxlO 4  s/mm2), showed that the data could be
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fit to a bi-exponential decay curve with apparent diffusion coefficients for the fast and slow 

components of 0.824xl0'3 and 0.168xl0'3 mm2/s, respectively [99], However, the relative 

contribution of the components was opposite to that expected from the volumes of the 

intracellular and extracellular compartments in rat brain. No diffusion time dependence was 

observed between 8  and 60 ms. Similar experiments have been performed on the human brain by 

Kraemer et. al. [101] and have given similar results. Mulkem et. al. reported non

monoexponential signal attenuation for diffusion in human brain using b-values up to 6000 s/mm2 

and they fit their results to a bi-exponential function [98, 103], From more recent experiments, the 

ADC of the internal capsule of the white matter was reported to be 1,02x 10 3 (6 6 %) mm2/s for the 

fast and O.llxlO "3 mm2/s for the slow component. The diffusion decay curves for garfish nerves 

are often fit to three exponentials with D values of approximately l.OxlO'3, 0.15 x l0 ‘3, O.OlxlO"3 

mm2/s with similar relative fractions for all three nerve cell types; bi-exponential fits were not 

sufficient over a large range of b values. This is an unpublished result of Beaulieu (Ph.D. thesis, 

1995) [34, 152], Fitting the diffusion decay curves with a multi-exponential function over a large 

range of b values up to 7xl0 4  s/mm2 in healthy rat brain was reported by Pfeuffer et. al. [102]. 

They reported a continuous distribution for the apparent diffusion coefficients resolved into three 

main components at 0.99xl0 "3 (95%), 0.08xl0'3 (2.8%) and 0.009xl0'3 (1.8%) mm2/s [102], 

Experiments on excised brain tissue by Assaf and Cohen [100] with large b-values up to 3x l0 4 

s/mm2 demonstrated a non-monoexponentiality of the signal attenuation plus a clear diffusion 

time dependence over the same range of diffusion times as used by Niendorf et. al. [99,100],

Experiments at short diffusion times may also detect the effects of diffusion restriction by 

sensitizing water molecules of the intracellular space of brain tissue. The Stejskal Tanner 

sequence can be implemented as a so called eg experiment where the gradient amplitude is kept 

constant and the b-value is varied by modifying the gradient duration, 8 , and thus the diffusion
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time, while keeping the echo time constant. When these experiments are compared with 

standard ct experiments, in which all timings are held constant and the b-value is varied by 

changing the gradient amplitude, evidence of restriction is seen in some studies of both healthy 

and post mortem rat brain for a range of short diffusion times from 1 . 8  to 6 . 0  ms and at longer 

diffusion times from 4.5 to 11.8 ms [125, 153,154,155], The ADC reported by the standard ct 

experiment was found to vary between l.lx lO "3 mm2/s at a diffusion time of 6.0 ms and 0.89x1 (X3 

mm2/s at 11.8 ms. The authors interpreted these results in terms of changes in the extracellular 

tortusity. Other experiments in rat brain in-vivo implemented by Pfeuffer et. al. showed a 

diffusion time dependence of the signal decays in a range of diffusion times between 17 and 63 

ms. The apparent intracellular diffusion coefficient was reported to vary between 0.19 and 

0.032xl0'3 mm2/s, respectively [111]. Assaf et. al. did similar experiments on rat brain to find the 

displacement distribution in q-space. They also showed the diffusion time dependence of the 

diffusion signal decays for diffusion times between 4.5 and 72 ms [156].

Clark and Le Bihan [101,151] measured the ADC of the fast and slow components in 

human white matter in vivo using three orthogonal diffusion gradient directions to study 

anisotropy effects. When the gradient was in the readout direction they found ADCsiow=0.14xl0"3 

(50%) and ADCfast=1.12xl0 ' 3 mm2/s. For diffusion sensitization in the phase encoding direction 

they reported ADCsiow=0.13xl0'3 (43%), ADCfast= 1.13xl0"3 mm2/s and when the diffusion 

gradient was in the slice selection direction they got ADCsiow=0.23xl0'3 (30%), ADCfast= 

1.39xl0"3 mm2/s. The maximum b-factor used in these experiments was 4x l0 3 s/mm2. Diffusion 

anisotropy effects can be fully extracted with diffusion tensor imaging experiments to provide 

more details on tissue microstructure. The trace of the diffusion tensor, Tr(D)=Dxx+ Dyy+Dzz, as 

defined in section 1.2, is measured in several different studies of brain tissue. Melhem et. al. [33] 

showed that the average value of Tr(D)/3, the so called mean diffusivity, varied between
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0.83xl0'3 mm2/s in the left centrum semiovale to 1.27xl0'3 mm2/s in the pons for different 

anatomic locations in the human brain using six b-values between 0 and 800 s/mm2. Le Bihan et. 

al. reported mean diffusivities for human brain between 0.64xl0'3 mm2/s for the internal capsule 

and 0.71xl0'3mm2/s for pyramidal tracts in human white matter [ 12, 157].
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CHAPTER 3

Experiments

The diffusion weighted imaging experiments in this thesis were performed on a Siemens 

Symphony (Siemens Medical Systems, Erlangen, Germany) clinical magnetic resonance imager 

with a 1.5 T static magnetic field and operating under NUMARIS/4 software. The imager is 

equipped with x, y and z self shielded gradient coils which are capable of switching the gradient 

amplitude from 0 to 30 mT/m in 290 (is (ramp time) although, in practice, the maximum gradient 

amplitude is limited to 28.5 mT/m. A 30 cm diameter RF Circularly Polarized (CP) Head Array 

was used to detect the RF echo signals from the object voxels. The body coil built into the magnet 

assembly functioned as the transmitter for the RF excitation signals. A head coil phantom, which 

consisted of water and a small amount of N iS0 4  (1.24 g N iS0 4  - 6H20 )  to reduce T h and 2.62 g 

of NaCl in a plastic bottle with cylindrical geometry 35 cm in length and 14 cm in diameter, was 

used for verification of the measurements and validation of any new sequence or image 

reconstruction programming before they were used with human subjects.
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All experiments reported in this thesis were acquired with slices in the transverse 

orientation with the frequency encoding direction in the right to left direction and the phase 

encoding in the anterior to posterior direction for subjects in the head first supine orientation.

The work presented in this thesis was approved by The Ottawa Hospital Research Ethics 

Board. All human subjects were pre-screened for contraindications using the standard MRI 

questionnaire of The Ottawa Hospital. Informed consent was obtained from all subjects before 

they were imaged.

The diffusion pulse sequence on Siemens’ imager for clinical studies is called ep2d_diff. 

This sequence performs a diffusion weighted preparation followed by a single shot EPI readout 

echo train with gradient reversal to acquire the data from which the 2-D MR image is 

reconstructed. The sequence was developed based on the twice refocused spin echo (TRSE) 

sequence [124] which has four diffusion sensitizing gradient pulses inserted as explained in 

section 2.3.5. Figure 2.9 shows typical sequence timing for the measurements reported in this 

thesis with a 90° RF excitation pulse and two refocusing 180° RF pulses and diffusion gradients 

inserted in the x-direction, in this case. Spatial encoding was performed with an EPI echo train, 

using gradient reversal in the readout (x) direction along with phase encoding gradients applied in 

the y direction (see also figure 2.5). Slice selection gradients in the z direction and the required 

spoiler gradients are also included in the sequence but are not shown in figure 2.9.

To gain access to Siemens’ sequence programs on a personal computer we needed to install 

Siemens’ Sequence Development Environment (SDE) which is part of the Integrated 

Development Environment and Application (IDEA) package provided by Siemens as part of a 

research agreement. The SDE shell allowed us to develop our own diffusion sequence programs, 

compile them, create sample protocols of the parameter sets for the measurements, simulate the 

execution of the sequence, and finally to build the sequence files in the form of dynamic-link
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library (.dll) files and transfer the new sequence to the user environment of the “host” computer 

of the MR system. The diffusion sequences developed for this thesis were based on Siemens’ 

ep2 d-diff.cpp program.

The diffusion experiments in this thesis can be divided in two main categories: diffusion 

decay studies and diffusion time dependence studies. The other experiments such as noise 

correction, noise estimation and eddy current effect studies are associated with these two 

categories.

3.1 Diffusion Decay Study

For the diffusion decay study discussed in chapter 5, a TRSE diffusion pulse sequence similar to 

the one shown in figure 2.9 was used with the diffusion time, xD, held constant at about 50 ms for 

the experiments. The b-values were changed by adjusting the gradient amplitudes. As shown in 

the previous chapter, the b-value is obtained by integrating equation (2.74). The resulting 

expression for b is of the form b = y2 G2 8 2 t d. The details of the b-value and xD evaluation for this 

sequence are given in section 6.2.2 and Appendix II.

Sixteen b-values were used in each set of measurements. This was the maximum allowed 

for the diffusion sequence. For some experiments 96 b-values were used by repeating the 

measurements six times with sixteen different b-values each time. The large number of b-values 

was used to obtain higher accuracy for the diffusion decay of water molecules in the white matter 

of human brain in vivo as well as the verification of the diffusion decay measurements on the 

water phantom. The maximum b-value for Siemens’ diffusion sequence was, by default, 10,000 

s/mm2. We modified this value, within the sequence program, to 12,500 s/mm2 which 

corresponds to the maximum allowed gradient strength of 28.5 mT/m. The 96 b-values were

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



selected between 0 and 12,500 s/mm2 and distributed in 6  sets of 16 b-values; the first set was 

from 0 to 1500 s/mm2, the second from 1500 to 3000 s/mm2, the third from 3000 to 4500 s/mm2, 

the fourth from 4500 to 6000 s/mm2 and the fifth set was from 6000 to 7500 s/mm2, all with an 

interval of 100 s/mm2. The sixth set was selected from 7500 to 12500 s/mm2 with an arbitrary 

interval of b-values. For all of these experiments the diffusion sensitizing gradients were chosen 

to be in the readout (x) direction.

Many of the protocol parameters for the measurements can be modified interactively via 

the user interface at the imager’s user console. The slice position was selected to be above the 

ventricles of the human brain in the z direction (head to foot), the orientation was transverse and 

the thickness was 10 mm for this series of experiments. Only one slice was acquired in each 

experiment. The echo time for all experiments was kept constant at TE = 200 ms and the 

repetition time was TR = 500 ms to keep the T2 weighting the same for all points of the diffusion 

signal decay. The partial Fourier factor was 6 / 8 . The field-of-view (FOV) was selected to be 220 

mm for some experiments and 464 mm for others. The size of the FOV used for a particular set of 

experiments will be specified when these measurements are discussed in later chapters. Although 

the larger FOV had the limitation of degrading the resolution of the image, it had the advantage of 

improving the SNR per voxel. A matrix size of 128x128 was used for the reconstruction of the 2- 

D images for all measurements. The maximum number of averages for Siemens’ diffusion 

sequence was set to 32, but we modified it to allow up to a maximum of 1000 averages. For our 

measurements we chose to use 50 averages as the best compromise between SNR improvement 

and keeping the total scan time down to a few minutes per sequence. The total scan time for each 

sequence with 50 averages and 16 b-values was about 6  minutes. The whole protocol including 

the 6  sets of b-values, one set of Ti weighted spin echo images, with TE=12 ms and TR=800 ms, 

plus some other supporting sequences took about 40 minutes. The fat suppression button was kept
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ON for all diffusion sequences in order to avoid artifacts related to the chemical shift between fat 

and water. It should be noted that a “localizer” sequence was also used for each protocol. This 

sequence generates Ti weighted images in 3 planes; the transverse, coronal and sagittal. It 

normally only takes a few seconds with TE=5 ms and TR= 20 ms. It is used for positioning the 

slices for the subsequent sequences.

3.2 Diffusion Time Dependence Study

3.2.1 Primary experiments

The purpose of the second series of experiments was to study the xD dependence using the 

measurement of the attenuation of the signal of the water molecules by diffusion in human brain 

in vivo for short xD’s and b-values which are as high as possible. The diffusion sequence was 

modified appropriately for this purpose (see section 6.2.3). The b and xD values were calculated 

for the new sequence variables using equations presented in section 6.2.1 and Appendix II. The 

new diffusion sequence was optimized from various possible versions of the sequence developed 

for the diffusion time dependence study. The optimized sequence could be applied over a range of 

diffusion times from 6.0 to 53.8 ms with corresponding maximum b-values between 40 and 2835 

s/mm2. The details about the compromises between these different sequences are discussed in 

section 6.2.3.

The developed sequence was prepared for xD values of 19.9, 25.7, 29.7, 35.5, 44.0, and 53.8 

ms with TE=200 ms and the diffusion gradient duration, 8 , set to 30 ms. The maximum b-value 

associated with the maximum gradient strength of 28.5 mT/m for each of these xD’s was 

calculated to be 1050, 1355, 1566, 1872, 2318 and 2835 s/mm2, respectively, with the diffusion

84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



gradient applied along the x-direction (i.e. the frequency encoding direction). These new 

sequences were first validated using the head coil water phantom. Preliminary experiments were 

also performed on two healthy human subjects to verify that the new sequences were working 

properly. Only one slice was imaged and it was positioned above the ventricles of the brain to 

measure the diffusion decay of the water molecules in white matter. For both the water phantom 

and the brain imaging, 1 1  b-values, ranging from zero to the maximum possible b-value, were 

used, the slice thickness was 5 mm, the slice orientation was transverse, FOV=464x464 mm2, 

TE=200 ms, TR=500 ms, the matrix size was 128x128 and a partial Fourier factor of 6 / 8  was 

used. Fat suppression was turned on for all of these experiments to avoid chemical shift artifacts. 

For these transverse images phase encoding was applied in the anterior to posterior direction and 

frequency encoding was left to right. The phantoms and human subjects were always registered in 

the head first supine orientation. For these preliminary experiments only five XD values were used 

(xD =25.7 ms was not included) but all six t d ’ s  were used for the actual experiments. The number 

of averages for the validation studies was 10 but was increased to 50 for the real experiments. The 

averaging was done in image space (i.e. magnitude averaging) as opposed to in k-space (i.e. 

complex averaging). The only other difference in the parameter settings between the preliminary 

experiments and the actual study was that the number of b-values was increased from 1 1  to 16 for 

the real experiments. The 16 b-values used are listed in Table 3.1 for each xD value.

The diffusion time dependence measurements of the diffusion of water molecules in human 

brain in vivo were performed on 8  healthy human subjects; 3 females and 5 males between 23 and 

43 years of age. The protocol that was used for these measurements included a localizer, 6  

diffusion sequences corresponding to different diffusion times plus Siemens’ diffusion sequence 

as a control. In addition, the xD = 53.8 ms sequence was repeated with the mode of image 

reconstruction changed from magnitude averaging to complex averaging. The total scan time was
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xD(ms)

19.9 25.7 29.7 35.5 44.0 53.8
0 0 0 0 0 0

42.0 54.2 62.6 74.9 92.7 113.4
83.9 108.4 125.3 149.8 185.4 226.8
125.9 162.7 187.9 224.7 278.1 340.1
167.8 216.9 250.5 299.6 370.8 453.5
209.8 271.1 313.2 374.5 463.5 566.9
251.7 325.3 375.8 449.4 556.2 680.3
293.7 379.5 438.5 524.3 648.9 793.7
335.7 433.8 501.1 599.2 741.6 907.1
377.6 488.0 563.7 674.1 834.3 1020.5
419.6 542.2 626.4 749.0 927.0 1133.8
503.5 650.6 751.6 898.8 1112.5 1360.6
671.3 867.5 1002.2 1198.4 1483.3 1814.1
839.1 1084.4 1252.7 1498.0 1854.1 2267.7
1007.0 1301.3 1503.3 1797.6 2224.9 2721.2
1048.9 1355.5 1565.9 1872.5 2317.6 2834.6

Table 3.1. The 16 b-values (s/mm2) applied for each diffusion time sequence.

approximately 50 minutes.

The program DImageV3, developed by I. Cameron in IDL version 6 , was used to read, 

display and postprocess the specified set of diffusion weighted DICOM3 images, where DICOM 

stands for Digital Imaging & Communications in Medicine. Using this program the ROI’s were 

positioned in the white matter of the brain images. The ROI’s were rectangular in shape and 

contained 5x4=20 pixels. Thus, the voxel size was 18x14.4x5 mm3 based on 3.6 mm in plane 

resolution. The ROI’s were carefully positioned to avoid N/2 ghosting and Gibbs artifacts. All the 

data extracted from the diffusion decay for each ROI were analyzed using NNLS-diff which was 

developed for the data analysis of the diffusion images as a part of this thesis.
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3.2.2 Supplemental experiments for noise correction and eddy current effects

Noise bias in MR diffusion studies, particularly for high b-values, can be a significant problem 

and it must be removed as much as possible to ensure the validity of subsequent analyses. One 

approach that was considered was complex averaging; signal averaging of the real and imaginary 

parts of the signal, for which the noise contribution is Gaussian, rather than signal averaging of 

the magnitude signal. In order to introduce complex averaging it was necessary to modify the 

programs that perform the image reconstruction for the diffusion sequences. This was done using 

the Image Calculation Environment (ICE), which is part of the IDEA sequence programming 

software package provided to the MR research group at The Ottawa Hospital by Siemens under a 

research agreement. This change involved introducing code to do the complex averaging as well 

as deactivating the magnitude averaging. Since these are done in different programs within the 

ICE environment these were two very distinct aspects to the problem. These modifications were 

implemented for a version of Siemens’ diffusion sequence, ep2d-diff, and only affect those 

programs that are used for the reconstruction of images acquired with this sequence. The 

sequence timing used for these experiments was the same as for ep2 d-diff; it was unaffected by 

these modifications. More details about the development of these ICEprograms and the complex 

averaging experiments are discussed in section 4.3.1. Measurements of complex averaging using 

the developed ICEprograms were performed on the head coil water phantom with the number of 

averages varied between 10 and 1000. The most effective number of averages was found to be 50.

The “eddy current effect” study needed to make sure that the new sequences were still as 

efficient as Siemens’ diffusion sequence in avoiding eddy current effects related to the switching 

of the diffusion gradients. Eddy currents can cause image distortions. A series of measurements 

was performed on both a spherical and a cylindrical water phantom to investigate this effect. For
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this study separate measurements were made with the diffusion gradients applied in the readout, 

phase encoding and slice selection directions. The number of averages was also changed between 

5 and 50. The other parameters for all measurements were kept the same as for the diffusion time 

dependence protocol discussed in section 3.2.1.
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CHAPTER 4

Noise Correction

4.1 Introduction

Noise is a problematic source of deterioration in MR-diffusion images, especially when a 

quantitative analysis is performed based on the magnitude images. The intrinsic noise generated 

by the imaging electronics hardware and the small random electrical charges within the volume of 

the object being imaged are added, as unwanted contributions, to the real and imaginary 

components of the raw data of the MR-diffusion images. Images that are produced from such 

noise-corrupted signals initially contain both magnitude and phase information although the 

phase portion of the transformed signal is commonly discarded and only the magnitude image is 

displayed. This process simplifies subsequent analysis of the image, but can lead to errors in 

quantitative studies when the signal-to-noise ratio (SNR) is small. In such cases, the received 

signal for both the real and imaginary components will fluctuate around a low level (e.g. zero) 

often producing negative values. The magnitude calculation on such signals will rectify all 

negative values to produce only positive magnitudes, thereby artificially raising the average level
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Figure 4.1. Diffusion decay measurements of a water phantom over an extended range of b- 
values and fitted with least squares.

of these pixels. The signal thus will be biased by the rectified noise manifesting as a constant 

positive baseline to the magnitude signal decays, especially when the SNR is low, even when the 

SNR=0.

A good example system in which to study this effect is the diffusion decay studied over an 

extended range of b-values from zero to very high b-values where the signal is expected to 

approach zero exponentially as is shown in figure 4.1. This rectified decay curve can be well 

understood as being due to the change in behavior of the noise from Gaussian (i.e. the high SNR 

limit for the Rician probability distribution function (PDF)) to non-Gaussian as the signal decays. 

Although for SNR > 3 the Rician distribution approaches a Gaussian distribution, the mean of
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Figure 4.2. A simulated bi-exponential diffusion decay with the Rician noise bias (dashed-line) 
compared with the actual decay (solid line).

the noise for the magnitude image pixel intensity is not, in general, equal to the “true’ signal, but 

rather it is biased by the noise.

Figure 4.1 demonstrates the noise bias for a water phantom where the diffusion decay is 

expected to be exponential. For this example, errors associated with the noise bias can easily be 

avoided by limiting the data acquisition to low b-values where the SNR is high since the decay is 

known to be exponential. A more illustrative example is presented in figure 4.2 where a simulated 

bi-exponential diffusion decay is shown. The decay data were calculated from

M(b) = [(A(b)coscp + n R ) 2 +(A (b)sintp + n I ) 2 ] 1 / 2  (4.1)

and
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A(b) = A(0)[fe“bD‘ + (1 -  f)e~b° 2 ] , (4.2)

where tp is the phase angle between the real and imaginary acquisition channels. The noise 

contributions on the real and imaginary channels, n R and n , , respectively, were both chosen at 

random and independently from a Gaussian distribution with the standard deviation, o, arbitrarily 

set to one and A(0) is set to 100 for convenience. The simulation was run for 100 b-values and 

simulates the diffusion decay for a single voxel with no signal averaging. For the example shown 

in figure 4.2 we chose f=0.8, D i=3xl0 ' 3 mm2/s and D2= 8xl0 "4  mm2/s. A least squares fit to this 

simulated data using a bi-exponential fit function yields values of f=0.94, Di=2.5xl0 ' 3 mm2/s and 

D 2= 2 . 2 x 1 0 ' 4 mm2/s. The fit using these parameters is shown in the figure with a dashed line 

whereas the bi-exponential decay using the correct parameter values is shown as a solid line. It is 

clear that the noise bias to the data causes significant inaccuracies in the parameter values 

obtained from fitting the data in this way.

In section 4.2, the theory of Rician noise and its effect on MR signal measurements will be 

developed. Several schemes have been proposed in the literature for correcting this noise bias 

[133-142], Most of these require an accurate value for a . In section 4.3, a  is evaluated in several 

different ways and compared with theory for consistency. In section 4.4, several different noise 

correction schemes from the literature are presented and compared. In section 4.5, a new 

approach for noise correction is presented which overcomes several of the disadvantages of the 

existing methods.

4.2 The Rician Distribution Function and its Moments

If the real and imaginary data (x and y) with mean values of AR and A! respectively, are corrupted 

by Gaussian, zero mean, stationary noise with standard deviation a, then the PDF of the
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magnitude, M, can be evaluated as the joint probability function from the two independent 

Gaussian PDF's as

P(M  | A, o) = P(x | A r , o R )P(y | A I, a 1), (4.3)

where M denotes the noise corrupted pixel magnitude (i.e. the measured pixel intensity) and A is

the “true” magnetic induction signal intensity (i.e. the signal strength that would be obtained in 

the absence of noise). M and A are given by:

M = (x 2  + y 2 ) 1 / 2  , (4.4)

A = (A r + Ai ) 1 / 2  . (4.5)

In writing equation (4.3) it has been assumed that P ( x |A R,ctR) and P ty lA ^ c tj)  are 

independent. We will further assume that ct = o R = o , . These are common assumptions which 

are almost always satisfied in MRI.

By substituting in the explicit expressions for the Gaussian P D F 's, equation (4.3) can be 

written as

P (M |A ,o )  = — !—  e x p { -[ (x -A R) 2 + ( y - A I ) 2 ] / 2 a 2} . (4.6)
27102

Using the substitutions x = McosG, y = MsinG and AR = Acos<)), Ai = Asin(|) in equation (4.6), 

P(M | A, a) can be expressed in polar coordinates. Since we are interested in only the magnitude 

of the signal, the phase dependence can be removed by integrating over all G values. The 

resulting PDF is the so called Rician probability distribution function:

PM (M | A ,o )  = ^ - e x p [ - ( M 2 + A 2 ) / 2 o 2 ]I 0 ( ^ f ) , (4.7)
o 2 c 2

1 ”
where I 0 (a) = — (exp(acosG)dG is the zeroth order modified Bessel function of the first kind.

TC Jil 0

The subscripted M on the left hand side of equation (4.7) indicates that PM (M | A, a )  is the PDF
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for the magnitude of the MR signal. This equation was first derived by Rice [161] in 

communication systems theory and later discussed by Henkleman [134] who derived closed- 

form expressions in an MR context.

The Vth moment of the Rician PDF is given by

°°rMv + 1  i i MA
E [ M V] =  [— —  exp [-(M  + A ) / 2 c  ] I 0 ( — =-)dM , (4.8)

J a  oo

where E[ ] denotes the expectation operator. The solution of this equation can be expressed in 

terms of the confluent hypergeometric function JFi[ -v/2;l; -A 2/2a2 ] [27,136,141,142], The first 

two moments of the Rician PDF are given by [27,141,142]

E[M] = 0 , f ^ e - A 2 / 4 ° 2 [(1 + — ) I 0  (— ) + —  I t (— )] (4.9)
V2 2 0 2 4 o 2 2 o 2 4 0 2

and

E[M 2] = A 2 + 2 0 2 (4.10)

where E is the first order modified Bessel function of the first kind.

The equation for E[M 2] can also be obtained directly as the mean of the magnitude 

squared when the real and imaginary data are both noisy. If the real and imaginary signals are 

corrupted by nR and nr, respectively, the magnitude of the measured signal can be written as

M = [(AR + n R) 2 + ( A I + n I ) 2 ] 1 / 2  . (4.11)

At this point the noise is no longer simply additive to the true signal and analysis of such an 

image must contend with the non-linear contribution of the noise. The power magnitude signal 

averaged over a region of interest is given by

< M 2 > = A |  + A 2 + 2 A r  < n R >+2A,  < nj > + < n R > + < n 2 > . (4.12)
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Since the mean value of white noise is zero and < n |  >=< n 2 > = o 2for a Gaussian PDF, the 

mean pixel intensity for a power image can be simply evaluated as

< M 2  > = A 2 + 2 a 2 = E [ M 2], (4.13)

which is the same as equation (4.10). Equation (4.13) gives a very simple and convenient way of 

evaluating A if a  is known. On the other hand, when A=0 it also provides a nice way to 

determine a value for ct. This noise estimator will be written as

6  = —J=rV<M 2  > . (4.14)
42

The expressions given in equations (4.9) and (4.10) are valid for all SNRs, however, 

equation (4.9) is complicated and not easy to use in practice. Often the high and low SNR limits 

of E[M] are useful. In section 2.4.2 it was shown that

lira E[M] = -\/a 2  + o 2  (4.15)
A » c

and

lim E[M ] = a ^ |  • (4.16)

See also sections 4.2.1 and 4.2.2.

4.2.1 The low SNR limit of the Rician distribution:
The Rayleigh distribution function and its moments

The Rician distribution, in the limit of small SNR ( A / o —>0), tends to a Rayleigh distribution 

[133, 160]:

M
Pm( M | a )  = — exp[-M 2 / 2 o 2] , (4.17)

a2

previously given as equation (2.92) and shown in figure 4.3 for SNR=0. The Rayleigh
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Figure 4.3. The convergence of the Rician distribution to a Gaussian in the high SNR limit and to 
a Rayleigh distribution at the very low limit of SNR.

distribution function can be more simply obtained by the evaluation of the joint probability 

function of two Gaussian noise PDFs with a mean of zero, corresponding to the real and 

imaginary parts of the signal with A r = A i= 0 .  The variance, o 2, of the Gaussian noise distribution,

the “true” noise power, can be calculated from a magnitude image when A=0 since the mean,

<Mbkg>, and variance, , of the Rayleigh distribution function are given by

E[M bkg]= < M bkg > = ] ^ e x p [ - ( M 2 / 2 a 2)]dM = G(7t / 2 ) 1 / 2  (4.18)
o °

and

Om =< M bkg > 2  - < M bkg > = ( 2 - k I2)o 2 , (4.19)

respectively. < M bkg > and oM can be measured from the background region of a magnitude 

image. Therefore, o  can be estimated from equations (4.18) and (4.19), respectively, as

d = < M bkg >(%/2)~112 (4.20)
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and

d  = o M( 2 - 7 t / 2 ) “ 1 / 2  . (4.21)

Accurate estimation of a  is a very important part of the noise correction algorithms discussed in

this chapter and will be discussed in detail in section 4.4.

4.2.2 The high SNR limit of the Rician distribution

The Rician distribution for large SNR (i.e. A / c > 3 )  is the other interesting limit. 

Gudbjartsson and Patz [133] have shown that the Rician PDF in this limit can be described by a

O T  1 /O  O

Gaussian PDF with a mean of ( A + cj ) and variance o  expressed as follows:

PM (M | A, o) -  . 1 exp[-(M  -  VA 2  + c t2 ) 2 / 2 a 2 ] (4.22)
yllnc2

As can be seen from the exponent of equation (4.22), the mean of the PDF for the magnitude 

image intensity in this limit is not equal to the “true” signal intensity, A, and thus results in a bias 

of the magnitude image data which must be taken into consideration for quantitative studies. This 

is small for A / a  >3  (<7%) and becomes negligible in the limit of very large SNR. In figure

4.3, PM (M| A, a) is plotted for SNR=A/a of 0,1,2,3 and 4 to display the convergence of the 

Rician distribution towards the Gaussian distribution as the SNR increases.

4.2.3 The noise bias of the Rician distribution

As shown in the preceding sections, all pixel values from MR magnitude images are biased by the 

noise to some extent. However, for the purposes of quantifying this effect we will define the noise 

bias to be equal to the mean of the Rayleigh distribution, E[M bkg] = a ( 7i / 2 )1/2. For simulation
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and experimental studies the noise bias will be calculated as the mean over data points where A 

can be considered to be zero. This will include data points for b-values larger than an arbitrarily 

chosen value that is appropriate for the data set being considered. For example, if the noise bias 

for the two data sets shown in figure 4.4 is calculated as the mean of the data points for 

b>  10000, the noise bias for the magnitude and complex averaged data sets is 

0.56S(0) ~ 0 (7 1 / 2)1/2 and 0.12S(0),respectively.

4.3 Noise Correction Techniques

In order to get reliable information from the diffusion decay curves, especially for low SNR data 

points, noise correction techniques are required. There are several ways in which this can be 

accomplished, in principle. The most direct is to perform signal averaging on the real and 

imaginary signals, both of which are corrupted with Gaussian noise. This is performed during 

image reconstruction. The other noise correction techniques proposed in the literature are 

employed after image reconstruction has been completed. Henkelman [134] has suggested the use 

of a lookup table. Miller and Joseph [138] and McGibney and Smith [135] have proposed 

methods of noise correction based on equation (4.10) for E[M2]. Gudbjartsson and Patz [133] 

have presented a similar but superior technique based on equation (4.15). The pros and cons of all 

of these techniques will be discussed in the following sections. Other approaches using maximum 

likelihood theory have also been presented [27, 136,137,139,141,142,166] but these will not be 

considered here. Koay and Basser [184] have recently presented a novel correction scheme. This 

will also be discussed but not in detail.

Complex averaging will be discussed in section 4.3.1 with both simulation results and 

experimental results from phantoms being presented. In section 4.3.2, the various other noise
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correction techniques mentioned above will be explained in more detail. In section 4.3.3, 

simulation results will be given for both the McGibney and Smith and the Gudbjartsson and Patz 

noise correction techniques. Both of these techniques require an accurate value for o, and it will 

be assumed in this section that o  is known. The presentation of experimental results will be 

deferred until after section 4.4 where different methods of measuring a  are considered.

4.3.1 Signal averaging of the complex MR signal

One of the well known methods for increasing the SNR in MR measurements is signal averaging 

of the image data over the number of measurements. This can be a good estimator of the image

signal intensity when the noise is Gaussian since the SNR improves by a factor of Vn  when the 

data are averaged over N measurements. However, the PDF for the magnitude image data is 

Rician and only approximates a Gaussian at high SNRs where signal averaging is not required. 

For low SNR situations signal averaging of the magnitude data will reduce fluctuations about the 

mean but it will not correct the Rician noise bias (see figure 4.4). Therefore, signal averaging of 

the complex signal components, where the noise distribution is still Gaussian, was proposed for 

this study. This will be referred to as complex averaging.

4.3.1.1 Complex averaging simulations

Complex averaging was first tested by simulating image pixel data. The magnitude data of the i* 

measurement, Mj, was calculated from the real ( A j r )  and imaginary ( A n )  parts of the pixel signal 

corrupted by simulated noise values picked at random and independently from a Gaussian PDF 

with a mean of zero and o = 0.5 using equation (4.11). The M;, therefore, correspond to values
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Figure 4.4. A simulated diffusion decay averaged over 10 measurements for complex averaging 
(O) compared with magnitude averaging (*).

picked at random from a Rician distribution. The mean of the magnitude pixel data over a set of 

N measurements was obtained for each pixel as follows:

< M > = ^ S M i = < [(A iR + n iR) 2 + ( A iI+ n n ) 2]1/2> • (4.23)
i=l

This averaged value is corrupted by a nonlinear contribution from the noise. Since the M; are 

Rician distributed, the PDF for < M > will also be Rician but its standard deviation will be Vn  

times smaller than for the PDF for the individual M;.

The mean values of the real and imaginary signals of the pixel, each corrupted with 

Gaussian noise, were calculated for the N measurements as follows:

< AR > = ^ I > i R + niR) (4 -24a>

1 0 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



< A > > = ^ Z (AiI + n a ) • (4 ‘24b)
i=l

The mean value of the complex averaged pixel magnitude was then calculated as

< M > c = [ < A r  > 2 + < A t > 2 ] 1 / 2  . (4.25)

The mean magnitude resulting from averaging the complex data, < M > c was compared with the 

mean magnitude obtained by averaging of the magnitude data, < M > ,  over N=10 simulated 

measurements for 100 data points (see figure 4.4). The noise bias of the decay curve for

magnitude averaging, computed as the average of the data points for b >  1 0 0 0 0  s/mm2, is

(0.0056 ±0.0015)S(0) and the noise bias for complex averaging is (0.0012 ±0.0010)S(0). The 

noise bias is reduced by a factor of 4.7 when complex averaging is used instead of magnitude 

averaging, for the same number of measurements. Considering the relatively large fluctuations in

the data, it is in satisfactory agreement with the expected result of Vn  = VlO = 3.16.

For the case of the magnitude averaging, the low SNR signals that are being averaged 

together are all biased by the Rician noise. Thus, the averaging removes fluctuations about the 

noise biased value but does not remove the noise bias. Conversely, the signals being averaged in 

the complex averaging case contain Gaussian noise. Thus, averaging these signals causes the

standard deviation for the real and imaginary signals to decrease by Vn  and the SNR to increase

by Vn  . The Rician PDF resulting from these two averaged Gaussian PDF's will have a

standard deviation reduced by Vn  compared with the case of no averaging. Consequently, the

Rician PDF will retain its high SNR Gaussian shape for signals that are Vn  smaller than without 

averaging, thus avoiding the Rician noise bias over a larger range of b-values. The observations 

presented here are consistent with this explanation.
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Figure 4.5. Simulated diffusion decays using signal averaging of the magnitude and of the 
complex data for different amounts of averaging.

To show how the number of measurements for averaging can improve the SNR and 

consequently may affect how much the Rician PDF resembles a Gaussian PDF for a given 

situation, complex averaging was studied in terms of the number of averages for the simulated 

image pixel data. The results of these simulations are displayed in figure 4.5. The more 

averaging, the better is the correction for the noise bias, calculated as the mean of the data points 

for b > 10000s/mm2. While the noise bias for N=l,  10, 100, 200 and 400 magnitude averages was 

equal to 0.0056S(0) for all values of N, the noise bias after complex averaging was respectively 

0.0053S(0), 0.0012S(0), 0.00033S(0), 0.00013S(0) and 0.00010S(0), indicating that the noise 

bias reduction is proportional to a factor of Vn  for complex averaging. The standard deviation
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for the magnitude averaged data for b >  10000 s/mm2 was 0.004S(0), 0.0015S(0), 0.0005S(0), 

0.0004S(0), 0.00007S(0) for N=l ,  10, 100, 200 and 400, respectively. For complex averaging the 

corresponding standard deviations were 0.004S(0), 0.001S(0), 0.0007S(0), 0.00013S(0) and 

0.0001S(0). The standard deviations for both magnitude and complex averaging also decrease by

a factor of Vn  as expected.

These simulations clearly show that complex averaging works to partially remove the 

Rician noise bias. The degree to which the Rician noise bias is removed depends onVN . This 

can be an effective method for noise correction as long as only small corrections are required. It 

becomes impractical for large N.

4.3.1.2 Phantom studies of complex averaging

In order to change the way signal averaging is done for MR measurements on the Siemens MR 

imager some of the programs in Siemens’ Image Calculation Environment (ICE) needed to be 

modified. There are different ICE programs for different types of pulse sequences. The programs 

dealing with image reconstruction for diffusion sequences were modified to include averaging of 

the real and imaginary parts of the image after the signals have been Fourier transformed but 

before the magnitude of the complex signals is computed and to deactivate magnitude averaging. 

Further details of the implementation cannot be given without violating non-disclosure 

agreements with Siemens.

In addition to a basic knowledge of object-oriented programming and the C++ language, 

coding in ICE requires an understanding of the ICE-functions, basic building blocks and the 

library of ICE-functors (i.e. function blocks for standard image calculation and reconstruction 

which can be connected together in a chain). The modified programs were compiled and executed
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on the host computer of the MR image reconstruction environment of the MR system which was 

a Digital Equipment Corporation (DEC) Alpha computer.

The Siemens head coil water phantom was used for all complex averaging phantom 

experiments reported here. The number of measurements for averaging was varied between 10 

and 1000. The number of b-values used ranged between 3 and 11. The other parameters, which 

were kept constant, were TE=200 ms, TR=500 ms, slice thickness = 7 mm, slice 

orientation=transverse and the diffusion sensitizing gradient was in the frequency encoding 

direction (R —> L ) .

The experimental results were not as expected. The standard deviation of the complex 

averaged noise was a little bit higher (< 1 0 %) than for the images reconstructed with magnitude 

averaging for the same amount of averaging. The standard deviation of the noise is expected to be 

the same for these two cases. This could be related to the noise filtration, which is done on the 

averaged signal when complex averaging is used instead of on each of the N signals when 

magnitude averaging is used. The diffusion decay curves obtained from ROIs using DImageV2 in 

IDL version 6.0 and averaged over 5 to 100 pixels due to the ROI’s size, showed that the rectified 

decay curves could be corrected by no more than 9% of the intensities (figure 4.6) whereas we

expected to see a reduction in the Rician noise bias that is proportional to Vn  .

It is not clear why these experimental measurements were inconsistent with theoretical 

predictions. It could possibly be due to different effects of filtering for the two types of averaging 

as suggested above, or it could be due to some other process within Siemens image calculation 

environment that we were unaware of and therefore did not take into consideration. The source of 

the discrepancy remains unexplained.

The results of this section show that complex averaging can, in principle, be a very useful
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Figure 4.6 The diffusion decay of the water phantom comparing complex averaging with 
magnitude averaging for N=32 measurements spatially averaged over 50 pixels.

procedure for reducing Rician noise bias, However, when large Rician noise bias corrections are 

needed the required number of averages is very large and in this situation complex averaging 

becomes inefficient. For this reason, the post-processing Rician noise bias corrections discussed 

in the next section are superior to complex averaging.

4.3.2 Review of post-processing noise correction techniques from the 
literature

Several ways of correcting for Rician noise bias after image construction have been proposed in 

the literature. In 1985, Henkelman [134] showed that the noise bias could be determined by 

numerically solving the expression for E[M] given in equation (4.8) for given values of A and 0 .
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With this approach he generated a graph of the required correction versus the measured value of 

E[M], This correction for the measured pixel intensity, M,, can be written as

where AM(Mj) is the correction obtained from the graph. In principle, this is a good way to

calculate the Rician noise bias but, since it is cumbersome to implement, it has not become 

popular. This procedure will be referred to in what follows as H noise correction. Two 

noteworthy characteristics of this correction, which are missing from the other noise correction 

procedures to be discussed in this section, are (i) the correction increases as Mj — > 0  and (ii)

the Rician distribution of the data points is maintained.

Equations (4.10) and (4.15) have also been used to develop noise correction techniques. 

From these equations we have

A h = M j — AM(Mj) , (4.26)

(4.27)

and

(for A » o )  . (4.28)

Miller and Joseph [138] suggested that A2 could be estimated from equation (4.27) as

A2D = M ? - 2 o 2 . (4.29)

They avoided the complication of a square root by analyzing the values of A ^j directly, rather

than attempting to compute a value of A from A ^j • McGibney and Smith [135], who also based

their noise correction on equation (4.10), proposed

(4.30)

Using equation (4.15), Gudbjartsson and Patz [133] suggested using

(4.31)
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These three procedures will be referred to in what follows as MJ, MS and GP noise correction, 

respectively.

Koay and Basser [184] have recently reported a noise bias correction technique which they 

claim is an analytically exact correction scheme. By combining equation (4.9) and (4.10) they 

relate the variance of the Rician PDF to cr2 via a correction factor, They then derive an 

expression that relates q to the true SNR for the measurement and they present an iterative 

technique for determining q . Once q is known, a  and A can be evaluated.

This correction scheme appears to be very promising. However, since this approach is very 

different from the correction method that we propose in this chapter and it was published after the 

research presented here was completed, the correction scheme of Koay and Basser will not be 

considered in detail in this chapter. It should be noted, however, that in their paper they assume 

that the mean and standard deviation of the Rician PDF for the measurement are well known, 

although they acknowledge that this is not the normal situation. It is not clear how this correction 

scheme will behave when inaccurate values of these parameters are used.

MJ noise correction is a very nice solution to the problem for some applications but, in 

general, must be used with caution. It is based on equation (4.10) which is an exact expression; it 

does not involve approximations and it is valid for all SNRs. However, when considering multi

exponential diffusion decays, for example, Mj(b)  will be a sum of exponential terms and the

analysis of M?(b) data will be considerably complicated by the presence of cross terms. The

second problem with MJ noise correction is that for Mj values that follow a Rician distribution

(which is somewhat similar to a Gaussian in shape), the distribution of M- values is far from

Gaussian. This is demonstrated in figure 4.7 for A/g=0.0 and 2.0. This can be a problem if least
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Figure 4.7. The PDFs of the simulated Mj (left) and M- (right) values biased with Rician noise 
for SNR=0.0 (top) and SNR=2.0 (bottom).

squares procedures, which assume that the data are Gaussian distributed, are used in further 

analyzing the noise corrected M 2 data.

The MS and GP noise correction techniques both avoid these problems but they introduce 

others for small SNRs. Equations (4.27) -  (4.31) are valid when the expression under the square 

root is non-negative. This will always be true for equation (4.27):

A = ^ E [ M 2] - 2 c>2 (4 -27)
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but will not always be true for equation (4.30):

A Ms = V M J - 2 ° 2 •

In fact, it will be frequently violated when the SNR is small. Similarly, equation (4.28):

A = -y/E2 [ M ] - G 2

(4.30)

(4.28)

is valid when A » o  but if E[M] is replaced with M j to get

A  = ^ M ] - a 2 , (4.32)

square roots of negative numbers are again frequently encountered when the SNR is small. 

Comparing equations (4.30) and (4.32) the latter can be seen to be valid over a larger range of Mj

values (i.e. Mj >G compared with Mj > a/2 g ).

Gudbjartsson and Patz avoid this problem by taking the absolute value of the expression 

under the square root:

A GP= V | M 2 - n o 2 | , (4.31)

with n=l for GP noise correction. McGibney and Smith did not mention this problem, suggesting 

that they either ignored these data points or they set them to zero. These two possibilities can be 

formulated as:

A MSI -

^|M? -  n o 2 | forM j> V n o

removed from data set for M j < Vno
(4.33)

and

A MS2
V I M 2 -  no for Mj > Vno  

forMj <V n o
(4.34)

with n=2 .
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As M j —» Vno the value of A approaches zero suggesting that whenMj < V n o , A should 

be negative. Thus, another approach that could be used is

A =
V |M 2 -  no2 1 for M j > Vno
^ J __________  ^  • (4.35)
- V | M ^ - n o 2 | forM j< V n o

Simulations were run to generate “corrected” PDFs using equations (4.31) and (4.33) to 

(4.35) over a range of SNR=A/o from 0.0 to 5.0 for both n= l and n=2. The magnitude data, M j ,

were calculated from the real and imaginary parts of the pixel signals corrupted by simulated 

noise values picked at random from a Gaussian PDF with a mean of zero and 0 = 1 . 0  using 

equation (4.11). The Mj therefore correspond to values picked at random from a Rician PDF. In 

these simulations 500,000 sample points were used.

In figure 4.8, the PDFs for A GP at several SNRs are shown while in figure 4.9 the PDFs for 

A gp, A MS2and A are shown for SNR=1. The PDFs for A MS1 and A M S 2  (see figure 4.9b) differ 

only by a strong peak at M=0 which, for SNR=1.0 corresponds to 130,000 for A M S 2  (not shown) 

and is approximately equal to zero for A MS1. The corresponding mean values calculated from 

these distributions are given in table 4.1. Note that since 0=1.0 for these simulations, the 

estimates of A given in table 4.1 should be equal to the SNR value for that row in the table if the 

correction works properly. For SNR<3 none of these corrections are completely satisfactory. The 

estimates for A, in most cases, get progressively worse as SNR decreases and the distributions of 

“corrected” data points are far from Gaussian. The corrected mean values are, in most cases, 

better than the uncorrected ones but there is still considerable room for improvement. 

Furthermore, least square procedures, which assume that the distribution of data points is
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SNR E[Mj]
E[A Gp I E[A MSI 1 E[A MS2 ] E[A]

n=1 n=2 n=1 n=2 n=1 n=2 n=1 n=2
0.0 1.253 1.036 1.115 1.254 1.255 0.760 0.461 0.485 -0.192
0.5 1.329 1.102 1.148 1.328 1.326 0.853 0.546 0.604 -0.056
1.0 1.547 1.299 1.265 1.524 1.505 1.116 0.797 0.932 0.329
1.5 1.873 1.616 1.495 1.804 1.751 1.507 1.190 1.397 0.884
2.0 2.270 2.027 1.848 2.150 2.060 1.974 1.682 1.921 1.516
2.5 2.709 2.494 2.298 2.558 2.435 2.474 2.224 2.453 2.150
3.0 3.170 2.988 2.804 3.014 2.873 2.981 2.777 2.975 2.750
5.0 5.099 4.995 4.889 4.995 4.892 4.995 4.889 4.995 4.888

Table 4.1. The estimated mean value of Rician noise corrected PDFs for various approaches over 
a range of SNR. Note that SNR=A/o=A, since 0 = 1 . 0  for these simulations.
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Figure 4.8. The A GP PDF (solid line) at several SNRs between 0.0 and 3.0 compared to the 
corresponding Rician noise PDF (dashed line).
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Figure 4.9. The PDFs for the A GP, A MS2and A Rician noise bias correction schemes shown in 
a, b and c, respectively, (solid lines) are simulated for SNR=1 and compared with the 
corresponding Rician PDF for Mj (dashed lines).

Gaussian, will not work properly for these distributions of “corrected” data. Of the various 

possibilities considered here GP noise correction (with n=l)  and MS2 noise correction (with n=l) 

are the most satisfactory. For SNR > 3 , it makes very little difference which noise correction 

method is used.
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4.3.3 A new Rician noise correction technique

An ideal noise correction procedure will be conceptually simple, easy to implement and can be 

applied to each individual data point separately. When applied to a large number of equivalent 

measurements, M j , it will yield a distribution of “corrected” data points with a mean of A, the

tme MR pixel intensity that would be measured in the absence of noise, and will be Gaussian in 

shape to fulfill the prerequisites for least-squares based post-processing procedures. None of the 

corrections in the literature fulfill all of these criteria.

One method of noise correction that would come close to meeting these conditions would 

be to subtract from each data point an amount equal to AM = A -  < Mj > . This would have the

effect of shifting the Rician PDF for M j by the correct amount such that the mean over the

distribution of corrected data points would equal A, the desired result. This process would also 

preserve the Rician shape of the PDF which is reasonably close to Gaussian. Unfortunately, in 

order to calculate AM in this way, A must be known. In this section, a new noise correction 

technique is proposed which is a straight subtraction of a correction term from Mj that out

performs the other Rician noise correction procedures based on the criteria outlined above.

In the high SNR limit the mean of a Rician PDF is given by equation (4.15):

M = lim E[M] = VA 2 +<72  . (4.15)
A » o

Solving for A and expanding with a binomial expansion gives:
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This equation allows us to determine exactly how much to subtract from M to get A, and the

correction is in terms of o  a n d M , not A. Since this correction is valid for values of Mj equal to 

M , it should be an appropriate correction for all M j . Thus, we can write

Although equation (4.37) is based on equation (4.15), which is strictly speaking only valid in the 

limit of large SNR, it gives in practice reasonable results for lower SNR as well. This noise 

correction procedure will be referred to in what follows as NCI noise correction. Figure 4.10 

shows the PDFs for the NCI noise corrected data compared with the original Rician PDF for

SNR > 2.5. This compares favorably with the results obtained with GP noise correction. For 

SNR< 2.5, the results are less satisfactory but better than the results for GP noise correction. 

These results are from simulations similar to those described in the previous section. For these 

simulations terms in the expansion up to tenth order in c /M  (i.e. five terms) were included.

To improve the performance for SNR -> 0  we can make use of equation (4.16):

A : = M ; -  A M (=) .J J A/rM
(4.37)

selected SNRs. In table 4.2 the values of A NC1 =E[Aj]  are accurate to better than 1% for

(4.16)
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Figure 4.10. PDFs (solid line) when NCI noise correction is used compared with the original 
PDFs (dot line) versus SNR.

SNR M A gp A  NCI

0.0 1.253 1.036 0.759
0.5 1.329 1.102 0.878
1.0 1.547 1.299 1.181
1.5 1.873 1.616 1.584
2.0 2.270 2.027 2.038
2.5 2.709 2.494 2.517
3.0 3.170 2.988 3.008

Table 4.2. The mean value of the PDF when NCI noise bias correction is used compared to GP 
noise correction over a range of SNR. Note that SNR=A/o=A, since o=1.0 for these simulations.
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To obtain the correct value for A as SNR —> 0, equation (4.15) should be modified to

lim M = ^ A 2 + ( n a ) 2 , (4.38)

where n = J — . If this is incorporated into the noise correction procedure we getif
no

A :  « M i  - A M ( = )J J A/fM

n =

n =

(4.39)

0

The value of M / 0  = 1.5 was determined to be an appropriate transition point for equation (4.39) 

by trial and error. Noise correction using equation (4.39) will be referred to in what followed as 

NC2 noise correction.

In order to implement this correction the convergence of the noise correction equation was 

investigated to determine how many terms in the expansion are required. The results for

A N C 2  =E[Aj]  are summarized in table 4.3. For SNR >1.5 it converges rapidly and there is no

advantage to keeping more than 3 terms in the expansion. For SNR<1.5 the convergence is much 

slower. Even 8  terms of the expansion is not enough to get full convergence. However, even 

though including more terms causes the noise correction to continue to improve for SNR=0, it 

gets worse for SNR=0.5 when more than 5 terms are used. From this it can be seen that the 

optimal number of terms depends on the data set. In most cases of interest there will be more data 

points that correspond to SNR > 0.5 than SNR< 0.5 so it would seem reasonable to use 5 terms, 

however, in situations with a lot of data points with SNR< 0.5 it may be reasonable to include 

additional terms.
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SNR M A gp
A n C2

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8
0.0 1.253 1.036 0.627 0.470 0.392 0.343 0.308 0.283 0.262 0.246
0.5 1.329 1.102 0.739 0.607 0.549 0.517 0.497 0.483 0.474 0.467
1.0 1.547 1.299 1.224 1.190 1.183 1.181 1.181 1.180 1.180 1.180
1.5 1.873 1.616 1.606 1.587 1.584 1.584 1.584 1.584 1.584 1.584
2.0 2.270 2.027 2.050 2.039 2.038 2.038 2.038 2.038 2.038 2.038
2.5 2.709 2.494 2.524 2.518 2.517 2.517 2.517 2.517 2.517 2.517
3.0 3.170 2.988 3.012 3.008 3.008 3.008 3.008 3.008 3.008 3.008

Table 4.3. Study of A N C 2  as a function of m, the number of correction terms in the expansion, for 
NC2 noise bias correction using the mean from the original Rician PDF.

This noise bias correction is based on an accurate knowledge of a  and M . The situation 

with o  will be treated in the next section; for now it will be assumed that a  is known. M is the 

expectation value of Mjover a very large number of measurements and, in general, will not be

known. For the simulations presented above M was  calculated from the 500,000 simulated 

Mj values chosen at random from the appropriate Rician PDF. When dealing with MR images of 

a water phantom there will be a large region of equivalent points from which a reasonably 

accurate estimate for M can be determined but, in general, there will not be a large number of 

equivalent points from which an accurate value of M can be calculated since Aj will normally

change from pixel to pixel.

For MR images of human anatomy it may be a reasonable approximation to treat 

neighboring pixels as equivalent. We considered setting M equal to the average of nearest 

neighbor pixels over several layers of nearest neighbors using simulations similar to those 

described above. One difficulty encountered with these simulations was that there were many 

“corrected” data points that were less than -5a. When calculating M using only a small number
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of points there is a finite possibility of obtaining M = 0. Since M appears in the denominators of 

the correction terms this results in very large negative correction terms and very large negative 

“corrected” data points as well. Whenever, this was encountered in the simulations, data points 

less than -5a were set equal to -5a to reduce the effect of these outliers.

The results of the simulations are given in table 4.4 for nearest neighbor averaging that 

included 3, 5, 9, 16, 25, 36, 100 and 500,000 points as a function of m, the number of terms in the 

expansion. The number of points, k, that were less than -5a for each case is also shown in the 

table as a percentage. Averaging over one pixel (i.e. settingM = M j )  was also investigated but 

the results were very poor and are not included here.

For SNR >1.5 the noise correction term converges very quickly and there is no advantage 

to keeping more than three terms. However, when SNR< 1.5 the situation is more involved. 

When SNR=0.5, for example, if too few correction terms are included then A N C 2  >0.5. But as 

more terms are included A N C 2  converges to a value less than 0.5. Furthermore, as the number of 

terms increases, the number of “corrected” data points less than -5a increases considerably. 

There appears to be an optimal number of correction terms but this optimum changes with SNR 

and with the number of pixels, NAv, included in the average. From table 4.4 it can be determined 

by inspection that two correction terms should be used when NAV=3 or 5, three terms should be 

used when NAV=9 or 16, four terms should be used when NAV=25 or 36 and five terms should be 

used when NAV >36.

If this Rician noise correction scheme is applied to the bi-exponential decay data shown in 

figure 4.2 using a 9-point average and three terms in the noise correction, the least squares fit 

parameters are in good agreement with the correct values. The resulting fit is shown in figure 4.11 

and the fit parameters are given in table 4.5.
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NAv=3

SNR M
m=1 m=2 m=3 m=4 m=5

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 5 (« 0 .1 ) 0.558 2860(0.5) 0.254 15351(3) -0.025 33495(6.) -0.271 52539(11) -0.478
0.5 1.329 4 (« 0 .1 ) 0.674 2071 (0.4) 0.417 11344(2) 0.190 25525(5.) -0.011 40318(9) -0.182
1.0 1.547 0 1.191 97(<0.1) 1.125 903(0.2) 1.084 2529(0.5) 1.049 4602(0.9) 1.017
1.5 1.873 0 1.584 20(<0.1) 1.550 147(<0.1) 1.537 466(0.1) 1.527 911(0.2) 1.519
2.0 2.270 0 2.036 1 (« 0 .1 ) 2.020 14(<0.1) 2.016 43(<0.1) 2.014 98(<0.1) 2.013
2.5 2.709 0 2.516 0 2.507 1 (« 0 .1 ) 2.506 3 (« 0 .1 ) 2.506 7 (« 0 .1 ) 2.506
3.0 3.170 0 3.007 0 3.002 0 3.002 0 3.002 0 3.002

Nav =5

SNR M
m=1 m=2 m=3 m=4 m=5

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 0 0.589 223(<0.1) 0.359 3394(0.7) 0.165 11861(2.1) -0.027 24114(5) -0.208

0.5 1.329 0 0.703 148(<0.1) 0.511 2245(0.5) 0.362 7639(1.5) 0.220 15834(3) 0.084

1.0 1.547 0 1.206 0 1.157 38(<0.1) 1.139 213(<0.1) 1.126 547(0.1) 1.116

1.5 1.873 0 1.594 0 1.568 5 (« 0 .1 ) 1.562 14(<0.1) 1.559 42(<0.1) 1.558
2.0 2.270 0 2.042 0 2.029 0 2.027 0 2.026 0 2.026
2.5 2.709 0 2.519 0 2.512 0 2.511 0 2.511 0 2.511
3.0 3.170 0 3.009 0 3.005 0 3.005 0 3.005 0 3.005

: Z > ■ < II CO

SNR M m=1 m=2 m=3 m=4 m=5

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 0 0.606 2 (« 0 .1 ) 0.416 185(<0.1) 0.285 1701(0.3) 0.162 5798(1.2) 0.037
0.5 1.329 0 0.720 1 (« 0 .1 ) 0.560 97(<0.1) 0.463 903(0.2) 0.379 2975(0.5) 0.297
1.0 1.547 0 1.214 0 1.174 0 1.162 2 (« 0 .1 ) 1.158 10(<0.1) 1.155
1.5 1.873 0 1.599 0 1.577 0 1.573 0 1.572 0 1.572
2.0 2.270 0 2.046 0 2.034 0 2.032 0 2.032 0 2.032
2.5 2.709 0 2.522 0 2.515 0 2.514 0 2.514 0 2.514
3.0 3.170 0 3.011 0 3.006 0 3.006 0 3.006 0 3.006

NAv =16

SNR M m=1 m=2 m=3 m=4 m=5

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 0 0.616 0 0.441 3 (« 0 .1 ) 0.338 62(<0.1) 0.256 586(0.1) 0.177
0.5 1.329 0 0.728 0 0.582 0 0.506 20(<0.1) 0.451 184(<0.1) 0.405
1.0 1.547 0 1.219 0 1.181 0 1.172 0 1.169 0 1.168
1.5 1.873 0 1.602 0 1.582 0 1.578 0 1.578 0 1.577
2.0 2.270 0 2.048 0 2.036 0 2.035 0 2.035 0 2.035
2.5 2.709 0 2.523 0 2.516 0 2.516 0 2.516 0 2.516
3.0 3.170 0 3.011 0 3.007 0 3.007 0 3.007 0 3.007

Table 4.4. The results of simulations for NC2 correction versus the number of terms used in the 
expansion and the number of neighboring pixels included in the average for SNR between 0.0 
and 3.0. The percentage of points, k, that were less than -5a is also shown.
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Nav =25

SNR M m==1 m==2 m==3 m=4 m=5

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 0 0.620 0 0.452 0 0.359 0 0.291 21 (<0.1) 0.232
0.5 1.329 0 0.732 0 0.592 0 0.523 0 0.478 0 0.444
1.0 1.547 0 1.220 0 1.185 0 1.176 0 1.174 0 1.173
1.5 1.873 0 1.604 0 1.584 0 1.581 0 1.580 0 1.580
2.0 2.270 0 2.048 0 2.037 0 2.036 0 2.036 0 2.036
2.5 2.709 0 2.523 0 2.517 0 2.516 0 2.516 0 2.516
3.0 3.170 0 3.012 0 3.008 0 3.008 0 3.008 0 3.008

Nav =36

SNR M
m=1 m:=2 m==3 m='1 m=‘

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 0 0.622 0 0.457 9 (« 0 .1 ) 0.369 6 (« 0 .1 ) 0.308 9 (« 0 .1 ) 0.259
0.5 1.329 0 0.734 0 0.597 9 (« 0 .1 ) 0.531 4 (« 0 .1 ) 0.491 6 (« 0 .1 ) 0.462
1.0 1.547 0 1.221 0 1.186 4(<0.1) 1.178 0 1.176 0 1.175
1.5 1.873 0 1.604 0 1.585 3 (« 0 .1 ) 1.582 0 1.581 0 1.581
2.0 2.270 0 2.049 0 2.038 2 (« 0 .1 ) 2.037 0 2.037 0 2.037
2.5 2.709 0 2.524 0 2.517 0 2.517 0 2.517 0 2.517
3.0 3.170 0 3.012 0 3.008 0 3.008 0 3.008 0 3.008

Nav = 100

SNR M
m=1 m =2 m:=3 m=‘X m=

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 0 0.625 0 0.465 2 (« 0 .1 ) 0.383 12(<0.1) 0.330 19(<0.1) 0.291
0.5 1.329 0 0.737 0 0.603 0 0.542 8(<0.1) 0.507 17(<0.1) 0.484
1.0 1.547 0 1.223 0 1.188 0 1.181 0 1.179 0 1.178
1.5 1.873 0 1.605 0 1.586 0 1.583 0 1.582 0 1.582
2.0 2.270 0 2.049 0 2.038 0 2.037 0 2.037 0 2.037
2.5 2.709 0 2.524 0 2.517 0 2.517 0 2.517 0 2.517
3.0 3.170 0 3.012 0 3.008 0 3.008 0 3.008 0 3.008

Nav =500000

SNR M
m=1 m=2 m =3 m='X m= 5

k(%) A k(%) A k(%) A k(%) A k(%) A
0.0 1.253 0 0.627 0 0.470 0 0.392 0 0.343 0 0.308
0.5 1.329 0 0.739 0 0.607 0 0.549 0 0.517 0 0.497
1.0 1.547 0 1.224 0 1.190 0 1.183 0 1.181 0 1.181
1.5 1.873 0 1.606 0 1.587 0 1.584 0 1.584 0 1.584
2.0 2.270 0 2.050 0 2.039 0 2.038 0 2.038 0 2.038
2.5 2.709 0 2.524 0 2.518 0 2.517 0 2.517 0 2.517
3.0 3.170 0 3.012 0 3.008 0 3.008 0 3.008 0 3.008

Table 4.4. Cont.
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Figure 4.11. Simulated bi-exponential diffusion decay with Rician noise bias (+) and NC2 
corrected data (o). The fit to the corrected data (solid line) is in good agreement with the true 
decay (dotted line) compared with the fit to the Rician biased data (dashed line).

D^mmVs) fi D2(mm2/s)
Input
parameters

3.00x10 ' 3 0.80 0.80x1 O’3

Uncorrected
data (2.50 ± 0.002) x l 0 “ 3 0.94 ±0.01 (0.24 ± 0.0001) x l 0 “ 3

Corrected
data

(3.01 ± 0.0008) x  10- 3 0.82 ± 0.009 (0.74 ± 0.0003) x l 0 “ 3

Table 4.5. The parameter values of the fit to the simulated decay biased with Rician noise and 
corrected with NC2 noise correction as shown in figure 4.11.
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4.4 Noise Estimation from the Image Background

The post processing noise correction techniques discussed in section 4.3 are all based on the 

theoretical prediction that the data distribution is Rician and the availability of an accurate value 

for c . In section 4.4.1 the data distribution for A=0 is investigated. The rest of this section is 

devoted to the accurate determination of G.

For the experiments reported in this section the head coil was used to measure the diffusion 

signals, S(b), for 16 b-values including 0, 250, 500, 750, 1000, 1250, 1500, 2 0 0 0 , 2300, 2600, 

3000, 3250, 3500, 4000, 4500, and 5000 s/mm2. The head coil phantom was first positioned in the 

head coil and moved to the magnet isocenter. It was left there for 30 min. to make the water 

completely still and uniformly distributed inside the phantom. The temperature in the magnet 

bore was then measured to be 22° C before the measurements were started. A single transverse 

slice with 5 mm thickness was selected in the “head to foot” direction. The phase encoding was 

chosen to be in the anterior to posterior direction while the diffusion sensitizing gradients as well 

as the EPI readout gradients were applied in the right to left direction. The measurements were 

performed with a 128 matrix and a 75% partial Fourier factor. Thus, the data set was 96x128 in k- 

space and reconstmcted as 128x128 images. The images were measured for a FOV=300 mm 

resulting in 2.3 mm in plane resolution. The diffusion signal decay was measured once (NEX=1) 

with the repetition time of TR=500 ms and an echo time of TE=200 ms. The image data 

acquisition was performed with a bandwidth of 752 Hz/pixel.

For some of the measurements the head coil water phantom was used while for the rest the 

phantom was removed to provide pure background images. All of the measurements used the 

parameter settings described above. To ensure that the electronic settings of the imager (e.g. 

amplifier gain) were the same without the phantom as with the phantom the adjustments were

1 2 2
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first done with the phantom in place. The phantom was then removed without moving the patient 

table, ensuring that the adjustments were not repeated and the settings remained the same.

4.4.1 The PDF of the background

In order to apply the noise correction techniques presented in the previous section to estimate the 

“true” signal strength, knowledge of the data distribution function is required. To test the 

hypothesis that it is Rician as expected from theory (see equations (4.7) and (4.17)) a histogram 

was generated from a measured MR magnitude image corresponding to A=0 (i.e. the only 

contribution to the measured signal was from noise). In this case the distribution should 

correspond to a Rayleigh distribution. A set of diffusion experiments was performed with the 

head coil water phantom removed, as described above, to provide pure background images. A 

histogram of the pixel intensities of the entire image (256x256 pixels) was generated using 

DImageV3 in IDL version 6.1 (see figure 4.12). Note that DImageV3 interpolates the 128x128 

image matrices to 256x256 using bilinear interpolation.

The mean and standard deviation were evaluated for the entire image and found to be 

< M > = 2 2 5 ± 5  and 0 M =lO 7 ± l ,  respectively. From these measurements we find, using 

equation (4.16) and (4.19), that 0  = 180 ± 4 . When the experimental histogram is compared with 

the Rayleigh distribution for 0  = 180 (see figure 4.12) the results are in reasonable agreement, 

however, it is clear that something else is also involved. It should be noted that the Rayleigh 

function was scaled by a factor of 256 x 256 .

Siemens images are filtered using a Hanning filter to avoid truncation artifacts. To see if 

this is what is causing the differences noted in figure 4.12 we generated a simulated Hanning
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Figure 4.12. The histogram of the magnitude data from the image background of the MR 
diffusion measurement (solid line) compared with the Rayleigh density function with the same a  
value (i.e. o=180).
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Figure 4.13. The histogram of the magnitude data from the image background of the MR 
diffusion measurement (solid line) compared with a Hanning filtered Rayleigh density function.
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filtered Rayleigh PDF for a  = 180 to compare with our experimental curve. The Hanning 

filtered PDF agrees quite well with the measured distribution (see figure 4.13). The remaining 

differences can likely be attributed to the fact that Siemens uses a different Hanning filter than we 

used in our simulations. Unfortunately, we do not have access to the details of how Siemens 

Hanning filtering is done. This is discussed in more detail at the end of section 4.4.3.

This result shows that the noise PDF is a Hanning filtered Rayleigh distribution rather than 

a straight Rayleigh PDF. The difference is not large but is it significant? The mean and standard 

deviation of the filtered PDF are 225 and 72, respectively. It is important to note that the mean 

value is unaffected by the filtering and the standard deviation is reduced by 35% .

It is more difficult to make a similar determination fo rA > 0 , however, most of the 

processes that could potentially distort the distribution from a Rayleigh distribution (e.g. 

electronic filtering, extraneous rf signals) would be expected to have a similar effect when A > 0 . 

Thus, it should be reasonable to extrapolate from the results of this section to conclude that the 

pixel intensities are distributed according to a Hanning filtered Rician distribution for all values 

of A where the filtering has no effect on the mean of the PDF and a significant effect on the 

standard deviation.

4.4.2 Noise estimation from the image background without the phantom

In order to use any of the noise correction techniques used in this thesis it is necessary to have a 

reliable value for a . Ideally, a  should be determined from the measured standard deviation of the 

actual pixel under consideration. However, this would involve making many measurements of the 

signal intensity for the pixel of interest and calculating the standard deviation from this data set. 

This is impractical. Alternatively, the standard deviation could be calculated for a small region of
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interest containing equivalent pixels. This is possible when imaging large water phantoms, 

however, for in vivo applications adjacent pixels cannot be assumed to be equivalent (i.e. have the 

same “true” signal intensity). The most practical solution to the problem is to evaluate a  from a 

region of interest in the image background where there is only noise. This introduces the 

assumption that o  is the same for this background region of interest as it is for the pixels of 

interest. This should be a reasonable assumption in most cases but should be checked 

experimentally on the imager being used to be sure.

In section 4.2 three expressions were given for estimating a  from pixels that contain 

contributions only from noise (i.e. A=0) corresponding to a Rayleigh distribution. These three 

estimators are:

In principle, all of these should give the same result and none is any better than the others. 

However, if the distribution function differs from Rician or if the region of interest being 

considered is contaminated by artifacts, these effects can be expected to affect the three 

estimators differently. Conversely, if the measured values for these estimators are all equal, it 

gives confidence that this value is the correct value of a . If only one estimator was used the risk 

of using an inaccurate value of o  in the noise correction would be significant. Rather than 

resulting in a more accurate characterization of the diffusion decay it could lead to just the 

opposite and the user would be unaware.

6 (< M 2 >) = - ^ V < M 2 >
v2

(4.14)

(4.20)

and

d(std < M >) = , P m .
V 2 -7 1 /2

(4.21)
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The first question that was addressed was whether 0  changes with position inside the FOV. 

In particular, is the value of 0  calculated from an ROI near the center of the FOV, where the 

subject’s brain will be, the same as the value calculated from the outer parts of the FOV which 

will contain only background signals? To test this a series of experiments was performed with the 

phantom removed (as discussed earlier in this section) so that the images consisted only of noise. 

Even though there was no phantom in the imager these measurements were repeated for the 16 b- 

values given earlier to ensure that 0  does not change with the strength of the diffusion sensitizing 

gradient.

Each image was analyzed using 16 square ROIs on a 4x4 grid positioned uniformly across 

the FOV. Each ROI was 2500 mm2 in area and contained 2600 pixels. The 16 ROIs are shown in 

figure 4.14. 0  was calculated for each ROI using the three estimators introduced above. Selected 

results from this study are given in table 4.6 and figure 4.15. No significant change was observed 

either as a function of position within the FOV or with b-value. In particular, the values of 0  

calculated for the central ROIs (5, 6 , 9 and 10) were the same as the values calculated for the rest 

of the ROIs to within a reasonable experimental error. It is interesting to note that these 

measurements consistently gave d(std<M>) < d(< M 2 > ) < 6 (< M > ) which is inconsistent with 

our initial assumption that they should be equal. However, the difference was consistently less 

than one standard deviation (see the ave and std values given in table 4.6) so the significance of 

this observation was not pursued further.

The values of 0  computed using the three estimators were the same to within one standard 

deviation when averaged over the 16 ROIs. This is additional confirmation that the noise PDF is 

indeed Rayleigh and there are no significant perturbing influences on the system.

The three 0  values are also shown versus ROI number in figure 4.15 for selected b values. 

No significant trends are apparent. The average values of 0 , averaged over ROI number for each
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H
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Figure 4.14. The 16 ROIs selected in the background image for MR diffusion measurements to 
study the noise a  estimates.

ROI b-value < M > std<M> < M 2 > 6 (< M >) o(std<M>) d (< M 2  >)
0 0 2.841 1.516 10.369 2.267 2.313 2.277
1 0 3.099 1.546 11.994 2.473 2.360 2.449
2 0 2.977 1.515 11.157 2.375 2.312 2.362
3 0 3.049 1.571 11.763 2.433 2.398 2.425
4 0 3.152 1.655 12.676 2.515 2.526 2.518
5 0 3.052 1.557 11.738 2.435 2.377 2.423
6 0 2.887 1.526 10.662 2.304 2.329 2.309
7 0 2.970 1.531 11.163 2.370 2.337 2.363
8 0 3.221 1.596 12.919 2.570 2.436 2.542
9 0 3.091 1.543 11.937 2.466 2.356 2.443

1 0 0 3.150 1.693 12.791 2.514 2.585 2.529
1 1 0 3.000 1.555 11.418 2.394 2.374 2.389
1 2 0 2.935 1.612 1 1 . 2 1 0 2.341 2.461 2.367
13 0 3.074 1.533 11.797 2.452 2.340 2.429
14 0 3.094 1.559 12.005 2.469 2.380 2.450
15 0 3.150 1.562 12.358 2.513 2.384 2.486

ave 3.046 1.567 11.747 2.431 2.392 2.422
std 0.104 0.050 0.732 0.083 0.076 0.076

Table 4.6. The noise <7 estimated with the various estimators for b= 0, 2600 and 5000 s/mm2 for 
16 ROI locations in the image background displayed in figure 4.14.
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ROI b-value < M > std<M> < M 2  > 6 (< M >) 6 (std<M>) 6 (< M 2 >)
0 2600 3.090 1.629 12.198 2.465 2.487 2.470
1 2600 2.984 1.519 11.208 2.381 2.318 2.367
2 2600 3.073 1.532 11.791 2.452 2.338 2.428
3 2600 3.047 1.579 11.778 2.431 2.411 2.427
4 2600 2.961 1.498 1 1 . 0 1 1 2.362 2.287 2.346
5 2600 3.065 1.520 11.707 2.446 2.321 2.419
6 2600 3.067 1.564 11.850 2.447 2.387 2.434
7 2600 2.974 1.491 11.066 2.373 2.276 2.352
8 2600 2.991 1.497 11.186 2.386 2.285 2.365
9 2600 3.070 1.555 11.843 2.450 2.373 2.433

1 0 2600 3.081 1.579 11.988 2.458 2.411 2.448
1 1 2600 2.858 1.519 10.475 2.280 2.319 2.289
1 2 2600 3.143 1 . 6 8 8 12.727 2.508 2.577 2.523
13 2600 3.105 1.495 11.878 2.478 2.282 2.437
14 2600 3.124 1.609 12.344 2.492 2.455 2.484
15 2600 3.005 1.607 11.613 2.398 2.452 2.410

ave 3.040 1.555 1 1 . 6 6 6 2.425 2.374 2.415
std 0.073 0.057 0.564 0.058 0.087 0.059

ROI b-value < M > std<M> < M 2 > d(< M >) o(std<M>) 6 (< M 2 >)
0 5000 3.085 1.609 12.103 2.461 2.456 2.460
1 5000 2.968 1.492 11.037 2.368 2.278 2.349
2 5000 3.033 1.509 11.477 2.420 2.303 2.396
3 5000 2.943 1.562 11.097 2.348 2.384 2.355
4 5000 2.937 1.546 11.014 2.343 2.360 2.347
5 5000 3.120 1.536 12.091 2.489 2.345 2.459
6 5000 3.049 1.588 11.814 2.433 2.423 2.430
7 5000 2.951 1.532 11.056 2.355 2.339 2.351
8 5000 3.035 1.467 11.365 2.422 2.239 2.384
9 5000 2.850 1.546 10.516 2.274 2.360 2.293

1 0 5000 3.127 1.604 12.351 2.495 2.449 2.485
1 1 5000 3.186 1.644 12.855 2.542 2.510 2.535
1 2 5000 3.077 1.553 11.878 2.455 2.371 2.437
13 5000 3.161 1.617 12.604 2.522 2.468 2.510
14 5000 2.949 1.577 11.182 2.353 2.408 2.365
15 5000 3.212 1.594 12.860 2.563 2.433 2.536

ave 3.043 1.561 11.706 2.428 2.383 2.418
std 0.103 0.048 0.721 0.082 0.073 0.074

Table 4.6. Cont.
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b-value and over the b-values for each ROI are given in table 4.7 and figures 4.16 and 4.17. No 

significant trends are apparent in these figures either. However, the a  values for ROI# 15 and to a 

lesser extent for ROMO are noticeably higher than the rest. This is not likely a significant effect 

but, to be safe, these regions will be avoided when calculating the 6  values used for noise 

correction. A linear regression was also performed on the data as a function of b-value. No 

dependence on b-value was observed. For all three 0  estimators the slope was very close to zero 

with two slopes being positive and one being negative (see figure 4.16). A linear regression was 

not performed on the data as a function of ROI number since ROI number is not a proper 

ordinate. The ROI numbering is arbitrary and to suggest that a  is a function of ROI number is 

meaningless. For these data sets the means were calculated and are displayed on figure 4.17 as 

lines across the plot.

These measurements show no significant change in o  with position in the FOV for any of 

the estimators or b-values studied. This would suggest that use of regions of background in the 

image can be used to calculate 0  for pixels at the location of the object in the image (e.g. the 

brain). The situation is not as obvious as it may seem, however, since the object being imaged 

may also contribute to the noise (as discussed in section 2.4). In fact, for conductive objects like 

the human body, the contribution to the noise from the object will be of about the same 

magnitude as the contribution from the electronics at 1.5 T. However, if a  did change with 

position within the FOV, one would expect this to be a result of the electronic noise rather than 

the object noise since a spatial dependence in the image corresponds to a frequency modulation of 

the measured signal and there is no reason to expect the object contribution to the noise to be 

different for different frequencies within the MR acquisition bandwidth.

130

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



b

5 ID
ROI Number

3.0

2 .5

b
2,0

b = 2600

150 5 ID
ROI Number

3.0 3.0

2 .5
< b

2 .5

< b
1 fiM B H B ® B fl a  fl a  »  s  * '

2,0

: b  = 500 :

2,0

; b  = 3000
1,5 « i i t « • ■ < i i i-i *.i- 1,5

5 ID

ROI Number

15

- b = 1 0 0 0

5 ID

ROI Number

0 5 ID 15
ROI Number

3.0

2 .5  t

: b □

2,0

1,5
b = 4000

5 1D
ROI Number

15

3.0

2 .5

b
2,0

b = 2 0 0 0

150 5 ID

3 Qf—1—1—1—1—!—1—1—1—r"

•• b
2 .5

2,0

1.5
■ b = 5000

-i i i i i—

0 15
ROI Number

5 ID

ROI Number

Figure 4.15. Values of the background noise estimates without the phantom are shown vs. ROI 
location for selected b-values ( x a <M>, n d std<M>, * 6 <m2>). The ROI numbering is shown in 
figure 4.14. The b-values are in units of s/mm2.
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b-value
(s/mm2) &(< M >) d(std<M>) 6 (< M 2 >)

averaged over 16 ROI
0 2.431 2.392 2.422

250 2.401 2.337 2.387
500 2.399 2.374 2.394
750 2.440 2.384 2.428

1 0 0 0 2.434 2.391 2.425
1250 2.376 2.367 2.374
1500 2.423 2.367 2.411
2 0 0 0 2.444 2.364 2.427
2300 2.427 2.387 2.418
2600 2.425 2.374 2.415
3000 2.402 2.349 2.391
3250 2.455 2.421 2.448
3500 2.428 2.389 2.419
4000 2.438 2.372 2.424
4500 2.396 2.325 2.381
5000 2.428 2.383 2.418
ave 2.421 2.373 2.411
std 0 . 0 2 0 0.023 0 . 0 2 1

ROI
location 6 (< M >) d(std<M>) 6 (< M 2 >)

averaged over b-value
0 2.450 2.372 2.433
1 2.409 2.356 2.398
2 2.426 2.364 2.413
3 2.400 2.349 2.389
4 2.399 2.363 2.391
5 2.424 2.361 2.410
6 2.409 2.381 2.403
7 2.439 2.394 2.430
8 2.431 2.384 2.421
9 2.401 2.343 2.389

1 0 2.406 2.380 2.400
1 1 2.426 2.357 2.411
1 2 2.412 2.391 2.408
13 2.423 2.383 2.415
14 2.424 2.381 2.415
15 2.469 2.416 2.458

ave 2.422 2.373 2.411
std 0.019 0.019 0.018

Table 4.7. The noise o  estimated from the background of the images without a phantom; a.(left) 
averaged over 16 ROI locations for each b-value, b.(right) averaged over 16 b-values for each 
ROI location.

We would also have checked to see if a  is the same at different positions within the FOV 

with the head coil phantom in place, however, for high SNR situations, subtle variations in the 

signal across an ROI, due to the presence of small artifacts (e.g. Gibbs ringing) and inherent 

signal nonuniformity, cause the measured standard deviation to be larger than the true a. This 

makes the comparison of o  values from two different regions within the FOV ambiguous when a 

phantom is used. For this reason we elected to make the measurements without object noise and 

extrapolate these results to the situation where the object noise exists with the justification given 

above.

132

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



x ......,g(<  M >); yi=0.000003x + 2.41

a ___ 6(std < M > ); y2=-0.000001x + 2.37

* -------G(< M 2 > ); y3=0.000002x + 2.41
2-50

2,20
1000 20000

b-value (s/mm )

Figure 4.16. The noise a  estimates averaged over ROI locations vs. b-value in the background 
image without phantom.
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Figure 4.17. The noise a  estimates averaged over b-values vs. ROI location in the background 
image without phantom.
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4.4.3 Noise estimation from the image background with the phantom

The next set of experiments was performed using the head coil phantom to see, in the presence of 

the contribution to the noise from the object being imaged, 1) if the 6  values change with ROI 

position, 2) if there is a dependence on b-value and 3) if the three a  estimators are in agreement 

with each other. The experimental details are given at the beginning of section 4.4. Each image 

was analyzed using 8  ROIs positioned along the left and the right sides of the image in the 

background noise. Since artifacts (e.g. N/2 ghosting) are more likely to appear in the phase 

encoding direction, which is the vertical direction in the images presented here, ROIs were not 

placed above or below the image of the phantom. Each ROI was 2500 mm2 in area and contained 

2600 pixels. The 8  ROIs are shown in figure 4.18. For each ROI c  values were calculated using 

the three estimators introduced above. Selected results from this study are given in table 4.8 and 

figures 4.19 to 4.21.

A linear regression was performed on the data as a function of b-value. In all three cases 

the slope was very close to zero with the slopes being negative (see figure 4.20). A linear 

regression was not performed on the data as a function of ROI number since this is not a proper 

ordinate. For these data sets the means were calculated and displayed in figure 4.21 as lines 

across the plot.

The small dependence of 6  on b observed in figure 4.20 was initially attributed to the 

Gibbs ringing artifact which extends well beyond the edge of the phantom and is proportional to 

the signal amplitude from the phantom. To test this hypothesis the size of the ROIs was reduced 

to half the original size and positioned as far away from the phantom as possible. The results of 

this analysis, shown in figure 4.22, are essentially identical to the original results. This shows that 

the b-value dependence is not a result of Gibbs artifact. The explanation of this effect remains
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Figure 4.18. The 8  ROIs selected in the image background for MR diffusion measurements of the 
water phantom to study the noise C7 estimates.

ROI b-value < M > Sld<M> < M 2 > a(<  M >) d(std<M>) 6 (< M 2 >)
0 0 5.945 2.839 43.401 4.743 4.334 4.658
1 0 6.097 2.715 44.546 4.865 4.144 4.719
2 0 6.510 3.109 52.043 5.194 4.745 5.101
3 0 6 . 0 0 0 2.755 43.584 4.787 4.205 4.668
4 0 6 . 0 1 0 2.674 43.266 4.795 4.081 4.651
5 0 6.281 2.775 47.147 5.012 4.235 4.855
6 0 6.007 2.831 44.090 4.793 4.321 4.695
7 0 6.266 2.914 47.748 4.999 4.448 4.886

ave 0 6.140 2.826 45.728 4.899 4.314 4.779
std 0 0.195 0.137 3.073 0.156 0.209 0.158

Table 4.8. The noise o  estimated with the various estimators vs. b-value for 0 to 5000 s/mm2 in 8  

ROI locations in the image background with the phantom displayed in figure 4.18.
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ROI b-value < M > std <M> < M 2  > d(< M >) 6 (std<M>) C (<M 2 >)
0 500 5.979 2.839 43.806 4.771 4.333 4.680
1 500 6.258 2.859 47.334 4.993 4.363 4.865
2 500 6.039 2.827 44.454 4.818 4.315 4.715
3 500 6.128 2.788 45.323 4.890 4.255 4.760
4 500 6.124 2.711 44.850 4.886 4.138 4.735
5 500 6.172 2.771 45.771 4.925 4.230 4.784
6 500 5.969 2.734 43.102 4.763 4.173 4.642
7 500 6.191 2.998 47.315 4.940 4.576 4.864

ave 500 6.108 2.816 45.244 4.873 4.298 4.756
std 500 0.103 0.090 1.529 0.083 0.137 0.080

ROI b-value < M > < M 2 > G(< M >) 6 (std<M>) 6 (< M 2 >)
0 1 0 0 0 6.205 2.778 46.217 4.951 4.241 4.807
1 1 0 0 0 6.175 2.719 45.522 4.927 4.151 4.771
2 1 0 0 0 5.990 2.700 43.172 4.780 4.121 4.646
3 1 0 0 0 6.128 2.869 45.783 4.890 4.379 4.785
4 1 0 0 0 6.072 2.639 43.838 4.845 4.029 4.682
5 1 0 0 0 5.971 2.737 43.146 4.764 4.178 4.645
6 1 0 0 0 5.734 2.788 40.648 4.575 4.256 4.508
7 1 0 0 0 6.194 2.956 47.093 4.942 4.511 4.852

ave 1 0 0 0 6.059 2.773 44.427 4.834 4.233 4.712
std 1 0 0 0 0.159 0 . 1 0 0 2 . 1 1 1 0.127 0.153 0.113

ROI b-value < M > ®fd<[y[> < M 2 > 6 (< M >) d (std <M>) 0 (< M 2 >)
0 3000 5.953 2.702 42.733 4.750 4.124 4.622
1 3000 6.404 2.859 49.184 5.110 4.365 4.959
2 3000 5.864 2.600 41.142 4.679 3.969 4.536
3 3000 5.929 2.610 41.962 4.730 3.985 4.581
4 3000 6.176 2.583 44.815 4.928 3.943 4.734
5 3000 6.095 2 . 8 8 6 45.482 4.863 4.406 4.769
6 3000 6.151 2.743 45.352 4.908 4.187 4.762
7 3000 6 . 0 0 2 2.935 44.631 4.789 4.480 4.724

ave 3000 6.072 2.740 44.412 4.845 4.182 4.711
std 3000 0.174 0.139 2.522 0.138 0.213 0.133

ROI b-value < M > std<M> < M 2  > d(< M >) 6 (std<M>) 6 (< M 2 >)
0 5000 5.937 2.603 42.024 4.737 3.974 4.584
1 5000 5.910 2.626 41.819 4.715 4.009 4.573
2 5000 6.009 2.672 43.244 4.794 4.079 4.650
3 5000 5.733 2.703 40.171 4.574 4.126 4.482
4 5000 6.040 2.795 44.291 4.819 4.266 4.706
5 5000 6.236 2.848 46.995 4.976 4.347 4.847
6 5000 5.794 2.711 40.918 4.623 4.138 4.523
7 5000 6.068 2.823 44.790 4.842 4.309 4.732

ave 5000 5.966 2.723 43.031 4.760 4.156 4.637
std 5000 0.160 0.091 2.254 0.127 0.138 0 . 1 2 1

Table 4.8. Cont.
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Figure 4.19. Values of the background noise estimates with the water phantom are shown vs. 
ROI locations for selected b-values ( x b <M>, a a std<M>, * 6 <m2>). The ROI numbering 
convention is shown in figure 4.18. The b-values are in units of s/mm2.
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ROI
location 6 (< M >) 6 (std<M>) 6 (< M 2 >]

averaged over 16 b-values
0 4.797 4.190 4.673
1 4.860 4.176 4.722
2 4.830 4.246 4.711
3 4.826 4.192 4.697
4 4.857 4.189 4.722
5 4.850 4.206 4.720
6 4.829 4.197 4.701
7 4.885 4.303 4.767

ave 4.842 4.212 4.714
std 0.027 0.042 0.027

b-value
(s/mm2) o(< M >) d(std<M>) 6 (< M 2 >)

averaged over 8  ROI
0 4.899 4.314 4.779

250 4.877 4.258 4.752
500 4.873 4.298 4.756
750 4.876 4.326 4.763

1 0 0 0 4.834 4.233 4.712
1250 4.835 4.158 4.698
1500 4.827 4.164 4.693
2 0 0 0 4.832 4.190 4.701
2300 4.871 4.114 4.719
2600 4.909 4.293 4.783
3000 4.845 4.182 4.711
3250 4.820 4.265 4.707
3500 4.742 4.115 4.615
4000 4.788 4.089 4.647
4500 4.882 4.244 4.752
5000 4.760 4.156 4.637
ave 4.842 4.212 4.714
std 0.048 0.076 0.050

Table 4.9. The noise o  estimated in the image background of the water phantom; a.(left) averaged 
over 8  ROI locations for each b-value, b.(right) averaged over 16 b-values for each ROI location

unknown, however, since the difference in the 6  values at b=0 and 5000 s/mm2 is only about 3% 

it is not a large effect and should have, at most, a very minor effect on our results.

From table 4.9 and figures 4.19-4.21 it can be seen that consistently

d(std<M>) < 6 (< M 2 >) < 6 (< M > )as  was noted for the experiments performed without the

phantom. We also found that 6 (< M >) and 6 (< M 2  >) were within one standard deviation of 

each other, consistent with the no phantom experiments. However, when the phantom is used 

a(std<M>) is found to be much more than one standard deviation lower thand(< M > ). This was 

unexpected and is inconsistent with the theory. It suggests that the PDF in this case is not a
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Figure 4.20. The noise a  estimates vs. b-value in the image background of the water phantom 
over the 8  larger ROIs. A small dependence on b is apparent.
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Figure 4.21. The noise 0  estimates averaged over b-values vs. ROI location in the image 
background of the water phantom.
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Figure 4.22. The noise a  estimates vs. b-value in the image background of the water phantom 
over the 8  smaller ROI locations as discussed in the text.

Rayleigh PDF since, if it were, the theory says that 6 (< M >) would be equal to both 

d(std<M>) and 6 (< M 2 >).

In the process of reconstructing the images Siemens applies a Hanning filter to the data. 

The exact details of how Siemens performs this filtering are not available to us however it can be 

expected to have a significant effect on the standard deviation of the distribution of pixel 

intensities while having a minimal effect on the mean. A typical Hanning filter in k-space would 

be defined by [158]

H(k) = ±[1 + c o s ( ^ - ) ]  = cos2( - ^ ) . (4.40)
^  max max

By Fourier transforming this expression we see that it corresponds to a weighted nearest neighbor 

average of pixels in the image [158]:
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FT{H(k)} = —8(x) + —8 (x ----- — ) + -8 ( x  + — — ) . (4.41)
2 4 2kmax 4 2k,™,

To see the effect of this Hanning filter on the Rayleigh PDF a simulation similar to those 

discussed earlier was performed and equation (4.41) was used to filter the simulated pixel 

intensities. For the purposes of this simulation 6 (< M >) = 4.8 (see table 4.9) was considered to 

be correct.

From the results shown in figure 4.23 it is clear that the Hanning filter causes the 

distribution of pixel intensities to narrow but has little effect on the position of the peak. In fact, 

the means before and after filtering are both equal to 6 . 0 2  while the standard deviation of the 

unfiltered Rayleigh PDF is 3.14, which agrees with equation (4.21), and the standard deviation 

for the filtered distribution is 1.93. If these two standard deviation values are used to calculate 

values for d  we get values of 4.80 and 2.95, respectively. Thus, the correct value for 6  is 

obtained when we use the standard deviation from the Rayleigh PDF and a considerably smaller 

value when the filtered distribution is used. This agrees qualitatively with what we observe 

experimentally but the value from these simulations is considerably smaller than the experimental 

value. The results are consistent with a Hanning filtered data set, however, it appears that the 

filtering in our simulation is too strong.

Suppose that the bandwidth of the acquisition is not wide enough to allow the highest 

frequencies in the image space. This means that adjacent pixels are not independent. For example, 

a pixel that has the highest possible positive value will have adjacent pixels which are more likely 

to be positive than negative. If we model this by setting each nearest neighbor pixel value to be 

the average of its two nearest neighbors, equation (4.41) can be rewritten as
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 .Rayleigh PDF; < M >= 6 .02, 6 m  = 3.147, d  = 4.79
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M

Figure 4.23. Simulated Rayleigh PDF (dot line) filtered by Hanning filtration (solid line) using 
equation (4.41).

1.5x10*
RayleighPDF;< M >= 6 .02, 6 m  =  3. 147,6 =  4.79 
_Hanning FilteredPDF;<M  >= 6 .02, 6 m = 2.43,6  =  3.77

ID 155- 5
M

Figure 4.24. Simulated Rayleigh PDF (dot line) filtered by Hanning filtration (solid line) using 
equation (4.42).

142

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



FT{H(k)} = -  8(x) + -  8(x -  Ax) + -  5(x + Ax)
2 4 4

1 8 (x) + 8 (x -2 A )  1 S(x) + 8 (x + 2A)
4 2 4 2

(4.42)

= —8 (x) + —8 (x -2 A )  + —8 (x + 2A) .
4 8  8

The resulting distribution, filtered using equation (4.42), is shown in figure 4.24. If this filter is 

used in the simulations instead of the one defined by equation (4.41) the standard deviation of the

is closer to the experimental value (see table 4.9 where the average value for d (s td <M>) is 

4.212). The mean of the PDF with this filtering still remained the same (< M > = 6 .0 2 ). This 

proves that the standard deviation of the Rician PDF is more sensitive than its mean value to 

processes such as Hanning filtration or others which can affect a  estimation.

From this analysis we can conclude that the a  estimators calculated using < M > and 

<M2 > are more reliable than the estimator calculated from std<M> since the width of the

distribution of pixel intensity values is more likely than < M > and <M 2 > to be affected by such 

things as filtering and bandwidth limiting. It should also be noted that when this analysis using a 

Hanning filter is applied to the results without a phantom it gives inconsistent results suggesting 

that the filtering was different for these two sets of experiments. This small discrepancy remains 

unexplained.

4.5 Validation of the Noise Bias Correction Procedure

The diffusion decay is a very nice system for testing noise correction since the SNR can easily be 

adjusted by incrementing the b-value. Furthermore, for a water phantom the diffusion decay is an 

exponential decay with a well known slope. If the noise correction scheme works properly, the

filtered distribution becomes 2.43 and the value of d(std<M>) calculated from this is 3.77 which
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corrected data points will follow a straight line on a plot of In [S(b)] vs. b, or at least have a 

Gaussian or nearly Gaussian scatter about a straight line. In this section we will discuss diffusion 

decay measurements as tests of how well the noise correction procedures are performing.

4.5.1 Signal strength estimation from the phantom image

In order to properly use the noise estimator to correct the diffusion signal decay for Rician noise 

bias, the selection of the ROI for the object in the image to measure the signal strength, S(b), is as 

important as the selection of the ROI in the background of the image for noise estimation. The 

signals in the ROIs can be influenced by unwanted phase encoding due to artifacts caused by, for 

example, motion, N/2 ghosting, or by Gibbs ringing. Thus, the resulting nonuniformity of these 

regions could affect the evaluated mean signal and its variance giving over or under estimated 

values for S(b).

The ROI size and its position were optimized using an image of the water phantom in our 

study by measuring the mean pixel intensity for the diffusion decay measurements with b= 0  and 

the standard deviation of the mean inside the phantom image. 16 circular ROIs centered with the 

phantom were selected to cover a full range of diameters between 5 mm and 131 mm including 

15 to 13751 pixels, respectively (see figure 4.25 and table 4.10). The mean values and their 

standard deviations are plotted against the ROI index in figures 4.26 and 4.27 to precisely detect 

the variations of these two values to find the optimal ROI size. The mean value of the pixel 

intensities and its standard deviation in these figures are normalized to their respective maximum 

values.

The most consistency for the mean is observed between ROI(O) and ROI(8 ) in the first 

measurement with less than 1% variation (figure 4.26). The data from the second measurement,
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Figure 4.25. The 16 circular ROIs selected in the phantom image of the MR diffusion 
measurements to study the signal and noise uniformity vs. ROI size.

ROI diameter
(mm)

# of pixels <M> std
expt # 1 expt # 2 expt # 1 expt # 2

0 4.8 15 457.33 453.00 2.3 4.0
1 5.9 41 452.46 452.92 3.8 4.4
2 8.9 61 454.42 452.97 4.6 3.9
3 15.0 207 456.40 452.56 4.3 5.4
4 22.9 465 456.04 453.58 4.9 6.4
5 29.9 765 455.31 453.27 5.5 6.4
6 37.9 1209 454.58 453.30 5.9 6.7
7 49.0 1979 454.23 453.00 6.9 7.4
8 57.0 2675 453.99 452.68 7.7 8 . 2

9 67.8 3757 453.14 451.93 8 . 8 9.1
1 0 81.8 5433 451.44 450.35 10.3 10.4
1 1 92.0 6821 449.66 448.72 11.4 11.7
1 2 1 0 2 . 8 8531 447.17 446.31 13.1 13.4
13 114.0 10441 443.36 442.55 15.7 15.8
14 123.8 12313 440.36 439.74 18.9 18.9
15 130.8 13751 429.34 428.94 60.6 60.5

Table 4.10. The mean values and their standard deviations vs. the ROI index. The diameter of the 
ROI and the number of pixels in the ROI are also given in the table.
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Figure 4.26. The mean values vs. the ROI index for the 1st (left) and the 2nd (right) set of 
measurements on the water phantom. The mean values are normalized to the maximum mean 
signal for each experiment.
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Figure 4.27. The std of the mean vs. the ROI index for the 1st (left) and the 2nd (right) set of 
measurements on the water phantom. The std values are normalized to the maximum std for each 
experiment.

which was performed right after the first one, showed more consistency for the mean values even 

up to ROI(IO). The selection of the optimal ROI size should also consider the variation of the 

standard deviation of the mean versus ROI size. The plots of std vs. ROI size (figure 4.27) show 

that the standard deviation drastically rises for large ROI and small ROIs suffer from poor 

statistics. This is clearly observed for the ROIs smaller than ROI(3) in the first set of
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Figure 4.28. The optimum circular ROI size with 460 pixels in the phantom image of the MR 
diffusion measurement with the ROI selected in the background.

measurements and ROI(4) in the second set of measurements. From these measurements it can be 

seen that ROIs from ROI(4) to ROI(7) give the best results. ROI(4) with 460 pixels, was chosen 

for the signal measurements in the Rician noise tests discussed in the next section.

4.5.2 Noise bias correction testing using the head coil phantom

Using the optimized ROI size from section 4.5.1 and the ROI in the background of the image 

shown in figure 4.28, we applied NC2 noise correction to diffusion data from the head coil 

phantom. The results are shown in figures 4.29-4.31 on two different scales. The experimental 

details of these measurements are given in chapter 3.

In order to compare the effect of the o  estimators on the Rician noise bias correction, the 

diffusion decay for the optimal ROI size was corrected using all three estimators. A single 

diffusion coefficient of D=2.0xl0 ' 3 mm2/s is always evaluated by the analysis of the signal 

decay. This is not surprising since the fit is heavily weighted by the larger data values at small fa-
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Figure 4.29 The diffusion MR signal for a water phantom biased with Rician noise (+) and 
corrected (o) with NC2 noise correction using 6 (< M >) a. on a logarithmic scale fit with least 
squares (solid line), b. on a linear scale.

148

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 . 0 0 0 0

0.1000

0 . 0 1 0 0
<9%> <K̂ r /r /̂ <?

0.0010

0.0001
4 0 0 0  

b-value (s/m m 2)

0 2000

b.

0.10

0 2000 4 0 0 0  

b-value (s/m m 7)

Figure 4.30 The diffusion MR signal for a water phantom biased with Rician noise (+) and 
corrected (o) with NC2 noise correction using 6 (std < M >) a. on a logarithmic scale fit with 
least squares (solid line), b. on a linear scale.
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Figure 4.31 The diffusion MR signal for a water phantom biased with Rician noise (+) and 
corrected (I*) with NC2 noise correction using a(<  M 2 >) a. on a logarithmic scale fit with least 
squares (solid line), b. on a linear scale.
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values. There is, however, a significant difference in the removal of the noise bias from the decay 

when 6 (s td < M > ) is used as opposed to the other two estimators, d (< M > ) and 6 (< M 2 > ), 

(see figures 4.29-4.31). If the Rician noise bias is calculated as the average over the data points 

from b=5000 to 10000 s/mm2 the uncorrected Rician noise bias is 0.014S(0). Using NC2 noise 

correction with 8  terms in the expansion and a  set equal to 6 (< M >), c(std < M >) and

6 (< M 2 >) the Rician noise bias reduced to 0.0022S(0), 0.0075S(0) and 0.0037(S0), 

respectively. Since the ideal result for the bias after noise correction is 0.0, it can be seen that 

6 (< M >) gives the best result since it is closer to zero.

4.6. Discussion of the Noise Correction

Detection of the “true” information from the MR diffusion signal decay in the magnitude form 

requires the removal of the Rician noise bias from the decay. The Rician noise shows its most 

dominance on the decay when the SNR is low causing incorrect decay parameters such as the 

diffusion coefficient and/or its contribution to the decay to be obtained from the analysis. Several 

noise correction techniques were studied with simulated image data and measured MR diffusion 

data to determine the best method for correction of the Rician noise bias of the diffusion signal 

decays for heterogeneous systems like tissue.

Complex averaging was shown, using simulations, to be a very useful technique for 

reducing the Rician noise bias as long as the required number of averages is small enough that the 

total length of the exam does not become unreasonably long. These simulations demonstrated that 

the standard deviation of the averaged noise decreases and this reduction is proportional to 

VN for both magnitude and complex averaging. But more importantly, the Rician noise bias was 

shown to decrease by a factor of Vn  for complex averaging while it did not change with the
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number of averages for magnitude averaging. Attempts to demonstrate these effects 

experimentally were only partially successful.

When an ROI analysis is performed on complex averaged images, the average over the 

pixels in the ROI is a magnitude average, since the pixel values are obtained from the magnitude 

image. If this averaging over the ROI was done to the real and imaginary data following the 2D 

Fourier transform but before the magnitude and phase of the signal are computed this should have 

a similar effect on the Rician noise bias as the complex averaging simulations presented here. 

Unfortunately, we did not have access to the necessary parts of ICE to test this suggestion.

Various post-processing noise correction procedures from the literature were considered. 

All of them performed well for SNR > 3 but none of them were acceptable for SNR<3. An ideal 

noise correction procedure will be conceptually simple, easy to implement and can be applied to 

each individual data point separately. When applied to a large number of equivalent 

measurements it will yield a distribution of corrected data points with a mean of A, the true MR 

pixel intensity that would be measured in the absence of noise, and will be Gaussian in shape to 

fulfill the prerequisites for least-squares based post-processing procedures. None of the 

corrections proposed in the literature fulfill all of these criteria but a new correction technique 

proposed in this chapter and called NC2 comes close to fulfilling these criteria for an ideal Rician 

noise bias correction technique. It was also demonstrated that least squares fitting of a Rician 

noise biased bi-exponential signal decay gives the wrong values for the decay parameters. The 

least squares fit to the same data after NC2 noise correction gave the correct values for the decay 

parameters.

All of the post-processing noise correction procedures considered here, including the NC2 

technique, rely on having an accurate value of a , the standard deviation of the Gaussian noise on 

the real and imaginary signals. Ideally, a  should be determined from the measured standard

152

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



deviation of the actual pixel under consideration. However, this would involve making many 

measurements of the signal intensity for the pixel of interest and calculating the standard 

deviation for this data set. This is impractical. Alternatively, a  can be evaluated from an ROI at 

some other location within the FOV, as long as a  is the same for all locations within the FOV. 

This was checked and found to be true for our imager. This allows us to determine a  from an ROI 

in the background of the image and to apply it to the signal for pixels at the centre of the image.

Estimation of a  was obtained from the measured mean, standard deviation and second 

moment for an ROI in the image background where A can be expected to be zero and these 

estimates were compared. In principle, they should all give the correct value of a  but, since they 

may be influenced differently by systematic errors, the three were compared to see which gives 

the most accurate and consistent results. MR diffusion measurements of the image background 

were made in the presence and in the absence of the water phantom to make these comparisons.

As expected, the measured 6  values from the image background with and without the 

phantom were different due to the various sources of noise such as the electronic noise, and the 

noise from the conducting subjects (e.g. phantom or human body) causing both dielectric and 

inductive loss. For a typical MR measurement at 1.5 T about half of the noise is generated by the 

receiving coil depending on its resistance and its temperature. Conducting samples such as water 

phantoms and human subjects couple with the B, magnetic field (RF), causing an increase in the 

effective series resistance due to dielectric and inductive effects and this causes the noise detected 

by the electronics to increase. Therefore, the noise estimated from images acquired with no 

phantom are expected to be much less than the noise from the background of images of 

conducting samples which induce extra noise. This is consistent with our observations.

In addition to electronic noise and induced noise due to sample losses, systematic errors 

such as Gibbs ringing, N/2 ghosting and motion artifacts can also influence the a  estimates. Care
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must be taken to select uniform ROI’s in the image background with no signal and no artifacts 

such as motion artifacts, N/2 ghosting or Gibbs ringing.

The measurements of a  without the phantom showed no dependence on ROI position or b- 

values and the three estimators were in agreement with each other to within 1.6% (see table 4.11). 

The relative values of <M>, CM and <M2> are also consistent with each other and with theory 

(see table 4.12).

The measurements of 6  with the water phantom showed no dependence on ROI position 

and only a very small dependence on b-value; the d  values varied by about 3% over the range of 

b-values studied. The values of 6 (< M > ) and 6 (< M 2 >) were in agreement to within 3% (see 

table 4.11). The relative values of <M> and <M2> are also consistent with each other and with 

theory (see table 4.12). However, c (s td < M > ) was significantly smaller (13.9%) than 

a(<  M > ). This was shown to be caused, most likely, by the effect of Hanning filtering on the 

width of the measured distribution.

From these comparisons it appears that 6 (< M > )an d  d (< M 2 > )a re  both reliable

estimates of a  but that 6 (std < M >) is not, probably due to the effect of the Hanning filter. It is

useful to note that using 6  values in the NC2 noise bias correction algorithm that differ by about 

3% (i.e. 6 (< M >) and 6 (< M 2 > )) gives very similar noise bias correction.

The NC2 noise bias correction procedure introduced in this chapter was tested with all 

three estimators. Diffusion decays were measured for the head coil water phantom. Various ROI 

sizes were tested to find the optimal size such that it had enough pixels to make the results 

statistically significant but not large enough that signal variance due to artifacts was introduced. It 

can be seen by a comparison of figures 4.29-4.31 that the noise bias correction is poor when 

d(std < M >) is used but it is very good when either 6 (< M >) or 6 (< M 2 >) is used
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% difference

with phantom without phantom

6 (< M >) d(std<M>) a (< M 2 >) 6 (< M >) d(std<M>) a (< M 2 >)

4.84 + 0.04 4.21 ±0.08 4.71 ±0.05 2.42 ±0.02 2.37 ±0.019 2.41 ±0.018
a(<  M >) -  
d(std<M>)

13.9% 2.00%

6 (< M >) -  

6 (< M 2 >)
2.7% 0.42%

Table 4.11. Comparison of the three estimators averaged over both ROI locations and b-values.

Theory experiments
with phantom without phantom

<M>/om 1.91 2.2 ±0.023 1.95 ±0.01

<m>/<m2> 0.89 0.91 ± 0.002 0.89 ±0.001

Table 4.12. Comparison of the Rician theoretical ratio with the measured 
ratio with and without the phantom.

with 6 (< M >) giving slightly better results for this set of measurements.

4.7. Conclusion

Removing the Rician noise bias from the signal decays is an important requirement for analyzing 

diffusion data from images and getting reliable information from the decays. A new Rician noise 

bias correction algorithm developed in this study and applied in image post processing showed 

significant advantages both theoretically and experimentally over conventional methods and 

complex averaging. This was most significant in situations with SNRcl.O. The noise correction
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procedure requires that 0  of the noise be accurately estimated from the image background. We 

showed that the noise estimators using the mean and the second moment of the background are 

more reliable than using the variance of the mean. The precise selection of the ROI location and 

the ROI size in the background as well as in the image are also important in order to have 

accurate parameter estimates of the signal diffusion decay. This study showed that 6 (< M >) and 

d(< M 2 >) determined from the background of the image can both be used in the NC2 algorithm 

to effectively correct the diffusion signal decay for the Rician noise bias.
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CHAPTER 5

Diffusion Decay Measurements in Human Brain 
in vivo and Analysis with NNLS

5.1 Introduction

Clinical measurements of the apparent diffusion coefficient in  vivo assume that the diffusion 

decay is mono-exponential and 2 or 3 data points over a small range of b-values up to 1000 

s/mm2 is considered to be adequate for characterizing the decay. This has the advantage of 

describing the diffusion characteristics with a single decay constant over a wide range of 

experimental conditions. However, a great number of studies of the MR diffusion properties of 

tissues indicate that the diffusion decay is poorly represented by a single exponential decay in 

tissues [98, 99, 103], When the MR diffusion measurements are sampled with more b-values over 

an extended b-value range, much larger than typically used in clinical practice, the brain water 

signal decay in vivo no longer displays a mono-exponential signal decay but rather the decay 

appears to be a multi-exponential decay. The precise diffusion decay behavior in tissue and its
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explanation are still not well understood. The decay can be affected by many things including 

different tissue environments and exchange among them, anisotropy and so on. A quantitative 

study of the multi-exponential diffusion decay of tissue such as brain tissue must satisfy two 

important criteria: accurate data measurement and reliable data analysis which is appropriate for 

the data being considered. Therefore, for the measurement:

A sufficient number of b-values must be sampled to adequately characterize the observed 

diffusion decay.

The echo time must be kept constant and short enough that the SNR remains high.

Eddy current effects and ghosting must be avoided as much as possible in the diffusion 

decay measurements since they can distort the data.

For the data analysis:

The ROI’s must be selected very carefully to avoid N/2 ghosting and Gibbs artifacts. 

Rician noise bias correction based on accurate noise estimation must be applied in the 

post processing.

An appropriate curve fitting method for multi-exponential diffusion decay with an 

unknown number of components should be used to characterize the diffusion information 

in tissue.

We established these criteria for our diffusion experiments in order to allow us to obtain an 

accurate knowledge of diffusion characteristics in brain tissue.

5.2 Materials and Methods

A protocol was developed using Siemens’ diffusion-EPI pulse sequence (ep2d-diff) with a 

constant diffusion time of td=50 ms to do MR diffusion measurements on the 1.5 T MR scanner.
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Figure 5.1. MR images showing the region of the brain studied. Left: this represents the slice 
selected above the ventricles. Right: the ROI’s selected in the white matter and in the background 
noise.

Using this protocol, data points were measured for 96 b-values to study the diffusion decay of 

water molecules in a single slice of the human brain. The pulse sequence was first modified to 

allow up to 1000 averages to find the optimum number of averages for our experiments. We used 

50 signal averages as the optimum number of measurements as a compromise between increased 

scan time and a better SNR. The 96 b-values were chosen from zero to 12,500 s/mm2 associated 

with the maximum possible amplitude for the diffusion sensitizing gradient of 28.5 mT/m which 

was applied in the readout direction (i.e. left to right in the images presented in this study). Since 

the maximum number of b-values that could be measured with this sequence was fixed at 16, the 

sequence was repeated 6  times and the b-values are distributed over 6  sets of 16 values each with 

an interval of 100 s/mm2 in the first 5 sets and a random interval in the last set up to the 

maximum b-value. The echo time, TE, was kept constant at 200 ms along with a repetition time
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of TR=500 ms. The slice was selected in the transverse plane with a thickness of 10 mm. A field 

of view (FOV) of 464 mm was selected in order to improve the SNR per voxel, at the expense of 

resolution, and to keep any N/2 ghosting artifacts away from the image area. The images were 

sampled with a matrix size of 128x128.

A typical image of the selected transverse slice is displayed in figure 5.1 for a human 

volunteer. The position of the 10 mm thick slice is superior to the ventricles at the level of the 

centrum semiovale. The ROIs were positioned in the left hemisphere in an area of white matter 

superior and lateral to the genu of the corpus callosum. The axonal orientation within these ROIs 

should therefore be predominantly inferior to superior and the experiments reported here, which 

are sensitized to diffusion in the left to right direction, are expected to correspond to 

measurements of diffusion perpendicular to the axon fibers for most of the axons in the ROIs 

analyzed. The position of the ROIs was also chosen very carefully to avoid artifacts such as N/2 

ghosting and Gibbs ringing as much as possible. The size of the ROIs was 5 pixels by 4 pixels 

which corresponds to a volume of 18x14x10=2520 mm3. This should be large enough to provide 

statistically significant mean and standard deviation values of the pixel intensity for the ROIs.

Rician noise correction was applied to the data to remove the Rician noise bias. Since the 

minimum SNR for these experiments was greater than 3.0 the results from chapter 4 show that all 

of the correction schemes considered there perform equally well (see section 4.3.2). The method 

of McGibney and Smith as given by equation (4.33) with n=2 was used for the Rician noise bias 

correction for the brain diffusion decay presented here. The positioning of the ROI in the 

background for the determination of 6  was done carefully to avoid the effects of artifacts. The 

location of this ROI was similar to that shown in figure 5.1.
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5.3 Data Analysis with NNLS

To analyze the measured diffusion decays an extension of the NNLS algorithm (see section 2.5.2) 

that includes regularization (see section 2.5.3) was used. Such solutions are composed of 

distributions of diffusion coefficients (Da) with smoothly varying amplitudes. The regularizer 

allows the algorithm to perform more robustly for noisy data at the expense of less than 3% of the 

minimum % 2 of the discrete NNLS solution. The diffusion coefficient axis was partitioned into 

150 values logarithmically spaced at equal intervals (in log space) between 1.0x1 O' 5 and 

0.1mm2/s. The computational code, NNLS-diff, was developed for the diffusion data analysis 

based on the block diagrams given in Appendix I.

As introduced in chapter 2, the NNLS algorithm basically solves a general system of 

equations like

| > ijSj- y i = 0  (5.1)
j=i

m n

by minimizing the least-squares misfit, (i.e. A^Sj -  y, | 2 = minimum) subject to the
i= i j=i

constraints that s j > 0 for all Sj where y, is the measured data value for b ,. The vector y is an input

for the NNLS algorithm as well as the matrix A. The matrix elements, A ,j, are equal to exp(-bj.Dj) 

for a given set of b-values and a large number of diffusion coefficients, Dj. The diffusion 

coefficients, which are known input parameters to the code, are arbitrarily selected over a 

reasonable range and sampled in logarithmic intervals. The NNLS algorithm determines which 

combination of Dj values generates the best fit and sets the corresponding Sj values accordingly. 

The Sj are set to zero for all Dj values that are not part of the solution. For example, if the best fit 

corresponds to a bi-exponential with two equally weighted exponential terms for Dk and D; then
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the NNLS algorithm sets sk = s; =0.5 and Sj =0 for all j ^  k, /. Even though a very large number of 

diffusion coefficients are considered, only Dk and D, appear in the final solution.

Additional subroutines for specific applications were also coded into NNLS-diff in order to 

construct the A matrix, generate noisy data by Monte Carlo simulation for testing the algorithm 

before its use with unknown measured data, and to calculate statistics such as chi-square, the 

mean value and the variance of the data for each peak in the spectrum. One of the most important 

subroutines of NNLS-diff is for developing the regularizer in order to smooth the spectrum of the 

diffusion coefficients when analyzing noisy diffusion decay curves. The flow chart of this code 

based on NNLS with regularization is shown in figure 2 of Appendix I. The program NNLS-diff 

was developed in Microsoft Visual C++ (version 6 .0). It consists of about 1200 lines of code and 

the execution time is approximately 5 s on IBM PC with an NT4 operating system for an 

m x n  = 1 0 0 x l 0 0 A matrix.

5.4 Using NNLS for the Analysis of the Simulated Data

The code was first tested for simulated data with Monte Carlo generated random Gaussian noise, 

8 ;, added to the signal so that it would be similar to measured MR data. The simulated decay data 

were computed for an inhomogeneous system based on the discrete version of equation (2.97) 

given in equation (2 .1 0 0 ) and rewritten here as follows:

n

Yk(bi ) = ^ S j exp(-biD j ) + 8 k(0,a) k = l ,2 ,...,m  . (5.2)
H

The Gaussian noise is considered to be uncorrelated, with zero mean and standard deviation a.

These computations were performed for two different cases: discrete spectra and piece-wise 

continuous spectra consisting of several distributions of diffusion coefficients (figures 5.2 and 

5.3). By constructing the matrix elements of Ay for the NNLS algorithm appropriately, good
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Figure 5.2 a. Assumed discrete spectrum of diffusion coefficients, b. Generated diffusion decay 
curve with simulated noisy data computed using the diffusion coefficient distribution shown in a.
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Figure 5.3 a. Assumed continuous spectrum of diffusion coefficients, b. Generated diffusion 
decay curve with simulated noisy data computed using the diffusion coefficient distribution 
shown in a.
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results for both classes can be obtained. The discrete version of the NNLS algorithm gives a 

solution with the convergence of equation (5.1) to zero. The only prior assumption is non

negativity of the spectral fractions, Sj. The results in figure 5.4a show that the NNLS solution is 

compatible with the assumed discrete spectrum (figure 5.4b) used to generate the data (see also 

figures 5.2 a,b). For the discrete NNLS spectrum, the real amplitude of each peak is equal to the 

sum of the two smaller peaks clustered around the real D value which corresponds to the 

weighted average of these two D j’s.

X  is found to be about 80 for the 1 0 0  generated data points which is the number of degrees 

of freedom (ndf) and therefore the expected value of X  ■ The assumed standard deviation for 

creating the added noise to the data is a=0.5% of the maximum signal strength which is also 

applied for the evaluation of chi-square by the following equation:

m
X2 = I > ‘C- y i ) 2 l a 2 , (5.3)

i=l

where y( are the data constructed from the NNLS results.

For a continuous spectrum, which is normally assumed to be more like a real system, the 

integral of the true model is equal to the integral of the solution provided by the discrete form of 

NNLS (i.e. with no regularization). This means that there is a very good fit in terms of the chi- 

square calculation. However, the results show a completely different spectrum compared with the 

real constructed spectrum. As can be seen from figure 5.5, the solution produced by NNLS for the 

diffusion decay given in figure 5.3b, which was generated from the piece-wise continuous 

spectrum shown in figure 5.3a, is a sum of a few delta functions and it doesn’t really resemble the 

true system very well. The % 2 value obtained in this case was 79.02 and the ndf was 100.
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Figure 5.4 a. Discrete spectrum of diffusion coefficients obtained using NNLS analysis of 
simulated diffusion data, b. True discrete spectrum.
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For the adaptation of NNLS to solve the problem of the continuous model, which may be a 

more realistic model for the particular system under study, extra constraints are required to find 

the solution which is both the most accurate and the most stable. In other words the solution, s, 

must satisfy the condition

m n K n

S C  A ijs j - Y i  I2 + I - C C  RkJs i _ r k I2 = minimum (5.4)
i=l j=l k=l j=l

where the second term on the right is called the regularizer and the relative strength of the two 

terms is determined by p ,  the regularization parameter as defined in section 2.5.3. These 

constraints thus minimize the extra terms, || Rs - r ||2, along with the chi-square misfit and change 

the ordinary constrained least-squares solution. The additional constraints are incorporated as 

rows of the matrix A.

Imposing the extra constraints to minimize along with the chi square misfit is used to select 

the ‘simplest’ members of a large number of possible solutions, protecting the system against 

significant unexpected information such as sudden sharp changes or extra peaks in the spectrum. 

This is an example of the principle of parsimony which can be defined as choosing the solution 

spectrum that is the smoothest with the minimum number of peaks. This tends to prevent the 

system of solutions from significant artifacts [1 1 0 ].

The form of R and r can be specified by the user (see below). The value of the 

regularization parameter is adjusted iteratively between 0  and 1 trading off with the chi-square 

misfit until it is close to m, which is equal to the ndf for the system of equations. This is the 

expected value of %2. When p=0, equation (5.4) reduces to equation (5.1) and the basic least- 

squares solution with the minimum % 2 is obtained. When p > 0, the equality constraints are 

eliminated and the regularizer imposes smoothness to the solution. The optimized value of p  is
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obtained at the expense of increasing the %2 misfit, but it provides a smooth spectrum and a more 

stable solution.

Three regularizers were defined in section 2.5.3. By applying the simplest regularizer, 

minimization of the power of the spectrum (i.e. the matrix R  is set to the identity matrix and 

r=0) the solution will be a smooth spectrum with the minimum number of peaks. As can be 

seen in figure 5.6, a continuous spectrum with 3 peaks is determined by NNLS with this 

regularizer. This is in better agreement with the real model than the solution of NNLS without the 

regularizer shown in figure 5.5, however, the agreement is still not as good as we would like. The

solution with this regularizer underfits the data such that % 2  = 1 \ 2 » x l m] = 79, where Xmm ' s the 

X2 value obtained for p= 0 .

To compute the regularizer from the first and second derivatives of the spectrum, the matrix 

R  should be formed in the computational code respectively as follows [109, 110]:

1

- 1  1

0

- 1  1 (5.5)

0 - 1  1

and

1

- 2  1
1 - 2  1

0

1 - 2  1 (5.6)

0 1 - 2  1
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Figure 5.5. The spectrum of diffusion coefficients found using the discrete form of NNLS for a 
continuous distribution of diffusion coefficients. The NNLS results are divided by three for easier 
comparison with the true spectrum.
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Figure 5.6. The spectrum of diffusion coefficients obtained using NNLS with a regularizer to 
minimize the power of the spectrum.
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It was not clear from the literature which regularizer is the best one to use. Provencher [110] 

seems to favour minimization of the second derivative of s while Whittall and MacKay [109] 

suggest that minimization of the first derivative of s is preferable. As can be seen from equations 

(5.5) and (5.6) both act to reduce the difference between adjacent points in the solution. These 

two regularizers and minimization of the power spectrum are all considered here to determine 

which performs the best for the diffusion decays reported in this thesis.

Figure 5.7 shows a comparison of these three regularizers. It shows that the spectrum which 

is least consistent with the assumed continuous model is the regularizer that minimizes the power 

of the spectrum. For this case the "ff value was 112 which is much higher than the expected value 

of X  =79 which is obtained when p=0. For the other two regularizers, the first and the second 

order derivatives of the spectrum, the % 2 values were 82 and 80, respectively, which is 

considerably better than the % 2 value for the power spectrum regularizer. Both the first and 

second derivative regularizers give results that are in much better agreement with the true model 

in the overall shape than for the power spectrum regularizer. This can also be seen from the 

position of the peak maxima. In all three cases the total integral of the spectrum is equal to that of 

the true model. The results of these analyses for NNLS with the three regularizers compared to the 

true model are summarized in table 5.1. It should be pointed out that the values of < D > , the 

expected value of D for peak k, given in the table were computed as the weighted average over 

peak k of the spectrum rather than the mean value of D or the value of D at the peak maxima. The 

fractional contribution < s > of peak k to the total diffusion decay is calculated as the mean over

1
the peak, i.e. < s > = — y  s , where nk are the number of points in the spectrum for peak k. For

n k ,K j=i

each peak < D > , < s > and their standard deviations o D and Gs, as well as % 2 for the total 

spectrum, are calculated in the statistical part of NNLS-diff (see figure 2 of Appendix I).
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Peak 1 Peak 2 Peak 3

Spectrum
Integral x 2

Weighted 
Mean 

<D> £od) 
mm /s

FWHM
2.mm /s

Frac 
Cont % 

<s>
(Os)

Weighted 
Mean 

<D> £j d) 
mm /s

FWHM
2.mm /s

Frac 
Cont % 

<s>
(Os)

Weighted 
Mean 

<D> £jd) 
mm /s

FWHM
2.mm /s

Frac 
Cont % 

<s>
(Os)

True
Spectrum

140.68 0.004
(0.0003)

0.004 50.4
(3.6)

0.021
(0.0017)

0.010 22.8
(1.9)

0.107
(0.0012)

0.05 26.8
(2.8)

NNLS 141.08 79.02 0.0043
(0.005) NA 49.0

(22.0)

1)0.019 
(0.02)

2) 0.031 
(0.005)

NA

1) 18.1
(6.7) 

2) 6.9
(4.7)

1) 0.107 
(0.12)

2) 0.166 
(NA)

NA

1)23.9 
(5)

2) 2.1 
(NA)

NNLS
(Pow_Reg) 138.33 112.68

0.0030
(0.0001) 0.006

50.9
(0.2)

0.021
(0.0010) 0.015

22.4
(0.87)

0.107
(0.0075) 0.05

26.6
(1.6)

NNLS
(1stD_Reg) 140.13 82.40

0.0035
(0.0001) 0.006

49.9
(1.2)

0.021
(0.0012) 0.012

23.3
(1.2)

0.107
(0.0075) 0.05

26.8
(1.8)

NNLS
(2ndD_Reg) 140.62 80.30

0.0038
(0.0001) 0.0045

49.6
(1.8)

0.021
(0.0012) 0.011

23.6
(1.3)

0.107
(0.072) 0.05

26.8
(1.9)

Table 5.1. The statistics of the simulated data of a continuous spectrum analyzed by NNLS with 
the three regularizers (ndf=100, p=0.005, o=0.5%). The NNLS analysis in discrete mode gives a 
spectrum with nine peaks (see figure 5.5). Using the weighted average of the adjacent double 
peaks the spectrum is reduced to five <D> values as shown in the table.
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The full width at half maximum (FWHM) indicates how noisy the D parameters are after 

adjusting the regularizer by trading off with the % 2 misfit. FWHM can be used for an 

interpretation of the relative inhomogeneity of one system compared with another when the 

spectra from the different systems being compared were analyzed using the same criteria for 

the regularizer adjustment. This is what Whittall et. al. [146] have done for their study of the T 2 

relaxation time distribution in different areas of human brain.

Larger values of p  give wider and shorter peaks while increasing %2. The properly adjusted 

value of 0  < p  < 1 gives the optimum % 2 which depends on the data for the system under study. 

Our simulation showed that by adjusting p to 0.005, the optimum X  after regularization does not 

exceed 3% difference when compared with Xm,„ (when p=0) for our simulated data set. The best

fit and the most stable solution is gained by minimizing the second-order derivative of the 

spectrum along with the chi-square misfit. From figure 5.7 and table 5.1 it is clear that the 

maximum amplitude of the peaks, the intervals between them and their FWHM have the most 

consistency with those of the true spectrum for the second derivative regularization.

5.5 The Diffusion Measurements for a Water Phantom and 
Analysis by NNLS

The data analysis of the water phantom was the first analysis of measured data by NNLS-diff. 

This was done to test the code for experimental data with a known diffusion coefficient. The 

cylindrical head coil water phantom was at room temperature (22°C) when the MR-diffusion 

images were acquired using the ep2d-diff pulse sequence. The water phantom also contained a 

small amount of N 1S0 4  (see chapter 3) to reduce T| for convenience but not enough to affect the 

measured diffusion coefficient. Three measurements were performed. In the first experiment 11
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b-values between 0 and 10,000 s/mm2 with an interval of 1000 s/mm2 were used. In the second 

experiment 16 b-values between 0 and 12,500 s/mm2 with smaller intervals were used. In the 

third experiment 96 b-values were used with the same protocol that was used to study the 

diffusion decay for human brain (see sections 5.2 and 3.1). The measured data were corrected 

for Rician noise bias using the NC2 approach as given by equation (4.39) in section 4.3.3.

The data analysis by NNLS always resulted in one component (see figure 5.8a) when the 

discrete version of the code (i.e. no regularizer) was used or one peak in the spectrum with a 

mean value for the diffusion coefficient of D = (2.07 ± 0.03) x lO -3 mm2/s when the continuous 

version of NNLS was used with the second derivative regularizer. The curves were very well 

fitted with the expected value of %2 = 3.8, 2.2 and 6.9 for ndf = 11, 16 and 96, respectively, 

with c X2 =0.6%  of the maximum measured signals from the data analysis (see equation (5.3)).

Figure 5.8b shows the diffusion decay curves fitted with the NNLS-diff result for the water 

phantom measurements. The measured value of the diffusion coefficient of water at 22° C from 

this study is the expected result and is in good agreement with the literature value [99]. Mills 

[183] measured the free diffusion coefficient of water from 1-45° C. By interpolating his results 

to 21° C we find D = (2.077± 0.025)xlO -3 mm2/s, in good agreement with the value reported 

here. The diffusion coefficient of water measured by others [102, 115] at 19° C was reported to be 

1.97xl0~3 to 1.98xlO -3 mm2/s which is also consistent with our results, considering the 

temperature.

As mentioned before, the incorporation of a regularizer into the least squares problem 

mathematically causes smoothing of the spectrum. However, a continuous spectrum with one (or 

more) peak with a finite width for a homogeneous system like a water phantom cannot have any 

physical meaning. As can be seen in figure 5.8a, the spectrum of diffusion coefficients for water 

has only one peak even with regularization. This could indicate the physical situation of an exact
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Figure 5.8 a. The spectrum for the diffusion coefficient of the water phantom using NNLS 
analysis with and without regularizer, which are the same for pure water, b. The diffusion decay 
with 96 b-values for the water phantom after noise correction.
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homogeneity of our water phantom. It is important to note that the main reason for this indication 

by the NNLS analysis was the proper adjustment of the regularizer based on the criteria that we 

empirically approved and set for finding the optimum % 2 misfit. Based on the simulations in 

section 5.4 and our trials in analysis, we set specifically the condition

1% ^(X 2 - 5 C L ) /X L ^ 3 %  . (5.7)

into the NNLS-diff code to properly adjust the regularizer parameter, 0 < p, < 1, and to be able to 

more reliably relate the spectrum resulting from NNLS analysis with regularization to the physical 

system. This condition was also used for our analysis of MR diffusion decays for human brain.

For the diffusion data analysis of the water phantom, the regularizer parameter was 

adjusted to p=0.001 to satisfy the above condition. However, these criteria also depend on the ndf 

for the measurements. For example, while |_t was adjusted to |x =0.001 to satisfy this condition in 

the experiment with 16 b-values to show the homogeneity of the system by one peak, for the 

water phantom experiment with 96 b-values it was possible to accept a 10% difference in % 2 with 

the regularizer parameter adjusted to |X =0.005 in order for the solution to reduce to a single peak. 

In contrast, the analysis for the experiment with 11 b-values showed this physical situation with 

the % difference in % 2 = 2% and p = 0.0005. In all cases the mean value of D and the total content 

of the peak (i.e. the water signal) were the same. For consistency and to obtain reliable 

information about the homogeneity of the system from the FWHM of the peaks we set the criteria 

to be from 1% to 3% as given by equation (5.7) for the analysis of data from human brain.
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Figure 5.9. Typical spectra of T2  relaxation time distributions for a CPMG experiment on a 0.85% 
EYP emulsion using NNLS showing the four main peaks. The discrete results are shown as solid 
lines and the results using the regularizer, which are multiplied by 5 in the figure, are drawn with 
a dashed line.

5.6 Using NNLS for T2 Relaxation Analysis in HXe Experiments

As another test of our implementation of the NNLS algorithm we used it to analyze T 2 relaxation 

data which was kindly provided by Dr. Giles Santyr and his group from the Carleton Magnetic 

Resonance Facility (CMRF) at Carleton University. The first use of the NNLS algorithm in MR 

by Whittall et. al. was also a study of T2 relaxation [108]. To use this code for T2 analysis it was 

necessary to change the kernel of equation (2.97) and consequently to change the diffusion 

exponential components, exp(-bjD j), to T 2 relaxation exponential terms, exp(-tj /T 2j), where
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the tj are the echo time intervals, nTE. We analyzed the T2 decay of Hyperpolarized 129Xe (HXe) 

dissolved in PerFluoro-Octyl Bromide (PFOB) emulsions studied by Wallace et. al. [149]. The 

purpose of the authors was to compare T2 relaxation of HXe dissolved in two PFOB emulsions 

containing two different droplet sizes (1.4 |am and 4.7 (am diameters). The ultimate goal was to 

develop a theoretical compartmental framework to optimize the design of perfluorocarbon 

emulsions of HXe which may lead to a better way of delivering HXe to particular tissues and 

ultimately to find a more sensitive and precise way of measuring blood flow in breast cancer 

[149],

The 129Xe gas was hyperpolarized by Dr. Albert Cross and the PFOB emulsions were 

prepared by Dr. Julia Wallace. She measured the T2 relaxation data at CMRF as well. The 

theoretical calculation with which the NNLS results were compared was done by Mihai Gherase. 

The HXe T2 measurements were made using a CPMG (Carr, Purcell, Meiboom and Gill) 

sequence; a sequence with a cascade of 180° RF pulses to read the echo signals due to T 2 

relaxation attenuation. The echo train consisted of 5000 echoes in increments of 0.4 ms from 0.4 

to 2000 ms. The signals were measured at 1.89 T using a Magnex (Abingdon, UK) 30 cm bore 

magnet after inserting the sample into a 1 cm diameter solenoid coil tuned to the 129Xe resonance 

frequency (22.18 MHz). Of the 5000 measured echoes, 1000 were used for the analysis, the rest 

were in the noise. The 1000 data points for the PFOB emulsions with 0.85% EYP (4.7 (am 

diameter droplets), and the 300 data points for the emulsions with 4% DPOC (1.4 |im diameter 

droplets) were analyzed with the extended NNLS algorithm for the T2 analysis using the data 

range of n = 150 logarithmically scaled between 1 and 1000 ms. EYP and DPOC are different 

kind of phospholipids. A typical spectrum of T 2 relaxation data for the 0.85% EYP sample is 

shown in figure 5.9. The data for both emulsions were very well fitted to a multi-exponential 

decay curve by NNLS. The results were much better than the fit from a bi-exponential regression

111

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

m ulti- exp fit by  NNLS 
bi- exp fit by  LS

400 6000 200
Time (ms)

Figure 5.10. Comparison of the multi-exponential fit to the T 2 relaxation measurements for the 
EYP emulsion using the NNLS method (solid line) versus the bi-exponential fit using non-linear 
least squares (dashed line).
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Figure 5.11. A typical best fit of T2 relaxation for the two emulsions by multi-exponential 
analysis using the NNLS algorithm.
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obtained using more conventional least squares analysis. Typical measured CPMG decay curves 

for the two emulsions of PFOB, 0.85% EYP and 4% DPOC, are displayed in figures 5.10 and 

5.11. The smaller droplet emulsion showed more than 95% contribution to T2 relaxation times of 

less than 10 ms, whereas for the larger droplet emulsion, the longer T 2  component contributed 

more than 30% to the corresponding decay. The decay of the larger droplet emulsions is much 

slower than for the smaller emulsion droplets, as expected [149].

Figure 5.12 represents the proportion of short and long T2 components with their error bars 

for 4 experiments and more than 40 data sets. The results were consistent with fast (smaller 

droplets) and intermediate (larger droplets) exchange of HXe between the droplets and the 

surrounding aqueous environment. From the authors’ study, the multi-exponential behavior of the 

T2 decay of the PFOB emulsions is quite consistent with the predictions of chemical exchange
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theory [149], Based on this theory, the CPMG curves for a single size droplet that is not 

exchanging would decay bi-exponentially.

The NNLS algorithm provided a multi-exponential solution for this complex emulsion 

system which gave a very good fit to the experimental data and agreed well with theoretical 

predictions. This gave us added confidence that the NNLS algorithm was working properly and 

that it would be a good procedure to use for analyzing diffusion decays for human brain.

5.7 The Data Analysis of the Diffusion Decay in Human Brain by 
NNLS-diff

When the analysis of the diffusion decay for brain tissue was started we did not want to make any 

assumptions as to the number of components or what their diffusion coefficients might be. We 

used the NNLS algorithm and began by considering n=150 values logarithmically spaced at equal 

intervals (in log space) between lxlO "5 and 0.1 mm2/s to cover the full range of possible diffusion 

coefficients. The stability of the results was confirmed by repeating the analysis 15 times all with 

150 data points with small changes to the data interval, on a logarithmic scale, such that the data
h

range being considered changed from (lx lO 5 - 0.01) mm2/s to (lx lO  5 - 5.3) mm2/s. No major 

inconsistencies were observed in the results of the different analyses. NNLS was used both with 

the second derivative regularizer and with no regularizer and the results were consistent. Figure 

5.13 shows the spectrum of diffusion coefficients for the diffusion decay of human brain tissue 

measured with 96 b-values. The mean Da value for each peak and its contribution to the decay 

along with their standard deviations were evaluated by NNLS-diff s l s  part of the data analysis and 

the results are given in table 5.2.

The diffusion decay is very well fitted with the NNLS results. For the discrete version of

NNLS we obtained % 2lin = 91 (p = 0) < ndf = 96 with a %i = 0.68% of the maximum signal (figure
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Figure 5.13. The spectrum of diffusion coefficients for human brain tissue observed by MR 
diffusion measurements in vivo. The data fractions were normalized to 100 for the continuous 
spectrum and to 20 for the discrete results. The mean values for each component and their 
contribution to the net decay are D1=0.06xl0'3(19%) mm2/s, D2=0.93xl0 "3 (80%) mm2/s and 
D 3= 1 . 2 x 1 0 " 2 ( 1 % )  mm2/s.

5.13). When regularization was included in the NNLS algorithm the regularizer parameter for this 

data analysis was adjusted to p=0.1 to give a smooth spectrum (figures 5.13 and 5.14) subject to 

the condition defined in equation (5.7) ( i.e .l% < ( % 2 -% 2in VXmin ^ 3 % ). The % 2 misfit for this 

version of NNLS was evaluated to be %2=93 which is 2.2% higher than the minimum % 2 and falls 

within a reliable range for interpretation of the results from the continuous spectrum.

Three diffusion coefficients were observed for most (14 of 15) of the data analysis trials 

with NNLS when the full data range was covered. The highest diffusion coefficient has a very 

small contribution of about 1 % to the decay and its magnitude, 1 .2 x l 0 ' 2 mm2/s, is larger than the
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Figure 5.14. The diffusion decay curve of human brain tissue fitted with NNLS-diff results as a 
tri-exponential decay with diffusion coefficients of Di=0.06x10'3(19%), D2=0.93xl0 "3 (80%) 
and D3=1.2xl0 ’2 (1%) mm2/s.

Da (mm2/s) f (%) FWHM

D, (0.0576 ± 0.002) xlO-3 f i 18.6±0.1 0.028X10'3
d 2 (0.93 ± 0.003) xlO-3 U 80.5 ±0.08 0.39 xlO'3
d 3 (1 .2±0.02)xl0-2 f 3 0.85 ±0.05 O.lxlO'2

Table 5.2. The quantitative results of diffusion measurements on human brain tissue. The FWHM 
represents the variance of the peaks in the continuous spectrum while the Da are the mean values 
(i.e. weighted average) of the diffusion coefficients for each peak;
(0 x2 = 0 .68% ,)ck  = 91,%2 = 93, |t = 0 .1 andndf = 96).

diffusion coefficient of pure water at body temperature, which is 3.0xl0 ' 3 mm2/s [179]. As such, 

it is likely not diffusion at all but rather a manifestation of blood perfusion in the tissue [9, 172], 

Since this is probably not a diffusion component it was decided to omit this small component
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from subsequent analyses by reducing the range of test values for NNLS to consider. The reduced 

range was reduced to 5xl0 ' 5 to 1.5xl0 "3 mm2/s with n=95. This analysis gave a fast diffusion 

coefficient at 0.96xl0"3 mm2/s (79.3%) and a slower one at 0.07xl0‘3 mm2/s (20.4%). This is the 

diffusion coefficient range used for the results presented in chapter 6 .

5.8 Discussion

The multi-exponential behavior of the diffusion signal decay in brain tissue observed in this study 

and others suggests that the current clinical practice of sampling only a few b-values under 1500 

s/mm2 largely limits the true information about the diffusion characteristics of human brain that 

can be obtained with these measurements. More information would be clearly accessed by 

extending the number of b-values measured and the b-value range in order to accurately measure 

the slowly diffusing component. The clinical utility of the information obtained using the 

conventional approach for the diagnosis of neurological disorders such as stroke, tumor and 

multiple sclerosis will be discussed and compared with the better understanding of this multi- 

component diffusion behavior in brain that is provided when the diffusion decay is measured 

more completely. The multi-exponential diffusion decays observed in this study are basically 

consistent with observations in many different biological samples such as those reported by 

Pfeuffer et. al. [ I l l ]  in rat brain in vivo, Stanisz et. al. [106] in bovine optic nerve and Mulkem 

et. al. [103] in human brain in vivo. Mulkem et. al. measured the diffusion signal decay for b- 

values up to 6000 s/mm2 and fitted the data with a bi-exponential curve. They reported fast and 

slow components of 1 . 0 2  (6 6 %) |im 2/ms and 0 . 1 1  prrr/ms, respectively, for water in the internal 

capsule of the white matter of human brain in vivo. Conturo et. al. [162] have theoretically shown 

that the use of higher b-values, and consequently higher diffusion sensitizing gradients, improves
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the accuracy of the diffusion coefficient obtained from the analysis when noise on the 

experimental data points is considered. Their results were derived by error propagation.

Our study of human brain in vivo was performed using an extended range of b-values up to 

b=12,5000 s/mm2 and the maximum possible diffusion gradient taking care to deal with the 

Rician noise bias properly to improve the accuracy of our findings for the diffusion information 

of the brain tissue. Our results showed a clear deviation from mono-exponentiality, which was 

completely consistent with reports of others in the literature. One possible explanation for this 

effect is a compartmentalization of the water into various environments within the brain tissue 

such as the intracellular, extracellular and intravascular spaces where each of these components is 

considered to have its own intrinsic diffusion properties. It is normally assumed that the 

intracellular and extracellular environments have slow and fast intrinsic diffusion coefficients, 

respectively, and the intravascular space has an ultra fast pseudo diffusion coefficient due to the 

perfusion of the blood.

Pfeuffer et. al. [102] observed four discrete exponential components for rat brain in vivo. 

The diffusion decay was characterized with two main components, Di and D2, equal to 0.3 

|im2/ms and 1.1 |im2/ms and together their contribution was between 80 and 95% of the full 

decay curve. The two slowly decaying components of D3 and D4  were of the order of 0.1 and 

0.01 |0 ,m2/ms, respectively. The range of b-values used in these experiments was very large; up to 

70,000 s/mm2. It is significant to note that we also observed four discrete components in our 

multi-exponential analysis using NNLS-diff before the Rician noise correction algorithm was 

applied. We obtained diffusion coefficients equal to 0.01xl0"3(6%), 0.09xl0~3 (13%), 0.93xl0 ~3 

(79%) and lO.lxlO ' 3 (1%) mm2/s. However, after applying the Rician noise correction algorithm 

the first two components were combined into one component equal to 0.06xl0'3 (19%) mm 2/s. 

This was true for both the discrete version of NNLS as well as for NNLS with second derivative
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regularizer. Thus, it seems likely that groups reporting a fourth diffusion component may not 

have dealt with the effects of the Rician noise bias properly. The third component observed in our 

work appears to be a real diffusion contribution and not an artifactual component related to the 

noise bias.

Although we measured the signal decay over a range of b-values starting from 100 s/mm2 

in order to avoid the effect of perfusing blood, it is still possible that the third component is due to 

intravascular blood flow in the capillaries. The observed contribution of this diffusion coefficient 

(-1% ) is lower than the values normally reported in the literature (4%) using the IVIM 

(IntraVoxel Incoherent Motion) model [163,164] for the contribution of perfusion to the diffusion 

decay. However, the capillary density in the deep white matter where our ROI is located is lower 

than for other regions of the brain so it is not surprising that it would have a smaller effect than 

usual in this location.

Water in the cerebrospinal fluid (CSF) has a higher Da than intracellular and interstitial 

water, mainly because there are fewer barriers to the diffusion of water in CSF. This would 

suggest that CSF should contribute a very large diffusion coefficient. However, displacement of 

water molecules in the CSF that might lead to attenuation of the MR signal in a diffusion 

experiment is more likely associated with pulsations in the CSF due to changes in blood flow in 

the brain during the cardiac cycle. As blood is pumped into the brain, pressure is induced on the 

CSF causing it to be displaced. In this case the contribution of the CSF to the diffusion decay 

would correspond to a very short diffusion component. CSF is not expected to be present in the 

ROI considered here but if there were a small amount, this could also be an explanation for 

observed results. Thus, the fastest component of the signal attenuation could possibly arise from 

water in CSF.
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When making the diffusion measurements caution must be used to avoid contributions 

from artifacts in the images. Diffusion weighted single shot EPI was used to make the 

measurements since it has very low sensitivity to bulk motion, blood flow and pulsations which 

cause ghost artifacts and unwanted modulation to the signals in the phase encoding direction. 

This is an important advantage of EPI over other diffusion weighted sequences. EPI, however, 

can also be the source of other artifacts such as N/2 ghosting. The selection of a large FOV 

allowed us to choose the ROIs for the images such that the signal information could be 

determined without being influenced by N/2 ghosting. Extra care was taken to choose ROIs 

which avoided Gibbs artifacts as well. Diffusion measurements are also often affected by eddy 

currents, however, the TRSE sequence used for our measurements is specifically designed to 

minimize these effects.

As with many other studies reported in the literature, it is possible to associate the slow and 

fast diffusion coefficients from our results with the intracellular and extracellular environments of 

the brain tissue, respectively. However, signal fractions are inconsistent with the volume fraction 

of these compartments in the tissue; in fact, they appear to be reversed. This discrepancy was also 

observed by Niendorf et. al. [154] for healthy rat brain.

According to some authors, this discrepancy might be related to differences in T 2 relaxation 

times for intracellular and extracellular water. That means that the signal arising from the region 

having a shorter T2 (such as the intracellular space) should be more attenuated for a given T 2 

weighting than that related to the region with the longer T2 (such as the extracellular space). 

However, this suggestion has not been confirmed either by experiments with variable TE and 

constant t d or by T 2 measurements using CPMG sequences [165,99,102,103,146], There are 

several studies in the literature [146,165,166] of T2 measurements employing the CPMG 

sequence to measure the T 2 relaxation distribution of human brain tissue. These studies show that
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the intracellular and extracellular T2  relaxation times form a single peak between 50 and 150 ms 

that varies in width, but is not separated into two components. They also report another peak 

between 10 and 50 ms assigned to water in the myelin sheath.

Anisotropy effects due to the various orientations of axonal fiber tracts is another source of 

concern in diffusion measurements when only one diffusion gradient direction is used. The 

locations of the selected ROIs in the white matter were carefully chosen for these analyses to 

minimize the effects of anisotropy since the orientation of the axonal fibers at this location is 

expected to be perpendicular to the direction of the diffusion sensitizing gradient ( R —» L ) used 

in our measurements for a very high percentage of the axons in the ROI. The multi-component 

analysis of these regions would show more components associated with the additional fiber 

orientations along with information on the different compartments involved in the region if this 

assumption was incorrect. This will be discussed in more detail in chapter 7.

5.9 Conclusions

The tri-exponential diffusion results reported here, with diffusion coefficient components 

separated by an order of magnitude, show that the “true” description of diffusion in a 

heterogeneous system such as brain tissue cannot be explained in terms of a single weighted 

average diffusion coefficient as is implicitly assumed in many clinical diffusion measurements.

Factors affecting the accuracy of a diffusion measurement and its analysis were an 

important focus of the work presented in this chapter. Employing an extended range of b-values, 

up to the highest possible diffusion sensitizing gradient, on human brain in vivo was shown to be 

remarkably useful to obtain diffusion information with the highest possible accuracy.
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Multi-exponential analysis that gave four discrete diffusion components for our diffusion 

data was shown to be incorrect due to the effects of Rician noise bias. However, when the 

analysis was repeated with regularization the spectrum was stabilized to the main three peaks. 

The noise corrected diffusion decay, when analyzed either with the discrete or with the 

continuous multi-exponential model, was shown to contain three components. Nonetheless, 

complicating effects such as a distribution of cell size and type and the permeability of 

membranes to water, did not allow us to simply interpret our tri-exponential components in terms 

of three tissue compartments with distinct intrinsic diffusion coefficients.

The most important goal of this chapter was to determine the number of exponential 

components in the diffusion decay for the selected region of interest and to identify factors that 

can influence this. By using a large number of b-values over an extended range and by using 

Rician noise bias correction we were able to show using NNLS analysis that the decay has two 

principle components and an additional very small contribution. Care was taken when choosing 

the ROI location to pick a region where anisotropy affects should be minimized. Thus, the 

components cannot be explained in terms of anisotropy of the axonal fibers.

Although it is often assumed that the diffusion decay has two principle components, 

consistent with our results for the selected ROI, this will not always be the case and should not be 

assumed. ROIs in different locations may well have additional components. Fitting diffusion data 

with more than two components to a bi-exponential model will produce incorrect information 

about the diffusion. This problem is avoided by using NNLS analysis.

The ROI location for this work was chosen to avoid anisotropy effects to simplify the 

interpretation of the results. However, this analysis should also be extended to other ROI 

locations with different fiber orientations. Correlations with physiological parameters such as 

tissue perfusion, energy status and extracellular volume would also be desirable.
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CHAPTER 6

Diffusion Time Dependence

6.1 Introduction

Brain tissue is capable of dramatic but reversible changes in the apparent diffusion coefficient, 

Da, depending upon the pathological state of the tissue. The challenge of MR diffusion is to find 

explanations for the changes in Da during ischemia or other pathologies, the changes in Da due to 

maturation and the mechanisms responsible for anisotropic diffusion. Many experimental and 

theoretical studies have been made to unravel the underlying mechanisms of the diffusion 

behavior and its change in brain tissue due to ischemia. The Da reduction within minutes of an 

ischemic insult is assumed to be mainly because of the shift of extracellular water to the 

intracellular space. It has also been proposed that changes in cell membrane permeability may 

cause the observed decrease in Da. Modeling of in vivo diffusion experiments can help to 

determine physiological boundary conditions for testing analytical models. It can offer new 

insight into the processes that affect diffusion weighted measurements and it can contribute to a 

mechanistic understanding of the behavior of the brain tissue system. Many properties of brain
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tissue can be examined with these experiments in order to better understand the complex 

interaction between intracellular and extracellular compartments. These may include such things 

as intracellular and extracellular diffusion coefficients, the volume fractions of these 

compartments, cell membrane permeability, compartmental exchange times, and extracellular 

tortuosity. However, changes in the extracellular volume fraction and the extracellular tortuosity, 

as measured by iontopherosis (i.e. examining the concentration of ions introduced into the 

extracellular space as a function of time), have not been sufficient to determine the absolute value 

of the Da and/or its decrease during ischemia. Tissue parameters such as the intracellular and 

extracellular diffusion coefficients, the exchange time and intracellular diffusion restriction have 

to be measured simultaneously in order to understand the complex environment affecting 

diffusion in brain tissue.

Based on diffusion theory, as outlined in chapter 2, Einstein’s equation for free diffusion in 

three dimensions is

< r 2 > = 6 DxD (6.1)

showing that the mean squared displacement, < r 2 > , of freely diffusible particles changes 

linearly with time, xD , where the free diffusion coefficient, D, is time independent. MR diffusion 

measurements in pure liquids show this type of behavior where the mean squared displacement 

varies linearly with time.

However, for diffusion in a confined space where the motion of the particles is affected by 

the restricting geometry, the displacement will, in general, be a complicated non-linear function 

of the diffusion time, XD, the diffusion coefficient, D, and the size and shape of the restricting 

geometry. Consequently, if the boundary effects are not properly accounted for and the data are 

analyzed using the model for free diffusion, the apparent diffusion coefficient, Da, which is often 

referred to as the ADC, will be measured instead of the true diffusion coefficient for the system.
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In a pure liquid like water, the true diffusion coefficient corresponds to the bulk diffusion 

coefficient. The situation is, however, more complex in a macromolecular solution (e.g. cell 

cytoplasm, protein solution, etc.) where the water molecule has to move around larger 

“obstructing” molecules like proteins or organelles in brain tissue as well as interacting with 

protein hydration shells. These effects cause the true diffusion coefficient for the system to be an 

average bulk diffusion coefficient which is affected by all of the interactions that affect the 

diffusion of the molecule. The situation is further complicated by the effects of exchange through 

cell membranes. Diffusion of water molecules in brain tissue, which is mainly composed of 

intracellular and extracellular compartments partitioned by semi-permeable cell membranes, with 

an additional very small contribution from the vascular sub-region, can be pictured as diffusive 

particles confined to a sphere (see figure 2 .6 ) with a finite probability of moving through the 

spherical barrier. This simple model is useful for discussing restricted diffusion and exchange. 

The exchange of the water molecule from the intracellular to the extracellular space which 

happens during the diffusion time, is related to its mean life time or residence time in the 

intracellular compartment.

In the short time limit, where td is much shorter than the mean life time in the 

compartment, such that the diffusing particle has not diffused far enough to feel the effect of the 

cell membrane as a boundary (on average), the system will behave as two distinct non

exchanging compartments with two independent diffusion coefficients. The diffusion coefficients 

are thus time independent for this case.

For the very long time limit, where a complete exchange between intracellular and 

extracellular compartments has occurred, the diffusion coefficient can be determined as the 

weighted average of the intracellular and extracellular diffusion coefficients. As discussed in 

section 2.2.3 for the diffusion of a particle confined to the inside of a sphere, the maximum
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distance that the confined water molecule can travel is limited by the boundaries, and thus the 

measured displacement and diffusion coefficient become independent of xD in this limit as well. 

The diffusion decay for long diffusion times, however, is sensitive to the shape and dimensions of 

the restricting geometry.

In the intermediate time limit, the exchange regime, the behavior of the system is generally 

a more complicated weighted average of the intracellular and extracellular diffusion coefficients. 

Some of the particles feel the effects of restriction and the diffusion behavior measured within 

this time limit will be a non-linear function of xD; the mean squared displacement will also not 

vary linearly with xD. There are a few analytical models, such as those given by Karger, that deal 

with restricted diffusion and exchange for a system in the intermediate exchange time limit [127]. 

These models will be discussed in section 6.5 and in chapter 7 where the experimental results will 

be interpreted in terms of restriction and exchange. The concept of restricted diffusion has been 

successfully applied to cell experiments [15, 113, 148, 156, 170, 175, 181]. It has also been 

adapted to study rat brain tissue using ‘diffusion time dependence’ imaging experiments on 

healthy rat brain in vivo [99, 102, 111, 125, 126, 153, 154, 155],

In this study, the xD dependence of water molecules in MR diffusion imaging experiments 

is measured for healthy human brain in vivo over a range of diffusion times in the intermediate 

exchange limit for large b-values in order to examine the intracellular restricted diffusion and 

exchange behavior from the intracellular to the extracellular space.
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Figure 6.1. The TRSE diffusion pulse sequence with two pairs of bipolar diffusion gradients. The 
first two gradients dephase the spins, the second two gradients cause the spins to rephase again 
and the signal is attenuated due to diffusion of the water molecules.

6.2 Materials and Methods

6.2.1 The TRSE sequence

The TRSE sequence [124, 132] was originally designed to provide better image quality for 

diffusion weighted images compared with the conventional Pulsed Gradient Spin Echo (PGSE) 

sequence of Stejskal-Tanner (see also section 2.3.4). The PGSE diffusion sequence (see figure 

2 .8 ) combined with an echo planar readout typically induces large eddy currents and
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consequently time dependent magnetic field gradients which cause spatial distortions of the 

image. The TRSE sequence has been shown to reduce these distortions by adding another RF 

refocusing pulse to the spin echo sequence and splitting the field gradients into shorter pulses of 

alternating polarity (see figure 6.1) [124, 132]. As shown in figure 6.1, the two bipolar field 

gradients of length 8,+ S2 and 83 + 84 are each split by RF refocusing pulses. Siemens’ diffusion 

weighted sequence, which they call ep2d-diff, is a TRSE sequence with I D =50 ms. To allow us 

to do this diffusion time dependence study we had to create our own version of ep2d-diff using 

Siemens sequence programming software so that xD could be adjusted.

With the TRSE sequence the 90° RF pulse is initially applied to tip the magnetization into 

the XY plane. All of the spins are in phase immediately following the pulse. The signal then 

begins to decay due to T2 relaxation. The first two diffusion sensitizing gradients gi=G and g2= 

-G, with equal amplitude but opposite polarity and unequal durations 8i and 52, respectively, 

dephase the net signal of the spins. The first refocusing 180° RF pulse is applied between these 

two gradients. The other two gradients g3= -G and g4= G, which also have the same amplitude 

but opposite polarity and unequal durations 83 and 84, respectively, along with the second 180° RF 

pulse are applied to rephase the spins. The area under the diffusion sensitizing gradients of 

durations 8i+ 82 and 83 + 84must be equal to complete the rephasing of the spins.

Since the on and off field gradient ramps produce equal and opposite eddy currents, the 

shorter the time between these on and off transitions, the less the residual fields due to the eddy 

currents decay during the gradient pulse and the more complete the cancellation of the eddy 

current effect by these two ramps. The TRSE sequence also gives the possibility of a shorter TE 

for the same b-value compared with the Stejskal-Tanner sequence [124]. This makes the TRSE 

sequence a more efficient sequence since the measured signal is not affected by T2 relaxation as 

much and therefore has a larger SNR. The diffusion gradients can be applied in the readout, the
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phase encoding, the slice selection direction or at any oblique or double oblique angle with the 

amplitude increasing in steps up to the highest value of 28.5 mT/m in 1 direction or 49.4 mT/m 

for all 3 directions (i.e. 28.5i -t- 28.5 j + 28.5k). This gives a maximum b-value of about 12,500 

s/mm2 for 1 direction and 38,000 s/mm2 for 3 directions. The maximum b-value for the sequence 

is directly related with the echo time for the sequence. The two 180° RF pulses are delivered 

during the Xi and X3 time periods.

The sequence timing for the TRSE sequence (see figure 6.2) should satisfy the following 

conditions [124,132]:

§i + 8 2  + 8 3  + 8 4  = T ,

8 1  +  8 2 =  5 3 +  8 4  ,

-  8 j + 8 2 + 8 3  = 8 4  + t s , (6 .2 )

where T is the total duration of the diffusion gradients and ts is the time after the end of the fourth 

diffusion gradient at which the echo occurs. From these expressions it can easily be shown that

8, = 1 -5 , ,

5 3 = ^ -  + 8 1 ,

and

8 4 = 1 ^ 5- 8 ! . (6.3)

These can also be related to the echo time, TE, by considering the full sequence timing. For 

example, if it is assumed that Xi and x3 are both very small compared with the gradient pulse 

durations and that the ramp times are negligible, then TE = T + t s .

195

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In ep2d-diff, Siemens’ TRSE sequence, spoiler gradients of amplitude 16.5 mT/m and 

duration 1160 ps are included immediately after each 180° pulse to dephase the small FID that 

will be generated by these pulses since it is difficult to generate a perfect 180° pulse. The 

dephasing effects of these spoiler gradients on the spins contributing to the echo at TE are 

cancelled out by identical gradients inserted immediately before the 180° pulses. The contribution 

of this pair of spoiler gradients to b will also be negligible. These spoiler gradients are retained in 

the various sequence modifications presented in this chapter but are not considered explicitly in 

what follows.

The timing of the TRSE sequence, as presented by Heid [132] and implemented by 

Siemens in ep2d-diff, is optimized to reduce eddy current effects as much as possible by 

imposing the additional constraint that

8j = —  In
1 + cosh(— )

e W 2  + e -^oT/2 (6.4)

where X0 is the effective exponential time constant for the decay of the eddy currents. As shown 

in section 6.2.3, eddy currents were not a major concern for the present study so we did not 

impose this constraint for the short xD sequences developed for this study. This allowed us more 

freedom in designing these sequences. The b-values calculated by the sequence code were no 

longer correct and had to be re-calculated offline using the equation developed in section 6.2.2.

6.2.2 The b-factor and td evaluation for the TRSE sequence

The diffusion decay is a plot of the MR signal intensity as a function of the b-factor for the 

sequence used. The calculation of the b-factor for the TRSE sequence is not as simple as for the
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til ti2

echo

t = 0 t = TE

Figure 6.2. The TRSE sequence timing for the b-value and td evaluation.

PGSE sequence. The b-factor for the TRSE sequence was analytically evaluated by the 

integration of equation (2.74) as follows:

TE TE t

b = y2 jF2(t)dt =±y2 j(  Jg(t')dt')2dt . (6.5)
0 0 0

Sequence timing diagrams for the TRSE sequence are shown in figures 6.1 and 6.2. The on and 

off ramps are both of duration tr for all four gradient pulses and the ramps are linear. The duration 

of the i* gradient pulse, which is denoted 8 j, includes the ramp on time but not the ramp off time 

(e.g. = t r + ( t 12 - t „  )) . The 180° RF pulses are applied in the Ti and x3 time periods. No 

gradient or RF pulses are applied during the time period labeled %2 - The effect of the 180° RF 

pulses is to change the phase angle of the spins from (f> to — ()). This effect causes a gradient pulse 

of amplitude G and duration 8 following the 180° pulse to have the same effect that a gradient 

pulse of amplitude -G  and duration 8 would have without the 180° pulse as shown in figure 6.1 

(see also section 2.3). This effect will be incorporated into what we will call the effective gradient 

amplitudes which, for the TRSE sequence shown in figure 6.1, are given by gi= g2= -g3= -g4 = G.

197

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The integral in equation (6.5) is most easily solved by breaking the outer integral into the 

sum of integrals over which the gradient amplitude is zero, a non-zero constant or a linear 

function of time (i.e. the ramps). Thus, the integral can be expanded as:

*13 l20 l 30 *43 TE

—  = Jf2 (t)dt + Jf2 (t)dt + Jf2 (t)dt + | F 2(t)d t+  jF 2(t)d t+  jF 2(t)d t+  jF 2(t)d t+  Jf2 (t)dt
 ̂ *10 *13 *20 *23 *30 *33 *40 *43

= Is, +Ix, "F 182 + It2 Flg3 +Ix3 "F 184 +Ix4 • (6.6)

These integrations are carried out in detail in Appendix II. The resulting expression for b is:

-^- = y i i —— [208? +308,2t r - 5 8 j t 2 + t r ] + M o m i_,Momi (8i + t r) + MomjMomjXi 1 , (6.7)
r “ T 1 60 J

i

where Mom, = y^gjS , and the effective gradient amplitudes are g0= 0 and gi= g2= -g3= -g4 = G.

If we also set 8i= 8 4 and 82= 83, which is true for the TRSE sequences being considered here, 

then it can be shown that (see Appendix II).

8 2
-^ (X t + T 3) + t r 
8 v82 68 82 j

where

and

8 = 8j + 82

(6 .8)

A — 8j + 8 2 + 2 tr +Xj + x 2

(see figure 6.1).

The diffusion time, xD, can be defined from equation (6.8), by analogy with the PGSE 

sequence of Stejskal and Tanner (see section 2.3.3) as

b 8
y G 8

(Xj + x 3) + t r
82 68 82

(6.9)
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When tr=0 and Ti= T3=0, the TRSE sequence reduces to a form of the PGSE sequence and 

equation (6.9) reduces to equation (2.85), as it should.

The diffusion time and b-factor were also evaluated for the variations of the TRSE 

sequence shown in figures 6.3b and 6.3c. Equation (6.7) is valid for these cases except that the 

summation is over two terms instead of four and the effective gradient amplitudes are gi= -g2= G. 

For these cases equation (6.7) gives

t r
= ------------= A —  8 — —

D y2G 252 3 68
1- (6 .10)

58

The maximum possible b-value for the Siemens sequence was calculated to be 12,500 

s/mm2 for a gradient amplitude of 28.5 mT/m in one direction using equation (6.7). The diffusion 

time was evaluated for the Siemens sequence from equation (6.9) to be td = 50 ms. The echo 

time for this sequence is TE=200 ms.

6.2.3 Optimizing the diffusion pulse sequence for short t d  and high b-values

The TRSE sequence was modified to obtain the shortest possible t d with the highest available b- 

value for human subjects. The main difficulty with this is that the maximum possible b-value 

decreases with decreasing t d . In order to find the best compromise between maximizing the b- 

value and reducing t d, we developed the sequence in the various forms shown in figure 6.3 to 

find the most appropriate sequence for our study. For all of the sequence variations considered 

here the position of the RF pulses, and therefore TE, was kept the same to avoid introducing T2 

relaxation effects into our results.

The first possibility was considered to use the same basic formation as the original TRSE 

sequence where the gradient amplitude of all four gradients was kept the same. The duration of
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the gradients was varied such that the diffusion time evaluated using equation (6.9) would change 

due to these variations. The two refocusing RF pulses are located at specific times in the sequence 

based on the desired echo time. Thus, by deciding to keep TE constant we could only change 

xD by adjusting the diffusion gradient durations or their start times. Consequently, the range over 

which t d could be adjusted was limited for this sequence. The maximum possible b-value was 

12,500 s/mm2 (for one direction) with TE=200 ms, 8 1  = 22480 (is, S2= 45930 |is, 8 3 = 48610 

(is, 8 4 =  19800 ps, Ti= x3= 4010 (is and T2=0 . By the variation of 8  = 8 1  + 8 2  = 8 3 + 8 4  between 6  

and 70 ms and a corresponding adjustment of T2 , the diffusion time, xD, was changed between 46 

to 85 ms.

In order to have more flexibility with xD variation to shorter values for the same TE of 200 

ms, two of the diffusion gradients were nulled to remove contributions to b and Xd from times 

following the second refocusing RF pulse. To do this, we had to keep either the first and third 

gradients (named the gig3 sequence) or the second and third gradients (named the g2g3 sequence) 

and set the other gradient amplitudes to zero (see figures 6.3). By investigating the two new forms 

of the sequence, we found that the g2g3 sequence is the optimum pulse sequence for our xD 

dependence study.

We started from the shortest possible duration of the diffusion gradient, 8  = 8 1  = 8 3  = 1000 

(is for the gig3 sequence or 8  = 8 2  = 8 3 = 1000 (is for the g2g3 sequence. Although there was the 

advantage of gaining the shortest diffusion time of 5000 (is for gig3 and 600 (is for g2g3, the 

maximum possible b-values were too low to be able to obtain appropriate information from the 

experiments. Therefore, we decided to increase 8 . With 8  set to between 10 and 19 ms, xD for the 

gig3 sequence could be varied from 8  to 8 8  ms (evaluated by equation (6 .1 0 )) with the maximum
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Figure 6.3. a. The TRSE sequence developed based on keeping two pairs of bipolar diffusion 
gradients. This sequence is limited to diffusion times, xD, between 46 and 85 ms with maximum 
b-values up to 12,500 s/mm2, b. The TRSE sequence with one pair of bipolar gradients (gi and 
g3). This sequence, which we call the gig3 sequence, can have xD values between 8 and 88 ms 
with 8 between 10 and 19 ms and the maximum b-values between 11 and 2600 s/mm2, 
respectively, c. Another TRSE sequence with one set of bipolar gradients (g2 and g3). For this 
sequence, which we call the g2g3 sequence, xD can be varied between 6.0 and 53.8 ms with 
8 between 10 and 30 ms and maximum b-values between 40 and 2835 s/mm2, respectively.

b-values ranging from 11 to 2600 s/mm2 for the different xD’s, respectively. However, xD for the 

g2g3 sequence showed more flexibility for shorter diffusion times. By changing 8 to between 10
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Figure 6.4. The typical g2g3 diffusion sequence for diffusion times of 6, 20 and 54 ms from top to 
bottom, respectively.

and 30 ms for this sequence, Td could be varied between 6.0 and 53.8 ms giving the maximum 

possible b-value between 40 and 2835 s/mm2, respectively. This g2g3 sequence thus was chosen 

as the best compromise for the requirements of the diffusion time dependence study in the short 

time limit. Figure 6.4 shows a few typical g2g3 sequence configurations for t d=6 ms with 8=10 

ms and for t d=20 and 54 ms with 8=30 ms.
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Another reason for choosing this sequence for this study, was that by keeping the same bi

polarity of the diffusion gradients, the eddy current nulling effects of the original sequence were 

maintained. This issue was investigated for a series of diffusion measurements on a water 

phantom employing the diffusion gradients in the frequency encoding, the phase encoding and the 

slice selection direction for the g2g3 sequence over the full range of diffusion times. Siemens’ 

sequence was used as the control case. A very slight edge magnification was observed in a few of 

the images from g2g2 for high b-values. It should be noted that this slight edge magnification 

observed in the water phantom images was not observable in human brain images.

For the evaluation of these slight magnifications, we subtracted the b=0 image from the 

image corresponding to the maximum b-value for each sequence. Figure 6.5 shows typical water 

phantom subtraction images for the sequence with xD= 53.8 ms which was the worst case when 

compared with the Siemens sequence. The part of the image magnified at the edge is shown by 

the arrow. Figures 6.6 show typical phantom images after subtraction for all of the developed 

sequences as well as for the Siemens sequence. No matter which diffusion gradient direction was 

used, these edge enhancements, when seen, were always observed in the phase encoding 

direction.

The unwanted edge magnification is barely observable, as shown by the arrow in figures 

6.6 on the image for the xD= 53.8 ms sequence. We measured the signal magnitude at the edge of 

the subtracted images obtained for each diffusion time variant of the pulse sequence pixel by 

pixel for 10 to 20 pixels in the vicinity of the observed edge magnification and averaged over 

these pixels. The means and standard deviations for these calculations are shown in table 6.1. As 

seen in figure 6.7, the edge magnification, even in the worst case, is under the noise level.

When the direction of the diffusion gradient is changed the nature of the image distortion is
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b= 1500 s/mm"

Figure 6.5. Water phantom images measured with Siemens’ sequence (upper images) compared 
with the g2g3 sequence for t d=53.8 ms (lower images) showing a very small amount of edge 
magnification which is indicated by the arrow.

expected to change. For diffusion gradients in the frequency encoding, phase encoding or slice 

selection direction the image distortion is expected to be a shear, a magnification (or 

demagnification) or a translation, respectively. This suggests that the observed artifacts are not 

due to eddy currents. Furthermore, because they are very small in magnitude (of the order of the 

noise) the performance of the imager for these measurements is likely near the limit of the 

expected reproducibility of the equipment. In any case, these effects will not affect the results 

presented here, particularly since we use a region of interest analysis rather than a pixel by pixel 

procedure.
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Figure 6.6. The subtracted water phantom images of the b=0 images from the corresponding 
maximum b-value images to detect any edge magnification due to eddy current effects. The top 
image is for the Siemens sequence and the rest are for the g2g3 sequence for diffusion times 
between 19.9 and 53.8 ms respectively, from the upper left to the lower right.
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Diffusion sequence
b-difference

(s/mm2)
b-max

(s/mm2)
edge signal noise

edge signal 
normalized to noise o(+/-)

td54 b(0)- b(2835) 2835 138.1 149 0.92 0.09
td44 b(0)- b(2318) 2318 134 149 0.8 0.08

Siemens b(0)- b(2000) 2000 90.5 183 0.49 0.05
td35 b(0)- b(1872) 1872 63.1 150 0.42 0.06
td30 b(0)- b(1566) 1566 48.9 110 0.44 0.1
td25 b(0)- b(1355) 1355 39 80 0.49 0.06
td20 b(0)- b(1050) 1050 18 38 0.47 0.08

Table 6.1. The results of eddy current detection for the g2g3 sequences, a  is the error (standard 
deviation) on the edge signal normalized to noise.

< ►

CD(/)
O
^ 0.6 
to c  o>
w 0.4<DO)"D

L U
0.2

Siemens

2500 3000500 1000 1500 20000

Maxb-value of the modified sequences (s/mm2)

Figure 6.7. The results of the normalized edge magnification detected in the images taken with 
the g2g3 sequences for the different diffusion times as well as Siemens’ sequence for the 
investigation of possible eddy current effects.
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6.3 Experimental Procedure and Sequence Validation

The g2g3 sequence for six different diffusion times with the diffusion gradient duration constant at 

8=30 ms and the echo time constant at TE=200 ms was employed for the diffusion time 

dependence experiments. The xD was varied from 19.9 to 53.8 ms with the respective maximum 

b-values of 1050 s/mm2 to 2835 s/mm2. The diffusion gradients were applied in the frequency 

encoding (right to left) direction for 16 b-values up to the maximum possible value for the 

diffusion time being used. See section 3.2.1 for the details of the parameter settings for these 

measurements.

The g2g3 sequences were first validated by diffusion measurements with the water phantom 

at room temperature. The diffusion coefficient evaluated from each measurement for different

ROI’s with FOV=464 mm all gave D = 2.0 x lO -3 mm2/s which is the expected value for water at 

room temperature [183],

The initial experiments on humans were performed on 2 healthy volunteers using 5 

sequences with various diffusion times, 10 magnitude averages and 11 b-values up to 10,000 

s/mm2. The results were analyzed by non-linear least squares. These experiments were done to 

validate the gigs sequences on human subjects as well as to examine the restricted diffusion 

behavior of brain tissue primarily by analyzing various ROI’s in white matter. Based on these 

results it was decided that the sequences were working properly but that the number of averages 

should be increased from 10 to 50, that one more diffusion time (td=25.7 ms) should also be 

included and that the number of b-values should be increased from 11 to 16. Otherwise, the actual 

experiments in this study were performed with the same settings as the validation trials just 

discussed. See section 3.2.1 for further experimental details.

The real experiments were continued with 8 different healthy human subjects with 5 males
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Figure 6.8 a-f. Typical images of human brain obtained using the g2g3 sequences for t d=19.9 to 
53.8 ms and their respective b-values associated with a 13 mT/m diffusion sensitizing gradient 
strength.

and 3 females in an age range of 23 to 44 years old. As mentioned in section 3.2.1, the protocol 

for these measurements included 6 sequences with different diffusion times (see table 6.2) plus 

Siemens’ diffusion sequence as a control with the number of averages (magnitude averaging) set 

to 50 for these sequences. In addition, the td=53.8 ms sequence was repeated with 50 averages of 

the complex valued signals in k-space (complex averaging). The total scan time for each subject 

was about 50 minutes. Typical human brain images for the sequences with diffusion times of 19.9 

to 53.8 ms for the b-value associated with 13 mT/m diffusion gradients as well as the maximum 

b-value (i.e. the noisiest image) for each diffusion time are shown in figures 6.8 a-f and 6.9 a-f, 

respectively.
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Figure 6.9 a-f. Typical images of human brain obtained using the g2g3 sequences for xD=19.9 to 
53.8 ms and their respective maximum b-values associated with the 28.5 mT/m diffusion 
sensitizing gradient strength.

Error!

■

Figure 6.10. A typical human brain image for the g2g3 sequence of the slice selected above the 
ventricles. The ROI’s were selected in the white matter of the images and the background for the 
Rician noise bias correction. The size of the ROI in the image was 4x5 pixels, which corresponds 
to a volume of 18x14x5 mm3.
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A Rician noise correction algorithm was applied in the image post processing using the 

program DimageV3 written in IDL version 6.0 to unbias the magnitude signals from the ROI’s 

before the diffusion decays were analyzed to evaluate the diffusion coefficients. Since the signal- 

to-noise ratio was greater than 3.0 for all of the diffusion times and b-values discussed in this 

chapter, the results of chapter 4 show that all of the Rician noise bias correction algorithms 

considered there perform equally well. The Rician noise bias correction algorithms used here was 

McGibney and Smith’s (see equation (4.33)). The standard deviation of the Gaussian noise 

distribution for the Rician noise bias correction algorithm was estimated by choosing a large ROI 

in the background of the magnitude image (see figure 6.10). The ROI’s for both the signals on the 

object area of the image and the background were chosen with care to avoid possible N/2 

ghosting artifacts in the phase encoding direction and Gibbs artifacts. The ROI’s selected in the 

white matter of the brain images included 5x4=20 pixels in the axial plane and corresponded to a 

volume of 18x14x5 mm3.

The signal decays were all analyzed using the computational analysis code NNLS-diff. In 

the preliminary analyses we used N=150 diffusion components logarithmically spaced at equal 

intervals (in log space) between lxlO '5 and 3x1 O'1. Although all of our measurements were 

performed with the full care of having the same physical and environmental conditions, there 

were still dispersions of the results either related to the selection of the ROI size and/or position 

in the white matter or to the non-uniqueness of the solution to the best fit (see figure 6.11). 

However, the solution generally converged to two strong components: one around 0.9x10"3 mm2/s 

and a small number of dispersed diffusion coefficients around 0.07xl0 '3 mm2/s. Two more 

components were observed for Da ~ 0.01 mm2/s in the first trials but they corresponded to a very 

small fraction of the total decay and were not well resolved. For these initial analyses the ROI’s 

were 21x20=420 pixels in size. As an attempt to reduce the dispersion of the results we decided
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Figure 6.11. The results of diffusion of water molecules in human brain tissue analyzed by NNLS- 
diff using the wide range of 150 diffusion data of the first trials in 8 to 10 subjects and 6 diffusion 
times.

to choose smaller ROI’s (20 to 50 pixels) and average over a number of ROI’s around our 

intended position in the white matter (upper right in figure 6.10). We also realized that if we 

reduced the range of diffusion coefficients investigated with NNLS we would reduce the 

dispersion on the two principle components. Based on the initial NNLS results, diffusion 

components greater than 2x l0 '3 mm2/s contribute about 1% or less to the diffusion decay. By 

restricting the NNLS analysis to equal logarithmically spaced diffusion coefficients between 1x10’ 

5 and 2x 10 3 mm2/s we were able to reduce the dispersion of the two diffusion components within 

this range. If the extra small components are truly part of the decay then ignoring them, in 

principle, introduces inaccuracy to the values determined for the two main peaks, however, since 

the third and fourth components are so small, any inaccuracy introduced by ignoring them in the 

analysis should be negligible. After all of the experimental data sets were analyzed using the full
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range of diffusion coefficients, they were all analyzed a second time using the reduced range 

mentioned above. This modified analysis procedure allowed us to more easily compare the 

diffusion components determined for the different diffusion times since the analysis always 

yielded two main diffusion coefficients around the values mentioned above. The signal decays 

from the ROI’s selected in the images for the 6 diffusion time sequences were all analyzed over 

the same data range.

From this second round of analysis we found that the fraction of the signal that contributes 

to the slow diffusion coefficient, Ds, covered a range of 14% to 29%. Since the signal decay 

fraction is not expected to change very much from subject to subject and since the average signal 

fraction for each td value did not show a dependence on td (see table 6.3), it was decided to set 

the fraction corresponding to Ds to the midpoint of the observed range, 2 1 .7 ± 2 % . This 

constraint was incorporated into the analysis procedure and the data were analyzed again.

6.4 Results

The data analysis of the water phantom performed with NNLS-diff for all diffusion times always 

resulted in one diffusion coefficient very close to 2.05xl0‘3 mm2/s (see table 6.2) as expected for 

water molecules [183]. The signal decays all fit well to a mono-exponential curve with no 

diffusion time dependence as expected for free diffusion of particles in a homogenous system 

based on Einstein’s diffusion equation (equation (2.51)). The diffusion signal decays of the water 

phantom for these sequences are plotted in figure 6.12.

The results of the signal decay analysis for the ROI’s selected in the white matter of 8 

human subjects are tabulated for each subject at each diffusion time in tables 6.3a to 6.3f. The 

average of the diffusion components and their contribution to the signal decay over the 8 human
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subjects for each xD are also given in these tables. There are a few data points that are outliers 

well away from the mean value for each parameter which increases the standard deviation of the 

mean. We decided to reject these data points by imposing the criterion that only the data points 

within one standard deviation of the mean (i.e. ±<7) for each diffusion parameter would be 

considered in the analysis. With this objective criterion, most of the data points (~75%) are 

accepted but the standard deviation is reduced (see table 6.4).

Typical diffusion decays for a typical human subject are shown in figure 6.13 for all six 

diffusion times. A small xD dependence is observed in the slow diffusion coefficients. The decay 

slopes start to deviate from each other while the decay is falling down to the slow component 

contributions at the highest b-values. The different decay lengths are due to different maximum b- 

values for each diffusion time.

Typical spectra of NNLS-diff analyzed human brain tissue diffusion decays are 

demonstrated in figure 6.14 for different diffusion times. These spectra show that the fast 

diffusion components are in good agreement for all diffusion times with a mean value of 

0.98xl0‘3 mm2/s. The slow diffusion components, however, are peaked at slightly different values 

due to the diffusion time variance.

Diffusion decays generated from the NNLS fit parameters averaged over 8 human subjects 

are plotted in figure 6.15 for all 6 diffusion times. The variation of the signal decay with xD is 

better seen in these curves. A significant change in Ds can be seen between xD =20-25 ms and 

30-54 ms. A smaller change can also be seen in the diffusion decays for xD >30 ms. These decays 

are also very consistent with the 96 b-value decay curve presented in chapter 5.

Figure 6.16 shows Ds and Df averaged over 8 subjects plotted as a function of xD. Df is 

independent of xD but Ds shows a clear dependence on xD. These results will be discussed in terms 

of brain tissue structure and water exchange in the next section and in more detail in chapter 7.
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Diffusion sequence 
(ms)

b-max
(s/mm2)

D
(10"3 mm2/s)

Od
(10"3 mm2/s)

x2

td54(53.8) 2800 2.05 0.008 1.6
Siemens(50) 12500 2.04 0.006 15

td44(44.0) 2345 2.06 0.007 6
td35(35.5) 1948 2.05 0.006 1.1
td30(29.7) 1588 2.05 0.008 1.2
td25(25.7) 1371 2.05 0.007 1.2
td20(19.9) 1061 2.05 0.006 1.2

Table 6.2. The results of diffusion for the water phantom using the g2g3 sequences analyzed 
with NNLS-diff after noise bias correction.

1 .0 0 0

30000 1000 2000
b-values (s/m m 2)

Figure 6.12. The diffusion decays for the water phantom measured with the g2g3 sequences for 
t d=19.9 to 53.8 ms each measured withl6 b-values up to the maximum possible b-value and 
analyzed using both NNLS-diff and the regular Least Squares after Rician noise bias correction.
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td= 19.9 ms

subject# U%) Ds (10"3 mm2/s) ff(%) Df (10'3 mm2/s) x2
1 19.8 0.15 80 1.5 1.7
2 22 0.095 77.1 0.88 2.5
3 19.8 0.10 80 1.2 1.6
4 16.7 0.15 82 0.84 1.2
5 22.2 0.10 78.5 1.0 1.5
6 20.8 0.094 77 0.98 1.5
7 18.6 0.15 81.2 1.1 1.4
8 19.9 0.10 79.2 0.95 2.2

ave. 20.0 0.12 79.4 1.1
std 1.8 0.027 1.8 0.21

td= 25.7 ms

subject# fs(%) Ds (10'3 mm2/s) f,(%) Df (10'3 mm2/s) X
1 20.1 0.1 78 1.3 1.0
2 21.8 0.09 77 0.83 3.5
3 19.3 0.11 80.7 1.04 2.5
4 21.9 0.067 77.2 1.0 2.8
5 20.9 0.1 79.6 1.0 2.8
6 19.6 0.1 77.4 0.94 4.8
7 18 0.15 81.9 1.1 1.6
8 19.6 0.095 79.2 1.5 1.1

ave. 20.2 0.10 78.9 1.1
std 1.3 0.023 1.8 0.22

td= 29.7 ms

subject# U % ) Ds (10'3 mm2/s) f,(%) Df (10'3 mm2/s) x2
1 23.2 0.06 76.3 0.78 1.2
2 20.3 0.052 77.9 0.80 5.1
3 20.1 0.1 84.5 0.97 9.1
4 19.6 0.062 79.3 0.96 1.9
5 20.0 0.068 77.2 1.0 4
6 20.9 0.05 76.5 0.76 5.2
7 20.1 0.1 78.6 1.2 3.8
8 20.7 0.08 77.1 1.2 4

ave. 20.6 0.072 78.4 0.96
std 1.1 0.02 2.7 0.18

Table 6.3 a -f. The results of diffusion in human brain tissue for the diffusion times between 19.9 
and 53.8 ms from top to the bottom respectively of 8 human subjects analyzed using NNLS-diff. 
The standard deviation of the parameters for individual subject is too small to be reported.
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xn= 35.5 ms
subject# U % ) Ds (10‘3 mm2/s) ff(%) D,(10'3 mm2/s) X

1 23.3 0.05 75.7 0.76 2.6
2 20.0 0.055 77.5 0.84 4.8
3 22.9 0.081 81.5 1.0 10.7
4 19.8 0.067 78.4 1.0 3.5
5 19.2 0.062 79.9 0.95 3.7
6 16.0 0.061 83 0.94 8.3
7 22.5 0.1 77.6 0.6 4.4
8 9.8 0.063 89 0.98 5.8

ave. 19.2 0.067 80.3 0.88
std 4.5 0.016 4.2 0.14

xn= 44.0 ms
subject# U % ) Ds (10 3 mm2/s) ff(%) Df (10'3 mm2/s) x2

1 23.6 0.05 74.1 0.76 5.1
2 20.2 0.06 76.2 0.93 7.7
3 20.6 0.061 82.5 0.93 9.3
4 20.9 0.05 76.8 0.76 5.3
5 19.7 0.06 77.8 0.93 8
6 15.6 0.09 81.5 1.4 9.7
7 20.3 0.045 81.1 0.68 4.3
8 20.8 0.1 75.8 0.93 4.5

ave. 20.2 0.065 78.2 0.92
std 2.2 0.02 3.1 0.22

xD= 53.8 ms
subject# U % ) Ds (1 O'3 mm2/s) f,(%) Df (10'3 mm2/s) X

1 23.9 0.051 77 1.0 3.1
2 23.5 0.05 75.5 0.76 11
3 20.7 0.06 82.7 0.92 6
4 20.3 0.055 78.7 0.84 1.2
5 19.4 0.06 79.7 0.93 6
6 20.9 0.1 75.9 1.5 9.3
7 20.2 0.062 77 0.96 4.5
8 25 0.05 73.6 1.2 3.9

ave. 21.7 0.061 77.5 1.0
std 2.1 0.016 2.8 0.23

Table 6.3 a -f . Cont.
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diffusion time 
t D (ms)

max. bvalue 
(s/mm2)

fs ±  std 
(%)

Dg± std 
(10' mm2/s)

ff ±  std 
(%)

Df±  std 
(1 O'3 mm2/s)

19.9 1050 20 .1+ 0 .5 0.1 ±0 .003 79.8 ± 1 .0 1.0±0.1

25.7 1355 19.9 ± 0 .6 0.1 ±  0.007 78.7 ± 1 .4 1.1 ±0.1

29.7 1566 20.2 +  0.4 0 .068 ±0.009 77.6±  1.1 1.0 ± 0 .2

35.5 1872 20.5 +  2.6 0.065 ±0 .009 79.7 ± 2 .2 0.9 ± 0 .09

44.0 2318 20.4 ± 0 .4 0.056  ±0.006 77.6 ± 2 .3 0.9 ± 0 .09

53.8 2835 21.1 ± 1 .4 0 .055 ±0.005 77.3 ± 1 .6 1.0±0.1

Table 6.4 The diffusion data of human brain tissue vs. diffusion time after removing the points 
which exceed ± a  of the averaged data over 8 human subjects.
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Figure 6.13. Typical diffusion decays for human brain tissue vs. xD for one subject from xD =19.9 
ms (bottom curve) which has the highest slope and the shortest length, to xD =53.8 ms (top curve) 
with the lowest slope and the largest length due to their maximum possible b-values. The data are 
all very well fitted with their corresponding curves, however, to avoid confusion, the fitted 
curves were presented just for two of them (xD =25.7 ms and 53.8 ms).
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Figure 6.14. Typical diffusion spectra of human brain tissue vs. td.
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Figure 6.15. The diffusion decays for human brain tissue averaged over 8 human subjects vs. xD. 
All data were Rician noise bias corrected and analyzed by NNLS-diff multi-exponential analysis.
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Figure 6.16. The variation of the slow and the fast diffusion coefficients for human brain tissue 
vs. diffusion time. The data were fitted with linear regression.
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6.5 Interpretation of the td Dependence

The observed t D dependence of the diffusion decays and the spectrum of diffusion components 

for human brain tissue by multi-exponential analysis are consistent with the diffusion theory for a 

restricting geometry discussed in chapters 2 and 7. The true interpretation of these effects requires 

consideration of brain tissue structure and function as well as sources of experimental error that 

could possibly also induce these variations. As mentioned before, intracellular diffusion is 

generally considered to be more restricted than extracellular diffusion in white matter. However, 

this remains somewhat controversial since fractional contributions from the measured diffusion 

components do not agree with the volume fractions of the intracellular and extracellular spaces in 

human brain. Even so, it is reasonable to assign the slow diffusion component, Ds, to the 

intracellular compartment and Df, which is determined from the steep slope at low b-values, to 

the extracellular compartment. As can be seen from figure 6.15, the variation between the curves 

is not observed for small b-values (b<1000 s/mm2) where the slow and the fast diffusion 

components both contribute to the decay. Restricted diffusion becomes more evident at high b- 

values where the decay curves are more sensitive to the intracellular water molecules. The 

restriction manifests as a difference in signal attenuation of the diffusion measurements for the 

same b-value at different diffusion times. From this study, Ds varies from 0.12xl0'3 to 0.061xl0‘3 

mm2/s for td values between 19.9 and 53.8 ms with a consistent trend as seen in table 6.3 and 

figure 6.16. Although the variations are small and some of them are within one standard deviation 

of the mean calculated for eight subjects, the difference between the Ds values at td= 19.9 ms and 

td=53.8 ms is significant and considerably larger than the noise level (i.e. the standard deviation).

The experimental procedure that we introduced here is superior to others in the literature 

since the measured decays were corrected for Rician noise bias and the NNLS algorithm was used
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to perform the analysis. Rician noise bias can have a significant effect on the decays for large b- 

values. This correction was particularly helpful for the experiments at t d=44.0 ms and t d=53.8 

ms where the maximum b-value was greater than 2000 s/mm2. Further technical improvements 

that would allow the use of higher gradient strengths (i.e. higher b-values) would improve this 

study by allowing us to study these effects over an extended range for the experimental 

parameters.

The observed variation of the diffusion signal decays with xD could be due to the exchange 

of water molecules across the cell membrane in the intermediate exchange limit as expected from 

Karger exchange theory. For the range of diffusion times used in these measurements, the 

molecular exchange between the intracellular and extracellular compartments is not expected to 

be fast enough that a mono-exponential decay with a diffusion coefficient which is the average of 

the diffusion coefficients for these compartments will be obtained. However, it is also not 

expected to be slow enough that a bi-exponential decay with two distinct terms due to the true 

intracellular and extracellular diffusion coefficients will be measured. Based on Karger theory 

[127], intermediate exchange behavior is expected to lead to a bi-exponential decay with 

parameters which are related to both the intracellular and extracellular compartments such that 

the measured diffusion coefficients are not the “true” diffusion coefficients for these 

compartments but rather they are “apparent” diffusion coefficients. The apparent diffusion 

coefficients may also be dependent on other parameters such as residence time in the intracellular 

compartment, volume fractions and so on. The diffusion signal decay according to this theory, for 

intermediate diffusion times, is expressed in terms of the apparent diffusion coefficients 

(D ', D ' ) and the fractional contributions ( f ' ,  f ' )  of the two spaces after exchange [98, 99, 103, 

127]:
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7̂—  ̂= fe ex p (-b D ') +  f ' exp(-bD  •) , (6.11)

where

(6 .12)

(6.14)

(6.13)

and the plus and minus signs go with D' and D ' , respectively. The fj and fe are the volume 

fractions of the intracellular and extracellular water and Dj, defined as the true intracellular 

diffusion coefficient, is considered to be smaller than De, the true extracellular diffusion 

coefficient, due to the higher protein concentration and viscosity in the cytosol. X; and xe are 

defined as residence times or exchange times of the intracellular and extracellular environments, 

respectively. There are several analytical and numerical models, such as Tanner’s model, which 

can be used to calculate the apparent diffusion coefficients of the intracellular water vs. diffusion 

times with some assumptions and then the results can be used with the Karger theory to model the 

diffusion decay behavior of brain tissue. In the presence of exchange, the bi-exponential fits to 

the signal decays are not expected to directly reflect the intrinsic volume fractions and the “true” 

diffusion coefficients of each compartment. These measured parameters will, however, depend on 

the gradient strength and diffusion time used for the measurement, as can be seen from the results 

of this study. Our results will be discussed in more detail in terms of restricted diffusion and 

exchange theory in chapter 7.

In the more general case, the diffusion signal decay can be fit by three exponential terms as 

already discussed. As mentioned in chapter 5, the additional contribution could be related to
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perfusion in the intravascular compartment. However, to interpret this more responsibly, we 

would require a more complicated model with exchange between the three environments by the 

extension of Karger’s formulation. A consequence of such a complex model is that there would 

be nine free parameters that must be considered.

The diffusion decay experiments discussed in chapter 5, known as “ct” experiments, in 

which all timings are held constant and the b-value is varied by changing the gradient strength, 

suggest that the concept of intracellular restriction with exchange may hold for brain tissue. This 

is due to the observed deviation from mono-exponential behavior and also the discrepancy of the 

contributions of the slow and the fast components to the decay with volume fractions of the 

intracellular and extracellular spaces, respectively. Experiments where the diffusion time (i.e. A) 

is varied with a constant gradient for high b-values not only can indicate the restricted diffusion 

but may also lead to an estimation of the exchange time, from the measured signal decays vs. 

diffusion times. However, this evaluation from in vivo experiment needs further modeling and 

experimentation for conclusive interpretations. This is discussed further in chapter 7.

As can be seen from the variation of the diffusion decays with xD, the signal attenuation 

becomes more xD independent for xD > 30ms. In this limit, more diffusive water molecules in the 

restricted space feel the effects of the boundary causing the net displacement to be dependent on 

the shape and dimensions of the restricting geometry. Diffusion, at this point, may be influenced 

by anisotropy of the restricting boundaries and the observed signal attenuation may be more 

orientation dependent than in the shorter time limit that we used for diffusion sensitizing of the 

restricted intracellular water.
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6.6. Conclusion

The time dependent diffusion behavior of water in human brain tissue in vivo along with the non

mono-exponential diffusion attenuation showed consistency with theoretical works of others and 

the experimental studies on the rat brain and cell cultures [102, 106, 111, 110, 114]. Considering 

the complex effects of the structure of brain tissue and its cell size distributions, a simple 

assignment of the multi-exponential components to the tissue compartments and their intrinsic 

diffusion constants is not straightforward. The concept of diffusion restriction and exchange is, 

however, useful to assign the variation of the slow diffusion component with diffusion time to the 

intracellular water molecules in brain tissue.

More complicated models which incorporate all of the effects of exchange, restricted 

diffusion, anisotropy and compartmentalization of the signal behavior should be considered for a 

more complete interpretation. The precise measurement of water displacement using q-space MR 

imaging with much higher gradients would be useful future experiments to help provide a 

complete explanation of water diffusion and restriction in human brain tissue, similar to the 

results previously reported for rat brain [102],
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CHAPTER 7

Discussion and Conclusions

7.1 Brain Tissue Structure

The diffusion of water molecules in human brain in vivo is dependent upon the microscopic brain 

tissue structure. Brain tissue consists of two main types of cells, neurons and glia, with the latter 

being more numerous than the former. A human brain has about 10 billion neurons and may 

contain a trillion glial cells.

Neuronal cells consist of a cell body, one primary projection called an axon and many 

secondary projections called dendrites. A typical neuron has dendritic connections with at least 

1000 other neurons forming the basis of the complicated signaling system of the brain. The 

functioning of the nervous system is dependent upon the anatomical arrangement and the 

interconnectivity of the neuronal cells. The neuronal membrane, like all cell membranes, is 

primarily a phospholipid bilayer but it also contains many different proteins which have various 

functions. For example, some of these proteins serve as ion channels allowing the passage of the
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positive ions of sodium and potassium (Na+ and K+). The membranes of the cell and its organelles 

as well as the proteins and nucleic acids (e.g. DNA) can affect the diffusive movements of the 

water molecules inside cells. The cell body of the neuron is usually found in the cerebral cortex 

(i.e. the gray matter). The axons originate at the cell body and extend to other parts of the cerebral 

cortex or to peripheral nerves along well defined routes or tracts. The directional orientation of 

axon tracts gives rise to the diffusion anisotropy effect.

White matter is made up of axons surrounded by myelin sheaths, which serve a protective 

role for the axons as well as improving the speed of conduction of neuronal action potentials. 

Myelin is actually the cell membrane of oligodendrocyte glial cells, the predominant neuroglia of 

the white matter, which wrap themselves around the axons. A single oligodendrocyte can extend 

its membranous myelin sheath to wrap around 50 or more axons. Conversely, a single axon will 

typically be supplied with myelin from many oligodendrocyte cells.

Astrocytes, another type of glial cell, are the predominant neuroglia of the gray matter. 

They mediate metabolic exchange between neurons and blood capillaries and provide structural 

support.

The main contribution to the MR signal (>95%) comes from water inside the axons 

(intracellular), inside the myelin and in the interstitial space. The other part of the signal, about 

4% of the total signal, is from water in brain capillaries which is pushed by the slow pulsatile 

flow of the blood (see figure 7.1). Brain capillary wall cells bind together very tightly to form a 

blood brain barrier. Only some lipid soluble molecules, small molecules such as H20  or 0 2 and 

actively transported molecules such as glucose can enter the brain from the bloodstream across 

the blood brain barrier. The tissue examined in the experiments reported in this thesis essentially 

consists of the intravascular, interstitial and intracellular environments. The T2 of myelin water is 

too short (-10 ms) [146] to be detected in the experiments reported here. Water can exchange
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between these spaces which are separated by semi-permeable barriers. Thus, the measured 

diffusion will, in general, be a weighted average of the diffusion in these three compartments. 

Another more complicated effect of the tissue structure on diffusion is due to “obstructing” 

molecules (e.g. proteins) as well as interactions with protein hydration shells. These effects will 

reduce the mobility of water molecules in the brain and the diffusion coefficient measured with 

diffusion weighted MRI experiments.

The water molecules in the intracellular and interstitial spaces will normally have different 

diffusion coefficients which depend on the levels of hindrance and restriction the water molecules 

experience in these regions. The complex interaction between these two compartments is affected 

by many different properties of the tissue including the intracellular and extracellular diffusion 

coefficients (D; and De ), the respective volume fractions (f; and fe), cell membrane permeability, 

intracellular to extracellular and extracellular to intracellular exchange rates for water molecules 

(kie and k^), and the extracellular tortuosity factor, X (defined as the square root of the ratio of the 

free diffusion coefficient to the restricted diffusion coefficient for the restricted extracellular 

space). These physiological parameters have been measured in many cell culture experiments 

using iontopherosis and other techniques [73-80,170,174,179,180,182,113,123] either to test 

analytical models of diffusion or to offer new insight into the processes that affect diffusion 

weighted experiments. These experiments have also shown good correlation between 

pathological conditions and changes of the diffusion parameters. For instance, the dramatic 

decrease in Da of about 40% that occurs within minutes of the onset of global ischemia followed 

by a continuous gradual decline, which is attributed to a drop in temperature (ATP depletion), 

was shown to be possibly related to changes in cell volume (due to cell swelling), extracellular 

tortuosity and the intracellular to extracellular exchange rate.
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MR diffusion experiments are capable of examining the diffusion characteristics of brain 

tissue as well as their changes under controlled pathological conditions. In this study we 

measured diffusion decays at high b-values and short diffusion times for human subjects which 

allowed us to properly characterize the restricted diffusion of the intracellular water molecules in 

white matter of healthy human brain. Thus, we can reasonably discuss our results in terms of the 

multi-compartment model of brain white matter. In all of our modeling in this discussion, we 

simply consider the cells to be axons of uniform size (as opposed to a Gaussian distribution of 

cell sizes, for example), with square cross-section and the same orientation (i.e. the diffusion of 

water molecules in both the intracellular and extracellular spaces is considered to be influenced in 

the same way by anisotropy due to the axon tract orientation).

7.2 Diffusion Decay Interpretation

The results of our experiments show that the water diffusion signal decay for brain tissue 

deviates, as expected, from mono-exponential behavior (which is commonly assumed to be the 

case when generating ADC maps clinically) when high b-values are employed. Using the 

extended range of b-values along with Rician noise bias correction techniques and multi- 

component analysis, three diffusion coefficients were always detected for the signal decays from 

the regions of interest used in this study. As reported before, the curvature of the brain diffusion 

decay curves generally becomes noticeable for b-values above 2000 s/mm2 regardless of whether 

or not anisotropic diffusion effects are present [98], However, sampling only a few b-values 

under 1500 s/mm2, which is the current clinical practice, largely limits the information obtained 

to a single diffusion component. More information can clearly be accessed from the diffusion 

signal decay for slower diffusion by extending the b-value range. The use and interpretation of
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the additional information that will result from a better understanding of multi-component 

diffusion decay behavior is expected to lead to better clinical diagnosis of neurological disorders.

The tri-exponential behavior of the diffusion decay observed in this study is fundamentally 

different from that seen by Mulkem et. al. [98, 103] who reported bi-exponential diffusion 

behavior. However, by using numerous b-values up to a maximum of 12,500 s/mm2 (compared 

with 6000 s/mm2 used by Mulkem et. al. [103]), systematic Rician noise bias correction and by 

finding the diffusion components with NNLS multi-component analysis, which does not require 

the number of components to be specified or an initial estimation of the fit parameters, we have 

improved the experimental procedure to allow us to get more reliable diffusion information from 

the signal decays than previously reported.

7.2.1 Compartmentalization of tissue structure

One possible explanation of the tri-exponential behavior of the diffusion signal decay measured 

in our experiments is compartmentalization of water into intracellular, interstitial and 

intravascular spaces. This is due to the presumption that these environments have slow, fast and 

ultra fast intrinsic diffusion coefficients, respectively.

Some cell culture studies have shown previously that the intracellular diffusion coefficient, 

Di, is smaller than the extracellular diffusion coefficient, De, for red blood cells in suspension by 

using paramagnetic doping, T2 relaxation and diffusion experiments [176,177]. As convincingly 

demonstrated by their studies, the slow diffusion component, Ds, of the system they examined 

was most reasonably associated with the intracellular water compartment. The interpretation of 

multi-component diffusion decays based on intracellular and extracellular compartments has also 

been used in diffusion measurements of perfused cancer cell preparations [113,114,175]. An
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extensive analysis based on this interpretation was also developed by Pfeuffer et. al. [102,111] 

with the Karger two site exchange theory considering restricted diffusion with semi-permeable 

barriers. It should be noted that for better understanding of the tri-exponential behavior of the 

diffusion decay, an analytical model with three-site exchange similar to what was proposed by 

Stanisz et. al. [106], would probably be more representative of brain tissue. However, since the 

contribution of the third component is less than 2% of the total signal, we can reasonably ignore 

this component and use the simpler two-site exchange Karger theory which has fewer free 

parameters to fit.

The observation of decreased ADC in acute stroke is quantitatively consistent with the 

prediction of a volume averaged fast exchange model using literature values for the intracellular 

to extracellular volume ratio in healthy and ischemic adult brain tissue, where the change in this 

ratio is attributed to cell swelling in ischemia. The bi-exponential diffusion decay behavior in the 

rat brain experiments of Niendorf et. al. [99] was also reasonably explained in terms of 

intracellular and extracellular compartments. They reported an 80% volume fraction for the fast 

ADC component of the healthy adult rat brain compared with a 90% volume fraction for brain in 

immature rats. This is consistent with a larger extracellular space in immature brain. They also 

reported a reduced volume fraction from 80% for healthy rat brain to 69% postmortem. The good 

correlation between changes of the intracellular volume fraction and changes of the slow 

diffusion component fraction observed during recovery from excitotoxic brain edema was also 

shown using electrical conductivity measurement in both rat and cat experiments [73-80]. All of 

these observations as well as our experimental results are consistent with this 

compartmentalization interpretation for the slow and fast diffusion components.
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7.2.2 Intracellular restricted diffusion

Assuming that the two main diffusion coefficients can be associated with the intracellular and 

extracellular water compartments, it is reasonable to assume that the diffusion of water 

molecules within the cells can be associated with the slow diffusion coefficient as a consequence 

of interactions with intracellular organelles and membranes.

Many analytical theories [111-115, 98,123] have been developed to predict the results of 

diffusion experiments for restricted diffusion. To review all these theories and to interpret our 

results based on them is far beyond the scope of this thesis. Some of them were previously 

reviewed in M.Sc. and Ph.D. theses from the MR lab at The Ottawa Hospital [84,173], In our 

study, we use Tanner-planar theory which was developed for impermeable parallel planes 

separated by a distance a (see the equation (2.82)) to model the inherent intracellular restricted 

diffusion, ignoring the effects of exchange at this stage. In this theory, the duration of the 

diffusion sensitizing gradient, 5, is considered to be small enough that the average displacement 

that occurs during this time interval is much smaller than that which will eventually occur during 

the larger time interval A, which is equal to the diffusion time when 8 is small (see the Stejskal- 

Tanner diffusion sequence in chapter 2). This condition is much easier to fulfill for rat brain 

experiments where very high gradient amplitudes can be used. For human studies, such as the 

ones reported here, this condition is often poorly satisfied. In this situation, correction terms for 

td, such as those calculated in section 6.2.2 and appendix II, must be used (see also section 2.3.3).

Using the Tanner formula, we evaluated the diffusion coefficient of restricted water 

molecules confined to a box of square cross-section with the length of a side, a, equal to 5 pm  to 

represent the mean axonal cross-sectional area for the human brain. We also used the 

experimental parameters from our diffusion decay study (e.g. td=50 ms, g=28.5 mT/m and 8=30
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ms) and the summation in equation (2.82) was evaluated for n=l term. As previously mentioned, 

the idea of setting our experimental parameters to correspond to a very high b-value, associated 

with the highest possible value of (y8g)2, was the correlation of this parameter to the reciprocal of 

the mean squared displacement of the diffusing water molecules. Our presumption is that on this 

scale we are able to sensitize the confined water molecules inside the cells which still have not 

experienced the cell membrane because of short displacement where, as justified above, it is 

assumed that the intracellular diffusion coefficient can be associated with the slow diffusion 

coefficient of the measured decay.

The primary diffusion coefficient for human brain cells used in many studies in the 

literature (i.e. Dj=lxlO'3 mm2/s) was applied in the Tanner formula as the free diffusion 

coefficient. With these settings the diffusion coefficient for restricted intracellular diffusion for 

this model of human axons was found to be Df = 0.044xl0-3 mm2/s from the initial slope of the 

signal attenuation with the limit of b —>0 (see equation (2.83)). The same experimental 

parameters were used for a range of cell size from a=2 to 10 pm (table 7.1). The diffusion 

coefficients calculated with the Tanner formula for restricted intracellular water, for a cell size of 

a=5 pm  and a=6 pm  are in agreement with the slow diffusion coefficient measured in our 

experiment, Ds=0.06xl0‘3 mm2/s.

7.2.3 Extracellular diffusion

Although the accurate determination of D; and De is essential for the verification of most 

analytical models and thus to be compared with the diffusion components measured with 

diffusion weighted MR imaging (DWI) experiments, it is by its nature difficult, particularly the 

determination of De. Since water exchanges between the two compartments, it may not be reliable
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a (pm) 2 4 5 6 8 10

D®(10"3 mm2 /s) 0.0067 0.028 0.044 0.065 0.13 0.23

Table 7.1. The evaluated intracellular restricted diffusion coefficient vs. cell size for the Tanner- 
planar equation with appropriate experimental settings for the experimental data reported in this 
thesis (e.g. td=50 ms with the maximum b-value= 12,500 s/mm2).

to derive a value of De based on the diffusion coefficient of a particle that remains in one 

compartment. Like some other researchers [102, 123, 170], we have simply taken the value of 

water at body temperature to represent the unhindered value of De. Water diffusion in the 

interstitial space is obviously not free, but hindered by the cell walls. The particles have to use 

longer diffusion pathways around neurons and glial cells, which can be described by a decreased 

diffusion coefficient for restricted extracellular diffusion [17, 18,178,179,180]:

where X is called the extracellular tortuosity factor and normally 7. >1. The concept of a 

tortuosity factor was first introduced by Nicholson and Phillips in the theory of porous media 

[17,180],

Once the slow diffusion component of our measurements is associated with the intracellular 

water molecules, it is natural to associate the fast diffusion component with the extracellular 

water. By setting the free extracellular diffusion coefficient, De, equal to the free diffusion 

coefficient of water at 37° C (i.e. De=3xl0~3 mm2/s), and the fast diffusion component of our 

measurements as the restricted extracellular diffusion coefficient, we were able to calculate a 

tortuosity factor from equation (7.1) of 1.8. This is larger than the value of 1.5-1.6 reported by 

others for healthy brain [170,182,123], The measurement of the tortuosity factor is generally done 

using iontopherosis, by examining the motion of ions introduced into the extracellular space as a
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function of time. The process thus corresponds to Fickian diffusion in the presence of a 

concentration gradient. The tortuosity factor for rat brain is about 1.6 for adults; 1.5 for newborn 

and 2.0 for postmortem [123], Experiments on human brain cells, histologically verified to be 

normal tissue, have given X = 1 .55± .03for adults [170], By setting A.=1.6 in equation (7.1), we

calculated the restricted extracellular diffusion coefficient to be D® =1.17xl(T3 mm2/s which is 

not unreasonably different from the value of Df= 0 .9x l03 mm2/s that we obtained experimentally 

for the fast diffusion component.

By using these analytical formulas (equations (2.82) and (7.1)), we were able to calculate 

both Df and D “ by assuming that the diffusion is restricted to the intracellular and extracellular 

spaces, respectively. As yet, molecular transport between these two compartments has not been 

taken into account. The theory of exchange between two compartments was first proposed for 

MR experiments by Zimmerman and Brittin [171] for spin relaxation behavior (Ti and T2), and 

then extended by Karger [127] to molecular diffusion in a two compartment system. Based on 

exchange theory it is likely that water exchange between compartments will affect the measured 

diffusion coefficients and the relative contribution of the fast and slow diffusion components to 

the water signal decay in DWI experiments [98, 99,103]. This will be considered in the next 

section.

7.2.4 Exchange between compartments

According to the above discussion, one can assign the slow and the fast diffusion components to 

the intracellular and extracellular compartments, respectively. However, the relative water 

contributions are largely opposite to that which would be expected on the basis of the known
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Figure 7.1. A schematic diagram showing the regions of the brain and water exchange between 
the two main compartments; A is the intracellular space, B is the interstitial space, and C is a 
capillary.

intracellular and extracellular volume fractions in brain tissue [98, 99, 103, 123], Even when the 

possibility of water exchange between compartments is considered, the interpretation of the 

results in terms of intracellular and extracellular water compartmentalization is problematic.

Theoretically, the effect on the diffusion decay of water exchange in a two-site system can 

be demonstrated with the Karger formulation (equations (6.11) to (6.14)), where the apparent 

diffusion coefficients of the intracellular and extracellular compartments after exchange between 

the two spaces, D ' a n d D ', and their relative fractions, f 'a n d f ' ,  can be written in terms of the 

exchange rates as follows:

where the plus and minus signs go with D ' a n d D ', respectively. The k ie = — ,k ei = —  are the

(7.2)

(7.4)

(7.3)

1 1
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exchange rates from the intracellular to extracellular and extracellular to intracellular 

compartments, respectively, which are constrained by the steady state relationship = f 'k ei. 

X; and xe are the residence times in the intracellular and extracellular compartments, respectively. 

Figure 7.1 shows schematically the exchange of the diffusing molecules inside the cell with those 

outside the cell and vise versa with the rates of kie and kei, respectively. Only in the absence of 

exchange, kie=kei=0, will the parameters extracted experimentally from bi-exponential fits of 

diffusion signal decays give the true intrinsic volume fractions and diffusion coefficients of each 

compartment. In the more complicated case due to exchange, the measured parameters will 

correspond to the apparent ones (i.e. primed values) rather than the intrinsic parameters (i.e. the 

unprimed values). It should be noted that the term “apparent diffusion coefficient” in exchange 

theory has a very different meaning from the apparent diffusion coefficient, Da, that we have 

considered up to now. The apparent parameters in exchange theory will be indicated with a 

prime.

We used our experimental settings with the Karger equation to generate diffusion decay 

curves for various exchange rates between the two environments. The intrinsic parameters of 

Dj=lxlO"3 mm2/s and De=3xlO'3 mm2/s along with a=5 pm, xD=50 ms and ^=1.6 were first used 

to estimate the restricted diffusion coefficients for the intracellular and extracellular spaces, 

respectively, using the Tanner-planar formula (equation (2.82)) and equation (7.1) as discussed 

in sections 7.2.2 and 7.2.3. The resulting values, Df and D “, were then substituted into the Karger 

formula (see equation (7.2)), for D; and De with their relative initial volume fractions set to f=0.8 

and fe=0.2, respectively. The D- and D ' as well as f '  and f ' values were evaluated using this 

equation for exchange rate, between 0 and 70 s"1 and the results are tabulated in table 7.2a. Most 

of the exchange rates considered for these calculations were extracted from the literature for cell 

culture or rat brain experiments [98,111,123,115,170,174], These calculations were repeated for
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the initial fractions of fj=0.2 and fe=0.8 which were the measured fractions from our experiments 

for the slow and the fast diffusion components, respectively. Table 7.2b shows the results of these 

calculations.

As depicted in the figures 7.2a and 7.2b, both calculations show that the decays with no 

exchange (solid line) and slow exchange (dashed line), associated with an intracellular residence 

time of Xj=610 ms as reported by Duong et. al. [174], do not affect the diffusion parameters 

appreciably. On the other hand, fast exchange associated with the exchange time of X;=15 ms 

(dots) reported for rat brain [111] and 17 ms (dash-dots) for human erythrocytes (red blood cells) 

[123], can drastically affect the parameters including the diffusion coefficients and their relative 

fractions. This behavior is consistent with diffusion over sufficiently large paths during the 

diffusion time (i.e. x; « x D), where the diffusion coefficient can be determined as the weighted 

average of the diffusion coefficients for the two sub regions [99, 127]. In fast exchange the 

diffusion induced signal attenuation shows a mono-exponential dependence on diffusion

weighting and appears to be a quasi homogenous system. The diffusion decays for Xi=50 ms (O) 

reported for glial cells [123] and Xi=100 ms (*) also reported for red blood cells [98] are plotted in 

figure 7.2 and correspond to intermediate exchange.

Pfeuffer et. al. [102,111] derived the apparent diffusion coefficient of the slow component 

assigned to the restricted intracellular diffusion coefficient, and the intercept using large b-values 

between 8000 and 10000 s/mm2 from the analytical diffusion decays of the Karger exchange 

theory to quantitatively analyze the rat brain model system. Using this procedure, the apparent 

intracellular fractions were estimated to be between 18 and 30 % for the simulated signals over 

the same range of exchange rates as we have considered. These numbers are comparable with the 

range of the slow diffusion contributions to the experimental signal decays that we have reported.
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M s 1) Ti (ms)
D ' (mm2/s) 

x10'3
D ' (mm2/s) 

x10'3 fi' fe'
0 inf. 0.044 1.17 0.8 0.2

1.6 610 0.05 1.2 0.809 0.191
10 100 0.079 1.3 0.848 0.152
20 50 0.1 1.5 0.883 0.117
30 33 0.13 1.6 0.908 0.092
40 25 0.14 1.8 0.927 0.073
50 20 0.15 2.1 0.940 0.060
58 17.2 0.16 2.2 0.949 0.051
60 16.7 0.17 2.2 0.951 0.049
66 15 0.17 2.4 0.956 0.044
70 14 0.17 2.4 0.959 0.041

Table 7.2a. The results of Karger exchange theory with f=  0.8, D,=0.001 mm2/s and De=0.003 
mm2/s. Restricted diffusion coefficients were calculated from Dj and De for intracellular and 
extracellular diffusion, respectively, using the Tanner formula and equation (7.1). These values 
were then used in Karger’s exchange theory (equation (7.2)).

kie (s'1) Ti(ms)
D ' (mm2/s) 

x10'3
D ' (mm2/s) 

x10'3 f/ K
0 inf. 0.044 1.17 0.2 0.8

1.6 610 0.05 1.17 0.202 0.798
10 100 0.083 1.18 0.215 0.785
20 50 0.12 1.19 0.231 0.769
30 33 0.16 1.2 0.248 0.752
40 25 0.2 1.2 0.266 0.734
50 20 0.23 1.2 0.286 0.714
58 17.2 0.26 1.2 0.303 0.697
60 16.7 0.27 1.2 0.307 0.693
66 15 0.29 1.3 0.321 0.679
70 14 0.3 1.3 0.33 0.67

Table 7.2b. The results of Karger exchange theory with the same settings as for table 7.2a but 
with the intracellular fraction set to f  = 0.2.
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Figure 7.2 The calculated diffusion signal decays using the Tanner-planar and Karger exchange 
theory for a healthy human model (D;=0.001 mm2/s, De=0.003 mm2/s, A,=1.6) vs. intracellular 
residence time with an initial intracellular fraction of a. (top) f,= 0.2 and b. (bottom) f;= 0.8.

241

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In the rest of the discussion we used our measured diffusion fractions in the analytical 

models (i.e. fj=0.2 and fe=0.8) to better compare the experimental results with theory.

7.2.5 T2 relaxation, anisotropy, and blood flow effects

A more heavily T2-weighted intracellular water pool compared with the extracellular pool could 

also explain the discrepancy between the actual volume fraction and the measured apparent water 

contribution to the slow component, particularly for long TE such as was used in our experiments 

(TE=200 ms). However, there is still no evidence in the literature of well separating T2 relaxation 

components corresponding to intracellular and extracellular compartments [146, 165] for healthy 

brain tissue. Thus, the two diffusion components are likely unaffected by the T2 relaxation 

behavior. Although the use of relatively long TE values causes the MR signal to be attenuated 

due to T2 relaxation causing the diffusion decays to have a lower SNR, a T2 dependence is 

generally excluded from our experimental diffusion decays by keeping the echo time constant in 

all diffusion measurements.

A multi-exponential water diffusion decay in brain tissue could also be caused by different 

fiber tract orientations within the ROI. This anisotropic behavior can be detected by applying the 

diffusion sensitizing gradients in different directions. As previously shown [98,103], bi

exponential behavior is not restricted to brain tissue in which anisotropic diffusion decay 

behavior is obvious (e.g. internal capsule). It also occurs in regions such as the cortex where the 

anisotropy is very low.

In our analysis of diffusion in brain tissue, we placed the ROIs in locations where the axon 

orientations are known to be predominantly in the inferior to superior direction. For our 

experiments this means that the majority of the axons are perpendicular to the diffusion
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sensitizing gradient direction used in the measurements, consistent with one orientation for all of 

the axons in the ROI and isotropic behavior. Taking advantage of multi-component analysis 

would also allow us to detect the effect of anisotropy by finding additional components 

contributing to the diffusion decays due to the distribution of axon orientations in the studied 

regions. However, the three components observed for the diffusion decays after Rician noise bias 

correction are less than what would be expected if the anisotropy effects existed along with 

compartmentalization. To assign the slow and the fast components of the diffusion decay 

resulting from our analysis to parallel and perpendicular diffusion coefficients is somewhat 

unreasonable since there is no evidence to support this proposition. It should also be noted that 

the anisotropy effect is mostly removed at shorter diffusion times, as previously discussed by 

Gates [84] in his Ph.D. thesis.

The ultra fast component (Da= lx l0 '2 mm2/s), which has the smallest water contribution 

(<2%), can be explained by blood perfusion. This component is expected when b-values less than 

100 s/mm2 are included in the protocol. By interpretation of the diffusion decay behavior based 

on compartmentalization of brain tissue it is possible to assign this ultra fast component to the 

intravascular water molecules because of the low volume fraction (<4%) and relative high pseudo 

diffusion coefficient for intravascular water in human white matter. This effect was first 

demonstrated by Le Bihan et. al. [172] where the rapidly and slowly decaying components are 

interpreted as arising from intravascular perfusion and extravascular diffusion, respectively.

7.3 Rician Noise Effects on the Diffusion Decay

Using the NNLS multi-component method for the analysis of the diffusion decays gave us the 

capability of determining the number of the components of the unknown system, human brain
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tissue, rather than assuming a set number of components as most previous studies have done. 

With this analysis method, we first detected four discrete (weighted average) components in the 

spectrum (see figure 7.3a). A similar four component diffusion decay was previously reported by 

Pfeuffer et. al. [102,111] for their rat brain studies. This observation might have misguided us in 

our quantitative analysis of the multi-exponential diffusion decay considering that after the Rician 

noise bias was removed from diffusion decays the number of peaks reduced to three components 

that can be interpreted quite naturally in terms of the intracellular, interstitial and intravascular 

compartments.

In this study, we investigated the MR diffusion decay properly including correcting the data 

for the effects of Rician noise bias particularly at high b-values. Systematic errors, noise and 

contributions to the measured signal from different artifacts was also studied. Several correction 

methods were proposed and tested both theoretically and experimentally. The most consistent 

method was then applied to all diffusion decays. The diffusion information was extracted from 

the measured decays after applying the Rician noise correction algorithm as discussed in the 

previous chapters. As an example, diffusion analysis after Rician noise bias correction shows a 

three component discrete spectrum as shown in figure 7.3b, compared with the four component 

diffusion spectrum without noise bias correction shown in figure 7.3a.

We then conclude that reliable diffusion parameters, including the diffusion coefficients 

and their relative fractions, can only be obtained by first removing the Rician noise bias from the 

diffusion signal decays.
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Figure 7.3 The discrete spectrum of diffusion coefficients obtained using NNLS-diff analysis of 
the experimental diffusion signal decays for human brain a. before Rician noise bias correction 
and b. after Rician noise bias correction. The amplitude of the line corresponding to the largest Da 
value in the spectrum was multiplied by 10 to make it more visible.

245

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.4 Diffusion Time Dependence Interpretation

As discussed in the diffusion theory of section 2.2, restricted diffusion can be detected from the 

dependence on diffusion time of the diffusion coefficients for the molecules that interact with the 

cell walls. This effect can also be studied numerically using Monte Carlo simulations or with 

analytical models as has been done in a great number of studies [111-115, 84,173,123], Tanner- 

planar theory is used here to calculate the td dependence of the restricted diffusion coefficients 

of diffusing molecules confined to a square cross-section area with a, the length of a side, set to 5 

|om, to be consistent with the mean axon size for humans. With the dimensionless reduced time,

DtE,, which was defined in equation (2.53) to be E, = — j - , it is possible to use these simulations to
R

demonstrate the E, dependence of the normalized restricted diffusion coefficient, Da/D, where D 

is the free diffusion coefficient of water at 37° C. As depicted in figure 7.4, the restricted 

diffusion coefficient is particularly sensitive to E, for q =4x1 O'8 to 4x1 O'5. This corresponds, for 

our study, to diffusion times in the range of 0.1 ms to 100 ms. A more complete study of this was 

previously performed by Olariu [173] in her M.Sc. thesis using Monte Carlo simulations and 

several analytical models. Her study showed that the dependence of the restricted diffusion 

coefficient on q is independent of the actual shape of the cell. This is important since the shape 

of human body cells is not square, circular or any other regular geometric shape. Olariu’s 

analysis has also shown that the results for a Gaussian distribution of cell sizes are quite similar to 

that of the mean value.

In our experiments we have used a range of intermediate diffusion times limited to Td=19.9 

to 60 ms. The corresponding reduced times of 8xl0"6 and 2 .8xl0 '5 are demonstrated by vertical 

lines in figure 7.4.
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Figure 7.4 The normalized diffusion coefficient for restricted diffusion calculated from the 
Tanner-Planar formula with the box length a=5 jam vs. the dimensionless reduced time, g . The 
vertical lines correspond to td= 19.9 and 60 ms, indicating the range of diffusion times considered 
here.

7.4.1 The intracellular diffusion restriction

By using the Tanner-planar formulation to model diffusion in human axons, we calculated 

diffusion coefficients for restricted diffusion as a function of td over a range of xD values from 10 

to 100 ms which was appropriate for our experiments. The results are tabulated in table 7.3 and 

depicted in figure 7.5 for various sizes of the square cross-sectional area with the length of a side 

varied between 2 and 10 pm, consistent with the range of cell sizes. The experimental results are 

demonstrated by stars in figure 7.5. Figure 7.6 shows the experimental results for the slow
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XD (ms)
a (pm)

2 4 5 6 8 10
10 0.0336 0.138 0.215 0.326 0.62 0.98
15 0.0224 0.0921 0.146 0.218 0.42 0.733
20 0.0168 0.069 0.11 0.163 0.315 0.567
25 0.0134 0.0552 0.0882 0.131 0.252 0.457
30 0.0112 0.046 0.0735 0.109 0.21 0.381
35 0.0096 0.0395 0.063 0.0933 0.18 0.327
40 0.0084 0.0345 0.0551 0.0816 0.158 0.286
45 0.00747 0.0307 0.049 0.0725 0.14 0.254
50 0.00672 0.0276 0.0441 0.0653 0.126 0.229
55 0.00611 0.0251 0.0401 0.0593 0.115 0.208
60 0.0056 0.023 0.0367 0.0544 0.105 0.191
65 0.00517 0.0212 0.0339 0.0502 0.097 0.176
70 0.0048 0.0197 0.0315 0.0466 0.0901 0.163
75 0.00448 0.0184 0.0294 0.0435 0.0841 0.152
80 0.0042 0.0173 0.0276 0.0408 0.0788 0.143
85 0.00395 0.0162 0.0259 0.0384 0.0742 0.135
90 0.00374 0.0153 0.0245 0.0363 0.0701 0.127
95 0.00354 0.0145 0.0232 0.0344 0.0664 0.12
100 0.00336 0.0138 0.022 0.0326 0.0631 0.114

Table 7.3. Da (10'3 mm2/s) values calculated using the Tanner-planar equation vs. diffusion time 
for restricted diffusion in a square box over lengths, a, consistent with the range of axon size for 
human brain.

Q 2 pm

1 0 -
0 20 4 0 6 0

Figure 7.5. Da (mm2/s) calculated using the Tanner-planar equation vs. diffusion time for 
restricted diffusion in a square box over lengths, a, consistent with the range of axon size for 
human brain. The stars show the experimental results of the diffusion time dependence for human 
brain averaged over 8 healthy subjects. The box size, a, for each of the calculated curves is 
indicated on the graph.
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Figure 7.6. The apparent slow diffusion coefficient of the diffusion time dependence experiments 
on human brain averaged over 8 healthy volunteers. The experimental data (diagonal) are 
compared with the results from the Tanner-planar equation (triangle) for restricted diffusion in 
square box assuming an axon size, a=5 pm for human brain.

diffusion coefficient of the diffusion signal decays, Ds, averaged over 8 healthy subjects as a 

function of in  on a linear scale. The variation of Ds with xD seen in figure 7.6 is evidence of 

restriction. A slightly stronger xD dependence is observed when XD is between 20 and 30 ms 

compared with xD=30 to 60 ms. This is consistent with the behavior of Da/D vs. c, (see figure 7.4) 

calculated with the Tanner-planar equation for E, values between the two vertical lines in figure 

7.4.
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7.4.2 The two-site diffusion exchange theory

Equation (7.2) for exchange of diffusing molecules between compartments in a two compartment 

system is used here to simulate the diffusion decays by setting the extracellular diffusion 

coefficient equal to D “ calculated from equation (7 .1) and the intracellular diffusion coefficient 

equal to Df which was calculated using the Tanner-planar formula (equation (2.82)). The 

intrinsic values of De and Dj were used as the input values for equations (7.1) and (2.82), 

respectively, as explained in the previous sections, along with the experimental settings 

corresponding to the maximum value of (yg5)2 (i.e. the maximum b-value). The calculated 

diffusion decays with the two-site exchange are plotted in figures 7.7 and 7.8 for diffusion times 

between 5 ms and 60 ms. Diffusion decays were generated for the exchange rate of k;=10 s '1, 

consistent with the exchange time of x,=100 ms, and for the exchange rate of k;=58 s'1, consistent 

with the exchange time of Xj=17 ms, which is the value reported in the literature for red blood 

cells [98,123], In both calculations, we set the intracellular fraction, f , equal to the measured slow 

diffusion fraction (0.2) from our experiments and others [98, 99,102,103,111]. Although the 

experimental results (figure 7.9) do not quantitatively agree exactly with the computed diffusion 

decays (figure 7.8b), the trend of the diffusion time dependent decays observed in our 

experiments on human brain is consistent with the results of our human model based on the 

combined Tanner and Karger theories. Our results are in particularly good agreement with theory 

for Xj=100 ms, suggesting that the exchange time for water moving from inside axons to the 

interstitial compartment is on the order of 100 ms. The restriction behavior is observed in the 

results as a difference in signal attenuation for the same b-value at different diffusion times.
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Figure 7.7. Diffusion decays computed using Tanner and Karger theory for X;=17 ms. The arrow 
indicates the direction of increasing xD.
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Figure 7.8.a. Diffusion decays computed using Tanner and Karger theory for Xj=100 ms. The 
arrow indicates the direction of increasing xD.
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Figure 7.8.b. Diffusion decays computed using Tanner and Karger theory for T;=100 ms. The 
arrow indicates the direction of increasing Td-
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Figure 7.9. The experimental diffusion decays from the diffusion time dependence study on 
human brain in vivo averaged over 8 volunteers. The arrow indicates the direction of increasing
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To interpret the results more responsibly based on the two site diffusion exchange theory, a 

more detailed model with more consistent morphological parameters for human brain is required. 

Various pathological situations with more reliable parameters for these situations should also be 

examined.

To improve the experimental results, it would be necessary to improve the MR system by 

employing higher gradient strengths with shorter durations. Besides, for the estimation of the 

exchange time as well as the molecular net displacement, it might be more appropriate if the 

diffusion time dependence of the signals was studied as a function of (yg5)2 (i.e. q-space 

measurements) instead of b-values, as performed in most cell and animal studies [102, 

111,114,156,181],

7.5 Conclusions

In this thesis, diffusion information for human brain tissue is reliably reported based on a multi

exponential analysis and the removal of the Rician noise bias from the MR-diffusion signal 

decay. Our study represents what we believe to be quantitatively accurate diffusion parameters. 

This was made possible by the use of very large b-values along with a new procedure for Rician 

noise bias correction. The behavior of the data is consistent with restricted diffusion. The applied 

high b-values have been purposely chosen to sensitize the diffusion of water molecules inside the 

cells. The tri-exponential diffusion decay behavior is consistent with the compartmentalization of 

the spins into the intracellular, interstitial and intravascular spaces. These components were 

detected by taking advantage of the multi-component analysis method, and the Rician noise bias 

correction procedure developed for this study.
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These developed procedures have allowed us to observe a diffusion time dependence for 

the slow diffusion coefficient of healthy human brain in vivo which has not been reported 

previously. The behavior of Ds observed in this study is consistent with the expected behavior for 

the diffusion coefficient of water molecules inside the cell (i.e. restricted diffusion).

We also did a rough evaluation of the exchange time between the two compartments in a 

two compartment system, and found that the exchange time for water moving from inside the 

axon to the interstitial space is of the order of 100 ms.

As previously mentioned, to better understand the diffusion time dependence behavior in 

human brain tissue, a complete analysis of various regions of brain tissue for healthy subjects and 

patients with disorders along with more detailed analytical and numerical modeling on the basis 

of the morphology and the pathologies of the system is required.
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Appendix I

The NNLS Flow Charts
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Figure 1.1. Flow chart for the NNLS algorithm without regularization.
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Figure 1.2. Flow chart for NNLS-diff based on the NNLS algorithm with regularization.
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Appendix II

The b-factor and xD for the TRSE Sequence

II. 1 b-value Calculation

The b-factor for the TRSE sequence was analytically evaluated by the integration of equation 

(2.74):

TE TE t

b= j*F2 (t)dt=^y2 J(Jg(t')dt')2 dt. ( in )
0 0 0

The sequence diagram for the TRSE sequence is given in figure II. 1 (see also figures 6.1 to 6.3). 

The on and off ramps are both of duration tr for all four gradient pulses and the ramps are linear. 

The duration of the i* gradient pulse will be denoted 8 ; which includes the ramp on time but not 

the ramp off time (i.e. 5j = tr + (t12 -  tn )). The 180° RF pulses are applied in the Ti and time 

periods. No gradient or RF pulses are applied during the time period labeled %2. The effect of the 

180° RF pulses is to change the phase angle of the spins from ((> to -  (|). This effect causes a 

gradient pulse of amplitude G and duration 8  following the 180° RF pulse to have the same effect
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ech o

t = 0 t = TE

Figure II.l. The TRSE sequence timing for b-value and diffusion time evaluation.

that a gradient pulse of amplitude -G and duration 8  would have without the 180° RF pulse as 

shown in figure 6.1 (see also section 2.3). This effect will be incorporated into what we will call 

the effective gradient amplitudes which, for the TRSE sequence shown in figure 6.1, are

g l  = g 2  = “ g 3 = “ g 4  = G -

The integral can be expanded as:

i  t l 3  l 20 *23 l 33 ^40 *43 T E

—  = J f 2 (t)dt + J f 2 (t)dt + J f 2 (t)dt + J f 2 (t)dt + J f 2 (t)dt + J f 2 (t)dt + J f 2 (t)dt + J f 2 (t)dt
^  tlO  l 13 l 20  £23 l 30 <33 <40 <43

= IS, + It, + Is2 +Ix2 F +Ix3 + I 84 + ^4 • (E-2)

a) Evaluation of Isi

Ifij — IlO +  ^11 + I l 2

Ui t tn t ^ tn ^ t t„
I }( Jg(t')dt')2dt = }dt[ j d t ' - ( t ' - t 10)]2 = }(—) 2dt[ Jd t'(t'-t10)]2 = }(— )2d t [ i ( t - t !

t j- t j- t j- ^
I i o  I lO I lO  I lO I lO  IlO

G 2  ' f ,  / . 4  1 G 2  1 . 5  1 G 2 5 1 n  2 3
(— ) Idt(t —1 10) = - ( — ) - ( t n - t 1 0 ) 5  = — (— ) t ,  =  —  G t 

t r J 4  t /  5 2 0  t /  2 0
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In = }( Jg(t')dt')2 dt= ]{ Jg(t')dt'+ Jg(t')dt'}2dt = }d t{[iG tr + G ( t - t „ ) } 2

111 IlO 111 IlO 111 111

I l 2 112

= Jdt{[—Gtr + G ( t - t n ) } 2 = jG 2d t{-(tr)2 + ( t - t 11)2 + t r( t - t 11)}
2 J 4

ln tn

=  G 2 { I tr2 ( 5 1 - t r) + i ( 8 j - t r)3 + i t r( 8 j - t r) 2 }
4 3 2

= G 2{ I ( t 281 - t 3) +  ± ( 8 3 - t r  - 3 S 2tr + 3 8 lt2) + -i-(tr8 2 + t 3 - 2 8 1t 2)}

= G 2(—8 3 t3 8 2t r + - 8 ^ )
3 1 2  2  4

I l3  I  I l3  111 t 12 t

Ii2 = J( Jg(t')dt')2dt = J{ Jg(t')dt'+ Jg(t')dt'+ Jg(t')dt'}2dt
112 IlO  I l 2 IlO  111 112

113

]dt{±Gtr + G(t12 -  tn ) + J -  ̂ -(t' - 1]3 )dt'} 2
. tr

l12 I l 2

= }dt[^-Gtr +G (t12 - t „ ) - ^ - ( t - t 13) 2 + ^ - ( t 12 - t 13) 2 ] 2 
J 2  2 tr 2  tr

t l 2

= }dtG2 [ i t r + ( 8 j - t r) - 2 - ( t - t 13) 2 + 2 - ( t r ) 2 ] 2 
J 2  2  tr 2 tr

112

= }dtG2 [8 12 + - l r ( t - t 13) 4 -  — ( t - t 13)2] = G2 [82tr+ 2 - t 3 
J 4tr tr 20 3

I l 2

where t12 - tn = 8 i - tr and tn - 110 = t13 - 112 = tr.

Therefore, the contribution of the first gradient can be summarized as follows:

I81 = — G2t3 + G 2 (—8 3 -  —  t3 -  —8 2tr + - 8 1t2) + G2 [8 12tr+ — t3 -  —8 jt2]
20 3 12 2 4 20 3

= G2 [ - 8 ? + —8 2 tr -  — Sjt2 + — t3] (II.3)
3 2 12 60

i 81 = — G2[208!3 +3082tr - 5 8 ^  + t 3]- 
60

This is the contribution of the first gradient to the b-factor for the sequence.
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b) Evaluation of It.

t 20 t  t 20 t n  t 12 t i 3

I n  =  J( J g ( t ' ) d t ' ) 2 d t =  | {  J g ( t ' ) d t ' +  J g ( t ' ) d t '  +  J g ( t ' ) d t '  +  J g ( t ' ) d t ' } 2 dt

t i3  t i o  t j 3 t 10 t n  t n  t ]3

*20 -j t 20

= Jdt[—Gtr + 0 (8 !  - t r) + —Gtr + 0 ]2 = Jdt[G8)]2 = ( t 20 - t 13)[G8j]2 = G 2 8 2 t 1.

*13 l 13

It is also sometimes convenient to write this in terms of the gradient moments (i.e. the area under 

the diffusion gradients). For the evaluation of Ixi and Ig2 the gradient moment is defined as 

Momi=G 81 .

Ixl =Mom1Mom,T1 . (II.4)

c) Evaluation of Is?

The contribution to b from the second gradient, Ig2, is evaluated as follows:

Ig2 = I20 + I2I + I22
l 21 t  121 t n  l i 2 113 t 20 t

120 =  J ( J g ( t ' ) d t ' ) 2 d t =  Jd t{ J g ( t ' ) d t '+  J g ( t ' ) d t '+  | g ( t ' ) d t ' +  J g ( t ' ) d t '+  J g ( t ' ) d t ' } 2

120 tlO  t 20 t io  t n  112 113 t 2o

121_ 1 1 t  ^-1f wCj . ,
= [dt[|G tr+G(81 - t r)+^G tr+0+ f d t ' - ( t ' - t 20) ] 2 

2  2  J tr
120 l20

= }dt[G8 1 + ^ - ( t - t 20)2]2 = JdtG2 ^ 2 + -^ y ( t - t 20)4 + — ( t - t 20) 2 
it  r 4tr tr

l 20 f 20

= G2 [8 ,2tr + I - L ( t r ) 3 + ^ ( t r ) 3 =G 2 [ i - t r3 + 8 12tr],
5 4tj 3 tr 20 3

l22 1 1 1 ^

I 2 i =  |dt [—Gtr +G(8 j - t r) +  —Gtr + 0 + —Gtr +  jG d t ' ] 2

l21 121
*22 + 122

= jG 2dt[8 ! + - t r + ( t - t 21) ] 2 -  jG 2dt[5f + - ( t r ) 2 + ( t - t 21) 2 + 2 8 ,( t - t21) + tr( t - t 21) + 8 1tr]
121 121
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=  G 2 [8 2 ( 8 ,  - t r) +  I t ? (S 2 - t , ) + i ( 8 2  - t r)3 +  S , ( 8 2 - t , ) 2  +  i t , ( 8 2 - t , ) 2 + 8 1 t r(8 2  -  
4 3 2

=  G 2 [8 2 8 2  - 8 2 t ,  + i s 2 t? - i t ?  +  i s |  - S 2 t ,  + t 2 8 2 - i t ?  + S X82 +  8 , t 2  —2 8 18 2t r + | t  

+ i t ? - t 2 8 2 + 8 1 t r8 2 - t 2 8 1]

- G 2 [ i 8 2  - i t r8 2 + i t 2 8 2  - ^ t ?  - 8 , 8 , 1 , +  8 , S 2 - 8 2 t ,  + 8 , S 2] ,

where t22 - t2, = 82 - tr and t2i - 120 = t23 - 122 = tr .

I22= [dt{i-Gtr + G(8, - t , )  + i-G t, + 0 + i - G t r + G ( 8 2 - t r ) +  f - —  ( t ' - t 23)dt'}2
11 2 2  2  t1 ^

= JdtG 2[8, + 8 2 - y —(t - 123)2]2
t22 2tr
t23

= jdtG2 [8 2 + 8 2 + ^ L ( t - t 23) 4 - ^ ( t - t 23) 2 - ^ ( t - t 23) 2 + 2S,82]
I 2 2  r r r

= G2 [8 2 t,+ 8 2 t ,+ — i t ? - i « L t ?  - i i 2-!? + 28,82tr]
1 2 4t2 5 3 tr 3 t,

= G2 [8 2 t,+ 8 2t ,+ ^ t ?  -  i s lt? - i s 2 t r2 +28,8 ,1 ,] .

Therefore, the contribution of the second gradient, Ig2 will be as follows:

Is2 = G 2 [ -jq h-3 + §i tr2 + Si2 tr + §23 - -j §22 tr + 82 tr2 - J2 I,3 - 81S2 1, + 8 , 2 S2 - 8 , 2

+ 8,2t, + 822t,H----- 1,3 - i 8 ,t,2- •i-82t,2 + 28,82t, ] ,20 3 3

=  G 2  [ - i.8 2 3  +  j  8 2 2 t, - j j  S2 1 , 2  +  -^q h3] +  G 2  [ 8 , 8 2 b +  8 , 2 t ,+  8 i2 8 2  +  8 , 8 2 2  ]

I62 = 1 G 2 [20823 + 30 8 22 t, - 5 8 2 t,2 + 1,3] + Mom, ( Mom, + G 8 2) (8 2 + 1 , )
01)
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d) Evaluation of E,

For the blank time between the second gradient, g2, and the third gradient, g3, the integration 

gives:

l 30

IT2 = fdt[G5, +G 52 ] 2 = G2 [8 2 + S 2 + 2 6 182](t30 - t 23)
J (II.6 )

l 23

IX2 =Mom2Mom2T2 , 

where Mom2 = G 8 1 +G 8 2 .

e) Evaluation of the other contributions to b

Following the same rules for the other integrals for the contributions from the rest of the parts of 

the b-factor, it is possible to write all of the gradient contributions in terms of the gradient 

moments. Thus, in general, the b-factor for the ep2d-diff sequence can be evaluated by adding the 

contributions of all parts of the sequence as given below:

Is, = JL G 2 [208,3 + 30 8 ,2 tr - 5 8 , tr2 + tr3] + Momo( Mon*, + gl8 ,) (8 , + 1 r ) ,

ITi= Mom, Mom,Ti,

I§2 = -rn: G2 [2 O823 + 30 8 22 tr - 5 82 tr2 + tr3] + Mom,( Mom, + g282) (82  + t r ) ,o(J

1x2 = Mom2 Mom2 T2,

I5 3 = ^  G 2 [20833 + 30 8 32 tr - 5 8 3 tr2 + tr3] + Mom2( Mom2 + g38 3) (8 3 + 1 r ) ,

IT3= Mom3 Mom3 x 3,

Is 4 = 1 G 2 [20843 + 30 8 42 tr - 5 84 tr2 + tr3] + Mom3( Mom3 + g484) (8 4  + 1 r ) .  o(J

IX4= Mom, Mom4 x 4 ,  (H-7)
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where gij2 = +G and g3,4 = - G are the effective gradient amplitudes, Mom3 = G 8 1 +G S2 -G 8 3 and 

Monq = G 5! + G 8 2  - G S3 - G 8 4 =  0 since 8 4  + 8 2  = 8 3  + 8 4 .

f) Evaluation of b 

Combining the results from the previous sections we find that

—  = Y  ( —  G2[208,3 + 308ft, -5 8 ;tr2 + tr3] + Momi_1Momi(8 i + tr) + MomiMomiTi 1, (II.8 )
V  t i ' 160 J

where the effective gradient amplitudes are g 1 =g 2= - g 3= -g 4=G and Mom0=0.

II.2 Diffusion Time Calculation

In order to evaluate the diffusion time, Td, for the TRSE sequence, we need to further simplify 

and rearrange the expression for b given in the previous section. To do this we will make use of 

the conditions g 1 =g 2= - g 3= -g 4=G, 8 ( = 8 4  and 8 2=  8 4  in the sequence which are true for all of 

the diffusion sequences considered in this thesis. For this case it is easily shown that 

Momj = Mom3 = G8 | ,
Mom2 =G(8 ! + 8 2), (II.9)
Mom4 = 0 .

Thus, b can be written as

- = —(Sf + S |) + ( 8 f + 8 2 )1, - —(8 j + 8 2)tf + t 3 + 8 2T! + 8 4 ( 8 4  + 8 2 )(8 2 + t r)
y 2 Q 2 3 ^  V 1 6 v , z ,  r r , i av i z z v z  r, ^ 1())

+ (84  + 8 2 )2 t 2 + ( 8 4  + 8 2 )5i(82 + t r) + 8 fx3 .

If we now define

8 = 8, + 82

and
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A = 8, + 5 2 + 2 t r + x, + x2 (11.11)

(see figure II. 1) and note that

and

b can be written as

8? + 83 = (8, + 82)2 - 28^ 2

81 + 8 32 = (8 , + 8 2  ) 3 -  38282 -  38,81

_ J ^  =  | [53 , 35^  _ 3 5 i S 2 ] +  [ 5 2 _ 2 8 l § 2 ] t r  - I g t ?  + t ?  +  8,2 ( t 1 + x3) 

+ 28252 + 28,82 +  28,831, + 282t r + 82x2

= | s 3 + 82(x2 +  t r) - | s t 2 + t 3 + 8?(x, + x3) + 28,2t r 
3 6

= —83 + 82( A - 8 - t r - x , ) - - 8t 2 + t 3 + 812(x1 + x3) + 2812t r 
3 6

b 8
 = (A -  x ,) —  +
y2G28 2 3

81  

82
(x, + x 3) + t,

t 2 t 8 2
— -  — +  2— - 1  
82 68 8

(II. 12)

The diffusion time for the Stejskal Tanner diffusion sequence is defined in section 2.3.3 by

b _ A 8

T D - y2G28 2 “ 3 ‘
(11.13)

By analogy, we define the diffusion time for the TRSE sequence considered here to be

b 8
zn = ---------- = (A -  x ,) —  +
D y2G28 2 3

- U x ,  + x 3) + tr
oz

I L _ I ^ + 2 ^ L - i 
82 68 8

(11.14)

When tr=0 and x,= x 3=0, the TRSE sequence reduces to a form of the PGSE sequence. In this 

limit equation (11.14) readily reduces to equation 11.13, as it should.
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