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Abstract 

The determination of the locations and sizes of actively corroding areas on embedded 

steel reinforcement in concrete is difficult using the widely-used and standardized half-

cell potential measurement technique. In this research, it is hypothesized that half 

cell measurements on the surface of the concrete can be used, beyond their originally 

intended purpose, to identify the locations and sizes of anodic and cathodic sites 

on the steel reinforcement by means of inverse modelling algorithms. The problem, 

simply put, is a boundary identification problem: given the potential measurements 

on the surface of the concrete, identify the anodic and cathodic boundaries on the 

surface of the reinforcement. Once the anodic and cathodic sites are identified, it is 

also possible to determine corrosion rates through well-established forward solution 

algorithms. To this end, a conjugate-gradient based inverse modelling algorithm was 

developed and coded using open-source finite element analysis libraries to assimilate 

standard half-cell potential measurements on the concrete surface and to calculate 

the potential distribution on the surface of the reinforcement. The performance of 

the inverse model was tested with various configurations of corroding systems with 

single and multiple anodes. The results show that the developed inverse modelling 

algorithm is robust and can even be used in cases for which the number of observation 

points on the surface of the concrete is limited. 
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Chapter 1 

Introduction 

1.1 Background 

Corrosion is a destructive electrochemical process consisting of two half-cell reactions: 

oxidation and reduction [1,2]. In the case of corrosion of steel in concrete, oxidation 

and reduction reactions can be described by Equations (1.1) and (1.2), respectively 

[3,4]: 

Fe —> Fe2+ + 2e~ (1.1) 

\o2 + \H20 + e" —> OH- (1.2) 

The oxidation reaction, which leads to metal (Fe) loss, takes place at the anodes 

while the reduction reaction takes place at the cathodes. The electrons that are pro

duced by the anodic reaction are consumed at the cathodes, and the electrochemical 

circuit is completed by the migration of ions between cathodes and the anodes. When 

two reactions occur in widely seperated locations, they form a macro-cell, and the 

1 
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process is called macro-cell corrosion. When they occur close togchter and essen

tially at the same location, they form a micro-cell, and the process is called micro-cell 

corrosion. 

Steel reinforcement in concrete is generally well protected against corrosion by a 

passive film that is quite stable in the highly alkaline environment of concrete (pH 

> 12.5) [3]. However, the penetration of aggressive agents such as chloride through 

the concrete cover and/or the carbonation of that cover may result in the destruction 

of this passive film (depassivation) and the initiation of active corrosion. The first 

phase of the corrosion process, the penetration of the aggressive agents through the 

concrete cover to the level of reinforcing steel, is called the initiation stage, and 

the second phase, after the depassivation of the reinforcing steel, is referred as the 

propagation stage. The depassivation of steel marks the end of the initiation stage 

and the beginning of propagation stage [5]. 

During the propagation phase, ions migrate through the concrete pore solution. 

The reaction of iron and hydroxide ions in the pore solution results in expansive corro

sion products (iron oxides) that that may lead to cracking, delamination mid spalling 

of the concrete cover and the loss of the bond between steel and concrete. Reduced 

cross section of the steel reinforcement at the anodic locations due to consumption of 

iron in the oxidation reaction may also lead to reduction in load carrying capacity of 

the structural member [3]. 

In reinforcement that is undergoing active corrosion, the electric potentials of 

anodes are more negative than the electric potentials of cathodes by as much as 700 

mV measured with respect to a reference electrode, for example, the copper sulfate 

electrode (CSE) or the standard calomel electrode (SCE). Therefore, the actively 

corroding areas (anodic sites) can be identified by areas of more negative potential 

on the steel surface [3]. In practice, since the reinforcement is embedded in concrete. 



3 

it is not possible to measure potentials on the steel surface without. Instead, it is 

assumed that potential measurements on the surface of concrete are correlated with 

the potentials on the steel surface, and that these surface potentials can be used as 

indicators for the corrosion process. This assumption establishes the basis of the 

half-cell potential mapping process [6]: relatively more negative measurements on the 

concrete surface are associated with actively corroding anodic sites. 

Half-cell potential mapping is a standardized [6] non-destructive technique that is 

used to predict the probability of steel corrosion in reinforced concrete members. In 

this method, the potential difference between an external reference electrode, located 

at the surface of the concrete, and the embedded reinforcement is measured with 

a high impedance voltmeter. A direct electrical connection, established through a 

wire between the reinforcement and the voltmeter, and an ionic connection between 

the external electrode and the reinforcement through the concrete cover are used to 

obtain the potential measurements. Figure 1.1 schematically illustrates the test setup 

for a typical half-cell potential test in reinforced concrete members. 

ASTM C876 2009 [6] states that the more negative the measured surface potential, 

the greater probability of corrosion: half-cell potential measurements less than -350 

mV with respect to the copper/copper sulfate electrode (CSE) corresponds to a 90% 

probability. When the measurement is greater than -200 mV (CSE) the probability 

is less than 10%. When the potential is between -350 mV (CSE) and -200 mV (CSE). 

the corrosion state of the rebar cannot be predicted. Figure 1.2 illustrates an example 

half-cell potential plot on a 240 cm x 240 cm concrete surface. 

Despite its widespread application, the interpretation of half-cell potential map

ping results continues to be a major challenge for engineers. One of the main reasons 
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Reference 
Electrode 
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1 
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• > 
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4 

Figure 1.1: Schematic illustration of the half cell potential measurement process 
(taken from [1]) 

for this difficulty is that half-cell potential mapping only provides information to pre

dict the probability of the occurrence of corrosion without giving any insight into 

the rate (or kinetics) of corrosion. Pour-Ghaz et al. [1] showed that, for the same 

corrosion rate, one can measure different potentials at the surface of concrete, cor

responding to different values of concrete resistivity, and thus have more than one 

estimated probability of corrosion for the same actual state of corrosion. Furthermore, 

potential ranges indicating the corrosion probability of steel in concrete have been 

subject to debate since they have been set based on a limited number of experimental 

studies [3]. 

In addition, the correlation between the half cell potentials on the concrete sur

face and the probability of corrosion are quite sensitive to not only to the concrete 

resistivity, but also to the anode-to-cathode surface area ratio (A/C ratio) and cover 

thickness [3.7.8]. Figures 1.3 and 1.4 provide the results of a numerical investiga

tion by Pour-Ghaz et al. [1]. in which they studied the effects of these factors on 
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Grid Number (each unit = 30 cm) 

Figure 1.2: A typical potential map created from half-cell measurements on the 
surface a 240 cm x 240 cm concrete slab. Potentials measured in mV vs CSE. 

the correlation between potentials on the concrete surfa.ce and on the concrete/steel 

interface. It can be observed from these figures that larger concrete resistivity (Figure 

1.3) or larger cover thickness (Figure 1.4) result in weaker correlation between the 

two potentials, making the interpretation of half cell data on the concrete surface 

difficult as well as hindering the assessment of the probability of active corrosion on 

the concrete/steel interface. 

It should also be noted that half-cell potential measurement is a function of the 

type of corrosion. In the case of uniform micro-cell corrosion, in which the A/C ratio 

is near unity, the potential readings at the surface of concrete are typically close to 

http://surfa.ce
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Figure 1.3: Potential distributions at the surface of concrete and at the 
steel/concrete interface at different concrete resistivities (p) (reported by [1] 
for a numerical case study). Cover thickness and A/C ratio are the same for 
both cases. 
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Figure 1.4: Potential distributions at the surface of concrete and at the 
steel/concrete interface at different concrete cover thicknesses (d) (reported 
by [1] for a numerical case study). Concrete resistivity and A/C ratio are 
the same for both cases. 

the potential at the interface of steel and concrete [9]; however, in the case of non

uniform macro-cell corrosion, local or pitting corrosion with a small A/C ratio, the 

measured potentials at the surface of concrete can be substantially different from 

those of the steel/concrete interface. As illustrated in Figure 1.5, Pour-Ghaz et al. [1] 
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showed that when the average potential at the surface of concrete is a large value 

(i.e., more positive) the probability of the occurrence of corrosion is low, as per 

ASTM C-876 2009 [6]: however the rate of such a corrosion, if it occurs in the form 

of localized corrosion, can be very high. On the other hand, if the average potential 

at the surface of concrete is a small value (i.e. moie negative), the probability of 

the corrosion is higher, but such corrosion may proceed more uniformly. Accurate 

detection of localized corrosion, in which A/C ratio can be small, may not be feasible 

with half-cell potential measurement method unless supplementary information is 

provided. 

(a) Variation of localized conosion rate (b) Possible average potentials for differ-
(ieorr) with respect to the average poten- ent ranges of of A/C ratio, 
tial at the surface of conciete 

Figure 1.5: Analyses on the average potentials at the surface of the concrete (re
ported by [1] for a numerical case study). 

In summary, half cell potential mapping, as it is used in current practice, is prone 

to errors and misinterpretation. In most cases, half-cell tests provide ambiguous 

data that cannot even be used to identify anodic (active) zones of corrosion accu

rately. Without complementing the half-cell data with corrosion rate measurements 
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using either corrosion rate measurement devices or predictions through modelling, re

liable estimates about the corrosion state of the structural members cannot be made. 

Unfortunately, existing corrosion rate measurement devices have inherent accuracy 

problems [10,11] and models for prediction corrosion rates require knowledge of the 

anodic and cathodic locations on the reinforcement surface, which is not a trivial 

requirement. 

1.2 Objectives and Scope 

The main objective of the present work is to provide practicing engineers with a tool 

that they can use to better interpret the results of half-cell potential measurements. 

In this research it is hypothesized that half cell measurements on the surface of 

the concrete can be used, beyond their originally intended purpose, to identify the 

locations and sizes of anodic and cathodic sites on the steel reinforcement by means of 

inverse modelling algorithms. The problem, simply put, is a boundary identification 

problem: given the electric potential measurements on the surface of the concrete, 

identify the anodic and cathodic boundaries on the surface of the reinforcement. 

Once the anodic and cathodic sites are identified, it is also possible to determine 

corrosion rates through well-established forward solution algorithms [1,4.9,12-14]. It 

is assumed in this research that anodic and cathodic sites on the reinforcement surface 

are distinctly seperated; i.e.. macro-cell corrosion is the main form of corrosion to be 

detected. 

With this main goal, the following specific objectives are identified: 

1. Given the boundary conditions (i.e., anodic and cathodic sites on the steel 

surface and other boundary conditions on the other surfaces), develop and verify 

a forward solution algorithm to solve the potential distribution over a specified 
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domain. This forward model can be used to analyze and predict corrosion 

rates on the steel surface. The forward solution algorithm will be implemented 

(coded) using the finite element method, and it will be used both as part of the 

inverse modelling algorithm and to generate data to be used in the identical 

twin numerical experiments. 

2. Formulate an inverse modelling algorithm that uses the given the electric po

tential measurements on the surface of the concrete to identify the anodic and 

cathodic boundaries on the surface of the reinforcement. 

3. Implement and code the inverse modelling algorithm. 

4. Carry out identical twin numerical experiments, in which the solution of a 

well-posed and validated forward model, for which all boundary conditions and 

system parameters are defined, are used both to generate input data for, and 

to verify the predictions of the inverse problem. 

5. Carry out parametric investigations to study the performance of this inverse 

modelling algorithm. 

1.3 Organization of the Thesis 

Chapter 1: A brief summary of corrosion and corrosion measurement processes is 

provided. The objectives and scope of the thesis are presented. 

Chapter 2: This chapter gives a brief background on inverse modeling, examines 

the literature and highlights the strengths and weaknesses of the methods of existing 

inverse solution methods. The different types of corrosion problems and the proposed 
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methods of solution are discussed. It is demonstrated that there is a need for a new 

inverse modelling approach to assimilate half-cell potential surface measurements. 

Chapter 3: The mathematical basis of the proposed method of inverse solution 

of the corrosion problem is laid out. Both the forward and inverse model are dis

cussed, and the model framework is explained. The algorithm is presented and its 

effectiveness is demonstrated with a sample analysis. 

Chapter 4: A series of preliminary tests are conducted to determine the ideal 

initial conditions for the model. Using these initial conditions, a parametric analysis 

is carried out to examine the behaviour of the model with a single localised anode. 

Different parameters including cover thickness, resistivity, etc. are varied over a 

reasonable range to determine the applicability of the model to realistic situations. 

Chapter 5: The parametric study in Chapter 4 is expanded to systems with mul

tiple anodes and cathodes. Four different configurations of anodes and cathodes are 

selected to test the behaviour of the model. 

Chapter 6: The main conclusions of the research are presented. The strengths 

and weaknesses of the developed model are discussed. Future work to expand and 

improve the model is also discussed. 



Chapter 2 

Background 

2.1 General 

This chapter provides a basic background on inverse modelling, its application to 

typical corrosion problems and existing literature on its use for applications relating to 

the corrosion of steel in concrete structures. Since the literature on inverse modelling 

is vast and dates back many decades, it will not be one of the objectives of this chapter 

to provide a detailed review of the topic; only an overview of the basic principles is 

provided here. The following books on inverse modelling are more appropriate for a 

detailed review: [15-18]. 

Although inverse modelling techniques have been used to study corrosion in ap

plications other than reinforced concrete [13,19-22]. the work on the use of inverse 

modelling in reinforced concrete has been quite limited. After covering the use of 

inverse modeling for general corrosion applications by several authors, this chapter 

will review the work that is most relevant to the present study, namely, inverse mod

elling as applied to the corrosion of steel in concrete. Among these are the studies by 

Ridha et al. [23,24], which used inverse modelling to interpret half-cell potential data 

taken on the concrete surface and characterized steel corrosion in concrete using the 

11 



12 

boundary clement method and a multi-step genetic algorithm. A similar study by 

Leelalerkiet et al. [25] will also be presented. The work of Kranc and Sagues [26] fur

ther demonstrates the potential of inverse modelling to study reinforcement corrosion 

in reinforced concrete structures and is also reviewed in this chapter. 

2.2 Inverse Modelling - Basic Overview 

One of the main methods of representing physical phenomena in science and engineer

ing is by means of mathematical models, which usually take the form of boundary 

value problems defined over a domain with specific boundary and initial conditions. 

The problem in the domain is typically described using governing ordinary or par

tial differential equations. Given a complete description of a mathematical model, 

engineers and scientists can make predictions about the outcome of the physical phe

nomenon under investigation. This problem of predicting the measured results of a 

physical system with known parameters is called the forward problem. 

In many cases, however, mathematical models depend on parameters that are 

poorly known or cannot be measured; in these cases, inverse models become useful. 

An inverse problem consists of using the actual result of some measurements to infer 

the values of the parameters that characterize the physical system [15]. The corrosion 

of steel in concrete is a typical example, in which the forward problem of predicting the 

electric potential distribution in the domain of the analysis requires prior knowledge of 

the locations and sizes of the anodes and cathodes on the embedded steel. Obtaining 

the locations of anodes and cathodes is not practical without destroying the reinforced 

concrete member and exposing the embedded steel. In most cases, this is not even 

possible even after exposing the steel since the anodes and cathodes may not be 

distinguishable by visual inspection. Therefore, finding the locations and sizes of 
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anodes and cathodes on the embedded steel in a reinforced concrete member is an 

inverse problem, generally defined as a boundary identification problem [27]. 

Since a continuum model is impractical (or impossible) to solve directly, most 

inverse problems use numerical solutions to solve a discretised model. Numerical 

techniques that are based on Galarkin approaches (e.g. finite element method) [15, 

28,29] and Fourier techniques [15,30,31] are widely used to solve these discrete inverse 

problems. 

As the forward and inverse model equations are generally nonlinear, the parameter 

estimation (or boundary identification) problem constitutes a non-linear optimization 

problem, in which the objective is to find the parameter values that minimise a 

measure of badness of fit. Badness of fit is defined using a cost (or objective) function, 

usually as a least squares function or a weighted sum of squared residuals [15]. 

The most simple form of minimisation algorithm is the random search method 

[32,33]. In this approach every possible combination of input variables is tried and 

the best solution is selected. This method is prohibitively computationally expensive 

and slow to converge. Computationally more efficient gradient based minimisation 

methods [27.34-43] calculate the gradient of the cost function to be minimised and 

search for the minimum in the direction of steepest descent. These methods usually 

converge much faster than other methods, however, they can be computationally 

expensive and can have problems differentiating between local minima and the actual 

global minimum of the cost function [41-43]. 

Genetic algorithms and neural networks are numerical methods that adaptivcly 

search and learn the system behaviour. They are based on the procedures of genetic 

propagation and the workings of the human brain [44]. These methods can be used 

to model a system where there is little or no knowledge of the governing equations 

since they rely on random numbers and the statistical behaviour of a system to 
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predict the outcome. They can also be used in conjunction with a model as the 

minimisation algorithm to find the minimum of the cost function. They can be very-

robust when they are constructed properly but can also be less efficient than gradient 

based methods for minimisation purposes [45-48]. 

If the physical processes are not well understood, but the behaviour of the system 

can be observed for long periods of time, statistical methods of inverse modelling can 

be used. Methods such as recursive Bayesian estimation or Monte Carlo modelling 

[15,49,50] determine the most statistically feasible values for the parameters under 

investigation. These models can also be useful in cases for which there is a high degree 

of uncertainty inherent in the system. Like genetic algorithms and neural networks, 

statistical methods can be used either as the model, or in conjunction with an existing 

model to minimise a cost function. 

Inverse problems are generally ill-posed [51] in the sense that solutions may not 

be unique. This non-uniqueness issue needs to be addressed by optimizing the num

ber and locations of measurement points to obtain the global minimum of the cost 

function. However, these optimization algorithms may still not guarantee uniqueness; 

therefore, different executions of the model with different sets of measured data may 

need to be carried out to study the uniqueness of the solution [51]. 

Furthermore, solutions of inverse problems may exhibit non-physical oscillations, 

and in order to reduce these oscillations regularization schemes may need to be used. 

Regularization generally wrorks by adding terms to the cost function to penalize os

cillations. Depending on the frequency of the oscillations, these methods can apply a 

norm to the set of all possible solutions to find the minimum. Regularisation is usually 

used to eliminate noise and insures that the solution that is chosen is as regular and 

smooth as possible. A regularised solution is not necessarily the solution that best 
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fits the data, but it is the solution that conforms best to theoretical knowledge. Ad

ditional information about the system, such as experimentally determined bounds, 

theoretical knowledge and desired characteristics such as smoothness or shape can 

also be achieved with the use of regularization [52-59]. 

In summary, the majority of inverse modeling problems in corrosion are composed 

of a forward model, a cost or objective function that is used to evaluate the goodness 

of the solution and a minimisation algorithm that minimised the cost function to find 

the ideal solution. The choice of the forward model depends on the problem geometry, 

the governing equations and the available information. The cost function may or may 

not include regularisation terms and is minimised by an algorithm that is chosen based 

on robustness, computational expense and rate of convergence. These three aspects 

are balanced based on available resources, and the size and characteristics of the 

problem. 

2.3 Inverse Modelling of Corrosion 

Corrosion is a pervasive problem that affects many engineering applications. In cor

rosion problems where the corroding metal is easily observable, inverse modelling is 

generally not required. However, in cases for which the corroding metal is not ac

cessible, inverse modelling can provide valuable information. Such cases include the 

corrosion of steel reinforcement in concrete, buried pipelines and other buried metal

lic structures, as well as containers, ships and other metallic structures that are in 

contact with sea-water, for which one side of the metal is submerged or not easily 

observable. This review is divided in two parts: inverse problems in corrosion other 

than steel corrosion in concrete and inverse problems dealing with the corrosion of 

steel in concrete. 
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2.3.1 General Corrosion Problems 

In this review, works by Fasino and Inglese [20], Xin et al. [29].Yan et al. [60], Qui 

and Orazem [61], Wrobel and Miltiadou [62]. and Lesnic et al. [14] are presented. 

Fasino and Inglese (1999) [13] 

This paper deals with the inverse problem of detecting corrosion damage on an in

accessible part of a thin metal plate from surface electrostatic data. A simplified 

model was used which incorporates a Robin boundary condition, which is a linear 

combination of a Dirichlet and a Neumann boundary condition. The Robin condition 

that was used is un + ju — <?, where 7 is called the corrosion coefficient and is a 

function that varies with location, u is the potential and un is the normal gradient of 

the potential. The general corrosion problem is therefore simplified to the recovery 

of this single corrosion coefficient 7 from data on the observed section of the metallic 

specimen. 

Three methods of recovery of this coefficient were proposed, the thin plate ap

proximation (TPA), the trigonometric Galerkin method, and the quasi-reversibility 

method. The TPA depends on the assumed physical characteristics of the physical 

system. In this method, the problem is expanded in terms of the thickness of the 

metal and higher order terms are neglected, resulting in a expression that can be 

solved analytically. Since this method was developed to deal with buried pipelines for 

which the thickness is much smaller than the length, this assumption holds true. The 

trigonometric Galerkin method begins with an expansion of the potential function 

over the domain by using the cosine-Fourier transform. The resulting equations are 

rearranged and simplified and the problem is then reduced to a discrete linear system 

by the use of the Galerkin method. The solution to this system is an approximation 
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for 7. The quasi-revcrsibility method was presented and discussed in a separate pa

per. This paper only discusses the discretisation of the quasi-reversibility equation 

using finite differences and the application the TPA to the discretised system. 

The thin plate approximation is a simple and elegant solution to the problem, but 

it depends completely on the problem geometry, and the analytical solution is very 

difficult to generalise. Both numerical methods depend on assumptions and simplifi

cations to reduce the computational expense. This reduces the time for convergence 

but also limits the use of the method for other problems. It also does not take ad

vantage of the fact that computational power is much cheaper than it was when the 

paper was written. With the current computational power the cost of solving the 

non-simplified problem is not prohibitive. 

Xin et al. (2005) [29] 

The interior of a pipe is inaccessible to direct observation; therefore, the state of 

corrosion on the interior surface must be inferred from observed data on the exterior 

surface. In some cases, parts of the exterior may also be inaccessible, limiting the 

available data. Some pipes may also be thick enough that the thin plate approxima

tion no longer holds true. Xin et al. developed their method to solve cases such as 

these. A Robin boundary condition is assumed for simplicity; however, the problem 

is defined as the recovery of the Cauelry data, namely the flux and the potential, at 

the unobservable boundary. This is done by the use of an iterative boundary element 

method. 

Iterative boundary element methods are methods of successive boundary clement 

forward solution with each iteration approaching the ideal solution until the objective 

function is reduced below an acceptable criteria. The main contribution of this paper 

is a method to simplify the iterative boundary element method so that it is reduced 
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to the solution of two linear equations per iteration. This greatly reduces the compu

tational expense by taking advantage of known values from the problem geometry. A 

convergence analysis of the new method is also presented. The numerical experiments 

prove that the algorithms performs well as long as enough data are observed on the 

surface. 

This approach is an elegant simplification of the iterative boundary clement 

method. The main weakness of this approach is that the simplification is only ap

plicable to the specific physical geometry of a pipe. The boundary clement method 

in general is only effective and efficient when the boundaries compose the majority 

of the problem, when the surface to volume ratio is high, making it ideal for a pipe, 

but inefficient for any other problem geometries. This method also assumes that the 

steel is directly observable and that both the potential and the current density are 

measured on the observable surface. 

Yan et al. (2009) [60] 

This paper deals with corrosion on the interior of buried gas and oil pipelines. The 

pipelines were assumed to be pressurized which would affect both the method and 

rate of corrosion and the possible methods of detection. The flow of pressurized fluid 

through a pipeline adds the erosion effect to the the corrosion process. When com

bined, the rate of corrosion is much faster than either phenomenon by themselves. 

Besides increasing the rate of corrosion, the erosion effect would also tend to concen

trate the effect of material loss in areas with greater friction between the fluid and 

the pipe wall (e.g. curves or bends). Since the pipeline was under pressure, it was 

possible to measure the working strain to use it to estimate material loss. The pipe 

wras modeled using concentric circles, and the corrosion/erosion was measured by the 

eccentricity of the inner diameter compared to the outer diameter. 
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The finite element method was used to construct a forward model to solve the 

strain for given boundary conditions and system parameters. A cost function was 

constructed with two parts, the least squares data misfit measure to express the 

error between the observed strains and the calculated strains, and the punishment 

(or regularisation) function to constrain the solution depending on state and design 

variables. This total cost function was minimised by repeated forward solutions with 

the use of the conjugate gi'adient method [40]. The iterations were allowed to continue 

until the change between two successive iterations or the solution was less than a 

specified tolerance. 

This method is both generalisable and fast, only the definition of a new cost 

function and forward model would be necessary to generalise this method to a different 

set of physical parameters. Since the assumption was made that the exterior of the 

pipe was directly observable and that all necessary measurements could be made, and 

since the resistivity was assumed to be constant and negligible, the problem geometry 

had little to no effect on the final solution. This wrould not the case for the problem 

of the corrosion of steel reinforcement in concrete. 

Qiu and Orazem (2004) [61] 

Most buried pipelines are protected from corrosion by use of coatings. If the coating 

is damaged, the exterior of the pipe will start to corrode at that location, which 

will cause a potential distribution through the soil above. In this paper, the inverse 

problem was the detection of these coating holidays on a buried pipline from potential 

measurements taken on the surface of the soil. 

Qiu and Orazem developed a three dimensional forward model using boundary 

element software packages to model soil surface potentials given the location of the 

anode and the coating properties. A least squares objective function was used with a 
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weighing function to take into account variations in the soil properties. This objec

tive function was minimised using simulated annealing [63] since the observed data 

includes noise. The simulated annealing minimisation method is based on the anneal

ing process as a metallic alloy cools to room temperature. The resulting crystalline 

structure corresponds to the minimum energy state of the system. The global mini

mum of the objective function can be considered as the minimum energy level of the 

numerical system. This method docs not depend on the calculation of the gradient 

which makes it computationally cheap. It can also accept uphill steps so that it has 

less tendency to get caught in a local minima and is robust enough to deal with a 

significant level of noise. 

The inverse problem was simplified by defining a single function for the resistivity 

of the surface coating that included the coating properties as well as specifying the 

location of the coating holidays. The soil was assumed to be homogeneous so that 

the surface potential distribution was only dependent on the condition of the coating. 

This procedure used the boundary element method, meaning that the model would 

be inefficient if generalised to problems where the conditions over the domain have a 

significant effect on the final solution. However, the main weakness of this method 

is the lack of efficiency of the simulated annealing algorithm, which may take large 

number of iterations to reach convergence. Even though the computational expense 

per iteration is likely to be decreased by the use of the simulated annealing algorithm, 

the large number of required iterations means that the overall efficiency is poor. Qiu 

and Orazem accepted this inefficiency for the added robustness needed in their model. 

Wrobel and Milt iadou (2004) [62] 

Cathodic protection [2] is used to mitigate the effects of corrosion for many different 

applications including buried pipelines and steel surfaces exposed to salt water. This 
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method of protection depends on the efficient placement of the sacrificial anodes and 

on the resulting protective cathodic protection film remaining undamaged. 

The authors of this paper developed a forward model that used the boundary 

element method and included variables to control the placement of sacrificial anodes. 

The boundary conditions on which the forward solution depend included parameters 

that could be optimised in the inverse solution. An objective function was constructed 

using a least squares approach, normalised by the number of observed data points, 

and minimised using a genetic algorithm. The result was a three dimensional inverse 

model that could be used to determine the parameters of the boundary conditions, 

to optimise the placement of sacrificial anodes and to identify damages to cathodic 

protection. 

A genetic algorithm mimics the evolutionary process, starting off with a set of 

"parent" solutions and generating ''offspring" every iteration (or generation) using 

genetic operations that include a "mutation'1 process to incorporate randomness. 

These offspring are evaluated using a fitness function, and the offspring that are the 

most fit are used as the parents for the next generation [44]. 

The model can be used for a variety of steel structures: it wras tested with a buried 

pipeline and a ship in salt water. Since the boundary element methods includes no 

information about the effect of the domain on the physical processes, the distance 

between the sensors and steel object was taken into account by using a function 

to simulate noise. The inverse model was compared with the forward model using 

identical twin numerical experiments, and the genetic algorithm performed very well, 

especially if the distance between the sensors and the steel was small enough to reduce 

the simulated noise. 

The advantage of this system is its robustness and its generality. It is very difficult 

for this system to get caught in a local minima since the original population covers 
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the entire spread of possible solutions and since the genetic operations incorporate 

random elements. However, the method is slow because multiple solutions need to 

be evaluated for each generation, and a large number of generations is necessary to 

reach an optimal solution. Since the boundary element method was used, more work 

would need to be done on the assumed noise distributions to fully account for the 

properties of all materials through which measurements might be made. 

Lesnic et al. (2002) [14] 

The method developed by Lesnic et al. determined the state of corrosion on an inac

cessible boundary by determining the shape of that boundary. Instead of attempting 

to determine the potentials on a fixed boundary, this method assumed an analytical 

function on the surface of the inaccessible boundary and then determined the shape 

of the boundary to represent the process of material loss; hence the state of corro

sion can be determined by comparing the corroded shape with the original shape. 

Cauchy data (potentials and current densities) were both assumed to be measurable 

on the accessible boundary, with one variable being measured and one variable being 

calculated. 

The boundary element method was used since the problem was posed as a bound

ary value problem and since the boundary element method does not require the mesh 

to change shape as the unknown boundary changes shape. This model was used to 

solve for the potential (or the current density) on the observed boundary depending 

on the shape of the unknown anodic boundary. The goodness of the solution was 

evaluated with a two-part objective function. The first part, the data misfit measure, 

is a least squared determination of the error between the predicted values and the 

calculated values, and the second part is a Tikhonov regularisation term [54] with a 

regularisation coefficient defined as the difference between the calculated coordinates 



23 

for each node. The method was tested using a circular domain with only the upper 

part of the domain being observable and the corrosion and material loss occurring on 

the unobservable part. All anodic regions were assumed to have lost material and to 

be detectable by determining where the corroded shape differs from the uncorroded 

shape. 

This method is flexible since it can be used to determine either the current density 

or the potential on the unknown boundary. It can also be used for many different 

problem geometries. However, it assumes that the resistivity is negligible and that 

the shape of the unknown boundary has no effect on the corrosion process. It also 

assumes that both the potential and current density can be directly measured from 

the observable portion of the corroding material. 

2.3.2 Corrosion of Steel in Concrete 

Although there is limited work on the inverse modeling of the corrosion of reinforcing 

steel in concrete, some notable contributions exist and are reviewed in this section. 

Leelalerkiet et al. (2004) [25] 

A numerical model was constructed to represent a physical rectangular concrete ex

perimental setup. Two sections of reinforcement were run lengthwise and four sections 

were run widthwise through the concrete sample resulting in a grid. To initiate corro

sion, half of the rectangular sample was constructed with pure water in the concrete 

mix and the other half was constructed with a 3% NaCl solution. The cover between 

the reinforcing bars and the surface was small and equal in thickness above, below 

and to the sides. Potential readings were made on the surface of the concrete after 

suitable periods of time to allow corrosion to occur, and the numerical analyses were 

run on those readings. The results were then compared to the observed data and 
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to the actual state of corrosion which was later determined by visual inspection of 

the reinforcement. This helped to determine the effectiveness of both the methods of 

measurement and the numerical models themselves. 

The boundary element method was used since the cover thickness was small and 

uniform. Both a forward model and an inverse model were constructed. The inverse 

model was used to calculate the potential on the steel/concrete interface by calculating 

the current density on the surface and modifying it by a factor to take into account 

the resistivity and another factor to take into account the spacing between nodes. 

Resistivity was taken into account as an average applied homogeneously over the 

entire concrete domain. W'hile this is an approximate method, it is justifiable since 

the resistivity is known and the cover thickness is uniformly thin. 

When compared to the actual surface potential distributions and locations where 

corrosion was occurring, both the forward and inverse models performed well. The 

main weakness of the inverse model is the approximation that was used to relate the 

surface and interface potentials. The model also makes use of the boundary element 

method which is only effective for small volumes and large surfaces; it is difficult to 

generalise the model to other geometries. No information was given as to the method 

of solution of the boundary element models, so it is assumed that either a package, 

or the simplest possible minimisation algorithm was used. The forward model did 

not perform as well, because of the assumptions that were made about the location 

of the anodes. The entire area that had been treated with salt water was assumed to 

be anodic, and only that area, an assumption that proved to be false. 

Ridha et al. (2001) [23] 

This paper deals with the inverse problem of finding the anodic areas on a two-

dimensional reinforcing grid. The grid was assumed to be uniform and the cover 
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thickness was assumed to be thin. The forward solution was constructed using the 

boundary element method and the inverse model minimised a least squares cost func

tion which compared the calculated surface potentials with the surface potentials 

generated by the forward problem in twin numerical experiments. A genetic algo

rithm was used to minimise the cost function, where the location and occurrence of 

corrosion was encoded into a binary string. Since in the interests of accuracy, the 

mesh on the reinforcement grid should be small, and since a small grid would lead to 

very large binary strings, a multistep algorithm was used. 

The domain was discretised into a coarse grid and each segment had the possibility 

of being labeled as either corroding or non-corroding. Each string represents one 

possible solution and its fitness was determined using a fitness function. Since the 

cost function decreases as the solution approaches congruence with the data, and since 

the fitness should increase as the solution approached the true solution, the inverse 

of the cost function was used as the fitness function. The algorithm was run until 

either the cost function dropped below a specified tolerance for a specific solution or a 

maximum number of generations occurs. The next step of the algorithm rediscretised 

the areas where corrosion was found to be occurring with a finer mesh and ran the 

algorithm again on each section until the same convergence criteria were met. As 

many steps were taken as was necessary to refine the mesh to the point where each 

segment represented one junction of the reinforcement grid. 

In the coarse grid steps, each segment represented many junctions between re

inforcing bars. However, if the segment was encoded as corroding, only the middle 

junction was considered to be corroding for the sake of the forward solution and the 

evaluation of the cost function. This was to ensure that even small areas of corrosion 

could be detected by this algorithm. 

This algorithm performed w-ell and was very efficient. However, since the data 
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were encoded as a binary string, the only information this method gives was the 

occurrence or non-occurrence of corrosion; no information on the potentials at the 

steel/concrete interface or about the rate of corrosion was obtained. The forward 

solution is a boundary element method solution using experimentally determined 

polarisation curves. While the use of these curves simplifies the calculations and the 

linearisation of the curves simplifies them even more, these curves are only exact 

for the experiments that constructed them, they are not general in scope. The cover 

thickness is also assumed to be small and constant above and below the reinforcement, 

and the resistivity of the concrete is not taken into account at all. 

Ridha et al. (2005) [24] 

Current corrosion detection methods rely on the potential at the surface of the con

crete. A new method of measurement was proposed where magnetic flux would be 

measured instead by using a Superconducting Quantum Interference Device (SQUID) 

[64] sensor. A current was impressed on the reinforced concrete to increase the mag

netic flux to levels that were more easily detectable and the resulting magnetic field 

was measured. Since the current flow in the reinforcement is dependent on the size, 

number and location of the corroded sections, the resulting magnetic flux contains all 

the necessary information to determine the state of corrosion. Some simplifications 

were made to the calculations including assuming a high magnetic permeability for 

concrete and neglecting the ferromagnetic contributions of the reinforcement. The 

reinforcement was discretised into sections and each section was assumed to either be 

corroding or non-corroding. 

The inverse problem was solved by minimising a least squares cost function com

paring the calculated and observed data. In this study, the minimisation was accom

plished by calculation of the value of the cost function for every possible combination 
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of corroding or non-corroding sections of reinforcement and selecting the configuration 

that had the lowest cost. Depending on whether a magnetometer or a gradiometer 

was used, the cost function either compared the magnetic flux density or the gra

dient magnetic flux density. The advantage to the gradiometer is that it does not 

require a shielded environment to achieve accurate results. The forward problem is 

implemented using the boundary clement method to calculate the potentials and the 

current densities on the surface which are then converted into magnetic fluxes by the 

use of the Biot-Savart law. 

This method was used to find both small anodes and deep corrosion in a second 

layer of steel. It is an elegant method that shows promise. However, until the future 

work is done, and until the simplifications that were introduced in the calculations 

are studied, this method remains a promising theoretical approach. This method also 

uses the same boundary element method based forward solution as the previous paper 

with the same issues. 

Kranc and Sagues (2006) [26] 

This paper presents a inverse model for the calculation of potentials and current 

densities at the steel/concrete interface verified by an idealised physical experimental 

setup. The inverse problem was formulated by transforming the boundary value 

problem into an initial value problem and using an approximation for the current 

density. Both the forward and inverse problems were solved using the finite difference 

method. This method was used to determine both the potential distribution and the 

state of polarisation. 

The potential distribution at the reinforcement was determined by providing the 

inverse model with the potential distribution on the surface of the concrete. The 
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forward model was also used to generate data for the inverse model in a twin nu

merical experimental setup. The plrysical experimental set up was a cylinder with a 

single reinforcing bar running through the center with an area of known size undergo

ing corrosion. The algorithm successfully located the area undergoing corrosion and 

predicted the potential and current density. 

The state of polarisation was determined using a series of independently controlled 

counter electrodes along the opposite side of the concrete cylinder. The metal concrete 

interface at the counter electrodes was assumed to not be polarised. This allowed the 

current density at the interface to be directly inferred and used in the model. The 

model performed well when tested with both experimental and simulated data. 

While this method provides both information about the state of polarisation and 

the potential distribution, it is very limited in scope and applicability. The inverse 

model depends on a transformation and an approximation, which simplifies it con

siderably, but also limits its applicability. 

2.4 Summary 

As demonstrated in this review, although the literature on the general topic of in

verse modelling is quite developed, literature on the use of this approach for the 

identification of the locations of anodes and cathodes on corroding steel reinforce

ment from the measurements or observations on the accessible surfaces of concrete 

is new and sparse. The existing work is mainly based on genetic algorithms, which 

may not be necessarily based on the phenomenological understanding of the process 

of steel corrosion in concrete. In addition, these models are mostly developed using 

the boundary element method, which has limitations in the definitions of different 

problem geometries and materials properties of the domain of interest. A need for 
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a more systematic inverse modelling algorithm - for example, one that is based on 

a gradient based minimisation method (e.g. conjugate gradient method) and that is 

built using the finite element analysis technique - is evident. 



Chapter 3 

Formulation of the Inverse Modelling 

Algorithm 

3.1 General 

This chapter presents the formulation of the inverse modelling algorithm that was 

developed and implemented in this research. The algorithm is based on the minimi

sation of the cost function using the conjugate gradient method [40]. The chapter 

starts with the formulation of the forward problem, which is an intermediate step in 

the inverse solution algorithm and is also used as the tool to generate observed data 

for the identical twin numerical experiments. The inverse formulation includes the 

description of the cost function and its gradient, the conjugate gradient method and 

the final algorithm. Initial conditions, starting values and the convergence criterion 

are also discussed in this chapter. The Dolfin software development package from the 

FEniCS project [65] that is used to code the forward and inverse modelling algorithms 

is introduced. Finally, a sample inverse analysis is presented. 
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The electrical potential distribution, (p, in concrete due to the corrosion of the rein

forcement can be determined by solving Laplace's equation: 

V2^ - 0 (3.1) 

with boundary conditions defined on the anodic and cathodic surfaces of the rein

forcement as well as on other boundaries of the domain, as illustrated in Figure 3.1: 

4>a = <f>0
Fc + >%log± onT a (3-2) 

I, oa 
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where 

4>%e — standard equilibrium potential for the oxidization of iron (V) 

(pQ2 = standard equilibrium potential for the reduction of oxygen (V) 

0a = anodic Tafel slope [V/dec] 

ftc — cathodic Tafel slope [V/dec] 

ia = anodic current density [A/m2] 

ir = cathodic current density [A/m2] 

ioa = anodic exchange current density [A/m2] 

ioc = cathodic exchange current density [A/m2] 
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R = universal gas constant [ 8.314 J/mol.K] 

F = Faradays constant [ 96500 C/mole] 

z = number of electrons in the reaction 

T = temperature [K] 

iL = limiting current density [A/m2] 

n = direction normal to the equipotential lines. 

Anode: r Cathode: r 

Figure 3.1: Boundary conditions for the forward problem. 

Current density at anodic and cathodic surfaces is calculated locally at every 

discretization node on the steel surface by applying the Ohms law (Equation 3.5): 

, _ _ 1 < 9 0 
pdn 

(3.5) 

where i is the current density [A/m2] and p is the electrical resistivity of concrete 

[fi-m]. 
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The dependence of the boundary conditions (3.2) and (3.3) on Equation (3.4) 

requires a non-linear solution algorithm using Pichard iterations, which is described 

in detail elsewhere [4]. 

3.3 Inverse Model 

3.3.1 The Cost Function 

The inveise problem is described as the identification of the anodic and cathodic 

boundary conditions on the surface of the reinforcement (r„ + T() from half-cell 

potential measurements on the concrete surface (Tct). The inverse model requires the 

minimization of a cost function, J. This function is called a cost function because it is 

used to describe the error in the system and to assign penalties, or costs, to solutions 

that are undesirable. The cost function is also sometimes called the objective function 

because it is used to describe the objectives of the problem and to determine which 

solution meet the objectives. The cost function can be expressed by equation (3.6): 

J(<?) = JJD(Q) + uJji{(b) on the concrete surface v^.oj 

where J& is the data misfit measure, JR is the model character measure (regulari-

sation function) and w is the weighing function determining the contribution of the 

regularisation function to the cost function as a whole. 

The purpose of the model character measure. JR, is to introduce a way to evaluate 

the solution on the basis of characteristics, such as smoothness or conformity to ex

perimentally determined bounds. It also provides a way to force the solution towards 

a particular shape or to eliminate undesirable traits. The regularisation technique 
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that is used in this research is discussed later in this chapter. Until then, this formu

lation will assume that the cost function is only composed of the data misfit measure, 

which can be written as (3.7): 

(̂0) = E(^.-^)2 onFrt (3-7) 

fc=i 

where Ns is the number of surface nodes at wiiich the half-cell potential readings are 

carried out, k is the index for counting, <pobs is the half-cell potential measurements 

on the concrete surface and (ps is the half-cell potential predictions on the concrete 

surface. 

3.3.2 The Gradient of the Cost Function 

Although there are many methods of minimization for the cost function [33,66.67], 

in this research, the conjugate gradient method [40] is used for the minimization of 

the cost function. The conjugate gradient method requires the determination of the 

gradient of the cost function, which can be used for detecting the direction of the 

steepest descent towards the minimum. The gradient of the cost function (which is 

defined on the surface of the concrete) with respect to the change in potential at the 

interface between the steel and concrete is calculated as: 

J ^ « J(<f>9 + 34,,) - J{d>s) (3.8) 

where ddi represents the change in potential on the interface and dd>Sti represents 

the change in potential on the surface with respect to the change in potential on the 

interface. This equation is a tangent linear approximation and is only valid over a 

small interval around the current value of <f>s. A tangent linear approximation is one 
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where the slope of the function is taken at a specific point and the true function is 

approximated by a linear function with that slope passing through that point. Since 

this linear function is tangent to the true function at that point, it is called the tangent 

linear approximation. Linearity in this case refers to the shape of the surface. If the 

surface can be reasonably approximated by a plane in however many dimensions that 

there are in the problem, then the problem is considered to be linear. Alternatively, 

linearity refers to a linear relation between the effect of each variable and the effect 

on the main function. Since the relation between the value of the cost function and 

a small change in the potential of a single node on the interface is not linear, this 

problem is considered to be extremely non-linear. 

Combining equations 3.7 and 3.8 we obtain: 

l £ = E fe - &* + 0<i)]2 - f > 4 , - *>? (3-9) 
V t fc=l fc=l 

Simplifying and rearranging: 

.-^.*)2-E^-^)2 (3-10) 

E(^-0<&)2-f>a (3-n) 
fc=i fc=i 

JT(A2 - 2Adfa + (cVt)2 - A2) (3.12) 
k=i 

Therefore, 
a j N, Ns 

jr- = - 2 Y,(eL - 4>,)d4t,t + E « » ) 2 (3-13) 
(J (DA 

' % k=l k=l 

In practice, the d(j>Sj term is drawn from the sensitivity matrix which related 

perturbations on the interface to perturbations on the surface. There are different 
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methods for calculating sensitivity [27,68], in this formulation the sensitivity matrix 

is obtained by the method of direct perturbation by successively applying a small 

perturbation to a single node on the steel/concrete interface and solving the forward 

problem to calculate the changes in potentials for each of the nodes on the concrete 

surface. The change in potential at each surface node for a perturbation of a single 

interface node forms one row of the sensitivity matrix. Therefore there arc as many 

rows in the sensitivity matrix as there arc nodes on the interface and as many columns 

as there are nodes on the concrete surface. Since the domain is discretised with the 

same number of nodes on the surface of the concrete as on the interface, the sensitivity 

matrix is square. This means that each d(j)k
sA term can be expressed as: 

where S is the sensitivity matrix. 

The cost, function can also be considered as the sum of the residuals, rk. A residual 

is the difference between the current solution and the true, or target, solution. In this 

case, the residuals are the error function at each surface node. The cost function can 

therefore be expressed as: 

I = E^ (3-15) 
V * fc=l 

Using equations 3.14 and 3.13 , each residual can therefore be expressed as: 

rk = -2(0L - <Pk
s) E

 Sk3 + I > f e i ) 2 (3-16) 

The residuals equation is much more useful since it gives information about the 

error of each node. This allows each node to be individually adjusted to reach the 

optimal final solution. 
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3.3.3 Conjugate Gradient Method 

To find the potentials on the steel/concrete interface, the cost function is minimised 

by use of the conjugate gradient method. This method works by iterativcly finding 

new solutions that minimises the cost function following the direction that points 

most closely toward the minimum. 

The simplest gradient methods use the negative of the gradient as the direction of 

search. This is called the direction of steepest descent. The problem with this method 

is that, unless the function is perfectly symmetric, the direction of steepest descent 

does not point towards the minimum of the function, it only points in the general 

area of the minimum requiring several iterations to reach the minimum. The answer 

is conjugate directions. In essence, the method of conjugate directions transforms 

the problem into a space where it is perfectly symmetric to find the search direction. 

This results in a direction of search vector that points directly towards the minimum. 

However, the method of conjugate directions requires that previous search directions 

be stored in memory. The conjugate gradient method used the residuals to determine 

the search directions which significantly improves the memory requirements and the 

computational simplicity of the method. The derivations and detailed explanations 

of all these methods is presented by Shewchuk [40]. 

The conjugate gradient method can be expressed as: 

0™+1 = 0? + <*»<*" (3.17) 

where n is the current iteration step, a'1 is the step size and dn is the direction of 

search [27]. The direction of search is found using: 

dn = r " + 7 " c f - 1 (3.18) 
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where r" is the residual and 7 is a scalar coefficient. 

There are two main expressions for 7 [40]. the Fletcher-Reeves equation and the 

Polak-Ribiere equation, which are given by the following two equations respectively: 

<H = : P F % 7 (3-19) JT rn—1 Tn-V 

rn(rn -Tn-\) 
>n ~ rT „ n - l 
.PR 'n\'n (3.20) 

' n - l ' " " 

The Fletcher-Reeves equation is considered to be more robust, while the Polak-Ribiere 

equation has been shown to converge faster in some cases [40]. The residuals in both 

equations are calculated using equation 3.16. 

In the standard linear conjugate gradient method, the step size, a, can be cal

culated directly by use of the conjugate gradient equations [40]. The tangent linear 

approximation of the cost function is linear with respect to the potential at each 

interface node. It is not, however, linear with respect to the value of a. This means 

that the simplified equations no longer apply and that some sort of minimisation al

gorithm is required to minimise the cost function with respect to a. Since the shape 

of the cost function is an approximation, the minimisation need not be extremely 

precise; the most computationally simple minimisation algorithm is desired, not the 

most accurate. While it is possible to find the exact minimum of the cost function 

by the use of methods such as Newton-Raphson, or other minimisation algorithms, a 

simple quadratic approximation is chosen here for its simplicity. 

The quadratic interpolation algorithm takes three points a certain distance apart, 

finds the quadratic that best fits through these three points and then returns the 

minimum of that quadratic. The first point is the value of the cost function based on 

the current estimate of the interface potential distribution (0"); or an evaluation of 

the conjugate gradient equation (Equation 3.17) with a set to zero. The second and 
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third points are chosen by selecting two equally spaced values for a and reevaluating 

the conjugate gradient equation (Equation 3.17) to get two different estimates for the 

next iteration of the interface potential distribution. The forward solver is then used 

to convert these estimates to surface potential distributions which can be used to 

reevaluate the cost function. This gives three points with a value for a corresponding 

to a value for the cost function. The quadratic interpolation is used on these three 

points to find the value of a that locally minimises the cost function. The interval 

between the three points needs to be optimised. A preliminary analysis on the op

timisation of the quadratic approximation method will be presented in the following 

chapter. 

3.4 Regularisation 

To be effective, the model characteristic measure, or regularization vector, part of the 

cost function, (JR), needs to be expressed as a cost per node. That way each node 

can be adjusted individually to conform to the applied constraints. This is done by 

simply subtracting the current solution from a selected regiuarisation function such 

that 

J% = <Pn ~ 0R (3.21) 

where n is the current iteration and d>H is the regularisation function. The result is 

not squared, nor is the absolute value taken, so that the cost function will incorporate 

a measure of the direction of the error as well as the magnitude. Jr is then linearly 

combined with the data misfit measure (Equation 3.6) and when the cost function is 

minimised, the difference between the regularisation function and the current solution 

is also minimised, forcing the solution into the desired shape. The contribution of 

the regularisation term in the cost function is controled by the use of a regularisation 
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coefficient u (Equation 3.6). The difficulty comes in selecting which function to use 

as <pR. For this study, two different functions were investigated, the smooth curve 

and the idealised solution. 

The smooth curve was smoothened using the five point average method, a simple 

method which assigns a point the average value of itself and the two points preceding 

and following it. Since there arc two points before, two points after and the point 

under consideration, for a total of five points, this is called the five point average 

method. The method is run twice, once in one direction, starting at the first node, 

and once in the opposite direction, starting at the last node. This results in a curve 

that is similar to the current estimation for the interface potential distribution except 

with reduced oscillations. Since this function is based on the current solution, it 

changes every iteration and adapts to the shape of the solution. No information 

about the final shape of the solution is required to construct this function making it 

simple and robust. 

The purpose of the idealised solution is to construct a distribution of potentials 

along the steel/concrete interface that is as close to the final solution as possible. To 

implement this, the points of inflection in the plot of the observed data are calculated. 

A square pulse function is then constructed with the standard anodic equilibrium 

potential in the anodic regaion between a pair of inflection points and the standard 

cathodic equilibrium potential in the cathodi regions between two inflection points. 

This square function is then recombined with the observed data using an idealisation 

coefficient, K. The idealisation coefficient modifies the observed data according to a 

ratio from 0 to 1, in which 0 is the observed data and 1 is the square function. 
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3.4.1 Initial Conditions and Starting Values of the Analysis 

Since during the first iteration, the 0, and d7' terms in equation 3.17 will not yet. 

have been calculated, suitable starting values must be selected. The search direction 

vector is constructed by assuming 7 = 0 so that d° — r° where r° is the initial vector 

of residuals calculated according to Equation 3.16. 

The initial value refers to the initial assumed shape of the potential distribution 

on the interface, cf)1-. This distribution can be assumed to be constant at any value or 

vary according to any function or distribution. The size of the perturbation used to 

construct the sensitivity analysis also needs to be determined. A preliminary analysis 

on the initial values and starting conditions will be presented in the following chapter. 

One of the initial potential distributions that is investigated is the idealised solution 

that was originally constructed for the regularisation process. 

3.4.2 Convergence Criterion 

When the cost function is sufficiently small, the error can be assumed to be negligible 

and the algorithm can be considered to have converged. The cost function (Equation 

3.7) is evaluated at each iteration and compared to an acceptable error. The smaller 

the acceptable error, the better the solution will reflect the true state of the system. 

A preliminary analysis on the convergence criterion will be presented in the following 

chapter. 

3.5 Implementation: FEniCS / Dolfin framework 

The forward modelling algorithms developed in this research have been coded using 

an open source finite element software library from the FEniCS project [65]. The 

FEniCS project is the outcome of a long-term collaboration by scientific software 
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developers from around the world to create an open source library to help the scientific 

community in the development of customized finite element codes. 

The FEniCS project is composed of several complementary sub-libraries that build 

on each other. The libraries are coded in two programming languages: Python and 

C++. The C + + programming library was used in this research since the coding for 

the inverse modelling algorithms (e.g. conjugate gradient iterations, etc.) were to be 

carried out in C + + as well. 

The main finite element library from the FEniCS project used in this research is 

the Dolfin package [65]. This package allows the solution of a finite element prob

lem through built-in domain classes and boundary condition classes. The governing 

equations to be solved over the domain can be directly solved using built-in solvers. 

This way of solving finite element problems is both flexible and simple and allows the 

implementation and integration of the inverse modelling algorithms. 

The FEniCS libraries are also compatible with the Unified Form Language (UFL) 

[69]; therefore, codes for many algorithms that are part of a typical finite element so

lution process can be generated automatically (in C++) with minimum programming 

effort. For example, a UFL code can be written to define the governing equation of the 

problem, usually a PDE (in the current research, the Laplace's equation), which can 

then be complied with the Unified Form Compiler (UFC) that comes with the FEniCS 

package. This compilation automatically generates a C + + class defining the problem 

which can then be used with the Dolfin package. The geometry and discretization 

of the domain and the boundary conditions can be either specified or imported from 

a third-party mesh generation software into built-in data classes. Sink/source terms 

and boundary conditions can be defined as functions and can be applied to previ

ously defined boundaries. The finite element calculations are handled by a solver 

class which takes the domain, the governing equation, any boundary conditions and 
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source terms as input and outputs the solution at every node in the domain. Gradi

ents, (in the research: current densities) of the field variable (in this research: electric 

potentials) can be calculated in a similar manner. The inverse modelling algorithms 

call the forward solver to check the convergence of the system and the gradient solver 

to find the needed components for the conjugate gradient method. 

Using this framework, the non-linear forward solution of the Laplace's equation 

with the specified boundary conditions as described in section 3.2 is carried out using 

Picard iterations [71]. The benchmark verification of the forward solution algorithms 

that are developed in this research has been carried out by comparing the solution 

of numerous cases with the solutions of a well-established commercial finite element 

package, COMSOL [70] and a specialized finite clement software for modelling steel 

corrosion in concrete, CONDUR [71]. These extensive benchmark verification studies 

are not presented in this thesis. 

A detailed summary of the classes that make up the inverse model, including the 

automatically generated Dolfin classes, and the inter-dependencies is listed in the 

appendices. 

3.5.1 Inverse Solution Algorithm 

1. Directly calculate the sensitivity matrix by applying a small perturbation to 

each node on the steel/concrete interface in turn and solving the forward prob

lem to calculate the potential distribution for each of the nodes on the concrete 

surface caused by the perturbation of the single interface node. The change in 

potential at each node on the concrete surface for the perturbation of a single 

interface node forms one row of the sensitivity matrix. 

2. Choose the perturbation size, convergence criteria and the interval size for the 
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quadratic approximation of a and set the starting value. Set any other variables 

that may arise from the finite element implementation, such as domain size and 

element type. 

3. Begin Conjugate Gradient iterations. 

4. Calculate the residual vector, r, for each surface node using equation 3.16. 

5. Calculate 7 using either equation 3.19 or equation 3.20. 

6. Calculate a new search vector, d, using equation 3.18. 

7. Calculate a using quadratic approximation to minimise the cost function. 

8. Solve the conjugate gradient equation (3.17) to find a new potential distribution 

on the interface between steel and concrete. 

9. Evaluate the cost function using equation 3.7 and compare it to the chosen 

acceptable error norm to determine convergence. 

10. If convergence is reached, end the iterations, if not repeat from step 3 until 

convergence. 

3.6 Identical Twin Numerical Experiments 

The corrosion of rebar in concrete is a long-term process, and physical experiments 

that test this phenomenon have inherent difficulties. These difficulties originate from 

the fact that the control of some of the important parameters in corrosion tests, such 

as concrete and steel pioperties and environmental parameters such as relative hu

midity and temperature, is extremely challenging. Even in well designed and well 
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controlled environments and under accelerated conditions (that may reduce the dura

tion of these tests from years to months), the collected experimental data contains a 

high degree of uncertainty. The uncertainty in this data is also related to the inherent 

deficiencies in the existing corrosion monitoring devices [10,11]. 

In the current research, the developed inverse modelling algorithm requires that 

the potential measurements on the concrete surface be taken as input. The model 

then outputs the potential distribution on the interface from which the location of 

the anodic and cathodic regions can be determined. Even if one assumes that diffi

culties associated with physical experiments are overcome (i.e, duration, parameter 

control and deficiencies of corrosion measurement devices) and that reliable test data 

can be obtained, it is not practical, and in most cases, not even possible, to accu

rately determine the anodic and cathodic locations without exposing the steel surface 

and destroying each test sample. This issue, which is a common problem in inverse 

modelling studies, can be overcome by using identical twin numerical experiments. 

When using identical twin numerical experiments, the solution of a well-posed and 

validated forward model, for which all boundary conditions and system parameters 

arc defined, is used to generate input data for the inverse problem and to verify its 

predictions. For the case of corrosion of steel in concrete, forward models that receive 

the locations of anodic and cathodic areas on the steel surface as input and predict 

the potential distribution within the domain of analysis have been shown to produce 

reliable and accurate predictions [1,4.12,26]. Therefore the use of a forward model 

to generate data for the inverse model is an accepted practice in the field of corrosion 

research. 

The use of identical twin numerical experiments also has the advantage that a 

wide variety of conditions can be examined. The forward model can be used to 

generate data using a large number of parameters (e.g. concrete resistivities, cover 
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thicknesses, etc.) and can vary each parameter separately while keeping the other 

parameters constant, something that would be extremely difficult, if not impossible, 

to do using physical experiments. In this way. the effect of a single parameter can be 

studied to better understand both the physical phenomenon and the performance of 

model. 

3.7 Sample Analysis 

This section presents a sample analysis to demonstrate the functionality of the devel

oped inverse modelling algorithm. The domain of the analysis was rectangular with 

the boundary conditions illustrated in Figure 3.1. The initial potentials on the steel 

surface were assumed to be zero, an arbitrary selection. Ideally, the inverse algorithm 

should be able find a potential distribution on the steel/concrete interface regardless 

of the assumed initial values. Table 3.1 provides all input data parameters that are 

used both in the fonvard and inverse models. 

Convergence of the sample analysis case was achieved in 198 iterations with a 

run time of 73.24 seconds using a Pentium(R) Dual-Core CPU T4200 @ 2.00 GHz 

with 2 GB of memory. All subsequent tests were run on the same computer. Even 

though the starting potentials on the steel surface was arbitrarily chosen to be zero, 

the model still converged to a reasonably good approximation of the shape of the 

desired forward solution (Figure 3.2). This shows that the algorithm is fairly robust 

and is not very dependent on the starting conditions. 

The results of each iteration were output from the program and were compared 

to each other to determine the behaviour of the model as it approached convergence. 

As can be seen from figure 3.3, the algorithm converges fairly rapidly from the ini

tial starting condition to a shape that closely approximates the final solution. The 
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Table 3.1: Input data for the sample analysis. 

Forward Model 

Resistivity, p (fi-m) 

Anodic Tafel Slope, 8a (V/dec) 

Cathodic Tafel Slope, 0C (V/dec) 

Anodic Equilibrium Potential, (p°Fe (V) 

Cathodic Equilibrium Potential, <pQ (V) 

Anodic Exchange Current Density, ioa (A/m2) 

Cathodic Exchange Current Density, ioc (A/m2) 

A/C ratio 

Anode Location 

Temperature (K) 

Picard Iteration Weight [71] 

1500 

0.090 

-0.180 

-0.78 

0.16 

0.0003 

0.00001 

0.5 

middle 

298 

0.001 

Inverse Model 

Domain size (m) 1.2 x 0.16 

Element size (mm) 10 x 10 

Element style crossed diagonals 

Acceptable error 1 x 10~8 

Maximum number of iterations 5000 

Initial condition constant zero potential 

remainder of the iterations are a refining of the solution to achieve the desired degree 

of accuracy. 
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Figure 3.2: Comparison of the results of the sample analysis to the initial value and 
the target, forward solution. 
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gure 3.3: Convergence of the sample analysis. Comparison of the intermediary 
solutions at different iterations to show the progression of the solution. 



Chapter 4 

Studies on Systems with a Localized 

Single Anode 

4.1 General 

Typical localized (e.g. pitting) corrosion on the reinforcement in concrete can be mod

elled by a single anode surrounded by cathodic surfaces. From a computational point 

of view, a localized single anode is the most basic corrosion scenario to study. The 

ability to adequately detect localised corrosion is also very important in a numerical 

model. Therefore, in this chapter, the performance of the developed inverse model 

is investigated using identical twin numerical experiments on steel reinforcement in 

concrete with a localized single anode. 

The investigation is carried out on a single-reinforcement-in-concrete system dis-

cretized into a two-dimensional rectangular domain. As presented in Chapter 3, the 

developed inverse model depends on several parameters. Some of these parameters 

are used in the numerical operations of the algorithm (e.g. discretization technique, 

the step size in the conjugate gradient method, initial values); others are related to 

the analyzed system (e.g. A/C ratio, concrete resistivity, concrete cover thickness). 

50 
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To study both types of parameters, the simulations presented in this chapter are 

carried out in two stages: preliminary analysis and parametric investigation. 

It should be noted that all simulations in this research are carried out on a personal 

laptop computer with the specifications given in Table 4.1. When presenting the 

results in this chapter, the computational time is used as a performance parameter: 

therefore, it is important to note the computer specifications associated with the 

reported computational times in the simulations. 

Table 4.1: Specifications of the computer used in the identical twin numerical ex
periments. 

CPU Pentium(R) Dual-Core CPU T4200 

Speed (GHz) 2.00 

Memory (GB) 2 

Operating System Ubuntu 10.04 LTS - the Lucid Lynx 

4.2 Preliminary Analysis 

The preliminary analysis is carried out to find the optimal parameters that are used in 

the numerical operations of the inverse modelling algorithm. Table 4.2 summarizes all 

simulations carried out in this section. The preliminary analysis cases and investigated 

parameters are as follows: 

• PA 1: Perturbation size in obtaining the sensitivitj' matrix 

• PA 2: Interval size used in determining the step size for the conjugate gradient 

algorithm, o 

• PA 3: Discretization parameters: element type, element size and domain size 
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• PA 4: Initial potential values along the steel/concrete interface 

• PA 5: Convergence criterion 

As discussed in Chapter 3, the sensitivity matrix used in the developed inverse 

solution algorithm is obtained directly by successively applying a small perturbation 

on each node on the steel/concrete interface and solving the forward problem to cal

culate the changes in potentials for each of the nodes on the concrete surface. The size 

of the perturbation is a critical element in optimizing the performance of the inverse 

solution. When large perturbations are used, the sensitivity matrix may not produce 

the required results; however, very small perturbations may cause convergence issues. 

Therefore, the size of the perturbation is optimised in the preliminary analysis. 

Since the step size, a, directly affects the mechanics of the algorithm, it is also in

vestigated in the preliminary analysis. The step size in the conjugate gradient method 

is calculated through a local minimisation of the cost function, which in this research, 

is implemented using quadratic interpolation. In the quadratic approximation, three 

values of a are used to find three different points on the cost function and a quadratic 

polynomial is fit to these points. The minimum is directly calculated from the poly

nomial and the value of a corresponding to the minimum cost function is used for 

the next iteration step. In the investigation, the interval between the three points is 

varied to determine the optimal spacing. 

The element type and size are factors of the discretization scheme (e.g. the num

ber of nodes and elements in a domain as well as the interpolation within the finite 

element analysis), therefore, they have a considerable effect on both the shape and 

convergence of the inverse solution. The Dolfin package allows automatic discretiza

tion or importation of a discretized domain (from a third-party mesh generator): in 

this study, the automatic discretization option is used. To ensure that there is no bias 



Table 4.2: Preliminary analysis test grid. 

Perturbation (V) 

Step size, a 

Element Type 

Element Size (mm) 

Width (mm) 

Cover (mm) 

Resistivity (Q-m) 

Initial Value 

Tolerance 

PA 1 

9 test cases8 

0.1 

crossed 

10 

1200 

80 

150 

IP 1 

io-8 

PA 2 

10~5 

5 test cases6 

crossed 

10 

1200 

80 

150 

IP 1 

io~8 

PA 3 

IO-5 

1 

4 test cases" 

10 

1200 

80 

150 

IP 1 

io-8 

PA 3 

10~5 

1 

crossed 

5, 10, 16, 20 

1200 

80 

150 

IP 1 

10"8 

PA 3 

10~5 

1 

crossed 

10 

800, 1200 

40, 80, 160 

150, 1500 

IP 1 

io-8 

PA 4 

1()-5 

1 

crossed 

10 

1200 

80 

150, 1500 

IP 1 to IP 7 

io-8 

PA 5 

10~5 

1 

crossed 

10 

1200 

80 

150 

IP 4 

5 test cases' 

°i, io-1 , io-2 , io-3 , io-4 , io~5, io-°, io-7 , IO"8 

610, 1, 0.1, 0.01, 0.001 
csqnare elements with left facing diagonals (left), right facing diagonals (right), alternating left and right facing diagonals (left/right) crossed 

diagonals (crossed) 
d 10- 8 , IO"9, 10"10, 1 0 ~ u , i o - 1 2 

en w 
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introduced into the solution due to an unstructured mesh, triangularization is carried 

out within the square units covering the rectangular domain of analysis. The Dolfin 

package has the option of creating triangular elements in each square unit using left 

or right facing diagonals, alternating left and right diagonals, or crossed diagonals. 

For all cases except for the crossed diagonal option, this operation divides each square 

unit into two triangular elements with nodes on all four corners of the square. In the 

case of the crossed diagonals, the square is divided into four elements with an extra 

node in the middle where the diagonals cross (Figure 4.1). Although all configurations 

result in triangular elements, the elements are referred to as "square elements with 

diagonals" for convenience. The pieliminary analysis was carried out to determine 

which configuration of diagonals produced the optimal results. In addition, the effect 

of the domain size on the simulation is also investigated as this parameter is closely 

linked with concrete resistivity [1]. 

Both the initial potential values along the steel/concrete interface and the conver

gence criterion affect the success and the rate of convergence of the inverse solution 

algorithm. Although the developed algorithm is robust enough to converge from an 

arbitrary initial condition imposed on the steel/concrete interface, a more appropri

ate starting condition can be found that results in a smoother final solution and a 

faster convergence rate. To investigate the effect of initial potential values along the 

steel/concrete interface, the following seven cases were investigated in the preliminary 

analysis: 

• IP 1: Initial potential distribution set to zero 

• IP 2: Initial potential distribution set to the standard anodic equilibrium po

tential (-0.780 V) 

• IP 3: Initial potential distribution set to the standard cathodic equilibrium 
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(a) Square elements with (b) Square elements with (c) Square elements with 
left diagonals right diagonals crossed diagonals 

(d) Square elements with alternating left and right diagonals 

Figure 4.1: Discretization schemes used in the preliminary analysis 

potential (0.160 V) 

• IP 4: Initial potential distribution set to the observed potentials on the surface 

of concrete 

• IP 5: Initial potential distribution set to the idealised function with K set to 0.1 

• IP 6: Initial potential distribution set to the idealised function with K set to 

0.25 

• IP 7: Initial potential distribution set to the idealised function with K set to 0.5 

Figure 4.2 illustrates the initial potential distributions set using the measured 

potentials on the surface of concrete. Three different values of the idealisation coeffi

cient, ft, for use in the idealised function as discussed in chapter 3 arc used resulting 
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Figure 4.2: Possible selections for the initial potential distribution along the 
steel/concrete interface. 

in the total of seven test cases. 

In the convergence criterion analysis, the tolerance is varied to determine if a 

decreased tolerance would result in a more accurate solution without a prohibitive 

computational expense. 

4.3 Parametric Study 

While the preliminary analysis primarily investigates the effect of numerical or 

algorithm-specific parameters on the performance of the developed inverse model, 
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it is also important to study the effects of the physical parameters that define the 

corroding system. These parameters of interest, as summarized in Table 4.3, are: 

• Location of the anode 

• A/C ratio 

• Concrete resistivity 

• Concrete cover thickness 

• Frequency of measurement points on concrete surface 

Table 4.3: Parametric study test grid. 

Anode location end, middle 

A/C ratio 0.11, 0.25, 0.50 

Concrete resistivity (fi-m) 150, 1500 

Concrete cover thickness (mm) 80, 160 

Number of observed nodes 120, 60. 40, 30, 24 

As discussed in Chapter 1, half-cell potential measurements on the surface of the 

concrete are a function of the type of corrosion that is occurring on the steel/conciete 

interface. In the case of uniform corrosion, in which the A/C ratio is near unity, the 

potential readings at the surface of the concrete are typically close to the potential at 

the steel/concrete interface [9]; however, in the case of non-uniform corrosion, local 

or pitting coirosion with a small A/C ratio, the measured potentials at the surface 

of concrete can be substantially different from those of the steel/concrete interface. 

Accurate detection of localized corrosion, in which the A/C ratio can be small, may 

not be feasible with half-cell potential measurement method unless supplementary 
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information is provided. As a result, the A/C ratio is varied to determine if the algo

rithm has trouble detecting small anodes that appear in pitting corrosion. A single 

localised anode can appear at the end of the domain (i.e., end of the reinforcement) 

or in the middle of the domain; therefore both cases were investigated to see if the 

location had any effect on the performance of the algorithm. 

In addition, as pointed out by Pour-Ghaz et al. [1], an increase in the resistivity of 

the concrete or the cover thickness will generally cause a weaker correlation between 

the potentials on the steel/concrete interface and on the concrete surface. This may 

make it harder for the inverse modeling algorithm to converge to a solution. To 

investigate these effects, concrete resistivity and concrete cover thickness are chosen 

as additional parameters to investigate in the parametric study. 

The discretization scheme has a node at every 10 mm along the surface of the con

crete. While this provides good accuracy for the model, unless a specialised method 

of measurement if developed, it is impractical to expect measurements to be made at 

such small intervals. The number of observed nodes that were used in the algorithm 

was therefore varied to determine the model's response to data that was measured at 

larger intervals. 

It is important to note that the effect of the removal of observed nodes was in

vestigated with a single set of physical parameters. The parameters discussed above 

were all comprehensively investigated, and a case was selected representing both the 

worse case scenario from the point of computational difficulty and a safe assump

tion minimising some of the side effects that were discovered over the course of the 

comprehensive analysis. 
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4.4 Results and Discussion: Preliminary Analysis 

4.4.1 PA 1: Perturbation Analysis 

Perturbation sizes were tested in 1 x 10_1 increments from 1 V to 1 x IO -8 V. Only 

three test cases reached convergence: 1 x 10-°. 1 x 10 - 6 and 1 x 10- ' . 

As discussed in Chapter 3, the sensitivity matrix represents a tangent linear ap

proximation of the sensitivity of the surface potential to changes in the interface 

potential. If the problem were linear, these sensitivities could be used to directly 

calculate the solution in a single iteration. However, since the problem is non-linear, 

the perturbation must be small enough that a linear approximation of the behaviour 

of the system can accurately represent the actual behaviour of the system. This ex

plains why the system did not converge when the perturbation was increased beyond 

1 x IO-5; the perturbations were too large and the linear approximation no longer 

held true. 

The non-convergence of the system for a perturbation smaller than 1 x 10"' is 

harder to explain. This is not an issue with the mathematical processes, the non-

convergence must instead be the result of internal round off errors within the forward 

solver. These small errors introduce enough inaccuracy into the sensitivity matrix 

that the algorithm no longer has enough information to reach convergence. 

4.4.2 PA 2: Interpolation of a 

The interval size determines the spacing of the three values of a from which the 

quadratic approximation of the behaviour of the cost function is calculated. Interval 

sizes of 10, 1, 0.1, 0.01 and 0.001 were chosen for this analysis. Interval sizes of 1 

and 10 performed the best both in time of convergence and in number of iterations 
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Table 4.4: Inverse convergence rates depending on the a interval size used in the 
quadratic interpolation algorithm. 

Interval size Time (s) Iterations Initial step Final step Max step Min step 

10 

1 

0.1 

0.01 

0.001 

13.5 

13.84 

54.68 

144.32 

889.32 

77 

79 

312 

820 

5087 

-62609.1 

-62609.9 

-62497.4 

-70040.8 

4808.57 

-82581.7 

-47267.6 

-2187.42 

-2045.55 

-155.933 

-33273.8 

-12888.5 

1578110 

813486 

991199 

-120720 

-120769 

-218628 

-576387 

-152058 

to convergence (Table 4.4). 

As can be seen from examining the maximum and minimum step sizes in table 

4.4, once the interval size increases beyond 0.1, the approximation of a produced 

results that were consistently negative. Since a determines how far the algorithm 

moves along the search direction vector, and since the algorithm is stepping towards 

a minimum, negative step sizes indicate that the algorithm is consistently moving in 

the right direction. For smaller interval sizes, the algorithm gets stuck in false minima 

and occasionally needs to produce a positive value for a (a step backwards) to get 

out of these false minima. This is process is demonstrated in figure 4.3. The values 

of a calculated using the three smallest interval sizes closely follow each other for the 

first few iterations until step sizes calculated using an interval of 0.1 slowly begins to 

diverge from the others. Eventually, the algorithms using that interval size needs to 

a produce a large positive value for a to get back on track. The values of a that were 

produced using an interval size of 0.01 diverge immediately and require a much larger 

number of positive steps. The plot of the smallest interval size was not included in 

the comparison for clarity. As can be seen from table 4.4, the interval size of 0.001 

performed even more poorly requiring over 6 times the number of iterations to reach 

convergence compared to the 0.01 size for the interval. 
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Figure 4.3: Comparision of four proposed a interval sizes over 25 iterations showing 
the divergence of the calculated value for a when the two smallest intervals are 
used. 

An interval size of 1 was chosen since it is the smallest interval above the threshold 

where positive value were no longer produced for a. The smaller interval size is 

desirable to reduce the possibility of lost information due to the interpolation process. 

4.4.3 PA 3: Element Type 

As illustrated in Figures 4.4 and 4.4, different element types produce similar inverse 

solutions with small local differences near the transition zones where the curvature of 

the solution changes drastically. The smoothest solution is obtained when elements 

with crossed diagonals are used. The other three element type options introduce 
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a bias in the solution near the zones where curvature changes. Although elements 

with crossed diagonals increase the computational expense since there are twice the 

number of elements and 20% more nodes than in any of the other three cases, they 

are the optimal choice among the tested element types because of the elimination 

of this bias. Local abnormalities, especially in zones where the curvature changes 

significantly (e.g. near the interfaces between anodes and cathodes) have the potential 

to create convergence issues for the inverse solution; therefore, in the identical twin 

numerical experiments in this thesis, elements with crossed diagonals are used. 

o 
Crossed diagonals 

— — — Left facing diagonals 
— — — Right facing diagonals 
— — — Left/right diagonals 
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Distance along Interface (m) 

0 44 0.48 

Figure 4.4: Close up comparison of the forward solution using different diagonals 
for the discretisation scheme at the left transition zone between anodic and 
cathodic potentials. Middle location for the anode, A/C ratio = 0.5. p = 150 
O-m. 
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Figure 4.5: Close up comparison of the forward solution using different diagonals 
for the discretisation scheme at the right transition zone between anodic and 
cathodic potentials. Middle location for the anode, A/C ratio = 0.5, p = 150 
fi-m. 

4.4.4 PA 3: Element Size 

The element size analysis was carried on a 1200 mm (length) x 80 mm (cover) domain. 

The domain was divided into square units that were discretized with crossed diagonals. 

Four different sizes for the square units were chosen for comparison purposes: 5 mm, 

10 mm, 16 mm, and 20 mm. The results were compared for accuracy and for rate of 

The forward problem did not converge to a sensible answer when 5 mm square 



64 

units were used as illustrated in Figure 4.6. This is a problem that was also encoun

tered by other researchers [72]. When very small elements are used, the non-linear 

solution of the forward problem experiences convergence issues; therefore, the for

ward solution shows oscillations and noise. Because of the issues associated with the 

forward solution, 5 mm square units were not used in the remaining analysis cases of 

this investigation. 
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1.2 

Figure 4.6: Forward solution of the potential distribution along the steel/concrete 
interface for different element sizes. 

In a comparison among the remaining three element sizes, the smallest possible 

clement size is desired so that the resolution of the final solution will be as high as 
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possible. Once the performance of the algorithm is fully understood, the element size 

can be increased to mimic real life spacing between measurements. Since the 10 mm 

element is the smallest element that converged it represents the optimal choice for 

use in the remaining simulations, even though the times of convergence were much 

higher than when using the larger elements (Table 4.5). 

Table 4.5: Convergence rates of the inverse solution depending on element size. 

Element Size 

10 mm 

16 mm 

20 mm 

Computational 

16.06 

5.55 

3.53 

Time (s ) Number of Iterations 

91 

81 

78 

It should be noted that the number of iterations to obtain a converged inverse 

solution for all three element sizes is quite similar while the computational times 

show significant variability. It is obvious that each iteration would take more time 

as the element size is decreased since the matrices involved will now become larger. 

However this cannot fully explain why there is such a small difference in the number 

of iterations to convergence. The main reason for this lies within the determination of 

the sensitivity matrix, which takes a considerable amount of time since they involve 

multiple forward solutions also involving large matrices. 

4.4.5 PA 3: Domain Size 

Changing the resistivity of the concrete does not affect the inverse solution, but it 

does affect the forward solution resulting in different sets of input data. A system 

with a high resistivity results in a potential distribution on the interface that con

tains areas with a high rate of change and both a smaller minimum value and larger 

maximum value. The difference between the surface potential distribution and the 
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interface potential distribution also increases as the resistivity increases. Since the 

total resistance is a function of both the resistivity of the material and the distance 

the current must flow through that material, the domain size, and especia% the cover 

thickness, will have have a large affect on the difference between the observed surface 

potential and the final calculated value for the potential on the interface. The effects 

of the domain size were therefore investigated at two different resistivities, 150 fi-m 

and 1500 fi-m using a domain discretized in 10 mm square units based on the previ

ous analyses. Three different cover thicknesses, 40 mm, 80 mm and 160 mm and two 

different domain lengths. 800 mm and 1200 mm, were selected for the simulations in 

this section. 

The inverse solution algorithm did not converge for a cover thickness of 40 mm 

in three out of the four cases (Table 4.6), therefore that cover size was not used 

further in this analysis. Because there are so few nodes between the interface and the 

concrete surface, small oscillations that occur naturally at the interface as a result 

of the inverse solution process are almost directly reflected on the concrete surface. 

This results in a phenomenon where the interface oscillations are magnified by the 

surface oscillations, resulting in a feedback loop, and leading to non-convergence. 

Test cases that were run with a cover thickness of 160 mm consistently took longer 

to converge than those with a cover thickness of 80 mm (Table 4.6). This result 

was expected because of the relation between total resistance and cover thickness 

described above and confirmed the assumption that the steeper the true value of the 

potential distribution on the interface, the harder it is for the algorithm to reach 

convergence. The times of convergence with a resistivity of 1500 fi-m were less than 

with a resistivity of 150 fi-m. This result was also expected since the resistivity was 

increased by a factor of 10 while the cover thickness was onty increased by a factor 
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Table 4.6: Inverse convergence rates depending on domain dimensions with two 
different resistivities. 

Resistivity of 150 fi-m 

Domain size Computational Time (s) Number of Iterations 

800 mm x 80 mm 9.17 77 

800 mm x 160 mm 52.51 211 

1200 mm x 80 mm 16.05 91 

1200 mm x 160 mm 31.93 85 

Resistivity of 1500 fi-m 

Domain size Computational Time (s) Number of Iterations 

800 mm x 80 mm 11.54 99 

800 mm x 160 mm 43.77 178 

1200 mm x 80 mm 17.39 100 

1200 mm x 160 mm 49.02 134 

of 2. This means that the higher resistivity has a much greater effect than the larger 

cover thickness, lessening the difference in the time of convergence between cases with 

different cover thicknesses and a high resistivity. 

Since the cases with a cover thickness of 160 mm took longer to converge, and 

since an 80 mm cover is a more realistic assumption, as well as an assumption that 

will be more likely to lead to corrosion. 80 mm was determined to be the optimal size 

for the cover. 

Since there was very little difference in the time of convergence between the 800 

mm and the 1200 mm length for the domain, indicating that the domain length had 

little effect on the performance of the algorithm, and since in one case the time of 

convergence for the 800 mm length wras actually longer than for the 1200 mm length, 

the 1200 mm length was determined to be the optimal value, as the more realistic 
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assumption with little to no computational penalty. 

4.4.6 PA 4: Initial Potentials along Steel/Concrete Interface 

Even though the algorithm is robust enough to converge from a initial potential 

distribution of zero, it was discovered that the initial potential distribution does affect 

the shape of the final solution. While the algorithm has no trouble with convergence 

in the middle of the domain, the shape of the ends depends heavily on the initial 

value (Figure 4.7). The initial potential distribution that results in the smoothest 

graph would therefore be the optimum initial distribution. By examining the detail 

plots at both ends of the graphs and excluding the constant initial conditions which 

all result in extreme oscillations at the ends (Figures 4.8 and 4.9), it can be clearly 

seen that both the observed data and the idealised function with a coefficient of 0.1 

seem to result in the smoothest curves at the end. 

The optimal choice is therefore narrowed down to the observed data and the ide

alised solution with K equal to 0.1. If the decision is based on the time of convergence, 

evaluated by either the number of iterations or the total time, then the observed data 

would be the clear choice (Table 4.7). Since a smaller value for the idealisation coeffi

cient means that the idealised function is approaching the observed data, this strongly 

supports the choice of the observed data. The observed data is also a much simpler 

choice from the computational point of view, and less likely to result in errors because 

of the process of construction of the idealised solution; therefore, the observed data 

was determined to be the optimum initial potential value and was used for all further 

studies. 
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Figure 4.7: Inverse solution for the interface potential depending on the initial 
potential distribution. 

4.4.7 PA 5: Convergence Criteria Analysis 

The test cases were run with tolerances of IO"9, 10"10, 10~n and IO""12. The maximum 

number of iterations was raised from 5000 to 25000 to try and ensure convergence, 

however, none of the test cases below 10~8 converged. Therefore a tolerance of IO""8 

was used for the parametric study. 
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Figure 4.8: Detail of the left side of the plot of the inverse solution for the interface 
potential depending on the initial potential distribution. 

4.4.8 Summary of the Preliminary Analysis 

Based on the preliminary analysis results, the following optimal conditions have been 

identified for the identical twin numerical experiments in the parametric study. 

• Square elements with crossed diagonals are the optimum, resulting in four tri

angular elements with a node at each corner of the square and a node in the 

center where the diagonals intersect. 

• A perturbation of IO -5 V is optimum. 

• A step size of value 1 was selected as the optimum increment for a to determine 
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Figure 4.9: Detail of the right side of the plot of the inverse solution for the interface 
potential depending on the initial potential distribution. 

the points to use in the quadratic interpolation algorithm for the finding of the 

value of a that minimises the cost function. 

• An element size of 10 mm x 10 mm for the side length of the square was 

determined to be the optimal size. 

• A domain size of 1200 mm length by 80 mm height. 

• The use of the observed data as the initial value for the algorithm was deter

mined to be optimal. 

• A tolerance of 10~8 was determined to be the optimum since none of the more 
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Table 4.7: Inverse convergence rates depending on the initial potential distribution. 

Initial Value 

IP 1: Zero Potential 

IP 2: Anodic Potential 

IP 3: Cathodic Potential 

IP 4: Observed Potentials 

IP 5: Ideal with K = 0.1 

IP 6: Ideal with K = 0.25 

IP 7: Ideal with K = 0.5 

p= 150 

Time (s) 

15.88 

15.04 

15.54 

9.77 

13.20 

11.17 

10.75 

Iterations 

91 

86 

89 

56 

77 

65 

62 

p = 1500 

Time (s) 

17.77 

19.74 

18.02 

13.72 

17.42 

17.52 

14.05 

Iterations 

100 

114 

103 

77 

100 

98 

79 

stringent criteria resulted in convergence. 

4.5 Results and Discussion: Parametric study 

A comprehensive set of test cases was run to investigate the performance of the 

inverse model under different operating conditions. The behaviour of the system is 

first discussed in depth and samples of the results are referenced to illustrate points 

of dicussion. The complete results are then presented in graphical form at end of the 

chapter. Since all the parameters are studied simultaneously, all of the results can 

be used to represent the effect of each parameter, therefore, instead of showing the 

same results more than once, the majority of the results are presented at the end of 

the chapter. 

4.5.1 Effect of Residual Equations 

Both the Fletcher-Reeves equation (Equation 3.19) and the Polak-Ribiere equation 

(Equation 3.20) for the calculation of the 7 coefficient of the conjugate gradient 
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method were used in this investigation. None of the test cases using the Polak-Ribiere 

equation converged. Therefore it can be concluded that the stability and robustness 

of the Fletcher-Reeve equation is required for this algorithm. 

4.5.2 Effect of Anode Location 

The anodic location was varied over two cases: 

• Case I: Anode at one end of the domain. This results in a single cathode as 

well, which begins as soon as the anodic region ends and continues to the end 

of the reinforcement. 

• Case II: Anode in the middle of the domain. This results in two smaller cath

odes, one to either side of the anode. Since the A/C ratio is maintained, the 

cathodes in this case are half the length of the cathodes in Case I. 

In all cases, the algorithm performed well and converged to a solution with a close 

congruence with the forward results. Figures 4.14 and 4.15 show the final potential 

distribution generated by the inverse model under Case I with different resistivities. 

Figures 4.20 and 4.21 show the results of the inverse model under Case II and with 

both resistivities. From examination of these figures it can be seen that the model 

converged to a reasonable approximation of the forward solution. It can also be seen 

that the location of the anode does not affect the quality of the solution. The only 

effect the anode location has is on the times of convergence. 

If the anode is located in the middle of the interface (Case II), the algorithm has 

more trouble achieving convergence than if the anode is located at the end of the 

interface (Case I). In two thirds of the cases, the time of convergence was larger for 

the middle location than for the end location. In one case, the solution for a middle 

location never converged. For the test cases where the middle location had a shorter 
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time of convergence than the end location, there was much less of a time difference 

than for the cases where the opposite held true (Table 4.8). 

These results were unexpected since, in general, end conditions that have a high 

rate of change or a steep slope tend to cause trouble for convergence. However, since 

the A/C ratio is assumed to always be less than or equal to one, the regions with the 

most change, and hence the regions where the algorithm will have the most trouble, 

are the anodic regions. In the case of the end location, the anode effects much less 

of the total potential distribution since all the effect is confined on one end of the 

interface. In the case of the middle location, the effect of the anode is maximised. 

Alternatively. Case I has only a single anode and cathode, and therefore only one area 

with a steep rate of change, Case II has two cathodes and therefore two transition 

zones with a high rate of change. This explains why the algorithm has more trouble 

with the middle location. 

4.5.3 Effect of A / C Ratio 

The A/C ratio was varied over three values, 0.11, 0.25 and 0.5. The value of 0.11 was 

chosen for convenience since the number of anodes is divisible by three. The inverse 

model converged to solutions that are similar in shape to the solutions obtained from 

the forward model. Only one solution did not converge below the specified tolerance 

of 1 x IO -8, the case with the smallest A/C ratio, lowest resistivity and smallest cover 

thickness. The final solution produced by the case that did not converge had a final 

cost function of 1.138 x 10~8 after 5000 iterations, which is almost at the convergence 

criteria. It also produced a reasonable solution for the interface potential distribution 

(Figure 4.10). 

In the remaining test cases, the inverse solution converged to values that were 
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Table 4.8: Inverse convergence rates depending on anode location for a given A/C 
ratio, resistivity and cover thicknesses. 

Resistivity (fi-rn) Cover (mm) 

End Middle 

Time (s) Iterations Time (s) Iterations 

A/C Ratio = 0.11 

150 

1500 

80 

160 

80 

160 

8.35 

18.89 

11.91 

33.15 

48 

52 

69 

91 

857.03 

16.7 

33.32 

21.81 

5002 

46 

194 

60 

A/C Ratio = 0.25 

150 

1500 

80 

160 

80 

160 

9.71 

19.42 

13.3 

26.77 

56 

53 

77 

74 

10.29 

78.05 

12.88 

53.24 

69 

214 

75 

174 

A/C ratio = 0.5 

150 

1500 

80 

160 

80 

160 

9.6 

20.02 

13.05 

36.47 

56 

55 

76 

100 

10.47 

27.75 

13.78 

31.32 

61 

75 

80 

86 

good approximations of the forward solution. Figures 4.12 and 4.18 show a sample 

of the results with a low A/C ratio compared figures 4.16 and 4.22 which show a 

sample of the results for a large A/C ratio. All figures show results at a resistivity 

of 150 O-m. It can be seen in these figures that the convergence of the system is 

not affected by the A/C ratio. However, it can also be seen that the solution with 

the smallest A/C ratio generates oscillations of higher amplitude in the anodic region 

than the the solution with the largest A/C ratio. The same effects are noticeable in 
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Figure 4.10: Inverse solution that did not converge below- tolerance of 10~8. Middle 
anodic location, A/C ratio = 0.11, p — 150 fi-m, cover thickness = 80 mm. 

the cases with higher resistivity. This is easily explained by noting that the strongest 

oscillations occur in the areas of the potential distribution with the highest rates of 

change. Since the smallest A/C ratio creates a narrow trough, the rate of change in 

the anodic region is high, and therefore the oscillations also have higher amplitude. 

A comparison of all three cases for the A/C ratio with a resistivity of 1500 fi-m can 

be seen by examining figures 4.13, 4.15 and 4.17. 

The A/C ratio has two effects on the solution. In general it tends to cause the 

time of convergence to increase as the A/C ratio increases. However if the A/C ratio 

is too small, then the solution does not converge, or has difficulty converging (Table 
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4.8). 

These results are consistent with the results obtained in the previous section. As 

the A/C ratio increases, the anodic region and the transition zone has more affect on 

the total solution making convergence harder to achieve and increasing the time of 

convergence. 

The fact that decreasing the A/C ratio can cause non-convergence is also easily 

explained. Since the estimate of the final solution oscillates with each iteration, the 

algorithm will have trouble finding a solution that matches such a small and sharp 

potential difference. When the A/C ratio is larger, the potential difference caused 

by the anode is more spread out and the change is more gradual, allowing for easier 

convergence. This can also be explained by the same phenomenon as discussed in the 

preliminary element size study. Since the case that did not converge had the smallest 

cover thickness and lowrest resistivity, the correlation between the interface and surface 

potentials was too strong, causing feedback and non-convergence. It should be noted 

that the cause of non-convergence was a combination of factors, and not solely the 

result of the ratio. 

4.5.4 Effect of Resistivity and Concrete Cover Thickness 

The resistivity was varied over two values: 150 fi-m and 1500 fi-m and the cover 

thickness was varied over two values: 80 mm and 160 mm. These two factors did not 

affect convergence, except in the case noted in the previous section. Figures 4.18 and 

4.19 show- a sample of the results at both resistivities with a small A/C ratio, figures 

4.16 and 4.23 show the same with a large A/C ratio. These results clearly show the 

effect the cover thickness has on the forward solution. As previously demonstrated, as 

the cover thickness increases, the correlation between the surface potentials and the 

interface potentials decreases. These results also show the effect of resistivity, as the 
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resistivity increases, the shape of the potential distribution becomes more extreme. 

This effect was also previously discussed. There was very little difference between the 

congruence of the inverse solution to the forward solution when either the resistivity 

or the cover thickness was varied. The amplitude and frequency of the oscillations 

were not affected by these factors. 

Increasing either the resistivity or the cover thickness will consistently cause the 

algorithm to take longer to reach convergence. The effect of resistivity is easily 

explained by an examination of the differences between a forward solution with a 

resistivity of 150 fi-m and one with a resistivity of 1500 fi-m (Figure 4.11). Since the 

higher resistivity causes more extreme variations in the forward solution, which is the 

solution to which the inverse algorithm is supposed to converge, higher resistivity will 

result in a more complicated problem, which will result in a larger time of convergence. 

4.6 Removal of Observation Points 

The algorithm to deal with the removal of observation points is very simple, designed 

only to see how the main algorithm will handle the removal without making any 

effort to adjust the results. The initial potential distribution is interpolated from 

the observed data points using a Bezier curve [73]. This interpolated observed data 

is passed to the inverse problem to use as the initial value. The algorithm is then 

allowed to run as usual except that convergence is only evaluated at the remaining 

nodes. The potential is still calculated for all surface nodes. 

Since the observation point removal test cases were expected to have the most 

trouble at the ends of the solution, the selected test case has a middle location for 

the anode. Any errors and oscillations that would occur in the test case would have 

to be the result of the algorithm, not of the end conditions, making it possible to 
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accurately assess the capabilities of the algorithm. An A/C ratio of 0.5 was used for 

the same reason. The selected test case had a resistivity of 1500 fi-m and a cover 

thickness of 160 mm to eliminate any possible feedback effects. 

Five test cases were run, a control test case with all 120 surface nodes, and then 

four more cases with 60, 40, 30 and 24 observed surface nodes. As expected none of 

the test cases converged and in general, the fewer the nodes that were observed, the 

larger the oscillations in the final solution. 

Although it was expected that there would be a direct correlation between the 

number of observed data points and size of the oscillations, only a general trend was 

detected: some cases with fewer observed nodes had less oscillation. All test cases had 

the most oscillations in the transition area between the anode and cathode (Figures 

4.24, 4.25, 4.26 and 4.27). The case with 24 observed nodes (Figure 4.27) had the 

largest oscillations, so large, in fact, that the shape of the potential distribution is 

obscured, however, the locations of the transition zones are fairly obvious from visual 

examination of the plot. This means that even if the inverse problem cannot give the 

exact shape of the potential distribution when fewer nodes are observed, the results 

are still useful for the determination of the locations of the anodes. 

The effects of cover thickness are also easy to explain. If the cover thickness is 

decreased, there will be a better correlation between the potential on the interface 

and the potential on the surface, which would make it easier to find a solution on 

the interface with a cost function evaluated on the surface. The observed data which 

is used as the initial potential distribution will also be closer to the final solution, 

resulting in faster convergence. Unless the cover thickness is decreased to a point 

where feedback occurs, as previously discussed in PA 3: Domain Size, this assumption 

seems true in general. 

It is useful to note that the case where 60 nodes were observed (Figure 4.24) 
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reached a final solution that is nearly identical to the control case where every node 

was observed. The location of the oscillations was different in this case, however, the 

amplitude appears to be no larger. This shows a strong robustness and resistance to 

oscillations for a small amount of missing data. 

4.7 Summary of the Parametric Study 

The inverse model produced results that were closely congruent to the data produced 

by the forward model. While the inverse model naturally produces small oscillations 

in the shape of the potential distribution, these oscillations do not obscure the shape 

of the distribution and information about the state of corrosion on the interface can 

still be drawn from the output potentials. Only test cases that used the Fletcher-

Reeves equation converged because of that equations robustness. Test cases that had 

the anode located at one end of the domain in general had better rates of convergence. 

Except in a few cases where the anode was too small, the larger the anode, the more 

difficulty the algorithm had in reaching convergence. Resistivity and cover thickness 

both consistently cause the the time of convergence to increase as they increase. 

The removal of observation points usually results in extreme oscillations and non-

convergence, except in the case where every second node is observed. In this case 

the solution is consistently similar in shape and in the magnitude and frequency of 

oscillations to the control solution with all nodes observed. In other cases, despite 

the oscillations, it was possible to visually identify the anodic locations on the steel 

surface. However, it can be concluded in general that the fewer surface nodes are 

observed, the greater the amplitude of the oscillations in the final solution. 
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Figure 4.11: Comparision of the forward solution for two values of resistivity. Re
sistivity measure in fi-m. 
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Figure 4.12: Comparison of the forward and inverse solutions with an end location 
for the anode, A/C ratio of 0.11, resistivity of 150 fi-m. 
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Figure 4.13: Comparison of the forward and inverse solutions with an end location 
for the anode, A/C ratio of 0.11, resistivity of 1500 fi-m. 
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Figure 4.14: Comparison of the forward and inverse solutions with an end location 
for the anode, A/C ratio of 0.25, resistivity of 150 fi-m. 
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Figure 4.15: Comparison of the forward and inverse solutions with an end location 
for the anode, A/C ratio of 0.25. resistivity of 1500 fi-m. 
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Figure 4.16: Compaiison of the forward and inveise solutions with an end location 
for the anode, A/C ratio of 0.5. resistivity of 150 fi-m. 
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Figure 4.17: Comparison of the forward and inveise solutions with an end location 
for the anode, A/C ratio of 0.5. resistivity of 1500 fi-m. 
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Figure 4.18: Comparison of the forward and inverse solutions with a middle location 
for the anode, A/C ratio of 0.11, resistivity of 150 fi-m. 
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Figure 4.19: Comparison of the forward and inverse solutions with a middle location 
for the anode, A/C ratio of 0.11, resistivity of 1500 fi-m. 
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Figure 4.20: Comparison of the forward and inverse solutions with a middle location 
for the anode, A/C ratio of 0.25, resistivity of 150 fi-m. 
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Figure 4.21: Comparison of the forward and inverse solutions with a middle location 
for the anode, A/C ratio of 0.25, resistivity of 1500 fi-m. 
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Figure 4.22: Comparison of the forward and inverse solutions with a middle location 
for the anode, A/C ratio of 0.5. resistivity of 150 fi-m. 
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Figure 4.23: Comparison of the forward and inverse solutions with a middle location 
for the anode, A/C ratio of 0.5, resistivity of 1500 fi-m. 
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Figure 4.24: Comparision of the inverse solution with 60 observed nodes to the 
control solution and the forward solution. 
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Figure 4.25: Comparision of the inverse solution with 40 observed nodes to the 
control solution and the forward solution. 
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Figure 4.26: Comparision of the inverse solution with 30 observed nodes to the 
control solution and the forward solution. 
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Figure 4.27: Comparision of the inverse solution with 24 observed nodes to the 
control solution and the forward solution. 



Chapter 5 

Studies on Systems with Multiple Anodes 

5.1 General 

While some cases of the corrosion of reinforcement in concrete can be represented by a 

single anode, as in the case of a single corroding pit on a reinforcement, the cases with 

multiple anodes separated by multiple cathodes are more commonly observed. Unless 

there is local damage, either to the reinforcement or to the concrete, depassivation 

usually takes place fairly randomly, and the initiation of the active stage of corrosion 

occurs at multiple locations on steel. Therefore, this chapter is dedicated to the 

investigation of the performance of the developed inverse model in identifying the 

sizes and locations of multiple anodes on a single reinforcement in concrete. 

As in the previous chapter, the study of systems with multiple anodes was carried 

out in two stages: the preliminary analysis and parametric studjr. The same personal 

laptop computer that had been used in the numerical experiments presented in the 

previous chapter was also used for the simulations in this chapter. 

Since there are many possible configurations of anodes and cathodes, unlike the 

previous chapter, the location of the anodes cannot be expressed as a single param

eter. Therefore, four different configurations of anodes and cathodes, as illustrated 

98 



99 

in Figure 5.1. were chosen in the parametric study. The first two configurations are 

matching symmetrical configurations with two anodes, with the first configuration 

having an A/C ratio that is half that of the second configuration. The third configu

ration is similar to the second except that the number of anodes is larger (3 anodes 

and 4 cathodes as opposed to the 2 anodes and 3 cathodes of the second configura

tion). The fourth and the last configuration is an asymmetrical configuration with 

one large and one small anode. Table 5.1 provides further details about these four 

configurations. 

Table 5.1: Description of the anode configurations used in the studies on systems 
with multiple anodes. 

Configuration A/C ratio Number of anodes Symmetry 

1 0.25 2 symmetrical 

2 0.5 2 symmetrical 

3 0.5 3 symmetrical 

4 0.5 2 asymmetrical 

These four configurations represent the optimum number of cases required to ad

equately examine the behaviour of the algorithm. They cover varying A/C ratios, 

varying number of anodes, and symmetrical versus asymmetrical layouts. The per

formance of the algorithm can be extrapolated to other cases based on these four 

configurations. 

5.2 Preliminary Analysis 

Since a detailed preliminary analysis was already carried out in Chapter 4. a more 

focused analysis is all that is necessary in this chapter. For example, separate element 
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Anode Cathode 

Figure 5.1: Anode configurations used in this study. 

type, element size and domain size analyses were not carried out. The domain geom

etry for the identical twin numerical experiments in this chapter was the same as the 

one used in the parametric study of the previous chapter: 10 mm square units with 

crossed diagonals were used used to discretise a 1200 mm long rectangular domain. 

The height of the domain, representing the concrete cover thickness, was varied as 

part of the parametric study. 

The convergence tolerance of the inverse modelling algorithm was set to 1 x 10~8 

for the single localised anode study. However, with multiple anodes, it is possible 

that the solution may tolerate a smaller limit; therefore, identical twin numerical 

experiments were designed to study the convergence criterion. Since the results from 
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the previous chapter showed that when the interval used in the calculation of a 

was too small the algorithm had convergence issues, a new study was carried out to 

ensure that the value for the interval (1 as determined in the previous chapter) was 

large enough that the accuracy of the solution was not affected. The initial potential 

distribution along the steel/concrete interface was also investigated to determine if 

a more uniform or a more ideal initial distribution would help the convergence of a 

system with multiple anodes. 

In the cases with a single anode and a cathode, the inverse solution did not 

experience significant oscillations. Minor oscillations may obscure the results slightly 

but since there is only one anode, its location is obvious from an examination of plot 

of the output potentials. In the case of multiple anodes, it is more desirable to smooth 

out the outputs so that small anodes will not be obscured by the oscillations of the 

algorithm. The algorithm needs to incorporate some form of regularisation to achieve 

these smoother results. Regularisation may also help to achieve convergence in cases 

experiencing difficulty. 

In this investigation, four different regularisation cases were selected: 

• Rl: The smooth curve 

• R2: The idealised solution with K = 0.1 

• R3: The idealised solution with K = 0.25 

• R4: The idealised solution with K = 0.50 

Since the smooth curve, as discussed in chapter 3. is recalculated every itera

tion based on the current estimation for the solution, Rl is a dynamic regulariation 

method. Since the idealised solution is calculated once based on the observed data, 

R2, R3. and R4 are fixed. All test cases were run with a value of 0.1 for u). This 
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Table 5.2: Preliminary analysis test grid. 

Perturbation (V) 

a interval size 

Element Type 

Element Size (mm) 

Width (mm) 

Cover (mm) 

Resistivity (f2-m) 

Initial Value 

Tolerance 

Regularisation 

Tolerance 

10 - 5 

1 

crossed 

10 

1200 

80 

150 

IP 4 

5 test cases6 

none 

a interval 

IO"5 

4 test cases" 

crossed 

10 

1200 

80 

150 

IP 4 

io-8 

none 

Initial value 

10"5 

1 

crossed 

10 

1200 

80 

150, 1500 

IP 1, IP 4, IP 5 

io-8 

none 

Rcgularisati 

IO"5 

1 

crossed 

10 

1200 

80 

150 

IP 4 

io-8 

Rl to R4 

a l , 10, 100, 1000 
"io-8 , io-9 , io-1 0 , IO"11. io-1 2 

value represents the smallest value where the regularisation term can be expected to 

have a noticeable effect on the shape of the solution. This value was obtained by 

a comprehensive set of tests with a previous version of the algorithm using a single 

anode. A comparison was run between the current version of the algorithm and the 

previous version that determined that those results were still valid. 

5.3 Parametric Study 

The parametric study was carried out to determine the effect of physical parameters 

on the behaviour of the system. Since the four configurations of anodes described in 

Figure 5.1 and Table 5.1 are designed to cover different possibilities for A/C ratio, 

number of anodes and location of the anodes, these three parameters are not explicitly 

investigated. Only the resistivity and cover thickness need to be investigated. The 
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parameters varied over the course of these investigations are presented in table 5.3. 

Table 5.3: Parameter study test grid. 

Anode configuration 1, 2, 3 and 4 

Concrete resistivity (fi-m) 150, 1500 

Concrete cover thickness (mm) 80, 160 

5.4 Results and Discussion: Preliminary Analysis 

5.4.1 Convergence Criteria Analysis 

In the hopes of improving the accuracy of the solution, a convergence criteria analysis 

was carried out. The tolerance was varied over 5 values: 1 x IO -8, 1 x 10""9, 1 x IO"10, 

1 x 10 - 1 1 and 1 x 10 -12. Unfortunately, none of the test cases converged below a 

tolerance of 1 x 10 -8 . This value was therefore used as the tolerance for the rest of 

the identical twin numerical experiments in this chapter. 

5.4.2 Interpolation of a 

The interval size that is used in the quadratic interpolation process to determine the 

value of a plays a large role in the determining the rate of convergence of the final 

solution. A study was carried out to determine if a value for the interval size that wras 

larger than that used in the previous chapter would help improve the convergence of 

the cases with multiple anodes. Four interval sizes were investigated: 1, 10. 100 and 

1000. The algorithm was allowed to run for a full 5000 iterations to see the value to 

which the cost function converges. Table 5.4 provides a summary of the results. 

As it can be seen in Table 5.4. the interval size has very little effect on the final 
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value for the cost function. Although the efficiency may be improved by selecting a 

larger value, the studies in the previous chapter conclusively demonstrated that there 

is a marked increase in efficiency by using a value of 1 as opposed to a smaller value. 

In the interests of consistency, an investigation into the efficiency of the larger values 

for the interval size was not conducted; therefore, if the interval size of 1 resulted in 

the same accuracy for the final solution as the higher values for the interval, it was 

considered to be acceptable. The interval size of 1 for the calculation a was therefore 

chosen as the optimal value and was used in the parametric study. 

Table 5.4: Final cost function depending on the interval size used to approximate 
a. 

Interval size 1 10 100 1000 

Configuration 1 3.8438 x IO"9 3.8438 x 10~9 3.8438 x 10~9 3.8438 x 10~9 

Configuration 2 3.1566 x 10~9 3.1566 x 10~9 3.1567 x 10~9 3.1567 x 10~9 

Configuration 3 3.0504 x 10~9 3.0504 x 10~9 3.0504 x 10~9 3.0504 x 10~9 

Configuration 4 3.0496 x 10~9 3.0583 x 10~9 3.0583 x 10~9 3.0496 x IO"9 

5.4.3 Initial Potentials along Steel/Concrete Interface 

For cases with a single localised anode, the use of the observed potentials on the 

concrete surface (IP 4) was determined to be the optimal initial potential distribution 

to be used on the steel/concrete interface. Therefore, this case as well as two more 

cases that were tested (and wiiich performed well) in Chapter 4 will be investigated 

in this study. The two additional cases arc the constant zero potential (IP 1) and the 

idealised function with K = 0.1 (IP 5). 

By examining the times of convergence in Table 5.5, it is clear that IP 4 is still 

the best choice for the initial potential distribution on the Steel/Concrete interface. 
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The shape of the solution (Figure 5.2), especially at the ends of the domain (Figures 

5.3 and 5.4), also suggests that the observed data is the best choice. 

Table 5.5: Times of convergence of the inverse model depending on the initial 
potentials on steel/concrete interface. 

p = 150 fi-m 

IP 1 IP 4 IP 5 IP 1 

1500 fi-m 

IP 4 IP 5 

Time (s) 23.59 10.31 12.83 16.84 11.67 15.2 

Iterations 136 60 73 98 67 87 
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Figure 5.2: Inverse solution for the interface potential depending on the initial 
potential distribution. 
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Figure 5.3: Close up of the left side of the inverse solution for the interface potential 
depending on the initial potential distribution. 

5.4.4 Regularisation Analysis 

An attempt was made to eliminate the oscillations in the final solution by the use of 

regularisation, however, none of the test cases converged. This is easily explained by 

the fact that the idealised function was only an approximation of the true solution. 

As the algorithm attempts to reach convergence, it approaches the true solution, 

diminishing the contribution of the data misfit measure. The regularisation term 

then controls the shape of the equation, however, the algorithm cannot balance the 

conflicting needs to conform to both the true solution and to the ideal solution. 

The obvious answer is to reduce the value of u: however, reducing u> reduces the 
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Figure 5.4: Close up of the right side of the inverse solution for the interface potential 
depending on the initial potential distribution. 

contribution of the regularisation term. If u were to be reduced to a point where the 

solution could reach convergence, the contribution of the regularisation term would 

be negligible. 

The smooth curve introduces extreme changes into the estimated solution at each 

iteration. It was hoped that the algorithm would be forced to converge to a solution 

that was smoother by forcing smoothness on the solution in such a manner, however, 

it is clear that the algorithm naturally develops oscillations and cannot reach con

vergence when such a large change is introduced. A new method must therefore be 

found to regularise this algorithm. 
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5.5 Results and Discussion: Parametric Study 

All numerical test cases were carried out with a convergence criteria of 1 x 10 -8 . The 

concrete cover thickness was either 80 mm or 160 mm, resistivity was set at either 150 

fi-m, or 1500 fi-m. Since the results of the paramteric study represent the effect of 

different paramtcrs for a single numerical experiment, they are presented as a whole 

at the end of the chapter. 

5.5.1 Effect of Resistivity and Cover Thickness 

The resistivity was varied over 150 fi-m and 1500 fi-m and the cover thickness was 

varied over 80 mm and 160 mm. Three of the test cases did not converge to a 

result below the specified tolerance. The test cases that did not converge had a cover 

thickness of 160 mm as opposed to 80 mm (Table 5.6). In the cases where convergence 

was achieved, there is a clear and consistent increase in the time of convergence as 

cover thickness increases. 

This result is expected since as the cover thickness increases the difference be

tween the potential on the interface and the potential on the surface of the concrete 

also in creases. Since the algorithm is trying to find the potential distribution on the 

interface that causes the potential distribution on the surface, the decrease in corre

lation creates a more difficult problem. However, when Configuration 1 w-as tested, 

the solution converged in the case where the resistivity was 150 fi-m and not in the 

case where it raised to 1500 fi-m. Since increasing the resistivity increases the differ

ence between the surface and the interface potential distributions, this effect cannot 

explain this case. The forward solution is also affected by the resistivity, causing the 

true solution to be more extreme, with steeper slopes and a larger difference between 

the minimum and maximum values (Figures 5.5 and 5.6). The algorithm seems the 
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have less difficulty with reaching convergence when given this more extreme shape. 

5.5.2 Effect of the A / C Ratio 

The A/C ratio was primarily investigated by examining Configuration 1 and Con

figuration 2 since these two configurations are nearly then same except for a change 

in the A/C ratio. The symmetrical configuration with the A/C ratio of 0.5 (Con

figuration 2) had the the most difficulty achieving convergence. In both cases where 

the cover was increased to 160 mm the algorithm did not converge. By comparison, 

the same configuration with an A/C ratio of 0.25 (Configuration 1) consistently had 

better times of convergence and converged in three cases out of four, as shown in 

Table 5.6. Since all the other configurations had the same A/C ratio, and performed 

much better than Configuration 2, it can be concluded that increasing the A/C ratio 

does not cause problems for the algorithm. 

An alternate explanation for the poor performance of Configuration 2 is the abso

lute size of the anodes and the spacing between them. As noted above, the first and 

second configurations performed the poorest. Configuration 1 is simply Configuration 

2 with half the A/C ratio. As determined in the previous chapter, the algorithm had 

more trouble as the anode size increased. Since the third and fourth configurations 

have the same A/C ratio but different absolute sizes and spacings for the anodes, it 

can be assumed that the issue is in fact the size and spacing of the anodes. 

5.5.3 Effect of Increasing the Number of Anodes 

The configuration where the number of anodes was increased (Configuration 3) con

verged for all cases (see Figures 5.9 and 5.10). The algorithm did struggle in the 

cases with larger cover thicknesses but it performed much better than Configuration 
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2 which has only two anodes and the same A/C ratio (see Figures 5.7 and 5.8). 

Since increasing the number of anodes decreased the size of each individual anode, 

and since the algorithm had less difficulty reaching convergence in the case with 

multiple smaller anodes, it can be concluded that the size of the anode has a much 

greater effect than the number of anodes. 

5.5.4 Effect of Asymmetry 

The asymmetrical configuration (Configuration 4) had the best times of convergence 

and converged to reasonable results (see Figures 5.11 and 5.12). This configuration 

had one large anode that is larger than any other configuration and one small anode. 

This suggest that the algorithm converges best with asymmetrical configurations and 

that the effects that were attributed to anode size and spacing may instead be a result 

of a regular configuration. It is most likely that the cause is a combination of several 

factors. 

5.6 Removal of Observation Points 

The model with multiple anodes performed in a similar fashion when the number 

of observed nodes was reduced to the model with a single localised anode. The case 

where every second node was observed (60 nodes) produced a solution that was nearly 

identical to the control solution where all the nodes were observed. As fewer nodes 

were observed, the model generally produced more oscillations. When only 24 nodes 

were observed, the oscillations were so large as to nearly obscure the shape of the 

distribution. 

The ends of the domain caused the most difficulty for the algorithm and so the 
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Table 5.6: Times of convergence of the inverse model for all four anode configura
tions. 

p = 150 fi-m 

80 mm 160 mm 

p = 1500 fi-m 

80 mm 160 mm 

Configuration 1 

Computation Time (s) 

Iterations 

10.62 

60 

1852.74 

5002 

11.72 

67 

35.62 

96 

Configuration 2 

Computation Time (s) 

Iterations 

32.84 

187 

1851.95 

5002 

16.00 

91 

1858.97 

5002 

Configuration 3 

Computation Time (s) 

Iterations 

10.01 

57 

420.59 

1119 

20.26 

116 

134.4 

364 

Configuration 4 

Computation Time (s) 

Iterations 

10.97 

63 

45.06 

121 

19.38 

109 

60.52 
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first and last five nodes were excluded from the plots of the potential distribution to 

better present the results. 

Configuration 1 (Figures 5.13, 5.14.5.15 and 5.16) showed a consistent amplitude 

of oscillations over the entire domain. The shape of the final solution is still visible and 

the potentials at the anodic and cathodic locations can be approximated by taking 

an average. 

Configuration 2 (Figures 5.17, 5.18, 5.19 and 5.20) showed a diminishing of the 

amplitude of the oscillations in the anodic regions. In some cases, notably the case 

with 40 observed nodes (Figure 5.18), a diminishing of the amplitude over the middle 
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cathodic region also occurs. Presumably, this effect is caused by the fact that the 

anodes are large enough to diminish the uncertainty caused by the removal of observed 

nodes. Since the model only compares the calculated values at the nodes where there 

exists an observed when determining the cost function, when there are less observed 

nodes, it introduces uncertainty into the model, which is reflected by the amplitude 

of the oscillations. 

Configuration 3 (Figures 5.21,5.22, 5.23 and 5.24) showed a fairly constant ampli

tude of oscillation over the entire domain. This appears to be because of the regular 

spacing between anodes, and the relatively small size of the anodes. 

Configuration 4 (Figure 5.25, 5.26, 5.27 and 5.28) shows a reduced amplitude of 

oscillation over the large anode and the large cathode, confirming the earlier conclu

sion that the size of the anodic or cathodic region was directly related to the ease 

of the convergence. In some cases, notably figure 5.26 the small anode also showed 

a reduced amplitude of oscillation. This effect seems to be caused by the fact that 

the spacing and sizing of the anodes is not regular. In the symmetrical cases, the 

algorithm has more difficulty achieving convergence suggesting that asymmetry plays 

an important, roll in the ease of convergence. 

5.7 Summary of the Paramteric Study 

The inverse solution algorithm performs best when the spacing between anodes is not 

regular and when the sizes of the anodes are different. The solution that had the 

most difficulty reaching convergence was obtained with Configuration 2, the configu

ration with cathodes of all similar length and anodes of the same size. Reduction of 

the A/C ratio, helped one case to converge (Configuration 1) that previously did not 
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(Configuration 2). Addition of anodes helped all the cases reach convergence (Con

figuration 3), possibly because of a reduction of the size of the individual anodes, 

and the introduction of asymmetry had the best overall effect on the performance of 

the algorithm (Configuration 4). This is promising for applications in the field where 

regular spacing of anodes and cathodes is not likely to be observed. 

Even in the cases where the algorithm did not reach convergence, the algorithm 

gave results that could be used to reasonably approximate the location of the anodes. 

Figures 5.5, 5.7 and 5.8 include solutions that did not reach convergence as shown in 

Table 5.6 by cases for which the number of iterations exceeded 5000, the maximum 

specified limit for the number of iterations. The accuracy may not be as high as the 

specified criterion, but for practical use, the algorithm already performs well enough. 

The performance of the algorithm with the removal of observed nodes was similar 

in the case of multiple anodes to the case of a single localised anode. The case with 

60 observed nodes was consistently almost identical to the the control solution where 

all nodes were observed. The model seemed to have the least difficulty reaching 

convergence in cases with large anodes, such as Configuration 2 and Configuration 

4. In general, the fewer the number of nodes that were observed, the poorer the 

performance of the model. 
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Figure 5.5: Comparison of the forward and inverse solutions with Configuration 1 
and a resistivity of 150 fi-m. 
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Figure 5.6: Comparison of the forward and inverse solutions with Configuration 1 
and a resistivity of 1500 fi-m. 
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gure 5.7: Comparison of the forward and inverse solutions with Configuration 2 
and a resist ivitv of 150 fi-m. 
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ure 5.8: Comparison of the forward and inverse solutions with Configuration 2 
and a resistivitv of 1500 fi-m. 
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gure 5.9: Comparison of the forward and inverse solutions with Configuration 3 
and a resistivity of 150 fi-m. 
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Figure 5.10: Compaiison of the forward and inverse solutions with Configuration 3 
and a resistivity of 1500 fi-m. 
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gure 5.11: Comparison of the forward and inverse solutions with Configuration 4 
and a resistivity of 150 fi-m. 
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Figure 5.12: Comparison of the forward and inverse solutions with Configuration 4 
and a resistivity of 1500 fi-m. 
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Figure 5.13: Comparison of the inverse solution of Configuration 1 with 60 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.14: Comparison of the inverse solution of Configuration 1 with 40 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.15: Comparison of the inverse solution of Configuration 1 with 30 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.16: Compaiison of the inverse solution of Configuration 1 with 24 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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ure 5.17: Comparison of the inverse solution of Configuration 2 with 60 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.18: Comparison of the inverse solution of Configuration 2 with 40 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.19: Comparison of the inverse solution of Configuration 2 with 30 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.20: Comparison of the inverse solution of Configuration 2 with 24 observed 
nodes, the forward solution and the control solution with all nodes observed. 



130 

-0.2 

-0.3 

.S -0.4 *-* c 
CD 
•5 
GL 

8 
>g 
CD 

£ -0.5 

-0.6 

Forward Solution 

Control Solution 

60 Observed Nodes 

-0.7 

0.4 0.8 
Distance along Interface (m) 

1.2 

ure 5.21: Comparison of the inverse solution of Configuration 3 with 60 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.22: Comparison of the inverse solution of Configuration 3 with 40 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.23: Comparison of the inverse solution of Configuration 3 with 30 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.24: Compaiison of the inverse solution of Configuration 3 with 24 observed 
nodes, the forward solution and the control solution with all nodes observed. 



134 

-0.2 

ra -0.4 
c 
£ o 
Q . 
CD o 
•g 
CD 

1 -0.6 

Forward Solution 
Control Solution 
60 Observed Nodes 

-0.8 

0.4 0.8 
Distance along Interface (m) 

1.2 

Figure 5.25: Comparison of the inverse solution of Configuration 4 with 60 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.26: Comparison of the inverse solution of Configuration 4 with 40 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.27: Compaiison of the inverse solution of Configuration 4 with 30 observed 
nodes, the forward solution and the control solution with all nodes observed. 
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Figure 5.28: Comparison of the inverse solution of Configuration 4 with 24 observed 
nodes, the forward solution and the control solution with all nodes observed. 



Chapter 6 

Conclusions and Future Work 

6.1 General 

It is difficult to determine the state of corrosion on embedded steel reinforcement in 

concrete using the standardised measurement technique of half-cell potential read

ings on the surface of the concrete and the current ASTM standard [6]. A new 

non-destructive method was developed that can assimilate these half-cell potential 

readings to give a more reasonable estimation of the location and state of active 

corrosion. 

An inverse model was constructed in C + + using an open source finite element 

package called Dolfin. The inverse problem was solved by repeated forward solutions 

and the error wras evaluated using a least squares cost function. This cost function 

was minimised using the conjugate gradient method. The produced model assimilates 

standard half-cell potential measurements and calculates the potential distribution of 

the surface of the reinforcement. 

The performance of the model was investigated with different physical parameters 

such as resistivity of the concrete and cover thickness, and with different configura

tions and sizes of anodes and cathodes. 

138 
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• The developed inverse model successfully assimilated half-cell potential mea

surements to provide the additional information needed by corrosion engineers 

to accurately and non-destructively assess the state of corrosion on embedded 

reinforcement in concrete. The inverse results agreed with the results generated 

through the validated forward model. 

• This inverse model is effective in predicting potential distribution on the surface 

of the steel reinforcement. It solves the inverse problem with relatively few, and 

computationally cheap, iterations. 

• The model is robust and has little difficulty reaching convergence when the 

different corrosion and model parameters are varied. The resistivity of the 

concrete, the cover thickness, the A/C ratio and the locations of the anodes and 

cathodes can all be varied successfully. The model can detect small localised 

anodes and multiple anodes in varying* numbers and sizes. 

• The model naturally produces oscillations in the final solution, however, these 

oscillations do not obscure the shape of the solution which can still be used to 

predicted the state of corrosion without any regularisation or post processing. 

• Although for a few configurations of anodes and cathodes the model has some 

issues reaching convergence to a solution with an error that is below the criteria 

used in these studies, the solutions that arc reached in these cases still give useful 

information. The values of the cost function to which these cases converge are 

very close to the convergence criteria and so the accuracy of the solutions is not 

compromised very much in these cases. 

• When the data on the surface is limited, by the observation of fewer surface 
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nodes, the model performs fairly well. For limited removal of observed nodes, 

the final solution is hardly affected. For more extensive removal of observed 

nodes, information can still be inferred about the state of corrosion although 

the shape of the solution is eventually obscured by oscillations. 

3 Future Work 

• The model needs to be further generalised for three dimensional applications. 

This would include multiple embedded reinforcements and possibly reinforce

ment grids. 

• Methods of regularisation, post-processing or other methods of reducing oscil

lations need to be investigated. Although the model performed well for all tests 

that were run, smoothing of the oscillations would improve the results in ex

treme cases, such a very limited number of surface nodes, or an extremely small 

localised anode. 

• More research needs to be carried out on the removal of the number of ob

served nodes. Xo effort has yet been made to improve the behaviour of the 

system when operating under this condition. Methods such as the Bezier inter

polation algorithm that was applied to the initial potential may potentially be 

used within the algorithm itself, or for post-processing, to improve the shape 

of the final solution and draw more information from the predicted potential 

distributions. 

• The model can be further improved by including stochastic processes to model 

impurities in the steel, resistivity in the concrete, and other physical param

eters. Different shapes of domain can also be used to simulate damage and 
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unsymmetrically shaped areas on beams or slabs. 
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