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Abstract

The two main challenges offered by Simultaneous Localization and Mapping (SLAM)

are that of observability and extending state estimation to exploration. This thesis

explores and uses solutions to render the SLAM problem observable, by proposing the

Reconfigurable Extended Kalman Filter (EKF) that addresses imposing observabil-

ity, maintaining observability and choice of observability constraints. Additionally,

Bayesian theory and Dempster-Shafer theory of evidential reasoning are analyzed, and

Occupancy grid based maps based on Dempster-Shafer theory of evidential reasoning

are created and analyzed in large environment for their potential use in exploration

and obstacle avoidance. Tackling both issues with different algorithms yield better

solutions to the challenges offered by robotic exploration, and this is demonstrated

through simulation results in representative environments.

ii



Acknowledgments

To my amazing parents, who taught me the value of hard work, patience and

perseverance.

I am very grateful to my advisor, Dr.V. Aitken for being a kind and patient teacher.

Dr.L.Tabrizi, whose teaching left me in awe of control systems, has been and will

continue to be an inspiring role model. I will always cherish how Rytis.V gently

pushed me to work harder, learn better, and to see things from a new perspective.

Each one of you had an unforgettable influence on my life and I’m very thankful for

that.

i



Contents

Abstract ii

Acknowledgments i

List of Tables v

List of Figures vi

1 Advent of Mapping and Localization 1

1.1 Thesis Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 SLAM: An Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 SLAM: A brief history . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 SLAM: Evolution of Approaches . . . . . . . . . . . . . . . . . . . . . 8

1.5 Mapping and Exploration: An Introduction . . . . . . . . . . . . . . 11

1.6 Mapping and Exploration: A brief history . . . . . . . . . . . . . . . 12

1.7 Mapping and Exploration: Evolution of Approaches . . . . . . . . . . 13

1.8 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2 Theoretical Background 16

2.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.1.1 Vehicle Process Model . . . . . . . . . . . . . . . . . . . . . . 16

2.1.2 Landmark Process Model . . . . . . . . . . . . . . . . . . . . 20

ii



2.1.3 Measurement Model . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.4 Jacobians of the Vehicle and Measurement Models . . . . . . . 23

2.1.5 Summary of the SLAM problem . . . . . . . . . . . . . . . . . 25

2.2 Extended Kalman Filter . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.1 Introduction to the discrete time Linear Kalman Filter . . . . 26

2.2.2 Introduction to the discrete time Extended Kalman Filter . . 30

2.3 Observability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.3.1 Observability in linear and non-linear systems . . . . . . . . . 33

2.3.2 Fisher’s Information and Cramer-Rao Lower Bounds . . . . . 35

2.3.3 Requirements for observable 2D SLAM . . . . . . . . . . . . . 38

2.3.4 Imposing Observability . . . . . . . . . . . . . . . . . . . . . . 40

2.4 Dempster-Shafer Evidential Theory

and Occupancy Grids . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.4.1 Introduction to DS theory . . . . . . . . . . . . . . . . . . . . 45

2.4.2 Comparison with Bayesian theory . . . . . . . . . . . . . . . . 49

3 Observable EKF SLAM Simulations and Results 53

3.1 Simulation parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.2 Overview of Simulation environments and Results . . . . . . . . . . . 57

3.3 Case 1: Accuracy in Large Environments . . . . . . . . . . . . . . . . 61

3.4 Case 2: Observability Issues with Tether Estimation . . . . . . . . . . 67

3.5 Case 3: Observable Reconfigurable EKF SLAM . . . . . . . . . . . . 74

3.5.1 Maintaining Observability . . . . . . . . . . . . . . . . . . . . 74

3.5.2 Reconfigurable EKF: Impact of Entering and Departing Land-

marks on the EKF . . . . . . . . . . . . . . . . . . . . . . . . 79

3.5.3 Analysis of Case 3 . . . . . . . . . . . . . . . . . . . . . . . . 81

3.6 Case 4: Limitations of Anchor-Tether Re-selection . . . . . . . . . . . 87

iii



4 Dempster-Shafer Occupancy Grid Map Simulations and Results 97

4.1 Illustration of the Dempster-Shafer theory through examples . . . . . 98

4.2 Case 5: Evidential Mapping of the Straight Ladder Environment . . . 114

4.3 Case 6: Evidential Mapping of the Circular Ladder Environment . . . 117

5 Conclusions and Future work 125

References 129

iv



List of Tables

1 Straight Ladder Environment Spatial Description . . . . . . . . . . . 59

2 Circular Ladder Environment Spatial Description . . . . . . . . . . . 59

3 Automated Observable SLAM in a Straight Ladder Environment . . . 81

4 Case 3: Landmark 5 Event Chart . . . . . . . . . . . . . . . . . . . . 83

5 Automated Observable SLAM in a Circular Ladder Environment . . . 88

6 Case 4: Landmark 1 Event Chart . . . . . . . . . . . . . . . . . . . . 93

7 Emptiness Mass values at loops 1,2 and 5 . . . . . . . . . . . . . . . . 104

8 Fullness Mass values at loops 1,2 and 5 . . . . . . . . . . . . . . . . . 105

9 Emptiness Belief values at loops 1,2 and 5 . . . . . . . . . . . . . . . 107

10 Fullness Belief values at loops 1,2 and 5 . . . . . . . . . . . . . . . . . 108

11 Emptiness Plausibility values at loops 1,2 and 5 . . . . . . . . . . . . 111

12 Fullness Plausibility values at loops 1,2 and 5 . . . . . . . . . . . . . 112

v



List of Figures

1 Possible Sequence of Algorithms for Exploration . . . . . . . . . . . . 3

2 Relationship between World Centric and Vehicle Centric Reference

Frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Relationship between World Centric and Vehicle Centric Reference

Frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4 Impact of using only an Anchor to define Fw . . . . . . . . . . . . . . 41

5 Impact of using an Anchor and Tether to define Fw . . . . . . . . . . 42

6 Straight Ladder Environment . . . . . . . . . . . . . . . . . . . . . . 58

7 Circular Ladder Environment . . . . . . . . . . . . . . . . . . . . . . 58

8 Effect of Range and Bearing Sensor Errors on Cartesian Error . . . . 61

9 Case 1: Motion of Vehicle through the Straight Ladder Environment . 62

10 Case 1: State Error, Standard Deviation of Vehicle pose and Tether

State Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

11 Case 1: State Error and Standard Deviation of Landmarks 3 and 4 . 64

12 Case 1: State Error and Standard Deviation of Landmarks 5 and 6 . 65

13 Case 1: State Error and Standard Deviation of Landmarks 7 and 8 . 66

14 Fisher’s Information for varying Vehicle positions and Anchor-Tether

orientations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

15 Case 2: Motion of Vehicle through the Straight Ladder Environment . 71

vi



16 Case 2: State Error, Standard Deviation of Vehicle pose and Tether

State Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

17 Case 2: State Error and Standard Deviation of Landmarks 1 and 2 . 73

18 Case 2: State Error and Standard Deviation of Landmarks 5 and 6 . 73

19 Decision Sequence of Anchor-Tether re-selection . . . . . . . . . . . . 77

20 Case 3: State Error , Standard Deviation of Vehicle pose and Tether

State Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

21 Case 3: State Error and Standard Deviation of Landmarks 3 and 4 . 85

22 Case 3: State Error and Standard Deviation of Landmarks 5 and 6 . 85

23 Case 3: Lifecycle of Landmark 5 . . . . . . . . . . . . . . . . . . . . . 86

24 Case 4: Motion of Vehicle through the Circular Ladder Environment 89

25 Case 4: State Error , Standard Deviation of Vehicle pose and Tether

State Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

26 Case 4: Lifecycle of Landmark 1 . . . . . . . . . . . . . . . . . . . . . 94

27 Case 4: State Error and Standard Deviation of Landmarks 1 and 2 . 95

28 Case 4: State Error and Standard Deviation of Landmarks 3 and 4 . 95

29 Case 4: State Error and Standard Deviation of Landmarks 5 and 6 . 96

30 Case 4: State Error and Standard Deviation of Landmarks 7 and 8 . 96

31 Example of Environment used to illustrate Demspter-Shafer theory . 99

32 Emptiness belief map . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

33 Fullness belief map . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

34 Straight Ladder Environment . . . . . . . . . . . . . . . . . . . . . . 114

35 Case 5: Emptiness Belief Map Straight Ladder Environment . . . . . 115

36 Case 5: Emptiness Plausibility Map Straight Ladder Environment . . 115

37 Case 5: Fullness Belief Map Straight Ladder Environment . . . . . . 116

38 Case 5: Fullness Plausibility Map Straight Ladder Environment . . . 116

39 Circular Ladder Environment . . . . . . . . . . . . . . . . . . . . . . 117

vii



40 Case 6: Emptiness Belief Map Circular Ladder Environment . . . . . 120

41 Case 6: Emptiness Plausibility Map Circular Ladder Environment . . 120

42 Case 6: Fullness Belief Map Circular Ladder Environment . . . . . . 121

43 Case 6: Fullness Plausibility Map Circular Ladder Environment . . . 121

44 Comparison between Emptiness Belief and Plausibility Maps . . . . . 123

45 Comparison between Fullness Belief and Plausibility Maps . . . . . . 124

viii



Chapter 1

Advent of Mapping and Localization

Exploration using an unmanned vehicle, in simplest terms, is the act of traveling

through an unknown area to learn about the environment. An unmanned vehicle

equipped with sensors, when placed in an unfamiliar environment, has to accomplish

Simultaneous Localization and Mapping (SLAM), which is an essential component of

exploration. SLAM achieves two main goals- it creates a repository of valid informa-

tion about the environment using measurements obtained (mapping), and using the

created map, seeks the vehicle’s position and heading(pose) within the map (localiza-

tion). Thus, based on the estimated pose of the vehicle and the estimated positions

of the landmarks, further evaluation of the map can be made to explore regions that

have not been previously visited.

Since all problems of mapping correspond to sensory observations of the environ-

ment, the observations will most likely be features in the environment that are land-

marks. Most state estimation algorithms that enable autonomous robots to perform

localization and mapping consider landmarks as point features based on measure-

ments in the form of range and bearing to landmarks relative to the vehicle pose.These

vehicle centric measurements are used to estimate the pose of the vehicle and the po-

sition of landmarks relative to the world centric reference frame. While using point

1
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features makes algorithms functionally efficient, it also introduces approximation er-

rors in mapping and localization, since accuracy is lost in downsizing environmental

landmarks to point features. These errors in turn affect the state estimation of the

vehicle pose and the environmental map.

Thus if features in the environment can be modelled better, the increased accuracy

in modelling in turn impacts accuracy in state estimation. Improved state estimation

and mapping approaches involve state of the art sensors, complex environment mod-

elling techniques and robust mapping algorithms. A significant amount of work has

been done in computer vision that involves improved feature detection and 3 dimen-

sional modelling of objects, however few authors like those of [1], [2], [3] and [4], have

combined them with exploration or SLAM. Much work has been done in understand-

ing the structure of objects using a variety of sensors inspired by vision and haptic

as explored in [5], [6], [7] and [8], to create a realistic model of the environment.

Elfes of [9] demonstrates the effectiveness of using grid based maps produced

from multiple sensors to merge into a single local map and combining multiple local

maps into a global map that can be used for navigation. From an exploration point

of view, Yamauchi of [10] uses occupancy grids to determine regions suitable for

exploration by assessing occupancy values suggesting unexplored terrain. Elements of

obstacle avoidance and navigation can also be integrated like authors of [9]. Mapping

algorithms can be seen as either a source of information for or as a product of state

estimation algorithms that could be used for exploration. A closer look at mapping

algorithms reveals that a more descriptive approach of mapping for the purpose of

SLAM can be explored by using evidential reasoning in occupancy grids.

Combining the various sensing, state estimation, mapping and path planning al-

gorithms can lead to exploration. The main goal of this thesis is to establish the

foundation for and verify two algorithms independently- Reconfigurable EKF for 2D

Observable SLAM and Dempster-Shafer based Occupancy Grids, that can later be
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used in conjunction with other techniques for exploration. The Reconfigurable EKF

is proposed as a solution to the unobservability challenge that a 2D SLAM problem

offers by imposing 3 observability constraints. Assuming a finite range sensor, the

algorithm implements 2D Observable SLAM in 2 representative environments, and

tests for accuracy in large environments and impact of landmarks in the environment

entering and leaving the field of view of the sensor. Occupancy grids are analyzed for

their usefulness in representing the 2D environment and Dempster-Shafer Evidential

theory is used to populate the grids, which is chosen as an improvement over Bayesian

theory.

Figure 1 shows one possible sequence of using multiple algorithms in exploration.

Figure 1: Possible Sequence of Algorithms for Exploration

Khan of [11] analyzed observability in 2D SLAM and Yang of [12] focused on the

various mapping techniques, with the assumption that the localization problem was

solved. Comparison of grid based and topological based maps were provided, with
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analysis of evidential environment mapping in environments representative of indoor

office -like layouts. This thesis has provided several modifications to the original

works by both authors in the form of features added to the existing algorithms,

testing and analysis in significantly larger environments with exploration as the end

goal. The boxes highlighted in orange in Figure 1 are the parts that this thesis

implements and analyzes independently. Since integrating both techniques depends

on whether occupancy maps are used for the state estimation algorithm for Observable

SLAM or vice versa, the integration has been left for future work after establishing

an algorithmic sequence for exploration.

The rest of the chapter provides the thesis statement and literature review with

respect to SLAM and mapping techniques.

1.1 Thesis Statement

Exploration by an unmanned vehicle in an unknown environment will require it to

simultaneously map and localize itself, and without any previous information about its

surroundings, the problem is no longer observable. To make the problem observable,

observability constraints in the form of 2 coordinates of one special landmark and 1

coordinate of another special landmark is required. For efficient obstacle avoidance, it

is imperative to create and maintain an information map that is richer in detail than

a point landmark based map, as maintained by most Kalman Filtering and Particle

Filtering methods.

The thesis focuses on two main goals:

• For a 2D SLAM problem in an environment with stationary landmarks, impose

observability, maintain observability and reconfigure the EKF to handle loss of

observability constraints, in the form of special landmarks departing the sensor’s

field of view.



5

• Produce an Evidential Occupancy grid map as an alternative to the point land-

mark map maintained by the EKF and analyze the usefulness of the Evidential

Occupancy grid map for its effectiveness in representing the environment.

The algorithm proposed and used to perform 2D Observable SLAM is a Reconfig-

urable Extended Kalman Filter, and Dempster-Shafer theory of Evidential reasoning

is used to populate the occupancy grid based map. The above mentioned goals have

been addressed in the following manner.

1. Formulating and implementing an Observable 2D SLAM problem, in an envi-

ronment with a vehicle equipped with a finite range sensor, as an improvement

to [11], where the observable 2D SLAM problem is implemented without con-

sidering range limitations of sensors. Observability is enforced by imposing 3

observability constraints by holding constant the x and y coordinates of one

special landmark, and the x or y coordinate of another landmark.

2. Modifications to the existing EKF to account for special and non-special land-

marks that enter and depart the sensor’s field of view are proposed and imple-

mented.

3. Implications of using a finite range sensor on the observability constraints are

considered, and solutions are proposed to re-impose observability constraints in

cases where special landmarks exit the sensor’s field of view. Evaluation tests

are proposed and implemented to re-select special landmarks that are most

suitable to be re-imposed as observability constraints.

4. The unobservability of the 2D SLAM problem is analyzed using Fisher’s Infor-

mation and simulations, for cases when 3 observability constraints are imposed,

however, with the incorrect coordinate of the tether being imposed as the third
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constraint. Solutions to overcome challenge have been proposed and imple-

mented by tests that select the correct coordinate of the tether to be selected,

based on the orientation of the special landmark pair.

5. The solutions proposed to implement items 2, 3 and 4 are integrated into the

standard EKF algorithm, enabling it to automatically evaluate special land-

marks, non special landmarks for re-imposing constraints and the orientation of

the special landmark pair and accounting for entering and departing landmarks

for every iteration. Since the EKF is continuously evolves and reconfigures

itself, it is referred to as the Reconfigurable EKF.

6. Techniques used to represent likelihoods of occupancy and emptiness in grid

based maps, namely Bayesian theory and Dempster-Shafer Evidential theory,

are analyzed and compared. The effectiveness in combining existing map data

with newly arriving sensor data is also analyzed in both techniques. Dempster-

Shafer theory is chosen to implement Occupancy Grid maps in the same large

environments that are used in the observable SLAM simulations, and an exten-

sive analysis of the information represented is provided.

1.2 SLAM: An Introduction

When a mobile robot is faced with the task of moving through an unknown area, it

has to accomplish two goals- firstly, to gain knowledge of the environment around it-

self (mapping), and secondly, to gain knowledge of its own position and orientation in

the map (localization). After these goals have been achieved, further ideas of auton-

omy like navigation and exploration can be built on the pre-established concepts of

localization and mapping. Considering the dependence of exploration on localization

and mapping, a brief history to the concepts have been given below.
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When approached simultaneously, the problems of localization and mapping are

called SLAM (Simultaneous Localization and Mapping), that was coined from the

former term of CML (Concurrent Mapping and Localization). Predicting a model of

the mobile robot’s surroundings and the robot’s location in that environment used the

idea of state estimation to find the solution- thus, the states that were estimated were

that of the robot, and that of some distinguishable features/ landmarks in its visible

surroundings. Using this technique, a map would then be built incrementally, as more

sensor readings about the environment are obtained as a function of time. SLAM

has been solved theoretically; it has also been implemented in a number of different

domains from indoor robots to outdoor, underwater, and airborne systems, however,

substantial issues remain in practically realizing more general SLAM solutions and

notably in building and using perceptually rich maps as part of a SLAM algorithm

[13].

1.3 SLAM: A brief history

Probabilistic SLAM came to existence when consistent mapping in SLAM was con-

sidered a problem because of computational and conceptual challenges. It was the

breakthrough by Durrant-Whyte [14] that established a statistical way of charac-

terizing landmarks and their relationships with geometric uncertainty. The authors

of [14] also showed that there must exist a high degree of correlation amongst land-

mark estimates in the map, and that these correlations grow with successive observa-

tions, [13]. [15] showed that the error in estimates of the landmarks were necessarily

correlated, because of the common error in estimated vehicle motion. The correlation

of estimation error being related to error in vehicle motion is because measurements to

landmarks are dependent on the vehicle’s pose, which is in turn affected by estimation

errors. This finding, therefore, implied that for a consistent solution to the complete
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problem, the state to be estimated would involve the joint states of the vehicle pose as

well as the landmark locations, which is then updated periodically. Computationally,

the number of operations required for the entire process is a quadratic function of the

number of landmarks observed, as for each updating iteration, the joint state and the

covariance matrix will have to be updated.

Work was then seen to progress in visual and sonar based navigation, that predom-

inantly used Kalman Filter (KF) algorithms. Areas of research included improving

computational efficiency and data association/ correspondence problem/ loop closure.

The 1999 International Symposium on Robotics Research (ISRR’ 99) saw the con-

vergence of KF based SLAM and probabilistic localization and mapping techniques,

according to the authors of [13].

1.4 SLAM: Evolution of Approaches

Currently, there are multiple ways of approaching the SLAM problem, which can

be classified into one of the following categories- state estimation algorithms that

encompass most variants of Kalman Filtering algorithms, probabilistic methods as

in [16] and [17], and vision based SLAM that utilize neural network based solutions

as in [18]. The classification of approaches are a result of focusing on different areas of

the issue for improvement - speed, computational efficiency, accuracy and robustness.

State estimation algorithms have evolved from the most basic filter- the Linear

Kalman Filter (LKF), which is an unbiased minimum variance estimator for linear,

Gaussian systems [19]. Most systems are modelled to be Gaussian, for approximation

purposes and the LKF is then utilized as the state and variance estimator. Typically

though, most systems are nonlinear and seldom accurately follow the Gaussian dis-

tribution. In cases like these, a nonlinear version of the Kalman Filter, the Extended

Kalman Filter (EKF) is used. The EKF linearizes the estimate about the current



9

state or the current mean and covariance [20]. The Unscented Kalman Filter (UKF)

uses the unscented transform to pick a minimal set of sample points around the mean

so that the filters can avoid poor performance when the state transition and observa-

tion models are highly nonlinear [20]. There are many other variants of the Kalman

Filter- Information form of the Kalman Filter or just the Information Filter [11] which

attempts to simplify the estimation process computationally, Ensemble Kalman Fil-

ter (EnKF) [20] and the Compressed Extended Kalman Filter (CEKF) [11]. EKF

is undoubtedly the most widely used nonlinear state estimation technique in mobile

robotics, particularly for localization and mapping problems [20], thus spawning a

wide range of variants of the EKF such as- Augmented EKF (AEKF) [21] and Inter-

laced Extended Kalman Filter [22] . For the purposes of this thesis, a Reconfigurable

EKF is used for state estimation.

Algorithms like Monte Carlo Localization (MCL) [16], [17], Particle Filters and

Fast SLAM are techniques that are predominantly based on a family of probabilistic

methods- Markov Localization and sampling particles representing a distribution for

Particle Filter based approaches. The advantage with techniques like these lie in the

fact that the distributions are not restricted to being solely Gaussian, or unimodal.

Particle filters are often an alternative to EKF or UKF with the advantage that, with

sufficient samples, they approach the Bayesian optimal estimate, so they can be made

more accurate than either the EKF or UKF [20] .

Fast SLAM has been a popular alternative to the EKF methods, in order to

combat EKF’s computational complexity. This complexity stems from the fact that

the size of Kalman filters’ covariance matrices grows quadratically with the number

of landmarks, i.e. O(K2) (K landmarks) and the entire covariance matrix has to

be updated even if only a single landmark is seen, [23]. Fast SLAM attempts to

optimize the estimation process by decoupling the robot pose and the landmark state

estimation problems, and by conditioning the landmark estimation on the robot pose
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estimate, and reduces computational complexity. It employs a particle filter for the

localization process and a Kalman filter for each landmark being estimated, as done

by authors of [23] and reduces computation complexity to O(nK) (n Kalman Filters

per landmark) or vice versa, as done by authors of [24], which can be optimized

even further . Further variants of Fast SLAM are Fast SLAM 1.0 [25], Fast SLAM

2.0 [26], EKF Fast SLAM, UKF Fast SLAM and UFast SLAM [27]. Most FastSLAM

literature uses point landmarks, [28], [23], [29] and [25], however very few, like the

authors of [24] attempt to produce grid based maps and/or use information from the

grid based maps created, like authors of [30].

A more recent approach to SLAM is by using tools from computer vision, by using

appearances for the basis of probabilistic methods as explored in [31] and [32], and

neural network based approaches for classification of the environment into categories

as explored in [18].

Observability of the SLAM problem has received little attention, and there have

been very few authors who have focused on the unobservable nature of the SLAM

problem. Hermann et al. [33] first defined the necessary rank condition for local weak

observability, followed by Chen in [34] who focused on observability of linear discrete

time systems. Nonlinear observability analysis was discussed by Nijmeijer in [35],

Song in [36] and by Lee and Wijesoma in [37]. Authors of [38], [39], and [40] question

the validity of convergence of the filter, when the system is unobservable. But pivotal

results proving world centric SLAM is unobservable came in the form of contributions

by authors of [37], [41] and [38]. More recently, authors Khan of [11] and Souici et

al. of [42], have implemented solutions for observable SLAM.
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1.5 Mapping and Exploration: An Introduction

Robot exploration often goes hand in hand with mapping, since if a priori maps

were available, exploration in the context of spatial understanding, would not be

needed. Thus we can define the problem of robotic mapping as that of acquiring a

spatial model of a robot’s environment [43]. Since mapping involves measurements

acquired from sensory inputs, problems in mapping find their source from the area

of sensor measurements. The key challenges in mapping can be attributed to five

sources- measurement noise, high-dimensionality of entities being mapped, data asso-

ciation/correspondence, dynamic environments and choice of control/motion of robot

during exploration, as summarized in [43].

For autonomous navigation and exploration, the vehicle requires knowledge about

the environment, but since it is not usually available to the vehicle beforehand, the

information has to be detected. While applications like exploration, obstacle avoid-

ance or navigational motion are dependent on the environment itself, as the authors

of [44] put it, there is always a question that demands if the environment needs repre-

sentation, and if so, how many kinds there could be and what should be represented.

Factors that affect the position of the robot are finely intertwined with perceiving

the surroundings, and thus most mapping algorithms work on localizing the robot

apart from the solving the mapping problem. Virtually all state of the art algorithms

for robotic mapping are probabilistic in modelling vehicle motion, representing the

environment and converting sensory information into usable map information [43].

An interesting part of mapping is to determine if the final map merely represents

information from sensors or whether it also depicts the relationship amongst informa-

tion in the map. Depending on the kind of map being used, deducing a relationship/

interpreting mapping data will require a high degree of accuracy in data association.
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This consists of identifying that an environment element perceived from different po-

sitions is actually the same [44]. Assuming that data association is solved correctly,

the final step would be to fuse the information recently acquired to the map previously

generated/updated, depending on the algorithm - the solution involves probabilistic

techniques yet again. A synopsis of the foundation of the probabilistic nature of

most mapping and exploration algorithms, and its history will follow in the next two

sections.

1.6 Mapping and Exploration: A brief history

The authors of [44] take an interesting view on the early beginnings of the SLAM

problem, with the mapping problem in particular, by mentioning sixteenth century

cartographers had the same problem to solve, thus often resulting in skewed maps.

The evolution of sensors has come a long way, and with it, came an increased num-

ber of solutions to tackle the mapping problem. The probabilistic nature of the

issue still hasn’t changed, however the different forms of measurements enable per-

ception, interpretation and representation of the same environment with different

information. A testimony to how various sources of sensing technology have been

used is the vast variety in literature that deals with different mapping approaches

- those employing Kalman filtering approaches and their modifications (although in

conjunction with localization) [45], [46], [47], [48]; those focusing on Dempster’s Ex-

pectation Maximization algorithms [49], [50], [51], [52] and computer vision based

techniques [32], [18], [53], [54]. Mapping approaches are usually greedy, that is, they

choose control by greedily maximizing information gain [43].
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1.7 Mapping and Exploration: Evolution of Ap-

proaches

Considering the probabilistic nature of mapping and exploration, the first set of so-

lutions proposed involved the classical Bayesian perspective in the form of Kalman

filters [55]. The Bayes filter is the single dominating scheme to integrate temporal

data [43] and has spawned multiple algorithms like those of dynamic Bayes Net-

works [56], hidden Markov Models [57] and partially observable Markov decision pro-

cesses [58], [59]. The usage of Bayes filters requires that the state which is being

estimated takes into account all uncertainties that may possibly influence its distri-

bution, and in the case of robotic mapping, that includes the robot’s pose and the

map. Most authors in the mapping literature, for example Yang of [12] and [60] and

Thrun of [43] have approached the mapping problem by assuming that the localiza-

tion of the robot was solved. The main attraction with any Bayesian formulation

is that it is recursive, and can be incremental, however the limitations came in the

form of assumptions - that landmarks could be created as points and measurement

information could be accurately associated to the landmarks. An improvement came

in the form of the Lu/Milios algorithm [61] which combines the estimation phase

of the Kalman Filter and the correspondence of nearby range measurements using

maximum likelihood data association. While it has been successfully implemented by

Gutmann in [62], the algorithm does not perform well, with large vehicle initialization

errors.

A statistical alternative to the Kalman filtering techniques is the Expectation

Maximization (EM) [43], [12], which is similar to the Kalman filter in that it has a

prediction and correction phase, where the posterior over robot poses is calculated for

a given map in the expectation phase, and the most likely map is determined given

the pose expectations, in the maximization phase. EM algorithms are known to be
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favoured over Kalman filters, because EM algorithms also tackle the data correspon-

dence problem, when the robot pose is known. They do not however, fare well in

large environments where initialization errors are huge, [43]. Additionally, EM (and

incremental EM)is inferior to KF algorithms because they’re offline and are subject

to local maxima [43]. Yet another algorithm is the Particle Filter [63], [12], that has

been used in context when the robot localization is assumed to be solved.

The other primary mapping techniques are more representative of the

environment- grid based maps, topological maps, and object maps. Grid based maps

depict information about the environment in terms of whether the region is occu-

pied or not, without any special consideration to the physical features of landmarks.

Topological maps recover a qualitative description of the environment, characterizing

the relation of basic locations. Depending on the kind of sensor used, other maps

like object maps and feature maps store visual information of the surroundings, and

their storage of features can be made efficient by using tree structured Bayesian net-

works, [64]. Exploiting the efficiency of grid based maps by understanding that their

information can be interpreted as more than binary values, authors of [65] have inves-

tigated frontier based exploration, authors of [24] who focus on exploration and loop

closing using grid based maps, and some others, who focus on a more accurate repre-

sentation of the environment specifically for exploration and obstacle avoidance, [66].

1.8 Thesis Overview

Chapter 1 provided an introduction to the SLAM and exploration & mapping chal-

lenges, along with their history and evolution of possible solutions. The rest of the

thesis is organized as follows.

• Chapter 2 provides the theoretical background that formulates the 2D SLAM
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problem, an introduction to the Extended Kalman Filter, requirements for ob-

servability in 2D SLAM and an introduction to Dempster-Shafer Theory of

Evidential Reasoning.

• Chapter 3 provides an overview of parameters used in the simulation of the

Reconfigurable EKF for SLAM in two different 2D environments. This is fol-

lowed by results and analysis for four cases each of with demonstrates a different

aspect of imposing and maintaining observability.

• Chapter 4 provides a detailed illustration of the theory Evidential Reasoning

used to create Occupancy Grid maps in a simple environment. This is followed

by results and analysis of the DS theory occupancy maps produced in two 2D

environments.

• Chapter 5 provides a brief overview of the challenges offered by the 2D SLAM

problem, the contributions of the thesis and possible areas for future work.



Chapter 2

Theoretical Background

This chapter focuses on formulating a 2 dimensional SLAM environment. It provides

a detailed background of the Extended Kalman Filter (EKF), requirements for and

tools used to assess observability, and Dempster-Shafer theory of Evidential reasoning

used to create occupancy grid maps. Notations used in the rest of the thesis have

also been defined in this chapter.

2.1 Problem Formulation

This section focuses on developing the system models consisting of the vehicle motion

in terms of pose, landmark positions and vehicle centric measurement process models

that are required to formulate the problem using the EKF. Initially developed in

continuous time, the process models and the working of the EKF are then introduced

in discrete time, for simulation.

2.1.1 Vehicle Process Model

A unicycle model for the vehicle has been considered because of its simplified

non-linear motion model. Khan of [11], Huang et al. of [38] and Souici et al.

of [42] have used the unicycle model to demonstrate SLAM. The unicycle model

16
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is considered to consist of a single steering wheel with rear driven wheels, however

the model does not include side slipping of the two active rear wheels. While the

model includes non-linear kinematics, it does not completely model vehicle inertia

or dynamics. However, for the purposes of simulation, the simplified motion model

suffices to be used as part of SLAM experiments.

Figure 2: Relationship between World Centric and Vehicle Centric Reference Frames

Figure 2 represents the SLAM problem with the world centric reference frame

denoted by Fw, the positions of all landmarks and the pose of the vehicle with respect

to Fw, the vehicle centric reference frame denoted by Fv and the vehicle centric

measurements in the form of range and bearing to all visible landmarks. All notations

in bold in the figure indicate that they correspond to Fw.
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Define the vehicle pose in the world centric reference frame as

xvt =


xvt

yvt

θvt


, (2.1.1)

where xvt and yvt represent the vehicle’s position in Cartesian coordinates in Fw, and

θvt represents the orientation or heading of the vehicle with respect to the horizontal

axis of the world frame of reference. Superscipt v and subscript t denote vehicle and

continuous time, respectively. The vehicle’s state space representation is given as

follows

ẋvt =


ẋvt

ẏvt

θ̇vt


=


cos θvt 0

sin θvt 0

0 1



vt
ωt

 . (2.1.2)

The system’s external inputs are given as

ut =

vt
ωt

 , (2.1.3)

where vt and ωt are linear velocity and angular velocity respectively.

The state space representation can be expressed in discrete time, using Euler’s

discretization procedure. Provided the sample period T is sufficiently small, the

following maps from continuous to discrete time
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t = kT (2.1.4)

where k is the timestep. The above expression can then be used to write the state of

the system in discrete time

ẋk ≈
xk+1 − xk

T
. (2.1.5)

Rearranging the terms in (2.1.5) gives the state of the system at timestep k+ 1 based

on the state of the system at timestep k, thus creating a framework for an iterative

process

xk+1 = xk + T ẋk. (2.1.6)

Casting (2.1.2) into discrete time and using it in (2.1.6), results in

xvk+1 = fv(xvk,uk) = I3x
v
k + T


cosθvt 0

sinθvt 0

0 1


uk, (2.1.7)

where fv is a non linear function that maps the current state of the system xvk and the

inputs of the system uk, to the state of the system at the next timestep. Equation

(2.1.7), while representative of the ideal unicycle model, does not include modelling

errors in the form of noise, which is necessary for the implementation of the EKF.

Thus the complete vehicle model is given by
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xvk+1 = fv(xvk,uk) + qvk, (2.1.8)

where qvk is noise sampled at timestep k from a zero mean, Gaussian distribution.

Its covariance matrix is characterized by

Qv =


σ2
x 0 0

0 σ2
y 0

0 0 σ2
θ


. (2.1.9)

2.1.2 Landmark Process Model

All modes of simulation in the thesis consider landmarks as stationary objects. The

state of landmark i in the world centric reference frame is given by the coordinates

of its position in Cartesian space such as

xit =

x
i

yi

 . (2.1.10)

Since the landmark is stationary, the process model is linear as the state of the

landmark is independent of any external inputs or states of other elements in the

system. Thus in discrete-time, the model of stationary landmark i, complete with

modelling noise is given as follows

xik+1 = fl(xik) + qik = I2(xik) + qik, (2.1.11)
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where I2 is a 2 × 2 identity matrix and qik is noise sampled at timestep k from a

zero mean, Gaussian distribution. The constant covariance matrix of the state of the

vehicle is characterized by

Qi =

σ
2
xi 0

0 σ2
yi

 . (2.1.12)

The environment consisting of multiple landmarks needs to have states of all visible

landmarks at timestep k as part of the state vector representing the landmarks and

this is accomplished by using state augmentation. Thus for landmarks i = 1 : n, the

entire state representing landmarks is given by

xlk =

[
x1
k
T

. . .xik
T

. . .xnk
T

]T
, (2.1.13)

where superscript l denotes landmark, and T denotes transpose.

2.1.3 Measurement Model

Since the vehicle has no direct knowledge of its pose in the environment, it relies

solely on its sensory measurements, which come in the form of range and bearing of

landmarks with respect to the vehicle. The range and bearing are dependent on the

vehicle’s pose and landmark i’s position. Define

∆xik = xik − xvk (2.1.14)

∆yik = yik − yvk. (2.1.15)
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The range to landmark i at timestep k is given by

rik =

√
∆xik

2
+ ∆yik

2
. (2.1.16)

The bearing to landmark i at timestep k is

bik = arctan(
∆yik
∆xik

)− θvk, (2.1.17)

where arctan is a 4-quadrant arc tangent function. The measurement model of

landmark i at timestep k, complete with measurement noise is given as

zik = h(xik,x
v
k) + wi

k =

r
i
k

bik

+ wi
k, (2.1.18)

where wi
k is noise sampled at timesetp k from a zero-mean, Gaussian distribution,

whose constant covariance matrix is characterized by

Ri =

σ
2
r 0

0 σ2
b

 . (2.1.19)

Procured measurements of all visible landmarks can be augmented into one mea-

surement vector for timestep k. Thus, for landmarks from i = 1 : n at timestep k,

the measurement vector is given by
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zk =

[
z1
k
T
. . . zik

T
. . . znk

T

]T
, (2.1.20)

where superscript T stands for transpose.

The measurement model covariance for all visible landmarks i = 1 : n for timestep k

is then given by

Rk = blkdiag

[
R1
k, . . . ,R

i
k, . . . ,R

n
k

]
. (2.1.21)

2.1.4 Jacobians of the Vehicle and Measurement Models

The EKF uses the Jacobians of the vehicle and measurement models for time and

measurement updates of states, which is discussed in detail in Section 2.2.

The vehicle process Jacobian is given by the derivative of the vehicle process

model with respect to the vehicle’s state at timestep k

Fv
k =

∂fv(xvk,uk)

∂xvk
=


1 0 −Tvk sin θvk

0 1 Tvk cos θvk

0 0 1


. (2.1.22)

The complete Jacobian for the dynamic model is given by

Fk = blkdiag(Fv
k, I2n−3), (2.1.23)
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where I2n−3 is an identity matrix of dimension 2n − 3 where n is the total number

of visible landmarks. The measurement Jacobian is composed of two parts, one with

respect to the vehicle and the other with respect to the landmarks. The measurement

Jacobian of landmark i at timestep k with respect to the vehicle’s pose at timestep

k is given by

H
v(i)
k =

∂hik(x
v
k,x

i
k)

∂xvk
=


−∆xik
rik

−∆yik
rik

0

∆yik

rik
2

−∆yik

rik
2 −1

 . (2.1.24)

The measurement model Jacobian of landmark i with respect to itself at timestep k

is given by

Hi
k =

∂hik(x
v
k,x

i
k)

∂xik
=


∆xik
rik

∆yik
rik

−∆yik

rik
2

∆xik

rik
2

 . (2.1.25)

The final measurement Jacobian of landmark i at timestep k is given by concatenat-

ing (2.1.24) and (2.1.25) in the following manner

Hk =



H
v(1)
k H1

k 0 . . . 0

H
v(2)
k 0 H2

k . . . 0

...
...

. . .
...

H
v(n)
k 0 0 . . . Hn

k


. (2.1.26)
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2.1.5 Summary of the SLAM problem

The problem can now be summarized as the task of estimating the joint states of

the vehicle and of all visible landmarks (2.1.27) with respect to Fw, given the vehicle

process model (2.1.28), the landmark process model (2.1.29) and the vehicle centric

measurement model (2.1.30).

The joint state of the vehicle and landmarks are created by state augmentation

of (2.1.1) and (2.1.13), which can be expressed as

xk =



xvk

x1
k

...

xik


=

[
xvk yvk θv x1

k y1
k . . . xik yik

]T
. (2.1.27)

The non-linear vehicle process model is given by

xvk+1 = fv(xvk,uk) + qvk, (2.1.28)

and the stationary landmark process model is linear of the form

xik+1 = fl(xik) + qik. (2.1.29)

Finally, the non-linear measurement model that obtains measurements of stationary

landmark positions is given by
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zik = h(xik,x
v
k) + wi

k. (2.1.30)

The formulation of the problem is now complete for its use in the Extended Kalman

Filter, which is discussed in the next section.

2.2 Extended Kalman Filter

The Kalman filter is one of the most useful estimation tools available that provides

a recursive method of estimating the state of a dynamical system in the presence of

noise. Since the Kalman Filter assumes that the output is a Gaussian probability

density function (PDF) with a mean of x̂k and covariance P, the estimates x̂k of the

state vector xk and the error covariance matrix P are representative of the distri-

bution. This shows that the Kalman filter is a specific example of a more general

technique known as probabilistic estimation [67]. The Kalman Filter is viewed as a

predictor-corrector algorithm, that predicts based on the model of the system, and

updates its prediction based on the acquired measurements.

For the current task of state estimation, the discrete time version of the Ex-

tended Kalman Filter has been used, and thus a brief introduction to the discrete

time Kalman Filter is given as a predecessor to the introduction of the discrete time

Extended Kalman Filter, in the following sections.

2.2.1 Introduction to the discrete time Linear Kalman Filter

Considering implementation in real time systems, the discrete time Linear Kalman

Filter (LKF) is introduced, which is closely related to the continuous time Kalman

Filter. The LKF is an optimal, unbiased and minimum variance observer with the
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assumption that any noise is zero-mean white Gaussian and the system is of the

following linear form

xk+1 = Fxk + Guk + qk (2.2.1)

zk = Hxk + wk. (2.2.2)

Assume that noise is zero-mean Gaussian and that the noise from the system and

measurement processes are independent in the following form

E [qk] = E [wk] = 0 (2.2.3)

E [wkq
T
j ] = 0, (2.2.4)

where superscript T indicates transpose, and

E [wkw
T
j ] =


Rk, if k = j (the measurement noise covariance)

0, otherwise.

E [qkq
T
j ] =


Qk, if k = j (the process noise covariance)

0, otherwise.

Define the state error

x̃k = xk − x̂k (2.2.5)
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and the covariance associated with the state estimate x̂k as

Pk = E [x̃kx̃
T
k ]. (2.2.6)

The main goal of the LKF is to simultaneously maintain an estimate x̂k of the state

and that of the associated covariance Pk. Since the filter has two phases, prediction

and correction, for the state and covariance, the following notation has been adopted

• x̂−k is the a priori or predicted state estimate at timestep k.

• x̂+
k is the a posteriori or corrected state estimate at timestep k.

• P−k is the a priori or predicted covariance at timestep k.

• P+
k is the a posteriori or corrected covariance at timestep k.

The filter is initialized with the following

x̂+
0 = E [x0] (2.2.7)

P+
0 = E [x̃0x̃

T
0 ]. (2.2.8)

The LKF has been derived on the basis of Bayesian postulates, that allows for the

dependency of the state (a priori) at one sample period on the state (a posteriori) at

the previous sample period. This implies that the filter can run iteratively, without

having to store the history of observations or states, for the functioning of the filter.

The algorithm of the LKF is given as follows.

After initialization of the Kalman state and Kalman covariance as seen in equa-

tions (2.2.7) and (2.2.8), the filter performs a prediction step shown in equations
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(2.2.9) and (2.2.10), which involves using the system process models to obtain

an apriori estimate of the state as well as the covariance. It is assumed that

the input at every timestep k, uk, the a posteriori state estimate x̂+
k−1 , the a

posteriori covariance P+
k−1 are known from simulation or initialization. Process

model noise and measurement noise covariance matrices, Qk−1 and Rk−1 are user

provided values, determined from the levels of confidence attributed to measurements

x̂−k = Fx̂+
k−1 + Guk−1 (2.2.9)

P−k = FP+
k−1F

T + Qk−1. (2.2.10)

Equations (2.2.9) and (2.2.10) are called time update equations, because they run the

system ahead in time and predict the state and covariance. Following this, sensory

measurements zk obtained are of the form

zk = Hxk + wk (2.2.11)

and the predicted measurements are computed using

ẑk = Hx̂k. (2.2.12)

The next step is to obtain the innovation sequence (2.2.13) and the covariance asso-

ciated with it (2.2.14)

vk = zk − ẑk (2.2.13)

Sk = HP−1
k HT + Rk. (2.2.14)
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The information gathered from sensory observations are used to correct the esti-

mated state and covariance. Thus, using equation (2.2.14), the Kalman gains can be

computed as follows

Kk = P−k HTS−1
k . (2.2.15)

The computed Kalman gains form the weights that determine how the predicted

state and covariance values get updated. The final steps involving correction of the

predicted state and covariance are given by

x̂+
k = Kkvk + x̂−k (2.2.16)

P+
k = (I−KkHk)P

−
k , (2.2.17)

where I is an n × n identity matrix. Expressions (2.2.16) and (2.2.17) are called

measurement update equations, because they update the predicted state based on true

measurements obtained using sensory observations, and provide a revised estimate

of the state and the covariance, taking into account the deviation of the system’s

estimates from the true measurements.

2.2.2 Introduction to the discrete time Extended Kalman

Filter

While the LKF works well for linear systems, it cannot accommodate non-linear

systems. A modification of the LKF, called the Extended Kalman Filter(EKF) is

used for non-linear systems. The EKF assumes a non-linear process and measurement
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model of the following form

xvk+1 = fv(xvk,uk) + qvk (2.2.18)

zk = h(xk) + wk. (2.2.19)

The initialization process of the EKF is the same as that of the LKF however, it

differs during time update sequence. In the LKF, the time update sequence makes

use of the system’s models, as they are linear. In the EKF, the linearization is a

forced procedure, that must take place in order to obtain a priori state and covari-

ance estimates. Considering the problem formulation, since both the vehicle and

measurement process models are non-linear, both system models will be linearized

using the Jacobian

Fk =
∂f(xk−1,uk)

∂xk−1

∣∣∣∣
xk−1=x̂+

k−1

. (2.2.20)

Equation (2.2.20) represents the vehicle process Jacobian, and has been computed in

Section 2.1.4 and is given by the expression (2.1.23).

The measurement process Jacobian given by

Hk =
∂h(xk)

∂xk

∣∣∣∣
xk=x̂−

k

, (2.2.21)

is computed in Section 2.1.4 and is given by the expression (2.1.26).

Correspondingly, the time update equations take a slightly different form

x̂−k = f(x̂+
k−1,uk−1) (2.2.22)
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P−k = Fk−1P
+
k−1F

T
k−1 + Qk. (2.2.23)

Similarly, the computation of the innovation sequence involving ẑk is computed with

ẑk = h(x̂−k−1). (2.2.24)

The remaining steps of the algorithm are the same as that of the LKF as seen in

Section 2.2.

2.3 Observability

The SLAM problem requires the EKF to act as a state observer, and since state ob-

servers require systems to be observable [68], the SLAM problem must be formulated

as observable for the EKF to provide consistent state estimates. Observability plays

a major role in filtering and in reconstruction of states from inputs and outputs, so

while literature on SLAM algorithms is plenty, theoretical issues relating to the fun-

damental properties of SLAM has seldom received as much attention, as the authors

of [37] and [11] point out. There have been a few exceptions however, with the fol-

lowing authors focusing on observability, specifically for SLAM problems [38], [39],

and [40], whose works question the validity of convergence of the filter, when the sys-

tem is unobservable. Considering the importance of observability, this section focuses

on defining observability, its implications for SLAM and the constraints required to

keep the system observable.
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2.3.1 Observability in linear and non-linear systems

A system is said to be completely observable if at a particular time instant t0, every

element of the state, x(t0) = x0 can be reconstructed only from the available measure-

ments/observations over a finite time interval, t0 ≤ t ≤ t1. A dynamic system with

an unobservable state is called unobservable. The initial state x0 can be uniquely

determined from the measurements if and only if the system is observable, and this

proves crucial to the understanding of its implications for reconstructing the states

of the vehicle and the landmarks in SLAM.

Observability takes different forms depending on the linearity of the system. For

a linear, time invariant system of the form

xk+1 = Fxk + Guk (2.3.1)

zk = Hxk, (2.3.2)

if the observability matrix O given in equation (2.3.3) is full rank, then the system is

observable, and unobservable if it is not full rank,

O =



H

HF

HF2

...

HFn−1


. (2.3.3)

Assuming n states and m measurements, the dimension of O is nm × n, implying
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that the system is observable if rank(O) = n.

Consider nonlinear, discrete time systems of the following form

xk+1 = f(xk) (2.3.4)

zk = h(xk). (2.3.5)

To arrive at a similar analysis of the observability matrix for a deterministic system,

consider the following definitions of functional composition

f ◦ f(x) = f(f(x)) (2.3.6)

fj(x) = f ◦ fj−1(x) (2.3.7)

f0(x) = x. (2.3.8)

Referring to the review in [69] for any given initial state x, the system produces

the following sequence of outputs given by the ordered set

O(x) = {h(x),h ◦ (f(x)),h ◦ (f2(x)), . . . h ◦ fk(x), . . .} (2.3.9)

Points x̄ and x are considered to be indistinguishable if O(x) = O(x̄). Thus the set

of points that are indistinguishable from x̄ can be defined as

L(x̄) = {x | O(x) = O(x̄)}. (2.3.10)
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The system is then said to observable at x̄ if L(x̄) = {x̄}, and unobservable otherwise.

Local observability can be defined in the situation when x is indistinguishable from

a set of isolated points x̄i, ∀i ∈{1, . . . , npoints}, then the system is locally observable

about x. The distance between x and the closest indistinguishable point provides a

measure of the minimum size of the observable subspace.

2.3.2 Fisher’s Information and Cramer-Rao Lower Bounds

To determine how well the EKF performs in comparison to the optimal performance

possible, Cramer-Rao Lower Bounds (CRLB) and Fisher’s Information are used. The

formulation and computation of the Cramer Rao Lower Bounds and Fisher’s Infor-

mation has been adapted from [69] and [11].

Consider a nonlinear discrete time state estimation problem with a noise free

process model

xk+1 = f(xk) (2.3.11)

and a noisy measurement model

zk = h(xk) + wk, (2.3.12)

where wk is zero mean Gaussian white noise with covariance matrix Rk. Assume

that an unbiased initial estimate x̂0 of the state at time step k = 0 is avail-

able with covariance matrix P0. The Cramer-Rao Lower Bounds then provide an

assessment of optimal accuracy in estimation of the state xk based on the observations
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Zk = {x̂0, z0, z1, . . . , zk}. (2.3.13)

The Cramer-Rao results state that the covariance matrix Ck for an unbiased

estimator x̂k of the true state xk is bounded from below by the inverse of Fisher’s

Information Matrix Jk, [11], [69]. These lower bounds are expressed as

Ck = E [(x̂k − xk)(x̂k − xk)
T ] ≥ J−1

k , (2.3.14)

where Fisher’s Information Matrix is defined as the conditional expectation

Jk = E
[
(
∂ ln p(Zk|xk)

∂xk
)T (

∂ ln p(Zk|xk)
∂xk

)
∣∣∣ xk

]
, (2.3.15)

and p(Zk|xk) is the joint conditional probability density function of Zk given xk.

The matrix inequality Ck ≥ J−1
k is equivalent to stating that (Ck − J−1

k ) is posi-

tive semi-definite. Since the diagonal elements of a positive semi-definite matrix are

non-negative, the diagonal elements of J−1
k provide the estimate error variance lower

bounds for the corresponding elements of x̂k.

Due to the Gaussian nature of the measurement noise wk assumed, the calcula-

tion of the Fisher’s Information Matrix Jk is reduced to an iterative process with

initialization

J0 = P−1
0 + HT

0 R−1
0 H0, (2.3.16)

and time updates
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Jk+1 = F−1
k

T
JkF

−1
k + HT

kR−1
k Hk, (2.3.17)

where

Fk =
∂f(x)

∂x

∣∣∣∣
x=xk

, (2.3.18)

and

Hk =
∂h(x)

∂x

∣∣∣∣
x=xk

. (2.3.19)

Note that CRLB are primarily used to address the question,” If the system follows

a known trajectory through the state space and produces the defined noisy measure-

ments, what is the lower bound on the variance for the estimation error for each

element of the state vector over this trajectory?” This is based on the assumption

that the trajectory is known resulting from the noise free process model, which is why

the Jacobians in (2.3.18) and (2.3.19) are computed using the true state xk, unlike

the EKF which uses x̂k. An important property of Fisher’s Information is that in

the absence of prior information or when J0 = 0, if Jk remains singular, then the

system has a unobservable subspace along this trajectory. This implies that system

carries almost no information about the parameter that xk is dependent on, which is

Zk, and the lower bound for the covariance is extremely high, indicating high uncer-

tainty. The reader is directed to Appendix C of [69] for a detailed understanding of

the Cramer-Rao Covariance Bounds.
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2.3.3 Requirements for observable 2D SLAM

The autonomous, world centric SLAM problem as formulated and summarized in

Section 2.1.5, can now be examined for observability. The authors of [39] showed

that the world-centric SLAM problem is unobservable; the authors of [37] analyze

the issue using differential geometry, and arrive at the number of unobservable states

in the nonlinear SLAM system. A mathematical explanation adopted from [70],

as described and used by Khan in Section 3.1.1 of [11], proves that the number of

unobservable degrees of freedom in a 2D SLAM problem is 3. Using distinguisha-

bility of states, the proof in Section 3.1.1 of [11], demonstrates that the sequence

of measurements cannot uniquely distinguish between the different initial states

(x̃v0, x̃
i
0) and (x̄v0, x̄

i
0), under an arbitrary rotation matrix C(β) and an arbitrary

transformation vector T. Thus, there are three degrees of freedom, two through T

and one through C(β). This establishes that the SLAM problem’s unobservable

subspace has a dimension of three or that it has three unobservable states.

Figure 3 (brought forward from Subsection 2.1.1) demonstrates the SLAM prob-

lem and the observability issue. Consider the vehicle pose [xvk, y
v
k, θ

v
k]
T and all land-

mark positions [xik, y
i
k]
T , which are defined relative to the world centric reference frame

Fw. All notations in bold in Figure 2 indicate that they are with respect to Fw. The

second frame of reference is the vehicle centric reference frame or Fv, and all range and

bearing measurements, [rik, b
i
k]
T are obtained with respect to Fv. The SLAM prob-

lem aims to estimate the pose of the vehicle and that of the landmarks in Fw while

using sensory information obtained with respect to Fv. The measurements obtained

however are not world centric, because they do not return absolute positions of the

features sensed, but measurements relative to the position of the vehicle. Intuitively,

this implies that there is no unique mapping from the measurements obtained to the
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Figure 3: Relationship between World Centric and Vehicle Centric Reference Frames

absolute position of the landmarks or the vehicle in the world centric frame. The

position of the vehicle expressed in Fw is the transformation vector between Fw and

Fv, however, for the transformation to take effect, the origin of Fw must be defined.

If the origin and orientation of Fw is not fixed, then there is no way to guarantee that

measurements obtained in Fv pertain to a certain location in Fw. This is because a

given measurement is expressed in Fv, and to express the measurement with respect

to Fw, a transformation between the two reference frames, Fv and Fw must be defined.

If no transformation is defined, then the definition of Fw is ambiguous, as there are

infinite world centric reference frames to choose from. Three constraints are required

to define Fw.
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2.3.4 Imposing Observability

In the part of literature that did focus on observability of SLAM, there have been

differences in how many unobservable states the SLAM system has, thus modifying

the solutions for the problem. The authors of [39], proposed that a two dimensional

SLAM problem could be made observable if the co-ordinates of one landmark in the

world centric frame were known. However, as Khan of [11] and Lee et al. of [37]

point out, knowledge of world centric positions of one landmark, does not render

the problem observable. Lee et al. of [37] prove that knowledge of world centric

positions of two landmarks makes the system observable. However, this requires

prior information of the distance between two known landmarks. Khan [11], showed

that the 2D SLAM problem could be made observable when three co-ordinates of

two landmarks in the world centric frame are known.
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Figure 4: Impact of using only an Anchor to define Fw
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Figure 5: Impact of using an Anchor and Tether to define Fw
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In the absence of knowledge of the initial vehicle position and of the world frame

of reference in an autonomous SLAM problem, sensor readings from two landmarks

are necessary to initialize a world frame of reference to make the system observable,

and it is necessary to have at least two landmarks in sight to maintain observability.

This imposes 3 constraints by holding constant 2 coordinates of one landmark and

1 coordinate of the other. The landmark whose two co-ordinates are fixed, and not

estimated is referred to as an ”anchor”. The landmark whose one co-ordinate is

fixed and not estimated, is called a ”tether”. The notations {d1, d2} representing the

position of the anchor in Figure 4 and in Figure 5, and {d3} representing the single

coordinate of the tether that is fixed, are signed quantities.

As shown in Figure 4, fixing 2 coordinates of the anchor now restricts the origin of

the newly created Fw, to lie anywhere on a circle whose radius is the distance between

the origin of Fw and the anchor. Two possible Fw’s are shown and the black dots on

the circle indicate that any position on the circle could possibly be the origin of Fw.

Fixing a coordinate of the tether, narrows the placement of the origin from anywhere

on the circle to two possible solutions, both of which are valid; both solutions are

shown in Figure 5. In Figure 5, the y coordinate of the tether in the form of d3 is

fixed.

The reader is referred to Section 3.3 of [11] for a detailed description of how

knowledge of three coordinates of two landmarks can be used for the autonomous

initialization process that has been used in simulations. It is important to note the

difference between initialization in practical applications and in simulation environ-

ments. Since simulated environments have knowledge of Fw, the true positions of

the anchor and tether are used by the initialization routine. In practical applications,

since there is no pre-fixed Fw, it is often preferred to assume the position of the anchor

as the origin of Fw, with the tether assumed to be on either the x or y axes, and then

proceeding with the initialization procedure described in Section 3.3 of [11].
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2.4 Dempster-Shafer Evidential Theory

and Occupancy Grids

Of all algorithms that handle mapping with known robot poses, occupancy grid maps,

originally developed by the authors of [71], [72] and [73], have received popularity,

because of their use of probabilistic techniques, their discretization of the environ-

ment into grid-cells and their generation of a consistent map from noisy sensor mea-

surements [43]. The grids may be 3 dimensional, but usually tend to be 2 dimen-

sional [60], [12]. Occupancy grid maps fundamentally use two concepts- to represent

information and to effectively combine evidence from new sources to update the pre-

viously represented information in the map. The method of combining existing data

with newly arrived data has been dominated by Baye’s rule of combination, until an

alternative method was brought to the forefront by the authors Arthur. P. Dempster

of [74] and Glenn Shafer of [75], [76], called Dempster-Shafer (DS) theory of evi-

dential reasoning. Yang of [12], [60] analyzed DS theory for occupancy grids under

the assumption that the localization problem was solved. The use of Bayesian the-

ory in grid based maps is reviewed, along with simulations in small scale, office-like

environments.

The Dempster-Shafer (DS) theory, also known as the theory of belief functions, is

a generalization of the Bayesian theory of subjective probability [75]. Probability’s

interpretation is subject to two schools of thought- one that attributes probabilities

for a proposition, and another that attributes the probabilities for questions that

lead to formulating, and thus interpreting the belief in the proposition. The DS

theory was seen as a substantial idea because of its two fold functionality- the idea of

obtaining degrees of belief for a proposition from subjective probabilities for related

propositions, and Dempster’s rule for combining such degrees of belief when they

are based on independent items of evidence [75]. This created a powerful alternative



45

to the conventional Bayesian theory of combining new information to existing ones,

to update the proposition’s state. The remainder of this section focuses on an

introduction to Dempster-Shafer theory, its comparison to, and a brief introduction

to Bayesian theory.

2.4.1 Introduction to DS theory

The DS theory is modelled by considering a frame of discernment θ, consisting of

all singleton propositions. In the case of grid based cells, the following singleton

propositions exist

θ = {E,F} (2.4.1)

where E and F are the emptiness and fullness propositions respectively. The power

set containing all possible combinations of elements of θ is

Ξ = 2|θ| = {E,F, θ, φ} (2.4.2)

where φ indicates that no proposition is applicable to the cell and θ indicates that

either E or F is applicable to the cell. The propositions φ and θ will be denoted

by neither and EorF respectively. Each cell of the grid map is indexed by its row

and column indices i and j, and all equations described henceforth are applicable

to every cell in the grid, and thus cell indices i and j will be dropped. Every cell

is assigned with a certain probability value for each proposition from the power set,

called the mass or the basic probability assignment (bpa) of the cell and have to

adhere to the following constraints
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∑
A⊂Ξ

mA = mE +mF +mneither +mEorF = 1 (2.4.3)

for cell {i, j}. Since neither proposition applying to the cell is improbable,

mφ = mneither = 0 leading to

∑
A⊂Ξ

mA = mE +mF +mEorF = 1. (2.4.4)

Since the cells being full or empty is determined by what is contained in the cell

as well as measurements obtained from sensors, bpa’s are assigned to propositions

from two sources, one being the map and the other being the sensor. Both the

map and the sensor contain propositions from the same frame of discernment

θ and the same power set Ξ, however, they contain different information. The

four bpa values attributed to every cell in the map corresponding to the four

propositions of Ξ - mm
E , mm

F , mm
EorF and mm

neither (superscript m denotes map),

contain evidence for each proposition and is interpreted as knowledge defining

the cell. When the same propositions related to the sensor - ms
E, ms

F , ms
EorF

and ms
neither (superscript s denotes sensor), are assigned values, they signify the

degree of confidence in the sensor’s ability to detect emptiness and fullness accurately.

The bpa’s for initialization of all cells in the grid take the following general form

• mm
E = massE

• mm
F = massF

• mm
neither = 0

• mm
EorF = 1−massE −massF .
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This assignment suggests a certain weight associated with the trust in each

proposition applicable within the cell and eventually the map, based on any previous

knowledge about the map. Initialization of the grid or map usually involves

assigning low bpa values to the emptiness and fullness propositions, because of lack

of knowledge about the map, while correspondingly increasing the bpa value for

proposition EorF , since a cell has to be either empty or full. It can be seen that the

summation of bpa values adhere to the probability constraint in equation (2.4.3).

Assigning values to the same propositions for evidence obtained from the sensor

uses the following general form

1. If the sensor detects a cell as empty, assign

• ms
E = λE ,

• ms
F = αE ,

• ms
neither = 0 ,

• ms
EorF = λEorF = 1− λE − αE .

2. If the sensor detects a cell as full, assign

• ms
E = αF ,

• ms
F = λF ,

• ms
neither = 0 ,

• ms
EorF = λEorF = 1− λF − αF .

The summation of bpa values adhere to the constraint in (2.4.3). The bpa values

or sensor support values assigned to ms
E and ms

F depend on the accuracy of the sensor.

In the case of an empty cell being detected, if the sensor is considered accurate, ms
E is

assigned a high value (<1), and ms
F receives a bpa value of αE = 0 signifying that the
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sensor is reliable and could not have inaccurately detected a full cell as being empty.

The value of ms
EorF then becomes 1 − λE and the same procedure is used to assign

bpa values for sensory information detecting a full cell. Since real world sensors are

seldom accurate enough to assign a high bpa value to emptiness or fullness exclusively

and 0 to fullness or emptiness correspondingly, a high bpa is assigned to ms
EorF and

low values to both ms
E and ms

F .

The newly arrived sensor data can be recursively combined with previously

initialized map data, by using Dempster’s rule of combination given by

mm
A (k + 1) = ms

A(k + 1)⊕mm
A (k) =

1

1−K
∑

B∩C=A6=φ

ms
Bm

m
C , (2.4.5)

where k is the time step.

With respect to the grid, each proposition in the power set Ξ, undergoes an

information update using Dempster’s rule of combination as specified in (2.4.5), and

the new value is assigned to the proposition with respect to the map or mm
A . In

(2.4.5), the normalizing factor 1 − K takes into account all evidence(masses) from

two sets of sources, that favour the proposition A while attributing any contradicting

evidence to the null set through K, which is given by

K =
∑

B∩C=φ

ms
Bm

m
C . (2.4.6)

Bpa values merely assign a proportional value of evidence that favours a proposi-

tion A while not claiming any knowledge of the subset of the proposition. The three

main functions that enable DS theory to produce higher levels of interpretation are

the belief, doubt and plausibility functions. The belief function expresses the level of

confidence in the evidence gathered for a proposition. The belief function is related

to the bpa as follows
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Bel(A) =
∑

B|B⊆A,∀A⊆θ

mm
B . (2.4.7)

The above relation shows that the belief function combines evidence from all sources

that contribute towards the proposition being true. The plausibility function is

defined as follows

Pl(A) = 1−Bel(Ā) = 1−Dou(A) =
∑

B|B∩A6=φ,∀A⊆θ

mm
B . (2.4.8)

The plausibility function of proposition A is defined as the resulting confidence, after

confidence in evidence that explicitly supports contradicting propositions is taken

away from the total degree of confidence. Thus for a proposition A, the belief and

the plausibility functions form lower and upper bounds on the true probability of the

proposition respectively

Bel(A) ≤ P (A) ≤ Pl(A). (2.4.9)

2.4.2 Comparison with Bayesian theory

For most grid based maps, Bayesian theory is the basis of representing information

and incorporating new information into the current map. A reminder to the Bayesian

framework is now provided with respect to grid based maps.

The events of concern in a grid based map are that of fullness (denoted by subscript

F) and emptiness (denoted by subscript E), whose outcome will be judged by their

probability assignments. Assuming that all computations take place for every cell

i, j in the grid, cell indices as subscripts will be dropped. Consider
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0 ≤ PF ≤ 1, (2.4.10)

0 ≤ PE ≤ 1, (2.4.11)

PF + PE = 1. (2.4.12)

Numerical measures showing support for emptiness and fullness for each cell are

represented in the form of probabilities of each event occurring. Since the numerical

measures are probabilities, the values adhere to (2.4.12). For every time step t,∀t ∈

1 : ntime, as new sensor data (denoted by s) is obtained, Bayes theorem is used to

incorporate it with existing knowledge

P (Ft|st) =
P (st|Ft)P (Ft)

P (st)
(2.4.13)

=
P (st|Ft)P (Ft)

P (st|Ft)P (Ft) + P (st|Et)P (Et)
. (2.4.14)

The above equation is updated recursively for each event, by setting

P (Ft) = P (Ft−1|st−1). (2.4.15)

When a priori values are not available, during initialization of cells for instance, an un-

biased value of 0.5 is assigned to the cell. This implies that the cell has a 50% chance

of being occupied and 50% chance of being empty, so an unbiased equal chance of

either proposition being true. Eventually, due to the Bayesian update, all visible cells

should have their numerical measures for either proposition approach a value of 1,

depending on whether they are empty or full.
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Analyzing the initialization values, it reveals that the values may convey ambigu-

ous interpretations; a value of 0.5 for a cell could mean either of the following - the

cell has not been scanned yet, the cell’s value has been updated to a degree that

now has a 50% chance of being full or empty, the sensory measurements have noise

that allowed for erroneous updates or that the cell is literally, half occupied and half

empty. Even if it was assumed that the cell was not scanned yet, this implies that the

cell is being assigned a 50% chance of either proposition, when there is no evidence

suggesting either. So while the Bayesian method provides a good form of recursive

updating, it does not provide a unique form of interpretation. Authors Yang et al.

of [77] have provided modifications to the basic Bayesian update methods to aid in

clearer interpretation, by defining a conditional probability that takes into account

sensor errors, in the following form

pc = P (obstacle = 1|obstacle present = 1) (2.4.16)

pf = P (obstacle = 1|obstacle present = 0) (2.4.17)

Thus pc and pf give the correctness of obstacle detection in the cell correspondingly,

and this can then be factored into the fullness and emptiness support to increase

the accuracy of the numerical measures of fullness and emptiness. Additionally, the

authors also included a factor that keeps track of whether each cell has been scanned,

and as the number of times the cell has been scanned increases, the factor’s value

approaches 1.

Improvisations to the Bayesian model can yield better maps, however, the

Dempster-Shafer theory of evidential reasoning has a more natural framework that

attributes interpretations to numerical values. Consider the basic difference in ana-

lyzing propositions and assessing how feasible it is for all of them to occur - while

the Bayesian theory assigns a numerical measure for each proposition, the DS theory
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assigns a numerical measure for all questions that potentially lead to answers about

each proposition. Manipulation of these answers then leads to various states of inter-

pretation about the event, and each state considers evidence in favour of and against

the event. The information that Bayesian theory considers as actual probability, DS

theory breaks down into evidence, and then deduces a level of belief in that event,

based on the evidence accrued. Thus, there can be no ambiguity in the interpretation

of belief in different states, because all evidence has been accounted for, and there

is also a measure of lower and upper bounds in the form of the belief and plausibil-

ity functions, between which the true probability of the event is bounded. Thus for

data fusion in grid based maps, the DS theory has a natural advantage over Bayesian

theory.



Chapter 3

Observable EKF SLAM Simulations and

Results

Simulations have been conducted in two representative environments to demonstrate

different aspects of the observable autonomous SLAM problem in 2 dimensions. The

results are analyzed using four cases, each of which analyzes factors that cause fluc-

tuations in the EKF’s performance as an observer for the SLAM problem. A brief

reminder of the cases previously considered in literature is given, followed by simula-

tion parameters and an overview of the cases that are discussed in this section.

Authors Lee et al. of [37] and Khan of [11] have shown the autonomous SLAM

problem devoid of prior landmark knowledge is unobservable with three unobservable

degrees of freedom through simulations. Since it has been proved that knowledge

of at least three coordinates of two landmarks is necessary for the problem to be

observable [69], [11], all simulations conducted for this thesis assume that at least

two landmarks are in the field of view of the vehicle at all times.

53



54

3.1 Simulation parameters

The EKF algorithm comprises of a simple range and bearing measurement model

to available point landmarks. Additive Gaussian-white noise is added to both

range and bearing measurements obtained to simulate real world values. Before the

initialization procedure is executed for anchor and tether selection, measurements

are obtained and averaged for 100 readings (the value 100 is chosen with an intent

to reduce initial measurement errors). This is then followed by anchor and tether

selection and initialization. All landmarks are constantly evaluated based on their

distance to the vehicle (distance test) and the number of iterations for which they

have been in the filter (time test). When either of the anchor-tether pair fails the

distance or time tests, a re-selection is triggered, allowing for the landmark with

the best success rate from the tests to become the anchor or tether. Reselecting

also employs a test to determine if the landmarks are horizontal or vertical in the

world frame of reference, thus allowing for switching in the estimation of the tether’s

coordinate.

The values used are similar to values used in SLAM literature, and is specifically

adopted from [11].

The simulation uses the following parameters during initialization.

1. Kalman Covariance

The Kalman covariance is initialized to high values signifying low levels of

certainty in the knowledge of the vehicle’s pose

Pv = blkdiag(5m2, 5m2, 5rad2). (3.1.1)
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Similarly, a new landmark i also receives a high degree of uncertainty corre-

sponding to its position and its covariance values are initialized to

Pi = blkdiag(5m2, 5m2). (3.1.2)

2. Vehicle Process Covariance

The covariance associated with the noise of the vehicle process model is given by

Qveh = blkdiag(0.01m2, 0.01m2, 0.04rad2). (3.1.3)

3. Landmark Process covariance

The covariance associated with the noise of the landmark process model for

landmark i is given by

Qi = blkdiag(0.03m2, 0.03m2). (3.1.4)

The covariance for all landmarks i = 1 : n in the field of view are given by

Qlm = blkdiag(Q1,Q2, ...,Qn). (3.1.5)

The complete process model covariance is given by

Q = blkdiag(Qveh,Qlm). (3.1.6)

4. Measurement Model Covariance
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Assuming reasonable sensor accuracy, measurement model covariance for

landmark i is initialized as

Ri = blkdiag(0.02m2, 0.05rad2) (3.1.7)

and the complete measurement model covariance for all landmarks i = 1 : n

that are in field of view is given by

R = blkdiag(R1,R2, ...,Rn). (3.1.8)

5. Vehicle Linear and Angular velocities

(a) Straight Ladder Environments

u =

2m/s

0

 (3.1.9)

(b) Circular Ladder Environments

u =

 2m/s

0.05rad/s

 (3.1.10)

6. Sample period

T = 0.05s (3.1.11)

7. Maximum Sensor Range

The thesis assumes that the sensor has a finite sensing range with a 360◦ field

of view, but takes on different values of maximum sensor range for each case to
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simulate the entry to and exit of landmarks from the field of view of the sensor.

(a) Cases 1 and 2

range = 200m bearing =360◦

(b) Case 3

range = 80m bearing =360◦

(c) Case 4

range = 55m bearing =360◦

3.2 Overview of Simulation environments and Re-

sults

To demonstrate different concepts of the SLAM problem, an illustrative straight lad-

der environment as shown in Figure 6, and a circular ladder environment as shown

in Figure 7 are used, where the vehicle is indicated by the black triangle. Each en-

vironment’s description in terms of location of landmarks has also been provided in

Table 1 and Table 2. Both environments used are adopted from [11], but are mod-

ified to include surrounding walls. The environments are reasonably large, with the

straight ladder environment covering an approximate area of 200m × 200m and the

circular ladder covering an area of 140m× 140m. A brief introduction to the 4 cases

that have been analyzed are given as follows, followed by a detailed analysis of each

case.
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Table 1: Straight Ladder Environment Spatial Description

Landmark Index x coordinate in ’m’ y coordinate in ’m’

1 20 -20

2 20 20

3 60 -20

4 60 20

5 100 -20

6 100 20

7 140 -20

8 140 20

Table 2: Circular Ladder Environment Spatial Description

Landmark Index x coordinate in ’m’ y coordinate in ’m’

1 0 10

2 0 -10

3 30 40

4 50 40

5 0 70

6 0 90

7 -30 40

8 -50 40

• Case 1: Accuracy in Large Environments

Using the straight ladder environment and by choosing landmarks 1 and 2 as

the anchor and tether respectively, demonstrate the need for reselecting anchor

and tether as the vehicle travels through a large environment.

• Case 2: Observability Issues with Tether Estimation

Using the straight ladder environment and by choosing landmarks 1 and 2 as the
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anchor and tether respectively, demonstrate the need for switching the coordi-

nate of estimation of the tether from x to y, and vice versa. Fisher’s Information

Matrix is used to analyze observability based on anchor-tether orientations in

Fw.

• Case 3: Observable Reconfigurable EKF SLAM

Demonstrate the benefits of enabling automated re-selection of anchors and

tethers, and automated switching of the estimated coordinate of the tether in

the straight ladder environment.

• Case 4: Limitations of Anchor-Tether Re-selection

Demonstrate the benefits of enabling automated re-selection of anchors and

tethers, and automated switching of the estimated coordinate of the tether

in the circular ladder environment. Also examine possible drift in estimates

through repeated re-selection with multiple passes through the environment.

Since both environments are large and considering a simple range and bearing

sensor model, it is important to note the impact of range and bearing in Fv on

the Cartesian error in Fw. While noise in the range and bearing measurements is

assumed to have a constant covariance, the effective Cartesian error due to bearing

uncertainty still depends on the distance between the vehicle and the landmark, as

seen in Figure 8. Observing landmarks 2(a) and 2(b), it can be seen that with the

same bearing value b2 for both landmarks, the distance between the vehicle and

the landmarks given by r2(a) and r2(b) have an impact on the error in Cartesian

estimates. The impact is evident in the y coordinate for landmark 2(a) as it farther

away from the vehicle than landmark 2(b) is. For landmarks 1 and 3, the Cartesian

error is higher in the x and y coordinates respectively. With the range values to

landmarks 1 and 3- r1 and r3 being equal, the impact of vehicle-landmark orientation

on Cartesian error is evident, as it influences the decrease in estimation accuracy in
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Figure 8: Effect of Range and Bearing Sensor Errors on Cartesian Error

the x and y directions respectively.

3.3 Case 1: Accuracy in Large Environments

The simulation is conducted in the straight ladder environment, with landmark 1

chosen as the anchor and landmark 2 chosen as the tether for the entire duration of

the simulation, with no re-selection of the anchor and tether. With initial selection of

anchor and tether, the coordinate of the tether that is estimated is y, as the anchor-

tether pair is vertical in Fw. A detailed analysis of the choice of coordinate of the

tether to be estimated depending on the orientation of the anchor-tether pair is given

in Section 3.4. The range of the sensor on board the vehicle is assumed to have a range

of 200m and a 360◦ field of view, thus enabling all landmarks in the environment to

be in its field of view for the duration of the simulation.

Figure 9 uses rectangles to display landmarks, while the landmarks positions as

used in the EKF are points located in the centre of the rectangles. Figure 9 contains
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the anchor highlighted in red, the tether highlighted in magenta, the vehicle shown as

a black triangle for various time steps, the true path shown in green and the estimated

path shown in red. It also contains uncertainty ellipses plotted for each landmark;

however, the figure represents the uncertainty ellipse plotted at the vehicle’s final

position. The uncertainty ellipse may look like a line due to the dimensions of the

figure. For trends in the standard deviations of estimates of landmarks, the reader is

directed to Figures 11 through 12.
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Figure 9: Case 1: Motion of Vehicle through the Straight Ladder Environment

The state error for the anchor- landmark 1, remains 0 throughout the simulation,

because both its co-ordinates have been held constant without being estimated by the

EKF. Since simulation environments are user defined, positions of all landmarks are

known. Thus exact initialization of values has been used for the anchor’s coordinates

and the tether’s x coordinate leading to zero initialization error. Figure 10 shows that

the state error for y coordinate of the tether- landmark 2 is non zero, because it is

estimated by the EKF.

Figure 10 represents the error in estimation of the vehicle pose and the standard
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Figure 10: Case 1: State Error, Standard Deviation of Vehicle pose and Tether
State Error

deviation. It can be seen that errors are at approximately at 20cm on average for

the x and y coordinates, and in the order of 10−2 rad for θ for the entire simulation,

thus indicating that the EKF is performing well without diverging. It is interesting

to note the trends in the error for the x coordinate fluctuate initially before settling

to an almost constant level, without seemingly including any visible bias. The error

for the y coordinate however, while initially following a similar pattern in fluctuation,

gradually seems to accrue a bias. This is because the vehicle moves along the x-axis of

Fw and the farther away it gets from the anchor-tether pair, there is greater Cartesian
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Figure 11: Case 1: State Error and Standard Deviation of Landmarks 3 and 4

error in the y coordinate.

On inspecting Figure 10, the standard deviation of the y coordinate seems to

decrease from approximately iterations 0 through 200, which is when the vehicle

moves closer towards the anchor and tether, and a steady ascent when the vehicle

moves farther away from the anchor and tether, from approximately iterations 200

through 1760. The impact of range and bearing uncertainty on Cartesian error is

evident here, as the distance between the anchor-tether pair increases, there is a

clear increase in uncertainty in the y coordinate. Thus, as the distance between the

anchor-tether pair and the vehicle increases, the more likely it is for the uncertainty

in SLAM estimates to grow. To prevent the increase in uncertainty and bound the

error estimates, a new anchor and/or tether, must be reselected at appropriate time

steps, that will prevent the uncertainty from growing.
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Figure 12: Case 1: State Error and Standard Deviation of Landmarks 5 and 6

State errors and standard deviations for other landmarks are given in Fig-

ures 11, 12 and 13. The errors experience a steady correction after their high ini-

tialization errors and approach errors within the cm range quickly. Since the vehicle

moves along the x-axis of Fw in this case, the vehicle’s position at time steps k =

201, 601, 1001 and 1401 in Figure 9 is approximately on the vertical line connect-

ing the two landmarks the vehicle is currently passing. In such cases, the error in

estimation of the landmarks’ x coordinate is higher than the error in estimation of y

coordinate. With the exception of the mentioned time steps where the error in esti-

mating the x coordinate may be slightly higher than during the rest of the simulation,

all landmarks errors show that the errors in estimating the y coordinate are greater

than errors in estimating the x coordinate. As the vehicle moves along the x-axis

of Fw and farther away from the tether whose y coordinate is estimated throughout

the simulation, there is a constant increase in the Cartesian error in the y direction

because of increase in range uncertainty or the relative distance between the vehicle
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Figure 13: Case 1: State Error and Standard Deviation of Landmarks 7 and 8

and the tether. This error in turn reflects as errors in estimation for landmarks in

the y direction.
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3.4 Case 2: Observability Issues with Tether Esti-

mation

Subsection 2.3.4 emphasizes the importance of choosing an anchor-tether pair to

impose observability. It is however, important to realize that there are cases when

imposing three constraints by holding fixed both the anchor’s coordinates and either

of the tether’s coordinates, does not guarantee observability. Unobservability occurs

when either of the following takes place.

1. The anchor-tether pair is horizontal in Fw and the estimated coordinate of the

tether is y, or

2. The anchor-tether pair is vertical in Fw and the estimated coordinate of the

tether is x.

The terms horizontal and vertical are defined to be parallel to x-axis and the y-axis

of Fw respectively. Items 1 and 2 are analyzed using Fisher’s Information Matrix. To

test the hypotheses that estimating the y coordinate of the tether when the anchor-

tether pair is horizontal in Fw and that estimating the x coordinate of the tether

when the anchor-tether pair is vertical in Fw may cause loss of information, and thus

lead to unobservability, the following simulation was conducted. Results are shown

in Figure 14. The anchor is placed at the origin of Fw (the origin of the frame seen in

the central plot) and the tether lies on a circle of radius 40m from the anchor. The

tether’s position on the circle is stepped in 1 degree increments to complete the circle.

The vehicle is placed at 8 different locations, shown as V1-V8 in the central plot in

Figure 14. For each of the 8 vehicle positions, the tether’s position is varied, thus

creating 360 different anchor-tether orientations, and Fisher’s Information Matrix is

computed for each orientation for 1800 iterations, for either the x or y coordinates

of the tether being estimated with J0 = 0 or no prior information. The minimum
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singular value of the Fisher’s Information Matrix, which is a measure of the distance

from Fisher’s Information matrix to a singular matrix, is shown in 8 plots around the

central plot. The positions of the surrounding subplots correspond to the 8 positions

of the vehicle. For any of the 8 vehicle positions, the following observations are noticed

for horizontal and vertical anchor-tether orientations respectively.

• Horizontal anchor-tether orientations corresponding to an angle (AT Angle in

the figure) of 0◦ and 180◦ in Fw which is represented by the central plot’s axes.

1. The minimum singular value for estimating y (Est Ty in the figure) ex-

periences a sudden drop to 0. This indicates that J is singular and that

there is loss of information from the filter, implying the presence of an

unobservable subspace.

2. The minimum singular value for estimating x (Est Tx in the figure) how-

ever, reaches a local maximum, indicating that J is sufficiently far from

singularity.

• Vertical anchor-tether orientations corresponding to angles of 90◦ and 270◦ in

Fw which is represented by the central plot’s axes.

1. The minimum singular value for estimating x experiences a drop to 0,

indicating loss of information.

2. The minimum singular value of estimating y however, experiences peaks.

Thus, it can be seen that anchor-tether pairs that are vertical and horizontal in Fw

which have the x and y coordinate of the tether estimated respectively, still does not

guarantee observability, even through the three constraints required are present. The

results from Fisher’s Information Matrix demonstrate that the 2D SLAM problem as

formulated is unobservable even with the presence of three observability constraints,

when the incorrect coordinate of the tether is imposed as a constraint.
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This case demonstrates the performance of the EKF with three observability con-

straints but with wrong coordinate of the tether being estimated. The simulation

emulates a horizontal anchor-tether pair in Fw and estimates the y coordinate of the

tether, which is the wrong coordinate of the tether to be estimated when the anchor-

tether pair is horizontal. The simulation is conducted in the same straight ladder

environment as Case 1, with the vehicle moving along the x-axis and with a maxi-

mum sensor range of 200m and a 360◦ field of view, enabling all landmarks to be in

the vehicle’s field of view. Landmark 1 still remains the anchor, however, landmark

3 is now chosen as the tether. The anchor-tether pair is now horizontal in the world

frame of reference, while in Case 1, the pair was vertical. With no re-selection of the

anchor-tether pair, the simulation is conducted with no re-selection.

Figure 15 contains the anchor highlighted in red, the tether highlighted in ma-

genta, the vehicle shown as a black triangle for various time steps, the true path

shown in green and the estimated path shown in red. It also contains uncertainty

ellipses plotted for each landmark; however, the figure represents the uncertainty el-

lipse plotted at the vehicle’s final position. The uncertainty ellipse may look like a

line due to the dimensions of the figure. For trends in the standard deviations of

estimates of landmarks, the reader is directed to Figures 17 to 18.

Figure 16, consisting of the state error for the tether- landmark 3, reveals that

the initialization error is significantly high of approximately 6.7m. The magnitude

of error increases throughout the simulation remaining in the order of m throughout

of the simulation. The errors for other ordinary landmarks follow the same trends

as well. The high magnitude of error can be attributed to two sources- initialization

and holding the y coordinate constant when the anchor-tether pair is horizontal in

the world frame of reference.

Referring to Figure 16, it can be seen that the errors for the estimation of the

vehicle pose are extremely high in the range of m, and it is clear that the EKF is
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Figure 15: Case 2: Motion of Vehicle through the Straight Ladder Environment

diverging, with a steady increase in error. The standard deviation reveals the initial

decrease in state error in the x and y coordinates as the vehicle moves closer towards

the anchor and tether, from iterations 0 through 200, and undergoes a gradual but

steady increase for coordinates x and θ, with an increase in magnitude of error in the

y coordinate. This case shows that even with the knowledge of 3 coordinates of 2

landmarks, there is a possibility that the SLAM problem can become unobservable

and it takes place when the wrong coordinate of the tether is estimated. Since the

vehicle still moves along a straight line in the x-axis of the world centric reference

frame, there is a noticeable increase in the magnitude of error in the y coordinates of

all landmarks.

Thus, the results from this case support the analysis performed using Fisher’s

Information, and choosing the appropriate coordinate to estimate is crucial when

anchors and tethers are selected. It is even more important when re-selection of

anchors and tethers takes place, as that is when any ambiguity must be avoided, to

maintain a consistent world frame of reference. An improvement from this situation
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Figure 16: Case 2: State Error, Standard Deviation of Vehicle pose and Tether
State Error

has been provided in the next case.
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Figure 17: Case 2: State Error and Standard Deviation of Landmarks 1 and 2
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Figure 18: Case 2: State Error and Standard Deviation of Landmarks 5 and 6
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3.5 Case 3: Observable Reconfigurable EKF

SLAM

3.5.1 Maintaining Observability

Since at least two landmarks must be visible at all times to maintain observability, and

with the possibility that the vehicle can move, it leads to the issue of the anchor and

tether going out of sight. This calls for reselecting either one or two new landmarks

as the anchor and tether to re-instate the world frame of reference, and to maintain

observability. After initial selection of anchor and tether, any of the following could

occur as landmarks enter and leave the field of view

• Reselect Anchor

• Reselect Tether

• Reselect Anchor and Tether

• Addition of New Landmarks

• Deletion of Departing Landmarks

The EKF is modified to account for all of the above mentioned possibilities, which

makes the EKF continuously reconfigure its states, Jacobians and covariance, and the

term Reconfigurable EKF is thus used.

The term ”special landmark” is used as a generic term to refer to both anchor

and tether for simplicity, and the term ”ordinary landmarks” is used for non special

landmarks. The need to reselect a special landmark can arise when either the vehi-

cle moves increasingly farther away from the existing special landmark or when the

special landmarks exit the field of view. Considering the former, tests are utilized to

evaluate if existing special landmarks need to be replaced. The two tests used include
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the distance test and the time test. The distance test checks the distance between the

vehicle and the special landmarks and the time test checks the duration for which the

landmark has been estimated in the filter, against user defined thresholds. A third

test checking to see if the special landmark lies ahead of the vehicle may be used,

however that assumes that the vehicle travels only in the forward direction. Similarly,

ordinary landmarks are continually evaluated using the distance and time tests, and

only those landmarks satisfying the criteria are possible candidates for re-selection

as special landmarks. Other kinds of tests like the Mahalanobis distance test sug-

gested and used by authors of [11] and [78], the exponential decay test evaluating

the maturity of landmarks in the environment suggested by [78] and the covariance

convergence test suggested by Souici et al. of [42] could also be used to evaluate

which landmarks have consistently remained in view and have better estimates, thus

becoming potential anchors and tethers. This thesis however, uses the distance and

time tests only.

Continuous evaluation modules in the simulation algorithm enable automatic re-

selection of anchors and tethers, thus always maintaining observability. Existing

special landmarks in the current field of view are required to pass both tests to

sustain their positions as special landmarks, failing which a new successful candidate

landmark is chosen. In the absence of a successful candidate landmark, the old special

landmark is retained. The flowchart in Figure 19 demonstrates a high level decision

sequence of anchor-tether re-selection.

The algorithm achieves three main goals:

• It maintains observability through re-selection of special landmarks.

• It switches between estimating the x and y coordinate of the tether depending

on whether the anchor-tether pair is horizontal or vertical in Fw.
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• Finally, it ensures that with the loss of a special landmark, a non-special land-

mark is chosen only when the other special landmark fails to satisfy the tests.

This avoids accumulation of error in the filter, as re-selecting an existing tether

as a new anchor would decrease error in 1 dimension (since only one coordinate

was estimated, the other held constant) when compared with choosing a land-

mark that has been estimated for period of time, thus accumulating error in

both dimensions.

The flowchart in Figure 19 gives a detailed account of the situations that trigger

re-selections, if and when necessary.

The simulation assumes that existing special landmarks are required to pass both

the distance and time tests in order to retain their positions as special landmarks.

The distance and time tests take the following form.

• If range ≥ Tr and iterations ≥ Tk, then reselect special landmark, else retain

special landmark.

• The values for Tr and Tk are user defined and can be changed depending on

the size of the environment. The values chosen for simulation are chosen purely

to demonstrate the effectiveness of the tests. The impact of different threshold

values on re-selection is left for future work.

1. Tr = 40m

2. Tk = 50 iterations

As Case 2 demonstrated, it is important to evaluate the angle between the anchor-

tether pair in Fw and choose the correct coordinate of the tether to estimate. The

following procedure is used to determine the coordinate to be estimated.

• If the anchor’s position is given by (xA, yA) and tether’s position is given by

(xT , yT ) in Fw, compute
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Figure 19: Decision Sequence of Anchor-Tether re-selection
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1. δx = xT − xA

2. δy = yT − yA

3. γAT = atan2 (δy, δx)

• If 89◦ ≤ γAT ≤ 91◦ or −91◦ ≤ γAT ≤ −89◦, then

1. Anchor-tether pair is approximately vertical in Fw.

2. Fix xT and estimate yT .

• If −1◦ ≤ γAT ≤ 1◦ or −181◦ ≤ γAT ≤ −179◦, then

1. Anchor-tether pair is approximately horizontal in Fw.

2. Fix yT and estimate xT .

It is recommended to evaluate the orientation of the anchor-tether pair at every

timestep, to take into account errors in position estimates of the anchor-tether pair.

For anchor-tether pairs whose orientations do not fall into the above categories, the

coordinate that was previously estimated will continue to be estimated until a switch-

ing of the coordinate is determined necessary. Since the angular thresholds defining

the orientations as vertical or horizontal are strict, estimation errors of landmark

positions during simulations may not be able to correctly classify the orientation of

the anchor-tether pair as horizontal or vertical, while they actually are horizontal or

vertical in Fw. As estimation errors decrease, orientations are determined with better

accuracy enabling it to fall between the thresholds defined, and the correct coordinate

of the tether to be estimated is chosen.



79

3.5.2 Reconfigurable EKF: Impact of Entering and Depart-

ing Landmarks on the EKF

Since the anchor and tether are used to define the world frame of reference, both

coordinates of the anchor and one coordinate of the tether will remain fixed, and not

be estimated. This influences entries in the state vector, the Kalman covariance and

the measurement Jacobian, and the dimensions of the vehicle process Jacobian and

the landmark process model noise covariance. A more detailed description follows.

The following order is used to organize the state vector, Kalman covariance and

measurement Jacobian for landmarks

Order =



anchor

tether

old landmarks

old anchor

old tether

new landmarks



. (3.5.1)

Choosing an anchor involves fixing both co-ordinates of the landmark and the

following steps are taken.

1. The two states corresponding to the anchor’s position are removed from the

state vector and held constant.

2. The rows and columns corresponding to the covariance associated with the state

estimates of the anchor are removed from the Kalman covariance.
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3. The columns corresponding to the measurement Jacobian associated with the

anchor’s measurements are removed, but corresponding rows are retained as the

anchor is still in the field of view and measurements with respect to the anchor

are received.

Choosing a tether involves fixing either the x or y coordinate of the landmark and

the following steps are taken.

1. Depending on which coordinate is determined to be fixed, that state of the

tether is removed from the state vector and held constant.

2. The row and column corresponding to the element (related to the coordinate

that was determined to be fixed) of covariance of the tether are removed from

the Kalman covariance.

3. The column corresponding to the element(related to the coordinate that was

determined to be fixed) of the tether’s landmark measurement Jacobian is re-

moved.

When a landmark leaves the field of view, the same steps for choosing an anchor

are followed, with the exception of the last step. While the columns corresponding to

the landmark measurement Jacobian are removed, its corresponding rows are removed

as well, since no measurements with respect to the landmark are received. When a

new landmark enters the field of view the following steps are taken.

1. Following the order defined in (3.5.1), the states corresponding to the new

landmark are augmented to the state vector.

2. In the same order, rows and columns corresponding to the covariance values

associated with the landmark are inserted to the Kalman covariance.

3. The rows and columns corresponding to the landmark’s measurement Jacobian

are added to the measurement Jacobian.
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3.5.3 Analysis of Case 3

Considering the importance of anchor and tether re-selection and that of evaluating

which coordinate of the tether to estimate, this case accounts for enabling both sit-

uations. The simulation is conducted in the same straight ladder environment used

in Cases 1 and 2, however with no user defined enforcement of anchor and tether.

The Reconfigurable EKF equipped can now independently evaluate which landmarks

are suitable to be anchor and tether based on measurements obtained and also de-

termine which coordinate of the tether is more suitable to estimate, based on the

spatial information of the anchor and tether. With iterative modifications to the

information passed into the EKF through the changes mentioned in Subsection 3.5.2,

the algorithm becomes a Reconfigurable EKF. The range of the sensor is reduced to

80m with a 360◦ field of view to ensure that there are a limited number of landmarks

in the field of view. The sequence of selection of anchors and/or tethers, with their

corresponding errors during re-selection is given in Table 3.

Table 3: Automated Observable SLAM in a Straight Ladder Environment

Entries in Table 3 can be observed in Figure 20. Consider iterations 1 through 226,

from Table 3, where the vehicle initializes the anchor-tether pair and moves towards

the anchor and tether, the state error in Figure 20 fluctuates initially but settles down

as iteration 226 approaches. Row 2 in Table 3 indicates the entry of landmarks 5 and

6 into the sensor’s field of view, and that can be noticed in Figure 20 with a slight

decrease in standard deviation in the x coordinate, an insignificant change in y and a

small decrease in θ’s standard deviation. The drop in uncertainty can be justified by
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the entry of landmarks 5 and 6 at this iteration, where more measurements can be

used to correct the Kalman estimates of the vehicle pose. A similar observation can

be made at iteration 626, when the uncertainty in x and θ undergo yet another slight

drop when landmarks 7 and 8 enter the sensor’s field of view providing additional

measurements to correct the Kalman estimates.

An important observation to make is that of the standard deviation of the y

coordinate, which does not seem to be as influenced by the entry of landmarks into

the field of view, unlike those of x and θ. It is also interesting to note that the standard

deviation of y experiences a gradual and steady increase from approximately iterations

226 through 975. Iteration 975 is when the old anchor-tether pair- landmarks 1 and

2, exit the the sensor’s field of view and are replaced by landmarks 3 and 5 as the new

anchor-tether pair, along with a switch in the coordinate of estimation of the tether

from y to x, as the anchor-tether pair is horizontal. Considering that in this simulation

the vehicle moves along the x axis, as it moves away from the original anchor-tether

pair (1 and 2), there is an increase in contribution to the uncertainty in the y axis

due to bearing error, and as landmarks 3 and 5 are chosen, the corresponding range

and bearing errors drop, thus influencing the behaviour of the standard deviation as

well.

Since landmark 5- the current tether at iteration 975 has been in the field of view

since iteration 226, its position has been estimated by the filter till iteration 975,

at which point its most recent estimate will be initialized as the value to be held

constant by the filter, which is why there is a non zero initialization error of 4.6e−3

m. Similarly, landmark 3 which is chosen as the anchor has also been estimated so far,

and its initialization errors are −6.26e−3m and −8.49e−2m. The standard deviation

of θ however experiences a slight increase at iteration 975, as landmarks 1 and 2

exit the field of view, and the level of certainty is not as high as when there are two

extra landmarks whose measurements can support the certainty. The last re-selection
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occurs at iteration 1375, when the previous anchor- landmark 3, and landmark 4 leave

the field of view, and the previous tether- landmark 5 is adopted as the new anchor. It

is worth noting that the new anchor-tether pair happen to be horizontal in the world

frame of reference, and thus the x coordinate of the tether remains being estimated.

The departing landmarks have an impact on the standard deviation of θ by increasing

the uncertainty slightly, while decreasing the uncertainty in the x and y coordinates.

An interesting improvement from Cases 1 and 2 is that any initial error is corrected

almost immediately due to re-selection of anchors and/or tethers, and the switching in

estimation of the tether’s coordinate. An observation of the state error of the vehicle

pose in Figure 20, reveals that all three coordinates show traces of initialization errors

which are gradually corrected in the x and θ coordinates, but retains some drift in

the y coordinate. The landmark state errors along with their standard deviations

provided in Figures 21 and 22 show trends similar to that of Cases 1 and 2, in that

the y coordinate has a higher degree of initialization error. However, the difference

between the previous cases and Case 3 is that the errors tend to approach steady

state within cm range. The sequence of events that landmark 5 undergoes has been

highlighted in Figure 23 and its corresponding events are given in Table 4.

Table 4: Case 3: Landmark 5 Event Chart
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Figure 21: Case 3: State Error and Standard Deviation of Landmarks 3 and 4
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Figure 22: Case 3: State Error and Standard Deviation of Landmarks 5 and 6
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3.6 Case 4: Limitations of Anchor-Tether Re-

selection

Having tested the algorithm in a straight ladder environment, this case investigates

the trends in re-selection of anchors and tethers as the vehicle repeatedly passes

through the same environment. This simulation is conducted in the circular ladder

environment, whose spatial descriptions are given in Table 2 and is represented in

Figure 7. Automatic re-selection of anchors and tethers, along with switching between

estimating the x and the y coordinate, are enabled. The range of the sensor is 55m

with a 360◦ field of view, allowing a few landmarks at a time to be in the field of

view, enabling the need to choose new anchors and tethers.

This simulation allows the vehicle to travel along its circular path about 2 and

quarter times or for 6000 iterations, allowing for sufficient patterns in re-selection of

anchors and tethers to be recognized. The vehicle’s linear and angular velocities are

initialized with values specified in Section 3.1 corresponding to the circular ladder

environment. Table 5 depicts the sequence of anchor and tether selections, and the

exit and entry of landmarks into the field of view. Figure 24 contains the vehicle

shown as a black triangle for various time steps, the true path shown in green and

the estimated path shown in red. It also contains uncertainty ellipses plotted for each

landmark; however, the figure represents the uncertainty ellipse plotted at the vehi-

cle’s final position. The uncertainty ellipse may look like a line due to the dimensions

of the figure.

Two cases of repeated anchor-tether pair will be considered which are the anchor-

tether pair of landmarks 1 and 4 highlighted in yellow in Table 5, and that of land-

marks 3 and 4, highlighted in orange. The initial selection of anchor at iteration 1

owes its zero initialization error to exact initialization as discussed in Cases 1, 2 and

3, and the tether’s y coordinate is initialized with an error of 2.13e−2m. Focusing on
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Table 5: Automated Observable SLAM in a Circular Ladder Environment

Iteration Anchor Tether
Tether error in

'm'
Coordinate of

Tether Estimated
Anchor error x in

'm'
Anchor error y in

'm'
Landmarks in
Field of View

1 2 1 2.13E-02 y 0.00E+00 0.00E+00 1,2,3,7
89 '' '' -NA- y -NA- -NA- 1,2,3
110 '' '' -NA- y -NA- -NA- 1,2,3,4
520 1 4 9.07E-02 y 0.00E+00 2.10E-02 1,3,4
542 '' '' -NA- y -NA- -NA- 1,3,4,5
718 3 4 -1.14E-01 x -9.84E-02 -6.14E-02 3,4,5
739 '' '' -NA- x -NA- -NA- 3,4,5,6
1149 3 5 -4.34E-01 x -9.84E-02 6.14E-02 3,5,6
1170 '' '' -NA- x -NA- -NA- 3,5,6,7
1346 7 5 -3.20E-01 x -7.33E-02 -3.88E-01 5,6,7
1367 '' '' -NA- x -NA- -NA- 5,6,7,8
1777 '' '' -NA- x -NA- -NA- 5,7,8
1797 '' '' -NA- x -NA- -NA- 1,5,7,8
1975 7 1 3.96E-01 x -7.33E-02 -3.88E-01 1,7,8
1994 '' '' -NA- x -NA- -NA- 1,2,7,8
2406 '' '' -NA- x -NA- -NA- 1,2,7
2425 '' '' -NA- x -NA- -NA- 1,2,3,7
2603 2 1 3.09E-01 x 7.06E-01 1.21E-01 1,2,3
2623 '' '' -NA- x -NA- -NA- 1,2,3,4
2663 2 1 4.40E-02 y 7.06E-01 1.21E-01 1,2,3,4
3033 1 4 9.06E-01 y 3.63E-01 1.29E-01 1,3,4
3055 '' '' -NA- y -NA- -NA- 1,3,4,5
3230 3 4 -9.63E-02 x -1.14E-01 5.81E-01 3,4,5
3252 '' '' -NA- x -NA- -NA- 3,4,5,6
3662 3 5 -1.95E-01 x -1.14E-01 5.81E-01 3,5,6
3684 '' '' -NA- x -NA- -NA- 3,5,6,7
3860 7 5 -1.59E-01 x -3.22E-02 4.55E-01 5,6,7
3880 '' '' -NA- x -NA- -NA- 5,6,7,8
4291 '' '' -NA- x -NA- -NA- 5,7,8
4310 '' '' -NA- x -NA- -NA- 1,5,7,8
4488 7 1 1.41E-01 x -3.22E-02 4.55E-01 1,7,8
4508 '' '' -NA- x -NA- -NA- 1,2,7,8
4919 '' '' -NA- x -NA- -NA- 1,2,7
4939 '' '' -NA- x -NA- -NA- 1,2,3,7
5115 2 1 7.29E-01 y 4.67E-01 6.04E-01 1,2,3
5136 '' '' -NA- y -NA- -NA- 1,2,3,4
5546 1 4 1.18E+00 y 2.58E-01 6.79E-01 1,3,4
5569 '' '' -NA- y -NA- -NA- 1,3,4,5
5743 3 4 -1.51E-01 x -5.47E-02 1.01E+00 3,4,5
5765 '' '' -NA- x -NA- -NA- 3,4,5,6
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Figure 24: Case 4: Motion of Vehicle through the Circular Ladder Environment

iteration 520, when landmarks 1 and 4 are chosen as anchor and tether; landmark 1

was previously the tether and thus had its y coordinate estimated, while landmark

4 had both coordinates estimated in the filter. As a result, the anchor and tether

initialization errors are non zero(excepting the anchor’s x coordinate which was held

constant when landmark 1 was the tether) with the tether’s error of 0.0907m and the

anchor’s errors of 0m and 0.021m. As the vehicle makes one complete pass and reaches

the same location again at iteration 3033, landmarks 1 and 4 are re-chosen as the

anchor-tether pair, with initialization errors for the tether and the anchor increasing

to about 0.906m and, 0.363m and 0.129m respectively.

However, there is no indication of a sudden increase in the state error of the vehicle
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pose in either of the coordinates, as seen in Figure 25. Considering the third time

when the vehicle arrives at the same point at iteration 5546, the initialization error of

the tether increases to 1.18m, which is still comparatively small considering the size

of the environment that spans an area of 140m × 140m. The anchor’s errors are in

the range of 2.58e−1m and 6.79e−1m, similar to the last time the anchor-tether pair

was chosen.

Observing the second anchor-tether pair of landmarks 3 and 4 (highlighted in

orange) starting at iteration 718, the initialization errors and re-selection processes

are similar to that of anchor-tether pair 1 and 4. However the main difference occurs

the second time the vehicle reaches the same point at iteration 3230, and landmarks

3 and 4 are chosen as the anchor-tether pair. Landmark 4’s y coordinate has been

estimated as the tether’s coordinate till iteration 3055 after which it’s x coordinate

is estimated. There is thus, a decrease in the tether’s initialization error in the

x coordinate, since it was held constant from its previous position as tether. This

implies that the y coordinate that was previously estimated is now held constant, and

the last estimated y value of landmark 4 is −9.63e−2m. The anchor’s initialization

errors are in approximately −1.14e−1m and 5.81e−1m. While its effect can be seen

in the y coordinate of the state error of the vehicle, it still has no significant impact

on the errors of x and θ. At iteration 5743, when the anchor-tether pair is chosen for

the third time, there is a significant increase in the anchor’s initialization error in the

y coordinate to 1.01m, i.e. an increase from the range of cm to m from the last time

it was chosen, similar to the increase in error of landmark 4 in the anchor-tether pair

of landmarks 1 and 4. Figure 25 reflects all the events that take place by revealing

correlating changes in the standard deviation that form a steady pattern throughout

the simulation, and can be seen at points where the same anchor-tether pairs are

chosen repeatedly.

Referring to Table 5, the regions highlighted in green demonstrate the need for
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switching the coordinate of the tether to be estimated, even as the anchor-tether pair

remains the same. From iterations 2603 to 2663, the vehicle approaches its initial

starting point at the origin of the world centric reference frame, and a switch in the

coordinate of the tether to be estimated is performed. While the anchor-tether pair of

landmarks 1 and 2 will always remain vertical in Fw, noisy measurements may hamper

accurate determination of the orientation of the anchor-tether pair. Considering the

strict thresholds used to define horizontal and vertical orientations in Subsection 3.5.1,

it can be seen that noisy measurements coupled with error in estimates can lead to

a delayed switching in the coordinate of the tether to be estimated. Table 6 contains

the sequence of events that landmark 1 goes through as the vehicle traverses the

environment, and can be seen by observing the changes in the state errors of landmark

1 in Figure 26. Landmark errors and standard deviations are provided in Figures 27

to 30.
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State Error
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Table 6: Case 4: Landmark 1 Event Chart
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Figure 27: Case 4: State Error and Standard Deviation of Landmarks 1 and 2
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Figure 28: Case 4: State Error and Standard Deviation of Landmarks 3 and 4
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Figure 29: Case 4: State Error and Standard Deviation of Landmarks 5 and 6

0 1000 2000 3000 4000 5000 6000
−1

−0.5

0

0.5

1

1.5

Iterations

E
rr

o
r 

in
 m

State error and Standard deviation x in m of lm#7 from loops1 to 6000

0 1000 2000 3000 4000 5000 6000
−2

−1.5

−1

−0.5

0

0.5

1

1.5

Iterations

E
rr

o
r 

in
 m

State error and Standard deviation y in m of lm#7 from loops1 to 6000

0 1000 2000 3000 4000 5000 6000
−1

−0.5

0

0.5

1

1.5

2

2.5

Iterations

E
rr

o
r 

in
 m

State error and Standard deviation x in m of lm#8 from loops1 to 6000

0 1000 2000 3000 4000 5000 6000
−2

−1.5

−1

−0.5

0

0.5

1

1.5

Iterations

E
rr

o
r 

in
 m

State error and Standard deviation y in m of lm#8 from loops1 to 6000

 

 

State Error

Standard Deviation

Figure 30: Case 4: State Error and Standard Deviation of Landmarks 7 and 8



Chapter 4

Dempster-Shafer Occupancy Grid Map

Simulations and Results

The grid based maps are produced for both the straight ladder environment with

an approximate area of 200m × 200m and the circular ladder environment with an

area of 140m × 140m. The 4 kinds of maps analyzed for each environment are the

emptiness belief map, the emptiness plausibility map, fullness belief map and fullness

plausibility map. All maps use grids with a cell size 1m × 1m. In all emptiness

maps, white regions represent emptiness and black and grey regions represent non-

emptiness; in all fullness maps, white regions represent fullness, while black and grey

regions represent non-fullness.

The chapter provides a detailed illustration of Dempster-Shafer theory to create

a grid based map using a simple environment. Occupancy grid maps of the straight

ladder and circular ladder environment are provided, with a complete analysis of the

emptiness and fullness, belief and plausibility maps of the circular ladder environment.
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4.1 Illustration of the Dempster-Shafer theory

through examples

Consider the environment in Figure 31 with all units in metres, where the stationary

vehicle denoted by the black rectangle is surrounded by walls on the left, right and

bottom denoted by blue rectangles. The grid(not drawn to scale) overlaid depicts the

region that is initialized with DS theory bpa values, and the size of the grid is chosen

to be small part of the environment for clarity in demonstrating the example. The size

of each grid cell is 1× 1m. While finer resolution of grid squares creates better maps,

the size chosen here is for simplicity of the example. The sensor aboard the vehicle is

assumed to have a maximum range of 5m, implying that only certain regions of the

grid can be sensed. The regions of the obstacles highlighted in dotted green rectangles

are the parts that are detected by the sensor, beyond which the sensor provides

no evidence of any proposition, because it is unable to sense beyond occupied regions.

Using Dempster-Shafer theory of evidential reasoning, the steps in developing an

occupancy grid map are outlined. Initially, all the cells in the grid are initialized with

the following four values

• mm
E = 0.1

• mm
F = 0.1

• mm
EorF = 0.8

• mm
neither = 0

indicating that there is no evidence to suggest whether the cells are exclusively full

or empty, hence mm
E = 0.1 and mm

F = 0.1 . Since the cells being neither empty nor

full is improbable, mm
neither = 0 and because the cells have to be either empty or full,
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Figure 31: Example of Environment used to illustrate Demspter-Shafer theory

mm
EorF = 0.8 . After the first time the environment is sensed, every cell through

which the scan line has passed will have its mass values updated, based on whether

the sensor returned the cell as full or empty. The confidence in the sensor’s ability

to detect empty cells as empty and full cells as full are given numerical values in the

following manner

• If a cell is detected as empty

1. λE = 0.3

2. αE = 0

3. λEorF = 0.7
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• If a cell is detected as full

1. λF = 0.3

2. αF = 0

3. λEorF = 0.7 .

The above assignment of values indicates a low level of confidence in the sensor’s

ability to detect fullness and emptiness accurately, but low confidence values are

used to demonstrate that Dempster-Shafer theory is still efficient in situations where

sensors may not be entirely reliable. An example of the update procedure for one

event of detecting a full grid element is given, followed by a detailed interpretation of

the emptiness mass values and the fullness mass values in Tables 7 and 8 respectively.

In Figure 31, consider the vehicle position outlined as a black rectangle, and

assume the scan line indicated by the red arrow is the first time the environment is

sensed. The empty cells through which the scan line passes receive emptiness support,

and part of the obstacle that has been sensed by the scan line receives fullness support.

A cell detected as empty by the sensor and initially having parameters

mm
E ,m

m
F ,m

m
EorF and mm

neither are updated as follows:

1. Since it is empty, assign sensor support for emptiness.

• ms
E = λE = 0.3

• ms
F = 0

• ms
EorF = 1− λE = 0.7

• ms
neither = 0

2. Compute normalization factor K.

• K = mm
E ·ms

F +mm
F ·ms

E +mm
neither ·ms

neither = 0.03
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3. Using Dempster’s rule of combination, combine sensory bpa values with existing

map bpa values.

• mm
E =

1

1−K
(mm

E ·ms
EorF +mm

EorF ·ms
E +mm

E ·ms
E) = 0.3298

• mm
F =

1

1−K
(mm

F ·ms
EorF +mm

EorF ·ms
F +mm

F ·ms
F ) = 0.0679

• mm
EorF =

1

1−K
(mm

EorF ·ms
EorF ) = 0.5432

• mm
neither = 0

4. Compute belief and plausibility function values for all propositions.

• Bel(F)= mm
F +mm

neither = 0.06794

• Bel(E)= mm
E +mm

neither = 0.3298

• Bel(E or F)= mm
EorF +mm

E +mm
F +mm

neither = 0.9409

• Bel(neither)= mm
neither = 0

• Pl(F)= mm
F +mm

EorF = 0.6111

• Pl(E)= mm
E +mm

EorF = 0.8730

• Pl(EF)= mm
EorF +mm

E +mm
F = 0.9409

• Pl(neither)= mm
neither = 0

The same steps are taken when a full cell is encountered, but sensor support is

now assigned to fullness and correspondingly, other values are affected.

1. Since this cell is full, assign sensor support for fullness.

• ms
E = 0

• ms
F = λF = 0.3

• ms
EorF = 1− λF = 0.7

• ms
neither = 0
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2. Compute normalization factor K.

• K = mm
E ·ms

F +mm
F ·ms

E +mm
neither ·ms

neither = 0.03

3. Using Dempster’s rule of combination, combine sensory bpa values with existing

map bpa values.

• mm
E =

1

1−K
(mm

E ·ms
EorF +mm

EorF ·ms
E +mm

E ·ms
E) = 0.0679

• mm
F =

1

1−K
(mm

F ·ms
EorF +mm

EorF ·ms
F +mm

F ·ms
F ) = 0.3298

• mm
EorF =

1

1−K
(mm

EorF ·ms
EorF ) = 0.5432

• mm
neither = 0

4. Compute belief and plausibility function values for all propositions.

• Bel(F)= mm
F +mm

neither = 0.3298

• Bel(E)= mm
E +mm

neither = 0.0679

• Bel(E or F)= mm
EorF +mm

E +mm
F +mm

neither = 0.9409

• Bel(neither)= mm
neither = 0

• Pl(F)= mm
F +mm

EorF = 0.8730

• Pl(E)= mm
E +mm

EorF = 0.6111

• Pl(EF)= mm
EorF +mm

E +mm
F = 0.9409

• Pl(neither)= mm
neither = 0

The greater the number of times a cell is detected as empty or full, the more

evidence there is in favour of one proposition or the other. The above described pro-

cedure is carried out 5 times for the environment given in Figure 31 and the emptiness

and fullness mass (bpa), belief and plausibility values are provided in Tables 7 through

12, over loops 1, 2 and 5. The tables provide values only for the region in Figure 31
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that is overlaid with a grid. Since the values are in tabular format, direct reference to

the grid in Figure 31 is done using row and column indices, and not using Cartesian

coordinate reference. Also, the different shades of grey used for highlighting values in

the table are purely for demonstration purposes and are not directly related to colours

produced in the final grid based map. It is important to note that since values used

to define parameters are small, the regions highlighted in green in the table that are

meant to depict an increase in values are not evident from the values in the table

due to restrictions on the number of significant figures that can be displayed. The

scaling of the axes in the grid based maps in Figures 32 and 33 correspond to row

and column indices as shown across all tables.
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Table 7: Emptiness Mass values at loops 1,2 and 5

Column Indices
Loop 1

Row Indices

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 6.57E-01 8.12E-01 8.14E-01 8.14E-01 8.11E-01 0.1 0.1
0.1 6.57E-01 8.16E-01 8.16E-01 8.16E-01 8.16E-01 7.79E-01 0.1
0.1 5.26E-03 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.26E-03 0.1
0.1 1.48E-04 8.17E-01 8.17E-01 8.17E-01 8.17E-01 4.31E-04 0.1
0.1 9.71E-09 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.03E-04 0.1
0.1 9.71E-09 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.48E-04 0.1
0.1 1.03E-04 8.17E-01 8.17E-01 8.17E-01 8.17E-01 4.31E-04 0.1
0.1 0.1 5.96E-06 8.52E-06 1.03E-04 1.80E-03 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Loop 2

Row Indices

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 7.79E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0.1 0.1
0.1 7.79E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.15E-01 0.1
0.1 3.02E-04 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.74E-05 0.1
0.1 2.41E-07 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.05E-06 0.1
0.1 1.04E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.18E-07 0.1
0.1 1.04E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.41E-07 0.1
0.1 1.18E-07 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.05E-06 0.1
0.1 0.1 3.92E-10 8.00E-10 1.18E-07 3.55E-05 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Loop 5

Row Indices

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 8.16E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0.1 0.1
0.1 8.16E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0.1
0.1 5.78E-08 8.17E-01 8.17E-01 8.17E-01 8.17E-01 4.61E-11 0.1
0.1 1.04E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.19E-13 0.1
0.1 1.27E-36 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.75E-16 0.1
0.1 1.27E-36 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.04E-15 0.1
0.1 1.75E-16 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.19E-13 0.1
0.1 0.1 1.11E-22 6.62E-22 1.75E-16 2.74E-10 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
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Table 8: Fullness Mass values at loops 1,2 and 5

Column Indices
Loop 1

Row Indices

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 2.23E-02 6.16E-04 4.31E-04 4.31E-04 8.80E-04 0.1 0.1
0.1 2.23E-02 1.48E-04 1.03E-04 1.03E-04 1.48E-04 5.26E-03 0.1
0.1 7.79E-01 8.52E-06 5.96E-06 8.52E-06 2.48E-05 8.08E-01 0.1
0.1 8.16E-01 9.71E-09 9.71E-09 1.68E-07 8.52E-06 8.14E-01 0.1
0.1 8.17E-01 1.04E-15 1.56E-57 9.71E-09 5.96E-06 8.16E-01 0.1
0.1 8.17E-01 1.04E-15 1.48E-15 7.02E-07 5.07E-05 8.16E-01 0.1
0.1 8.16E-01 9.71E-09 8.52E-06 2.05E-06 2.48E-05 8.14E-01 0.1
0.1 0.1 8.17E-01 8.17E-01 8.16E-01 8.04E-01 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Loop 2

Row Indices

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 5.26E-03 4.18E-06 2.05E-06 2.05E-06 8.52E-06 0.1 0.1
0.1 5.26E-03 2.41E-07 1.18E-07 1.18E-07 2.41E-07 3.02E-04 0.1
0.1 8.15E-01 8.00E-10 3.92E-10 8.00E-10 6.80E-09 8.17E-01 0.1
0.1 8.17E-01 1.04E-15 1.04E-15 3.13E-13 8.00E-10 8.17E-01 0.1
0.1 8.17E-01 1.19E-29 2.68E-113 1.04E-15 3.92E-10 8.17E-01 0.1
0.1 8.17E-01 1.19E-29 2.43E-29 5.42E-12 2.83E-08 8.17E-01 0.1
0.1 8.17E-01 1.04E-15 8.00E-10 4.61E-11 6.80E-09 8.17E-01 0.1
0.1 0.1 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Loop 5

Row Indices

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 7.24E-05 1.30E-12 2.19E-13 2.19E-13 7.75E-12 0.1 0.1
0.1 7.24E-05 1.04E-15 1.75E-16 1.75E-16 1.04E-15 5.78E-08 0.1
0.1 8.17E-01 6.62E-22 1.11E-22 6.62E-22 1.39E-19 8.17E-01 0.1
0.1 8.17E-01 1.27E-36 1.27E-36 2.00E-30 6.62E-22 8.17E-01 0.1
0.1 8.17E-01 1.79E-71 1.36E-280 1.27E-36 1.11E-22 8.17E-01 0.1
0.1 8.17E-01 1.79E-71 1.06E-70 2.51E-27 4.93E-18 8.17E-01 0.1
0.1 8.17E-01 1.27E-36 6.62E-22 5.28E-25 1.39E-19 8.17E-01 0.1
0.1 0.1 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
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Table 7 shows the values calculated for mm
E using Dempster’s rule of combination

in (2.4.5). Loops 1, 2 and 5 in Tables 7 and 8 contain regions that have a value of 0.1,

implying that the cells’ bpa values have not changed after initialization. This could

be because of two factors- either the region is beyond the sensor’s maximum range

or the region is occluded from sensor view by an obstacle. At loop 1, regions that

were previously initialized to a neutral value of 0.1, have now been updated to reflect

increase in evidence for emptiness. Regions highlighted in green show an increase in

the mass for emptiness based on Dempster’s rule of combining previous map data and

newly arrived sensor support. Regions in white containing obstacles, do not receive

support for emptiness, and their corresponding strength in evidence decreases and

becomes lower than surrounding values of 0.1 that indicate uncertainty. Comparing

the regions in dotted green rectangles in Figure 31 with values in Tables 7 through

12, it can be seen that only the inner most walls of all three obstacles are sensed,

and thus receive support for fullness, in green. The outer walls remain occluded from

view and thus receive no support or update.

Table 8 shows values computed for mm
F using (2.4.5). Similar to the analysis of

the emptiness mass values, at loop 1, the regions highlighted in green in Table 8 show

an increase in evidence supporting fullness and uncertainty in regions that are grey.

After updating the emptiness and fullness mass values, they are used to compute the

belief in emptiness and fullness using (2.4.7). Table 9 shows the belief in emptiness

at loop 1, and regions highlighted in green show a clear increase in value displaying

strong belief for emptiness. Regions highlighted in light grey have received extremely

low belief, however, not as low as 0 which implies that those regions have not been

sensed at all. Similarly, Table 10 shows the numerical belief for fullness computed

using (2.4.7), and the same analogy is applied to explain regions in green receiving a

high degree of belief to depict occupied regions, while those in grey reflect uncertainty.
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Table 9: Emptiness Belief values at loops 1,2 and 5

Column Indices
Loop 1

Row Indices

0 0 0 0 0 0 0 0
0 6.57E-01 8.12E-01 8.14E-01 8.14E-01 8.11E-01 0 0
0 6.57E-01 8.16E-01 8.16E-01 8.16E-01 8.16E-01 7.79E-01 0
0 5.26E-03 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.26E-03 0
0 1.48E-04 8.17E-01 8.17E-01 8.17E-01 8.17E-01 4.31E-04 0
0 9.71E-09 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.03E-04 0
0 9.71E-09 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.48E-04 0
0 1.03E-04 8.17E-01 8.17E-01 8.17E-01 8.17E-01 4.31E-04 0
0 0 5.96E-06 8.52E-06 1.03E-04 1.80E-03 0 0
0 0 0 0 0 0 0 0

Loop 2

Row Indices

0 0 0 0 0 0 0 0
0 7.79E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 7.79E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.15E-01 0
0 3.02E-04 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.74E-05 0
0 2.41E-07 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.05E-06 0
0 1.04E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.18E-07 0
0 1.04E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.41E-07 0
0 1.18E-07 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.05E-06 0
0 0 3.92E-10 8.00E-10 1.18E-07 3.55E-05 0 0
0 0 0 0 0 0 0 0

Loop 5

Row Indices

0 0 0 0 0 0 0 0
0 8.16E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 8.16E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0
0 5.78E-08 8.17E-01 8.17E-01 8.17E-01 8.17E-01 4.61E-11 0
0 1.04E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.19E-13 0
0 1.27E-36 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.75E-16 0
0 1.27E-36 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.04E-15 0
0 1.75E-16 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.19E-13 0
0 0 1.11E-22 6.62E-22 1.75E-16 2.74E-10 0 0
0 0 0 0 0 0 0 0
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Table 10: Fullness Belief values at loops 1,2 and 5

Column Indices
Loop 1

Row Indices

0 0 0 0 0 0 0 0
0 2.23E-02 6.16E-04 4.31E-04 4.31E-04 8.80E-04 0 0
0 2.23E-02 1.48E-04 1.03E-04 1.03E-04 1.48E-04 5.26E-03 0
0 7.79E-01 8.52E-06 5.96E-06 8.52E-06 2.48E-05 8.08E-01 0
0 8.16E-01 9.71E-09 9.71E-09 1.68E-07 8.52E-06 8.14E-01 0
0 8.17E-01 1.04E-15 1.56E-57 9.71E-09 5.96E-06 8.16E-01 0
0 8.17E-01 1.04E-15 1.48E-15 7.02E-07 5.07E-05 8.16E-01 0
0 8.16E-01 9.71E-09 8.52E-06 2.05E-06 2.48E-05 8.14E-01 0
0 0 8.17E-01 8.17E-01 8.16E-01 8.04E-01 0 0
0 0 0 0 0 0 0 0

Loop 2

Row Indices

0 0 0 0 0 0 0 0
0 5.26E-03 4.18E-06 2.05E-06 2.05E-06 8.52E-06 0 0
0 5.26E-03 2.41E-07 1.18E-07 1.18E-07 2.41E-07 3.02E-04 0
0 8.15E-01 8.00E-10 3.92E-10 8.00E-10 6.80E-09 8.17E-01 0
0 8.17E-01 1.04E-15 1.04E-15 3.13E-13 8.00E-10 8.17E-01 0
0 8.17E-01 1.19E-29 2.68E-113 1.04E-15 3.92E-10 8.17E-01 0
0 8.17E-01 1.19E-29 2.43E-29 5.42E-12 2.83E-08 8.17E-01 0
0 8.17E-01 1.04E-15 8.00E-10 4.61E-11 6.80E-09 8.17E-01 0
0 0 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 0 0 0 0 0 0 0

Loop 5

Row Indices

0 0 0 0 0 0 0 0
0 7.24E-05 1.30E-12 2.19E-13 2.19E-13 7.75E-12 0 0
0 7.24E-05 1.04E-15 1.75E-16 1.75E-16 1.04E-15 5.78E-08 0
0 8.17E-01 6.62E-22 1.11E-22 6.62E-22 1.39E-19 8.17E-01 0
0 8.17E-01 1.27E-36 1.27E-36 2.00E-30 6.62E-22 8.17E-01 0
0 8.17E-01 1.79E-71 1.36E-280 1.27E-36 1.11E-22 8.17E-01 0
0 8.17E-01 1.79E-71 1.06E-70 2.51E-27 4.93E-18 8.17E-01 0
0 8.17E-01 1.27E-36 6.62E-22 5.28E-25 1.39E-19 8.17E-01 0
0 0 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 0 0 0 0 0 0 0
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Tables 11 and 12 show emptiness and fullness plausibility values respectively.

Computed using (2.4.8), loop 1 in Table 11 shows regions highlighted in green with a

high plausibility for emptiness, meaning that contradicting evidence is low and regions

in grey show lesser plausibility. A similar analogy can be used to describe regions

highlighted in green in Table 12, that show high plausibility for fullness implying

that in those regions, contradicting evidence is not high. As the number of times the

region is sensed increases, the values of mass, belief and plausibility change to reflect

the support given by new sensory evidence.

Loop 2 in Tables 7 and 8 show regions highlighted in green for an increase in

emptiness and fullness masses accordingly, whose values are computed using Demp-

ster’s rule of combination in (2.4.5). The increase in values in the green regions reflect

that more supporting evidence is present in those regions. This increase in evidence

for fullness and emptiness at loop 2 in Tables 7 and 8 respectively, directly influence

the increase in belief for emptiness and fullness in Tables 9 and 10, for loop 2 through

(2.4.7). Regions that were previously green, now show an increase in values showing

exclusive belief for emptiness and fullness respectively, while those regions that were

grey in loop 1, have decreased in value in loop 2, showing an increase in certainty

favouring the opposing proposition. Similarly the emptiness and fullness masses at

loop 2 in Tables 7 and 8 influence the values in the green and grey regions of the

emptiness and fullness plausibility at loop 2 in Tables 11 and 12 through (2.4.8).

After a few iterations, it can be seen that the values in the emptiness and full-

ness mass, belief and plausibility maps settle down to consistent values that describe

the environment accurately as shown in the grid maps in Figures 32 and 33. For

regions containing values greater than 0 but lesser than 10−3 do not reflect as grey

regions although they do mean uncertainty in some situations, because the values are

extremely small to be recognized as grey when producing maps. The grey regions are

better noticed with a bigger environment and increased iterations as shown in Cases
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5 and 6.

As mentioned earlier, a drastic increase in values across tables is not noticeable

due to small initialization values, and thus values across tables seem unchanged.

However, it is important to consider the possibility in cases when the belief and

plausibility values are equal and referring back to equation (2.4.9), where belief forms

the lower bound and plausibility forms the upper bound of the true probability of a

proposition. In the case when belief and plausibility are equal, it implies that there

is no room for ambiguity, and thus the true probability is the belief or plausibility

value.
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Table 11: Emptiness Plausibility values at loops 1,2 and 5

Column Indices
Loop 1

Row Indices

0 0 0 0 0 0 0 0
0 8.35E-01 8.17E-01 8.17E-01 8.17E-01 8.18E-01 0 0
0 8.35E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.21E-01 0
0 4.73E-02 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.13E-02 0
0 1.33E-03 8.17E-01 8.17E-01 8.17E-01 8.17E-01 3.88E-03 0
0 8.74E-08 8.17E-01 8.17E-01 8.17E-01 8.17E-01 9.31E-04 0
0 8.74E-08 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.33E-03 0
0 9.31E-04 8.17E-01 8.17E-01 8.17E-01 8.17E-01 3.88E-03 0
0 0 5.37E-05 7.67E-05 9.31E-04 1.62E-02 0 0
0 0 0 0 0 0 0 0

Loop 2

Row Indices

0 0 0 0 0 0 0 0
0 8.21E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 8.21E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0
0 2.72E-03 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.56E-04 0
0 2.17E-06 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.84E-05 0
0 9.35E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.06E-06 0
0 9.35E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 2.17E-06 0
0 1.06E-06 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.84E-05 0
0 0 3.53E-09 7.20E-09 1.06E-06 3.19E-04 0 0
0 0 0 0 0 0 0 0

Loop 5

Row Indices

0 0 0 0 0 0 0 0
0 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0
0 5.20E-07 8.17E-01 8.17E-01 8.17E-01 8.17E-01 4.15E-10 0
0 9.35E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.97E-12 0
0 1.15E-35 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.57E-15 0
0 1.15E-35 8.17E-01 8.17E-01 8.17E-01 8.17E-01 9.35E-15 0
0 1.57E-15 8.17E-01 8.17E-01 8.17E-01 8.17E-01 1.97E-12 0
0 0 1.00E-21 5.96E-21 1.57E-15 2.47E-09 0 0
0 0 0 0 0 0 0 0



112

Table 12: Fullness Plausibility values at loops 1,2 and 5

Column Indices
Loop 1

Row Indices

0 0 0 0 0 0 0 0
0 2.01E-01 5.54E-03 3.88E-03 3.88E-03 7.92E-03 0 0
0 2.01E-01 1.33E-03 9.31E-04 9.31E-04 1.33E-03 4.73E-02 0
0 8.21E-01 7.67E-05 5.37E-05 7.67E-05 2.24E-04 8.18E-01 0
0 8.17E-01 8.74E-08 8.74E-08 1.52E-06 7.67E-05 8.17E-01 0
0 8.17E-01 9.35E-15 1.40E-56 8.74E-08 5.37E-05 8.17E-01 0
0 8.17E-01 9.35E-15 1.34E-14 6.32E-06 4.56E-04 8.17E-01 0
0 8.17E-01 8.74E-08 7.67E-05 1.84E-05 2.24E-04 8.17E-01 0
0 0 8.17E-01 8.17E-01 8.17E-01 8.18E-01 0 0
0 0 0 0 0 0 0 0

Loop 2

Row Indices

0 0 0 0 0 0 0 0
0 4.73E-02 3.76E-05 1.84E-05 1.84E-05 7.67E-05 0 0
0 4.73E-02 2.17E-06 1.06E-06 1.06E-06 2.17E-06 2.72E-03 0
0 8.17E-01 7.20E-09 3.53E-09 7.20E-09 6.12E-08 8.17E-01 0
0 8.17E-01 9.35E-15 9.35E-15 2.81E-12 7.20E-09 8.17E-01 0
0 8.17E-01 1.07E-28 2.41E-112 9.35E-15 3.53E-09 8.17E-01 0
0 8.17E-01 1.07E-28 2.19E-28 4.88E-11 2.55E-07 8.17E-01 0
0 8.17E-01 9.35E-15 7.20E-09 4.15E-10 6.12E-08 8.17E-01 0
0 0 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 0 0 0 0 0 0 0

Loop 5

Row Indices

0 0 0 0 0 0 0 0
0 6.52E-04 1.17E-11 1.97E-12 1.97E-12 6.97E-11 0 0
0 6.52E-04 9.35E-15 1.57E-15 1.57E-15 9.35E-15 5.20E-07 0
0 8.17E-01 5.96E-21 1.00E-21 5.96E-21 1.25E-18 8.17E-01 0
0 8.17E-01 1.15E-35 1.15E-35 1.80E-29 5.96E-21 8.17E-01 0
0 8.17E-01 1.61E-70 1.23E-279 1.15E-35 1.00E-21 8.17E-01 0
0 8.17E-01 1.61E-70 9.57E-70 2.26E-26 4.44E-17 8.17E-01 0
0 8.17E-01 1.15E-35 5.96E-21 4.75E-24 1.25E-18 8.17E-01 0
0 0 8.17E-01 8.17E-01 8.17E-01 8.17E-01 0 0
0 0 0 0 0 0 0 0
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Figure 32: Emptiness belief map

Figure 33: Fullness belief map
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4.2 Case 5: Evidential Mapping of the Straight

Ladder Environment

Figures 35 through 38 correspond to the straight ladder environment shown in Fig-

ure 34, where the vehicle is identified by the black triangle. Initialization values and

analysis of the emptiness and fullness mass, belief and plausibility maps are analyzed

in detail in Section 4.3.
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Figure 34: Straight Ladder Environment
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Figure 35: Case 5: Emptiness Belief Map Straight Ladder Environment

Figure 36: Case 5: Emptiness Plausibility Map Straight Ladder Environment
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Figure 37: Case 5: Fullness Belief Map Straight Ladder Environment

Figure 38: Case 5: Fullness Plausibility Map Straight Ladder Environment
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4.3 Case 6: Evidential Mapping of the Circular

Ladder Environment

Figures 40 through 43 correspond to the circular ladder environment as shown in

Figure 39, where the vehicle is identified by the black triangle.
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Figure 39: Circular Ladder Environment

Results of the occupancy grid are dependent on the initial values of confidence or

belief probability assignment (bpa) assigned to the propositions of emptiness, fullness,

either and neither. The maps use grid cells of the size 1m × 1m. The simulations use

the following bpa values:

• mm
E = 0.1

• mm
F = 0.1

• mm
EorF = 0.8

• mm
neither = 0
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When the grid is initialized at the start of simulations, each cell contains all 4 bpa

values. The high bpa value for mEorF signifies that all cells in the grid have to either

be occupied or empty, but since there is no knowledge about how likely the cells

are empty or full, the bpa values assigned to emptiness and fullness are low. Since

the cells cannot be neither empty nor full, mneither is 0. As cells get detected the

bpa values are updated accordingly to be used as evidence in belief and plausibility

functions.

Since sensors are used to detect obstacles, confidence in the sensor’s capability to

detect correctly must be assigned as well. The bpa’s assigned to the sensor’s accuracy

in detecting full or empty cells are given as follows:

• If cell is detected as empty

1. λE = 0.3

2. αE = 0

3. λEF = 0.7

• If cell is detected as full

1. λF = 0.3

2. αF = 0

3. λEF = 0.7

The above values signify the ability of the sensor to detect false positives. The values

for λE and λF are given low values to suggest that the sensor is only 30% likely to

detect empty cells as empty, and full cells as full. The results obtained thus take into

account a sensor that is not highly accurate.

Referring to Figure 39 and comparing with Figure 40 demonstrates the effective-

ness of the emptiness belief map. It represents the belief for the emptiness of the cell
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derived from a combination of evidence that supports emptiness, which are λE, λEF ,

mE and mEorF . Similarly, the fullness belief map shown in Figure 42 represents the

belief for fullness derived from a combination of supporting evidence by λF , λEF , mF

and mEorF . Because belief maps take only supporting evidence into account, they

form the lower bound in the support for the proposition. In spite of low bpa values

used for trust in sensor accuracy, both maps present an almost accurate representa-

tion of the true environment. The circular path in the emptiness maps represents the

path taken by the vehicle, and those cells are black because of the fullness support

given to that cell, when the vehicle is in that cell.
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Figure 40: Case 6: Emptiness Belief Map Circular Ladder Environment

Figure 41: Case 6: Emptiness Plausibility Map Circular Ladder Environment
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Figure 42: Case 6: Fullness Belief Map Circular Ladder Environment

Figure 43: Case 6: Fullness Plausibility Map Circular Ladder Environment
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Referring to the emptiness plausibility map in Figure 41, it represents the level of

support that remains for emptiness after taking away the level of support provided

by evidence that suggests the contrary, which are mF and mneither. Similarly, the

fullness plausibility map in Figure 43 represents the level of support that remains

after taking away support from evidence suggesting otherwise, which are mE and

mneither. Because plausibility maps take into account the evidence supporting the

contrary, they form the upper bound on the support for the proposition.

Comparing the emptiness belief and plausibility maps in Figure 44, it can be seen

that the belief map has regions that are grey (highlighted in red), however the same

regions are white in the plausibility map. This shows that the belief map is more

restrictive in assigning confidence in emptiness to regions that do not possibly have

as much supporting evidence. However in the plausibility map, those regions are

white, indicating that plausibility shows more regions are empty than there truly are.

Similarly, comparing the fullness belief and plausibility maps in Figure 45, regions

highlighted in red in the fullness plausibility map, shows more regions in grey than

does the belief map. This shows that the plausibility map assumes more regions

being full than there truly are. The belief map represents regions for only which it

has undisputed evidence for fullness. An interesting correlation is noticeable between

the highlighted regions in the emptiness belief map and the fullness plausibility map,

which is representative of the definition of fullness plausibility where regions that

do not have exclusive emptiness belief will be represented. The grey regions in the

emptiness belief map are grey because they did not have exclusive emptiness support,

and are thus picked up as regions that may be full in the fullness plausibility map.

For applications involving path planning and obstacle avoidance, the fullness plau-

sibility map and the emptiness belief map should be used over the fullness belief and

emptiness plausibility maps, as it is safer to assume more regions being occupied than

there truly may be.



123

Figure 44: Comparison between Emptiness Belief and Plausibility Maps
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Figure 45: Comparison between Fullness Belief and Plausibility Maps



Chapter 5

Conclusions and Future work

A robot is considered completely autonomous if it achieves the following goals.

1. Estimate its position and the positions of landmarks in the environment with

respect to the world centric reference frame.

2. Create a map that can be used for path planning of the robot.

3. Navigate through the environment using the map and appropriate obstacle

avoidance techniques.

4. Use the map to plan exploration of unexplored territories of the environment.

This thesis focused on points 1 and 2, by using the Reconfigurable Extended

Kalman Filter for state estimation and Demspter-Shafer theory based occupancy grid

maps. Estimating the pose of the vehicle and the positions of landmarks in the world

centric reference frame, based purely on measurements obtained in terms of range

and bearing in the vehicle centric reference frame summarizes the SLAM problem.

The challenges offered by the SLAM problem were that of imposing observability,

maintaining observability and minimizing estimation error while imposing conditions

to maintain observability. The state estimation using the EKF estimates the states of

the landmarks and creates a map in terms of point landmarks, however, knowledge of
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landmarks in terms of coordinates of a point is not sufficient to be used for obstacle

avoidance and path planning by the robot. Producing an informative map that

showed support for occupancy in regions occupied by obstacles and emptiness for

those regions that were free terrain, was the next important challenge.

The thesis has contributed to addressing the above mentioned challenges by

1. Simulating a vehicle in motion with a finite range sensor, thus mimicking a

practical SLAM situation where landmarks can constantly enter and exit the

sensor’s field of view. This setting necessitates re-selection of anchors and teth-

ers.

2. Imposing observability by selecting an anchor and tether to define the origin

and orientation of the world centric reference frame or Fw, by holding constant

two coordinates of the anchor and one coordinate of the tether. This algorithm

was initially used by Khan in [11] and based on initial work by Aitken in [69].

3. Maintaining observability by enabling re-selection of anchors and tethers, and

thus redefining Fw periodically, as the vehicle traverses the environment. Results

corresponding to Case 1 in Chapter 3, demonstrate that while observability is

imposed using an anchor-tether pair, as the vehicle moves farther away, the filter

is slightly resistant to bias corrections. Cases 3 and 4 show the positive impact

of enabling re-selection of anchors and tethers on bias corrections, in the straight

and circular ladder environments. This contribution is an implementation of the

future work suggested by Khan of [11].

4. Enabling switching of estimation of the x or y coordinate of the tether, depend-

ing on whether the anchor-tether pair is horizontal or vertical in Fw, failing

which the formulated SLAM problem becomes unobservable even with the pres-

ence of an anchor and tether. Results of Case 2 in Chapter 3 show the effect of
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estimating the wrong coordinate of the tether, when the anchor-tether pair is

horizontal in Fw; initialization errors are extremely high and the filter does not

approach steady state. Cases 3 and 4 prove that enabling automatic re-selection

of anchors and tethers, aided with estimating the appropriate coordinate of the

tether maintains observability as well as accuracy, in the straight and circu-

lar ladder environments. Constantly evaluating the anchor, tether and other

landmarks to enable appropriate re-selection and evaluating the angle between

the anchor-tether pair in Fw to determine the coordinate of the tether to be

estimated, involves configuring the EKF at every time instant, thus making it

a Reconfigurable EKF.

5. Creating two degrees of confidence in emptiness and fullness, by developing

belief and plausibility grid based maps based on Dempster-Shafer theory of

evidential reasoning, thus describing the environment effectively for obstacle

avoidance. Results of Cases 5 and 6 demonstrate the accuracy and reliability

of using DS theory for mapping purposes.

Through the contributions, the thesis has addressed the main issues that make the

formulated SLAM problem unobservable, and has proved that the solutions for the

issues discussed in Chapter 2, are indeed successful through simulations in Chapter

3, thus making the problem observable. The implementation of DS-theory based

occupancy grid maps has established that grid based based maps are a better form of

representing the environment rather the point landmarks and are reasonably accurate

even with unreliable sensors. The main aim of testing a grid based map approach

was to allow for future work to combine both the state estimation and the mapping

algorithms. Successful analysis and testing of grid based maps allow for the following

possible extensions to the the current work.

1. The occupancy grid based maps can be utilized for obstacle avoidance and path
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planning of the autonomous vehicle.

2. Concurrently developing the grid based map with the state estimation process

as the vehicle travels in the environment could be used for exploration. This is

especially applicable to maps created with DS-theory rather than with those cre-

ated using Bayesian theory, as unexplored or occluded regions have no support

for emptiness or fullness, indicating that those regions are yet to be explored.

3. The formulated SLAM problem is currently 2 dimensional, and thus the Recon-

figurable EKF as well as the occupancy grid maps are 2 dimensional. Consider-

ing the possible applications of the occupancy grid maps for obstacle avoidance,

extensions to the work could involve in formulating the problem in 3 dimensions,

and using the Reconfigurable EKF for a 3D environment and producing 3D oc-

cupancy grid maps.

4. Finally information from the grid based map could be used to detect and choose

special landmarks for use in the state estimation algorithm. However, this

approach either assumes perfect data association or will have to solve the data

association problem first.

Simulations conducted and results obtained are aimed to provide an insight into

the main challenge that the SLAM problem faces- observability. There are however

various aspects of SLAM like front-end sensing, processing of sensor data, formulation

of the mechanics of the autonomous vehicle, data association and loop closure, that

continue to be researched on. This thesis aims to be the foundation for future work

involving implementation and testing of information obtained from occupancy grid

maps to allow for state estimation using the Reconfigurable EKF and loop closure in

real environments.
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University St., Montreal, Québec, CANADA H3A 2A7 (2004).

[64] M. Cummins and P. Newman. “Appearance-only slam at large scale with fab-

map 2.0.” The International Journal of Robotics Research (2010).

[65] B. Yamauchi. “A frontier-based approach for autonomous exploration.” In

“Computational Intelligence in Robotics and Automation, 1997. CIRA’97., Pro-

ceedings., 1997 IEEE International Symposium on,” pages 146–151 (1997).

[66] C. Stachniss and W. Burgard. “Mapping and exploration with mobile robots

using coverage maps.” In “Intelligent Robots and Systems, 2003. (IROS 2003).

Proceedings. 2003 IEEE/RSJ International Conference on,” volume 1, pages

467–472 vol.1 (2003).

[67] H. C. et al. Principles of Robot Motion: Theory, Algorithms, and Implementa-

tion. The MIT Press (2005).

[68] K. Ogata. Modern Control Engineering. Pearson Prentice Hall, 5th edition

(2010).

[69] V. C. Aitken. Sliding mode state estimation for nonlinear discrete-time sys-

tems: Applications in image sequence analysis. Ph.D. thesis, Carleton University

(1995).

[70] V. Aitken. “On the 2d discrete-time slam observability problem, unpublished

research notes.” (2010).

[71] A. Elfes. “Using occupancy grids for mobile robot perception and navigation.”

Computer 22(6), 46–57. ISSN 0018-9162 (1989).

[72] H. Moravec. “Sensor fusion in certainty grids for mobile robots.” In A. Casals,

editor, “Sensor Devices and Systems for Robotics,” volume 52 of NATO ASI Se-

ries, pages 253–276. Springer Berlin Heidelberg. ISBN 978-3-642-74569-0 (1989).



136

[73] H. Moravec. “Certainty grids for mobile robots.” In “NASA/JPL Space Teler-

obotics Workshop,” volume 1, pages 307–312 (1987).

[74] A. Dempster. “A generalization of bayesian inference.” In R. Yager and L. Liu,

editors, “Classic Works of the Dempster-Shafer Theory of Belief Functions,”

volume 219 of Studies in Fuzziness and Soft Computing, pages 73–104. Springer

Berlin Heidelberg. ISBN 978-3-540-25381-5 (2008).

[75] G. Shafer. Encyclopedia of Artificial Intelligence. Wiley, second edition (1992).

[76] G. Shafer. A Mathematical Theory of Evidence. Princeton University Press

(1976).

[77] Y. Yang, A. Minai, and M. Polycarpou. “Evidential map-building approaches

for multi-uav cooperative search.” In “American Control Conference, 2005. Pro-

ceedings of the 2005,” pages 116–121. ISSN 0743-1619 (2005).

[78] A. S. Juan Andrade-Cetto. Environment Learning for Indoor Mobile Robots,

volume 23 of Springer Tracts in Advanced Robotics. Springer Berlin Heidelberg

(2006).


