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Abstract 

While much is known about the asymptotic performance of Low Density Parity Check 

(LDPC) codes under iterative decoding algorithms, the finite-length analysis of LDPC 

codes is still an active area of research with many open problems. At finite block 

length, trapping sets in the Tanner graph representing an LDPC code affect the 

performance of the code under iterative decoding algorithms, especially at high signal-

to-noise ratio (SNR) region. In this thesis, we address several issues of finite-length 

LDPC codes related to trapping sets in the graph. In particular, we are concerned 

with performance analysis, decoding algorithms and constructions of finite-length 

LDPC codes. 

We study the structure of trapping sets under different hard-decision iterative de

coding algorithms. We propose a general method to estimate the error performance 

of LDPC codes for hard-decision iterative decoding algorithms based on direct enu

meration on the smallest error patterns the decoder fails to correct. The proposed 

method can provide accurate estimates for both the frame error rate (FER) and the 

bit error rate (BER) over the whole range of crossover probabilities of practical inter

est. We then propose cycle enumeration algorithm which reduces the computational 
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complexity of the direct enumeration by several orders of magnitude without any 

sizable degradation in the accuracy of the estimates, making the estimation method 

applicable to almost any LDPC code of practical interest. 

We extend the estimation method for hard-decision iterative decoding algorithms 

to soft-decision iterative decoding algorithms. Modified cycle enumeration algorithm 

is introduced to reduce the computational complexity. We also propose an algorithm 

which estimates the performance of a decoder with large number of quantization bits 

based on the estimation result for small number of quantization bits. This reduces 

the computational complexity. 

We also propose a modification to the progressive-edge-growth (PEG) algorithm 

for the construction of irregular LDPC codes. The proposed modification reduces the 

number of small trapping sets and improves the minimum distance of the code, which 

results in considerable improvement of the performance in high signal-to-noise ratio 

(SNR) region without sacrificing low-SNR performance. 

Moreover, we investigate the application of successive relaxation (SR) in different 

domains for the iterative decoding of LDPC codes. We show by simulations that, 

in general, for finite-length codes, the SR algorithms outperform their conventional 

successive substitution (SS) counterparts. The improvement in performance increases 

as the maximum number of iteration becomes larger. 
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Chapter 1 

Introduction 

Low Density Parity Check (LDPC) codes and the iterative algorithms that can be 

used to decode these codes were first introduced by Gallager [1-3] in his Ph.D. thesis 

in the early sixties. However, in spite of Gallager's promising results on the strength 

and the flexibility of LDPC codes and iterative decoding algorithms, they were almost 

completely forgotten after their invention mainly due to the limited computational ca

pabilities of the computers at that time which made the associated iterative decoding 

algorithms look impractical. For the next thirty years, only a few works, such as [4] 

and [5], had been performed in this area. Inspired by the success of turbo-codes [6], 

LDPC codes were rediscovered [7]. Since then, there has been a great amount of 

research devoted to LDPC codes and their encoding and decoding (see, e.g., [8-10] 

and the references therein). Near Shannon limit error performance and low decoding 

complexity have been shown for LDPC codes [7,11-13]. It has been also observed 

that LDPC codes with long block length outperform the best known turbo codes [13]. 

Nowadays, LDPC codes are considered a serious candidate in almost all the practical 
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systems where error control coding is needed (e.g., data storage systems, satellite com

munication systems, mobile communication systems, optical communication systems, 

etc.) 

LDPC codes are linear block codes and thus are specified by their parity-check 

matrices. Iterative decoding algorithms are the efficient tools for decoding LDPC 

codes. The decoding process is performed by iteratively exchanging messages between 

the nodes and through the edges in the Tanner graph [4] representing the code. There 

is a wide range of iterative algorithms for decoding LDPC codes, each offering a 

particular tradeoff between error performance and decoding complexity. 

Under iterative decoding algorithms, the performance of a finite block length 

LDPC code is closely related to the trapping sets in the code's Tanner graph, es

pecially in the high signal-to-noise ratio (SNR) region (or the so-called error floor 

region) [14]. In general, a trapping set is defined as a set of variable nodes that 

cannot be eventually corrected by the decoder [14]. The effect of trapping sets to 

iterative decoding is similar to that of low-weight codewords to maximum-likelihood 

(ML) decoding. However, unlike low-weight codewords, trapping sets depend not only 

on the code's structure but also on the specific decoding algorithm and the channel. 

In this thesis, we first study the trapping sets of LDPC codes under different iterative 

decoding algorithms and propose a combinatorial method to estimate the error per

formance of finite-length LDPC codes under different hard-decision iterative decoding 

algorithms. We then extend this method to the case of soft-decision (quantized) iter

ative decoding algorithms. We propose a modification to a well-known construction 

method, progressive-edge-growth [15], which reduces the number of small trapping 
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sets in the Tanner graph and improves the code's performance in the error floor re

gion. We also investigate the application of successive relaxation (SR) in different 

domains to the iterative decoding of finite-length LDPC codes. 

1.1 Thesis Motivations 

The asymptotic performance analysis of LDPC codes under iterative decoding algo

rithms is now a rather mature subject. Analysis tools such as density evolution [12] 

and EXIT charts [16] provide a rather complete picture of the asymptotic perfor

mance of LDPC codes at infinite block lengths. Density evolution is applied to the 

ensembles of LDPC codes to derive the thresholds of the ensembles under a variety of 

decoding algorithms, see, e.g., [12]. Concentration results [12] then guarantee that, 

for sufficiently large block lengths, the performance of the individual codes from the 

ensemble is close to the average performance predicted by the asymptotic analysis 

and derived based on the assumption that the Tanner graph of the codes is cycle-free. 

Our knowledge of iterative decoding algorithms at finite block length however is 

not nearly as complete. This is despite the fact that in practice, we always have 

to deal with finite-length codes. The difficulty in analyzing LDPC codes with finite 

block length under iterative message-passing algorithms originates from the fact that 

the Tanner graph representation of these codes includes many short cycles (practical 

codes don't have cycle-free Tanner graph representations [17]). These cycles, even for 

memoryless channels where the initial messages are independent, create dependencies 

among the messages after the first few iterations have passed. This makes the perfor

mance of LDPC codes deviate from the asymptotic results. In fact, the finite-length 
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analysis of LDPC codes is still an active area of research with many challenging open 

problems. In this thesis, we mainly focus on practical LDPC codes and address sev

eral issues related to finite block length codes, including error performance estimation, 

code construction and decoding. 

1.2 Thesis Contributions 

The results of this thesis have been partly published or submitted for publication in 

a number of conference proceedings and journals [18-28], 

In this thesis, we study the structures of trapping sets for finite block length LDPC 

codes under different iterative decoding algorithms. We also investigate the relation

ship between trapping sets and the error performance of the iterative algorithms. 

Based on the study on trapping sets, we derive upper and lower bounds on the frame 

error rate (FER) of LDPC codes decoded by hard-decision iterative algorithms over 

binary symmetric channels (BSC). The bounds, which are tight for sufficiently small 

crossover probabilities of the channel, provide a good estimate of FER in this region. 

These results have been published in [18]. 

A general combinatorial method for estimating the error performance of LDPC 

codes decoded by hard-decision iterative decoding algorithms on BSCs is proposed. 

Based on the direct enumeration of the smallest weight error patterns that cannot 

be all corrected by the decoder, this method estimates both the FER and the bit 

error rate (BER) of a given LDPC code with very good precision for all crossover 

probabilities of practical interest. This method can be effectively applied to both 
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regular and irregular LDPC codes and to a variety of hard-decision iterative decoding 

algorithms. Compared with the conventional Monte Carlo simulations, the proposed 

method has a much smaller computational complexity, particularly for lower error 

rates. These results have been published in [19] and [20]. 

The computational complexity associated to the direct enumeration can be still 

very high for many practical cases. Using cycle enumeration, we reduce the complexity 

of direct enumeration by several orders of magnitude, making it possible to estimate 

the error rates for almost any practical LDPC code. To obtain the error rate estimates, 

we propose an algorithm that progressively improves the estimates as larger cycles 

are enumerated. These results have been published in [21] and submitted for possible 

publication in IEEE Trans. Comm. [22]. 

We then extend the estimation technique to the case of soft-decision iterative 

decoding algorithms. The decoders under consideration are quantized versions of soft-

decision decoding algorithms. To reduce the computational complexity, we propose a 

modified cycle enumeration algorithm. We also propose an algorithm which estimates 

the performance of decoder with large number of quantization bits based on the results 

for small number quantization bits. These results have been published in [23] and 

submitted for possible publication in IEEE J SAC. [24]. 

As another contribution, we propose a very simple modification to one of the best 

known methods for constructing LDPC codes at short and intermediate block lengths, 

the progressive-edge-growth (PEG) algorithm [15]. This modification considerably 

enhances the performance at high SNR region without any degradation in the low-

SNR performance by improving both the minimum distance and the trapping sets of 
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the code. These results have been published in [25,26]. 

We also investigate the application of successive relaxation (SR) in different do

mains to the iterative decoding of LDPC codes. We show by simulations that im

provement in error performance offered by SR is quite different when it is applied in 

different domains. We observe that, in general, the SR algorithms outperforms their 

conventional successive substitution (SS) counterparts and the improvement in per

formance increases with increasing the maximum number of iterations. These results 

have been published in [27] and submitted for possible publication in IEEE Trans. 

Comm. [28]. 

1.3 Thesis Organization 

Chapter 2 gives a background review on basic concepts and related topics involved 

in the rest of the thesis. We review the basics of LDPC codes, such as, Tanner graph 

representation and code construction methods. We survey some well-known iterative 

decoding algorithms. We also review some important analysis tools for infinite block 

lengths, such as density evolution. 

In Chapter 3, we focus on hard-decision iterative decoding algorithms. We first 

derive upper and lower bounds on the FER of LDPC codes decoded by hard-decision 

iterative decoding algorithms over a BSC. We then investigate the trapping set struc

tures for hard-decision iterative algorithms and propose our error performance esti

mation technique. 

A method is presented in Chapter 4 to reduce the computational complexity of 
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the estimation technique proposed in Chapter 3 using cycle enumeration. We also 

propose an algorithm which progressively improves the estimates. 

In Chapter 5, we propose a technique for the performance estimation of LDPC 

codes decoded by quantized (soft-decision) iterative decoding algorithms. We intro

duce modified cycle enumeration algorithm in this chapter. We also introduce an 

algorithm which generates the estimate for decoders with large number of quantiza

tion bits based on the estimation results for small number of quantization bits. 

Chapter 6 presents our modification to PEG algorithm. We show that this modi

fication improves the performance considerably in high SNR region with no sacrifice 

in low SNR performance. 

Chapter 7 presents our results on SR for decoding of LDPC codes. We show 

that the application of SR in different domains results in different error correcting 

performance. 

Chapter 8 concludes the thesis and provides topics for future research. 

7 



Chapter 2 

Background Review 

2.1 Low-Density Parity-Check codes and Tanner Graph 

Representation 

LDPC codes are a class of linear block codes. Like any other linear block code, 

an LDPC code C can be fully described by its parity check matrix H, through the 

parity-check equations cHT = 0, c G C, where HT is the transpose of matrix H. 

For an LDPC code, the parity check matrix is sparse. That is, the parity check 

matrix consists of many zeros and only a small fraction of elements are nonzero. 

In other words, for a binary (in this thesis, we assume that the codes are binary) 

LDPC code, the density of ones in the parity check matrix is low. Hence, it is named 

"low density". (The sparseness makes the complexity of the corresponding iterative 

decoding algorithms increase only linearly with the code's block length.) 

A (dv, dc)-regular LDPC code has a parity check matrix which has the same weight 

(number of ones) dv per column and the same weight dc per row (the original Gal-
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lager's codes introduced in [1-3] are regular LDPC codes). Otherwise, it's called 

irregular. In irregular LDPC codes, column and row weights are not constant, and 

chosen according to two distributions [13]. Irregular LDPC codes were introduced 

in [29] and were further studied in [30-32]. It has been shown that irregular LDPC 

codes in general have better performance than regular ones (in the waterfall region). 

It has also been observed that irregular LDPC codes with long block length even 

outperform the best known turbo codes [13]. 

Like any other linear block code, an LDPC code can be represented by a Tanner 

graph [4] which is constructed based on the parity check matrix of the code. A 

Tanner graph is a bipartite graph which contains only two types of nodes: variable 

(bit) nodes and check (constraint) nodes. Variable nodes correspond to the columns 

of the parity check matrix (i.e., bits of the codeword). Check nodes correspond to the 

rows of the parity check matrix (i.e., parity-check equations of the code). Variable 

node j is connected to check node i by an edge if and only if there is a "1" located at 

position (i,j) in the parity check matrix (i.e., the j th code bit participates in the ith. 

parity-check equation). Note that, we can also construct a parity-check matrix, and 

therefore a code, based on a Tanner graph, if it does not contain parallel edges. 

Example 2.1.1 The parity-check matrix of the (7, 4) Hamming code is given as: 

1 0 0 1 1 0 1 

0 1 0 1 0 1 1 • 

0 0 1 0 1 1 1 
1 
! 
| 

9 

H = 



Figure 2.1: Tanner graph representation of the code given in Example 2.1.1. 

The Tanner graph constructed from H is shown in Figure 2.1. In the figure (and 

also in the rest of this thesis), variable nodes are represented by empty circles and 

check nodes are represented by shaded circles. For example, in the graph, check 

node 1 is connected to variable node 5 by an edge, which means that variable node 5 

participates in the 1st parity-check equation and a "1" is located in the (1, 5) position 

of if. • 

Note that the degree (number of edges connected to a node in the graph) of 

a variable node equals the weight of the corresponding column in the parity check 

matrix and the degree of a check node equals the weight of the corresponding row in 

the parity check matrix. Therefore, in the Tanner graph of a (dv, rfc)-regular code, all 

the variable nodes and all the check nodes have the same degree dv and dc, respectively. 

The Tanner graph in this case is called a regular graph. For an irregular LDPC code, 

the degree of each set of nodes is chosen according to some distribution. The Tanner 

graph in this case is called an irregular graph. 

Suppose that we have an irregular graph with some maximum variable node degree 

Dv and some maximum check node degree Dc. We may specify our irregular graph 
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(or equivalently, irregular code) by degree sequences (Ai,- • •, AD J and (pi,- • •, PDC ), 

where Aj and pi are the fraction of edges emanating from variable nodes and check 

nodes of degree i, respectively [13,29]. ( Note that, $ ^ A* = ^2iPi = !•) Usually, we 

require the degree of each node in the Tanner graph to be greater than or equal to 

2. Equivalently, the variable (check) node degree distribution [13] can be specified by 

the polynomial: 

X(x) = £ V"1 (p(x) = jr p^-1) . (2.1.1) 
i=2 \ i=2 J 

For (dv, rfc)-regular LDPC codes, X(x) = xdv~l and p(x) = xdc~l. As we will see 

later, graphical representations of LDPC codes are extremely useful in studying and 

analyzing LDPC codes and the associated iterative decoding algorithms. 

Cycles1 in the Tanner graph are known to be problematic structures to iterative 

decoding algorithms since they create dependencies between messages passed around 

the graph by the iterative algorithms. This causes the iterative algorithms to perform 

sub-optimally. It is well accepted that a good Tanner graph for iterative algorithms 

should not have too many small cycles (e.g., cycles of length 4) and should preferably 

have a relatively large girth (the length of the smallest cycle in the graph). 

For a given degree distribution pair (A, p), the ensemble of LDPC codes of length 

n is defined in the following way. In the Tanner graphs, there are n variable nodes 

and m = ^.vflfn check nodes. The number of edges is: \E\ = „i "._, . The node 
/0 X(x)dx ' ' Jo A(a:)da; 

degree distributions are defined as: Aj = . t y* and pj = . f f , i.e., A, fraction 
Jo A(x)d% Jo P\x)ax 

of the n variable nodes have i sockets and pj fraction of check nodes have j sockets. 

1A cycle is a closed walk in which all the nodes except for the start and the end nodes are distinct. 
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Both the variable node sockets and the check node sockets are labeled {1,2,..., \E\}. 

A random Tanner graph in this ensemble is generated by a random permutation 

7r : {1,2,..., \E\} —>• {1,2,..., \E\}, i.e., the ith variable node socket is connected 

to the 7r(i)th check node socket. By definition, all elements in this ensemble are 

equiprobable. 

2.2 Iterative Decoding Algorithms 

In the context of decoding LDPC codes, iterative algorithms are naturally described 

using the Tanner graphs representing the codes. Iterative decoding algorithms, also 

called "message-passing algorithms," are performed by exchanging messages (or in

formation) between check nodes and variable nodes through the edges of the graph, 

in both directions and iteratively. The complexity per iteration of the algorithms is 

then proportional to the number of edges in the Tanner graph. For LDPC codes, 

the complexity of the algorithms is low due to the sparseness of H (i.e., the sparse-

ness of edges in the Tanner graph). The messages passing through the graph could 

be "hard" (bits) and/or "soft" (real numbers) information, and the operations per

formed in variable and check nodes to generate messages depend on the nature of the 

decoding algorithm and the message type(s). 

Generally speaking, an iterative decoding algorithm starts by creating initial (lo

cal) messages (weights) for each variable node from the observations at the output 

of the channel and channel characteristics. As the initial step, it then passes these 

initial messages to check nodes through the edges of the Tanner graph. Iterations 
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then start, by each iteration consisting of two steps: 1) check nodes processing the 

incoming information and passing new (extrinsic) messages to the variable nodes. 

These messages usually reflect the estimate of check nodes from the value and/or 

reliability of variable nodes. 2) variable nodes processing the incoming messages sent 

by check nodes and sending updated (extrinsic) information about their value and/or 

the associated reliability to check nodes. Here, "extrinsic" (following turbo-code ter

minology [6]) means that the outgoing message sent along one edge does not depend 

on the incoming message sent along the same edge. Allowing only extrinsic mes

sages passing along edges of the Tanner graph is a necessary condition of having good 

message-passing decoding algorithms. In each iteration, a hard decision on the value 

of each bit (e.g., "0" or "1") is made at variable nodes. The algorithms stops if the 

hard-decision assignments for bits satisfy all the check equations (i.e., the algorithm 

converges to a codeword), or a maximum number of iterations is reached, in which 

case a "decoder failure" is declared. 

There are a wide variety of iterative algorithms for decoding LDPC codes, each 

offering a particular tradeoff between error performance and decoding complexity. 

In general, these algorithms can be divided into two classes, namely, hard-decision 

and soft-decision, based on whether the messages passing through the graph are 

"hard" or "soft" information, respectively. Also, there are combined hard/soft decision 

algorithms such as weighted bit-flipping algorithm mentioned in [33]. In the following 

sub-sections, we will briefly review some well-known iterative decoding algorithms. 
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2.2.1 Hard-Decision Iterative Decoding Algorithms 

The main advantage of hard-decision algorithms with hard messages is their simplicity 

which makes them fast and easy to implement. In hardware, this translates to higher 

speed and lower area and power consumption. In addition, hard-decision algorithms 

are the only way to decode LDPC codes if only hard-decisions are available at the 

receiver. 

Gallager's Decoding Algorithm A (GA) 

GA was first introduced by Gallager in [3] and can be used over BSC. Let M denote 

the message alphabet space of GA. For example, M. = {—1, +1} if each bit c, in a 

codeword c is mapped to bipolar signal x, = (—l)Ci and transmitted over BSC. Then 

at the initial step (at iteration I = 0), a variable node v obtains the initial message 

m , e M from the channel output. In iteration / > 1, for a check node c, the message 

passed from c to its adjacent variable node v is the product of the incoming messages 

of all c's adjacent variable nodes except v in iteration I — 1, 

mc_^= JJ rry_c, (2.2.2) 
v'eN(c)\v 

where, N(x) denotes the set of neighboring nodes of node x and N(x)\y means that 

node y is excluded from set N(x) (This guarantees that only the extrinsic information 

will be sent out). A variable node v passes its initial message mv to its adjacent check 

node c unless all of its incoming messages in iteration / from check nodes in set N(v)\c 
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disagree with this, in which case, - m „ is sent out, 

-m^ , if \{c e N(v) \ c : mc>^v = - m „ } | = dv - 1 
m ^ c = \ . (2.2.3) 

mv, otherwise 

Gallager's Decoding Algorithm B (GB) 

GB was also introduced by Gallager in his thesis. Compared to GA, GB is more 

complex but more efficient. The message passing operations of GB are similar to 

those for GA, except that the message sent by a variable node v to its adjacent check 

node c mv^c, in iteration I, is changed to: 

-m„ , if \{c e N(v) \ c : m> = ~mv}\ > bt 
m ^ c = < { . (2.2.4) 

m„, otherwise 

In other words, in GB, a variable node passes its initial message unless at least bi 

extrinsic incoming messages disagree with the initial message. Note that, unlike GA, 

the message passing operations of GB depends on the iteration number. The value 

of bi in general is a function of variable node degree, check node degree and iteration 

number I. The optimal choice of bi was determined in [1]. 

Among binary message-passing algorithms, GB with the optimal value of bi is 

shown to have the minimum message error-rate in each iteration and the maximum 

threshold [3,34-37] . 
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Majority-Based (MB) Decoding Algorithms 

MB decoding algorithms are studied in detail in [38]. MB algorithm of order u, 

denoted by MBW, has message passing operations the same as those of GA, except 

that message m„_,.c sent in iteration / from variable node v to check node c is given 

by: 

{ -m„, if |{c e N(v) \ c : mc*_>v = - m , } | > \dv/2\ + w 
, (2.2.5) 

m„, otherwise 

where 0 < UJ < dv — 1 — [dv/2] and \x] is the smallest integer which is greater than 

or equal to x. Note that, GA is a special case of MB algorithms. In fact, GA is the 

MB algorithm with the maximum order of u = dv — 1 — [d„/2]. It has been shown 

in [38] that other MB algorithms can offer great advantages over GA including faster 

convergence and better performance. 

2.2.2 Soft-Decision I terat ive Decoding Algorithms 

Soft-decision iterative decoding algorithms process soft information (real numbers) 

through the code graph. Therefore, they in general offer better error performance than 

that of the hard-decision algorithms with higher computational complexity. In the 

following, we briefly review two important soft-decision iterative decoding algorithms, 

namely sum-product algorithm and min-sum algorithm. 
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Sum-Product Decoding Algorithm 

Sum-product decoding algorithm belongs to a class of the so-called "two-way algo

rithms" [39]. Two-way algorithms have a long and convoluted history and have dif

ferent variants. Besides coding, they have applications in many other fields, such 

as statistics, optimization, expert systems, artificial intelligence and etc. In coding 

literature, the earliest known application of two-way algorithms is Gallager's a pos

terior probability (APP) decoding algorithms for LDPC codes [1-3]. MacKay and 

others [40,41] realized that the sum-product decoding algorithm is a version of the 

so-called belief propagation (BP) algorithm in Bayesian networks in the fields of ex

pert systems and artificial intelligence [42,43]. Examples of applications of the sum-

product algorithm in other fields include maximum APP (MAP) symbol detection 

on inter-symbol interference (ISI) channels [44], the well-known forward-backward 

algorithm for tracking hidden Markov models [45], the well-known BCJR algorithm 

in coding literature for minimizing bit error probability [46], to name a few. It is 

known that sum-product algorithm converges to the optimal bit-wise APP decoding 

on cycle-free Tanner graphs [39,47,48]. 

Conventionally, in the sum-product algorithm, at the initial step, each variable 

node is assigned two initial weights w(0) and w(l), corresponding to the reliability 

that "0" and "1" are sent, respectively. w(Q) and w(l) are given by the following 

likelihood functions (assuming equally likely transmission of zeros and ones, and a 

memoryless channel): 

w(0)=p(r |0) , w(l)=p(r\l), (2.2.6) 
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where p(r\0) and p(r\l) are the conditional probability density functions of receiving 

value r at that variable node given zero and one are transmitted, respectively. These 

initial messages can be computed when the characteristics of the channel are known. 

Due to the nature of the initial weights, each message in the graph also has two 

components, m(0) and m(l) corresponding to zero and one, respectively. 

In the first step of each iteration, the message passing from a check node c to a 

variable node v is as follows: 

mc^(0)= Y, ( II m J - J ' (2-2-7) 
(^configurations \v £N(c)\v 1 

in which node v is 0 

me-(l)= E ( II m « 0 ' (2-2-8) 
(^configurations \v £N(c)\v I 

in which node v is 1 

where, m^(.) means one of the two components of a message which is in configuration 

(j). A configuration of a check node c is a combination of the values (e.g., 0 and 1 

in our case) of all the variable nodes in the set N(c) which satisfies the parity-check 

constraint represented by check node c. 

In the second step of each iteration, the message passing from a variable node v 

to a check node c is: 

m^c(0) = w„(0) Yl 
(0) , (2.2.9) 

^c' eN(v)\c 

m ^ c ( l ) = «,„(1) ft m c , ^ ( l ) ) , (2.2.10) 
\cEN{v)\c 
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where, wv(x) represents the initial message corresponding to value x of variable node 

v. 

A hard decision is made in each iteration at a variable node v based on the value 

of wv(0) • J J mc'_>v(0) and w„(l) • J J mc '_^(l). If the first term is greater than 
c'eN(v) c'GJV(v) 

the second term, the declared value of variable node v is zero, otherwise, the declared 

value of v is one. 

What we described above is the implementation of sum-product algorithm in the 

probability domain. There are other ways to implement the sum-product algorithm 

in other domains (see, e.g., [49]). Examples include likelihood ratio (LR) domain, log-

likelihood (LLR) domain and likelihood difference (LD) domain, where the messages 

are of the form w(0)/w(l), \n(w(0)/w(l)) and w(0) — w(l), respectively. Clearly, the 

variable node and check node operations are changed when the algorithm is imple

mented in different domains. 

For example, when the sum-product algorithm is implemented in the LLR domain, 

the initial message of variable node v is of the form: m„ = In ( ̂ 4 ^ J. It can be 

shown [12,49] that the operations performed in check nodes and variable nodes are 

given by the following equations, respectively, 

mc^„ = 2 • tanlT1 f J J tanh ^ ^ ± £ J , (2.2.11) 
\v'eN(c)\v J 

m,,^c = mv-|- ^ mc'-Mr (2.2.12) 
c£N(v)\c 

A hard decision is made for each variable node v in each iteration based on the value 
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m„ + y m.c^v If this value is greater than zero, v is decoded as 0, otherwise, it is 
ceN{v) 

decoded as 1. 

If the values 0 and 1 are mapped to alphabet +1 and -1 , respectively, over a binary-

input additive white Gaussian noise (AWGN) channel, it is easy to see that the initial 

message of a variable node v is: 

m , = - | y , (2-2.13) 

where y is the received value of variable node v and a2 = ^ is the power spectral 

density of the AWGN. Thus, the sum-product algorithm requires the knowledge of 

the channel. 

Min-Sum Decoding Algorithm 

Min-sum algorithm is another well-known soft-decision iterative algorithm for de

coding LDPC codes. Other names for min-sum are "max-sum" and "max-product" 

depending on the type of messages and the corresponding operations performed in 

variable and check nodes [39,50]. The Min-sum algorithm converges to the ML solu

tion for codewords on cycle-free Tanner graphs [39,47,48]. It can also be considered 

as an approximation to the sum-product decoding algorithm [49]. In general, the 

error performance of min-sum algorithm is inferior to that of sum-product by a few 

tenths of a dB2. However, compared to sum-product, it is much simpler to implement 

and does not require the estimate of noise power. 

2It should be noted that although the performance of min-sum algorithm is worse in the "water
fall" region, it's been observed that min-sum can outperform sum-product algorithm in the error 
floor region [51]. 
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In the LLR domain, the operation performed at the variable nodes is the same 

as Equation (2.2.12), and the operation performed at the check nodes is changed as 

follows: 

m ^ = sign I TT ny_>c • min { | n y _ J } . (2.2.14) 
\ / 7",. / v£N(c)\v 

V eN(c)\v ) 

If the initial message is of the form given by (2.2.13), the constant factor a2 can be 

extracted from Equations (2.2.12) and (2.2.14) without changing the final result of 

the algorithm. Thus, the min-sum algorithm does not require the information about 

the channel SNR. 

2.2.3 Analysis of Iterative Algorithms 

The dynamics of iterative algorithms on Tanner graphs can be analyzed by several 

techniques. 

Density Evolution [12] is an efficient method to predict the asymptotic behavior 

of iterative algorithms. It is used to track the evolution of the probability density 

functions of the messages passed on the Tanner graph and therefore to determine 

the decoding threshold for a given ensemble of LDPC codes and a given iterative 

algorithm. The decoding threshold is defined as the worst-case channel parameter 

such that for any channel parameter which is better than the threshold, a typical 

code in the ensemble is capable of reliable communication on this channel (in other 

words, the average fraction of incorrect messages in the graph tends to zero as the 

number of iterations increases [12]). Concentration results [12] guarantee that, for 

sufficiently large block lengths, the performance of the individual codes from the 
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ensemble is close to the average performance predicted by the asymptotic analysis 

and derived based on the assumption that the Tanner graph of the codes is cycle-

free. The computational complexity associated with density evolution is very high 

for complex decoding algorithms such as soft-decision algorithms. Several techniques 

such as Gaussian approximation [52,53] have been proposed to reduce the complexity 

with a cost of less accuracy. 

Another analytical tool for iterative decoding algorithms is extrinsic information 

transfer (EXIT) chart [16,54-56]. Instead of tracking the evolution of the probability 

density functions of the messages, the EXIT chart analysis tracks the evolution of a 

single parameter, i.e., the mutual information between the messages and the trans

mitted bits in each iteration. Compared to density evolution, the method of EXIT 

chart is less complex with a small degradation in the accuracy. It provides a way 

to visualize the behavior of iterative decoding algorithms which is important in both 

performance analysis and code design. 

It is worth mentioning that all of the asymptotic analysis techniques are based 

on the assumption that the block length tends to infinity and thus the corresponding 

Tanner graph is cycle-free, which is not the case for practical codes [17]. Therefore, 

the above mentioned techniques provide more accurate analysis for large block lengths 

(say, > 104) than for short and intermediate block lengths. 
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2.3 Design of LDPC Codes 

Based on the relationship between LDPC codes and Tanner graphs, the obvious way 

to construct an LDPC code is via the construction of a low-density Tanner graph (i.e., 

a low-density parity-check matrix). There are many design techniques with different 

design criteria, such as efficient encoding/decoding, near-capacity performance, good 

performance in the error floor region, etc. In this section, we briefly review several 

important design/construction techniques. 

2.3.1 Random/Semi-Random Constructions 

In random/semi-random constructions, the parity check matrices (or Tanner graphs) 

are obtained by computer random search with certain constraints. One common 

constraint is to avoid small cycles in the graph such that the girth of the graph 

is relatively large [57]. For example, most of the LDPC codes in the online code 

database [58], which are mostly regular, are constructed by computer random search 

with some constraints such as avoiding cycles of length 4 [11]. To design irregular 

LDPC codes, the choice of the degree distribution pair (A, p) is important. As 

mentioned before, for a given ensemble with distribution pair (A, p ) and a given 

iterative algorithm, density evolution determines the decoding threshold. The authors 

of [13,31] showed how to optimize these distribution sequences for a variety of channels 

in the sense that, the optimal degree sequences give the best decoding threshold. After 

obtaining the optimal (A, p ), LDPC codes can be constructed by computer search. 

Using this approach, an LDPC code was designed with error performance within 
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0.0045 dB of the capacity for a binary-input AWGN channel [59]. This code has 

length n = 107 and rate R — 1/2. As mentioned before, since the asymptotic analysis 

tools are based on the cycle-free assumption, it is generally true that the design using 

density evolution is best applied to codes with low rate and large block length (e.g., 

> 104). It has been shown in [60,61] that when such optimized distribution pairs are 

used for short and medium block lengths, the codes tend to have high error floors. 

One drawback of randomly generated codes is that they lack sufficient structure 

to have low-complexity encoding. Actually, encoding complexity has been one major 

practical objection to LDPC codes. In [32], to resolve this issue, the authors suggested 

a lower triangular structure for the parity-check matrix. An efficient encoding tech

nique which does not restrict the structure of the parity-check matrix was presented 

in [62]. 

2.3.2 Geometric and Algebraic Constructions 

In [33], the authors designed two classes of regular LDPC codes whose constructions 

are based on finite geometries. The resulting codes belong to the cyclic and quasi-

cyclic classes of block codes such that simple encoder implementation using shift-

register circuits is possible. One drawback of these classes of LDPC codes is that the 

column and row weights are relatively large which is undesirable since the decoding 

complexity per iteration is proportional to these values. 

Margulis proposed a Caylay graph construction of (3, 6)-regular LDPC codes with 

rate 1/2 [5]. The performance of these codes was investigated by the authors of [63], 
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who also proposed a similar "Ramanujan-Margulis" code. It has been shown that 

these two classes of LDPC codes have significant weaknesses of having high error 

floors [64]. 

2.3.3 PEG Construction 

Among the existing methods for constructing good LDPC codes at short and inter

mediate block lengths, one of the most successful approaches is the progressive-edge-

growth (PEG) algorithm proposed by Hu et al [15]. PEG construction builds up 

a Tanner graph (or equivalently a parity-check matrix), for an LDPC code on an 

edge-by-edge basis and by maximizing the local girth at variable nodes in a greedy 

fashion. (Local girth of a node is defined as the length of the smallest cycle passing the 

node.) PEG algorithm is simple and also flexible in that it can construct codes with 

arbitrary length and rate and can construct both regular and irregular LDPC codes. 

In addition, PEG algorithm can be used to construct linear-time encodable LDPC 

codes. In Chapter 5, we propose a modification to PEG algorithm which improves a 

code's high SNR performance significantly. 
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Chapter 3 

Performance Estimation of LDPC 

Codes under Hard-Decision Iterative 

Algorithms 

3.1 Introduction 

The asymptotic performance analysis of LDPC codes under iterative decoding algo

rithms is now a rather mature subject. As we mentioned in Chapter 2, tools such as 

density evolution [12] are applied to ensembles of codes to derive the thresholds of 

the ensembles under a variety of decoding algorithms, see, e.g., [12]. Concentration 

results [12] then guarantee that, for sufficiently large block lengths, the performance 

of an individual code from the ensemble is close to the average performance predicted 

by the asymptotic analysis and derived based on the assumption that the Tanner 

graph of the codes is cycle-free. In practice however, LDPC codes have finite length 

and their Tanner graphs contain cycles. This makes the performance of LDPC codes 

deviate from the asymptotic results. In fact, the finite-length analysis of LDPC codes 

is still an active area of research with many open problems. In this chapter, our focus 
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is on practical LDPC codes with block lengths in the range of a few hundred to a 

few thousand bits. We indiscriminately refer to such block lengths as short. Short 

LDPC codes are important since many delay and/or complexity sensitive applications 

cannot accommodate larger block lengths. Examples of such applications are wireless 

communications, magnetic recording, high-speed optical links and power-line com

munication systems, see, e.g., [65-68]. In working with short LDPC codes, especially 

in applications that require low error floors, one important issue is to estimate the 

performance of the code at low error rates. This however would be computationally 

expensive, or even infeasible, using the conventional Monte Carlo software simulation. 

Even with hardware implementations of iterative decoders, very deep error floors re

main undetected. It is therefore of interest to develop methods that can efficiently 

estimate the performance of LDPC codes. This is the subject of this chapter. The 

iterative algorithms of interest in this chapter are hard-decision iterative decoding 

algorithms. Hard-decision iterative decoding algorithms such as, GA, GB and MB 

algorithms introduced in Chapter 2 are of practical interest because they are simple, 

fast and easy to implement. Because of their extremely low complexity compared 

to soft-decision algorithms, they are attractive for high-rate data communications 

and/or low-power applications. 

In this chapter, we first study the graphical objects which cause failures for hard-

decision algorithms. We then provide simple upper and lower bounds on the FER of 

LDPC codes decoded by hard-decision iterative decoding algorithms over a BSC in 

Section 3.3. In Section 3.4, we propose a general method to estimate the FER and 

the BER for hard-decision iterative decoding algorithms. 
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3.2 Trapping Sets of Hard-Decision Iterative Decod

ing Algorithms 

As mentioned in Chapter 2, hard-decision iterative decoding algorithms are initiated 

by the outputs from the BSC. Hard messages are then passed between the variable 

nodes and the check nodes in the Tanner graph of the code through the edges of 

the graph in both directions and iteratively. The messages are generated at variable 

nodes and check nodes according to the updating rules of a specific iterative decoding 

algorithm. A decision is made in each iteration on the values of the variable nodes. 

In this work, for each variable node, the decision is made based on the majority of 

the initial message of the node and the outgoing messages passed along the edges 

emanating from the node. In other words, if the majority indicates that the value of 

the variable node is 1, then this bit is decoded as 1. Otherwise, it is decoded as 0. If 

there is a tie, the bit is decoded as its initial message. The algorithm is stopped if a 

codeword is detected (i.e., if the decisions on the values of the variable nodes satisfy all 

the check equations) or a maximum number of iterations is reached. Decoding fails if 

the decoder converges to a wrong codeword (undetected errors) or if the decoder can 

not converge to any codeword within the maximum number of iterations (detected 

errors). We assume that the decoder is symmetric [12]. To evaluate the performance, 

we can then assume that the all-zero codeword, or the all-one codeword if we consider 

{+1,-1} as the alphabet space instead of {0,1} , is transmitted. 

It is well-known that decoder failures of iterative algorithms can be related to 

graphical objects, particularly at low error rates. The authors of [69] showed that on 
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a binary erasure channel (BEC) all decoder failures of the belief propagation algorithm 

are related to graphical objects called stopping sets. No similar results are available 

for other channels and iterative decoding algorithms. Richardson [14] defined a more 

general graphical structure, called trapping set, which is related to the failures of 

iterative decoders in a more general context. A trapping set is defined as a set of 

variable nodes that cannot be eventually corrected by the decoder. We use (a, b) to 

denote a trapping set with a variable nodes and b unsatisfied parity-check equations. 

Trapping sets with both small values of a and b are main contributors to the total 

error rates, especially in the high SNR region. In general, trapping sets depend not 

only on the structure of the graph but also on the decoder inputs (channel) and the 

decoding algorithm. For example, while for the sum-product algorithm over the BEC, 

the trapping sets are precisely the stopping sets, for ML decoding over the BEC or 

any other channel, the trapping sets are the nonzero codewords. 

The structure of the trapping sets of hard-decision iterative decoding algorithms 

on a BSC is in general unknown. The following theorem identifies the structure of 

certain trapping sets for majority-based (MB) algorithms. This theorem is in fact a 

generalization of Facts 3 and 4 of [14]. Facts 3 and 4 of [14] only apply to GA and GB 

on regular Tanner graphs with variable node degree 3 and check node degree 6. Recall 

that GA is a special case of MB algorithms with maximum possible order. Also note 

that, for every variable node in the Tanner graph, GB eventually switches to GA as 

the number of iterations tends to infinity. The following theorem extends Facts 3 and 

4 of [14] to irregular codes with arbitrary degree distributions where different nodes 

are allowed to perform different MB algorithms. (For more details on MB algorithms, 
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refer to [38].) 

Theorem 3.2.1 For an LDPC code with degree distribution pair (A, p), suppose that 

variable node v performs MB of order uv, denoted by MB'"" (0 < UJV < dv — 1 — \dv/2~]), 

where dv is the degree of variable node v. Consider a set of variable nodes S and 

denote its induced subgraph in the code's Tanner graph by G(S). Also denote the 

check nodes which have an odd degree in G(S) by C0dd(S)- If each variable node v 

in the Tanner graph has at most \dv/2] + uv — 1 neighbors from C0dd{S), then S is 

a trapping set. 

Proof: We show that if all the variable nodes in S are initially in error and all the 

other nodes are initially correct, then the decoder fails to correct the errors and the 

initial error pattern remains unchanged throughout the iterations. 

In the first iteration, the outgoing messages of a variable node v is the initial 

message m,, e {—1,1} of node v. Based on the updating rule for MB algorithms 

in the check nodes, it is easy to see that node v receives —mv along all the edges 

connected to C0M(S) and m„ along all the edges connected to set C\C0(u(S), where 

C is the set of all the check nodes in the Tanner graph. This is regardless of whether 

node v is in the set S or not. Due to the structure of S, node v will therefore have at 

most \dv/2] -\-u)v — 1 incoming messages with their values equal to —nv This implies 

that for each outgoing message of node v at the start of the second iteration, the 

number of extrinsic incoming messages with value — mv is also at most \dv/2] +uv — l. 

Hence, the value of the outgoing message will remain m„. This is because, for the 

outgoing message to change, MB^" requires at least [rf^/2] + uv extrinsic incoming 
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messages with value -m^ . This means that all the messages exchanged between 

variable nodes and check nodes, remain unchanged throughout the iterations. This 

implies that the decoded values of the variable nodes remain the same as the initial 

messages regardless of the number of iterations. • 

Theorem 3.2.1 describes an instance of one type of trapping sets which we refer to 

as fixed-pattern. For hard-decision algorithms in general, however, this is not the only 

type of trapping set. In our experiments with different LDPC codes and different 

hard-decision iterative decoding algorithms, we have observed the following types of 

decoder failures corresponding to different types of trapping sets. The observations 

are made by tracking the error positions at the output of the decoder throughout 

iterations. 

1. Fixed-pattern: After a finite number of iterations, the error positions at the 

output of the decoder remain unchanged. 

2. Oscillatory-pattern: After a finite number of iterations, the error positions at 

the output of the decoder oscillate periodically within a small set of variable 

nodes. 

3. Random-like: Error positions change with iterations in a seemingly random 

fashion. The errors seem to propagate in the Tanner graph and result in a 

larger number of errors at the output of the decoder even if the initial error 

pattern has only a small weight. 

Note that in the first two cases, there could be a transition phase, through which 
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Figure 3.1: Example 3.2.1 : Different types of decoder failures. 

the error pattern settles into the steady-state. The following example illustrates the 

properties of different decoding failures. 

Example 3.2.1 We construct a random (100,50) LDPC code with X(x) = x2 and 

p{x) = x5 with no cycle of length 4 in its Tanner graph. This code is referred as 

Code 1 in the rest of this chapter. For decoding, we use GA over BSC. By simu

lations, we observe all three types of decoder failures. Four examples are given in 

Figure 3.1, where we have plotted the number of errors (error weight) at the decoder 

output versus iteration number. The position of initial errors are also given as well as 

the position of steady-state errors for fixed-pattern and oscillatory-pattern trapping 
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sets. Two examples (Curves 1 and 2) illustrate fixed-pattern trapping sets. In the 

first case (Curve 1), the decoder is trapped into the steady-state error pattern right 

from the start, while in the second case (Curve 2), it goes through a transition phase 

before settling into the trapping set. The third example (Curve 3) demonstrates an 

oscillatory-pattern trapping set, where the error pattern oscillates within the trap

ping set {10,46,69,93} periodically with period 3. Finally the fourth example (Curve 

4) illustrates a random-like trapping set, where an initial error pattern of weight 3 

propagates through the graph as iterations progress. The number of errors increases 

and the error patterns are seemingly random. In fact in this example and all the other 

random-like cases that we have observed, the trapping set includes all the codeword 

bits, i.e., no bit can be eventually corrected by the decoder. 

In our experiments we also observed that the percentage of random-like failures 

out of the total failures increases on average as the weight of the initial error patterns 

increases. For the Code 1, this percentage is 64.5% for the initial error patterns of 

weight 3, and 95.6% for the initial error patterns of weight 4. • 

The relationship between the trapping sets and the structure of the Tanner graph is 

in general complicated. With the exception of Theorem 3.2.1, which is a generalization 

of Facts 3 and 4 of [14], we are not aware of any other such results. Our experiments 

show that in many cases cycles in the Tanner graph are part of the trapping sets. 

The relationships among the cycles, the trapping sets and the initial error patterns 

that trap the decoder in the trapping sets however seem to be complex. The following 

example provides some insight into this complexity. 
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A-, 
Figure 3.2: Tanner graph of Example 3.2.2. 

Example 3.2.2 Consider a Tanner graph with girth 6 and the set of variable nodes 

V . Theorem 3.2.1 implies that a set V C V of 3 variable nodes in a cycle of length 

6 is a trapping set for GA applied to this Tanner graph over a BSC. This is if all the 

other variable nodes v EV are connected to at most dv — 2 induced odd-degree check 

nodes in the subgraph induced by V. Now consider the graph structure presented in 

Figure 3.2 as part of this Tanner graph, where variable nodes and check nodes are 

I represented by empty and full circles, respectively. It is easy to see that the variable 

I set Vi = {1,2,3} is a trapping set based on Theorem 3.2.1. In particular variable node 

f 4 has only one induced odd-degree neighboring check node. (Note that we assume all 

I the other variable nodes, not shown in the figure, also satisfy the condition of Theorem 

I 
I 3.2.1.) In fact, one can see that sets V2 = {1,2,4} and V3 = {1,3,4} are also fixed-

I pattern trapping sets. However, if the initial error pattern is V1UV2UV3 = {1,2,3,4}, 
i 

{ one can see that after two iterations GA can correct all the errors. • 
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It is noteworthy that while cycles of length 6 can be trapping sets for GA, other 

MB algorithms may be able to correct them. 

3.3 Bounds on the FER 

Several work has been performed to investigate the performance of finite-length LDPC 

codes based on the trapping sets. In [69], relating the decoding failures of the belief 

propagation algorithm over a BEC to the stopping sets (a special case of trapping 

sets), the authors showed failures in this case have a fully combinatorial characteristic 

which enables one to derive the average bit and frame erasure probabilities for an 

ensemble of LDPC codes. For channels other than the BEC, however, no similar 

results are available. Another step in analyzing the performance of finite-length LDPC 

codes was taken by Richardson [14], where the performance of a given LDPC code, 

particularly in the error floor region, was related to the trapping sets of the underlying 

graph. In particular, Richardson obtained very good estimates for the frame error 

rate (FER) floors of LDPC codes on additive white Gaussian noise (AWGN) channels 

by identifying and enumerating the most relevant trapping sets. This rather ad hoc 

process however is tedious and relies partly on heuristics and partly on the algebraic 

structure of the graphs. Using the same general approach, most recently, Cole et al. 

[51], devised an efficient algorithm for estimating the FER floors of soft-decision LDPC 

decoders on the AWGN channel using importance sampling. Importance sampling 

was also used to estimate error rates of short LDPC codes (block length less than 

100) in [70,71]. A simple ensemble estimate of the level of error floor of irregular 
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repeat-accumulate (IRA) codes (a subclass of LDPC codes) was presented in [72]. 

Estimations of the FER of GA and GB for certain categories of LDPC codes were 

also presented in [73,74]. 

In this section, we propose a simple method to estimate the performance of LDPC 

codes on the BSC decoded by hard-decision iterative algorithms. The estimate is 

obtained through an upper and a lower bound on the frame error rate (FER) of the 

code. The gap between the bounds vanishes for sufficiently small channel crossover 

probabilities e. To derive the bounds, we enumerate all the possible error patterns 

of Hamming weight less than or equal to some small integer K at the input to the 

decoder. These are the main contributors to the performance of the code at small 

values of e. The larger the value of K, the tighter the bounds. Unlike the methods 

of [14,51,73,74] which first identify the most relevant trapping sets and then evaluate 

their contribution to the error floor, our approach does not require the identification 

of the trapping sets and is thus much simpler. 

The method presented in this section is based on elementary probability and 

is conceptually quite general in that it can be applied to any hard-decision decoding 

algorithm (not just that of LDPC codes). In practice, however, it is the computational 

complexity of this algorithm which makes it attractive for iterative decoding of LDPC 

codes, and for example not for the hard-decision ML decoding of LDPC or other codes. 

Consider a hard-decision decoder for a code of block length n which can correct 

all the error patterns of weight J — 1 and smaller. The complexity of the proposed 

method for such a decoder increases exponentially with J, essentially as nJ . For 

ML decoding, J = \(dmin — l ) /2] , which is usually a large number for good codes 
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with the block lengths of interest in this section. This makes the proposed algorithm 

computationally infeasible for ML decoding. Our observations however show that for 

the hard-decision iterative decoding of a large number of popular short LDPC codes, 

J = 2,3,or 4. For example, we tested all the codes with rate 1/2 and n < 2048 

in [58] under GA, and they all have J < 4. Later in this chapter, we show through 

examples of various regular and irregular LDPC codes decoded by different hard-

decision iterative algorithms that our bounds are tight at small values of s and provide 

good estimates for the FER in this region. 

3.3.1 Lower and Upper Bounds on FER 

Consider a given LDPC code with block length n decoded by a given hard-decision 

iterative algorithm over a BSC with crossover probability e. The FER can be written 

as: 

K 

FER = ^ \p(e | i )p i + P(e\i > K)P{i > K) 
i=l 

= P{K) + P(e\i>K)P(i>K), (3.3.1) 

where e is the event of having a frame decoded erroneously, % denotes the weight of 

error patterns at the input to the decoder, and p\ is the probability of having % errors 

at the output of the channel (or the input of the decoder), given by the binomial 

distribution Pi = (")e'(l - s)n~\ From Equation (3.3.1), it is easy to see that, 

P(K) < FER < P{K) + (1 - J^Pi) • (3-3-2) 
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The probabilities P(e\i = j), 1 < j < K in P(K) are calculated by enumerating all 

the (n) error patterns of weight j at the input of the decoder, performing the iterative 

decoding for each of them and finding the ratio of decoding failures (non-convergence 

to all-zero codeword). 

One can see that the bounds in (3.3.2) become tighter as K increases. In fact 

the lower and upper bounds coincide for K = n, and we have FER — P(n). For a 

given value of K, where P(K) ^ 0, the bounds become tighter as e tends to zero. 

In the limit, both bounds converge to the same value P(e\i = J)pj, where J is the 

smallest integer less than or equal to K for which P(e\i = J) ^ 0. This implies that 

for sufficiently small values of e, the FER tends to zero as a function of eJ. To be 

more precise, the dominant (largest) term of FER is equal to NjsJ{\ — e)n~3', where 

Nj is the number of error patterns of weight J that are decoded erroneously. 

We will show later in this chapter, for the block lengths and e values of interest, 

that the computational complexity of the proposed method can be much smaller than 

that of Monte Carlo simulations. 

3.4 Error Rate Estimation 

The bounds derived in the previous section are tight only for sufficiently small crossover 

probabilities of the channel and thus provide good estimates for the FER in this re

gion. In this section, we propose a method to estimate the performance of LDPC 

codes with very good accuracy over a much wider range of crossover probabilities. 

The method is applicable to any given regular or irregular LDPC code, decoded by 
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any hard-decision iterative algorithm. Using certain assumptions, we relate the FER 

and the BER of a given LDPC code, to the size J and the number \Ej\ of the smallest 

error patterns that the decoder fails to correct. For short LDPC codes, as J appears 

to be a small number, usually < 4, the complexity of the method is manageable, and 

can be much smaller than that of Monte Carlo simulations especially for low error 

rates. Despite its simplicity, the proposed method is very effective in providing very 

accurate estimates of both the FER and the BER over the whole range of crossover 

probabilities of interest. Unlike the approach of [69] and [72], the proposed method is 

applied to a given LDPC code, not to an ensemble of codes. From a practical stand

point, this is more desirable, as there can be a large difference between the ensemble 

average and the performance of a given code at short block lengths, especially for 

low error rates [69]. Like the bounds presented in the previous section, compared to 

the methods of [14,51,73,74] which first identify the most relevant trapping sets and 

then evaluate their contribution to the error floor, our approach does not require the 

identification of the trapping sets and is thus much simpler. Moreover, our approach 

is not only applicable to the error floor region, but also provides very accurate esti

mates in the waterfall region. In addition, we provide estimates for the BER, which 

is not even discussed in [14,51,73,74]. In fact one of the important contributions of 

this work is to shed some light on the generally complex structure of the error events 

for iterative decoding, and to be able to establish simple approximate relationships 

between these complex events and the smallest initial error patterns that the decoder 

fails to correct. These relationships are the key in deriving the estimates. 
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3.4.1 FER Estimation 

We denote the set of all the error patterns of weight i by Si, and those that cannot 

be corrected by the decoder by 2%. Clearly, \S{\ = ("). Suppose that the decoder 

can correct all the error patterns of weight J — 1 and smaller, i.e., \Ei\ = 0, Vz < J. 

Also suppose that there are \Ej\ ^ 0 weight-J error patterns that the decoder fails 

to correct. The FER is then equal to: 

FER = J2P(e\i)Pi = J2 jffft = E l ^ 1 - ^ (3A3) 
i=J i=J ' *' i—J 

The first term of the summation in (3.4.3) is denoted by P(J) and is equal to 

\Ej\eJ(l—e)n~J. To estimate the FER, we enumerate Ej and calculate P(J) precisely. 

For the other terms in (3.4.3), we estimate \Ei\ as a function of \Ej\ as follows. 

For a given i > J, we partition the set Si as Si = S'i U S'{, where S^ is the set of 

error patterns of weight i, each containing at least one element of Ej as its subpattern, 

and S\ is the complement set of S\ in Si. The set S1- thus contains the elements of Si 

that do not have any elements of Ej as their sub-patterns. We make the following 

assumptions: 

Assumption (a): No error pattern in the set St can be corrected by the decoder. 

Assumption (b): Every error pattern in the set S^ can be corrected by the decoder. 

By the above assumptions, we have l-E^nS Î = |5^| and |i?jn5^| = 0 , and therefore 

\Ei\ = \Ei n 5-| + \Ei D S]\ = IS-I. The key in estimating \Ei\, i > J, is that |5- | can 

be approximated as a function of \Ej\ using the following combinatorial arguments. 

Consider the probability V that a randomly selected weight-i error pattern contains 
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at least one element of Ej as its sub-pattern. We then have 

V = B^-U~mf- 0.4.4) 

The first equality follows from the fact that there are |S$| equally likely possibilities 

out of which 15̂  | are favorable cases. The second part of the equation is a conse

quence of approximating the random experiment by a sequence of Q) independent 

and identically distributed Bernoulli trials, each involving the selection of a weight-J 

error pattern with "success" defined as the pattern being in Ej. The probability of 

success is then | E J | / | 5 J | , and the probability of having at least one success in Q) 

trials is 1 — (1 — |i£j|/|S1/|)W following the binomial distribution. Prom (3.4.4), we 

have 

I s I ~ I <7 • I ^-m*^--^)' ™ 
where the second approximation is obtained by considering only the first two terms 

in the binomial expansion. 

Note that Assumption (a) is valid for the belief propagation decoder on a BEC. For 

hard-decision iterative decoding algorithms on a BSC, although the two assumptions 

are not necessarily correct, they are approximately valid, especially for smaller values 

of i. The graph structure of Figure 3.2, as explained in Example 3.2.2, provides a 

counter-example for Assumption (a) as the set of variables {1,2,3,4} is in 54 but 

can be corrected by the decoder. The following example however illustrates that 
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Assumptions (a) and (b) are statistically viable and result in good approximations 

for \Ei\, i> J. 

Example 3.4.1 We construct a (200, 100) irregular LDPC code and use the GA 

algorithm for decoding. The degree distributions for the code, which are optimized for 

the BSC and GA, are given by \(x) = 0.1115a;2 + 0.8885a:3 and p{x) = 0.26a;6+0.74a;7 

[75]. (We refer to this code as Code 2.) The Tanner graph of the code is free of cycles 

of length 4, and the maximum number of iterations is 100. Under these conditions, 

J = 3 and |£3 | = 1434. We also have found that \S'A\ = 280064 and |Sj| = 64404886. 

The approximate value of \S'A\ from Equation (3.4.5) is 282035.6. By passing the error 

patterns of S'^ and S'4 through the GA decoder, we obtain \E± n S^| = 278799 and 

\EA n Sj | = 32109. This means that only (280064 - 278799)/280064 « 0.45% of the 

error patterns in the set S'A can be corrected by the decoder. It also demonstrates 

that almost all, i.e., (64404886 - 32109)/64404886 « 99.95%, of the error patterns 

in the set S'A can be corrected by the decoder. We can therefore see that, |5^| and 

its estimated value from (3.4.5), i.e., 282035.6, provide close approximations for \E±\, 

which is equal to \E4 n S'4\ + \E4 n ¥A\ = 310908. • 

In general our observations show that the estimation \E^\ m |£j| for a given value 

of i improves as the error correcting capability of the code improves, say for example, 

by increasing the block length for a given rate or by reducing the rate for a given 

block length. For example, for i = 4, while Example 3.4.1 demonstrates that the 

estimation works very well for Code 2, for Code 1 used in Example 3.2.1, we have 

|54 | = 104812 and l ^ l = 710980. It is noteworthy that even for cases such as Code 
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1, where the estimation \Ei\ « |S£| is rather poor, our FER estimate FERV, given in 

Equation (3.4.7), provides a good approximation for the FER. 

Combining Equations (3.4.3) and (3.4.5) with 1^1 « |S^|, i > J, we derive the 

following estimates for the FER: 

"Lower" estimate, 

FERL(N) = P(J) + £ \Ej\[n_)^(l-e)^ (3.4.6) 

"Upper" estimate, 

N / _ A " 

FERu(N) = P(J) + Y, \EA [•_ j W ~ *)"** + E ». (3-4J) 
i=J+l ^l ' i=N+l 

where N e {J + 1, J + 2 , . . . , n} is a parameter to be selected for the best accu

racy of the estimates. It is clear that FERL(N) < FERu(N), and the equality 

holds if and only if N = n. In this case, both estimates have the same value: 

n / _ A 

P(J) + zl \EJ\\ • T )£J(1 — £)n~t- The difference between the two estimates 
i=J+l ^ ' 

is the probability that the input error patterns to the decoder have a weight larger 

than N. While FERL (N) is derived based on the assumption that error patterns of 

weight larger than N occur with negligible probability, FERu(N) is obtained based 

on the assumption that for such input error patterns the decoder fails with probability 

one. Our observations show that in practice there exists a certain threshold iVo for 

error weights, around which a relatively abrupt change in the percentage of failures 

occurs. This is such that for error weights larger than N0, the probability of failure 
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goes to one very rapidly. The following example illustrates this. 

Example 3.4.2 Consider two regular LDPC codes with parameters (210, 35) and 

(1008, 504). The first code, referred to as Code 3, has variable node degree 5 and 

check node degree 6, while for the second code, referred to as Code 4, these values are 

3 and 6, respectively. Code 3 is randomly constructed and Code 4 is taken from [58]. 

Both codes have no cycles of length 4 in their Tanner graphs. Code 3 is decoded by 

the MB algorithm of order zero (MB0). For the degree distributions of this code, MB0 

has a better threshold than GA does [38]. Code 4 is decoded by GA. The maximum 

number of iterations for both codes is 100. 

For Code 3, and also Codes 1 and 2, described in Examples 3.2.1 and 3.4.1, 

respectively, we randomly generate 107 or ("), whichever is smaller, error patterns of 

each weight N0 — 2,N0 — 1,N0,N0 + 1,NQ + 2. For Code 4, we generate only 106 error 

patterns of each weight due to the slower simulations per error pattern. The value N0 

for each code corresponds to the error-weight threshold around which the percentage 

of failures changes rather abruptly. The generated error patterns are passed through 

the corresponding decoders and the percentage of decoding failures are recorded. The 

results are summarized in Table 3.1. These results demonstrate the rapid change of 

the decoder failure rate with the initial error weight in the vicinity of the error weight 

NQ. • 

Later in Section 3.6, we will see that FERu(N0) provides a very accurate estimate 

of the FER for all channel crossover probabilities of interest. This suggests the fol

lowing practical approach for determining JV0. We perform Monte Carlo simulations 
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Table 3.1: Percentage of decoding failures Re caused by error patterns with different 
weights i. Ne: number of simulated error patterns. 

Codel 

i 
2 
3 
4 
5 
6 

Re 
0%, Ne = 4950 

0.69%, Ne = 161700 
18.13%, Ne = 3921225 

76.32%, Ne = 107 

97.84%, Ne = 107 

Code 2, Ne = 107 

i 
7 
8 
9 
10 
11 

Re 
9.69% 
17.15% 
35.51% 
66.86% 
95.99% 

Code 3, Ne = 107 

i 
11 
12 
13 
14 

15 

Re 
0.094% 

0.745% 
5.61% 

26.14% 
60.15% 

Code 4, Ne = 106 

i 
36 
37 
38 
39 
40 

Re 
4.48% 
17.47% 
39.34% 
57.75% 
79.16% 

at high FER values, say around 0.01 — 0.1. We then choose N0 such that the estimate 

FERu(No) is the closest to the simulated FER. As the Monte Carlo simulations are 

performed at high FER values, their complexity is low and easily manageable. 

3.4.2 BER Estimation 

At the first glance, the problem of BER estimation may seem very complicated as 

from Example 3.2.1, we observe that even for the initial error patterns of the same 

weight, the number of bits in error at the end of the decoding can be quite different. 

Our further study into this however reveals that despite this variety of possibilities, 

one can estimate the average number of bit errors depending on the initial weight 

i of the error patterns. In general, we expect the conditional average BER given 

the initial error weight i to be an increasing function of i. To simplify the analysis 

however, we partition the range of J < i < n into two subsets, J < i < N0 and 

N0 < i < n. For these partitions, we estimate the average number of bit errors by J 

and M, respectively, where M is the estimate of the average number of bit errors for 

error patterns of weight N0, obtained by Monte Carlo simulations. We thus derive 
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our estimate for the BER based on the FER estimate FERu(N0), proposed in the 

previous subsection, as follows, 

BER 
n 

No-l 

i=J+l 
i-J 

+-
M 

n H*-^-'1"*^* i=N0+l 

(3.4.8) 

In the following we provide the rationale behind the derivation of Equation (3.4.8). 

We recall that \Ei\ « \S'i\. We partition S- further as S^ = S'J U S'-, where S'- is the 

set of error patterns of weight i that have one and only one element of the set Ej as 

their subset. Using similar discussions as those used for the derivation of Equation 

(3.4.5), we have 

It appears that for the error patterns of weight J < i < N0, the ratio of [^ \/\S'-\ 

is a large number and thus a large majority of the error patterns in the set Ei belong 

to the set S'J. This means that, for this range of error weights, many of the error 

patterns that result in decoding failures have one and only one element of the set Ej 

as their sub-pattern. For these error patterns we now make the following assumption: 

Assumption (c): For the error patterns of weight J < i < N0, the number of bit 

errors at the end of decoding is approximately J. 

Furthermore, we assume: 

Assumption (d): For the error patterns of weight N0 < i < n, the number of bit 

errors at the end of decoding is on average M, where M is the estimate of the average 
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number of bit errors for error patterns of weight N0. 

To determine M, we simulate a given number Ne (say 103 — 104) of randomly 

generated error patterns of weight N0. 

Example 3.4.3 Consider Codes 1-4, described previously, with the corresponding 

decoding algorithms. Figure 3.3 shows the ratio of |5j ' | / l^ ' l ' obtained based on 

Equation (3.4.9), versus the initial error pattern weight i in the range [J + 1,NQ], 

For Code 1, N0 = J + 1 = 4, and thus we only have one point. For the other codes, 

the ratio is a decreasing function of i. For all codes, the ratio is relatively large over 

the considered range of i values. Over this range therefore, one can assume that 

|^|«|5!l«|5T|. 

For each code and decoder pair, we also perform the following experiments and 

record the average number of bit errors: i) Test all the error patterns in Ej\ ii) 

Test a given number of randomly generated error patterns in the set St, where i = 

[(J + JV0)/2J; iii) Test a given number of randomly generated error patterns in the 

set SN0', iv) Test a given number of randomly generated error patterns in the set 

S^ where i = [(N0 + n)/2j . The results are presented in Table 3.2. In the table, 

the number of tested patterns in each experiment is denoted by Ne, and the average 

number of bit errors by B. For Code 1, experiments i and ii are identical and thus 

only one entry is given. As can be seen, for all 4 codes, B « J in experiments i and ii. 

This indicates that even midway through the interval [J, JVo], the average conditional 

BER is very close to J. The value of B in experiment iii is in fact M. Experiment iv 

examines the average conditional BER given i initial errors, where i is the midpoint 
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Figure 3.3: IS1, \/\S'i\ versus initial error pattern weight % for Codes 1 - 4 , over the 
range J <i < NQ. 

of the interval [No,n]. As expected, the results of Table 3.2 for this experiment show 

that the average conditional BER is larger, and in some cases much larger, than M. 

In general B increases with i. Although B is close to M for i values closer to the 

start of the interval, it deviates from M for the larger values of i. Nevertheless as 

the contribution of the former values to the total BER is more than that of the latter 

values, Assumption (d) still provides a very good estimate of the total BER. • 
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Table 3.2: Average number of bit errors B for initial error patterns with different 
weights i. Ne: number of simulated error patterns. 

Set 

Ej 

S|.(J+JVo)/2J 

SN0 

S[(N0+n)/2j 

Code l 

i 

3 

-

4 

52 

Ne 

1115 

-

106 

106 

B 

10.02 

-

13.91 

51.62 

Code 2 

i 

3 

6 

9 

104 

Ne 

1434 

106 

106 

106 

B 

3.01 

3.66 

7.73 

104.98 

Code 3 

i 

4 

8 

13 

111 

Ne 

18 

106 

106 

106 

B~ 

3.94 

4.08 

46.95 

108.8 

Code 4 

i 

3 

20 

38 

523 

Ne 

192 

106 

106 

106 

B 

2.92 

3.11 

143.93 

518.63 

3.5 Computational Complexity 

To obtain the bounds on FER or to obtain an estimate of PER, one needs to enu

merate Yli=i (") error patterns. For different error patterns, the iterative decoder 

performs the decoding and counts the number of decoding failures. Suppose that 

we are interested in estimating the performance of the LDPC code at an FER of p 

using Monte Carlo simulations and would like to observe at least m codeword errors 

for a reliable result. Assuming that the average number of computations required 

for iterative decoding in the two cases are the same, the ratio of the computational 

complexities of the Monte Carlo simulation and the proposed estimation method is: 

„ = - ^ — . (3.5.10) 

For BER estimation, we need to perform an extra Ne iterative decoding to estimate 

M, and about 100m iterative decoding to obtain NQ. These are usually negligible 

compared to Yfi=i © • 
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It can be seen that 77 is a function of n, J, p and m. It increases with increasing 

m and with decreasing p, n and J. It often appears that J is a small number (< 4). 

For example, as mentioned before, we have tested all the codes with rate 1/2 and 

n < 2048 in [58] under GA, and they all have J < 4. The value of m is often selected 

in the range of a few tens to a few hundreds. With given values for J, m and n, 

the proposed estimation method is more efficient than the Monte Carlo simulation 

{•q > 1) if p < m/^2i=i (")• In fact, for the block length and e values of interest, the 

computational complexity of the proposed methods (bounds and estimations) can be 

much smaller than that of the Monte Carlo simulations. 

One should also note that the value of rj in (3.5.10) only reflects the saving in 

complexity compared to one Monte Carlo simulation point. Unlike our estimations 

that can be easily calculated for different values of e once we obtain values of J 

and \Ej\, in Monte Carlo simulations, for each simulation point, a new set of input 

vectors has to be generated and simulated. This makes the proposed method even 

more attractive from the complexity viewpoint. 

3.6 Simulation Results 

To show that our methods can be applied to both regular and irregular LDPC codes 

and to a variety of hard-decision algorithms, in this section, we perform experiments 

on four pairs of code/decoding algorithm. These are Codes 2-4, described in previ

ous sections, and Code 5, which is a (1998, 1776) high rate (4, 36)-regular LDPC 

code taken from [58]. For convenience, the code's parameters and the corresponding 
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Table 3.3: Code's parameter 

Code Number: 

(n,k) 
Decoding Algo. 

N0 

M 

Code 2 

(200,100) 
GA 

9 
7.73 

Code 3 
(210,35) 

MB0 

13 
46.95 

Code 4 
(1008,504) 

GA 
38 

143.93 

Code 5 

(1998,1776) 
GA 
10 

133.57 

Table 3.4: Categorization of error patterns of weight J for different LDPC codes. 

J 
Ej 

Undetected Error 
Fixed-pattern 

Oscillatory-pattern 
Random-like 

Code 2 

3 
1434 

0 
1303(90.87%) 
131(9.13%) 

0 

Code 3 

4 
18 
0 

14(77.8%) 
4(22.2%) 

0 

Code 4 

3 
192 
0 

165(85.9%) 
27(14.1%) 

0 

Code 5 

3 
200479 

0 
200438(99.98%) 

41(0.02%) 
0 

decoding algorithms are listed in Table 3.3. In Table 3.3, we also list the values of 

iVo and M used in the FER and BER estimates for each code. In our simulations, 

the maximum number of iterations is 100 for all the decoders and for each crossover 

probability, we simulate until we obtain 100 codeword errors (m = 100). 

Table 3.4 shows the values of J and \Ej\ for the four codes. It also shows the 

number and the percentages of different types of decoding failures for Ej. As can be 

seen, for all the codes, most of the decoding failures caused by initial error weight J 

have fixed patterns and there is no random-like failure. 

The lower and upper bounds of Equation (3.3.2) on the FER of Codes 2-4 for 

different values of K are given in Figures 3.4 and 3.5, respectively. For each code, the 

simulated FER is also plotted. 

From the figures, it can be seen that the simulated FER is always located between 
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Figure 3.4: FER simulation and bounds for Code 2 under GA. 
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Figure 3.5: FER simulations and bounds for Code 3 under MB0 and Code 4 under 
GA. 
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the proposed lower and upper bounds. The bounds are tighter for larger values of K 

and for smaller values of e. In particular, for any value of K the bounds are tight for 

sufficiently small values of e and provide good estimates of FER. For all three codes, 

the lower bound provides a better estimate of FER. The tightness of the lower bound 

implies that P(E | i > K)P(i > K) is much smaller than P{K). 

For Codes 2 and 4, J = 3 and for Code 3, under MB0, J = 4. The FER of codes 

2 and 4 thus tends to zero as a function of e3 as e tends to zero. For code 3, the 

asymptotic rate of decrease for FER is e4. Comparison of the bounds in Figures 3.4 

and 3.5 shows that for given values of K and s the gap between the lower and upper 

bounds increases with block length. This is justifiable as the difference between the 
K 

bounds in Equation (3.3.2) is equal to 1 — /J.Pi, which is an increasing function of 

block length n. 

Figures 3.6 - 3.9 show the FER and BER performances of Codes 2 - 5 , obtained 

by simulations, respectively. In these figures, we have also given the upper and the 

lower estimates of the FER for different values of N, as well as the estimates for the 

BER. For the BER estimates, the values of N0 and M used in the estimates for Codes 

2 - 5 are given in Table 3.3. From the figures, it can be seen that for each code, the 

lower estimate FERL (N) improves by increasing N. However, even the best estimate 

FERL(n) is only good at sufficiently small values of crossover probability. It fails to 

provide an accurate estimate at higher error rates. On the other hand, for all the 

codes, FERu(N0) provides an impressively accurate estimate of the FER over the 

whole range of crossover probabilities of practical interest. It can also be seen that 

the BER estimates for all the codes follow the simulated BER curves very closely. 
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Figure 3.6: FER and BER estimations and simulations of Code 2 decoded by GA 

0.08 

Figure 3.7: FER and BER estimations and simulations of Code 3 decoded by MB0. 
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Figure 3.8: FER and BER estimations and simulations of Code 4 decoded by GA. 
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Figure 3.9: FER and BER estimations and simulations of Code 5 decoded by GA. 
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To compare the computational complexity of our proposed method with that of 

the conventional Monte Carlo simulations, we consider the following example. 

Example 3.6.1 We consider estimating the performance of Code 2 at p = 10~7. In 

this case, J = 3, n = 200 and we assume m = 100 as is the case for the simulation 

results presented in Fig. 3.6. With these values, we have t] = 750. If we were to 

add another simulation point at p = 10 -8 , the complexity of Monte Carlo simulations 

would increase to 8250 times that of our proposed method. For the larger block length 

of 1008, our proposed method is more efficient than Monte Carlo simulations if the 

target FER p < 6 x 10"7. 

One should note that, as we discussed in Section 3.5, for any given n and J, 

there exists a FER p', for which our method is more efficient than the Monte Carlo 

simulations in estimating the FER over the range p < p'. O 

3.7 Summary 

In this Chapter, we studied the trapping sets for hard-decision iterative decoding 

algorithms. We derived upper and lower bounds on the FER and proposed a method 

to estimate the FER and BER of LDPC codes decoded by hard-decision iterative 

decoding algorithms over a BSC. In our approach, we only focused on the smallest 

weight error patterns that cannot be all corrected by the decoder. By only enu

merating these error patterns, the bounds were tight for sufficiently small crossover 

probabilities of the channel and provide good estimates for the FER in this region. 

Our estimation method provided estimates for both the FER and the BER for a 
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given LDPC code over the whole crossover probability region of interest with very 

good accuracy. The proposed method is universal in that it is applicable in principle 

to both regular and irregular LDPC codes of arbitrary degree distributions and to 

any hard-decision iterative algorithm. This universality is partly due to the fact that, 

unlike previous approaches, our method is not based on identifying the trapping sets 

and their relationship with the Tanner graph structure of the code and the decoding 

algorithm, which is shown to be complex in Section 3.2. 

Although the complexity of our proposed method is much less than that of the 

Monte Carlo simulations for many cases of interest, it still increases exponentially 

with J, essentially as nJ, where n is the block length. It would be interesting to find 

(to estimate) the number of error patterns of weight J that cannot be corrected by 

the decoder, using methods other than direct enumeration. In the next chapter, we 

present an approach to address this problem, making the estimation method proposed 

in this chapter applicable to almost any practical LDPC code. 
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Chapter 4 

Performance Estimation of LDPC 

Codes Using Cycle Enumeration 

In this chapter, we efficiently approximate J and \Ej\ used in the estimation equations 

in Chapter 3 by enumerating and testing the error patterns that are subsets of short 

cycles in the code's Tanner graph. This reduces the computational complexity by 

several orders of magnitude compared to direct enumeration, making it possible to 

estimate the error rates for almost any practical LDPC code. To obtain the error 

rate estimates, we propose an algorithm that progressively improves the estimates as 

larger cycles are enumerated. Through a number of examples, we demonstrate that 

the proposed method can accurately estimate both the BER and the FER of regular 

and irregular LDPC codes decoded by a variety of hard-decision iterative decoding 

algorithms. 

4.1 Introduction 

In Chapter 3, a method was proposed to provide very accurate estimates of both 

the FER and the BER of LDPC codes decoded by hard-decision iterative decoding 
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algorithms over a BSC. The BER and FER of a given LDPC code were related 

to the size J and the number \Ej\ of the smallest error patterns that the decoder 

fails to correct. The proposed method provided very accurate estimates of both 

the FER and the BER over the whole range of crossover probabilities of practical 

interest. To obtain the values of J and \Ej\, direct enumeration was used in Chapter 3. 

The computational complexity of direct enumeration increases exponentially with J, 

effectively as nJ', where n is the block length of the code. Although this computational 

complexity can be much less than that of conventional Monte Carlo simulations for 

many cases of interest as shown in Chapter 3, it can still be very high or even infeasible 

for large values of n and J. This limited the application of the proposed estimation 

method to codes with small n and J. 

The goal of this chapter is to reduce the computational complexity of the esti

mation method proposed in Chapter 3, with no sizable degradation in the accuracy 

of estimates. Based on the observation that the majority of problematic low-weight 

error patterns are subsets of short cycles in the code's Tanner graph, we obtain ap

proximations of J and \Ej\ by enumerating and testing such subsets. We also modify 

the estimation equations derived in Chapter 3 to include further steps for improving 

the proposed estimates and for identifying their convergence. Through a number of 

examples, we show that the proposed method still provides very good estimates of 

both the FER and the BER. This is while the computational complexity is reduced by 

several orders of magnitude compared to the direct enumeration, making it possible 

to estimate the performance of almost any LDPC code of practical interest. 

As an example, consider a (4000, 2000) regular LDPC code with variable and 
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check node degrees, 3 and 6, respectively [58]. To estimate the FER of this code 

under GA, direct enumeration requires 1.06 x 1010 instances of iterative decoding. 

This complexity can be easily prohibitive even for the state-of-the-art computers. By 

using the method proposed in this chapter, the number of iterative decoding instances 

required to obtain the estimation is reduced to 1197, about 8.9 x 106 times less than 

that of the enumeration method. This is while the proposed method is still very 

accurate in estimating the code's performance. 

4.2 Error Rate Estimations Using Cycle Enumera

tion 

4.2.1 Problem Formulation and Motivation 

From Chapter 3, we know that after determining the values of N0 and M, the FER 

an BER can be estimated by the following two estimates, respectively, 

N0 

FER*P(J) + Y, \Ej\(n ^ 
i=J+l 

i-J '(1-e)"-<+ Yl ft. (4-2-1) 
i=N0+l 

BER 
J 

n 

No-l 

P(J)+Y, 1̂ 1 (? iW-e)' 
i=J+l 

i-J. 

+-
M 

n \ u / i—KT Ll i=N0+l 

(4.2.2) 

From Equations (4.2.1) and (4.2.2), one can see that the values of J and \Ej\ 

are essential for the estimations. If these values are obtained by direct enumeration, 
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£0" one thus needs to perform 2^, I . 1 instances of iterative decoding. To reduce the 

computational complexity, it is natural to search for methods of finding J and \Ej\ 

without enumeration. It is well-known that the existence of problematic low-weight 

error patterns, such as those in Ej, is closely related to the existence of cycles in the 

code's Tanner graph. However, the relationships among these error patterns, their 

trapping sets and the cycle structure of the Tanner graph are in general complex and 

unknown as we discussed in Chapter 3. Such relationships depend not only on the 

graph structure but also on the decoding algorithm. Our key observation is that the 

majority of the low-weight error patterns that cannot be corrected by hard-decision 

iterative decoders are subsets of short cycles in the Tanner graph. These cycles 

and their subsets can be enumerated efficiently as their multiplicity is rather small 

compared to Y", I . I error patterns that need to be tested in direct enumeration. As 

an example, for the (4000, 2000) code, described in Section 4.1, the number of cycles 

of length 6 and 8 are only 171 and 1220, respectively. This corresponds to 1197 and 

18300 variable node subsets, respectively. Compared to 1.06 x 1010 candidate error 

patterns of direct enumeration, these numbers are minuscule. 

4.2.2 Proposed Algorithm 

Let g be the girth of the Tanner graph. Let Q/2 denote the set of error patterns of 

weight 1/2 each forming a cycle of length I (I = g, g+2, ••• ) . Our proposed algorithm 

first enumerates all the error patterns in Cg/2 and their sub-patterns as initial error 

patterns to the decoder. These error patterns have weights 1, 2, • • •, g/2. If at least 

61 



Algorithm 1 Cycle Enumeration 

step 1. 1 = g, J — +oo and \Ei\ = 0, (i = 1,2,...). 
step 2. Enumerate the elements of the set Cj/2. 
step 3. Decode all the error sub-patterns of weight 1,2, • • •, 1/2 of each 

element in Ci/2. 
step 4. For each weight-/ (i = 1,2, • • • , 1/2) error pattern found in Step 3 

which cannot be corrected by the decoder, J = min(J, i) 
and \Ei\ = \Et\ + l. 

step 5. if J = = +oo, / = 1 + 2, go to Step 2; else, generate the error rate estimates. 
step 6. if the estimates converge, stop; else, I = I + 2, go to Step 2. 

one of the error patterns is not corrected by the decoder, the algorithm estimates J 

by the minimum weight of such error patterns, denoted by J. The algorithm also 

updates the values \Ej\, • • •, l-E^I by the number of error patterns of weight J, • • •, 

g/2, that cannot be corrected by the decoder, respectively. These numbers are used 

as estimates for \Ej\, • • •, \Eg/2\ in modified versions of estimation Equations (4.2.1) 

and (4.2.2). If all the error patterns in Cs/2 and their sub-patterns are corrected by 

the decoder, J is set to +oo. The algorithm continues by enumerating all the error 

patterns in C(s+2)/2 and their sub-patterns. After testing these error patterns, the 

value of J, as the size of the smallest error patterns that cannot be all corrected 

by the decoder, as well as the values \Ej\, • • •, |J5,(s+2)/2| are updated. If J ^ +oo, 

the updated values are used to obtain new estimates for error rates. The algorithm 

continues by enumerating the next larger set of cycles until J ^ +oo and at least one 

set of estimates for error rates is available. As more sets of cycles are examined the 

estimates improve. One can in fact stop the algorithm when two successive estimates 

are close together indicating a convergent behavior. 

The algorithm is summarized as Algorithm 1. 
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r 

4.2.3 Modified Estimation Equations 

Consider the case where the algorithm of Section 4.2.2 is at Step 5 and for the first 

time J 7̂  +oo. Also, assume that \EA\ — 0, Vi ^ J. The error rate estimates are 

then obtained by replacing J and \Ej\ in Equations (4.2.1) and (4.2.2) by J and \Ej\, 

espectively. By continuing the algorithm at Step 6 and enumerating the next set of 

larger cycles, we would come across error patterns of weight J + 1 that cannot be 

corrected by the decoder. At the end of Step 4, we would obtain \Ej+1\ and also an 

updated value for \Ej\. Assuming that at this stage \EA\ = Q,Vi £ I J, J + 1 >, we 

generate new estimates for FER and BER as follows: 

iVo n 

FERKP(J)+ £ 1^1^(1-e)n- '+ Yl P" (42-3) 
i=J+l i=N0+l 

J ' 
BER « -<P( J )+ Yl \Ei\ett£

i(l-e)n-i 

n 
i=J+l 

+ M)lENolest£No{1_£)n-N0+ Y Pi\- (4.2.4) 
71 i=N0+l 

In these equations, \Ei\est, J + 1 <i<No, is the estimate for \Ei\, given by 

EAp.xt — IE; •(:i:j)H^-w)(:i:k±)' ™ 
where the set E consists of all the error patterns in Ej+1 which have at least one 

element of Ej as their sub-pattern. Since the contributions of the error patterns of 
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E' in estimating \Ei\ (J + 1 < i < N0) are already included in the first term of 

the summation in Equation (4.2.5), we need to subtract them in the second term of 

the summation to avoid over-counting. Note that the estimate (4.2.5) for \Ei\ has 

replaced the estimate \EJ\(^ZJ)
 u s e d in Equations (4.2.1) and (4.2.2) for this term. 

The rationale and justifications for estimate (4.2.5) is similar to those used in Chapter 

3 to derive Equations (4.2.1) and (4.2.2), and are not repeated here. 

As the algorithm progresses and more information about sets Ei become available, 

we will have new nonzero values \E{\ and more refined \Ei\ values for the existing 

sets. These can be easily incorporated into the estimation equations following the 

same approach used in deriving Equation (4.2.5) to obtain more accurate estimates 

for error rates. 

4.3 Computational Complexity 

Since the value / in each round of the algorithm is a small number, say between g and 

g + 4, Step 2 can be performed efficiently. In fact it is easy to see that in a breadth-

first algorithm, the complexity of enumerating cycles of length I for a length n LDPC 

code with variable node degree dv and check node degree dc is only O 

where \x] is the smallest integer which is greater than or equal to x. The complexity 

of Step 2 is thus negligible compared to that of Step 3 which contributes the most to 

the total computational complexity of the proposed algorithm. 

In Step 3, for each element in Cj/2, we need to perform Y^ I . J = 2^2 — 1 

instances of iterative decoding. Suppose that the algorithm stops at I = L. In total, 
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L/2 

we need to perform ^ \d\ (21 — 1) instances of iterative decoding. Assuming that 
i=g/2 

the average number of iterations required for decoding are the same, the ratio of the 

computational complexities of the direct enumeration method of Chapter 3 and the 

proposed algorithm for a given LDPC code with block length n is: 

j 
' n £ 

r = - T j ^ - ^ • (4-3-6) 

£iai(*- i) 
i=g/2 

As we will see in the next section, for practical codes , r ^> 1. 

It is shown in Chapter 3 that there is always a FER p below which the enumeration 

method is more efficient than the Monte Carlo simulation in generating the error rates. 

Similarly, the proposed algorithm is more efficient than the Monte Carlo simulation 

if the target FER is less than p which is given as: 

P = - ^ (4.3.7) 

£ | C « | ( * - 1 ) 
i=g/2 

where m is the number of codeword errors we would like to observe in the Monte 

Carlo simulations to have a reliable result. The value of m is often selected in the 

range of a few tens to a few hundreds. We will show later in the next section that, 

unlike the method of Chapter 3 where p is usually very small, for the proposed 

algorithm, p is usually in the high or medium error rate region, which means that the 

proposed algorithm is more efficient than the Monte Carlo simulation for almost all 

65 



the crossover probabilities of practical interest. 

4.4 Simulation Results 

To demonstrate the generality of the proposed algorithm, we perform experiments 

on 8 regular and irregular LDPC codes with different rates. The block lengths of 

these codes are from a few hundreds to a few thousands. The codes are decoded 

by different hard-decision iterative decoding algorithms. The codes block lengths, 

dimension, the corresponding decoding algorithms and the values of NQ and M used 

in the estimates are listed in Table 4.1. Codes 1, 2, 3 and 7 are Codes 2, 3, 4 and 5 

used in Chapter 3, respectively. Code 6 is an irregular code and has the same degree 

distributions as Code 1, which are optimized for the BSC and GA and are given by 

X(x) = 0.1115z2 + 0.8885a;3 and p(x) = 0.26a;6 + 0.74a;7 [75]. Codes 2-5 are taken 

from [58]. Codes 2, 3 and 5 have variable node and check node degrees (3, 6), (4, 

36) and (3, 6), respectively. Code 4 is constructed by the progressive-edge-growth 

(PEG) algorithm [15] and has a variable node degree 3. Codes 7 and 8 both have 

variable node degree 5 and check node degree 6. Codes 7 and 8 are decoded by MB 

algorithm of order zero (MB0), while all the other codes are decoded by GA. For the 

degree distributions of Codes 7 and 8, MB0 has a better threshold than GA algorithm 

does [38]. The Tanner graphs of the codes do not have cycles of length 4. In all cases, 

the maximum number of iterations is 100 and Monte Carlo simulations run until 100 

codeword errors are observed for each simulated point. 

Different parameters of the 8 LDPC codes, as related to the error rate estimates, 
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Table 4.1: Summary of different LDPC codes. 

Code No. : 

n 
k 

Dec. Algo. 

N0 

M 

1 

200 
100 

GA 

9 

7.73 

2 

1008 
504 

GA 

38 

143.93 

3 

1998 
1776 

GA 

10 

133.57 

4 

1008 
504 

GA 

39 

145.62 

5 

4000 
2000 

GA 

156 

575.43 

6 

4000 
2000 

GA 

338 

97.82 

7 

210 
35 

MB0 

13 

46.95 

8 

600 
100 

MB0 

34 

134.51 

are listed in Table 4.2. The values for J and \Ej\ are obtained by enumeration. For 

Codes 4, 5, 6 and 8, the computational complexity of obtaining \Ej\ is too high. 

However, for these codes, we still can find the exact value of J by testing all the 

error patterns of weight less than J and observing that they can all be corrected by 

the decoder. Using the proposed algorithm, we are also able to find error patterns 

of weight J that cannot be corrected by the decoder for these codes. Girth g of the 

Tanner graph for each code is given in the third row. The number of cycles of length 

9, \Cg/2\, for each code is given in the fourth row of the table. The following row 

contains the number of error patterns in set C9/2 that cannot be corrected by the 

decoder. This is denoted by |Tg/2|. By comparison of the two rows, it can be seen 

that while for GA, none of the error patterns in Cs/2, with the exception of one error 

pattern for Code 1, can be corrected, for MB0 applied to Codes 7 and 8, they can all 

be corrected. 

For codes 1-6, the proposed algorithm obtains an estimate for J in the first round. 

For codes 7 and 8, an estimate for J is available at the second round when the 

algorithm enumerates cycles of length g + 2. The values of J are given in the sixth 
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Table 4.2: Parameters of different LDPC codes related to the estimates . 

Code No.: 

J 

\Ej\ 

9 

\C9,2\ 

ITS/2| 

J 

\Ej\ 

|C(3+2)/2| 

|C(f l+4)/2| 

l-^J+ll 
E' 

1 

3 

1434 

6 

1293 

1292 

3 

1292+119 

18358 

-

18311 

1307 

2 

3 

192 

6 

165 

165 

3 

165+12 

1258 

-

1258 

6 

3 

3 

200479 

6 

200438 

200438 

3 

200438 

-

-

-

-

4 

4 

-

8 

2 

2 

4 

2 

11238 

-

11238 

0 

5 

3 

-

6 

171 

171 

3 

171+2 

1220 

-

1220 

1 

6 

3 

-

6 

1312 

1312 

3 

1312+7 

18172 

-

18172 

65 

7 

4 

18 

6 

1424 

0 

4 

17 

20225 

318070 

69 

38 

8 

4 

-

6 

1353 

0 

4 

2 

20396 

320180 

3 

2 

row of the table. As can be seen for all the 8 LDPC codes, we have J = J. For codes 

1-6, after the first round, the algorithm reaches the estimates 1292, 165, 200438, 2, 

171 and 1312, for \Ej\, respectively. These estimates for codes 1, 2, 5 and 6 are 

improved in the second round of the algorithm, as shown by the added values in 

the seventh row of the table. In the second round, estimates for |-Ej+1 | are also 

obtained as listed in the tenth row of the table. Note that for Code 3, we have only 

enumerated cycles of length g. Since this code has a high rate, its Tanner graph is 

relatively dense and contains many short cycles. The task of enumerating and testing 

the cycles of larger length is thus tedious. Nevertheless, since j-E7j-| for this code is 

large, the estimates obtained by substituting \Ej\ in Equations (4.2.1) and (4.2.2) 

are very accurate as shown in Figure 4.4. For Codes 7 and 8, in the second round 

of the algorithm, estimates 17 and 2 are obtained for \Ej\ . In the third round of 
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the algorithm, these estimates remain unchanged and new estimates of 69 and 3 for 

\Ej+1\ are obtained for Codes 7 and 8, respectively. For all the codes, the values for 

\E'\ required in Equations (4.2.3) and (4.2.4) are given in the last row of the table. 

We provide the following discussions to relate our results to the results of [73]. 

In [73], to estimate the error rate, one needs to identify and enumerate the trapping 

set of a given LDPC code under a hard-decision iterative decoder. 

Discussion 4.4.1 Consider Code 2. For this code, the 165 cycles of length 6 are 

all (3, 3) fixed-pattern trapping sets defined in Chapter 3. Out of the 1258 cycles of 

length 8, six of them are (4, 2) trapping sets with the structure depicted in Figure 

(4.1) (Fig. 1 (c) of [73]). In the figure, variable nodes and check nodes are represented 

by empty and full circles, respectively. These trapping sets have critical number 3 

and strength 4 [73]. Out of the 24 failure sets corresponding to these trapping sets, 12 

are cycles of length 6 (fixed-pattern trapping sets) and the other 12 are the so-called 

oscillatory-pattern trapping sets defined in the previous chapter. The latter are the 

12 additional error patterns contributing to \Ej\ in the table. Our investigation shows 

that the remaining 192 — (165 + 12) = 15 error patterns in Ej are all failure sets of 

the (5, 3) trapping sets whose structure is shown in Figure (4.2) (Fig. 1 (b) of [73]). 

The (5, 3) trapping set is oscillatory, where the error locations oscillate between the 

failure set and the set of the other two variables in the trapping set. 

Discussion 4.4.2 The 12 extra error patterns of weight 3 in Ej that were discovered 

for Code 2 by examining cycles of length 8, have all the same graphical structure as 

shown in Figure 4.1. Unlike those patterns, the 119 extra error patterns in Ejiov Code 
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Figure 4.1: Tanner graph of a (4, 2) trapping set. 

Figure 4.2: Tanner graph of a (5, 3) trapping set. 

1 have a wide variety of graphical structures and correspond to both oscillatory- and 

fixed-pattern trapping sets. The example of Code 1 demonstrates that the approach of 

identifying and enumerating dominant trapping sets based on the graphical structure 

of these sets, as adopted, e.g., in [73], may not be very effective for estimating Ej for 

general random codes, particularly the irregular ones. 

For Codes 1-3 and 5-8, the initial estimates of error rates obtained by substituting 

J and the first estimate of \Ej\ in Equations (4.2.1) and (4.2.2) are accurate in 
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Figure 4.3: FER and BER estimations and simulations of Codes 1 and 2. 

the whole range of crossover probabilities of interest. These estimates are shown in 

Figures 4.3, 4.4, 4.6 and 4.7 along with Monte Carlo simulation results. The values 

of N0 and M used in the estimates for each code are given in Table 4.1. For Code 

4, however, as shown in Figure 4.5, although the initial estimates are accurate for 

small and large values of crossover probability, they are not so accurate in between. 

The improved estimates obtained at the second round of the algorithm however are 

accurate over the whole range. 

Table 4.3 shows the values of r, defined in Equation (4.3.6), for the 8 codes 

and for the estimates given in Figures 4.3-4.7 (for Code 4, r corresponds to the 

improved estimates). As can be seen the proposed method is less complex than 

direct enumeration by several orders of magnitude. The reduction in computational 

w 
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Figure 4.5: FER and BER estimations and simulations of Code 4. 
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Table 4.3: Computational Complexity Comparison Between the Proposed Method 
and Direct Enumeration. 

Code: 

T 

1 

147.33 

2 

1.5 x 10s 

3 

947.45 

4 

1.2 X 105 

5 

8.9 x 106 

6 

1.1 x 105 

7 

253.9 

8 

1.7 x 104 

Table 4.4: Values of p Denned in Equation (4.3.7) for Different Codes. 

Code: 

P 

1 

i.i x l t r 2 

2 

8.7 x 1 0 - 2 

3 

7.1 x H T 5 

4 

2.9 x l t r 4 

5 

8.4 x l t r 2 

6 

1.1 x 1(T 2 

7 

3.2 x 1 0 - 4 

8 

3.1 x 1 0 - 4 

complexity is particularly significant for the cases where the block length and/or the 

value of J is large. In such cases, direct enumeration can easily be too complex to 

apply. In all cases, the substantial reduction in complexity comes at practically no 

cost in terms of the accuracy of the estimates. The values of p defined in Equation 

(4.3.7) are given in Table 4.4. As can be seen that in many cases the proposed method 

is more efficient than the Monte Carlo simulation for almost all e region of practical 

interest and the increase in efficiency becomes more significant as the target error 

rate becomes smaller. 

Among many LDPC codes that we have examined, we have been able to find only 

one code for which the estimate J obtained by the algorithm in the first two rounds 

is not equal to the true value of J. This is explained in the following example. 

Example 4.4.1 Consider a PEG-constructed (504, 252) code with variable degree 

3 [58] referred as Code 9. The code's Tanner graph has girth 8 and by applying 

the proposed algorithm for GA, we obtain J — 4, \Ej\ = 802 and \Ej+1\ = 11279. 

Using direct enumeration, however, we find that J = 3 and \Ej\ = 14. By further 
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examination of the 14 error patterns of weight 3, we discover that they all have the 

same graphical structure and correspond to the failure set of the (5, 3) trapping set 

shown in Figure (4.2). If the initial error pattern is the variable node set {63, 136, 

190}, then the variable node set {63, 136, 190, 446, 474} forms a so-called oscillatory-

pattern trapping set defined in Chapter 3 and the error locations oscillate between 

the sets {63, 136, 190} and {446, 474}. The set {63, 136, 190} is not part of any cycle 

of length 8 or 10. That is why our algorithm is not capable of detecting it in the first 

two rounds. By allowing the algorithm to continue enumerating larger cycles, we are 

able to detect this structure as the set {63, 136, 190} is part of a cycle of length 14. 

This is also the case for all the other 13 error patterns. 

For this code, we have obtained the error rate estimates by substituting J = 4 and 

\Ej\ = 802 in Equations (4.2.1) and (4.2.2). These estimates are given in Figure 4.8 ( 

N0 = 19 and M — 72.42). Improved estimates based on Equations (4.2.3) and (4.2.4) 

are almost identical to those of Figure 4.8. Comparison with simulation results show 

that the estimates are still very accurate at higher values of crossover probability. It 

is only for the lower values that the difference between the estimates and simulations 

is non-negligible. In Fig. 7, we have also given the error rate estimates obtained by 

using J = 3 and |JEjr| = 14 in Equations (4.2.1) and (4.2.2). These estimates are 

accurate over the whole range of crossover probabilities. • 
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Figure 4.8: FER and BER estimations and simulations of Code 9. 

4.5 Summary 

In this chapter, we have proposed an algorithm that can efficiently approximate J 

and |2i7j|, the size and the number of the smallest error patterns that a hard-decision 

iterative decoder for LDPC codes over a BSC fails to correct. These approximations 

are used to estimate the error rate performance of LDPC codes over the whole range 

of channel crossover probabilities of interest. The proposed algorithm examines the 

subsets of short cycles in the code's Tanner graph as candidate error patterns that can 

trap the decoder in a trapping set, and is proposed as an alternative for Monte Carlo 

simulations or direct enumeration. We show, through a number of examples involving 

regular and irregular LDPC codes with different rates decoded by different hard-

decision algorithms, that while the estimates provided by the proposed algorithm are 
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practically as accurate as those obtained by direct enumeration, their computational 

complexity is substantially lower. Using the proposed algorithm, we can generate 

FER and BER curves for a given LDPC code and a given hard-decision iterative 

decoding algorithm in a matter of minutes instead of days or even weeks which would 

take by Monte Carlo simulations or direct enumeration. The complexity advantage 

is particularly significant for larger block lengths and lower code rates. 

While for most codes, the proposed algorithm converges very fast, in some cases, 

such as Example 4.4.1, to obtain an accurate estimate of error rate over the whole 

range of crossover probabilities of interest, a large number of cycle sets may need to 

be examined. In such cases, it would be beneficial to search for dominant trapping 

sets based on the graphical structure of such sets instead of blindly searching the 

subsets of individual cycles. To develop an efficient systematic approach for such a 

search on a general graph would be an interesting topic for future research. 
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Chapter 5 

Performance Estimation of LDPC 

Codes Decoded by Soft-Decision 

Iterative Algorithms 

In this chapter, we describe a combinatorial approach to estimate the error rate 

performance of LDPC codes decoded by (quantized) soft-decision iterative decoding 

algorithms. This approach can be seen as an extension of the techniques proposed in 

Chapters 3 and 4. The extension is by no means trivial and involves a number of im

portant changes to the machinery, the estimation equation and the search algorithm. 

The method is based on efficient enumeration of input vectors with small distances 

to a reference vector whose elements are selected to be the most reliable values from 

the input alphabet. Several techniques, including modified cycle enumeration, are 

employed to reduce the complexity of the enumeration. The error rate estimate is 

derived by testing the input vectors of small distances followed by estimating the con-
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tribution of larger distance vectors. We demonstrate by a number of examples that 

the proposed method provides accurate estimates of error rate with computational 

complexity much lower than that of Monte Carlo simulations, especially at the error 

floor region. 

5.1 Introduction 

In Chapter 3, we proposed a method to estimate the performance of LDPC codes de

coded by hard-decision iterative decoding algorithms over a binary symmetric channel 

(BSC). By using combinatorial arguments, we related the FER and the BER of a given 

LDPC code to the size J and the number \Ej\ of the smallest error patterns that the 

decoder fails to correct. This method provides very accurate estimates of both the 

FER and the BER over the whole range of crossover probabilities of practical interest. 

To reduce the computational complexity of direct enumeration used in Chapter 3 for 

finding the values of J and \Ej\ , we proposed cycle enumeration algorithm in Chap

ter 4 which reduces the computational complexity by several orders of magnitude and 

makes the estimation method applicable to almost any practical LDPC code. 

Following a similar approach of Chapters 3 and 4, in this chapter, we extend 

the idea to the performance estimation of (quantized) soft-decision iterative decoding 

algorithms. Soft-decision iterative decoding algorithms, such as BP and MS, are 

of great interests in practice due to their good error performance. Several works 

[14,51] have been done to estimate the performance of a given LDPC code under soft-

decision iterative decoding algorithms based on identifying and enumerating dominant 

trapping sets in the TG. Richardson [14] proposed a semi-analytical technique which 
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predicts the performance of a given code in the error floor region on the AWGN 

channel. Cole et al. [51] devised a three-step algorithm for estimating the FER floors 

of soft-decision LDPC decoders on the AWGN channel using importance sampling. 

Similar to the case of hard-decision algorithms, the structure of trapping sets for 

different codes and different soft-decision iterative decoding algorithms is in general 

complex and unknown. Thus, it is difficult to identify and enumerate them. Heuristics 

are used to identify and enumerate them [14,51]. In another direction and inspired 

by statistical physics, the authors of [76-79] estimated the FER of min-sum (MS) 

decoding for a given code using the concept of "instanton", which is the most probable 

configuration of the noise to cause a decoding error. 

The decoders of interest in this chapter are practical implementations of differ

ent soft-decision iterative decoding algorithms. In practice, iterative algorithms are 

implemented in (quantized) fixed-point arithmetic. There are different ways for im

plementing quantized soft-decision iterative decoding algorithms (e.g., [80]- [85]). It 

has been shown (see, e.g. [80,81]) that usually quantized soft decoders with 4 or 5 bits 

can perform very closely to their corresponding infinite precision implementations. It 

is well-known that the error floor behavior of coding systems depends strongly on the 

quantization scheme [14], [83]. It is therefore of great practical interest to efficiently 

estimate the performance of different quantization schemes in the error floor region. 

Also, from the operational point of view, our combinatorial approach is based on enu

merating the input vectors to the decoder and quantization is required to transform 

a continuous alphabet space to a finite discrete one. 

In the proposed method, the input vector set of a q-bit decoder is partitioned based 
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on each vector's Euclidean distance to the most reliable vector. Contributions of input 

vectors to the error rate are estimated based on the information of vectors with small 

distances that cannot be corrected by the decoder. The modified cycle enumeration 

algorithm is introduced to efficiently search for input vectors of small distance which 

make the decoder fail. To further reduce the computational complexity, we also 

introduce an algorithm which generates the estimate for a decoder with a larger 

number of quantization bits based on the estimation results for smaller number of 

quantization bits. Unlike the approaches of [14,51], our method does not require the 

identification of trapping sets and is thus much simpler. Our approach is not only 

applicable to the error floor region, but also provides good estimates in the waterfall 

region. The computational complexity of our technique can be much less than that 

of the Monte Carlo simulation, especially at the error floor region. 

The rest of this chapter is organized as follows. In the next section, we propose our 

estimation method for quantized soft decision decoders and discuss the similarities 

and differences with the method of Chapter 3. In the same section, we also introduce 

two algorithms to reduce the computational complexity and discuss the efficient cal

culation of probabilities of different sets required for the estimation. Experimental 

results are given in Section 5.3. Section 5.4 concludes the chapter. 
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5.2 Error Rate Estimation of LDPC Codes Decoded 

by Soft-Decision Iterative Algorithms 

5.2.1 Error Rate Estimation 

In this chapter, we assume the decoder is implemented in the log-likelihood ratio 

(LLR) domain. The proposed method can be, in principle, applied to implementations 

in other domains where there is only one message per bit, e.g., likelihood-ratio (LR) 

domain. The decoders considered here are symmetric [12] so that we assume that 

the all-zero codeword is transmitted. The channel model is the binary input AWGN 

channel with 0 and 1 mapped to +1 and -1 , respectively. 

In general, for a q-bit quantized iterative decoder, the received values are first 

clipped symmetrically at a threshold Cth and then uniformly quantized into 29 — 1 

quantization intervals within the range \—Cth,<kh\- Each interval is represented by q 

quantization bits. Integer numbers {—(29_1 — 1), • • • , 29_1 — 1} are assigned to the 

intervals. Thus, the input alphabet of the decoder is given by: Aq = {—(29-1 — 

1), • • • , 2q~l — 1}. Operations in variable and check nodes are performed on integers. 

The outgoing messages passed along each edge of the TG are clipped to — (29_1 — 1) 

or 29 _ 1 — 1, for negative and positive values, respectively. Iterative decoding continues 

until it converges to a codeword or the maximum number of iterations Imax is reached. 

If the block length of the code is n, we use V = A™ to denote the set of all possible 

input vectors of the decoder. For each input vector f = (ri, • • • ,rn) € V, there is 

a corresponding probability P{f) that r appears at the input of the decoder. Due 
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to the memoryless nature of the channel, the elements of the input vector to the 

decoder are independent and identically distributed (i.i.d) discrete random variables 

with probability mass function (pmf) p(r). Thus, P(r) = nT=iP(rj)- The pmf p(r) 

depends on the signal-to-noise (SNR) and the quantization scheme. For example, for 

the quantization scheme described above, if the variance of the noise is a2 and if the 

integer r G Aq corresponds to the interval [x\, x2], then we have: 

P(r) = Q(^—^) ~ Q{^-\ (5.2.1) 
a a 

where the Q function is defined by: Q(z) = -4= J2°° e~x2l2dx. 

As described in Chapter 3, for hard-decision iterative decoding algorithms, the 

set of error patterns (input vector set) is partitioned into different sets according to 

the Hamming weight of the vectors, or equivalently, the Hamming distance between 

the vectors and the all-zero vector. In this work, for a 5-bit (q > 2) iterative decoder, 

we use Euclidean distance instead of Hamming distance. For vectors f%, f2 € V, 

the Euclidean distance between them is defined by dsiri,^) = [Y%=i(rii ~ r2j)2] • 

Let R = (29_1 — l,--- , 2 9 _ 1 — 1). Since we assume that the all-zero codeword is 

transmitted, R is the most reliable input vector and intuitively, the larger the Eu

clidean distance between an input r and R, the higher the probability that f cannot 

be corrected by the decoder. 

Let Sd denote the set which contains all input vectors whose Euclidean distance to 

R is d, i.e., Sd = {f G V : dsif, R) = d}, and Ed be the subset of Sd whose elements 

cannot be correctly decoded by the decoder. Since the set of possible values for d is 

83 



discrete and finite, the FER can be expressed as: 

FER = £ p(Ed) = £ p^yp(^)> (5-2-2) 

where dm is the minimum Euclidean distance such that \Ed\ ^ 0 (i.e., \Ea\ = 0, 

\/d < dm, and Edm ^ 0 ) , and O?M = (2q — 2)^/n is the maximum Euclidean distance 

between an input vector and R. P(Sd) is the probability of having an input vector 

with distance d to R and Ss
dl is the conditional probability that decoding fails given 

—* 

that the input vector has Euclidean distance d to R. Following a similar approach 

to that of Chapter 3, we first obtain the set Edm as accurately as possible. We then 

estimate the contributions of vectors of distance larger than dm to the total FER 

based on the information of Eam. 

To achieve this, we first define a partial ordering of the input vectors. 

Definition 5.2.1 An input vector f is below another vector t (denoted by f<t), iff 

Ti < ti, 1 < i < n. 

From the definition, it's clear that if f < t, then ^ ( f , R) > d#(f, R). The following 

assumption is valid for a maximum likelihood (ML) decoder and our experiments show 

that it is also valid with high probability for iterative decoders under consideration. 

Assumption (1): If an input vector f cannot be corrected by the decoder, then 

none of the vectors below f can be corrected either. 

The following example shows that Assumption (1) is statistically viable. 

Example 5.2.1 Consider the (7, 4) Hamming code decoded by a 2-bit MS decoder 
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Figure 5.1: Histogram of Example 1. 

(cth = 2, and Imax = 30). In this case, we have |V| = 37 = 2187 input vectors. Out of 

this number, 2056 cannot be correctly decoded. For each of these 2056 input vectors, 

we decode all the vectors which are below the given vector and record the percentage 

of uncorrectable vectors. Figure 5.1 is the histogram of these results, where the 

horizontal axis is the percentage and the vertical axis is the number of vectors out of 

the 2056 vectors with this percentage. For example, Figure 5.1 shows that for about 

1250 out of the 2056 vectors, all the vectors below them cannot be corrected. Only a 

few vectors have percentages around 91, and there is no vector with the percentage 

below 91. • 

For each r G V, we define V(f) = {t € V : t< r}, i.e., V(f) contains all the vectors 

in V which are below vector r. Assuming set E^m is known, we would like to use the 

85 

100% 



information of E^m to estimate sets Ed, d > dm, so that we can use Equation (5.2.2) 

to obtain the FER. 

Note that, from Definition 5.2.1, it is clear that no two distinct vectors f\ and r^ of 

Edm satisfy f\ < r2. Let D be the set of distances defined by D = {d : dm < d < dj^}-

For d E D\dm, there are always vectors in the set Sd which are below a vector in Edm. 

We partition Sd as Sd \J S'd , where S'd contains vectors in Sd which are below some 

vectors in Edm and S'd is the complementary set of Sd in Sd- By applying Assumption 

(1) to set Sd, we have : 

Assumption (2): All vectors in the set Sd, d e D\dm cannot be corrected by the 

decoder. 

We also make the following assumption about the set S'd . 

Assumption (3): All vectors in the set S'd, d G D\dm can be corrected by the 

decoder. 

Although the above assumptions are not always correct, our results show that 

they are statistically viable. 

Assumptions (2) and (3) imply that Ed = Sd, d e D \ dm. Thus, the FER is 

estimated based on Equation (5.2.2) by: 

FER « £ > ( ^ ) = P ( ( J Si) = PiU{Edm)\ (5.2.3) 
d£D deD 

where U(S) = U*=sHO, for a set S. 

The following example describes the application of estimate (5.2.3) to the (7,4) 

Hamming code. 
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Figure 5.2: Exact FER and estimation results of the (7,4) Hamming code decoded 
by a 3-bit MS decoder. 

Example 5.2.2 Consider the (7, 4) Hamming code decoded by the 3-bit MS decoder 

with cth = 2 and Imax = 30. In this case, there are |V| = 77 = 823543 input vectors. 

By enumerating the vectors in the set V and passing them to the decoder, we find 

out that there are 783606 vectors which cannot be correctly decoded. Investigating 

those vectors, we find dm to be \/24 and l-E^I = 3. There are 282975 vectors in 

the set U_(E^2i), among which 279140 (98.6%) cannot be correctly decoded. The 

estimate of FER based on Equation (5.2.3) is given in Figure 5.2 (the curve with 

square symbols). In the figure, we have also shown the exact FER obtained by the 

sum of the probabilities of the 783606 incorrectly decoded input vectors. It can be 

seen that (5.2.3) provides a good estimation for the FER at the high SNR region. D 
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In Example 5.2.2, the probability P{U{Edm)) in Equation (5.2.3) is calculated by 

first enumerating all the vectors in the set UiE^/^i) and then adding their probabili

ties. This approach easily becomes computationally infeasible as the block length and 

the number of quantization bits increase. In fact, \U_{Edm)\ increases essentially pro

portional to 2qn. Therefore, we need to find efficient ways to calculate this probability. 

For instance, by assuming that there are no overlaps between sets V_{r), f £ Edm, we 

can calculate P(H(Edm)) as 5 ^ G B P{¥.(?))i where P(V(r)) can be calculated effi

ciently as shown later in Subsection 5.2.5. However, there does exist overlaps between 

different sets V_{f), f € Edm, and we cannot ignore the over-counting effects in some 

cases. Although it is not practically possible to remove all the overlaps between sets 

V(f), later in the chapter, we will discuss how we can reduce the effect of overlaps 

to the FER estimate such that the accuracy of the estimate is not affected in any 

significant way. 

As Example 5.2.2 demonstrated, Equation (5.2.3) usually only provides a good 

estimate at the high SNR region. To improve the estimate in the low SNR region, 

similar to the approach taken to derive Equation (3.4.7), we partition the input vectors 

according to their distances to R. In general, if an input vector has a large enough 

distance to R, it cannot be corrected with high probability regardless of whether it 

belongs to any set V(f), re Edm, or not. The following example illustrates this point 

for the (7,4) Hamming code. 

Example 5.2.3 When the (7, 4) Hamming code is decoded by the 3-bit MS decoder 

(ct/j = 2 and Imax = 30), the input vectors in the set V have distances from 0 to \/252 
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Figure 5.3: Uncorrectable percentage of the input vectors to a 3-bit MS decoder 
versus their distance to R for the (7,4) Hamming code. 

to the vector R. For each distance d, we decode all the vectors in the set Sd and 

obtain the set E& by recording the uncorrectable input vectors. The uncorrectable 

percentage for each distance d is then calculated by |£'d|/|5'd|, which is shown in 

Figure 5.3 for each distance. It is clear that the uncorrectable percentage increases 

as distance becomes larger and for distances larger than about 7, the percentages are 

close to 100%. Figure 5.4 shows the ratio P{Ed)/P(Sd) for two SNR values (4 and 8 

dB). It can be seen that this ratio tends to one for distances larger than about 7. • 

We thus assume that there exists a certain threshold dth on d such that all input 

—• 

vectors with Euclidean distance larger than dth to R cannot be correctly decoded. In 

fact, dth plays a similar role as NQ does in Equation (3.4.7). Let Sd>dth — M Sd, the 
d>dth 
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Figure 5.4: P(Ed)/P(Sd) of the input vectors to a 3-bit MS decoder of the (7, 4) 
Hamming code versus their distances to R for SNR values 4dB and 8dB. 

FER estimate can then be modified as: 

FER*P(U(Edm)) + P(Sd>dJ. (5.2.4) 

Note that, there are overlaps between the two terms in (5.2.4), i.e., some vectors in 

the set Sd>dth are also in the set U_{Edm) and the contributions to the FER from those 

vectors are over-counted. Our experimental results show however that the probability 

of overlapped vectors is negligible. Similar to the approach taken in Chapter 3 for 

the determination of NQ in Equation (3.4.7), the value of dth can be determined by 

performing Monte Carlo simulations at the high FER region. 
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Example 5.2.4 The estimate based on Equation (5.2.4) is given in Figure 5.2 (the 

curve with diamond symbol) for the (7,4) Hamming code decoded by the 3-bit MS 

(cth = 2 and Imax = 30). The parameter dtn in this case is found to be V45. It 

can be seen in Figure 5.3 (5.4) that the uncorrectable percentages (P(Ed)/P(S(i)) for 

distances larger than dth are high and close to 1. Compared to the estimate based 

on Equation (5.2.3), which is only accurate at high SNR values, (5.2.4) provides an 

accurate estimate for the whole SNR region of interest. • 

5.2.2 Relationship with the Estimation Method of Chapter 3 

In this subsection, we discuss similarities and differences between the estimation tech

nique presented in Chapter 3 and the one proposed in the previous subsection. We first 

show that estimate (3.4.7) is actually the hard-decision parallel of estimate (5.2.3), 

where the alphabet size is two and the Euclidean distance is replaced by the Hamming 

distance. 

Fact 5.2.1 In the case of hard-decision algorithms, estimate (5.2.3) is identical to 

estimate (3.4.7) where No is replaced by the code's block length n. 

Proof: For N0 = n, based on Equation (3.4.7), we have: 

FER*P(J)+ J2 |EJ|C"~j]^(l-er-i = ̂ l^l("lj)£ i(1-e)n"-
1=7+1 ^ ' i=J ^ ' 

(5.2.5) 

In this case, J and Ej play the same roles as dm and Edm do in (5.2.3) , respectively, 

and the all-zero vector acts as R. For each r € Ej, the number of error vectors of 
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Hamming distance i, J < % < n, to the all-zero vector and below f is (^Zj) (note 

that the all-zero vector corresponds to the all-one vector at the input to the decoder). 

This means that there are ("Zj) vectors of Hamming distance i in the set V(f) and 

in this case, they all have the same probability e%{\ — e)n~\ Thus, 

Using Equation (5.2.3) and assuming that there is no overlap between the sets V(r), 

f € Ej, we can estimate the FER by: 

FER « Y, PQXf» = \Ej\ itilZ i)6^1 ' £)n_i' 

which is the same as (5.2.5). • 

Despite the similarity between (3.4.7) and (5.2.3) as stated in Fact 1, there are a 

few differences between the two cases. One difference, as stated in Section 5.2.1, is the 

fact that in Equation (5.2.3) the overlap between the sets V(f), f E Edm, cannot be 

ignored and has to be accounted for. Another difference is explained in the following. 

As shown in Chapter 3, in the case of hard-decision algorithms, as long as we 

have the values of J and \Ej\, we can have a very good estimate using Equation 

(3.4.7) at least in the very small crossover probability region. This is because the 

FER (3.4.3) tends to zero as a function of sJ, for sufficiently small e. To be more 

precise, the dominant (largest) term in Equation (3.4.3) for sufficiently small e is equal 

to \Ej\sJ(l — e)n~J. This, however, may not be the case for quantized algorithms. 
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In other words, P(Edm) in Equation (5.2.2) may not be the dominant term even at 

the high SNR region. As shown in Equation (5.2.2), P(Ed) can be considered as the 

product of two terms: P(Sd) and P(Ed)/P(Sd)- P(Sd) is the probability of having 

an input vector of distance d from R and depends on the SNR and the quantization 

scheme. The conditional probability P(Ed)/P(Sd) however depends on the error-

correcting capability of the code and the decoder. The reason that P(Edm) may 

not be the dominant term in (5.2.2) is partly due to the fact that the distance d 

which maximizes P(Sd) is usually much larger than dm. In the q-bit quantization 

scheme considered in this chapter, at high SNR, with high probability the quantized 

values fall into the interval which contains the real value 1. If the integer representing 

this interval is r G Aq, at high SNR, the value r appears with high probability 

for all the n positions of the input vector, which translates to a large P(Sd) for 

d = y/n(2^~1 — 1 — r)2 (the value of r depends on q and the clipping threshold ct/j). 

The following example illustrates this for the (7,4) Hamming code. 

Example 5.2.5 Consider the 3-bit MS decoder to decode the (7,4) Hamming code 

with cth — 2 and Imax = 30. From Example 5.2.2, we know that dm = \/2A. We 

calculate P(Sd) for each possible distance d in the range of 0 to \/252 and for different 

SNR values. The results are given in Figure 5.5. It can be seen that at high SNR, 

P(5 V ^) is not the largest. In fact, in this example, since the real value 1 is contained 

in the quantization interval represented by integer 2, the set S^ is asymptotically 

dominant (at very high SNR). We also calculate P{Ed) for several distances. The 

results are shown in Figure 5.6. It is clear that PiE^y^i) is not the largest. • 
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Although in Examples 5.2.2 and 5.2.4, it has been shown that the information of 

Edm is enough to provide a very good estimate for the FER, this is usually not the 

case for practical codes. In other words, vectors in the sets which have dominant 

values of P(Ed) may not be included in sets V(f), r £ Edm. This requires us to search 

for the vectors in the sets Ed for d > dm to improve the estimates. Direct enumeration 

on input vectors is infeasible for practical codes. In the next subsection, we propose a 

search technique which looks for vectors in the sets Ed for small values of d. We also 

propose modified estimation equations which incorporate the information obtained 

by the search technique to improve the accuracy of the estimates. 

5.2.3 Modified Cycle Enumeration Algorithm and Modified 

Estimation Equation 

To have an accurate estimate for the error rate, we usually need information about 

sets Ed, d > dm, in addition to the set Edm. The computational complexity of 

direct enumeration for obtaining such information is high and this approach can 

easily become impractical even for small block lengths and small values of q. 

Cycle enumeration proposed in Chapter 4 has been shown to be a powerful tool 

in estimating the error rate of hard-decision iterative decoding algorithms which can 

reduce the computational complexity by several orders of magnitude compared to 

direct enumeration. Instead of exhaustive search, cycle enumeration focuses on input 

vectors whose error locations correspond to small cycles in the underlying TG, which 

are believed to be problematic structures for iterative decoding algorithms. 
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Let Ci denote the set of cycles of length I, I = g,g + 2,... (g is the girth of the 

graph). In cycle enumeration proposed in Chapter 4, we enumerate cycles of different 

lengths starting from those in Cg. For a q-bit decoder, for each cycle, input vectors 

are generated by setting the vector elements equal to 2q~l — 1 in all positions except 

those involved in the cycle. For the positions involved in the cycle, we consider all the 

permutations associated with the 2q — 1 possible values in each position. For a cycle 

of length I, this process generates (2q — l)ll2 test vectors. Note that, the (2q — l) ' /2 

test vectors correspond to different values of d. By passing the test vectors to the 

decoder, we obtain vectors in sets Ed for different distances. 

Since we are interested in sets Ed with small values of d, we do not need to pass 

all the (2q — l) ' /2 vectors to the decoder. In fact, instead of testing all possible 

vectors corresponding to one cycle set for a given length / and then going to the next 

larger cycle set (with length 1 + 2), we take a different approach called modified cycle 

enumeration algorithm. This approach is summarized in Algorithm 2. 

In the modified cycle enumeration algorithm, the input vectors are generated based 

on their distance to R in increasing order. For a given distance, we enumerate all pos

sible vectors corresponding to cycles under consideration. We first generate cycle sets 

of different lengths, e.g., Cg,Cg+2,•••• We use the set Tk = {Cg,Cg+2,• • • ,Cg+2k}, 

(k = 0,1, • • •) as possible error location sets. We then create another list PL/t, which 

stores error patterns corresponding to all possible number of locations in set Tk (i.e., 

g/2, • • • , (g + 2k)/2) in increasing order of the distance. Let D'k denote the set of 

distances corresponding to the error patterns in PL/t. For a given distance d G Dk, 

PL* stores error patterns of distance d with number of locations g/2,• •• ,(g + 2k)/2. 
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Algorithm 2 Modified Cycle Enumeration 

1. Create Tk, PLfc and Dk. 

2. d = min{x : x G Dk}, dm = oo. 

3. Decode all patterns in PL^ of distance d to R and corresponding to locations 
inTfc. 

4. If there are patterns that cannot be corrected, dm = min{d, dm} and update 
set Ed-

5. If dm = oo, d = the next larger distance in D'k, go to step 3; 
else generate error rate estimate. 

6. If estimates converge, stop; 
else d — the next larger distance in D'k, go to step 3. 

Example 5.2.6 Consider the case of a 2-bit decoder applied to a graph with g = 6. 

To = {Ce} contains all the cycles of length 6. In this case, PLo contains error patterns 

with g/2 = 3 locations. For example, PL0 contains error patterns (-1, 1, 1), (1, -1 , 1), 

(1, 1, -1) corresponding to distance 2. For the maximum distance \ / l2 corresponding 

to 3 locations, PL0 stores the only pattern with this distance to R, i.e., (-1, -1 , -1). 

The set D'0 in this case contains distances 1, \ /2, \ / 3 , 2, • • •, \ / l2 , where the first 

three values correspond to having the value zero at one, two and three locations, 

respectively. • 

After creating Tk and PLfc, the algorithm starts generating input vectors to the 

decoder from the smallest distance d± £ D'k. If there are patterns in PLfc of distance 

dx and corresponding to g/2 locations, the input vectors are generated by having 

29 _ 1 — 1 in all positions except those in Cg. The positions in Cg use corresponding 

error patterns in PL^ as their values. After testing all locations in Cg, the algorithm 

repeats this process for the locations corresponding to the set Cg+2 and so on. If at 
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least one of the input vectors with distance d\ cannot be corrected, the algorithm 

estimates dm as d\. The algorithm also updates the set E^. If all the error patterns 

of distance d\ are corrected by the decoder, dm is set to oo. The algorithm continues 

by repeating the process for patterns in PL*, with the next larger distance. If dm ^ oo, 

estimates for FER is obtained. The algorithm continues by examining the next larger 

distance error patterns in PL^ until dm ^ oo and at least one estimate for the FER is 

available. As error patterns with larger distance are examined, the estimates improve. 

One can in fact stop the algorithm when two successive estimates are close together 

indicating a convergent behavior. 

We use Ed to denote the estimate of the set Ed obtained by the algorithm. It 

is clear that, the more cycle sets are included in the set Tjt, the more accurate the 

information about dm and sets Ed will be. However, the computational complexity 

increases as well. Our experiments show that for codes with block lengths of several 

hundreds to around a thousand, the first 3 or 4 cycle sets, i.e., Cg,--- ,Cg+z are 

enough for an accurate estimate. Similar to the approach presented in Chapter 4, 

one can refine the estimates by increasing k and by stopping the algorithm when the 

estimates for two successive values of k are close enough to indicate convergence. 

Consider the case where Algorithm 2 is at Step 5 and for the first time dm ^ oo 

and is estimated as d\£ D'k. The algorithm also returns the set E^. The error 

rate estimates are then obtained by replacing Edm in Equation (5.2.4) by Ed1. By 

continuing the algorithm at Step 6 and examining the patterns of the next larger 

distance d2 £ Dk, we would find vectors in the set Ed2 C Ed2. We should use the 

information of Ed2 to improve our estimates. Ideally, we would like to estimate the 
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FER by Equation (5.2.4) as: FER « P{U{Edl{jEd2)) + P(Sd>dth). For practical 

codes however, it is very hard to enumerate vectors in the set U_(Edl (J Ed2). Let V 

denote all the distances corresponding to the sets obtained by the algorithm (in this 

case, V = {rfi,^})- Let L denote all the locations corresponding to the vectors in 

the set Edl \jEd2. Clearly, L is a subset of T*.. We refer to each element I G L as a 

location. It turns out that many vectors in the set Edl \J Ed2 have the same locations. 

Let Ed>i, d G V, I G L be the set of vectors of distance d that have the same location 

I. For each I G L, Ex>,i = V)d<zVEdj, is the set of vectors in Edl \jEd2, which have 

the same location I. Set Edl {J Ed2 can be partitioned based on the locations as: 

Edl U Ed2 = \Jl€L Ev,i- Thus, we have U(Edl [) Ed2) = t / ( ( J ^ &>*) = UieLH(Ev,i). 

Therefore, P{U_{Edl \JEd2)) can be calculated as: 

P(U(Edl \jEd2)) = P([jU(EVtl)) « J2P^^- (5-2-6) 

P{U_{Ev,i)) can be calculated efficiently as shown later in the chapter. Note that, 

although there are overlaps between sets with different locations, the computational 

complexity of removing the overlaps is high. Moreover, our results show that the 

overlapped vectors have very small probabilities and do not affect the accuracy of the 

estimates in any significant way. We thus use the following modified FER estimate: 

FER « Y, P(U{Ev,i)) + P(Sd>dth). (5.2.7) 

As the algorithm progresses and vectors of larger distances are examined, we will 
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have new sets of E^ available. This information can be easily incorporated into the 

estimation equations following the same approach used in deriving (5.2.7) to obtain 

more accurate estimates for error rates. 

5.2.4 Estimation for Decoders with Large q Based on the Re

sults for Small q 

The number of input vectors increases exponentially with the value of q as |V| = 

(2q — l ) n . Although the modified cycle enumeration algorithm (Algorithm 2) greatly 

reduces the search space, the computational complexity is still high for many practical 

cases where the block length and the value of q are large. Due to the relatively low 

computational complexity for the cases with small q (e.g., 2, 3), we would like to 

obtain the estimates for larger values of q based on the estimates we already have for 

smaller values of q so that we do not need to repeat Algorithm 2 for different values 

of q. 

Consider the application of Algorithm 2 to a ^i-bit decoder. The algorithm returns 

vector sets Efv d e Dqi, I 6 L, where Dqi is the set of distances and L is the set 

of locations. To obtain estimates for a q2-hit decoder (q2 > q±), we use L as the 

location set. Since cycles in the set L are found to be problematic structures for the 

<?i-bit decoder, with high probability, they are problematic structures for the ^2-bit 

decoder as well. For each location I 6 L, error patterns corresponding to I for the 

(?2-bit decoder are generated based on vectors in sets E%\, d e Dqi. Each quantization 

interval in the q%-bit case is divided into several intervals in the g2-bit case, which 
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Algorithm 3 Performance Estimation of the 52-bit Decoder Based on Results for 
the 51-bit Decoder (q2 > 51) 

Input: Efp d e Dqi, I e L; 

E» = 0 , 'Dq2j= 0 ; 

for each r G Efy, d G Dqi, I G L 
Generate set S(f,q2); 

for each t G S(f, q2) 
if f is not included and below any vector in E%2

t, d G Dq2, I G L 

Decode t with 52-bit decoder and update Eft and Dq2; 
end 

end 
end 
Generate the error rate estimate for the (fe-bit decoder. 

means that, each integer r (E Aqi corresponds to several integers in Aq2. Thus, for 

each f G Ej\, we generate a set of input vectors S(f, q2) for the 52-bit decoder. Each 

vector t G S(f,q2) has value 29 2 - 1 — 1 in all positions except for those in /. The value 

of each position in / for vector t is an integer in Aq2 corresponding to the value (an 

integer in Aqi) in the same position of f. 

By decoding vectors in sets S(r, q2), r G E%\, we find vectors which cannot be 

corrected by the 52-bit decoder and belong to sets Ef^ d G Dq2, I G L (note that, the 

location set L is the same as that of the 51-bit case, the distance set Dq2 is however 

different). We then generate the error rate estimate based on Eq£x following the same 

approach used in deriving (5.2.7). 

This approach is summarized in Algorithm 3. 

If each integer in Aqi corresponds to K integers in Aq2 and there are \l\ positions 

corresponding to the location I, the number of input vectors generated for the 52-bit 

decoder based on a vector f G Eq^t is |5(f, 52)! = K^. In practice, the values of K 

and \l\ are usually small, which translates to a small number of iterative decoding 
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instances for each vector f. To further reduce the computational complexity, we do 

not need to decode all the vectors in S(r,q2). We only decode input vectors which 

are not the same as or below any vector in sets E^t, d (E Dq2, I € L, found in 

previous steps of the algorithm. For example, assume the algorithm has obtained 

some vectors in sets E^, d £ Dq2, I € L at the current step, at the next step, the 

algorithm generates new test vector t £ ,S(f, <?2)- The new vector t may be already 

included in some set Eft or it may be below certain vector in set Ef^ for both cases, 

we don't pass vector t to the decoder. The following example shows the saving in 

computational complexity of this approach compared with the direct application of 

the modified cycle enumeration approach of Algorithm 2. 

Example 5.2.7 A (273, 82) regular LDPC code from [58] with variable node degree 3 

and check node degree 10 is decoded by a 3-bit MS decoder (cth = 2 and Imax = 100). 

By enumerating the cycles in Cs, we find 24 input vectors which cannot be corrected 

by the decoder and they all have the minimum distance -\/38 to R. A very good 

estimate of the FER of the 3-bit decoder can be obtained by only using these 24 vectors 

in the set Eh^ v I € L. Consider now the application of Algorithm 3 to estimate the 

performance of a 4-bit MS decoder based on the information of E^p I 6 L. In this 

case, we have K = 3 and |/| = 4 (4 variable nodes in a cycle of length 8). Therefore, 

for each of the 24 vectors r € E^/MV I £ L,we have \S(r, Q2)| = 81. The total number 

of input vectors generated for the 4-bit decoder is therefore: 24 x 81 = 1944. From 

this number, we only need to test 1124 vectors since the rest are either repetitions or 

are below some of the 1124 vectors. By decoding the 1124 vectors, we find 260 vectors 
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that cannot be corrected and belong to the union of sets E%t, where d 6 D± and I G L. 

We also obtain mm{D4} = Vl98. Using the 260 vectors, we can have a very accurate 

estimate for the FER of the 4-bit decoder. Instead of using Algorithm 3, if we were to 

obtain the FER estimate by the modified cycle enumeration algorithm, the complexity 

would be significantly higher. To see this, note that |C8| = 13289 and the number of 

patterns with distance Vl98 in the list PL^ is 264. Thus, even if Algorithm 2 only 

enumerates patterns of distance \/ l98, it needs to perform 264 x 13289 = 3508296 

iterative decoding instances, which is over 3000 times larger than the first approach. 

Note that in this calculation, we have not even considered the enumeration and test 

of the patterns in PLi with distance smaller than \/ l98. • 

5.2.5 Calculation of Probabilities of Different Sets 

In Equation (5.2.7), we need to calculate the probabilities of different input vector sets, 

namely, sets U.(EDj), I € L and the set Sd>dth. By definition, we have P(U_(EDti)) = 

^eu(EDtl)
 p(f) a n d p(Sd>dth) = Efesd><%

 pif)- Enumerating the vectors in these 

sets and calculating their probabilities is however too complex due to the large number 

of vectors in these sets. In this subsection, we propose efficient ways of calculating 

these probabilities. 

To calculate P(U_(ED:i)) for a given / € L, we consider two cases. 

In the first case, if there is only one vector f in EDj, then P(U_(ED,I)) = P(V.(f))-

We thus have: 
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i=l i€l \U<ri J i€l ^ ^ ' ' 

where Xi is the largest real value corresponding to the quantized value r». 

For the case where ED,I has multiple vectors, let W = Aq and let f(/) denote 

the sub-pattern of f G V corresponding to location /. Clearly, f(l) G W. For x = 

{xi, ••• , x\i\} G W, W(x) = {yeW :y<x}, i.e., W(x) contains all the |J|-tuples in 

the set W which are below x. Let V_(EDji) — Uf6ED i^(^(0)) i-e-> Y_{ED,i) contains 

all the |Z|-tuples, each of which is below the sub-pattern f(l) for at least one T G ED i. 

In practice, V_(ED,I) can be enumerated efficiently due to the small value of \l\. The 

probability of the set U_{ED,I) is then calculated using the following lemma. 

Lemma 5.2.1 For a given location I, P(U(ED,i)) = J2sev(ED,i) ( i l f i i P f o ) ) . w h e r e 

p(x) is given by Equation (5.2.1). 

Proof: Let £(l,af) = {t e V : t(l) = x}, x G W. The set £{l,x) contains all the 

vectors in V whose sub-patterns corresponding to location I are the same and equal 

to x. We first show that sets U_{ED,I) and \JSeV{ED A £(̂ > %) a r e eclual-

For any vector a G U_{ED,I), by definition, there exists at least one r G ED,I, 

such that a < f. By the definition of "below", we have a(l) < f(l). Thus, a(l) G 

¥_(ED,I) which implies a G U^evrs )£(^^0- ^ n * n e other hand, for any vector 

a G Uzevrg )C(^>^)) by definition, a(l) G V(i?i>,i). Thus, there is at least one 

^ € ^£),« such that a(/) < f(/). Since all positions of r except those in / have value 
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2q-l-l, we have a<r. Therefore, a G U(EDtl). So, sets U{EDj) and \JsmED,) Z& s) 

are the same. 

It is clear that sets £(l,x) are disjoint for different x € Y_(ED,I}- Thus, we have: 

P(U(ED,I)) = E p(t(l>*)) 

= £ P(t£V:t(l)=x) 
$ev(En,i) 

J2 P(fi € ^ : * g i, 1 < » < n)P(ttO = f) 
sev{ED,{) 

To obtain P(Sd>dth), we propose an algorithm which computes P(Sd) for all possi

ble distances rf e {0, • • • , (2M}. P(Sd>dth) is then calculated as ^ P{Sd)- For a code 

with block length n and a <?-bit decoder, although the number of input vectors is an 

exponential function of n, i.e., (2q — l ) n , the number of possible Euclidean distances 

between an input vector and R increases only with y/n and is upper bounded by 

2(29_1 — l)y/n. The algorithm creates and updates two lists: the distance list DL and 

the corresponding probability list P(Sd), d e DL. The algorithm starts from the cases 

where the input vector length is one and continues to the cases where the length is 

increasingly larger and finally reaches n. Let R(l : i),i = 1, • • • , n, denote the vector 

—* 

of length i consisting of the first i elements of R in the same order as they appear in 

R. Consider the case where the algorithm has already updated lists DL and P(Sd) 

for cases where the input vector length is k. When the new position k + 1 is added, 
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Algorithm 4 Calculation of P{Sd), d = 0, • • • , <IM 
for i= l to n 

if i = = l 
for each r G Aq 

d2
new = [r~ (2*-1 - I)]2 and Pdnew = p(r); 

Add dnew and Pdnew to lists DL and P{Sd), respectively; 
end 

else 
for each r E Aq 

if r==2i-1 - 1 
for each d GDL 

P(Sd) = P(Sd) • p(r); 
end 

else 
for each d eDL 

d2
new = d* + [r- (2*-1 - l)]2; 

if dnew eDL: P(SdneJ = P(S d m jJ + P(Sd) • p(r); 
else: Add dnew to list DL, P (S d n e J = P(5d) -p(r); 

end 
end 

end 

for each value r G Aq in this position and for each distance d GDL, the algorithm 

first calculates the new distance dnew of the input vector to P ( l : k + 1). If dnew is 

already in the list DL, the algorithm just updates the value of P{Sdnew)- If dnew is 

not in the list, the algorithm adds dnew to DL and updates the value of P(Sdnew). At 

the end of this round of the algorithm, P(Sd) is the probability that an input vector 

of length k + 1 has distance d to R(l : k + 1). The pseudo code of the algorithm is 

given in Algorithm 4. In the algorithm, for each r € Aq, p[r) is given by Equation 

(5.2.1). The functionality of Algorithm 4 can be easily verified by induction on the 

length of the input vectors. 

Algorithm 4 is also used to generate the list PLfe and the set D'k needed in Algo

rithm 2. For a given number of error positions (e.g., g/2 + k), PLfc stores all possible 
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patterns for each possible distance corresponding to the g/2 + k positions. To obtain 

PLfc, Algorithm 4 runs from i = 1 to g/2 + k and records the corresponding patterns 

for different values of d. 

5.2.6 Computational Complexity 

Based on the above discussions, by combining Algorithms 2 and 3, we can obtain 

estimates for q-bit decoders for different values of q. In both algorithms, the compu

tational complexity is mainly due to the instances of iterative decoding. In Algorithm 

2, the number of iterative decoding instances depends on the size of the set T*, the 

number of patterns in the list PL^ corresponding to different distances and the number 

of rounds the algorithm needs to go through before stopping. To generate estimates 

for larger q, we use Algorithm 3 based on the results of Algorithm 2 for a small value 

of q. As we have shown in Example 5.2.7, the computational complexity of Algorithm 

3 is usually much less than that of the direct application of Algorithm 2. In general, 

the overall computational complexity of the proposed approach is much less than that 

of the Monte Carlo simulation, especially in the high SNR (error floor) region. 

Note that while the proposed approach can easily generate estimates of the error 

rate for different SNR values when the sets E4 for small values of d are found, in the 

Monte Carlo simulation, a new set of input vectors has to be generated and decoded 

for each value of SNR. Moreover, by combining Algorithms 2 and 3, we can obtain 

estimates easily for decoders with different values of q. This is while Monte Carlo 

simulations have to be performed for each ^-bit decoder separately. 
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5.3 Experimental Results 

Our estimation approach can be, in principle, applied to any symmetric decoder. We 

first consider the quantized MS described in [81]. We report our results for three 

LDPC codes taken from [58]. The first code is the (273, 82) code used previously in 

Example 5.2.7. The second code is a (1008, 504) regular LDPC code with variable 

node degree 3 and check node degree 6. The third code is a (504, 252) LDPC code 

constructed by the progressive edge-growth (PEG) algorithm of [15] and has variable 

node degree 3 and check node degrees 5, 6 and 7. The first two codes have girth 6 

while the girth of the PEG code is 8. For all the three codes, we use c^ = 2 and 

•'•max = J-UU. 

Figure 5.7 shows the simulation and estimation results for the (273, 82) code for 

3-bit, 4-bit and 5-bit MS decoders. Algorithm 2 is used to obtain the estimate for the 

3-bit decoder. By using the cycle set C&, we estimate the minimum distance dm to be 

\/38 and find 24 vectors in the set E^-. The estimates of 4-bit and 5-bit decoders 

are obtained by using Algorithm 3 based on the results of 3-bit and 4-bit decoders, 

respectively. The estimated value of dm for the two decoders is respectively -v/198 and 

\/902. As can be seen in Figure 5.7, for all the three decoders, based on Equation 

(5.2.7), we are able to obtain accurate estimates of the FER which closely match the 

Monte Carlo simulation results for the whole range of SNR values of interest. 

Figures 5.8 and 5.9 show the simulation and estimation results for the (1008, 504) 

and (504, 252) codes for different q-h\t decoders, q = 3,4,5, respectively. For these 

codes, the computational complexity of Algorithm 2 is quite high even to obtain the 
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estimate for the 3-bit decoder. We have thus applied Algorithm 2 with the cycle set 

T3 to a 2-bit decoder first (note that, for the (504, 252) code, since the girth is 8, 

T3 = {C8, • • • , Cu}). As a result, we obtain \E^\ = 10, | . E ^ | = 100, for the (1008, 

504) code, and | £ ^ | = 670, \E2^\ = 1407, for the (504, 252) code. We then use 

Algorithm 3 to obtain the estimates for the 3-bit, 4-bit and 5-bit decoders based on 

the results of 2, 3, and 4-bit decoders, respectively. It can be seen from Figures 5.8 

and 5.9 that the estimates are accurate for all three decoders of both cases over the 

whole SNR range of interest. The distance spectrums estimated by Algorithm 3 for 

different decoders of each code are given in Table 5.1. In Table 5.1, for each case, we 

list the first three and the last distances in increasing order and the corresponding 

multiplicities. For example, for the case where the (273, 82) code is decoded by the 4-

bit decoder, the entry **~ in the table means that 24 input vectors of distance \/l98 

to R were found by Algorithm 3; ^^p means that the maximum distance obtained 

by Algorithm 3 is \/216 and there are 48 input vectors of this distance. For all codes, 

the values of dth used in the estimates are given in Table 5.2. 

Table 5.3 shows the number of iterative decoding instances that need to be per

formed to generate the estimates for each case. In the table, a number with a plus 

sign means the extra number of iterative decoding instances that Algorithm 3 needs 

to perform to generate the estimate if the results of the previous q-bit decoder is 

available. For example, after Algorithm 2 generates the estimate for the 3-bit de

coder of the (273, 82) code (by performing 7.36 x 106 iterative decodings instances), 

Algorithm 3 needs to perform 1124 and 11688 instances of iterative decoding for the 

cases of 4-bit and 5-bit decoders, respectively. From Table 5.3, one can see that the 
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proposed approach is significantly more efficient than the Monte Carlo simulation, 

especially at the high SNR region. 

We have also applied the estimation technique to the (1008, 504) code decoded by 

a 3-bit BP decoder with non-uniform quantization proposed in [84] ( Cth — 3.3 and 

Imax = 100). The proposed quantization scheme is optimized for regular LDPC codes 

with variable node degree 3 and check node degree 6. For this case, Algorithm 2 is 

directly applied to the 3-bit decoder with set T3. As a result, dm is estimated as \/73 

and \E\^\ — 24. We also find vectors of distances \/75, and y/7Q when the algorithm 

stops. The estimation and simulation results are given in Figure 5.10. The value of 

dth is found to be -\/3600. It can be seen that the estimate is rather accurate for the 

whole SNR range of interest. However, the number of iterative decoding instances to 

generate the estimate is relatively high (about 3 x 109) due to the lack of results for 

the 2-bit decoder. More accurate results can be obtained by using the cycle set T3. 

We however did not attempt this due to the large complexity. Comparing the results 

of Figure 5.10 with those of Figure 5.8 shows that although the 3-bit BP decoder has 

a superior performance at lower SNR values compared to the 3-bit MS decoder, the 

trend reverses at higher SNR values. 

Table 5.1: Distance Spectrums Estimated by Algorithm 3 for Different Decoders of 
Each Code. 

(273,82) 

(1008,504) 
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Table 5.2: Values of dth for Different Cases. 

(273, 82) 
(1008, 504) 
(504, 252) 

3-bit 

V790 
\/3450 
V1750 

4-bit 

V4700 
V20060 

Vioioo 

5-bit 

V22300 
\/94000 
V47500 

Table 5.3: Number of Iterative Decodings in Different Cases. 

(273, 82) 
(1008, 504) 
(504, 252) 

2-bit 
-

4.3 x 107 

3.5 x 108 

3-bit 

7.3 x 106 

+45272 
+9.6 x 105 

4-bit 
+1124 

+8.2 x 105 

+1.1 x 106 

5-bit 

+11688 
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+3.9 x 106 
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Figure 5.7: Simulation and estimation results of the (273, 82) code decoded by 3-bit, 
4-bit and 5-bit MS decoders (cth = 2 and Imax = 100). 
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Figure 5.8: Simulation and estimation results of the (1008,504) code decoded by 3-bit, 
4-bit and 5-bit MS decoders (cyj = 2 and Imax = 100). 

•©— Simulation, 3-bit 
O - Estimation, 3-bit 
A— Simulation, 4-bit 
A - Estimation, 4-bit 
3— Simulation, 5-bit 

- $ - Estimation, 5-bit 

Eb/N0(dB) 

Figure 5.9: Simulation and estimation results of the (504, 252) code decoded by 3-bit, 
4-bit and 5-bit MS decoders (cth = 2 and 7maa! = 100). 
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Figure 5.10: Simulation and estimation results of the (1008, 504) code decoded by 
3-bit BP decoder {cth = 3.3 and Imax = 100). 

5.4 Summary 

In this chapter, we proposed an algorithm to estimate the performance of a given 

finite-length LDPC code decoded by a q-bit (soft-decision) iterative decoder. The 

proposed method can be applied in principle to any symmetric quantized version of 

different soft-decision decoding algorithm. We showed by examples that the proposed 

method can provide accurate FER estimates for the whole SNR region of practical 

interest. The computational complexity of the proposed method can be much less 

than that of the Monte Carlo simulation, especially at the low FER region (error floor 

region). Several techniques including modified cycle enumeration and Algorithm 3 
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were proposed to reduce the computational complexity. For codes with block lengths 

larger than about 1000, the computational complexity of the proposed technique is 

still relatively high. Thus, it is of great practical interest to investigate more efficient 

techniques to estimate the sets Ed for small values of d. 
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Chapter 6 

Modified PEG Construction 

Algorithm 

In previous chapters, trapping sets (or more precisely, the initial error patterns which 

cause the decoder to get trapped into trapping sets) are used to obtain estimates of 

the FER and BER of LDPC codes for iterative decoding algorithms. One can also 

use the information on the trapping sets in the Tanner graph to construct good codes 

(graphs). Since trapping sets are the problematic structures in the Tanner graph for 

iterative decoding algorithms, it is desired to improve the trapping sets of the graph. 

Improving trapping sets of a Tanner graph means that one would try to reduce the 

number of trapping sets with small number of variable nodes and unsatisfied check 

constraints. In this chapter, by increasing the connectivities of cycles to the rest of the 

graph, we propose a method to improve the trapping sets in the code's graph under 

belief-propagation (BP) algorithm. Our method is based on the well-known PEG 

construction which is known to construct LDPC codes at finite block lengths with 

very good performance. We propose a very simple modification to PEG construction 

for irregular codes, which considerably improves the performance at high SNR with 
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no sacrifice in the low SNR performance. 

6.1 Introduction 

Construction of good LDPC codes at short and intermediate block length is of great 

practical importance. Among the existing methods such as those in [15,32,57,86,87], 

one of the most successful approaches for the construction of finite block lengths 

is the progressive edge-growth (PEG) algorithm proposed by Hu et al [15]. PEG 

construction builds up a Tanner graph, or equivalently a parity-check matrix, for an 

LDPC code on an edge-by-edge basis and by maximizing the local girth at variable 

nodes in a greedy fashion. It is simple and also flexible in that it can be applied to 

construct codes of arbitrary length and rate. In addition, the PEG algorithm can be 

used to construct linear-time encodable LDPC codes which also perform very well. 

Moreover, the construction can be used for both regular and irregular LDPC codes. 

For irregular codes, in particular, the results of [15] show that PEG construction with 

variable-node degree distributions optimized by density evolution results in very good 

performance, especially in the waterfall region. It is, however, well-known that the 

good performance of highly optimized irregular codes in the waterfall region is usually 

counter-balanced by a relatively poor performance in the error-floor region [32]. In 

this chapter, we propose a very simple modification to the PEG algorithm which 

considerably improves the performance of constructed irregular codes in the high 

SNR region. 

In the PEG algorithm it often happens that one has a few candidate check nodes to 
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connect to a given variable node (all such candidates results in the same local girth 

under the current graph structure). In the standard PEG algorithm, among such 

check-node candidates, one chooses either the one with the smallest index or just one 

at random (both choices result in more or less the same performance [15]).1 In the 

proposed modification, by borrowing an idea from [86,87], among the candidate check 

nodes, we select the one which maintains the highest degree of connectivity for the 

newly created cycles to the rest of the graph. This implies that these cycles will receive 

a large amount of extrinsic information from the rest of the graph and thus would not 

impose as much harm as they would if they were more isolated. The idea borrowed 

from [86,87] is to quantify the connectivity of a cycle to the rest of the graph by a 

simple parameter called "approximate cycle extrinsic message degree (ACE)." This 

parameter, which will be defined in the next section, has been used in [86,87] to design 

LDPC codes with low error floors. The codes constructed in [86,87] however perform 

worse than the codes constructed by standard PEG algorithm in the waterfall region.2 

This is while for our construction the performance is either similar (at low SNR) or 

better ( at high SNR) than that of standard PEG. We analyze the performance of 

PEG and modified PEG codes in the high-SNR region and show that the better 

performance of modified PEG in the error floor region is due to larger minimum 

distance as well as improved trapping sets. 

1 Other versions of the PEG algorithm (non-greedy and look-ahead-enhanced) have also been 
discussed in [15], but none of them provides any non-negligible performance improvement over the 
standard PEG. 

2For an irregular LDPC code of length 4000 and rate 0.5, with maximum variable node degree 
8, PEG code outperforms the construction of [86,87] by about 0.4dB [87] in the waterfall region. 
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6.2 Improved PEG Algorithm 

Using the same notations and definitions as in [15], we describe the standard PEG 

algorithm for constructing a Tanner graph with n variable nodes and m check nodes 

in the following: 

Algorithm 5 PEG algorithm [15] 
for j = 0 to n — 1 do{ 

for L = 0 to dVj — ldo { 
if L = 0{ 

E°. f-edge (ci,Vj), where E°. is the first edge incident to variable node 
Vj, and Ci is one check node such that it has the lowest check-node degree 
under the current graph setting Evo U EV1 U • • • U Ev.-\. 

} 
else { 

expand a subgraph from variable node Vj up to depth I under the current 
graph setting such that the cardinality of Nj,. stops increasing but is less 
than m, or JV£. ^ 0 but NJ+1 = 0 , then E%. <-edge (chVj), where E%. is 
the L-th edge incident to Vj, and Cj is one check node picked from the set 
JVJ. having the lowest check-node degree. 

} 3 

} 
} 

In the PEG algorithm (Algorithm 5), both variable nodes and check nodes are 

ordered according to their degrees in non-decreasing order, dVj is the degree of variable 

node Vj, and N^. and A^. denote the set of all check nodes reached by a tree spreading 

from variable node Vj within depth I, and its complement, respectively. 

In PEG algorithm, when a new edge is to be connected to a variable node, we 

may have multiple candidate check nodes available.3 In our proposed modification, 

we focus on cases where L > 1 and M . ^ 0 but NJ+1 = 0 . In such cases, for each 

3As mentioned before, although several approaches have been proposed in [15] to deal with this 
issue, they all result in codes that perform more or less the same. 
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candidate check node in N},. (all with the lowest degree), the addition of the new 

edge Ey. to the graph creates new cycles in the graph, all with length 2(1 + 2). We 

denote the set of candidate check nodes corresponding to the L-th edge of variable 

node Vj by fl%.. In the modified algorithm, from set 12^., we select the check node 

whose associated cycles have the highest degree of connectivity to the rest of the 

graph under the current graph setting. As a measure of connectivity for a cycle, we 

count the number of edges by which the cycle is connected to the rest of the graph 

through its variable nodes. This is equal to X^(°^ ~~ 2), where the summation is 

taken over all the variable nodes in the cycle and di is the degree of the ith variable 

node. This measure was first used in [86,87], and was referred to as ACE. To ensure 

a high degree of connectivity for the new cycles, from set Q%., we select the check 

node that maximizes the minimum ACE for the new cycles. In the case that there is 

more than one node in £1%. with this property, we select one at random. As we will 

see in the next section, the increase in connectivity of the graph improves both the 

minimum distance and the trapping sets of the code and thus results in a better error-

floor performance. Clearly, the modification proposed here is only effective for the 

construction of irregular codes. For regular codes, the ACE of all the newly created 

cycles is the same regardless of the selected check node. 

The success of the proposed modification depends on the frequency in which the 

cardinality of fl%. is greater than one throughout the PEG algorithm. Based on our 

simulations, this happens quite often. In fact, for both of the codes simulated in the 

next section, more than half of the edges faced the situation in which the cardinality of 

Q%. is greater than one. This has resulted in considerable performance improvement 
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over standard PEG as demonstrated in the next section. 

6.3 Simulation Results 

In our simulations, we construct four irregular LDPC codes with the same block 

lengths, rate and variable node degree distribution as those in [15]. All four codes have 

rate 0.5, and are constructed based on the optimized variable node degree distribution 

given in Table II of [13] with maximum variable node degree 15. Two codes have 

parameters (n, k) = (504,252), while the other two codes are (1008,504) codes. For 

each set of parameters, one code is constructed by standard PEG algorithm, and the 

other one by the modified PEG algorithm proposed here. To provide a comparison 

between the complexity of PEG and modified PEG algorithms, we measured the 

running time of both algorithms on a 1GHZ Pentium III processor. For the (504, 

252) codes, PEG and modified PEG take about 0.35 and 0.39 seconds, respectively. 

These numbers for the (1008, 504) codes are 1.43 and 1.55, respectively. It can be see 

that the proposed modification only results in a small increase in the running time. 

Following [15], we use binary phase shift keying (BPSK) modulation over AWGN 

channel with BP for iterative decoding. Similar to [15], the maximum number of 

iterations for the decoder is set to 80. For each SNR, the simulation continues until 

we get at least 100 codewords in error. To have a fair comparison between PEG and 

modified PEG algorithms, the same noise vectors are used for the codes with the 

same block lengths. 

Figure 6.1 gives the BER and the FER curves for the four codes. It can be 
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Figure 6.1: BER and FER curves for the PEG and modified PEG codes decoded by 
sum-product algorithm. 

seen that, for both block lengths, at high SNR values, the codes constructed by the 

modified PEG algorithm outperform the corresponding PEG codes considerably. At 

lower SNR values the codes perform more or less the same, with modified PEG codes 

never performing worse. 

To analyze the improvement in the error floor region by modified PEG construc

tion, we examined the errors for both PEG and modified PEG codes in this region. 

The results for (1008, 504) codes are reported here and similar trends exist for (504, 

252) codes. For (1008, 504) codes, we focus on the errors at the highest simulated 

SNR point which is Eb/N0 = 2.8dB. It is known that for the AWGN channel, errors in 
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the error floor region are mainly due to low-weight codewords as well as trapping sets 

(also referred to as near-codewords [64]). The former contribute to undetected errors 

while the latter are responsible for detected errors. Following [14], we use notation 

(a, 6) to denote a trapping set with a variable nodes and b unsatisfied parity-check 

equations. Trapping sets with both small values of a and b are main contributors to 

the detected part of errors in the error floor region [14,64]. 

For (1008, 504) PEG and modified PEG codes, the percentage of undetected er

rors at 2.8 dB are 36% and 10%, respectively. We have also observed that for the 

PEG code, the lowest codeword weight (lowest weight of undetected error) is 12, 

while for the modified PEG code, this value is increased to 15. For the PEG code, 

as a relatively large percentage of the errors in the error floor region are attributed 

to undetected errors, this increase in the weight of lowest weight codewords for mod

ified PEG compared to standard PEG has made some contribution to the better 

performance of improved PEG in the error floor region. 

Moreover, for the PEG code, the values of a and b for trapping sets are on average 

smaller than those of the modified PEG code. For example, for the PEG code, the 

trapping set with the smallest a and b is (6,1). There are also several other trapping 

sets with 6 = 1 and a < 13.This is while for the modified PEG, only one trapping set 

with b = 1 is observed, and even for that trapping set, a = 15, which is larger than 

all the corresponding values for the PEG code. The larger values of a and b for the 

trapping sets of modified PEG codes compared to those of their PEG counterparts is 

another reason for the better performance of improved PEG in the error floor region. 

It should be noted that parity-check matrices for irregular PEG codes with pa-
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rameters identical to those used in this chapter are given in [58]. These codes, which 

perform better than the standard PEG codes reported here, are constructed by in

corporating an extra search step in each stage of PEG algorithm to maximize the 

girth of the left-hand subgraph [15] of symbol nodes [88]. Similar steps can also be 

incorporated in our modified PEG algorithm at a cost of larger complexity. Even in 

their current form, our modified PEG codes outperforms the codes given in [58]. For 

example, we have tested the (1008, 504) code given in [58] at 2.8 dB. The BER and 

FER for this code are 8.2 x 10 - 8 and 2.4 x 10~6, respectively, compared to 4.8 x 10~8 

and 1.4 x 10~6, for our codes. Also for the code in [58], the lowest weight of undetected 

errors is 13 (compared to 15 for our code). The code in [58] also has many trapping 

sets with small values of a and b. These include (1, 2), (2, 4), (3, 3) sets, and several 

trapping sets with 6 = 1 and a < 14. For our (1008, 504) code, the only observed 

trapping set with b = 1 is (15, 1). Other trapping sets, partially ordered based on b 

and a, respectively, are (10, 2), (13, 2), (4, 3), (7, 4), ... 

6.4 Summary 

In this chapter, we propose a very simple modification to the PEG algorithm which 

considerably enhances the performance at high SNR region without any degradation 

in the low SNR performance. The modification is based on creating a higher degree of 

connectivity in the Tanner graph of the code without sacrificing the girth distribution 

of the graph. This appears to improve both the minimum distance and the trapping 

sets of the code. 
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Chapter 7 

Successive Relaxation for Decoding of 

LDPC Codes 

The application of successive relaxation (SR) to the fixed-point problem associated 

with the iterative decoding of LDPC codes is studied in this chapter. We consider 

finite-length codes decoded by belief propagation (BP) and a well-known approxima

tion of it, referred to as the min-sum (MS) algorithm, over a binary input AWGN 

channel. For both algorithms, we show that the application of SR in different domains 

results in different error correcting performance. In particular, the performances of 

SR in LLR and LR domains for BP and MS are compared, and it is shown that 

SR-MS-LLR has the best performance. Our results show that for both BP and MS, 

SR algorithms perform better than their successive substitution (SS) counterparts. 

The improvement in performance increases with the maximum number of iterations. 

For the tested codes, SR-MS-LLR outperforms standard BP by up to about 0.5 dB, 

offering an attractive solution in terms of performance/complexity tradeoff. 
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7.1 Introduction and Motivation 

The difficulty in analyzing LDPC codes with finite block length under iterative 

message-passing algorithms originates from the fact that the Tanner graph represen

tation of these codes includes many short cycles. These cycles, even for memoryless 

channels where the initial messages are independent, create dependencies among the 

messages after the first few iterations have passed. 

The existence of cycles and dependencies among messages has some interesting 

consequences. One example is that while belief propagation (BP) ( sum-product) 

converges to the optimal APP for bits on a cycle-free graph [48], on graphs with cycles, 

it only provides a suboptimal solution. There has been some research to improve the 

performance of BP for short codes [89-92]. In another direction, researchers have 

been busy devising algorithms that are less complex than BP [80,81,93]. The most 

well-known algorithm in this category for soft-decision decoding are the min-sum 

(MS) algorithm and its modifications. As mentioned in Chapter 2, min-sum is also 

important as it converges to the ML codeword on cycle-free graphs [48]. Only slightly 

inferior to sum-product in performance, min-sum has a much simpler check node 

operation compared to that of BP (refer to Chapter 2 for details). The variable node 

operation is the same for both algorithms. Considering that the check node operation 

is much more complex than the variable node operation in BP, the complexity of min-

sum is substantially less than that of BP. 

In their conventional form, iterative message-passing algorithms pass messages be

tween the check nodes and the variable nodes and subsequently between the variable 
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nodes and the check nodes in each iteration. The message passing is performed in 

parallel or according to the flooding schedule in each direction, i.e., all the nodes on 

one side of the Tanner graph send their messages to the nodes on the other side simul

taneously in discrete-time and in a synchronized fashion. Making a correspondence 

between one iteration and a time unit starting from time zero, the output messages 

of a variable node (check node) at a discrete-time t are only a function of the input 

message to that node at time t (t — 1) and also the initial message in the case of 

—* 
variable nodes. The output message vector V of variable nodes at time t + 1 is then 

—* 
related to V at time t by the following equation 

Vt+1 = h(Vt,V0) (7.1.1) 

where h(-) represents the combination of variable and check node operations in one 

iteration, and VQ is the vector of initial messages. The number of elements of vectors 

Vo, Vt and Vt+i is equal to the number of edges in the graph, which is the same as the 

number of nonzero elements in the parity-check matrix of the code. This framework 

is referred to as successive substitution (SS), pointing out the fact that it in fact 

represents the application of the well-known iterative numerical method of successive 

substitution to the following fixed-point problem of iterative decoding 

V = h(V,V0). (7.1.2) 

Inspired by the dynamics of analog decoders, a different iterative message-passing 
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algorithm was introduced in [94]. This algorithm, which is based on the application 

of the well-known successive relaxation (SR) method to the fixed-point problem of 

(7.1.2), has memory and is represented by 

Vt+1 = Vt + P (h(Vt, V0) - Vt) , (7.1.3) 

where 0 is called the "relaxation factor", and can be optimized for the best perfor

mance. For 0 — 1, SR reduces to SS. The optimal value of /5, which is usually less 

than one [94], results in performance improvement of a few tenths of a dB over SS 

(/? = 1) [94]. 

While it is known that SR outperforms SS in general, no comparative analysis of 

the performance of SR for different algorithms and in different domains is available. 

In this chapter, we study the application of SR to BP and MS in both LR and LLR 

domains. We use notations SR-BP-LR, SR-BP-LLR, SR-MS-LR and SR-MS-LLR to 

identify the four algorithms. The comparison among the four algorithms leaves us 

with three main conclusions: 

1. For BP, SR in both LR and LLR domains performs similarly; 

2. For MS, SR in the LLR domain outperforms SR in the LR domain; 

3. SR-BP-LR and SR-BP-LLR perform in between SR-MS-LR and SR-MS-LLR. 

Combining 1, 2 and 3, we thus conclude that among the four SR algorithms, SR-MS-

LLR has the best performance. Moreover, the performance of SR-MS-LLR is superior 

to that of the conventional SS-BP by up to about 0.5 dB for the tested codes. This 
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makes SR-MS-LLR one of the best choices for iterative decoding of LDPC codes in 

terms of performance/complexity tradeoff. 

The rest of this chapter is organized as follows: In the next section, we explain 

the system model, provide the variable and check node operations for BP and MS in 

LR and LLR domains, and describe successive relaxation in LR and LLR domains. 

Section 7.3 is used for simulation results, and Section 7.4 concludes this chapter. 

7.2 Successive Relaxation in LR and LLR Domains 

7.2.1 BP and MS in LR and LLR domains 

We consider the application of a binary (n, k) LDPC code over a binary input additive 

white Gaussian noise (BIAWGN) channel. Consider a BIAWGN channel with input 

X that can take values ±1 , and has output Y = X + N, where N is a Gaussian 

with mean zero and variance a2 = iV0/2, independent of X. In the LLR domain, as 

mentioned in Chapter 2, messages are in the form of A(p_i,pi) = Ya{p\/p-i), where 

P-i and pi are the probabilities of a bit being —1 or 1, respectively. The initial 

messages in the LLR domain for BP and MS algorithms for each bit are 2Y/a2 and 

Y, respectively. The following variable and check node operations describe BP and 

MS in the LLR domain for two input messages. For a larger number of inputs, a 

cascade of two-input modules can produce the output. 

BP in LLR domain (A0 is the initial message): 

VAR: /(A0 , A1} A2) = A0 + Ai + A2 
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CHK: £(Ai,A2) = 2tanh~1 (tanh (^ J tanh ( ~- j J . 

MS in LLR domain (Ao is the initial message): 

VAR: /(A0, Ax, A2) = A0 + A, + A2 

CHK: ^(Al5A2) = sgn(A1A2)min(|A1|, |A2|), 

where sgn(x) = 1, for x > 0, and = —1, otherwise. 

In the LR domain, messages are in the form of X(p-i,pi) = pi/p_i, and the 

following operations are performed in the variable nodes and check nodes for BP and 

MS. 

BP in LR domain (Ao is the initial message): 

VAR:/(Ao,A1,A2) = A0A1A2 

CEK:g(X1,X2) = 1-±^. 

MS in LR domain (A0 is the initial message): 

VAR:/(A0,A1,A2) = A0A1A2 

CHK: g(Xu A2) = (min ( x T ^ \ ^ ^ - ^ ^ ^ ^ ^ . 

It is worth noting that although the operations for MS in LR domain are min(.) 

and product, we still use the term min-sum for this algorithm to emphasize the fact 
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that this set of operations is in fact equivalent to that of MS in the LLR domain; it 

is just performed in a different domain (LR instead of LLR). 

7.2.2 SR in LR and LLR domains 

On cycle-free graphs, the conventional (successive substitution) version of BP (SS-

BP) and MS (SS-MS) converges to the optimal maximum APP solution for bits and 

codewords, respectively. This is regardless of the domain in which the algorithms are 

implemented. For graphs with cycles, which always appear in the representation of 

good codes [17], however, SS-BP and SS-MS are suboptimal. The sub-optimality is 

attributed to the dependencies created among the messages passed along the edges of 

the graph throughout the iterative process, and can be interpreted as lower reliability 

of messages compared to the optimal scenario, i.e., the true reliability of messages is 

overestimated in the suboptimal algorithm [92]. 

The main idea behind SR is to weigh down the reliability of newly created messages 

by only partially moving in their direction. In SR, this is performed by moving slightly 

—* 

(a fraction of /3) along the line connecting the current set of messages Vt and the newly 

created messages h(Vt, VQ). This is shown in Figure 7.1(a) for two messages, i.e., where 

the message vectors have only two elements, in the LLR domain by full line. Unlike 

the case for SS, the implementation of SR in different domains however, results in 

different trajectories for iterative decoding. This is explained in Figures 7.1(a) and 

7.1(b), where one iteration of SR is shown in LLR and LR domains, respectively. For 

each case, the corresponding trajectory in the other domain has also been shown. 
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The trajectories for SR in the LLR domain and the LR domain are shown by full and 

dashed lines, respectively. In the figures, we have assumed Vt = exp(Vt) and thus 

h(Vt,V0) = exp h(Vt,Vo) , where the exponential operation is defined component 

wise. The figures demonstrate that the application of SR in the LR domain (SR-LR) 

is equivalent to moving along a logarithmic curve in the LLR domain, while SR-LLR 

is equivalent to following an exponential trajectory in the LR domain. So, for the 

two SR algorithms, although the start and the end points of the two trajectories are 

the same, their directions are different. This results in different messages at the end 

of the SR iteration if j3 < 1. For j3 = 1, SR reduces to SS and the messages at the 

end of the iteration in both cases are the same and are equal to the end point of the 

trajectory. 

While in this chapter, we make no attempt in finding the best domain in imple

menting the SR algorithm, we observe that the performance of SR for MS in the LLR 

domain is in general superior to its performance for MS-LR, BP-LR and BP-LLR. 

7.3 Simulation Results 

The application of asymptotic analysis tools such as density evolution to SR algo

rithms is not straight forward due to the existence of memory. We have thus per

formed extensive simulations on a number of LDPC codes to study these algorithms. 

We perform simulations on an optimized irregular (1268, 456) LDPC code [57] and a 

regular (504, 252) code [58] over a binary input AWGN channel. These are the same 

codes as those used in [94]. In our simulations, we stop iterations as soon as a code-
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Figure 7.1: Illustration of trajectories of SR in the LLR and the LR domains. 

word is detected or when a maximum number of iterations Imax is reached. We have 

investigated the performance of each code with SR for both BP and MS algorithms 

in both LR and LLR domains, i.e., under SR-BP-LR, SR-BP-LLR, SR-MS-LR and 

SR-MS-LLR. For all the reported results, we have 100 codeword errors per simula

tion point. Note that, although the SR-LLR is still symmetric [12], the SR-LR is not. 

Thus, in the simulations, instead of transmitting the all-zero codeword, we need to 

transmit randomly generated codewords. Two values of Imax = 200 and Imax = 10000 

are considered here. 

For a given maximum number of iterations ImaXi and a given SNR, there exists a 

value of ft that minimizes the error rate of the SR method. Our experiments show 

that the optimal /3 is rather independent of SNR and is only a function of the code, 

the decoding algorithm (BP or MS in LR or LLR domain), and Imax. To find the 

optimal j3, we perform simulations for different codes and algorithms. Our results 
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BER, M=200 
B - FER, M=200 
e—BER, M=10000 
e -FER, M=10000 

Figure 7.2: BER and FER for different values of $ for the (504, 252) code decoded 
by SR-MS-LR. 

show that while the performance of SR-MS-LR is highly sensitive to the choice of /?, 

the performance of the other three algorithms is more robust against changes in j3. 

Figures (7.2) and (7.3) show the BER and FER for different values of 0 for the (504, 

252) code at 3 dB decoded by SR-MS-LR and SR-MS-LLR, respectively. In each 

figure, results for Imax = 200 and 10000 are shown. From the figures, the optimal /3 

for this code for SR-MS-LR and SR-MS-LLR are found to be 0.98 and 0.5 for both 

Imax = 200 and Imax — 10000, respectively. The optimal values of 0 for other SR 

algorithms and for the (1008, 504) code are obtained in a similar way. Figure (7.2) 

also shows the sensitivity of the performance of SR-MS-LR to the choice of p. 
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Figure 7.3: BER and FER for different values of /3 for the (504, 252) code decoded 
by SR-MS-LLR. 

In Figures 7.4 and 7.5, we have reported the BER curves of (1268, 456) and 

(504, 252) codes, respectively, for SR-BP and SR-MS in LR and LLR domains with 

Imax — 10000. All the curves correspond to the optimal values of ft. In each figure, we 

have also reported the BER of the conventional SS-BP and SS-MS as reference. As can 

be seen, all the SR algorithms outperform their SS counterparts. While SR-BP-LLR 

performs more or less the same as SR-BP-LR and results in better performance than 

SS-BP, SR-MS-LLR results in the best BER performance among all the algorithms. 

The performance of SR-MS-LR is superior to SS-MS and almost identical to SS-BP. 

This is the worst performance among SR algorithms. The fact that SR-MS-LLR has 

the best performance and the simplest variable and check node operations among the 
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four SR algorithms, and that it also performs considerably better than SS-MS and SS-

BP, make SR-MS-LLR a prime candidate for the iterative decoding of LDPC codes. 

In general, the improvement in performance of SR over SS improves by increasing 

I max- To see the effect of the maximum number of iterations on the performance 

improvement, in Figures 7.6 and 7.7, we have repeated the experiments with Imax = 

200. As can be seen from the figures, although SR still performs better than SS, the 

improvement in performance is less compared to the case where Imax = 10000. 

To analyze the difference between the performance of SR-MS-LLR and those of 

SS-MS and SS-BP, we examine and categorize the failures of all algorithms and track 

the changes with the increase in the maximum number of iteration Imax. In particular, 

for the (504, 252) code and the (1268, 456) code, we present the results at Eb/N0=(3.0 

dB, 3.5 dB), and (2.25 dB, 2.5 dB), in Tables 7.1 and 7.2, respectively. At each SNR, 

we first categorize the 100 decoding failures of SS-MS for Imax — 200. We then apply 

the 100 input vectors, corresponding to the 100 failures, to the other decoders and 

categorize the results. As can be seen, for Imax = 200, all the 100 failure instances 

of SS-MS for both codes and at all the SNR values are Random-like errors studied 

in Chapter 3. The results also show that as Imax increases to 1000 and 10,000, many 

of these Random-like errors converge to the right codeword, indicating the transient 

nature of those errors. For example, for the (504, 252) code at 3 dB, by increasing 

Imax from 200 to 1000, 51 of the cases that demonstrated Random-like behavior for 

Imax — 200, will converge to the right codeword. This number increases to 77 as 7moa; 

is further increased to 10,000. 

The results of Tables 7.1 and 7.2 also indicate that the improvement in perfor-
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Eb/NQ(dB) 

Figure 7.4: BER curves of (1268, 456) code with maximum number of iterations 

Imax = 10000. 

mance of SR-MS-LLR in comparison with SS-MS and SS-BP is mainly due to the 

reduction in the Random-like behavior. This effect is in general more prevalent for 

larger values of Imax- For example, Table 7.1 shows that for the (504, 252) code, 

by applying the 100 input vectors, which caused Random-like errors for SS-MS with 

Imax = 200 at SNR=3.5 dB, to the SS-BP decoder with Imax = 200, only 30 cases 

remain in Random-like errors and there is also one case of Fixed-pattern failure. By 

applying the same 100 input vectors to SR-MS-LLR with Imax = 200, 95 of them 

converge to the right codeword and only 5 remain as Random-like errors (a reduction 

of 95% compared to SS-MS). By increasing Imax to 10,000 for SR-MS-LLR, all the 

100 input vectors can be corrected (a reduction of 100% compared to SS-MS). 
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Figure 7.5: BER curves of (504, 252) code with maximum number of iterations J„ 
10000. 

- 0 — SR-BP-LLR, p=0.5 
- B — SR-MS-LR, p=0.92 
-<=•— SR-MS-LLR, p=0.7 

- Conventional MS 
- * — Conventional BP 

Eb/NQ(dB) 

Figure 7.6: BER curves of (1268, 456) code with maximum number of iterations 
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Figure 7.7: BER curves of (504, 252) code with maximum number of iterations /„ 
200. 

Table 7.1: Breakdown of Decoder Failures Based on Their Type for the (504, 252) 
Code, Decoded by SS-MS, SS-BP and SR-MS-LLR, as a Function of the Maxi
mum Number of Iteration Imax at Different SNR Values; "R", "O", and "F" Stand 
for "Random-like", "Oscillatory-pattern" and "Fixed-pattern", Respectively. 

SNR 

J-max 

Error Type 
SS-MS 
SS-BP 

SR-MS-LLR 

3dB 

200 
R 

100 
14 
8 

O 
0 
0 
0 

F 
0 
0 
0 

1000 
R 
49 
13 
1 

O 
0 
0 
0 

F 
0 
0 
0 

10000 
R 
23 
7 
0 

0 
0 
0 
0 

F 
0 
0 
0 

3.5dB 

200 
R 

100 
30 
5 

O 
0 
0 
0 

F 
0 
1 
0 

1000 
R 
30 
17 
2 

O 
0 
0 
0 

F 
0 
1 
0 

10000 
R 
9 
9 
0 

O 
0 
0 
0 

F 
0 
1 
0 
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Table 7.2: Breakdown of Decoder Failures Based on Their Type for the (1268, 456) 
Code, Decoded by SS-MS, SS-BP and SR-MS-LLR, as a Function of the Maxi
mum Number of Iteration Imax at Different SNR Values; "R", "0", and "F" Stand 
for "Random-like", "Oscillatory-pattern" and "Fixed-pattern", Respectively. 

SNR 

Imax 
Error Type 

SS-MS 
SS-BP 

SR-MS-LLR 

2.25dB 

200 
R 

100 
14 
2 

O 
0 
0 
0 

F 
0 
0 
0 

1000 
R 
49 
13 
1 

O 
0 
0 
0 

F 
0 
0 
0 

10000 
R 
30 
7 
1 

O 
0 
0 
0 

F 
0 
0 
0 

2.5dB 

200 
R 

100 
30 
1 

O 
0 
0 
0 

F 
0 
1 
0 

1000 
R 
42 
17 
0 

0 
0 
0 
0 

F 
0 
1 
0 

10000 
R 
19 
9 
0 

O 
0 
0 
0 

F 
0 
1 
0 

7.4 Summary 

The application of successive relaxation (SR) to belief propagation (BP) and min-

sum (MS) algorithms in LR and LLR domains is studied in this chapter. Our results 

show that among the four variants of SR, SR-MS-LLR performs the best (especially 

for larger maximum number of iterations and high SNR values) and has the lowest 

complexity. With a large maximum number of iterations, this algorithm also provides 

substantial improvement over standard BP and MS algorithms for codes with short 

block lengths. It is therefore an attractive candidate for implementation. Our study 

shows that the superior performance of SR-MS-LLR compared to standard BP and 

MS algorithms is mainly due to the reduction of Random-like failures of the decoder. 

While the performance of SR-MS-LLR is impressive, we have no reason to believe 

that the application of SR to the MS algorithm in the LLR domain provides the 

best performance in the category of SR message-passing algorithms. Investigating 

the performance of SR with other algorithms and in other domains is an interesting 

topic for future research. 
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Chapter 8 

Conclusions and Future work 

8.1 Summary of the Thesis 

In this thesis, we addressed several issues of finite-length LDPC codes: performance 

analysis, code construction and decoding. 

• In Chapter 3, we studied the structure of trapping sets and the relationship be

tween the initial error patterns and the trapping sets for hard-decision iterative 

decoding algorithms. We categorized the trapping sets for hard-decision iter

ative decoding algorithms. We derived simple lower and upper bounds on the 

FER for hard-decision iterative decoding algorithms, which can provide good 

estimates of the FER for sufficiently small crossover probabilities. We proposed 

a general estimation method based only on the information of the smallest error 

patterns the decoder fails to correct (set Ej). We estimated the contributions 

of error patterns with larger weights to the total error rates based on the set 

Ej and obtained very accurate estimates for both the FER and the BER for 
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the whole range of crossover probabilities of practical interest. This is while 

the computational complexity of our estimates can be much less than that of 

the conventional Monte Carlo simulation. We showed that this method can be 

applied to both regular and irregular codes and to a variety of hard-decision 

iterative decoding algorithms. 

• To obtain the values of J and \Ej\, direct enumeration was used in Chapter 3. 

The computational complexity of the direct enumeration increases as nJ, which 

limits its application to codes with small block lengths and J. In Chapter 4, 

we proposed an algorithm to approximate the values of J and \Ej\ using cycle 

enumeration. This reduced the computational complexity by several orders of 

magnitude without any degradation in the accuracy of the error rate estimates 

from a practical point of view. We also modified the estimation equations in 

Chapter 3 to include further steps for improving the proposed estimates and for 

identifying their convergence. With this proposed algorithm, we showed that 

the estimation method proposed in Chapter 3 can be applied to almost any 

LDPC code of practical interest. 

• In Chapter 5, we proposed a combinatorial approach to estimate the error rate 

performance of LDPC codes decoded by (quantized) soft-decision iterative de

coding algorithms. This method can be seen as a non-trivial extension of the 

method proposed in Chapters 3 and 4. The method is based on efficient enumer

ation of input vectors with small distances to a reference vector whose elements 

are selected to be the most reliable values from the input alphabet. Several 
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techniques, including modified cycle enumeration, were employed to reduce the 

complexity of the enumeration. The error rate estimate is derived by testing the 

input vectors of small distances and estimating contribution of larger distance 

vectors. We demonstrated by a number of examples that the proposed method 

provides accurate estimates of error rate with computational complexity much 

lower than that of Monte Carlo simulations, especially at the error floor region. 

• In Chapter 6, a simple modification to the well-known PEG construction was 

proposed. In this modification, we improved both the minimum distance and 

the trapping sets of the code's graph by increasing the connectivities of cycles 

to the rest of the graph. This resulted in considerable improvement in the 

performance in high SNR region without sacrificing low SNR performance. 

• Chapter 7 was devoted to the application of successive relaxation (SR) to the 

iterative decoding of LDPC codes. We applied SR to both BP and MS in 

different domains (LR and LLR). We showed by simulations that SR algorithms 

outperform their SS counterparts and the best performing and the least complex 

algorithm is SR-MS-LLR. The improvement in performance is shown to be an 

increasing function of the maximum number of iterations. 

8.2 Possible Topics for Future Research 

• In Chapter 3, we proposed a technique to estimate the performance of LDPC 

codes decoded by hard-decision iterative decoding algorithms. The key point 
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of this technique is finding values of J and \Ej\. Cycle enumeration algorithm 

was proposed in Chapter 4 to estimate the values of J and \Ej\ with low com

putational complexity for many cases. There are, however, cases where the 

computational complexity of the cycle enumeration algorithm is still very high. 

One such example was shown in Chapter 4 (Example 4.4.1). To obtain the real 

values of J and \Ej\, the algorithm has to perform more rounds. Also, for high 

rates codes, the computational complexity of the algorithm becomes very high if 

we go beyond two rounds due to the high density of the graphs. Thus, it would 

be interesting to improve the proposed algorithm to handle these cases with 

lower computational complexity. For cases where the structure of trapping sets 

are known, one could incorporate this information into the search algorithm to 

further reduce the computational complexity. It would be also nice to obtain J 

and \Ej\ using analytical approach. 

• In Chapter 5, we proposed a technique to estimate the performance of LDPC 

codes decoded by (quantized) soft-decision iterative decoding algorithms. This 

technique is limited to codes with block length upto a thousand bits. For codes 

with larger block lengths, the computational complexity of this technique would 

be too high. It is of great practical interest to further reduce the computational 

complexity such that this technique can be applied to a wide range of practical 

codes. It would be nice to find the BER estimate as well. 

• In Chapter 6, we showed that by increasing the connectivity of cycles to the 

rest of the graph, we can improve the trapping sets. It's also interesting to 
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find other factors related to the trapping sets such that more constraints can 

be incorporated into the PEG algorithm to further improve the performance 

of the code. Following our work, there have been some works on this, see, 

e.g. [95]. The proposed modified PEG algorithm works for irregular graphs. 

How to improve trapping sets for regular graphs is also of practical interest. 

• In Chapter 7, we showed that applying SR to different domains results in dif

ferent improvement in performance. While the performance of SR-MS-LLR is 

impressive, we have no reason to believe that the application of SR to the MS 

algorithm in the LLR domain provides the best performance in the category 

of SR message-passing algorithms. We made no attempt to find the optimal 

domain in this thesis. Investigating the dynamics of SR in other domains and 

finding the optimal domain is very interesting. The improvement obtained by 

SR over SS can be related to the improvement in the trapping sets, especially 

in the error floor region. It would be interesting to investigate this relationship 

and obtain more insights into the dynamics of SR algorithms. 
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