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Abstract

In this thesis, we propose a systematic design of binary protograph-based quasi-cyclic

(QC) low-density parity-check (LDPC) codes with low error floor. We first character-

ize the trapping sets of such codes and demonstrate, using edge coloring techniques,

that the QC structure of the code eliminates some of the trapping set structures that

can exist in a code with the same degree distribution and girth but lacking the QC

structure. Based on this characterization, our design aims at eliminating a targeted

collection of trapping sets. Considering the parent/child relationship between the

structures of the collection, we search for and eliminate those trapping sets that are

in the collection but are not a child of any other trapping set in the collection. An

efficient layered algorithm is designed for the search of these targeted trapping sets.

Compared to the existing codes in the literature, the designed codes are superior in

the sense that they are free of the same collection of trapping sets while having a

smaller block length, or a larger collection of trapping sets while having the same

block length. In addition, the efficiency of the search algorithm makes it possible to

design codes with larger degrees which are free of trapping sets within larger ranges

compared to the state-of-the-art.

Moreover, we design finite-length binary irregular protograph-based QC-LDPC

codes with good waterfall performance and low error floor. To achieve a low error

floor, we eliminate a targeted set of dominant elementary trapping sets (ETS) L in

the Tanner graph of the code. This is a more challenging task since the variety of

problematic structures is much larger than that of regular codes. For a given rate

and girth, the codes are designed to be free of the largest set of problematic ETSs for

a given block length, or to have the shortest block length while a given set of ETSs

is avoided. The design is based on a search algorithm that identifies whether any

instance of any structure within L exists in the Tanner graph of the constructed code

or not. The search algorithm performs this task with minimal complexity, making it

feasible to construct practical codes by running the search algorithm a large number
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of times. Simulation results are provided to demonstrate the superior performance of

designed codes compared to similar state-of-the-art irregular QC-LDPC codes.

In addition, we address the problem of characterizing the trapping sets for non-

binary (NB) LDPC codes. To perform this task, not only the topological condition

for a trapping set should be checked, but also specific algebraic constraints must be

satisfied which makes the search process complex. The proposed search approach finds

the NB trapping sets of both regular and irregular NB-LDPC code exhaustively and

with minimum amount of complexity. The proposed search algorithm is efficient since

the complexity of checking topological and algebraic conditions is minimized. Using

the proposed search technique, we design regular and irregular NB-QC-LDPC codes

with low error floor by removing a given collection of harmful structures. Compared

to the existing codes in the literature, the constructed codes have better performance

and trapping set distribution or smaller length.
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Chapter 1

Introduction

1.1 Motivation

Protograph-based QC-LDPC codes are an important category of LDPC codes,

adopted in many standards [1–3]. The Tanner graphs for such codes are obtained by

cyclically lifting a small bipartite graph, called base graph or protograph. Protograph-

based QC-LDPC codes not only have a competitive performance under iterative de-

coding algorithms over a variety of channels, but also enjoy efficient implementations

which take advantage of the QC structure of the code. A potential problem in us-

ing QC-LDPC codes in applications that require low error rates is the error floor,

characterized by a change in the slope of error rate curves as the channel quality im-

proves. There are two main approaches to improve the error floor of LDPC codes: (1)

modification of the decoding algorithm, and (2) new/modified code constructions. In

this thesis, we focus on the second approach and deal with construction of QC-LDPC

codes with low error floors.

Spatial coupling [45–47] is considered as another method of reducing the error

floor of LDPC codes. Also, significant number of studies conducted on lowering

the error floor of LDPC codes based on decoder design [43, 48, 50, 51, 86]. Averaged

belief propagation decoding algorithm has been proposed in [80] where a sudden

magnitude change in the values of certain variable messages, or fast convergence

to an unreliable estimate considered as a possible indicator of trapping sets. As a

result, reducing the magnitude of large changes or slowing down of convergence for

certain variable nodes can improve the error floor. In [81–83], two or multi-stage

decoding algorithms were proposed where variable nodes with a high probability

of being wrongly decoded are chosen for flipping or erasing to break trapping sets.

1



CHAPTER 1. INTRODUCTION 2

Compared to the averaged decoding method, they have faster convergence speed at

low and moderate SNR, but unstable error events may occur due to accidental flipping

of correct bits. Moreover, [84–87] deal with error floor in the decoding algorithm by

identifying and resolving the harmful structures. A multi-step quantization technique

has been also proposed in [88].

Elementary trapping sets (ETSs) of LDPC codes are known to be the main culprits

in the error floor region over the additive white Gaussian noise (AWGN) channel (see,

e.g., [4,5], and the references therein). These sets have been, in general, characterized

in [4, 5] using the so-called dpl characterization. The dpl characterization describes

each and every ETS S as an embedded sequence of ETSs that starts from a simple

cycle and expands recursively, in each step by one of the three simple expansions dot,

path and lollipop, to reach S. Associated with the dpl characterization is an efficient

dpl search algorithm [4, 5], that can find all the ETSs within a range of interest,

exhaustively.

It is well-established in the literature that the waterfall performance of LDPC

codes is improved by introducing irregularity in the degree distribution of the codes.

This improvement in the waterfall performance however, often comes at the expense

of higher error floor. This is due to the increase in the variety of the problematic

structures, i.e. trapping sets [6], that trap the iterative decoder in the error floor

region. The design of irregular LDPC codes with low error floor is thus, in general,

a challenging task compared to regular ones. Nevertheless, there are a variety of

applications for irregular QC-LDPC codes [1–3, 7, 8], many of them such as optical

links, storage devices and space communications requiring low error floors.

LDPC codes were also generalized to non-binary (NB) case over the Galois field

(GF) with an order q > 2 by Davey and Mackay [9]. They showed that NB-LDPC

codes can offer better performance under iterative decoding compared to their binary

counterparts for short and moderate code lengths [9,10] over the (AWGN) channels.

NB codes are being actively used for a number of modern communication systems

such as space telecommunication systems [11] and data storage devices [12, 13]. It is

well-known that elementary trapping sets in NB-LDPC codes play an important role

as error prone structures over AWGN channels in the error floor region [14].
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1.2 Related Works

The parity-check matrix of a code can be constructed by optimizing different prop-

erties of the code such as degree distribution and girth (the length of the shortest

cycle(s) within the Tanner graph) to achieve better waterfall and error floor perfor-

mance, respectively. In the design process, the non-zero elements of the parity-check

matrix should be chosen from GF(q) where the order of field is usually considered as

a power of two, i.e. q = 2p, where for binary codes p = 1. In this thesis, we refer to

the cycles in binary parity-check matrices as binary cycles and the cycles in the NB

parity-check matrices as non-binary cycles. For a binary cycle, we are only concerned

with the topology of a cycle. However, in non-binary cycles, not only the topology is

important, but also the labels of edges within the cycle should be taken in to account.

Thus, certain topological and algebraic conditions should be satisfied to have a valid

non-binary cycle. The length of shortest non-binary cycle(s) in the Tanner graph of

a NB-LDPC code is called algebraic girth.

Increasing the girth of QC-LDPC codes and removing the dominant trapping set

structures in the Tanner graph of codes are two main methods dealing with the error

floor in the construction process of regular LDPC codes. Progressive-edge-growth

(PEG) is one of the most well-known algorithms to design LDPC codes with large

girth [15]. The PEG algorithm also has been extended to irregular [16] and QC

structures [17]. In [18], Asvadi et al. designed QC-LDPC codes with low error floor

by removing the short cycles that were part of dominant trapping sets. The same

authors [19] also proposed another technique based on the approximate cycle extrinsic

message degree (ACE) spectrum [36] to design irregular QC-LDPC codes with good

error floor. In [20], Nguyen et al. constructed structured regular LDPC codes with

low error floor over the binary symmetric channel (BSC). The low error floor in [20]

was achieved by ensuring that certain small trapping sets were absent in the code.

Khazraei et al. [21] modified the PEG algorithm for the construction of LDPC codes

to avoid the creation of dominant trapping sets in the construction process. In [22],

Wang et al. used the cycle consistency matrix to design separable circulant-based

LDPC codes, in which certain absorbing sets were avoided. More recently, Diouf et

al. [23] proposed an improved PEG algorithm to construct regular LDPC codes with

variable degree 3 and girth 8 without (5, 3) trapping sets and with the minimum

number of (6, 4) trapping sets. (An (a, b) trapping set has a variable nodes and b

odd-degree check nodes in its subgraph.) Most recently, in [24], Tao et al. proposed a
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construction of QC-LDPC codes with variable node degree 3 and girth 8 from fully-

connected protographs, where (a, b) elementary trapping sets (ETSs) with a ≤ 8 and

b ≤ 3 were removed by avoiding certain cycles of length 8 (8-cycles) in the Tanner

graph. Based on their approach, the authors of [24] also derived lower bounds on the

lifting degree, and as a result on the block length, of the designed codes, and were

able to find codes, using random search, to either achieve or approach the bound.

Based on an approach similar to that of [24], by avoiding certain 8-cycles, Amirzadeh

and Sadeghi [25] constructed QC-LDPC codes with girths 6 and 8 that are cyclic

liftings of the 3×n fully-connected base graph. For girth 6, the constructed codes are

free of (a, b) ETSs with a ≤ 5 and b ≤ 2, and for girth 8, they are free of ETSs with

a ≤ 8 and b ≤ 3. The codes constructed in [25], however, do not seem to provide any

improvement compared to the state-of-the-art including the codes designed in [24].1

The same authors also constructed QC-LDPC codes with girths 6 and 8 that are cyclic

liftings of the 4 × n fully-connected base graph in [26]. For girth 6, the constructed

codes are free of (5, b) ETSs with b ≤ 4, and (6, b) ETSs with b ≤ 2. For girth 8, they

are only free of (7, 4) ETSs. To derive sufficient conditions for the elimination of the

targeted ETSs, the authors used discussions based on edge coloring. In [27], small

TSs were eliminated from regular QC-LDPC codes by imposing certain constraints

on cycles of length 8.

Many of the existing works on the design of irregular LDPC codes with low error

floor use indirect measures of the error floor performance as design criteria. Many

such measures are related to the girth [15, 16, 28–31], the multiplicity of short cycles

in the code’s Tanner graph [32–35], and how connected the short cycles are to the

rest of the graph [16, 28, 29, 31, 36, 37]. Progressive-edge-growth (PEG) [15] is one

of the most efficient methods which aims to maximize the local girth of the Tanner

graph and it has been used to construct both regular and irregular LDPC codes.

Alternatively, girth profile and sliding-window girth metrics have been defined in

[30] to increase the girth value and reduce the number of short cycles of irregular

structured LDPC codes. In [35], a weighted sum of cycles with different length has

been introduced as a new metric of constructing good regular and irregular QC-

LDPC codes. Other methods such as [32–34] have also attempted to design regular

and irregular QC-LDPC codes with improved girth value and lower numbers of short

1We also note that the results presented in Table II of [25] for 3 × 5 and 3 × 6 base graphs are
erroneous because in each case, some of the elements of the exponent matrix are larger than the
lifting degree, and the lifting degree itself violates the lower bound provided in Corollary 2 of [25].
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cycles by designing a masking matrix which removes some edges of the Tanner graph

of a regular base code. Mentioned methods use girth as the main prediction of error

floor performance of LDPC codes. There exist other works that consider different

design criteria such as the approximate cycle extrinsic message degree (ACE) [36]

of cycles and ACE spectrum [37] of the code’s Tanner graph to improve the error

floor performance of irregular LDPC codes. Due to the superior performance of

PEG method, various PEG-based algorithms have been proposed in the literature

in which the PEG algorithm has been used in conjunction with other metrics such

as extrinsic message degree (EMD) [31], ACE [16], ACE spectrum [28], approximate

minimum cycle set EMD (ACSE) [29] to achieve further improvement of error floor

performance. The EMD and ACE properties explain that not only the length of the

shortest cycle (girth) is important, but also the cycle connectivity in the Tanner graph

plays significant role in the error-floor of LDPC codes. Thus, in some cases larger

cycles may be more harmful than short cycles because of poor graph connectivity.

There are also a number of papers that tackle the design of codes with low error

floor by the direct elimination of TSs, see, e.g., [18, 19, 21, 27, 38, 39]. In [38], small

stopping sets [40] in irregular LDPC codes were eliminated by adding some new parity-

check equations. A modified PEG algorithm [15] was proposed in [39] to avoid small

stopping sets in the Tanner graph of irregular LDPC codes. In [18, 19], Asvadi et

al. proposed a technique based on cyclic liftings to design both regular and irregular

QC-LDPC codes by removing some dominant TSs of a base code. This was achieved

at the expense of increasing the block length. In [21], PEG algorithm was modified

to avoid some dominant TSs in irregular codes.

There is a body of work that considers absorbing sets to be responsible for the error

floor of LDPC codes (as an alternative to TSs), see, e.g., [22,41–43]. There are close

relationships between absorbing sets and TSs. In particular, elementary absorbing

sets, which are a category of absorbing sets widely studied in the literature [22,41–43],

are in general a subset of leafless ETSs (LETSs) [4,44], considered in this work. (The

two categories of LETSs and elementary absorbing sets are identical for LDPC codes

with maximum variable node degree 3.) Therefore, the general characterization of

LETSs for QC-LDPC codes and the layered search algorithm of LETSs proposed in

this thesis are both readily applicable to elementary absorbing sets. We also note

that an example of an LDPC code with variable node degree 4 is provided in [4]

(C10), for which the error-prone structures of quantized iterative decoders over the
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AWGN channel in the error floor region are shown to be LETSs and not elementary

absorbing sets. The existence of such cases further justifies the choice made in this

study to focus on LETSs rather than elementary absorbing sets.

A proper selection of non-zero elements for NB-LDPC code (or equivalently label-

ing the binary Tanner graph) can lead to better performance in both waterfall and

error floor regions compared to random labeling. Here, we focus on the error floor

performance of the NB-LDPC codes. In this regard, the existence of short length

cycles in the Tanner graph of the code results in a degraded error floor performance.

For NB Tanner graphs, a structure is called non-binary trapping set (NB-TS) when it

is formed by non-binary cycles. Improving the error floor performance of NB-LDPC

codes can be achieved directly via removing small trapping sets, and indirectly by

increasing the algebraic girth and minimizing the length of shortest NB cycles within

the Tanner graph of the code.

Considering indirect measures as the design criteria for improving the error floor

performance of NB codes, a cycle cancellation technique for regular (2, dc) codes with

large algebraic girth was proposed in [52]. In this regard, through a labeling process,

all non-binary cycles smaller than a certain size lmax were avoided by assuring that

full-rank condition (which is equivalent to the algebraic condition mentioned before)

is not satisfied for any cycle of length less than or equal to lmax. This method of

assigning NB values has been also extended to regular NB quasi-cyclic (QC) codes

in [53]. Note that in both [52, 53], a binary LDPC code is first generated using

the well-known PEG algorithm [15]. Then, the labeling process is done such that

the final NB code is free of small NB cycles. It is worth to mention that the degree

distribution is selected with respect to binary Tanner graph. There exist other studies

that consider the optimization problem related to measures such as maximizing the

algebraic girth and minimizing the multiplicity of short non-binary cycles [30,54–56],

and the connection of short NB cycles to the rest of the NB Tanner graph [57]. In

particular, [54,55] attempt to design NB-LDPC codes with large algebraic girth and

small multiplicity of short NB cycles for regular and irregular Tanner graphs. In [30],

irregular NB-QC-LDPC codes are constructed with large algebraic girth using binary

QC-LDPC codes and labeling the binary parity-check matrix. A low-complexity

algorithm for counting the number of short non-binary cycles based on a message

passing algorithm was presented in [56] to design regular/irregular NB-LDPC codes
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with large algebraic girth and fewer number of NB cycles. Also, irregular NB-QC-

LDPC codes was constructed such that a predetermined approximate cycle extrinsic

message degree (ACE) spectrum were satisfied. The ACE criteria was applied for

both binary cycles and NB cycles during the design process.

While there are a large body of research dealing with error floor improvement

indirectly via increasing the algebraic girth and reducing the number of shortest NB

cycles, only limited works exist that consider non-binary trapping sets or absorbing

sets in the design process of NB-LDPC codes. In [14], Amiri gave a clear definition of

non-binary absorbing sets (NB-ASs) in codes with column weight equal or larger than

two. The authors mentioned that in the case of AWGN channels, only elementary

NB-ASs (NB-EASs) impact the error floor performance of NB-LDPC codes. Thus,

elimination of NB-EASs was considered as their goal to achieve low error floor per-

formance. In the design process, a binary LDPC code is first generated using the

PEG algorithm and the distribution of binary EASs in a range of interest is obtained.

Then, the non-zero elements of the parity-check matrix are chosen randomly. Fi-

nally, through an iterative search routine, a collection of NB-EASs are avoided by

making sure that at least one cycle is not non-binary cycle per each structure. The

elimination process is done by changing the edge values that belong to GF(q). Ob-

viously, after removing one structure within the collection, one needs to check all

previously removed NB-EASs in terms of NB cycle. The same authors extend their

design technique to QC codes in [58]. In [59, 60], Hareedy et al. addressed the error

floor problem for asymmetric channels such as partial-response (PR) channels and

mentioned that error prone structures in the error floor region are not limited to only

NB-EASs. Thus, the authors considered non-elementary structures and proposed

weight consistency matrix (WCM) framework to remove dominant structures. Note

that, in [14, 58–60], NB structures were found using binary Tanner graph instead of

considering the original NB graph which make their method inefficient.

1.3 Summary of Contributions

In [62], we first characterize the ETSs of QC-LDPC codes, and demonstrate that

some of the ETS structures that can exist in a general (randomly constructed) LDPC

code are absent in QC-LDPC codes due to the QC structure of the code. To find

such structures, we translate the problem into an edge coloring problem involving the
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normal graph [61] of the ETS structure. Our characterization still follows the dpl

principle but with fewer structures compared to those of a general LDPC code, as

considered in [4, 5]. Based on the characterization of ETSs in QC-LDPC codes, we

then propose a systematic approach to design protograph-based QC-LDPC codes that

are free of a certain collection of trapping sets. The design is based on investigating

the parent/child relationship between all the ETS structures within the collection and

target those that are not child to any structure within the collection. We then devise

an efficient layered algorithm to search for the targeted structures in the construction

process. Compared to the exhaustive dpl search of [4,5], the proposed search algorithm

is significantly less complex. This is mainly due to the fact that while the goal of

the dpl algorithm of [4, 5] is to find all the instances of a certain collection of ETS

structures, our goal here is only to verify whether any instances of at least one of the

targeted structures exists in the code. A number of techniques are then employed

to solve this new problem efficiently. In particular, the problem is formulated as

a backward recursion in which the goal is to minimize the number of intermediate

structures to reach the targeted structures and to use structures that have a higher

chance of having a smaller multiplicity in the graph. It is important to note that the

proposed layered characterization/search algorithm of ETSs can also be used to design

LDPC codes with low error floor that lack the QC structure. The only difference is

that for such codes the number of possible ETS structures is larger.

The constructed codes in [62] are superior to the state-of-the-art codes in the

literature in the sense that, with the same protograph, they are either free of the

same collection of ETSs while having a shorter block length, or are free of a larger

range of trapping sets (and thus have a superior error floor) while having the same

block length. To the best of our knowledge, the proposed design is the first that can

systematically, efficiently and optimally construct QC-LDPC codes that are free of

a certain collection of trapping sets. The systematic (general) nature of the design

means that it is applicable to a variety of QC-LDPC codes with different node degrees,

girths and different choices of targeted ETS structures. The high efficiency (low

complexity) makes it possible to design codes of larger block length with wider range

of node degrees and to target larger collections of trapping sets. The optimality of the

design, which ensures that only the structures of interest are targeted for elimination,

guarantees that the block length is minimized (for the elimination of a given set of

ETSs) or that the largest collection of ETSs are removed (for a given block length).
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This is in contrast with some of the existing work, such as [23, 24], in which, some

parent structures which are not of direct interest are targeted for elimination just to

eliminate some of their children.

In [63], we consider the construction of irregular QC-LDPC codes that are free of

a certain collection of harmful ETSs. The category of ETSs includes LETSs, and is

known to contain the problematic structures in the error floor of irregular LDPC codes

over the AWGN channel [5]. The Tanner graphs of the codes constructed here are

cyclic liftings of some irregular base graphs whose degree distributions and topology

are designed for good waterfall performance. The superior error floor performance

is then achieved through the design of the exponent matrix, that contains the cyclic

permutation shifts assigned to different edges of the base graph. The most computa-

tionally expensive part of the design is a search algorithm that determines whether

an irregular Tanner graph contains any instance of ETS structures that are targeted

to be eliminated from the code. This search algorithm would be used hundreds or

even thousands of times in the construction process. The search algorithm is carefully

devised in multiple layers using three simple expansion techniques of dot, path and

lollipop. These expansions were originally introduced as part of the dpl characteriza-

tion and search of ETSs in [4, 5]. Compared to the exhaustive dpl search algorithm

of [5], the search algorithm proposed here is significantly less complex. There are two

reasons for this lower complexity: (a) while the algorithm of [5] is devised to find all

the ETSs within a certain collection of structures L, the algorithm designed here is

intended to check whether any instance of any structure in L exists in the Tanner

graph. The latter problem is fundamentally different from the former, and is simpler

to solve. (b) The exhaustive search algorithm of [5] appears to have a lot of redun-

dancy, in the sense that the same child structure can be searched for through multiple

parents with different expansions, rather than through only one parent. This was due

to the large variety of ETS structures in irregular graphs which made it difficult to

establish such one-to-one correspondence between children and parents. In this work,

however, by careful inspection of parent/child relationships between different ETS

structures, we establish such correspondences. Through these relationships/corre-

spondences, we then find a minimal set of structures Lt within L that need to be

considered, and subsequently, a minimal set of structures outside L that are parents

to the structures in Lt. To further reduce the complexity, we implement the search

in multiple layers, where the structures of smaller size are searched for earlier. To
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the best of our knowledge, [63] is the first to construct irregular QC-LDPC codes by

direct elimination of TSs. We demonstrate by a number of examples that the codes

designed by the proposed technique are significantly superior to the existing irregular

QC-LDPC codes with similar degree distributions, rates and block lengths.

For NB Tanner graphs, we first consider the problem of characterization and search

of non-binary elementary trapping sets (NB-ETSs) which are the main problematic

structures in the error floor region over the AWGN channel [14]. To the best of our

knowledge, this work is the first study that attempts to find the graphical structures

in the NB Tanner graphs directly and with minimum complexity. To perform this

task, we generalize the dpl-based method of [4, 5] to the NB case for regular and

irregular LDPC codes. Thus, the main idea is to generate an structure by applying a

sequence of three different expansions referred to dot, path and lollipop and checking

the algebraic condition after each expansion. However, the main issue is the complex-

ity of search algorithm caused by finding and evaluating non-binary cycles through

checking algebraic condition. The proposed method aims at optimizing the search

complexity of finding NB-ETSs where the minimum number of cycles are evaluated

to check whether an expansion can generate a NB child within the search process.

Since the algebraic condition only impacts the cycle of a Tanner graph, the proposed

search algorithm can be easily extended to irregular NB-LDPC codes. In this thesis,

The distribution of NB trapping sets for a number of existing codes is reported for the

first time. The lower complexity of proposed method enables us to find the trapping

sets within a large range of interest. Furthermore, similar to what we did for binary

QC-LDPC codes in [62, 63], we modified the proposed search algorithm to design

NB-QC-LDPC codes with good performance in the error floor region. To achieve

this goal, NB-QC-LDPC codes free of a certain collection of harmful structures are

constructed. It is worth to mention that our method is applicable to both regular and

irregular codes. Also, our proposed algorithm uses trapping sets instead of absorbing

sets which are relevant structures for AWGN channels.

1.4 Organization of the Thesis

The rest of the thesis is organized as follows. Basic definitions, notations and back-

grounds are provided in Chapter ??. In Chapter ??, we considered the problem of

constructing binary regular QC-LDPC codes lifted from fully-connected base graphs
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that are free of a certain collection of trapping sets. We also study the graphical

structures of leafless elementary trapping sets in variable-regular QC-LDPC codes

and show that some structures are absent due to QC structure of these codes. In

Chapter ??, we study the design of binary irregular QC-LDPC codes with good wa-

terfall performance and low error floor. We devise an efficient algorithm to find and

remove a targeted set of trapping sets corresponding to a range of interest. In Chapter

??, we study the non-binary elementary trapping sets in both regular and irregular

NB-LDPC code and devise an efficient algorithm to find them exhaustively and with

minimum complexity. Also, the construction of NB codes free of certain collection of

harmful trapping sets is addressed in Chapter ??. Conclusion and future works are

presented in Chapter ??.



Chapter 2

Preliminaries

2.1 QC-LDPC Codes

Consider an undirected bipartite graph G′(V ′ = U ′ ∪W ′, E ′), where V ′ and E ′ are

the sets of nodes and edges of G′, respectively, and U ′ and W ′ are the sets of nodes

on the two sides of the bipartition. Suppose that |U ′| = n and |W ′| = m. In

this work, we consider bipartite graphs with no parallel edges. Suppose the graph

G(V = U∪W,E) is constructed from the bipartite graph G′(V ′ = U ′∪W ′, E ′) through

the following process: Make N copies of G′. Corresponding to every node v′ ∈ V ′

and every edge e′ ∈ E ′, generate a set of nodes v = {v′0, ..., v′N−1} and a set of edges

e = {e′0, ..., e′N−1}. Assign a circular permutation πe
′

over the set {0, 1, . . . , N − 1}
to each edge e′ in E ′, and connect the nodes in V by the edges in E such that if

e′ = {u′, w′}, for u′ ∈ U ′ and w′ ∈ W ′, is in G′, then {u′i, w′j} belongs to G if and

only if πe
′
(i) = j. The graph G so constructed is referred to as a cyclic N-lifting of

G′, with N called the lifting degree. Graph G′, on the other hand, is called the base

graph or protograph.

Now, consider an LDPC code whose Tanner graph is G with the set of variable and

check nodes equal to U and W , respectively. Such an LDPC code is a protograph-

based QC-LDPC code whose mN × nN parity-check matrix H, given by the bi-

adjacency matrix of G, has the following form:

H =



Ip00 Ip01 · · · Ip0(n−1)

Ip10 Ip11 · · · Ip1(n−1)

...
...

. . .
...

Ip(m−1)0 Ip(m−1)1 · · · Ip(m−1)(n−1)


. (2.1)

12
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In (??), the parameters pij, called permutation shifts, are in the set {0, 1, · · · , N −
1,∞} for 0 ≤ i ≤ m − 1, 0 ≤ j ≤ n − 1. The matrix Ipij is obtained by cyclically

shifting the rows of the identity matrix IN×N to the left by pij units, if pij 6= ∞.

Otherwise, I∞ denotes the N × N all-zero matrix. The collection of permutation

shifts pij as a matrix is denoted by P = [pij] and is called exponent matrix.

A QC-LDPC code is called regular, if all variable nodes (check nodes) in the code’s

Tanner graph have the same degree dv (dc). Otherwise, the code is called irregular.

We use notations δ(G) (∆(G)) to denote the minimum (maximum) variable node

degree in an irregular Tanner graph G. Note that here we focus on binary QC-LDPC

codes.

Consider protograph-based QC-LDPC codes whose base graphs are fully-

connected, i.e., every node on each side of the graph is connected to all the nodes

on the other side. For such base graphs, all the nodes in U ′ have the same degree

dv = m and all the nodes in W ′ have the same degree dc = n. Parameters dv and dc

are the variable and check node degrees of the constructed regular QC-LDPC code.

It is well-known that for any QC-LDPC code with a fully-connected base graph, there

exists an isomorphic QC-LDPC code with the exponent matrix in the following form

(see, e.g., [64]):

P =



0 0 · · · 0

0 p11 · · · p1(n−1)

...
...

. . .
...

0 p(m−1)1 · · · p(m−1)(n−1)


, (2.2)

where 0 ≤ p11 ≤ · · · ≤ p1(n−1).

Given the exponent matrix of a QC-LDPC code, the necessary and sufficient

condition for having a 2l-cycle in the Tanner graph is [64, 65]:

l−1∑
i=0

(pmini − pmini+1
) = 0 mod N , (2.3)

where, n0 = nl, mi 6= mi+1, ni 6= ni+1. The sequence of permutation shifts in (??)

corresponds to a tailless backtrackless closed (TBC) walk [64] in the base graph whose

permutation shift is equal to the left hand side of (??). An additional condition for

having a 2l-cycle in the Tanner graph is that the TBC walk corresponding to (??)
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has no TBC subwalk whose permutation shift is also equal to zero. The length of the

shortest cycle(s) in a Tanner graph is called girth, and is denoted by g. It is well-

known that for good performance 4-cycles should be avoided and that codes with

larger girth generally perform better both in waterfall and error floor regions. In our

constructions, we impose a lower bound on g. When the goal is to find a QC-LDPC

code with g ≥ g0, we choose pij values in (??) such that (3) is not satisfied for any

l < g0/2, and any sequence of 2l permutation shifts.

2.2 Trapping Sets

It is well-known that certain substructures of Tanner graphs are responsible for the

error floor of LDPC codes. These substructures are generally referred to as trapping

sets. A trapping set S is often characterized by its size (the number of variable

nodes) |S| = a and the number of unsatisfied (odd-degree) check nodes b in its

induced subgraph. Such a trapping set is said to belong to the (a, b) class. Among

trapping sets, elementary trapping sets (ETS), whose subgraphs have only degree-1

and degree-2 check nodes, are known to be the most problematic ones [4], [5]. Within

ETS category, leafless ETSs (LETS), those in which each variable node is connected

to at least two satisfied (even-degree) check nodes, are the most harmful [4], [44]. If

there is at least one variable node in the ETS S that is connected to only one degree-2

check node, then S is called an ETS with leaf or ETSL. ETSs are known to be the

culprits in the error floor region of irregular LDPC codes over the AWGN channel,

with the majority of errors being LETSs [5].

Another way of categorizing trapping sets is by tracking the error positions at the

output of decoder throughout iterations. As a result the trapping sets may classified

into three classes; (i) fixed TSs in which the output of the decoder remain unchanged

after a finite number of iterations, (ii) Oscillatory TSs where the error positions at

the output of the decoder oscillate periodically within a small set of variable nodes,

and (iii) random-like (chaotic) TSs that the error positions change with iterations in

a random fashion [89].

In recent years, a number of characterizations, and correspondingly, exhaustive

search algorithms for ETSs and LETSs have been developed [4,5,62,66,67]. In [66,67],

a LETS structure was characterized as an embedded sequence of structures that

starts from a simple cycle or a small prime structure, and is expanded one variable
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node at a time until it reaches the target structure. This was dubbed as layered

superset (LSS) characterization. The expansion by the addition of one variable node

was subsequently called dot expansion in [4]. In [4], two new expansions of path

and lollipop were also introduced, and a new characterization of LETS structures in

variable-regular 1 Tanner graphs, called dpl, was proposed that was based on the three

expansions dot, path and lollipop for general LDPC codes. The dpl characterization

was then extended in [5] to LETS structures and ETS structures with leafs (ETSLs)

of irregular codes. The goal in all the papers [4, 5, 66, 67] has been to develop an

efficient algorithm that can exhaustively find all (a, b) LETSs or (a, b) ETSs within a

certain range of a ≤ amax and b ≤ bmax.

Consider the induced subgraph G(S) of an ETS S in a Tanner graph G. Replace

any degree-2 check node and its adjacent edges in G(S) with a single edge, and remove

all the degree-1 check nodes from G(S). The resulting hypergraph is called the quasi-

normal hypergraph of S [5], and is denoted by Ǧ(S) in this work. If one also removes

the edges adjacent to degree-1 check nodes of G(S) from Ǧ(S), the resulted graph

is called the normal graph of S [61], and is denoted by Ĝ(S) here. As an example,

Fig. ?? shows a (5, 4) LETS structure along with its normal graph and quasi-normal

hypergraph in an irregular Tanner graph G with δ(G) = 2 and ∆(G) = 4 (symbols ◦,
�, and � represent variable nodes, satisfied check nodes, and unsatisfied check nodes,

respectively).

While there is a one-to-one-correspondence between Ĝ(S) and S in variable-

regular graphs, such correspondence does not, in general, exist in irregular graphs,

i.e., in irregular graphs, multiple non-isomorphic structures can have the same normal

graph. For irregular graphs, however, there is a one-to-one correspondence between S

and Ǧ(S). When a number of non-isomorphic ETSs, with different quasi-normal hy-

pergraphs, have the same normal graph, we say that those quasi-normal hypergraphs

are projected into the normal graph.

2.3 Non-Binary Tanner Graphs

Based on the definition of bipartite graph in Section ??, a variable node and a check

node can either be connected or disconnected. Thus, in the binary Tanner graphs,

1An LDPC code is called variable-regular, if all the variable nodes in the Tanner graph of the
code have the same degree.
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(a) (b) (c)

Figure 2.1: (a) A (5, 4) LETS structure S in an irregular Tanner graph G with
∆(G) = 4 and δ(G) = 2, (b) Ĝ(S), (c) Ǧ(S).

the edge weights are selected form set {0, 1} or equivalently finite field of size 2.

Binary Tanner graphs can be extended to non-binary (NB) where each edge takes a

non-zero value from the finite field with q elements (GF(q)). Thus, the graph can be

represented as G′(V ′, E ′, S ′) where S ′ is a set of non-zero edge weights corresponding

to the set of edges E ′.

Now, consider an LDPC code whose Tanner graph is G with the set of variable

and check nodes equal to U and W , respectively. Also, suppose that the edge weights

belong to GF (q) where q = 2p and p ≥ 1. Such an LDPC code is a protograph-based

non-binary QC-LDPC (NB-QC-LDPC) code whose mN × nN parity-check matrix

H, given by the bi-adjacency matrix of G, has the following form:

H =



s00I
p00 s01I

p01 · · · s0(n−1)I
p0(n−1)

s10I
p10 s11I

p11 · · · s1(n−1)I
p1(n−1)

...
...

. . .
...

s(m−1)0I
p(m−1)0 s(m−1)1I

p(m−1)1 · · · s(m−1)(n−1)I
p(m−1)(n−1)


. (2.4)

In (??), the parameters sij belong to the set {αk : k = 0, 1, · · · , q − 2} for α being a

primitive element of GF (q) with q > 2, respectively. One can form matrix S = [sij]

containing edge weights sij of different sub-blocks of parity-check matrix referred

to as edge weight matrix. Obviously, a NB-QC-LDPC code can be specified by its

exponent (P ) and edge weight (S) matrices. A NB-QC-LDPC code is called regular if

the degree of all variable nodes and check nodes are the same. Otherwise, the Tanner

graph of the code is called irregular. In this thesis, wherever we do not mention
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anything about the edge weights of the matrix, the Tanner graph and LDPC code

are supposed to be binary.



Chapter 3

Construction of Regular QC-LDPC Codes

with Low Error Floor

3.1 Introduction

In this chapter, the ETS characterization for binary QC-LDPC codes is discussed in

Section ??. Section ?? describes the approach for determining the ETSs within a given

collection that are targeted for elimination based on parent/child relationships within

the collection, and the proposed layered search algorithm for finding the targeted

ETSs efficiently. In Section ??, we present the method for the construction of QC-

LDPC codes with low error floors based on the proposed layered search algorithm.

Section ?? is devoted to numerical results and presents some of the constructed codes

and comparisons with existing codes in the literature.

3.2 Characterization of ETS Structures in QC-

LDPC codes

In this section, we investigate the constraints that the QC structure of LDPC codes

imposes on the ETS structures. We demonstrate that as a result of such constraints,

certain ETS structures that can appear in (randomly constructed) LDPC codes, can-

not exist in similar QC-LDPC codes. To show this, we transform the problem into a

graph coloring problem.

To investigate the constraints imposed by the QC structure of the codes, in the

following, we work with the normal graph representation of ETSs. We note that for

18
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Tanner graphs with girth at least 6, the normal graph of any ETS is simple, i.e., has

no parallel edges.

For a graph G, a k-edge coloring is defined as a function f : E(G)→ C, such that

|C| = k, and f(e) 6= f(e′) for any two adjacent edges e and e′ of G. A graph G is k-

edge colorable if G has a k-edge coloring. The chromatic index of G, denoted by χ(G),

is the minimum value of k for which G has a k-edge coloring. It is well-known that

for a simple graph G, ∆(G) ≤ χ(G) ≤ ∆(G) + 1, where ∆(G) is the maximum node

degree of G [68]. A graph G is said to be of Class 1 (resp., Class 2) if χ(G) = ∆(G)

(resp., χ(G) = ∆(G) + 1).

Proposition 1. Consider a QC-LDPC code with the parity-check matrix given by

(??). For an ETS S to exist in the code, the normal graph Ĝ(S) must be m-edge

colorable.

Proof. It is clear that for protograph-based QC-LDPC codes with the parity-check

matrix H of the form (??), each variable node in an ETS S can be connected to at

most m check nodes, where each such check node must belong to a distinct row block

of H. Now, suppose that we assign m different colors to different row blocks of H,

and consider the following assignment of colors to the edges of Ĝ(S): for each edge e

in Ĝ(S), find the row block R of H corresponding to the degree-2 check node in G(S)

that has been replaced by e. Then, assign the color of R to e. It is easy to see that for

an ETS S to exist in a QC-LDPC code, the aforementioned color assignment must be

an m-edge coloring of Ĝ(S), or in other words, Ĝ(S) must be m-edge colorable.

We thus have the following result.

Corollary 1. Consider a QC-LDPC code with the parity-check matrix given by (??).

An ETS S cannot exist in the Tanner graph of the code if χ(Ĝ(S)) > m.

We note that the result of Corollary ?? is applicable to any QC-LDPC code with

the parity-check matrix given by (??). This includes cases in which some of the sub-

matrices of (??) are all-zero, and cases where the degree distribution is irregular. In

the latter case, there is no one-to-one correspondence between the normal graph Ĝ(S)

of an ETS S and S.

Corollary 2. An ETS S whose normal graph Ĝ(S) is of Class 2 with ∆(Ĝ(S)) = m

cannot exist in a QC-LDPC code with g ≥ 6 and the parity-check matrix given by

(??).
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A graph G = (V,E) is called overfull if |E| > b |V |
2
c ×∆(G). It is known that an

overfull graph is of Class 2 [68]. We thus have the following result.

Proposition 2. Any (a, b) ETS with an odd value of a and with b < min(a, dv) cannot

exist in a variable-regular QC-LDPC code with variable degree dv and g ≥ 6, that is

a cyclic lifting of a fully-connected base graph.

Proof. We first note that for an ETS S with b < a, we have ∆(Ĝ(S)) = dv, because

there is at least one variable node in G(S) that is not connected to any degree-1

check nodes. We then show that under the conditions of the proposition, the graph

Ĝ(S) is also overfull and thus of Class 2, This, based on Corollary 2, completes the

proof. To show that Ĝ(S) is overfull, we note that the number of edges in Ĝ(S)

is |E| = (adv − b)/2, by the definition of a normal graph. Since b < dv, we have

|E| > (a− 1)dv/2 = ba/2cdv, where the equality is a result of a being odd.

We note that the results of Corollaries ??, ?? and Proposition ?? hold regardless

of the lifting degree and permutation shifts of the QC-LDPC code.

Using Proposition ??, we can conclude that some of the ETS classes that can

generally exist in (randomly constructed) variable-regular LDPC codes will not ap-

pear in similar QC-LDPC codes. As an example, consider a variable-regular LDPC

code with dv = 3 and g = 6. Based on Table VI of [4], this code can have LETSs in

classes (5, 1), (7, 1) and (9, 1). The multiplicity of non-isomorphic structures in these

classes are 1, 4 and 19, respectively. Based on Proposition ??, however, none of these

structures can possibly exist in a QC-LDPC code, lifted from a fully-connected base

graph, with similar dv and g values.

It is important to note that while one can use the vast literature on the edge

coloring of graphs and derive analytical results similar to Proposition ?? for other

classes or structures of ETSs, for practical purposes, one can also use an algorithm for

finding the chromatic index of a graph, such as that of [69], to examine different ETS

structures and see if their chromatic index is larger than dv (i.e., it is dv +1). Clearly,

a “yes” answer would mean that such a structure cannot exist in a variable-regular

QC-LDPC code with variable degree dv.

In Table ??, we have listed all the classes in which at least one LETS structure

does not exist in the QC category of the corresponding variable-regular LDPC codes.

Similar to [4], in Table ??, the results are separated based on the values of dv and

g. For each value of dv and g, and for each class with at least one missing structure,
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we have provided the multiplicity of the non-isomorphic structures within the class

as the bottom entries, where the right and left entries are for the general and the

QC cases, respectively. For the entries, we have followed the same notation as in [4],

where the number in the brackets shows the multiplicity of the structures and the

notation sk indicates the simple cycle parent of those structures which has a length

of 2k. As an example, for dv = 3 and g = 6, the bottom entries for the (5, 1) class are

s3(0)/s3(1), which means while a general LDPC code with dv = 3 and g = 6 can have

one structure within this class with the parent being a 6-cycle, this structure cannot

exist in the QC category. The boldfaced entries in the table highlight the classes for

which all the structures are non-existent for the QC category. The non-existence of

all these classes follow from Proposition ??.

The non-existence of some LETS structures in QC-LDPC codes compared to

their random counterparts not only reduces the search complexity of the proposed

technique, as discussed in Subsection ??, but also can be potentially beneficial in

achieving a lower error floor.

We note that edge coloring was also used in [26] to show that some ETS structures

cannot exist in certain QC-LDPC codes. In particular, Proposition 1 of [26] is similar

to Proposition ?? in this work except that Proposition 1 of [26] is limited only to

fully-connected base graphs.1 Proposition ?? of this work, however, is also applicable

to base graphs that are not fully-connected, and covers base graphs that are both

regular and irregular. The only other results in [26] related to the application of edge

coloring to the existence of ETSs in QC-LDPC codes are Example 1 and Corollary 1

of [26]. Example 1 of [26] indicates that a cyclic lifting of a 2`×n fully-connected base

graph (dv = 2`) whose girth is 6 cannot contain any (2` + 1, 0) LETS. Corollary 1

of [26] indicates that under the same conditions, (2`+ 1, 2) LETSs also cannot exist.

Both these results are special cases of Proposition ?? in this work. In addition to

these two special cases, Proposition ?? covers numerous other cases, which include

odd variable degrees, classes of ETSs with the size different than just dv + 1 and with

b values other than just 0 or 2, and codes with girths larger than 6.

In the rest of this section, similar to the existing literature [4,29,48,61], we focus

on LETSs as the main problematic structures in the error floor. This is due to the

fact that a vast majority of trapping sets of variable-regular LDPC codes are known

to be LETSs , see, e.g., [4]. In the following, whenever we discuss QC-LDPC codes,

1No proof is provided in [26] for Proposition 1 of [26].
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we exclusively consider protograph-based QC-LDPC codes whose base graphs are

fully-connected. We then use the results presented in Table ?? to reduce the number

of structures that we need to search for in the process of constructing such codes.

3.3 Efficient Search Algorithm for A Targeted Set

of LETSs

The goal of this chapter is to construct QC-LDPC codes free of a certain collection

L of LETS structures.2 In the literature, this collection is often identified by a

certain range of a and b values, i.e., a ≤ amax and b ≤ bmax. As we will discuss

in Section ??, to construct the exponent matrix of a QC-LDPC code (for a given

lifting degree), a greedy column-by-column search algorithm is used to assign the

permutation shifts. In the search process, after assigning the permutation values of

a new column, one needs to check whether the Tanner graph corresponding to the

exponent matrix constructed so far contains any instances of the LETS structures

within L. A naive approach to perform this task would be to use the exhaustive dpl

search of [4] within the specified range, and see if the algorithm can find any LETSs

within the range. This approach, however, is too complex to use in the construction

process that may require hundreds or even thousands of such searches. Moreover, the

information provided by the dpl algorithm of [4] is much more than what we need in

the construction process, i.e., the algorithm provides an exhaustive list of all LETSs

within the range of interest. However, what we need is just to know whether there

exists at least one instance of one of the structures of L within the graph. In this

section, we devise an efficient search algorithm for this problem. The efficiency of the

algorithm is a result of the following considerations: (a) the algorithm only searches

for a minimal number of structures within L. These targeted structures, denoted

by Lt, are the ones that are not child to any of the other structures in L, and (b)

the algorithm aims to minimize the number of LETS structures that do not belong

to L but are needed in the search for the structures in Lt. For the choice of these

out-of-range structures, the algorithm also gives priority to LETS classes that have

a higher chance of having smaller multiplicities in the graph. Our search algorithm

2The proposed layered characterization/search algorithm of LETSs can also be used to construct
LDPC codes with low error floor that lack the QC structure. The only difference is that for such
codes the number of possible LETS structures is larger.
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Table 3.1: LETS classes in which at least one structure is non-existent for LDPC
codes with QC structure lifted from a fully-connected base graph (notation sk(i)
as an entry of a class means that there are i non-isomorphic structures in the
class whose parent is a simple cycle of length 2k. Right and left entries are for
the general and the QC cases, respectively).

dv = 3, g = 6

(5,1)

−−−
s3(0)/s3(1)

(7,1)

−−−
s3(0)/s3(3)

s4(0)/s4(1)

(8, 2)

−−−
s3(13)/s3(14)

(9,1)

−−−
s3(0)/s3(15)

s4(0)/s4(4)

(9, 3)

−−−
s3(42)/s3(44)

s5(1)/s5(2)

(10, 0)

−−−
s3(12)/s3(13)

s5(0)/s5(1)

(10, 2)

−−−
s3(77)/s3(85)

s5(0)/s5(1)

(10, 4)

−−−
s3(126)/s3(129)

(11,1)

−−−
s3(0)/s3(91)

s4(0)/s4(22)

s5(0)/s5(1)

(11, 3)

−−− s3(337)/s3(355)

s4(117)/s4(120)

s5(6)/s5(7)

(11, 5)

−−−
s3(324)/s3(328)

(12, 0)

−−−
s3(58)/s3(63)

(12, 2)

−−−
s3(584)/s3(641)

s4(180)/s4(184)

s5(8)/s5(10)

(12, 4)

−−−
s3(1279)/s3(1315)

s4(521)/s4(524)

s5(50)/s5(52)

dv = 3, g = 8

(7,1)

−−−
s4(0)/s4(1)

(9,1)

−−−
s4(0)/s4(4)

(9, 3)

−−−
s5(0)/s5(1)

(10, 0)

−−−
s5(0)/s5(1)

(10, 2)

−−−
s5(0)/s5(1)

(11,1)

−−−
s4(0)/s4(22)

s5(0)/s5(1)

(11, 3)

−−−
s4(114)/s4(115)

s5(6)/s5(7)

(12, 2)

−−−
s4(178)/s4(179)

s5(9)/s5(11)

(12, 4)

−−−
s4(479)/s4(481)

s5(47)/s5(48)

dv = 4, g = 6

(5,0)

−−−
s3(0)/s3(1)

(5,2)

−−−
s3(0)/s3(1)

(6, 2)

−−−
s3(2)/s3(3)

(7,0)

−−−
s3(0)/s3(2)

(7,2)

−−−
s3(0)/s3(9)

(8, 2)

−−−
s3(27)/s3(34)

(8, 4)

−−−
s3(120)/s3(122)

(8, 6)

−−−
s3(222)/s3(224)

(9,0)

−−−
s3(0)/s3(16)

(9,2)

−−−
s3(0)/s3(152)

s4(0)/s4(2)

(9, 4)

−−−
s3(642)/s3(656)

(9, 6)

−−−
s3(1352)/s3(1360)

(9, 8)

−−−
s3(1558)/s3(1561)

(10, 0)

−−−
s3(56)/s3(57)

(10, 2)

−−−
s3(709)/s3(840)

(10, 4)

−−−
s3(4106)/s3(4140)

(10, 6)

−−−
s3(9334)/s3(9382)

(10, 8)

−−−
s3(11698)/s3(11719)

(10, 10)

−−−
s3(8763)/s3(8767)

dv = 4, g = 8
(9,2)

−−−
s4(0)/s4(2)

(11,0)

−−−
s4(0)/s4(2)

(11,2)

−−−
s4(0)/s4(19)

(11, 4)

−−−
s4(163)/s4(164)

dv = 5, g = 6

(7,1)

−−−
s3(0)/s3(1)

(7,3)

−−−
s3(0)/s3(6)

(8, 2)

−−−
s3(13)/s3(16)

(8, 4)

−−−
s3(68)/s3(75)

(9,1)

−−−
s3(0)/s3(28)

(9,3)

−−−
s3(0)/s3(289)

(9, 5)

−−−
s3(1350)/s3(1356)

(9, 7)

−−−
s3(3776)/s3(3786)

(9, 11)

−−−
s3(9526)/s3(9527)
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still follows the general framework of dpl characterization/search of [4], and thus has

all the advantages of the dpl technique. This means that in the proposed search

algorithm, each LETS is characterized (and searched for) as an embedded sequence

of LETS structures that starts from a simple cycle and is expanded, at each step, by

one of the three expansions dot, path and lollipop until it reaches the LETS structure

of interest. (For a review of these expansions and the corresponding notations, which

we closely follow, the reader is referred to [4].)

3.3.1 Finding the Target LETSs Lt
Suppose that we are interested in constructing a QC-LDPC code free of LETSs in

the range of a ≤ amax and b ≤ bmax. To perform this task, we first identify all the

non-isomorphic LETS structures within this range based on the values of dv and g,

and investigate the parent/child relationship between all such structures. (See [4].)

We then start from the smallest size of LETSs in the range, i.e., a = g/2, and identify

all the non-isomorphic (g/2, b) LETS structures with b ≤ bmax. These structures

are stored in Lt. We then go through an iterative process, where in each iteration,

we increase a by one, until we reach amax. In each iteration, we examine all the

(a, b) LETS structures with the specific a value of that iteration, and b values in

the range b ≤ bmax. If there is any such structure that is not a child of previously

stored structures in Lt, we add that structure to Lt. By the way that the list Lt
is constructed, it is clear that it contains the minimum number of structures in L
that need to be targeted for elimination such that none of the LETS structures in L
can exist in the code. (Elimination of a parent guarantees the elimination of all its

children.) The following is an example of finding Lt.

Example 1. In this example, we consider a QC-LDPC code construction with dv = 3,

g = 8, and four different ranges of interest r1 : a ≤ 6, b ≤ 3, r2 : a ≤ 8, b ≤ 3,

r3 : a ≤ 10, b ≤ 3, and r4 : a ≤ 12, b ≤ 3. The parent/child relationships be-

tween non-isomorphic LETS structures within the largest range r4 are shown in Fig.

??. In Fig. ??, the direct (resp., indirect) children are those that are created from

their parents by one expansion (resp., multiple expansions). Different non-isomorphic

structures within the same class are identified by different numbers in braces. From

Fig. ??, it is easy to see Lt sets for ranges r1 to r4 are Lt1 = {(5, 3)}, Lt2 =

Lt1∪{(7, 3){1}, (7, 3){2}}, Lt3 = Lt2∪{(9, 3){7, 8, 9, 10, 13, 14, 15, 16, 17}}, and Lt4 =

Lt3 ∪ {(11, 3){45, . . . , 48, 50, . . . , 84, 89, 90, 91, 94, 95, 98, . . . , 108, 112, 117, . . . , 122}},
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Direct Children

Indirect Children

(6,0), (6,2), (7,3)f3g

(7,1)f1,2,3,4g, (8,2)f2,3g, (9,3)f1,5,6,11,12g
(11,3)f1,3,4,15,16,17,33,34,35,36,37,38,39,

Direct Children

Indirect Children

(8,0), (8,2)f1,4,5g, (9,3)f2,3,4g

(9,1), (11,3)f2,5,26,27,28,29,30,31,32,49,86,88,109,114,115g

Direct Children

Indirect Children

(11,3)f6,7,8,9,10,11,12,13,14,18,19,20,21,22,23,24,25,40,116g
(10,0), (10,2),

(11,1)f1,...,114g

Direct Children (12,0), (12,2)

(7,3)f1,2g

(5,3)

,13,..,17g
(9,3)f7,..,10

41,42,43,44,85,87,92,93,96,97,110,111,113g

(11,3)f45,..,48,50,...,84,89,...,91,94,95,98,...,108,112,117,...,122g

Figure 3.1: Parent/Child relationships between LETS structures of variable-regular
QC-LDPC codes with dv = 3, g = 8, within the range a ≤ 12 and b ≤ 3 (differ-
ent non-isomorphic structures within the same class are identified by different
numbers in braces).

respectively. As can be seen, |Lt| is considerably smaller than |L| for each range.

For example for r4, |Lt4| = 74 versus |L| = 392.

3.3.2 Efficient Search Algorithm for LETSs in Lt
To search for all the LETS structures in Lt, we devise a backward recursion that starts

from the LETS structures in Lt with the largest size (largest a). Let such structures

be denoted by S1, and let S = S1. Since the structures in S cannot be reached

through any LETS structure within Lt (or L) using dpl expansions, we consider all

the possible direct parents P of such structures outside L. The structures in P are

those that can reach at least one of the structures in S by the application of just

one of the three dpl expansions. We then prioritize the classes of the structures in

P according to certain criteria discussed later. Within the class with the highest

priority, we then select structures using a greedy iterative process. The process starts
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by selecting the structure in P that has the largest number of direct children in S.

Denote this structure by ξ. We move ξ from P to a set Π1 (Π1 is initially empty),

and remove all the direct children of ξ from S. This ends the first iteration. The

iterations continue until the set S is empty or until no direct parent of the structures

in S is left in the class with the highest priority. In the former case, the first step

of the recursion is completed. In the latter case, we move on to the class with the

second highest priority and apply the iterative process. This will continue until the

set S is empty and thus the first step of the recursion is completed. At this point, the

set Π1 contains all the direct parents of the structures in S. To start the next step

of recursion, we consider S = Π1 ∪ S2 as the new set S, where S2 denotes the LETS

structures in Lt with the second largest size. The steps of recursion will continue until

all the LETSs in Lt are covered. At the end of the recursion, the union of sets Πi

contains all the out-of-range LETS structures that need to be included in the search

process. A pseudo-code for the process of obtaining out-of-range parent structures is

given in Algorithm ??.

Now, we discuss the criteria that we use to prioritize the classes of structures in

P . The main idea is to give priority to classes that have a higher chance of having

a smaller multiplicity in the graph. This translates to a less complex search and

smaller memory requirement. Since there is no theoretical result available to predict

the multiplicity of different LETS classes within a finite Tanner graph, we rely on

empirical results. In general, experimental results show that, for a given a, LETS

classes with smaller value of b have smaller multiplicity [4]. The empirical results

also show that for two LETS classes (a, b) and (a′, b′), where a < a′ and b < b′, the

multiplicity of (a, b) class is generally smaller than that of (a′, b′) class [4]. Moreover,

consider two classes (a, b) and (a′, b′) of structures in P , where a < a′, and let S and

S ′ be two structures in the two classes, respectively. Also suppose that S and S ′ are

direct parents of two structures ξ and ξ′, respectively, where both ξ and ξ′ are in the

same class (a”, b”) in S. The following lemma (Lemma 1) shows that, based on the

dpl characterization, we must have b < b′. (This implies that when all the structures

in S belong to a single class, then one can easily order the direct parent classes of such

structures in P in accordance with the a or the b value of the classes, with classes of

smaller a and b values, or the same a value and smaller b, having a higher priority in

the selection process.)
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Algorithm 1 Finding the out-of-range parent structures needed for the proposed
algorithm to search for LETSs within Lt.

1: Input: Lt . Structures in Lt belong to classes with sizes a1, a2, . . . , aη, such
that a1 < a2 < . . . < aη.

2: Initialization: S = ∅.
3: for k = 0, . . . , η − 1 do
4: Πk ← ∅.
5: end for
6: for i = η, . . . , 1 do
7: Sη−i+1 ← LETS structures in Lt with size ai.
8: S = Sη−i+1 ∪ Πη−i.
9: P ← all possible direct parents of structures in S. . For each value

of i, structures in P belong to classes (aij, b
i
j), j = 1, . . . , θi, where classes with a

smaller index j have a higher priority.
10: for j = 1, . . . , θi do
11: Γj ← structures in P that are in class (aij, b

i
j).

12: while Γj 6= ∅ do
13: Choose ξ ∈ Γj with the largest number of direct children in S.
14: Πη−i+1 = Πη−i+1 ∪ {ξ}.
15: Remove ξ from Γj, and remove all the direct children of ξ from S.
16: if S = ∅ then
17: Break the for loop over variable j.
18: end if
19: end while
20: end for
21: end for
22: Π = Π1 ∪ . . . ∪ Πη.
23: Output: Π.
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Lemma 1. Consider variable-regular LDPC codes with variable degree dv ≥ 3 and

the dpl characterization of LETS structures within such codes. For a given LETS

class (a, b), suppose that classes (a1, b1), (a2, b2), . . . , (aq, bq) are all the direct parent

classes of the (a, b) class. For any two such parent classes, if ai < aj, then bi < bj.

Proof. From [4], one can see that direct parent classes of the (a, b) class can be one of

the two following classes: (a−1, b+2m−dv)), or (a−m, b+2−m(dv−2)). The first

parent class is for dotm expansion with 2 ≤ m ≤ dv, and the second parent class is

for pam expansion with 2 ≤ m ≤ min{b/(dv− 2), a− g/2− 1}, and for locm expansion

with g/2 ≤ m ≤ min{(b+ 1)/(dv − 2), a− g/2− 1} and g/2 ≤ c ≤ m.

Since m ≥ 2, it is clear that the a value for the parent classes corresponding to

pam and locm expansions is always smaller than that of the dotm expansion. So, we

first show that the corresponding b values follow the same trend. For this, we prove

that the smallest b value for a parent class corresponding to dotm is larger than the

largest b value of a parent class corresponding to pam or locm. In the case of dotm

expansion, the smallest b value of a parent class is b + 2 × 2 − dv = b − dv + 4

since m ≥ 2, and for pam or locm expansion, the largest b value of a parent class is

b+ 2− 2× (dv − 2) = b− 2dv + 6, which is smaller than b− dv + 4 for dv > 2.

Considering that the parent classes corresponding to pam and locm expansions are

identical, to complete the proof, we just need to show that if a −m1 < a −m2, for

some values of m1 and m2, then b + 2 −m1(dv − 2) < b + 2 −m2(dv − 2), which is

clearly true under the condition that dv > 2.

Based on the above discussions, to prioritize the structures in P , we first prioritize

the classes: classes with smaller a and b values have a higher priority and for the same

value of a, classes with smaller b values have a higher priority. Within each class, we

then prioritize the structures based on the number of direct children that they have

in S, where larger number of children means higher priority.

Example 2. Consider the code construction discussed in Example ??, where all the

LETSs in r4 are to be avoided. In this case, the set S1 consists of 62 structures in the

(11, 3) class. The careful study of these structures reveals that all the (out-of-range)

direct parents of these structures belong to (10, 4) and (10, 6) classes, and that the

structures in S1 are generated by the application of dot2 and dot3 expansions to these

parent structures. Between the two classes of (10, 4) and (10, 6), the priority is given

to the parent structures in the (10, 4) class since for the same value of a, this class
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has a smaller b value compared to the (10, 6) class. In total, 63 structures exist in

the (10, 4) class. By prioritizing these structures based on the number of their direct

children and choosing them iteratively in the order of their priority, we can cover

all the structures in S1 by choosing only 22 structures in the (10, 4) class. These

structures can generate all the structures in S1 with the dot2 expansion. This ends

the first step of the recursion. (see the last level of the trellis diagram in Fig. ??. To

prevent the figure from being over crowded, rather than making a connection between

each parent/child pair, for the last level, we have shown parents and their children

collectively.)

For the second step, we have S = Π1 ∪S2, where Π1 is the set of the 22 structures

in the (10, 4) class and S2 consists of the 9 LETS structures in the (9, 3) class of Lt.
Investigating the direct (out-of-range) parent structures for the set S2, we find that

they all belong to (8, 4) and (8, 6) classes, while for the 22 structures in the (10, 4)

class, the direct parent structures are in (8, 4), (9, 5), and (9, 7) classes. Among the

direct parent classes of the set S, the highest priority is given to the (8, 4) class since

it has the smallest a and b values. By the application of the iterative selection process

to the structures in the (8, 4) class, we can generate all the 9 structures in the (9, 3)

class and 7 out of 22 structures in the (10, 4) class, by using only 7 structures in

the (8, 4) class. The remaining 15 structures in the (10, 4) class, however, cannot be

generated by the structures in the (8, 4) class. To generate these remaining structures,

the parent class with the highest priority (out of the two remaining classes that are

direct parent classes of the (10, 4) class) is the (9, 5) class. By the application of

the iterative process to this class, the remaining 15 structures of the (10, 4) class are

generated through only 5 structures in the (9.5) class. (See the second last level of the

trellis diagram in Fig. ??.)

In the next step of the recursion, the 7 and 5 structures from the (8, 4) and (9, 5)

classes, respectively, along with the two (7, 3) structures in Lt form the set S. The

outcome of this step of recursion can be seen in Fig. ??, together with the final step

of the recursion, that has all the simple cycles of length 8 and 10 as the output set

Π4.

Corresponding to the trellis diagram of Fig. ??, we have the characterization table

of LETSs for the proposed search, given at the top of Table ??, in comparison with

the characterization table corresponding to the exhaustive search of [4] (limited to

structures that exist in QC-LDPC codes, as explained in Section ??), given at the
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bottom. The entries of the table correspond to different classes of LETSs. For each

class, the top entry shows the non-isomorphic structures within the class that are

involved in the search process and the bottom entry shows the expansions that will

have to be applied to all the instances of those structures. By comparing the entries

for similar classes in the top and the bottom parts of Table ??, one can see that

both the number of structures and the variety of required expansions have decreased

substantially in the proposed search algorithm compared to the exhaustive search of [4].

As an example, for the (9, 5) class, the proposed search algorithm only needs to apply

dot2 expansion to 5 structures. In comparison, the exhaustive search algorithm of [4]

requires the application of dot2, dot3 and pa2 expansions to 20 structures.

3.3.3 Layering of the Search Algorithm

To further reduce the complexity and memory requirement of our proposed search

algorithm, we implement the algorithm in multiple layers. We recall that the purpose

of our search is to determine whether there exists at least one instance of one of the

structures of L in the graph. Consider the structures in Lt, and assume that they

belong to classes with size a1, a2, . . . , aη, where a1 < a2 < . . . < aη. To make the

determination that whether there exists at least one instance of one of the structures

of L in the graph, rather than searching for all the structures in Lt in one shot, we

first search for the structures in the class with size a1 (Layer 1). If we can find at

least one instance of a structure in this class, we terminate the search with a positive

response. If the graph has none of the structures of Lt with size a1, we continue our

search to Layer 2, which contains structures in Lt with size a2. We continue this

process, until we either find one instance of one structure within one of the layers, or

finish the search through all layers without finding any LETS in Lt. In the former

case, the search is terminated with a positive response, while in the latter case, the

response is negative.

As an example, the four layers of the proposed search algorithm for the construc-

tion discussed in Examples 1 and 2, corresponding to classes (5, 3), (7, 3), (9, 3) and

(11, 3) in Lt are identified by different line types in Fig. ??.

Remark 1. For further memory reduction, in each layer of the search algorithm, we

only keep those LETSs that are needed for next layer(s) of our search algorithm. For
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(4,4)

(5,5)

(5,3)

(6,4)f1g

(6,4)f2g

(7,5)f2g

(7,5)f3g

(8,6)f5g

(7,3)f1g

(7,3)f2g

(8,4)f1g

(8,4)f2g

(8,4)f3g

(8,4)f4g

(8,4)f5g

(8,4)f7g

(8,4)f10g

(9,5)f10g

(9,5)f14g

(9,5)f18g

(9,5)f19g

(9,5)f21g

(10,4)f10g

(10,4)f18g

(10,4)f21g

(10,4)f23g

(10,4)f25g

(10,4)f26g

(10,4)f29g

(10,4)f31g

(10,4)f37g

(10,4)f40g

(10,4)f42g

(10,4)f43g

(10,4)f44g

(10,4)f45g

(10,4)f46g

(10,4)f48g

(10,4)f50g

(10,4)f55g

(10,4)f60g

(10,4)f61g

(10,4)f63g

(10,4)f17g

(9,3)f7g

(9,3)f8g

(9,3)f9g

(9,3)f10g

(9,3)f13g

(9,3)f14g

(9,3)f15g

(9,3)f16g

(9,3)f17g

(11,3)

f45g
f46g
f47g
f48g
f50g
f51g
f52g
f53g
f54g
f55g
f56g
f57g
f58g
f59g
f60g
f61g
f62g
f63g
f64g
f65g
f66g
f67g
f68g
f69g
f70g
f71g
f72g
f73g
f74g
f75g
f76g
f77g
f78g
f79g
f80g
f81g
f82g
f83g
f84g
f89g
f90g
f91g
f94g
f95g
f98g
f99g
f100g
f101g
f102g
f103g
f104g
f105g
f106g
f107g
f108g
f112g
f117g
f118g
f119g
f120g
f121g
f122g

Layer 1

Layer 2

Layer 3

Layer 4

Figure 3.2: Search tree (trellis diagram) corresponding to LETS structures in the
range a ≤ 12 and b ≤ 3 for QC-LDPC codes with dv = 3 and g = 8.
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Table 3.2: Characterization tables of LETSs in QC-LDPC codes with dv = 3,
g = 8, within the range a ≤ 12 and b ≤ 3: proposed search algorithm (top) and
exhaustive search algorithm of [4] (bottom)

Proposed a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10 a = 11 a = 12

b = 0 − − − − − − − − −
b = 1 − − − − − − − − −
b = 2 − − − − − − − − −

b = 3 −
s4(1)

−−−
−

−
s4(2)

−−−
−

−
s4(3), s5(6)

−−−
−

−

s4(52)

s5(10)

−−−
−

−

b = 4

s4(1)

−−−
dot2, pa2

pa3

−
s4(2)

−−−
dot2, pa2

−
s4(5),s5(2)

−−−
dot2, pa2

−
s4(9),s5(13)

−−−
dot2

− −

b = 5 −
s5(1)

−−−
pa2, pa3

−
s4(1), s5(1)

−−−
dot2, pa2

−
s4(1), s5(4)

−−−
dot2

− − −

b = 6 − − − −
s5(1)

−−−
dot2

− − − −

[4] a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10 a = 11 a = 12

b = 0 − −
s4(1)

−−−
−

−
s4(2)

−−−
−

−
s4(5)

−−−
−

−

s4(20)

s5(2)

−−−
−

b = 1 − − − − − − − − −

b = 2 − −

s4(1)

−−−
pa3

pa4, lo44

−
s4(5)

−−−
pa3

−
s4(27)

−−−
pa2

−

s4(178)

s5(9)

−−−
−

b = 3 −

s4(1)

−−−
dot2, dot3

pa3, pa4, lo44

−

s4(3)

−−−
dot2, dot3

pa2, pa3

−

s4(16)

−−−
dot2, dot3

pa2

−

s4(115)

s5(7)

−−−
dot2, dot3

−

b = 4

s4(1)

−−−
dot2, pa2

pa3

−

s4(2)

−−−
dot2, dot3

pa2, pa3

−

s4(9),s5(1)

−−−
dot2, dot3

pa2

−
s4(57),s5(6)

−−−
dot2, dot3

− −

b = 5 −

s5(1)

−−−
dot2, dot3

pa2, pa3

−

s4(2), s5(1)

−−−
dot2, dot3

pa2

−

s4(16), s5(4)

−−−
dot2, dot3

pa2

− − −

b = 6 − − − −
s5(2)

−−−
dot2, dot3

− − − −



CHAPTER 3. CONSTRUCTION OF REGULAR QC-LDPC CODES 33

example, in the second layer of Fig. ?? (solid lines), we only need to keep (6, 4){1}
LETSs since these trapping sets are needed in third and fourth layers. Moreover, to

further reduce the complexity, we can perform the search process within each layer

sequentially. For example, in the third layer of Fig. ?? (dash-dot lines), we can first

apply the expansions corresponding to the (9, 3) structures originated from cycles of

length 8, and in the case that these trapping sets were missing in the graph, we can

continue to search for the rest of the structures in the (9, 3) class that are originated

from cycles of length 10.

3.3.4 Complexity of the Search Algorithm

In general, the complexity of the search algorithm depends on the multiplicity of dif-

ferent LETS structures involved in the search of the graph and the expansions that

are applied to them. There is however no theoretical result for the multiplicity of

different LETS structures in finite graphs. Moreover, as explained before, the graph

itself changes throughout the construction process. In addition, in the layered imple-

mentation of the algorithm, the complexity of the search can highly vary depending

on the layer at which an instance of a structure may be found by the algorithm.

For these reasons, it is difficult to evaluate the complexity of the proposed search

algorithm theoretically.

To compare the complexity of the proposed algorithm with that of the exhaustive

search algorithm of [4], however, we count the number of different LETS structures

involved in the search and the different expansions that are applied to them. For

this, we use characterization tables such as those of Table ??, and calculate the

weighted sum of each expansion over different entries of the table with the weights

being the multiplicity of the structures in the corresponding class. Since different

expansions have different complexities [4], we count the weighted sum for each ex-

pansion, separately. These results for three construction scenarios are listed in Ta-

ble ??: dv = 3, g = 8, r : a ≤ 12, b ≤ 3; dv = 4, g = 6, r : a ≤ 8, b ≤ 5; and

dv = 3, g = 6, r : a ≤ 11, b ≤ 2. For each scenario, we have listed the results for four

search algorithms in four columns. The first column corresponds to the exhaustive

search algorithm of [4] where the QC structure of the graph is not taken into account.

These results correspond to the characterization tables reported in [4]. In the second

column, labeled as “QC,” we have reported the results corresponding to the exhaus-

tive search algorithm of [4], where the QC structure of the graph is taken into account.
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The difference between this case and the first was explained in Section ?? (Table ??).

Finally, the third and fourth columns correspond to the proposed search algorithm

for a general and a QC graph, respectively (where the advantages of layering are

ignored). As an example of how the results in Table ?? are obtained, consider the

first construction scenario and the expansion pa3. For this case, the results reported

in Table ?? for the proposed QC search and QC search are 2 and 14, respectively. By

examining the top part of Table ??, one can see that pa3 appears in only two entries

corresponding to classes (4, 4) and (5, 5), where each class has only one structure,

hence the result 1 + 1 = 2. In the bottom table, however, pa3 appears in 7 entries

corresponding to classes (4, 4), (5, 3), (5, 5), (6, 2), (6, 4), (7, 3), and (8, 2), where each

class has the following number of structures: 1, 1, 1, 1, 2, 3, and 5, respectively, which

add up to 14.

The comparison of the results presented in Table ?? shows the considerable advan-

tage of the proposed algorithm over the exhaustive search of [4], for both a general

and a QC graph. One should also note that further advantage is gained through

the layered implementation of the proposed search algorithm. Table ?? also demon-

strates that the difference between the complexity of searching a general graph and

that of searching a QC graph is smaller for the proposed algorithm compared to the

exhaustive search algorithm of [4].

3.4 Construction of QC-LDPC Codes with Low

Error Floor

In this part, we propose a construction method for protograph-based QC-LDPC codes

with low error floor. The low error floor is achieved by avoiding the LETS structures

within a predetermined list of structures L. This is performed using the proposed

search algorithm discussed in Section ??.

In this work, we tackle two problems related to designing QC-LDPC codes: (a) For

a given base graph of size m×n, a given even integer g0, and a given range a ≤ amax

and b ≤ bmax, find a code with girth at least g0 that has the minimum lifting degree

(block length) and does not have any (a, b) LETS with a ≤ amax and b ≤ bmax; (b)

For a given base graph, a given even integer g0, a given positive integer bmax, and a

fixed lifting degree N , find a code with girth at least g0 and lifting degree N that
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Table 3.3: Complexity comparison between four search algorithms of LETSs: ex-
haustive search algorithm of [4] for a general and a QC graph, and the proposed
search algorithm for a general and a QC graph

dv = 3, g = 8 dv = 4, g = 6 dv = 3, g = 6

a ≤ 12, b ≤ 3 a ≤ 8, b ≤ 5 a ≤ 11, b ≤ 2

[4] QC Proposed Proposed QC [4] QC Proposed Proposed QC [4] QC Proposed Proposed QC

dot2 279 244 42 40 70 67 3 3 132 108 62 59

dot3 278 243 0 0 124 103 30 29 108 73 46 44

dot4 − − − − 110 90 1 1 − − − −

pa2 85 83 14 13 5 4 1 1 40 39 11 11

pa3 14 14 2 2 − − − − 8 8 3 3

pa4 2 2 − − − − − − − − − −

lo33 − − − − − − − − 5 1 − −

lo34 − − − − − − − − 2 1 1 1

lo44 3 2 − − − − − − 2 1 − −

has no (a, b) LETS in the range a ≤ amax and b ≤ bmax, where amax is maximized.

We note that formulation of Problem (a) is similar to the formulation used in [24].

A similar formulation is also commonly used in the context of designing QC-LDPC

codes of a certain girth with minimum length (see, e.g., [64]). We further note that

in Problem (a), rather than a range for a and b values, one can use a list L of LETS

structures to be avoided.

To design a QC-LDPC code based on a given base graph and a given lifting degree,

we need to determine the nonzero elements of the exponent matrix of (??). The design

constraints are to maintain the girth to at least g0, and to ensure that no target LETS

structure from the list L exists in the code. In this work, to design the code, we use

a greedy search algorithm in which the nonzero elements of the exponent matrix P

are selected column by column starting from the leftmost column. At each step, all

the nonzero elements of one column of P are assigned in random simultaneously. The

sub-matrix of the parity-check matrix H corresponding to the selected columns of P

so far is then searched to see if the girth constraint is satisfied (no cycle of length less

than g0 exists in the corresponding graph) and that none of the structures in L exists

in the sub-matrix. If the sub-matrix satisfies these constraints, the algorithm moves

on to the next step and assigns the permutation shifts of the next column of P . If the
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selected column fails to satisfy the constraints, a new random column is selected and

tested. This process will continue until a column is found that satisfies the constraints

or all the possible choices for that specific column are exhausted (although the choices

are made randomly, repeated choices are avoided). In the latter case, the algorithm

back tracks to the previously selected column and makes a new random choice for

it. The algorithm will continue until all the columns of P are assigned and the

corresponding H matrix satisfies all the constraints, or until all the possibilities are

exhausted without reaching a solution. A third possibility would be to stop the

algorithm if it fails to find a solution within a predetermined time period. Note that

to search for the LETSs (of L) in the graph corresponding to the sub-matrix of H at

each step of the algorithm, we use the proposed layered search algorithm of Section

??.

3.5 Numerical Results

In this section, we report some of the constructed QC-LDPC codes based on the

technique described in Section ??. All the simulation results are for binary-input

AWGN channel, and a 5-bit min-sum decoder with clipping threshold equal to 2 [70],

and maximum number of iterations 100. For each simulated point, at least 100 block

errors are collected.

As the first experiment, we tackle Problem (a) in Section ?? for a fully-connected

3 × 5 base graph (dv = 3, dc = 5), with the constraint g0 = 8, and with no LETSs

in ranges r1 to r4, described in Example 1. The lifting degrees and the exponent

matrices of the constructed codes are given in Table ??. To obtain the results for

r1 : a ≤ 6, b ≤ 3, we start from the minimum lifting degree required for having a code

with girth 8, which is N = 13 [64], and increase the lifting degree N by one at each

step until we can find a code which is free of LETSs within the range of interest.

For r1, the result presented in Table ?? is optimal in that N = 18 is the smallest

lifting degree that can result in no LETSs within r1, (i.e., all the possible exponent

matrices for all the values of 13 ≤ N ≤ 17 were checked and none was completely free

of LETSs in r1). To obtain the results for the other ranges, since r1 ⊂ r2 ⊂ r3 ⊂ r4,

for each range ri, 2 ≤ i ≤ 4, we start from the smallest N value obtained for ri−1.

For ranges r2, r3, r4, however, the value of N presented in Table ?? is an upper bound

on the smallest lifting degree satisfying the design constraints, i.e., as the value of N
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Table 3.4: Upper bounds on the lifting degree of girth-8 QC-LDPC codes with
fully-connected 3 × 5 base graph with no LETSs within different ranges, and
the corresponding exponent matrices

Range (a ≤ 6, b ≤ 3) (a ≤ 8, b ≤ 3) (a ≤ 10, b ≤ 3) (a ≤ 12, b ≤ 3)

N 18 26 36 46

Exponent Matrix


0 0 0 0 0

0 1 3 7 8

0 2 11 5 14



0 0 0 0 0

0 1 2 6 16

0 3 21 12 23



0 0 0 0 0

0 1 14 29 34

0 2 24 32 12



0 0 0 0 0

0 1 12 28 33

0 2 22 35 39


Table 3.5: Upper bounds on the lifting degree of girth-8 QC-LDPC codes with

fully-connected 3 × 6 base graph with no LETSs within different ranges, and
the corresponding exponent matrices

Range (a ≤ 6, b ≤ 3) (a ≤ 8, b ≤ 3) (a ≤ 10, b ≤ 3) (a ≤ 12, b ≤ 3)

N 32 41 60 80

Exponent Matrix


0 0 0 0 0 0

0 4 11 17 24 29

0 14 30 5 3 6



0 0 0 0 0 0

0 16 18 19 22 33

0 32 21 26 39 1



0 0 0 0 0 0

0 23 33 38 40 59

0 22 45 54 48 42



0 0 0 0 0 0

0 7 39 41 45 61

0 35 43 51 66 36



was increased at each step by one, we limited the search time for each N to 3 hours.3

If no exponent matrix satisfying all the constraints was found during this time, we

would increase N by one and restart the search.

Similar approach was used for the 3× 6 base graph to design rate-1/2 QC-LDPC

codes with girth 8 and free of LETSs within ranges r1 to r4. The results are presented

in Table ??.

In [24], Problem (a) was tackled for fully-connected base graphs of size 3 × 5

and 3 × 6, g = 8 and r2, i.e., a ≤ 8, b ≤ 3. Based on the design approach of [24],

it was shown that the minimum lifting degrees required to satisfy the trapping set

constraint for the two base graphs are N = 41 and N = 61, respectively. Using a

search algorithm, the authors of [24] were able to find QC-LDPC codes with girth 8

and lifting degrees 41 and 63 for the two base graphs, respectively, that were free of

LETSs within r2, In comparison, the codes designed here have N = 26 and N = 41

for 3×5 and 3×6 base graphs, respectively. These codes are significantly superior to

those found in [24], in the sense that they have the same girth and degree distribution

and satisfy the same trapping set constraint but have a much smaller block length.

3Our search algorithm is implemented in MATLAB and is run on a PC with 3.50 GHZ CPU and
32 GB RAM.



CHAPTER 3. CONSTRUCTION OF REGULAR QC-LDPC CODES 38

Table 3.6: Multiplicities of LETS structures in the range a ≤ 12 and b ≤ 4 for Code
C1 and the code designed in [24]

(a, b) class C1 Code of [24] (a, b) class C1 Code of [24]

(4, 4) 451 451 (10, 4) 8651 12956

(6, 4) 533 820 (11, 3) 328 1230

(8, 4) 1599 3485 (12, 2) 0 123

(9, 3) 0 246 (12, 4) 42599 57195

The main reason for the improved results in this work compared to [24] is that,

contrary to the approach adopted here which in fact imposes a necessary and sufficient

condition for removing all the LETS structures within the targeted range, in [24], the

authors targeted the (5, 3) and (6, 4){1} structures. Note that (6, 4){1} structure

is a parent to some of the targeted structures in the range but is not of interest

itself. This imposes a sufficient but not necessary condition for removing the targeted

LETSs. This unnecessary constraint imposed on the design degrades the quality of

the achievable solution.

As another example, we design a QC-LDPC code C1 lifted from the 3 × 5 fully-

connected base graph with lifting degree N = 41, with g = 8, and free of LETSs

within the union of two rectangular regions a ≤ 10, b ≤ 3, and a ≤ 12, b ≤ 2. The

exponent matrix of C1 is

P1 =


0 0 0 0 0

0 1 5 7 26

0 3 13 30 37

 . (3.1)

This code has the same degree distribution and block length as the code designed

in [24], but is free of LETS structures within a much larger region. (See Table ?? for

the comparison of LETS distributions. In the table, we have only listed the classes

for which at least one code has non-zero multiplicity).

As another experiment, we construct a QC-LDPC code which has similar parame-

ters to the well-known (155, 64) Tanner code [71], but has a lower error floor. Tanner

code is a cyclic lifting of the fully-connected 3 × 5 base graph with N = 31 and has

g = 8. A similar code was also designed in [23] with the goal of reducing the error
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floor by removing all (5, 3) LETSs and minimizing the number of (6, 4) LETSs in the

Tanner graph of the code. In this case, we use the formulation of Problem (b) in

Section V for the fully-connected 3 × 5 base graph with N = 31 and g0 = 8. We

consider two cases of bmax = 3 and bmax = 2, and are able to construct two codes that

are free of LETS structures up to size amax = 8 and amax = 10, respectively. Then, we

target the union of the LETSs within the two regions a ≤ 8, b ≤ 3, and a ≤ 10, b ≤ 2,

and are able to design a code C2 with N = 31 and g = 8 that has no LETS within

the targeted region. The exponent matrix of this code is as follows

P2 =


0 0 0 0 0

0 1 5 21 30

0 3 13 6 20

 . (3.2)

We have presented the multiplicities of LETSs of the designed code and those of the

Tanner code as well as the code designed in [23] in Table ??. It is well-known that

the most dominant trapping sets of the Tanner code are (8, 2) and (10, 2) LETSs,

respectively. Both structures are completely removed from C2. On the other hand,

for the code of [23], although the (8, 2) LETSs are removed, there are still a number

of (10, 2) LETSs present. This code also has 31 instances of the (7, 3) LETS, another

potentially problematic structure. We have compared the frame error rate (FER) of

the constructed code C2 with those of Tanner code and the code of [23] in Fig. ??.

The superior performance of C2 over both Tanner code and the code of [23] in the

error floor region can be observed. Based on the LETS multiplicities presented in

Table ??, we expect the performance gap between C2 and the code of [23] to increase

by further increase in the signal-to-noise ratio (SNR). In fact, based on the simulation

results, at SNR = 6 dB, 44 out of 100 errors of the code designed in [23] are (10, 2)

LETSs, which are completely absent in C2.
As another example, we construct girth-6 codes following the formulation of Prob-

lem (a), and by using the fully-connected 3 × 5 base graph with the constraint that

the code is free of LETSs within 4 different ranges as shown in Table ??. The smallest

lifting degree and the exponent matrix for each case are also given in Table ??. For

the first range, a ≤ 5 and b ≤ 2, our search result is exhaustive and N = 10 is in
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Table 3.7: Multiplicities of LETS structures in the range a ≤ 12 and b ≤ 3 for C2,
(155, 64) Tanner code, and the code of [23]

(a, b) class Tanner Code Code of [23] C2 (a, b) class Tanner Code Code of [23] C2
(4, 4) 465 527 558 (9, 3) 1860 558 465

(5, 3) 155 0 0 (10, 2) 1395 93 0

(7, 3) 930 31 0 (11, 3) 6200 4960 4154

(8, 2) 465 0 0 (12, 2) 930 992 682

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

SNR(dB)

10-8

10-6

10-4
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F
E

R

Tanner Code [71]

Code of [23]

C2

C3

Figure 3.3: FER comparison among constructed codes C2, C3, (155, 64) Tanner code,
and the code of [23] (All codes are QC, and have dv = 3, dc = 5. The code C2,
(155, 64) Tanner code, and the code of [23] have g = 8 and block length 155,
while C3 has g = 6 and block length 145).
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Table 3.8: Upper bounds on the lifting degree of girth-6 QC-LDPC codes with
fully-connected 3 × 5 base graph with no LETSs within different ranges, and
the corresponding exponent matrices

Range (a ≤ 5, b ≤ 2) (a ≤ 7, b ≤ 2) (a ≤ 9, b ≤ 2) (a ≤ 11, b ≤ 2)

N 10 15 22 29

Exponent Matrix


0 0 0 0 0

0 3 5 6 8

0 2 8 4 9




0 0 0 0 0

0 2 7 10 14

0 12 11 2 13




0 0 0 0 0

0 10 12 13 18

0 21 19 14 20




0 0 0 0 0

0 4 9 15 16

0 8 16 1 18



fact the smallest possible lifting degree that can satisfy the LETS constraint. For

the other ranges, the search is not exhaustive and the given value of N provides an

upper bound on the smallest lifting degree. We have included the FER of the code

C3 designed to be free of LETSs in the range a ≤ 11, b ≤ 2, in Fig. ??. As can be

seen, this code handily outperforms the Tanner code in the error floor region. This

is impressive, considering that both the girth and the block length of C3 are smaller

than those of the Tanner code (6 vs. 8, and 145 vs. 155, respectively).

To further demonstrate the strength of the designed codes, we consider the code

whose exponent matrix is given in the last column of Table ??, and compare it with

similar codes (3×6 fully-connected base graph, N = 80 and g = 8) constructed using

the well-known QC-PEG [17] and Improved QC-PEG [23] methods. The multiplicities

of LETSs for the three codes are presented in Table ??. As can be seen from the table,

many of LETSs that dominate the error floor performance of the other two codes are

absent from the Tanner graph of the designed code. To investigate this further, in

Fig. ??, we have provided the FER of the three codes. Fig. ?? shows the superior

error floor performance of the designed code. Based on the simulation results, the

dominant trapping set structures of QC-PEG code are (8, 2) and (10, 2). In the code

of [23], the (8, 2) structure has been removed and thus the error floor performance

has improved compared to the QC-PEG code. The dominant trapping sets of the

code of [23] are in (10, 2) and (12, 2) classes, followed by (7, 3) and (9, 3) classes. All

of these classes however, are absent from our designed code, thus the superior error

floor performance.

All the examples given so far, similar to the majority of the results available in the

literature, were for codes with dv = 3. To demonstrate the generality of our method,
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Figure 3.4: FER performance of the constructed (480, 240) QC-LDPC code (last
column of Table ??) in comparison with the FER of similar codes constructed
by QC-PEG [17] and Improved QC-PEG [23].

Table 3.9: Multiplicities of LETS structures in the range a ≤ 12 and b ≤ 3, for the
designed code (last column of Table ??) and similar codes designed by QC-PEG
methods

(a, b) class QC-PEG [17] Improved QC-PEG [23] Designed Code

(7, 3) 160 160 0

(8, 2) 80 0 0

(9, 3) 160 480 0

(10, 2) 160 80 0

(11, 3) 1280 1120 0

(12, 2) 240 160 0



CHAPTER 3. CONSTRUCTION OF REGULAR QC-LDPC CODES 43

we also construct girth-6 codes from the fully-connected 4× 6, 4× 8 and 4× 16 base

graphs following the formulation of Problem (a) in Section V. For each base graph,

four codes are designed, where the LETS structures within 4 different ranges are

avoided. The results are presented in Tables ??, ??, and ??, respectively. All the

values of N in these tables are upper bounds on the smallest lifting degree that can

satisfy the corresponding LETS constraint, with the exception of the result of N = 7

in Table ??, which is in fact the smallest lifting degree that can result in a code free

of LETSs within the range a ≤ 5, b ≤ 5. We note that Diouf [72] has constructed a

protograph-based QC-LDPC code with g = 6 and free of the (4, 4) LETS structure

using the 4× 6 fully-connected base graph with N = 7. An examination of the code

of [72] reveals that its LETS distribution within the range a ≤ 8, b ≤ 5 is the same

as that of the code designed here.

As another example, we consider the regular (576, 432) QC-LDPC code with dv =

4 designed in [34]. This code is designed based on array dispersion method, where

first a 4×36 exponent matrix with lifting degree N = 36 is constructed, and then, 16

columns of this matrix are selected such that the resulting code contains fewer short

cycles and larger girth. For comparison, we design a cyclic lifting C4 of the 4 × 16

base graph with N = 36 and g = 6 and free of LETSs within the union of the ranges

a ≤ 5, b ≤ 5 and a ≤ 8, b ≤ 3:

P4 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 2 4 5 8 10 11 12 16 18 20 22 23 28 29 33

0 34 22 6 25 20 30 23 32 5 35 28 21 31 7 1

0 33 17 2 26 8 20 4 10 35 19 32 31 3 14 29


. (3.3)

In Table ??, we have listed the LETSs of C4 and the code of [34] in the range

a ≤ 8, b ≤ 6. The FER curves for the two codes are also given in Fig. ??. These

results clearly show the superior LETS distribution and error floor performance of C4.
As the final example, we consider a (2133, 1817) array-based code with lifting

degree N = 79, dv = 4, and dc = 27. To construct this code, similar to the previous
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Table 3.10: Upper bounds on the lifting degree of girth-6 QC-LDPC codes with
fully-connected 4 × 6 base graph with no LETSs within different ranges, and
the corresponding exponent matrices

Range (a ≤ 5, b ≤ 5) (a ≤ 6, b ≤ 5) (a ≤ 7, b ≤ 5) (a ≤ 8, b ≤ 5)

N 7 13 15 17

Exponent Matrix


0 0 0 0 0 0

0 1 2 3 4 5

0 2 4 6 1 3

0 4 1 5 2 6




0 0 0 0 0 0

0 8 9 10 11 12

0 3 10 8 4 2

0 2 4 6 1 11




0 0 0 0 0 0

0 1 3 7 8 13

0 2 6 3 12 7

0 3 10 6 5 4




0 0 0 0 0 0

0 6 13 14 15 16

0 4 15 10 5 7

0 3 6 4 2 5



Table 3.11: Upper bounds on the lifting degree of girth-6 QC-LDPC codes with
fully-connected 4 × 8 base graph with no LETSs within different ranges, and
the corresponding exponent matrices

Range (a ≤ 5, b ≤ 5) (a ≤ 6, b ≤ 5)

N 15 18

Exponent Matrix


0 0 0 0 0 0 0 0

0 4 5 9 11 12 13 14

0 7 6 14 5 10 12 1

0 14 3 8 13 9 1 6




0 0 0 0 0 0 0 0

0 9 10 13 14 15 16 17

0 5 2 4 15 1 11 16

0 12 7 1 9 17 2 4


Range (a ≤ 7, b ≤ 5) (a ≤ 8, b ≤ 5)

N 21 24

Exponent Matrix


0 0 0 0 0 0 0 0

0 4 15 16 17 18 19 20

0 17 9 5 4 1 20 19

0 6 5 4 15 3 14 12




0 0 0 0 0 0 0 0

0 11 15 17 19 20 21 23

0 22 5 21 13 2 14 20

0 10 9 18 7 16 6 13
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Table 3.12: Upper bounds on the lifting degree of girth-6 QC-LDPC codes with
fully-connected 4 × 16 base graph with no LETSs within different ranges, and
the corresponding exponent matrices

Range Exponent Matrices

N = 32, (a ≤ 5, b ≤ 5)


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 2 3 4 6 10 12 14 16 18 20 23 24 25 28 31

0 17 16 25 20 3 29 22 11 6 27 2 8 23 15 5

0 12 21 2 8 25 18 7 10 13 31 30 9 16 27 3



N = 44, (a ≤ 6, b ≤ 5)


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 3 5 8 9 11 12 16 17 20 23 24 26 33 39

0 15 31 13 21 2 35 32 3 34 42 9 30 11 29 7

0 20 9 30 16 37 29 11 18 22 43 21 7 17 13 4



N = 54, (a ≤ 7, b ≤ 5)


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 2 3 5 7 10 12 13 16 18 20 21 22 23 29 50

0 47 7 28 39 20 53 27 6 25 8 24 11 35 22 34

0 5 28 45 9 29 13 47 33 30 24 53 3 17 52 11



N = 60, (a ≤ 8, b ≤ 5)


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 2 3 8 10 12 14 15 17 20 21 26 28 37 40

0 5 49 25 40 15 27 35 29 24 9 30 42 4 18 39

0 3 40 47 36 23 19 45 6 21 8 55 49 42 1 32



Table 3.13: Multiplicities of LETS structures in the range a ≤ 8 and b ≤ 6 for the
constructed code C4 and the code of [34]

(a, b) class C4 Code of [34] (a, b) class C4 Code of [34]

(3, 6) 14580 12456 (7, 4) 2340 20160

(4, 4) 0 144 (7, 6) 590724 1122480

(4, 6) 27000 27648 (8, 0) 0 171

(5, 4) 0 324 (8, 2) 0 2520

(5, 6) 59508 88416 (8, 4) 14634 96732

(6, 4) 756 7236 (8, 6) 2345328 3616272

(6, 6) 189360 359136
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Figure 3.5: FER curves of the constructed (576, 432) code C4 and the similar code
of [34].
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example, first a 4 × 79 exponent matrix is generated, and then 27 columns of this

matrix are chosen such that the resulting code has fewer short cycles and larger

girth [34]. For comparison, we then use our technique to construct a code C5 with

similar parameters (N = 79, dv = 4, dc = 27) which is free of LETSs within the union

of the ranges a ≤ 7, b ≤ 5, and a ≤ 8, b ≤ 3. The exponent matrix of C5 is given by:

P5 =



0 0 0 0 0 0 0 0 0 0 0 0 0

0 2 3 5 6 9 11 12 13 17 19 21 24

0 24 68 66 36 59 37 45 29 58 64 75 34

0 4 12 76 43 53 8 54 34 66 22 77 72

0 0 0 0 0 0 0 0 0 0 0 0 0 0

28 30 34 36 37 38 46 49 51 52 55 60 64 69

2 57 70 55 35 40 27 1 11 67 72 65 23 32

55 36 35 15 25 13 41 62 68 56 78 10 38 9


.

(3.4)

The exhaustive search of LETSs within the range of a ≤ 8 and b ≤ 5 for C5
reveals that this code has only one class, i.e., (8, 4), within this range with non-zero

multiplicity. The multiplicity of (8, 4) LETSs in C5 is 5925. On the other hand, the

code of [34] has three classes with non-zero multiplicity in the range a ≤ 8, b ≤ 5.

These classes are (7, 4), (8, 2) and (8, 4), with multiplicities 9006, 3634, and 122450,

respectively. As can be seen, the designed code has a superior LETS distribution,

and thus a lower error floor, compared to the code of [34]. In fact, our simulations

show that the most dominant class of trapping sets in the code of [34] is the (8, 2)

class, which is completely absent in the designed code.

Finally, in order to demonstrate the complexity reduction of the proposed search

technique in comparison with the dpl search of [4], in Table ??, we have listed the run-

time of both algorithms for finding the solutions in the largest ranges of Tables ??,

??, ??, ??, and ??. As can be seen, in all cases, the proposed algorithm is much

faster than that of [4] by up to more than one order of magnitude.
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Table 3.14: Comparison of run-times for the proposed method and the method of [4]

Range of a and b values (a ≤ 12, b ≤ 3) (a ≤ 12, b ≤ 3) (a ≤ 8, b ≤ 5) (a ≤ 8, b ≤ 5) (a ≤ 8, b ≤ 5)

Girth g 8 8 6 6 6

Variable node degree dv 3 3 4 4 4

Check node degree dc 5 6 6 8 16

Lifting degree N 46 80 17 24 60

Run-time of the proposed method (sec.) 2889 3425 755 2642 487

Run-time of the method of [4] (sec.) 36293 42955 5518 14718 3591



Chapter 4

Construction of Irregular QC-LDPC

Codes with Low Error Floor

4.1 Introduction

In chapter ??, we studied a related but fundamentally different problem of finding out

whether any instance from a collection of LETS structures exists in a given variable-

regular LDPC code or not. We then devised an efficient dpl-based algorithm that

can solve this problem, and used it to design QC-LDPC codes from fully-connected

base graphs. In this chapter, we extend the algorithm of [62] to irregular binary

LDPC codes and use it to design irregular protograph-based QC-LDPC codes. The

extension from regular to irregular codes is a challenging task since the variety of

LETS structures of irregular codes within a given class is often significantly larger than

that of regular codes. This makes the study of parent/child relationships between the

LETS structures of interest through the three dpl expansions complex. Establishing

such relationships is an essential step in achieving the ultimate goal of devising a

search algorithm with minimal complexity that can solve the problem of interest.

To minimize the complexity of the search, one needs to find the minimum number

of structures within the range of interest that need to be targeted. After that, one

needs to devise a low complexity dpl-based search algorithm, starting from simple

cycles and by using out-of-range structures, to systematically search for the targeted

in-range structures.

As we mentioned in chapter ??, ETSs are divided into LETSs and ETSLs. ETSLs

can be partitioned into two categories: those with cycles, denoted by ETSL1, and

those without any cycle, denoted by ETSL2 [5]. Based on our experiments with

49
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irregular QC-LDPC codes, for such codes, there are no ETSL2’s in the error floor

region. In this work, we are thus only concerned about LETSs and ETSL1’s. The

following proposition shows that removing LETSs within a certain range guarantees

that all the ETSL1’s are also removed in that range.

Proposition 3. Consider an irregular Tanner graph G with δ(G) ≥ 2, and free of

LETSs within the range of a ≤ amax, b ≤ bmax. Then, graph G is also free of ETSL1’s

within the range a ≤ amax + 1, b ≤ bmax.

Proof. Let S be an (a, b) ETSL1 structure. Call the largest LETS subset of S, S ′,

and suppose that S ′ is in the (a′, b′) class. We then have a′ < a and b′ ≤ b. Now,

in contrast to the claim of the proposition, assume that G has an (a, b) ETSL1, S,

within the range a ≤ amax + 1 and b ≤ bmax. This implies that the largest LETS

subset of S is within the range a ≤ amax, b ≤ bmax, which is a contradiction.

Based on Proposition ??, throughout this chapter, we only focus on the elimination

of LETSs from the constructed codes.

The remainder of this chapter is organized as follows. In Section ??, we propose

the low-complexity layered search algorithm for finding LETSs of an irregular QC-

LDPC code. Section ?? is devoted to the comparison between the proposed search

algorithm and that of [5]. In Section ??, a method for construction of irregular QC-

LDPC codes with good waterfall performance and low error floor is described. We

present some constructed codes and simulation results comparing them with similar

existing codes in Section ??.

4.2 Efficient Search Algorithm for Finding LETSs

of an Irregular LDPC Code

In this chapter, our goal is to design irregular protograph-based QC-LDPC codes free

of certain collection of LETS structures denoted by L. We achieve this goal in two

steps. In the first step, we design a base graph with m check nodes and n variable

nodes to obtain a code rate of R ≥ 1 − m/n. The degree distribution of the base

graph is selected based on a constraint on the maximum variable node degree dvmax ,

and to obtain the best waterfall performance. In the second step, given the base

graph, we design the exponent matrix for the best error floor performance. To obtain
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the non-infinity elements of the exponent matrix, we assign them column by column.

Each time that a new column is added, we use the search algorithm devised in this

section to find the answer to the following decision problem: Does there exist any

instance of LETS structures in L in the Tanner graph constructed so far? If the

answer is negative, we move on to assign the next column of the exponent matrix.

Otherwise, a new candidate for the present column is selected. In the construction

process, we may need to run the search algorithm hundreds or thousands of times.

For the construction process to be feasible in practice, it is thus essential to have

a low complexity search algorithm. A naive approach to perform the search would

be to use the exhaustive search algorithm of [5], and see if the algorithm can find

any instance of LETSs in L. This however appears to be prohibitively complex for

our application. In this section, we thus develop an efficient algorithm to solve the

decision problem, described above, for irregular Tanner graphs. Compared to the case

of regular Tanner graphs considered in [62], this is considerably more challenging due

to the much larger number of non-isomorphic structures within each class that need

to be identified and enumerated, and the larger variety of parent/child relationships

among different structures that need to be identified and then selectively chosen to

minimize the search complexity.

4.2.1 Finding all non-isomorphic LETS structures within a

given class of an irregular Tanner graph

To achieve a low error floor, the design problem is often formulated such that TSs

within a collection of dominant classes are avoided. Such classes are often identified

by the range of their a and b values, i.e., a ≤ amax and b ≤ bmax. As the first step

of the design, we thus need to obtain the collection L of all the LETS structures

within different classes in the range of interest. To demonstrate the complexity of

this task for irregular codes in comparison with that of regular codes, it is helpful to

consider a variable-regular code with dv = dvmax , where dvmax is the maximum variable

node degree of the irregular code. The next proposition and the example that follows

demonstrate that corresponding to each (a, b) LETS structure of the variable-regular

code, there exist a large number of (a, b′) LETS structures with b′ ≤ b in the irregular

code.

Proposition 4. Consider the normal graph Ĝ(S) of an (a, b) LETS structure S
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in a variable-regular Tanner graph G with variable node degree dv. Also, consider

all the non-isomorphic (a, b′) LETS structures S ′ in an irregular Tanner graph G′

with dvmax = ∆(G′) = dv, whose normal graph is also Ĝ(S). If G′ can have all the

variable node degrees in the range [2, dv], then the multiplicity of such TSs (S ′) is∏a
i=1(dv − dvi + 1), where dvi is the degree of the i-th node in Ĝ(S), and for all such

TSs, we have b′ ≤ b.

Proof. For the LETS of the variable-regular graph, we have b =
∑a

i=1(dv − dvi). On

the other hand, for every quasi-normal hypergraph Ǧ′(S ′) in G′, whose projection is

Ĝ(S), b′ =
∑a

i=1(d
′
vi
− dvi), where d′vi is the degree of the i-th variable node in S ′.

Since d′vi ≤ dv, it can be concluded that b′ ≤ b. Moreover, to obtain a quasi-normal

hypergraph, as an inverse image of Ĝ(S), one can add 0, . . . , dv−dvi edges to the i-th

node of Ĝ(S). Since these choices for different nodes of Ĝ(S) can be freely combined

to obtain different (non-isomorphic) quasi-normal hypergraphs, the total number of

quasi-normal hypergraphs is
∏a

i=1(dv − dvi + 1).

Example 3. Consider the (5, 4) LETS structure in a variable-regular LDPC code

with dv = 4 whose normal graph is shown in Fig. ??(a). Corresponding to this

normal graph, there exist 12 non-isomorphic (5, b′) LETS structures with b′ ≤ 4, in

an irregular code with dvmax = 4, whose variable node degrees can be 2, 3 or 4. The

quasi-normal hypergraphs of these structures are shown in Fig. ??(b).

Suppose that our goal is to find all non-isomorphic (a, b′) LETS structures of an

irregular graph with maximum variable node degree dvmax in the range of a ≤ amax and

b′ ≤ bmax. To perform this task, for each (a, b) class with a ≤ amax and b ≤ bmax, we

first find the normal graphs of all the (non-isomorphic) LETS structures within that

class for variable-regular Tanner graphs with dv = dvmax . For each value of a ≤ amax,

we then go through all the classes with different values of b, and based on Proposition

??, generate all the quasi-normal hypergraphs that are the inverse images of the

normal graphs in those classes. As these quasi-normal hypergraphs are generated,

we correspondingly assign them to proper (a, b′) classes, depending on their b′ values.

At the end of this process, we have all the non-isomorphic LETS structures of the

irregular graphs within all the (a, b′) classes with a ≤ amax and b′ ≤ bmax.

We note that avoiding odd-degree variable nodes can significantly reduce the vari-

ety of LETS structures, and thus the complexity of the search algorithm. In addition,

it can improve the error floor as a result of smaller number of LETS structures within
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(a)

(b)

(5; 4) (5; 3) (5; 3) (5; 3)

(5; 2) (5; 2) (5; 2) (5; 2)

(5; 1) (5; 1) (5; 1) (5; 0)

Figure 4.1: (a) Normal graph of a (5, 4) LETS structure in variable-regular Tanner
graphs with dv = 4, (b) quasi-normal hypergraphs of all possible LETS struc-
tures in an irregular Tanner graph with dvmax = 4 with the same normal graph
as in Part (a).
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a certain range of interest. These advantages come at the expense of a rather small

sacrifice in the performance of the designed codes in the waterfall region.

Example 4. Fig. ?? provides all possible LETS structures with a = 3 and a = 4

in irregular Tanner graphs with g = 6 and dvmax = 4. As can be seen, there are 10

and 45 structures with a = 3 and a = 4, respectively. If variable nodes with degree

3 are avoided, the number of structures is reduced to 4 and 10, respectively. These

structures are boldfaced in Fig. ??.

Proposition 5. In an irregular Tanner graph G′ with no odd-degree variable nodes,

there does not exist any (a, b′) ETS with odd value of b′.

Proof. For an (a, b′) ETS S ′ in the irregular Tanner graph G′, we have b′ =
∑a

i=1(d
′
vi
−

dvi), where d′vi is the degree of the i-th variable node in S ′, and dvi is the degree of

the i-th node in the corresponding normal graph Ĝ′(S ′). By the definition of normal

graph, we have
∑a

i=1 dvi = 2 × |E(Ĝ′(S ′))|, where E(Ĝ′(S ′)) is the set of edges of

Ĝ′(S ′). We thus conclude that
∑a

i=1 dvi is an even number. By the assumption of the

proposition,
∑a

i=1 d
′
vi

is also an even number. Thus, since b′ is the difference of the

two even numbers, it must also be even.

Example ?? and Proposition ?? demonstrate the benefits of not having odd-degree

variable nodes in the code’s Tanner graph. In our constructions, therefore, we consider

irregular LDPC codes without odd-degree variable nodes.

Example 5. Table ?? shows the multiplicity of LETS structures of an irregular Tan-

ner graph with g = 6 and dvmax = 4, and without any degree-3 variable nodes, within

different (a, b′) classes in the range of a ≤ 8 and b′ ≤ 16. As an example, there are 72

non-isomorphic LETS structures in the (8, 0) class. The quasi-normal hypergraphs of

such structures are obtained, based on Proposition ??, by finding the inverse images

of the normal graphs of all possible (8, b) LETS structures with b ≤ 16 of a variable-

regular Tanner graph with g = 6 and dv = 4, and then removing those that include

any degree-3 nodes.
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b = 0

a = 3 a = 4

b = 1

b = 2

b = 3

b = 4

b = 5

b = 6

b = 7

b = 8

Figure 4.2: The quasi-normal hypergraphs of all possible non-isomorphic LETS
structures for irregular Tanner graphs with g = 6 and variable node degrees 2,
3 and 4. If variable node degrees are limited to 2 and 4, only the boldfaced
structures remain.
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Table 4.1: Multiplicities of all possible non-isomorphic (a, b′) LETS structures in the
range a ≤ 8 and b′ ≤ 16 of an irregular Tanner graph with g = 6 and variable
node degrees 2 and 4.

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8

b′ = 0 1 1 4 8 21 72

b′ = 1 0 0 0 0 0 0

b′ = 2 1 2 8 28 110 510

b′ = 3 0 0 0 0 0 0

b′ = 4 1 4 12 50 242 1315

b′ = 5 0 0 0 0 0 0

b′ = 6 1 2 9 46 256 1631

b′ = 7 − 0 0 0 0 0

b′ = 8 − 1 4 22 147 1105

b′ = 9 − − 0 0 0 0

b′ = 10 − − 1 6 50 429

b′ = 11 − − − 0 0 0

b′ = 12 − − − 1 9 101

b′ = 13 − − − − 0 0

b′ = 14 − − − − 1 13

b′ = 15 − − − − − 0

b′ = 16 − − − − − 1
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4.2.2 Parent/child relationships among LETSs of irregular

codes and the determination of minimal target set Lt
of LETSs

After the determination of all the LETS structures L that are to be avoided in the

constructed LDPC code, we need to efficiently solve the decision problem of whether

any instances of such structures exists in an irregular Tanner graph. For this, we

investigate the parent/child relationships among all the structures in L, with the aim

to find a minimal subset Lt of L such that solving the decision problem for Lt would

be equivalent to solving it for L. This minimal target set contains all the structures in

L that are not child to any other structure in L. The reason is that, by the definition

of Lt, any structure in L \ Lt is a child to at least one of the structures in Lt and

thus avoiding all the structures in Lt implies that all the structures in L\Lt are also

avoided.

Here, we recall the definition of the three dpl expansions that govern parent/child

relationships among LETSs [4, 5]. The notation dotkm is used when a variable node

of degree k is appended to a parent structure S through m degree-1 check nodes of

G(S) to produce a child structure. Notation pam is used for the expansion by a path

of length m + 1 that is appended to the parent structure S through two degree-1

check nodes of G(S). Finally, the notation locm is used for an expansion of a parent

structure S by appending a lollipop walk of length m+1 that includes a cycle of length

c through a degree-1 check node of G(S). The following example demonstrates the

variety of parent/child relationships that can exist among different LETS structures

of an irregular code.

Example 6. Consider the (6, 6) LETS structure of irregular Tanner graphs with

g = 6 and dvmax = 4 depicted in Fig. ??. This structure can be generated through

the application of different (series of) expansions to different parent structures. Four

such possibilities are shown in Fig. ??(a)-(d).

Example 7. Consider irregular LDPC codes with g = 6 and variable node degrees

2 and 4, and the following embedded ranges for a and b values of LETS classes:

r1 : a ≤ 3, b ≤ 3, r2 : a ≤ 4, b ≤ 3, r3 : a ≤ 5, b ≤ 3, r4 : a ≤ 6, b ≤ 3, r5 : a ≤ 7, b ≤ 3,

and r6 : a ≤ 8, b ≤ 3. The sets Lt corresponding to these six ranges are provided in

Table ??. The entry i× (j, k) in the table indicates that i structures within the (j, k)
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Figure 4.3: Different possibilities that a (6, 6) LETS structure of an irregular Tanner
graph can be generated from its parent structures.
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Table 4.2: Minimal set of target LETS structures for different ranges of LETS classes
in an irregular code with g = 6 and variable node degrees 2 and 4

Range of interest Minimal target set Lt

r1 = a ≤ 3, b ≤ 3 1× (3, 0), 1× (3, 2)

r2 = a ≤ 4, b ≤ 3 1× (3, 0), 1× (3, 2), 1× (4, 0), 2× (4, 2)

r3 = a ≤ 5, b ≤ 3 1× (3, 0), 1× (3, 2), 1× (4, 0), 2× (4, 2), 2× (5, 0), 6× (5, 2)

r4 = a ≤ 6, b ≤ 3 1× (3, 0), 1× (3, 2), 1× (4, 0), 2× (4, 2), 2× (5, 0), 6× (5, 2), 2× (6, 0), 17× (6, 2)

r5 = a ≤ 7, b ≤ 3
1× (3, 0), 1× (3, 2), 1× (4, 0), 2× (4, 2), 2× (5, 0), 6× (5, 2), 2× (6, 0), 17× (6, 2)

3× (7, 0), 68× (7, 2)

r6 = a ≤ 8, b ≤ 3
1× (3, 0), 1× (3, 2), 1× (4, 0), 2× (4, 2), 2× (5, 0), 6× (5, 2), 2× (6, 0), 17× (6, 2)

3× (7, 0), 68× (7, 2), 7× (8, 0), 302× (8, 2)

class are part of the corresponding Lt. We note that for the largest range r6, we have

|Lt| = 412 versus |L| = 766.

4.2.3 Finding the minimal set of out-of-range LETS struc-

tures and the layered search algorithm

The next step, after finding the set Lt, is to devise a low-complexity search algorithm

that can solve the decision problem of whether any instance of any of the LETS

structures in Lt exists in a Tanner graph. To solve this problem, we examine the out-

of-range parent structures of the structures in Lt, and devise a recursive algorithm

that can find a minimal set of such structures, going all the way back to simple cycles.

The main tool to find such parent structures is the following lemma.

Lemma 2. [5] In an irregular Tanner graph with girth g, structures in (a, b) LETS

class can be generated through expansions dotkm with 2 ≤ m ≤ k, pam with m ≥ 2, and

locm with m ≥ g/2 and g/2 ≤ c ≤ m, where the parent structures are respectively in

classes (a−1, b+2m−k), (a−m, b+2−
∑m

i=1(dvi−2)), and (a−m, b+2−
∑m

i=1(dvi−2)),

with dvi being the degree of the i-th variable node in the expansion. If the number of

odd-degree check nodes of the parent structure is represented by b′, for dotkm, pam, and

locm expansions, we must have b′ ≥ 2, b′ ≥ 2, and b′ ≥ 1, respectively.

Example 8. Consider irregular LDPC codes with g = 6 and variable node degrees

2 and 4, and suppose that one is interested in finding all the possible parent classes
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that can generate LETS structures in the (8, 2) class. Using Lemma ??, one can see

that LETSs in (7, 2), (7, 4), (7, 4), and (7, 6) classes can potentially generate (8, 2)

structures through dot42, dot43, dot
2
2, and dot44, respectively. For path expansions, pa2

on (6, 2) and (6, 4) structures, pa3 on (5, 2) and (5, 4) structures, pa4 on (4, 2) and

(4, 4) structures, and pa5 on (3, 2) and (3, 4) structures may generate LETS structures

in the (8, 2) class. Finally, lo33, {lo34, lo44}, and {lo35, lo45, lo55} can possibly result in (8, 2)

LETS structures from (5, 2), (4, 2), and (3, 2) structures, respectively.

To find the out-of-range structures required for searching the structures in Lt, we

start from the structures in Lt with the largest size, and work our way down to the

structures with the smallest size. At the first step, we store the largest size structures

of Lt in S = S1, and among the set of all possible out-of-range direct parent structures

P of these structures, we look for a subset Π1 that can generate all the structures

in S and has the minimum cardinality |Π1|, and a higher chance of having a smaller

multiplicity of instances in a code. In the selection process of structures in Π1, if there

are two parent classes (a1, b1) and (a2, b2) for the same child class in S, we prioritize

them as follows: (i) if a1 = a2, the class with smaller b has higher priority; (ii) if

b1 = b2, then the class with smaller a has higher priority; (iii) if a1 < a2 and b1 < b2,

the priority is given to (a1, b1); (iv) finally, if a1 > a2 and b1 < b2, we give the priority

to trapping set class (a1, b1). Moreover, within a given parent class, the priority is

given to the structures with the largest number of children in S. The reason for the

choices (i)-(iv) is that the multiplicity of LETSs often increases with the increase in

the size and the number of odd-degree check nodes, with the latter often having a

more dominant effect. At the second step, we store the structures in Lt with the

second largest size in S2, and choose S = S2∪Πtemp, where Πtemp are those structures

in Π1 that have the same size as those in S2. We then continue by finding the set

of parent structures Π2 of S following the same criteria as explained for Π1. This

ends the second step. This recursive process continues until we cover all the LETS

structures in Lt down to those with size a = g/2. At step i, we have S = Si ∪Πtemp,

where Πtemp consists of all the structures in Π1 ∪ · · · ∪ Πi−1 that have the same size

as those in Si. A pseudo-code of this process in given in Algorithm ??. The output

of the algorithm is the set Π = Π1 ∪ · · · ∪ Πη, where η is the number of different TS

sizes in Lt.
Finally, to make the search algorithm more efficient, similar to [62], we implement

the algorithm in multiple layers, where all the structures in Π and Lt are partitioned
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into groups according to the size of the LETS structures. Groups containing smaller

size structures are then searched for earlier in the process. If an instance of a LETS

structure in one group is found in the graph, the search will stop without any need to

continue the search for structures within the groups that contain larger size structures.

For further memory reduction, in each layer of the search algorithm, we only keep

those LETSs that are needed for the next layer(s) of the search algorithm.

Example 9. Consider the case of Example ??, where all LETSs in the range r6

are to be avoided. The set Lt for r6 is given in the last row of Table ??. Accord-

ingly, the set S1 consists of 7 structures in the (8, 0) class and 302 structures in the

(8, 2) class. Set P in this case consists of structures in (3, 4), (4, 4), (5, 4), (6, 4), (7, 4),

and (7, 6) classes which generate the structures of S1 through pa5, pa4, pa3, pa2,

{dot22, dot43, dot44}, and dot44, respectively. These parent classes are also sorted in

the same priority order that they will be selected as part of Π1. Following Algo-

rithm ??, the set Π1 contains 1, 4, 7, 38 and 28 structures in (3, 4), (4, 4), (5, 4),

(6, 4), and (7, 4) classes, respectively. For the second step of the recursion, we have

S2 = {3 × (7, 0), 68 × (7, 2)}, following the same notation as in Table ??. In this

step, S = S2∪Πtemp, where Πtemp contains the 28 (7, 4) structures of Π1. For this set

S, the parent structures P are in classes (3, 4), (4, 4), (5, 4), (6, 4), (3, 6), (4, 6), (5, 6),

(6, 6), and (6, 8), with corresponding expansions pa4, pa3, pa2, {dot22, dot42, dot43, dot44},
pa4, pa3, pa2, {dot22, dot43, dot44}, and {dot44}, respectively. In this case the set Π2 has

1, 4, 10, 7, 4 and 4 structures in (3, 4), (4, 4), (5, 4), (6, 4), (5, 6), and (6, 6) classes,

respectively. This completes the second step of recursion. We continue this process

until we reach down to TSs of size a = g/2 = 3. The resulting characterization/search

process is summarized in Table ??. In Table ??, we have listed all the required LETS

structures in different classes and their corresponding expansions to search for all the

target LETS structures of Lt. For each class, the top entry shows the multiplicity

of non-isomorphic structures within the class that are involved in the search process.

The bottom entry of each class shows the expansions that will have to be applied to

all the instances of those structures. In some classes, there are two top and bottom

entries. In such cases, the first (second) top entry corresponds to the first (second)

expansion(s) in the bottom entry. For example, for the (6, 4) class, we need to apply

{dot43, dot44} and pa2 to 7 and 38 structures, respectively.

In Table ??, the expansions corresponding to different layers of the algorithm are
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Algorithm 2 Finding the out-of-range parent structures needed for the proposed
algorithm to search for LETS structures within Lt

1: Input: Lt . Structures in Lt belong to classes with sizes a1, a2, . . . , aη, such
that a1 < a2 < . . . < aη.

2: Initialization: S = ∅, Πtemp = ∅.
3: for k = 0, . . . , η − 1 do
4: Πk ← ∅.
5: end for
6: for i = η, . . . , 1 do
7: Sη−i+1 ← LETS structures in Lt with size ai.
8: S = Sη−i+1 ∪ Πtemp.
9: P ← all possible direct parents of structures in S. . For each value

of i, structures in P belong to classes (aij, b
i
j), j = 1, . . . , θi, where classes with a

smaller index j have a higher priority.
10: for j = 1, . . . , θi do
11: Γj ← structures in P that are in class (aij, b

i
j).

12: while Γj 6= ∅ do
13: Choose ξ ∈ Γj with the largest number of direct children in S.
14: Πη−i+1 = Πη−i+1 ∪ {ξ}.
15: Remove ξ from Γj, and remove all the direct children of ξ from S.
16: if S = ∅ then
17: Break the for loop over variable j.
18: end if
19: end while
20: end for
21: Πtemp ← all structures in Πη−i+1 ∪ · · · ∪ Π1 with sizes of ai−1.
22: end for
23: Π = Π1 ∪ . . . ∪ Πη.
24: Output: Π.
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Table 4.3: Proposed characterization/search table of (a, b) LETSs within the range
a ≤ 8 and b ≤ 3, for irregular LDPC codes with g = 6 and variable node degrees
2 and 4 (superscripts on expansions indicate the layer in which the expansions
are applied)

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8

b = 0 1 1 2 2 3 7

b = 1 − − − − − −
b = 2 1 2 6 17 68 302

b = 3 − − − − − −

b = 4

1

−−−
(dot22, dot

4
3)

(1)
, pa2

(2)

pa3
(3), pa4

(4), pa5
(5)

4

−−−
(dot22, dot

4
3, dot

4
4)

(2)

pa2
(3), pa3

(4), pa4
(5)

12

−−−
(dot22, dot

4
3, dot

4
4)

(3)

pa2
(4), pa3

(5)

7, 38

−−−
(dot43, dot

4
4)

(4)

pa2
(5)

6, 28

−−−
(dot44)

(5)
,(dot43)

(5)

−

b = 5 − − − − − −

b = 6

1

−−−
(dot22, dot

4
3)

(1)
, pa2

(2)

2

−−−
pa2

(3)

1, 4

−−−
(dot22, dot

4
3)

(3)
, pa2

(4)

4

−−−
(dot43)

(4)

− −

identified by superscripts equal to the layer number in which they are applied. In this

example, the algorithm is implemented in 5 layers, corresponding to the rows 2 to

6 of Table ??. The algorithm starts by searching for the structures indicated in the

first row of the table. These are all cycles of length 6. After this initial step, the

expansions are applied in layers. For example in Layer 1, expansions dot22 and dot43

are applied to the one structure in the (3, 4) class, and the one structure in the (3, 6)

class.

4.3 Comparisons with the exhaustive search algo-

rithm of [5]

In [5], two techniques for exhaustively finding all (a, b) LETSs of irregular LDPC

codes within a certain range a ≤ amax, b ≤ bmax, are proposed. Here, we focus on

the more efficient technique of the two, which is presented in Section V of [5]. This

technique is based on recursively finding upper bounds bamax on the b values of classes
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with different values of a ≤ amax, starting from a = amax and going all the way down

to a = g/2. These upper bounds, for a fixed value of a ∈ [g/2, amax], identify any (a, b)

class whose structures can eventually, through dpl expansions, result in at least one

structure within the range a ≤ amax, b ≤ bmax. After the derivation of these bounds,

for each class within the range of these upper bounds, one needs to identify all the

expansions that if applied to at least one structure within the class can eventually

result in at least one structure within the range of interest. The search algorithm is

then devised based on the application of all the identified expansions for each class

to all the structures within the class by starting from the simple cycles.

Compared to the carefully devised search algorithm in this work, the technique

of [5] is significantly less efficient. The main reason is the abundance of redundancy

that exists in the search process of [5]. For example, the same child may be gener-

ated/searched for through many different sequences of parent/child relationships, or

some structures may be searched for that are neither of direct interest themselves nor

are parents to any structure of interest.

Example 10. We consider the same scenario discussed in Example ??, where one

is interested in the exhaustive search of all LETSs within the range of a ≤ 8, b ≤ 3,

for an irregular LDPC code with g = 6 and variable node degrees 2 and 4. The char-

acterization table for the search algorithm of [5] is shown in Table ??. In this table,

for each class of LETSs, all the expansions at the bottom will need to be applied to

all the non-isomorphic structures within the class. The multiplicity of such structures

are given as the top entry for each class. In the table, for simplicity of notations,

dot is used to represent dot22, dot
4
2, dot

4
3, or dot44 expansions. The multiplicity of dot

expansions is then given in brackets. For example, notation dot(2) for a given class

means that two of the four dot expansions are applied to the structures of that class.

Similarly, notation lom(i) is used to show the application of i different locm expansions

(with different c values). Compared to the proposed characterization of Table ??, one

can see that Table ?? involves a larger number of structures within a larger range

of a and b values, with many more expansions. For complexity comparison of our

proposed search algorithm and the exhaustive search algorithm of [5], we count the

number of different LETS structures involved in the search and the different expan-

sions that are applied to them. For this, similar to [62], we calculate the weighted sum

of each expansion over different entries of the table, where the weights are the multi-

plicity of structures within the corresponding class. The results are listed in Table ??.
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As an example of how the results in Table ?? are obtained, consider the expansion

pa4. By examining different entries of Table ??, one can see that pa4 appears in only

two entries corresponding to classes (3, 4) and (4, 4), with one and four structures,

respectively. For the proposed search, therefore, the result in Table ?? is 1 + 4 = 5.

In Table ??, however, pa4 appears in classes (3, 2), (3, 4), (3, 6), (4, 2), and(4, 4) with

1,1,1,2, and 4 structures, respectively. This corresponds to the entry 9 in Table ??

for the search algorithm of [5]. By comparing the results presented in Table ??, it can

be seen that both the variety of the expansions and the number of structures that they

are applied to have decreased significantly in the proposed search algorithm compared

to the exhaustive search algorithm of [5].

One should note that further advantage compared to the algorithm of [5] is gained

through the layered implementation of the proposed search algorithm.

Finally, we note that, assuming that the degree distribution of the graph and

the range of search are fixed, the complexity of the search algorithm of [5] increases

linearly with the block length L in the worst case, and is a constant in L on average

(not considering the complexity of finding the input simple cycles). Since the search

algorithm proposed here is more efficient than the algorithm of [5], its worst-case

complexity is at most linear in L and its average complexity is constant in L.

4.4 Construction of Irregular QC-LDPC Codes

with Good Waterfall Performance and Low Er-

ror Floor

Our goal in this chapter is to design irregular QC-LDPC codes with good waterfall

and error floor performance. The problem formulation is to design an LDPC code

that is a cyclic N -lifting of a base graph with an m × n base matrix. The designed

code is aimed to havea rate R ≥ R0 = 1−m/n = d̄v/d̄c, and girth g ≥ g0, to perform

well in the waterfall region, and to be free of (a, b) LETSs in the range a ≤ amax,

and b ≤ bmax, where amax is maximized. (The notations d̄v and d̄c denote the average

variable and check node degrees of the code.) We further note that instead of a range

for a and b values, one can use a list L of LETS structures to be avoided. Another

possible design scenario, as related to the error floor performance, is to consider a
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Table 4.4: Characterization table of [5] for LETSs in the range a ≤ 8, b ≤ 3 of
irregular LDPC codes with g = 6, and variable node degrees 2 and 4

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8

b = 0 1 1 4 8 21 72

b = 1 − − − − − −

b = 2

1

−−−
pa2, pa3, pa4, pa5

lo3(1), lo4(2), lo5(3)

2

−−−
dot(3), pa2, pa3, pa4

lo3(1), lo4(2)

8

−−−
dot(3), pa2

pa3, lo3(1)

28

−−−
dot(3), pa2

110

−−−
dot(3)

510

b = 3 − − − − − −

b = 4

1

−−−
dot(4), pa2, pa3, pa4

pa5, lo3(1), lo4(2)

4

−−−
dot(4), pa2, pa3

pa4, lo3(1)

12

−−−
dot(4), pa2, pa3

50

−−−
dot(4), pa2

242

−−−
dot(3)

−

b = 5 − − − − − −

b = 6

1

−−−
dot(4), pa2, pa3

pa4, lo3(1), lo4(2)

2

−−−
dot(4), pa2, pa3, lo3(1)

9

−−−
dot(4), pa2

46

−−−
dot(4)

256

−−−
dot(1)

−

b = 7 − − − − − −

b = 8 −
1

−−−
dot(4), pa2, pa3

4

−−−
dot(4), pa2

22

−−−
dot(3)

− −

b = 9 − − − − − −

b = 10 − −
1

−−−
dot(4)

6

−−−
dot(1)

− −
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Table 4.5: Complexity comparison between the proposed search algorithm and that
of [5]

Expansion Proposed [5]

dot 106 2022

pa2 62 123

pa3 17 32

pa4 5 9

pa5 1 2

lo3 0 19

lo4 0 10

lo5 0 3

specific range a ≤ amax, b ≤ bmax, and minimize the lifting degree N such that the

designed code has no (a, b) LETS in the range.

Our experiments show that the waterfall performance is mainly determined by

the design of the base graph (base matrix) and the error floor performance is highly

dependent on the design of the exponent matrix through the choice of permutation

shifts. In the following, we discuss these two steps of the design.

4.4.1 Design of base matrix

The design of the base matrix H ′ involves the determination of column degree dis-

tribution, and the construction of the base graph after the degree distribution is

determined. The construction of the base graph is equivalent to specifying the exact

location of zeros and ones in H ′. To determine the column degree distribution, we

either use ensemble threshold [73], or the frame error rate (FER) of the lifted code in

the waterfall region as the metric. Our simulations show that for the vast majority of

cases where the block length is larger than about 500 bits, the two approaches result

in the same degree distributions. For shorter block lengths, the latter approach pro-

vides a more accurate metric for the waterfall performance, see, e.g., [30]. To obtain

the threshold of the protograph-based LDPC codes, we use the extrinsic information

transfer (EXIT) analysis of [74], referred to as PEXIT analysis. For the FER analysis,

our experiments show that, for a given N , different random choices of permutation
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shifts have a rather small effect on the waterfall performance. We thus select the

permutation shifts randomly to evaluate different degree distributions. We also note

that the relative performance of different degree distributions is rather insensitive to

the choice of signal-to-noise ratio (SNR) as long as the performance is measured in

the waterfall region.

After the column degree distribution of H ′ is selected, we design the base graph to

maximize the girth of the subgraph induced by the variable nodes corresponding to the

columns of H ′ with weight lower than m. Among candidates with the same maximum

girth g′, we then choose one with the smallest number of g′-cycles. Alternatively,

PEG algorithm [15] can be used to construct this subgraph. We call this approach

in designing the base graph “cycle conditioning.”

To summarize, we evaluate a number of column degree distribution candidates

by measuring the threshold of their corresponding base graphs, or the FER perfor-

mance of their corresponding lifted base graphs in the waterfall region. The base

graphs are constructed based on cycle conditioning. For the FER evaluation, the

final graphs (codes) are obtained by a random cyclic lifting of the base graphs. The

constructed codes are then evaluated for the FER performance in the waterfall region,

and we select a column degree distribution/base graph that results in the best FER

performance in the waterfall region.

4.4.2 Design of exponent matrix

After the base matrix is designed, we find the non-infinity elements of the exponent

matrix P to eliminate all the instances of LETS structures in the range a ≤ amax, b ≤
bmax, or in the set L. To design P , similar to chapter ??, we use a greedy search

algorithm with backtracking in which the elements of P are selected column by column

randomly. The sub-matrix of the parity-check matrix H corresponding to the selected

columns of P is then searched to see if the girth constraint is satisfied, i.e., no cycle

of length less than g0 exists in the corresponding subgraph, and that no instance of

the targeted LETS structures exists in the subgraph. To search for the LETSs in the

graph corresponding to the sub-matrix of H at each step of the algorithm, we use the

proposed layered search algorithm of Section ??.
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4.5 Simulation Results

In this section, we construct some irregular QC-LDPC codes by the method explained

in Section ??, and compare their performance with similar codes in the literature. For

simulations, we consider a binary-input AWGN channel, with noise power spectral

density N0/2, and a 5-bit min-sum decoder with clipping threshold equal to 2 [70], and

maximum number of iterations 100. For each simulated point, at least 100 block errors

are collected, and we plot the frame error rate (FER) of the code versus SNR defined

as Eb/N0, where Eb is the energy per information bit. While our design technique

has no limitation, in principle, in terms of variable node degrees, here, we often limit

the constructions to codes with dvmax = 4, and with no degree-3 variable nodes. The

choice of dvmax = 4 reduces the complexity of the search algorithm significantly at

the cost of some rather small degradation in the waterfall performance. The choice

of avoiding degree-3 variable nodes is beneficial from both the complexity viewpoint

and error floor reduction, and has little effect on the waterfall performance.

As the first experiment, we construct irregular QC-LDPC codes with rate R ≥
R0 = 0.5 and g = g0 = 6. For this, we select a 4 × 8 base matrix. The column

weights for the base matrix can thus be 2 or 4. With only two possible weights for

the columns of H ′, there are only 7 possible irregular column degree distributions.

Among those, the one with four columns of weight 2 and four columns of weight 4

with the following base matrix happens to have the best FER in the waterfall region:

H ′1 =



1 0 0 1 1 1 1 1

1 0 1 0 1 1 1 1

0 1 1 0 1 1 1 1

0 1 0 1 1 1 1 1


. (4.1)

To design the exponent matrix, we consider a similar irregular QC-LDPC code

designed in [34] with the same size of base matrix. In [34], the irregular code was

designed by masking a regular code constructed by array dispersion, and with the

goal of minimizing the multiplicity of short cycles. The code of [34] has N = 72,

R = 0.5, g = 6 and is free of LETSs in the range a ≤ 8, b ≤ 2. The base matrix of

the code of [34] has seven columns of weight 3 and one column of weight 2.

We note that the application of PEXIT analysis also results in the same choice
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of base matrix, which has a threshold of 0.92 dB. To design the exponent matrix,

we consider a similar irregular QC-LDPC code designed in [34] with the same size

of base matrix. In [34], the irregular code was designed by masking a regular code

constructed by array dispersion, and with the goal of minimizing the multiplicity of

short cycles. The code of [34] has N = 72, R = 0.5, g = 6 and is free of LETSs

in the range a ≤ 8, b ≤ 2. The base matrix of the ode of [34] has seven columns

of weight 3 and one column of weight 2, and a threshold of 1.07 dB. The FER and

LETS distribution of this code are presented in Fig. ?? and Table ??, respectively.

At SNR of 4.25 dB, all the LETSs that trap the decoder for this code have b = 3 with

a values of 5, 6, 7, 8, 9, 10 and 11. In our designs that follow, all such LETSs will be

eliminated as a result of Proposition ??.

Here, we consider two scenarios. In the first scenario, we aim at constructing a

code with base matrix (??) that has no LETS in the same range as the code of [34]

(which is a ≤ 8, b ≤ 2), and has the minimum lifting degree N . The result is Code C6
with rate R = 0.5025 and N = 50, which is much shorter than the code of [34] (400

vs. 576), and has the following exponent matrix:

P6 =



0 ∞ ∞ 0 0 0 0 0

0 ∞ 7 ∞ 19 21 35 39

∞ 9 1 ∞ 23 35 32 42

∞ 35 ∞ 4 22 32 27 46


. (4.2)

The FER performance of C6 is compared with that of the code of [34] in Fig.

??. It can be seen that although C6 has slightly worse waterfall performance, due to

the shorter block length, the error floor performance is superior to that of the code

of [34]. The reason is that C6 is free of LETSs with b = 3 due to the lack of odd-degree

variable nodes. The LETS distributions of the two codes are also shown in Table ??,

which demonstrate the superiority of C6 in the error floor region. It should be noted

that based on our simulations at SNR of 4.25 dB, the LETSs that trap the decoder

for C6 all have b = 2, with sizes a ≥ 11.

In the second scenario, we aim at constructing a code that in addition to the range

a ≤ 8, b ≤ 3, is also free of LETSs within the range a ≤ 5, b ≤ 5, and has the same
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Figure 4.4: FER comparison of the designed codes C6, C7, and C8 with the code
of [34].
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Table 4.6: Multiplicities of (a, b) LETSs in the range a ≤ 8 and b ≤ 4 for designed
codes C6, C7, C8, and the code of [34]

(a, b) class Code of [34] C6 C7 C8
(3, 3) 72 0 0 0

(4, 3) 72 0 0 0

(4, 4) 504 150 0 504

(5, 3) 144 0 0 0

(5, 4) 1440 400 0 1728

(6, 3) 216 0 0 0

(6, 4) 1944 850 1656 1512

(7, 3) 360 0 0 0

(7, 4) 2736 1550 648 2376

(8, 3) 360 0 0 0

(8, 4) 7164 3025 1404 3888

lifting degree N = 72 as the code of [34]. As a result, we design C7 with R = 0.5017.

The exponent matrices of C7 is given by:

P7 =



0 ∞ ∞ 0 0 0 0 0

0 ∞ 4 ∞ 13 30 33 52

∞ 17 5 ∞ 39 12 52 47

∞ 58 ∞ 64 6 1 24 29


. (4.3)

The LETS distribution and FER performance of C7 are shown in Table ?? and

Fig. Fig. ??, respectively. As can be seen, with the same block length and slightly

larger rate, C7 outperforms the code of [34], particularly in the error floor region.

Finally, as the last part of this experiment, we construct a code C8 that has the

exact same base matrix as the code of [34], but is free of all the LETSs within the
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range a ≤ 8, b ≤ 3. The exponent matrix of C8 is given by

P8 =



∞ ∞ 0 0 0 0 0 0

∞ 6 ∞ 16 24 ∞ 46 57

0 1 17 49 ∞ 35 ∞ 26

0 26 56 ∞ 30 37 34 ∞


. (4.4)

The FER and LETS distribution of C8 are provided in Fig. Fig. ?? and Table ??,

respectively. As can be seen, while C8 has a waterfall performance similar to the code

of [34], its error floor is lower due to the removal of a larger range of LETSs. The

performance of C8 however is still inferior to C7 both in the waterfall and error floor

regions.

As another example, we construct irregular QC-LDPC codes that have similar

parameters to the well-known WiMAX standard code with rate R = 0.6667 and

block length L = 576 [2], but have better waterfall and error floor performances. The

WiMAX code has a base matrix of size 8 × 24 and lifting degree N = 24. The base

graph has seven degree-2, one degree-3, and sixteen degree-4 variable nodes. LETS

distribution of this code is shown in Table ??. As can be seen, the code has many

LETS structures with small values of a and b. To construct a code with similar R

and L, we consider two different base matrix sizes of 4× 12 and 8× 24, with N = 48

and N = 24, respectively. For the two cases, we are able to remove all LETSs within

the ranges a ≤ 7, b ≤ 3, and a ≤ 8, b ≤ 3, respectively. The exponent matrices of the

designed codes C9 and C10 are given by:

P9 =



∞ ∞ 0 0 0 0 0 0 0 0 0 0

∞ 1 ∞ 11 16 20 24 28 30 33 38 45

0 7 ∞ ∞ 41 31 18 14 33 30 37 46

0 ∞ 28 ∞ 20 6 46 38 27 34 40 11


,
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Table 4.7: Multiplicities of LETS structures in the range a ≤ 8, b ≤ 3, for C9, C10,
and the WiMAX code of rate R = 0.6667

(a, b) class WiMAX Code C8 C9
(3, 2) 7 0 0

(4, 2) 0 0 0

(4, 3) 24 0 0

(5, 2) 24 0 0

(5, 3) 120 0 0

(6, 2) 144 0 0

(6, 3) 288 0 0

(7, 2) 216 0 0

(7, 3) 1152 0 0

(8, 1) 48 0 0

(8, 2) 912 624 0

(8, 3) 3768 0 0

P10 =



0 ∞ ∞ ∞ ∞ ∞ ∞ 22 0 ∞ ∞ ∞ ∞ 0 ∞ 0 ∞ 0 0 ∞ 0 ∞ 0 0

0 23 ∞ ∞ ∞ ∞ ∞ ∞ 23 0 ∞ ∞ ∞ ∞ 0 22 ∞ ∞ 5 ∞ ∞ 0 ∞ ∞

∞ 5 16 ∞ ∞ ∞ ∞ ∞ 7 13 0 ∞ ∞ 13 ∞ ∞ 0 ∞ ∞ 0 ∞ 16 21 ∞

∞ ∞ 22 1 ∞ ∞ ∞ ∞ 21 18 15 0 ∞ ∞ 9 ∞ 12 8 ∞ 2 ∞ ∞ ∞ 4

∞ ∞ ∞ 2 2 ∞ ∞ ∞ ∞ 6 23 3 0 7 ∞ 15 ∞ ∞ 23 19 18 19 3 ∞

∞ ∞ ∞ ∞ 15 11 ∞ ∞ ∞ ∞ 17 10 11 ∞ 14 3 ∞ ∞ ∞ ∞ 17 10 ∞ 19

∞ ∞ ∞ ∞ ∞ 7 18 ∞ ∞ ∞ ∞ 2 10 20 ∞ ∞ 17 5 ∞ ∞ 10 ∞ ∞ ∞

∞ ∞ ∞ ∞ ∞ ∞ 2 17 ∞ ∞ ∞ ∞ 1 ∞ 12 ∞ 5 21 8 14 ∞ ∞ 23 18


.

The two codes have thresholds of 1.66 dB and 1.67 dB, respectively. We have pre-

sented the LETS distributions of C9 and C10 in Table ??, and their FER performances

in Fig. ??. As can be seen, in comparison with the WiMAX code, both designed

codes have a superior LETS distribution and a better performance particularly in the

error floor region.

As another example, we consider the irregular (576, 432) QC-LDPC code with a
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Figure 4.5: FER performance of the designed codes C9 and C10 in comparison with
the similar code from the WiMAX standard.
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base matrix of size 4×16, girth g = 6, and lifting degree N = 36 designed in [34]. The

rate of this code is R = 0.75, and its base graph has two degree-2, twelve degree-3

and two degree-4 variable nodes. The threshold for this base graph is 2.23 dB. To

show the superiority of our design technique, we design a code with exactly the same

length, rate, girth, and base matrix size, but with different degree distribution and

exponent matrix. Using the method described in Section ??, we are able to remove

all the LETSs within the union of the ranges a ≤ 5, b ≤ 3, and a ≤ 8, b ≤ 1. The

exponent matrix of the designed code C11 is as follows:

P11 =



∞ ∞ 0 0 ∞ 0 0 0 0 0 0 0 0 0 0 0

∞ 2 ∞ 5 7 10 12 14 15 17 21 24 25 26 29 31

0 ∞ 22 ∞ 1 3 23 26 19 4 17 12 20 28 34 13

0 18 ∞ ∞ ∞ 24 3 33 28 5 27 16 23 25 30 2


.

The base graph for this code has the threshold of 2.14 dB. We have listed the

multiplicities of (a, b) LETSs of both C11 and the code of [34], in range a ≤ 8, b ≤ 3,

in Table ??. As can be seen, none of the dominant LETSs of the code of [34] with

b = 0, b = 1 or b = 3 exists in C11. Moreover, the multiplicities of all the LETSs with

b = 2 are smaller in C11 compared to those in the code of [34]. Consistent with these

results are the FER comparison shown in Fig. ??, where C11 significantly outperforms

the code of [34] in the error floor region.

The examples provided so far all had relatively short block lengths. In the follow-

ing, we provide some examples of codes with larger block lengths.

We consider two codes from ITU-T G.9660 standard [3]: a rate-1/2 code with

L = 8640 and a rate-2/3 code with L = 6480. The base matrices of these codes

have sizes 12 × 24 and 8 × 24, respectively, and the codes are cyclic liftings of the

corresponding base graphs with lifting degrees N = 360 and N = 270, respectively.

The base matrix of the first code has 10 columns of weight 2, 9 columns of weight 3,

5 columns of weight 6, and the threshold of 0.86 dB. For the second code, the base

matrix has 6 columns of weight 2, 2 of weight 3, 16 of weight 4, and the threshold of

1.70 dB.
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Table 4.8: Multiplicities of (a, b) LETSs in range a ≤ 8, b ≤ 3, for C11 and the code
of [34]

(a, b) class Code of [34] C11 (a, b) class Code of [34] C11
(3, 2) 108 0 (7, 0) 36 0

(3, 3) 504 0 (7, 1) 612 0

(4, 2) 108 0 (7, 2) 12996 4644

(4, 3) 2484 0 (7, 3) 177768 0

(5, 2) 900 0 (8, 0) 45 0

(5, 3) 8424 0 (8, 1) 2340 0

(6, 1) 180 0 (8, 2) 58104 17172

(6, 2) 3204 1188 (8, 3) 830448 0

(6, 3) 40032 0
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Code of [32]

Figure 4.6: FER comparison of the designed code C10 and the similar code of [34].
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Our simulations for the first code show that, in the error floor region, the majority

of sets that trap the decoder are LETSs within classes (6, 3), (6, 4), (7, 4), (8, 1), and

(8, 4). Using the proposed technique, we have been able to design a code C12 with the

exact same base matrix and lifting degree as the standard code but free of LETSs

within the range a ≤ 8, b ≤ 4. The exponent matrix of C12 is given by

P12 =



∞ 0 ∞ 0 ∞ 0 ∞ ∞ ∞ ∞ 0 ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

∞ ∞ 0 ∞ 0 ∞ ∞ ∞ ∞ 0 298 0 ∞ 39 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

0 ∞ 40 ∞ ∞ ∞ ∞ ∞ 0 211 ∞ 64 ∞ ∞ 230 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

∞ 230 ∞ 0 ∞ 183 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 263 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞

∞ 36 ∞ 113 197 ∞ ∞ 0 ∞ ∞ ∞ ∞ 0 ∞ ∞ ∞ 230 0 ∞ ∞ ∞ ∞ ∞ ∞

303 ∞ 126 ∞ ∞ ∞ ∞ ∞ ∞ 11 ∞ 323 ∞ ∞ ∞ ∞ ∞ 176 0 ∞ ∞ ∞ ∞ ∞

∞ 55 ∞ 3 ∞ ∞ ∞ 289 281 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 216 0 ∞ ∞ ∞ ∞

∞ 214 ∞ 127 253 ∞ ∞ ∞ ∞ ∞ 280 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 188 0 ∞ ∞ ∞

188 ∞ 27 ∞ ∞ ∞ 233 ∞ ∞ 5 ∞ 112 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 75 0 ∞ ∞

∞ ∞ 151 ∞ ∞ ∞ ∞ 240 ∞ 56 ∞ 347 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 202 0 ∞

∞ 240 ∞ 319 ∞ 309 ∞ ∞ 140 ∞ ∞ ∞ 138 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 38 0

∞ ∞ 297 ∞ ∞ ∞ 295 ∞ ∞ 98 ∞ 70 36 269 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 103



.

The FER curves of C12 and the standard code are given in Fig. ??. The comparison

of the two curves show a large improvement in the error floor region of C12 over that

of the standard code.

Our simulations of the rate-2/3 standard code in the error floor region reveal

that the dominant LETSs of this code are in the (4, 1) class. Using PEXIT analysis,

and by employing only degree-2 and degree-4 variable nodes, we find a base matrix

with 10 columns of weight 2 and 14 columns of weight 4 that has the best threshold

(1.62 dB). We then design the following exponent matrix to eliminate all the LETSs

within the range a ≤ 8, b ≤ 3:

P13 =



0 ∞ ∞ ∞ ∞ ∞ ∞ 0 ∞ 0 ∞ 0 0 ∞ 0 ∞ ∞ 0 0 ∞ ∞ 0 0 ∞

134 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 ∞ ∞ 0 ∞ 0 0 ∞ 30 ∞ ∞ 16 44 ∞

∞ 70 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 44 ∞ 37 ∞ 40 20 ∞ ∞ ∞ 0 0 ∞ 170 ∞

∞ ∞ 115 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 25 69 ∞ ∞ 76 ∞ 32 ∞ 43 8 ∞ 40 ∞

∞ ∞ ∞ 80 0 ∞ ∞ ∞ ∞ 62 16 ∞ ∞ 29 ∞ ∞ 21 168 27 ∞ 26 ∞ ∞ 0

∞ ∞ ∞ ∞ 166 0 ∞ ∞ 0 ∞ ∞ 150 6 ∞ 105 ∞ 102 ∞ 235 ∞ 11 ∞ ∞ 42

∞ ∞ ∞ ∞ ∞ 65 0 ∞ ∞ ∞ ∞ 6 ∞ 49 ∞ 28 63 ∞ ∞ 216 ∞ 27 ∞ 39

∞ ∞ ∞ ∞ ∞ ∞ 171 206 10 ∞ 20 ∞ ∞ 233 28 ∞ ∞ 51 ∞ 136 ∞ 62 ∞ 7



.
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Figure 4.7: FER performance of the designed codes C12 and C13 compared with the
similar codes of ITU-T G.9960 standard [3].
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The FER of the designed code C13 together with that of the standard code are

given in Fig. ??, and show the significant improvement that the former has over the

latter in both error floor and waterfall regions.

As the last example, we consider the rate-1/2 accumulate-repeat-jagged-

accumulate (ARJA) LDPC code of CCSDS standard [8]. This code has a 12 × 20

base matrix, N = 128, and L = 2048. The base matrix has 4 columns of weight

1, 4 of weight 2, 8 of weight 3, and 4 of weight 6. The bits corresponding to the

columns of weight 6 are punctured. This base matrix has a threshold of 0.62 dB.

Using the proposed technique, we design a code C14 with the exact same base matrix

and lifting degree that is free of LETSs within the range a ≤ 9, b ≤ 4, and has the

following exponent matrix:

P14 =



∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 63 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 ∞ ∞ 0

∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 34 ∞ ∞ ∞ ∞ ∞ ∞ 65 0 ∞ ∞

∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 79 ∞ ∞ ∞ ∞ ∞ ∞ 91 0 ∞

∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 110 ∞ ∞ ∞ ∞ ∞ ∞ 55 104

0 ∞ ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 ∞ ∞ ∞ 82 43 118 ∞

∞ 0 ∞ ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 ∞ ∞ ∞ 76 66 32

∞ ∞ 0 ∞ ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 ∞ 103 ∞ 7 87

∞ ∞ ∞ 0 ∞ ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 27 17 ∞ 111

28 ∞ ∞ ∞ ∞ ∞ 11 2 ∞ ∞ ∞ ∞ 10 3 ∞ ∞ 119 ∞ ∞ ∞

∞ 43 ∞ ∞ 21 ∞ ∞ 126 ∞ ∞ ∞ ∞ ∞ 115 15 ∞ ∞ 29 ∞ ∞

∞ ∞ 57 ∞ 96 20 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 38 5 ∞ ∞ 96 ∞

∞ ∞ ∞ 17 ∞ 40 119 ∞ ∞ ∞ ∞ ∞ 53 ∞ ∞ 19 ∞ ∞ ∞ 12



.

In Table ??, we have compared the LETS distribution of C14 with that of the standard

code in the range a ≤ 10, b ≤ 5. As can be seen, except for the (8, 5) class, in which

C14 has a larger multiplicity of TSs, in all the other classes, the multiplicity of TSs

are larger for the standard code. Finally, we construct another code C15 with a

12 × 20 base matrix and N = 128, but with a different degree distribution than the

standard code. We consider column weights of 1, 2, 4 and 6 for the base matrix and

optimize the threshold of the base matrix using PEXIT analysis. As a result, we

find a base matrix with the threshold of 0.52 dB that has 4, 4, 8, and 4 columns of

weights 1, 2, 4, and 6, respectively. We then design the exponent matrix to eliminate

all the LETSs within the range a ≤ 10, b ≤ 5. This code has the following exponent

matrix:
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P15 =



∞ ∞ ∞ ∞ 0 0 ∞ ∞ 100 ∞ ∞ ∞ 0 ∞ ∞ ∞ ∞ 0 0 ∞

∞ ∞ ∞ ∞ ∞ 25 0 ∞ ∞ 81 ∞ ∞ ∞ 0 ∞ ∞ ∞ ∞ 79 0

∞ ∞ ∞ ∞ ∞ ∞ 13 0 ∞ ∞ 27 ∞ ∞ ∞ 0 ∞ 0 ∞ ∞ 92

∞ ∞ ∞ ∞ 10 ∞ ∞ 17 ∞ ∞ ∞ 62 ∞ ∞ ∞ 0 7 37 ∞ ∞

0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 19 124 6 ∞

∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 13 104 44

∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 56 ∞ 64 72

∞ ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 119 65 ∞ 102

28 ∞ ∞ ∞ ∞ ∞ 82 47 ∞ ∞ ∞ ∞ 1 12 ∞ 7 120 ∞ ∞ ∞

∞ 104 ∞ ∞ 80 ∞ ∞ 54 ∞ ∞ ∞ ∞ 85 56 23 ∞ ∞ 25 ∞ ∞

∞ ∞ 123 ∞ 123 17 ∞ ∞ ∞ ∞ ∞ ∞ ∞ 118 123 74 ∞ ∞ 57 ∞

∞ ∞ ∞ 8 ∞ 24 40 ∞ ∞ ∞ ∞ ∞ 35 ∞ 121 100 ∞ ∞ ∞ 9



.

In Fig. ??, we have provided the FER of C15 in comparison with that of the standard

code. (Note that all the bits corresponding to degree-6 variable nodes are punctured.)

As can be seen, C15 outperforms the standard code in the waterfall region. Moreover,

since C15 is free of LETSs within the range a ≤ 10, b ≤ 5, while the standard code

has many LETSs within different classes of this range, we expect the error floor of

C15 to be much lower than that of the standard code. The FER of C14 is also given in

Fig. 9 for comparison. While the waterfall performance of C14 is practically identical

to that of the standard code due to having the same base matrix, we expect the error

floor of C14 to be lower than that of the standard code based on the superior LETS

distribution provided in Table ??.
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Table 4.9: Multiplicities of (a, b) LETSs in range a ≤ 10, b ≤ 5, for C14, C15 and the
code of [8]

(a, b) class Code of [8] C14 C15
(4, 4) 64 0 0

(5, 4) 128 0 0

(5, 5) 128 0 0

(6, 4) 256 0 0

(6, 5) 1152 512 0

(7, 4) 256 0 0

(7, 5) 4480 3200 0

(8, 4) 128 0 0

(8, 5) 3072 4992 0

(9, 4) 128 0 0

(9, 5) 3200 2304 0

(10, 4) 128 0 0

(10, 5) 4224 896 0
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Figure 4.8: FER comparison of the designed codes C14 and C15 and the code of
CCSDS standard [8].



Chapter 5

Characterization and Search of Trapping

Sets of NB-LDPC Codes

5.1 Introduction

In this chapter, we study the ETS structures of NB-LDPC codes which are responsible

for the error floor of NB-LDPC codes when AWGN channel is used [14,59]. As it was

mentioned earlier in chapter ??, in the Tanner graph of non-binary codes, a certain

subgraph not only needs to satisfy some topological conditions (check nodes and

variable nodes connections) but also the edge weights must satisfy certain algebraic

conditions as well. This means that if an induced subgraph satisfies conditions of

trapping set topologically, the topology may or may not result in decoding failure

depending on how the edge weights are selected from the Galois Field GF(q). The

following example illustrates the difference between trapping sets in binary and non-

binary LDPC codes.

Example 11. Fig. ??(a) depicts the induced subgraph of a LETS structure in an ir-

regular Tanner graph with minimum variable degree δ(G) = 2 and the maximum vari-

able degree ∆(G) = 4 (symbols ◦ and � represents variable nodes and satisfied /un-

satisfied check nodes). Considering this graphical structure over GF (q) and q = 2p,

there are five variable nodes and six degree-2 check nodes. Depending on the non-zero

values of variable nodes (u1, u2, u3, u4, u5) and weights of the edges {s1, · · · , s12}, this

configuration can have 4 ≤ z ≤ 10 unsatisfied check nodes. The minimum num-

ber of unsatisfied check nodes happens when all degree-2 check nodes are satisfied or

mathematically

84
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u1s1 = u2s2, u2s3 = u3s4, u3s5 = u1s6

u1s7 = u5s8, u5s9 = u4s10, u4s11 = u3s12
(5.1)

where all equations are over GF (q). These conditions leads to the following equations

s1s3s5 = s2s4s6

s5s7s9s11 = s6s8s10s12

s1s3s8s10s12 = s2s4s7s9s11

(5.2)

where all s values belong to Galois Field of size q. For example, for q=4, Fig.

??(b) demonstrates an assignment of edge weights satisfying conditions of (??).

With these weights, there are q − 1 choices out of (q − 1)5 for the set of vari-

able nodes (u1, u2, u3, u4, u5) such that all degree-2 check nodes are satisfied and

z = 4. One example for the values of variable nodes that satisfies these conditions

is (α2, 1, α2, 1, α) where α is a primitive element of GF (4) based on the primitive

polynomial p(x) = x2 + x+ 1. If the conditions of (??) are not satisfied, the number

of unsatisfied check nodes can be in the range of 5 ≤ z ≤ 10 and the structure belongs

to class (5, z) depending on the values of variable nodes. For example, consider the

weights of edges as of Fig. ??(c), it can be seen that all degree-2 check nodes are

unsatisfied for the same values of variable nodes (α2, 1, α2, 1, α) and the configuration

is in class (5, 10). Clearly, this structure with that many unsatisfied check nodes is

expected to be less problematic in the error floor region.

Example ?? motivates us to give a clear definition of non-binary trapping sets

for NB Tanner graphs. Definition 1 determines the conditions for a subset of a

variable nodes to form an (a, b) non-binary trapping set. We also assume that all-

zero codeword is transmitted and only these a variable nodes are in error and all

other variable nodes outside this structure are 0 (∈ GF (q)).

Consider an induced subgraph S with a subset of U variable nodes of size |U| = a

and l check nodes connected to S. We can form matrix A of size l×a as a sub-matrix

of parity-check matrix H corresponding to a columns and l rows of H.

Definition 1. [14] Structure S is an (a, b) trapping set over GF(q) (q = 2p and
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Figure 5.1: Tanner graph of a non-binary structure in an irregular graph with
∆(G) = 4 and δ(G) = 2 (a), structure in class (5, 4) (b), structure in class
(5, 10) (c) where α is a primitive element of GF(4) based on the primitive
polynomial p(x) = x2 + x+ 1.

p ≥ 1) if there exists an (l − b) × a sub-matrix B of matrix A where the following

conditions are satisfied: (1) Let N(B) be the null-space of matrix B, then there exist

a vector x = [x1, · · · , xa]T ∈ N(B) such that xi 6= 0 for all i ∈ {1, · · · , a}; (2) Let D

be a sub-matrix of A by excluding matrix B from A and di is the i-th row of matrix

D, then dix 6= 0 for all i ∈ {1, · · · , a}.
Condition 1 in Definition 1 requires that there exists a vector x ∈ N(B) whose

elements are all non-zero. This means that there exist a solution for Bx = 0 over

GF(q) such that all components of the solution have non-zero values. The conditions

of the above definition also guarantee that for vector x in the null-space of B, all

of the check nodes associated with the rows of matrix B are satisfied and all of the

check nodes corresponding to the rows of matrix D remain unsatisfied (otherwise the

structure belongs to class (a, b′) where b′ 6= b).

Remark 2. Based on the above discussion it can be concluded that if a non-binary

trapping set of class (a, b) results in a decoding error, the values of a variable nodes

belong to the set of all x’s which satisfy the conditions of Definition 1. Thus, other

choices of variable nodes can lead to structures with unsatisfied check nodes value

b′ > b.

Remark 3. Considering an (a, b) non-binary ETS (NB-ETS) structures in which

all check nodes are of degree-1 or degree-2, Definition 1 reveals that all b unsatisfied

check nodes have degree-1. Therefore, all degree-2 check nodes must be satisfied as the

structure is in class (a, b). Obviously, the satisfaction of degree-2 check nodes depends

on the values of variable nodes.
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The length of shortest NB cycle(s) in the parity-check matrix of a NB code is

called algebraic girth, and is denoted by g. For a cycle of length 2l (Cl) in a NB

Tanner graph, we can form a l× l submatrix BCl of the parity-check matrix H which

corresponds to l variable nodes and l degree-2 check nodes in Cl as follows

Bcl =



s1 s2 0 · · · 0

0 s3 s4 · · · 0

...
...

. . . . . .
...

0 · · · 0 s2l−3 s2l−2

s2l 0 · · · 0 s2l−1


. (5.3)

where si’s belong to GF(q)\{0}. As the l check nodes in BCl should be satisfied to

have a 2l-cycle, we need to check under which conditions there exists a vector x such

that BClx = 0 over GF(q). This system of equations has a non-zero solution over

GF(q) when square matrix BCl is singular or det(BCl) = 0 over GF(q). Thus, to

satisfy zero determinant the full rank condition (FRC) [52] must hold and can be

written as

l∏
i=1

s2i−1 =
l∏

i=1

s2i over GF(q). (5.4)

As a result of the above discussion, if the FRC condition is satisfied for a cycle of

length 2l, then there exists a solution for the variable nodes of the cycle that results

in satisfying all degree-2 check nodes. This FRC condition can be used to simplify the

NB-ETS definition. The following lemma shows a necessary and sufficient condition

for an induced subgraph of the Tanner graph of a NB-LDPC code to be a NB-ETS.

Lemma 3. Suppose that structure S is an (a, b) NB-ETS (i.e. the conditions in

Definition 1 are satisfied). Then, FRC condition is satisfied for every cycle Cl of

structure S with length 2l and edge weights si where i ∈ {1, · · · , 2l}.

Proof. Based on the conditions in Definition 1, as S is a non-binary ETS structure

there exist a solution for its variable nodes with all non-zero elements that makes

all degree-2 check nodes satisfied. Now, consider cycle Cl and corresponding l × l

submatrix BCl of H. Since all check nodes in BCl should be satisfied, we can find a

non-zero solution x for variable nodes of matrix BCl over GF(q) such that BClx = 0
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which means that FRC condition of (??) is satisfied for cycle Cl. The same proof can

be done for every cycle of the NB-ETS structure.

Now, suppose that G is a finite and connected undirected graph and a vector space

is defined on the set of all cycles of G. Also, let E and V be the edge and vertex set

of graph G, respectively. Cycles of undirected graph G can be represented by edge-

incidence vectors {0, 1}|E|. Addition operation of two cycles C1 and C2 (C1 ⊕ C2) is

defined by the symmetric difference of edge sets, i.e. (C1 ∪ C2) − (C1 ∩ C2). This

operation is equivalent to modulo 2 addition of incidence vectors of two cycles. The

collection of all cycles forms a vector space over GF(2) with identity function as

negation and empty vector as zero which is called cycle space. A set of cycles in G

denoted by B that forms a basis for the cycle space of the undirected graph is called

cycle basis. B is called cycle basis if it has the minimum number of cycles and every

cycle in G can be constructed by the combination of cycles in B. The dimension of

a cycle basis (or the number of cycles in the cycle basis) for a connected graph G is

obtained as |E| − |V |+ 1. A cycle basis is called minimum cycle basis (MCB) if the

sum of cycle lengths and the length of the largest cycle(s) are minimized in the cycle

basis.

Graph G is called acyclic if it has no cycle. A tree is a connected acyclic graph. A

tree of a graph G is a connected acyclic subgraph of G. A spanning tree of a graph G

is a tree of G having all the vertices of G. The edges in graph G but not in spanning

tree of G are called chords of that spanning tree. Note that the spanning tree of a

graph is not unique. If a chord is added to the spanning tree of a connected graph

G, a unique cycle is generated which is called a fundamental cycle. A fundamental

cycle basis (FCB) is formed from any spanning tree of the given graph G by selecting

different chords. Note that not all cycle bases are fundamental and finding minimum

FCB is NP-hard.

Remark 4. Based on Lemma ??, a non-binary ETS not only satisfies the topological

condition (i.e. the connection of edges forms an ETS topology), FRC condition of

(??) is satisfied for all cycles of the structure. However, it can be shown that if the

FRC condition is satisfied for all the cycles within the cycle basis, (??) also holds

for every cycles in the Tanner graph of the structure. Therefore, to check whether

a given set of variable nodes which satisfies certain topological conditions is a non-

binary trapping set, we only need to check the FRC condition for the cycles within the

cycle basis of the structure as all other cycles can be generated by this set of cycles.
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It is well-established in the literature that the main problematic structures in

regular and irregular NB-LDPC codes are ETSs [14,60]. Thus, in this work, we first

extend the binary characterization and search algorithm of trapping sets to the non-

binary case for both regular and irregular LDPC codes in ??. It is worth to mention

that the main goals of this paper are: (1) to find the exhaustive list of trapping sets in

a given range of interest for certain variable node and check node degree distribution

under given Galois field GF(q); (2) to construct regular and irregular NB-QC-LDPC

codes free of a certain collection of NB-LETSs within a range of interest. As we will

discuss in Subsection ??, the design process aims at optimizing error floor performance

of NB-QC-LDPC codes using a column-by-column construction parity-check matrix

of the code free of a certain collection of structures.

5.2 Characterization and Search of LETSs in Reg-

ular and Irregular Non-Binary Graphs

Recently, trapping sets have been characterized in [4,5] using the so-called dpl charac-

terization for both regular and irregular binary Tanner graphs. A careful examination

of the trapping set structures and their graphical properties in the space of normal

graphs reveals that simple graph-based expansions techniques referred to dot, path,

and lollipop can generate each and every ETS S by applying a combination of three

types of expansions to a sequence of ETSs starting from a simple cycle or a single

node. These three expansion techniques have been shown in Fig. ??. The dpl char-

acterization can be used to search for all instances of ETS structures within a range

of interest (usually a rectangular region with a ≤ amax and b ≤ bmax), exhaustively

and with an efficient search algorithm [4,5]. However, the algorithms for both regular

and irregular LDPC codes were designed with respect to binary Tanner graph of the

codes. In fact, [4,5] assume that the edge weights in the Tanner graph of the code are

all ones over GF(2). In this section, we consider non-binary graphs and attempt to

extend the dpl characterization of ETSs for NB-LDPC codes. It is important to note

that based on [59], the most harmful structures impacting on the error floor of NB-

LDPC codes over AWGN channel are NB-ETSs. Thus, characterizing and removing

these kinds of trapping sets can improve the error floor performance significantly. As

a result throughout this section, we focus on the NB-ETS structures of the NB-LDPC

codes. Also, for regular and irregular Tanner graphs, we use the normal graph and
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Figure 5.2: Different type of expansions applying on the LETS structure S: dotm
(dot) expansion with m edges (a), open (up) and closed (down) pam (path)
expansion with m + 1 edges (b), locm (lollipop) expansion with m + 1 = d + c
edges (c).

quasi-normal hypergraphs representations of NB-ETSs, respectively.

5.2.1 Regular NB-LDPC Codes

As we discussed in section II, to have a NB-ETS structure in the Tanner graph of the

code, Definition 1 states that the structure must satisfy both topological and algebraic

conditions at the same time. Based on ?? and Remark ??, for checking the algebraic

conditions one can only evaluate the FRC conditon in (??) for the set of cycles within

the cycle basis. Also, to minimize the complexity of FRC check process it is necessary

to consider the minimum cycle basis for a target NB-ETS structure. It is important

to mention that there is a one-to-one correspondence between the cycle basis of an

ETS structure in a regular NB Tanner graph and its normal graph representation.

Thus, we consider the normal graph of the trapping set structures in this section. The

following lemma (Lemma ??) and theorem (??) are useful to find the minimum cycle

basis (Bmin) of a NB-ETS structure and investigate the parent/child relationships in

NB Tanner graphs.

Lemma 4. [78] Suppose that for a connected graph G, B is a cycle basis. If cycle

C ∈ B and C = C1 ⊕ C2, then both sets B\C ∪ {C1} and B\C ∪ {C2} also form a

cycle basis.

The following Theorem (??) is a direct consequence of Lemma ??.
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Theorem 1. [78] For a given connected graph G, the minimum cycle basis (MCB)

Bmin always consists of simple cycles.

Based on ??, all cycles in the minimum cycle basis of a potential NB-ETS struc-

ture are simple. In [78], Horton proposed a polynomial-time algorithm to find the

minimum cycle basis of a finite undirected graph using a greedy search method. After

finding the MCB of an structure, the FRC condition should be checked for all the cy-

cles within the cycle basis to figure out whether the structure is a NB-ETS or not. A

naive method of finding the distribution of NB-ETS structure in a NB Tanner graph

that has been used in [14,58–60] is to first find all binary structures by only consider-

ing topological condition of the structures. Then, for each structure within the range

of interest the MCB is obtained and the FRC condition is evaluated. However, this

method of finding NB-ETS structures imposes high complexity as the parent/child

relationships have not been used in the process of checking algebraic conditions (i.e.

FRC conditions).

Considering the topology of a trapping set, one can find the structure by the

application of dot, path, and lollipop expansions staring from the short simple cycle

of the structure. Obviously, the number of cycles in the MCB is increased after

applying an expansion and obtaining the child structure. To minimize the complexity

of search and have an optimal cycle basis at each step, we need to investigate the

cycle bases of both parent and child structures and choose cycle basis such that the

minimal cycle basis property is preserved. In other words, we need to show that

there exists a sequence of embedded cycle bases for a sequence of embedded NB-ETS

structures that starts from a simple cycle (in the normal graph representation) and

is then expanded one step at a time, where at each step a number of cycles are added

to the basis depending on the type of expansion used in that step such that the basis

remains a MCB. In the following, we investigate the cycle bases for both parent and

child structures for all three different expansions proposed in [4] and [5] and describe

how the cycle basis of the child is generated as a superset of the cycle basis of the

parent where both cycle bases are minimal.

Proposition 6. Suppose that S is an (a, b) non-binary LETS (NB-LETS) structure

of a NB Tanner graph with the MCB of Bparent where the FRC condition is satisfied

for all cycles within the cycle basis. The application of dotm expansion on S increases

the dimension of cycle basis of child(ren) Bchild by m− 1 where Bchild can be selected

such that it is a subset of the cycle basis of child Bchild.
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Proof. The dotm expansion can be seen in Fig. ??(a) in which only one node and

m edges are added to the normal graph Ĝ(S) of the parent structure. Based on the

discussions in section II, the dimension of cycle basis of the parent structure S can

be achieved as |Bparent| = |E(Ĝ(S))| − a + 1 where |E(Ĝ(S))| and a are the number

of edges and variable nodes in the normal graph of S. As a result, the dimension of

child can be calculated as |Bchild| = (|E(Ĝ(S))|+m)−(a+1)+1 = |Bparent|+(m−1).

Now we need to show that there exists a cycle basis Bchild for child structure which

is a superset of Bparent. Suppose that the new variable node in the dotm expansion is

represented by ur and it is adjacent to m variable nodes {u1, · · · , um} in the normal

graph of the parent structure. Also, assume that the shortest path between ui and

uj in Ĝ(S) is p(ui, uj). Let Cr,ij be the shortest simple cycle passing through three

variable nodes {ur, ui, uj} where both ui and uj belong to {u1, · · · , um}, then there

exists m(m−1)/2 simple cycles. By selecting m−1 shortest cycles out of m(m−1)/2

simple cycles that are independent to each other and the cycles in Bparent, we can

obtain the cycle basis Bchild of the child structure which is a superset of the cycle

basis of the parent.

Based on Proposition ??, by the application of dotm expansion on a NB-ETS

structure, we only need to check FRC condition for m− 1 new simple cycles instead

of all cycles of Bchild which can reduce the complexity of characterization/search algo-

rithm significantly. It is worth to mention that the cycle basis of the child structure

is not necessarily minimal even if Bparent is a MCB. Our observations show that if

the parent structure is a simple cycle of length 2l (denoted by sl), then based on

Proposition ??, the application of dotm expansion with m ≥ 3 on sl may not preserve

the cycle basis minimal. The following example demonstrates how dot expansion can

affect the cycle basis of the child structures.

Example 12. Consider the NB-LETS structure of Fig. ??(a) in a regular Tanner

graph with variable degree dv = 4 and algebraic girth g = 6 in which FRC condition

is satisfied for the only simple cycle of structure corresponding to the set of variable

nodes {u1, u2, u3, u4} and Bparent = {s4}. Based on Definition 1, this NB structure

belongs to class (4, 8). The application of dot2 expansion generates two configuration

demonstrated in Fig. ??(b) and Fig. ??(c). However, to check whether these struc-

tures are valid NB-LETS we need to evaluate their simple cycles with FRC condition.

Based on Proposition ??, only one new simple cycle compared to the parent structure

is generated which is {u1, u2, u5} for the topology of Fig. ??(b) and {u1, u2, u3, u5}
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in Fig. ??(c). Note that for the latter one, there are two shortest paths from u1

to u3 where evaluating one of them is enough because the dimension of cycle basis

is increased by one using dot2 expansion. In Fig. ??(d), dot3 expansion has been

applied to the parent structure and it is obvious that three simple cycles ({u1, u2, u5},
{u2, u3, u5}, and {u3, u4, u1, u5}) are generated as a result of this expansion. However,

Proposition ?? states that the size of cycle basis is increased by two for dot3 expansion

and two simple cycles of length 6 are added to the MCB of the parent. It is easy to

see that here Bchild is also a MCB and we only need to check the FRC condition for

two new added cycles. In the case of dot4 expansion (Fig. ??(d)), new simple cycles

are {u1, u2, u5}, {u2, u3, u5}, {u3, u4, u5}, and {u4, u1, u5}. Using Proposition ??, it

can be seen that we only need to add three of these cycles to the cycle basis of the

child structure and evaluate FRC condition for these new simple cycles. Thus, Bchild
in this case contains 3 cycle of length 6 and one cycle of length 8. As we mentioned

before, since the parent structure is a simple cycle, obtained cycle basis Bchild is not

minimal as the 8-cycle can be replaced by a simple cycle of length 6. Thus in this

example, dot4 does not preserve the cycle basis minimal. However, by the investiga-

tion of structure of Fig. ??(d) it can be observed that instead of using dot4 we can

generate this structure by application of dot2 and dot3 on s3 that makes the Bchild a

minimal cycle basis. Note that dot2, dot3, and dot4 expansions generate NB-LETSs

in (5, 8), (5, 6), and (5, 4) classes.

Proposition 7. Suppose that S is an (a, b) (b ≥ 2) NB-LETS structure in a regular

NB Tanner graph with minimum cycle basis denoted as Bparent. Applying the path

expansion pam with m ≥ 2 to S generate child structure(s) with minimal cycle basis

Bchild of dimension |Bparent|+ 1 and Bparent ⊂ Bchild.

Proof. Applying pam expansion adds m new variable nodes and m + 1 edges to the

normal graph of parent structure. If the number of edges of Ĝ(S) is |E(Ĝ(S))|,
then the dimension of cycle basis of parent structure is obtained as |Bparent| =

|E(Ĝ(S))| − a + 1. Thus, the dimension of cycle basis of the child structure is

|Bchild| = (|E(Ĝ(S))| + (m + 1)) − (a + m) + 1 = |Bparent| + 1. Therefore, the

dimension of cycle basis of child structure(s) is increased by one and it is required to

check the FRC for only one simple cycle compared to the parent structure. Finding

the minimum length simple cycle passing through the path in the normal graph of

child results in a minimal cycle basis Bchild where it is a superset of Bparent.
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Figure 5.3: LETS structures in a Tanner graph with variable degree dv = 4 and
girth g = 6: Parent structure in class (4, 8) (a), generated LETSs from dot2
expansion in class (5, 8) (b)-(c), generated LETS from dot3 expansion in class
(5, 6) (d), generated LETSs from dot4 expansion in class (5, 4) (e).

Remark 5. Based on the topology of pam expansion depicted in Fig. ??(b), the path

can be connected to the parent structure via one or two variable nodes. In the former

case, the minimum length simple cycle is unique and can be obtained easily. In the

case of open path, the shortest path between two connected nodes of parent structure

and new added nodes is not necessarily unique and this can lead to having more that

one new simple cycle of minimum lengths. However, based on the Proposition ??,

the dimension of cycle basis is increased by one and therefore it is sufficient to just

evaluate the FRC condition for one of the new generated simple cycles. This can be

seen more clearly in the following example.

Example 13. Consider a regular NB Tanner graph with variable degree dv = 4 and

girth g = 6. Also, suppose that the simple cycle of length 8 (s4) depicted in Fig.

??(a) satisfies the FRC condition for this simple cycle with set of variable nodes

{u1, u2, u3, u4} and Bparent = {s4}. The satisfaction of topological and algebraic con-

ditions confirm that this NB-LETS structure is in class (4, 8). The application of pa2

expansion can generate three different NB-LETS candidates in class (6, 10) which can

be seen in Fig. ??(b)-(d). Based on Proposition ??, the dimension of children cycle

basis Bchild is increased by one and to find the cycle basis for each child structure we
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Figure 5.4: LETS structures in a Tanner graph with variable degree dv = 4 and
girth g = 6: Parent structure in class (4, 8) (a), generated LETSs from pa2
expansion in class (6, 10) (b)-(d).

need to search for the minimum length simple cycle passing through added nodes in

the path expansion. It is easy to see that for child structures of Fig. ??(b) and Fig.

??(c), the new added simple cycle is unique. However, for structure of Fig. ??(d)

there exist two minimum path which leads to two simple cycles of the same sizes.

Thus, we only need to add one of these cycle to achieve the minimum cycle basis

Bchild as the superset of the cycle basis of the parent structure. Note that in all three

generated NB-LETSs, we need to check FRC condition for only one cycle.

Proposition 8. Suppose that S is a NB-LETS structure in class (a, b) (b ≥ 1) with

minimum cycle basis denoted by Bparent. Applying the lollipop expansion locm to S with

m ≥ 3 and 3 ≤ c ≤ m results in child structure(s) with minimal cycle basis Bchild of

dimension |Bparent|+ 1 where Bparent ⊂ Bchild.

Proof. The lollipop expansion locm increases the edges and variable nodes of the normal

graph of the parent structure by m + 1 and m, respectively. Thus, the dimension of

Bchild can be calculated as (|E(Ĝ(S))| + (m + 1)) − (a + m) + 1 = |Bparent| + 1. As

a result, the dimension is increased by only one. This means that we need to check

FRC condition for only one simple cycle compared to the parent structure. It can

be seen from Fig. ??(c) that locm expansion adds only one unique new simple cycle
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Figure 5.5: LETS structures in a Tanner graph with variable degree dv = 4 and girth
g = 6: Parent structure in class (4, 8) (a), generated LETSs from lo33 expansion
in class (7, 12) (b), generated LETSs from lo45 expansion in class (9, 16) (d).

of length 2c to the parent structure. Therefore, the child cycle basis Bchild remains

minimal.

Example 14. Consider a NB Tanner graph with the same parameter and parent

structure of Example ??. The application of lo33 and lo45 on the NB-LETS of Fig.

??(a) can possibly generate NB-LETSs in (7, 12) and (9, 16) classes, respectively. The

only condition is to check whether new simple cycle in each of the children satisfies

FRC condition or not. Based on Proposition ?? and Fig. ??, it is clear that applying

a lollipop expansion results in only one new simple cycle and increase the number of

simple cycles in cycle basis of the child structure by one. Thus, the necessary and

sufficient condition for existence of NB-LETSs of Fig. ??(b) and Fig. ??(c) is the

satisfaction of FRC condition for {u5, u6, u7} and {u6, u7, u8, u9}, respectively.

By applying a combination of dot, path, and lollipop expansion techniques to

short simple cycles, the topology of all NB-LETS structures with variable degree

dv in any (a, b) class (which are not simple cycles) can be obtained [4]. However,

different from binary case, FRC condition should be checked after the application

of each expansion. Based on Proposition ??, ??, and ??, applying dot2, path and

lollipop only add one simple cycle to the cycle basis of parent structure and the cycle

basis of child remains minimal and a superset of its parent. On the contrary, the
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Figure 5.6: (7, 1) NB-LETS structure in a Tanner graph with variable degree dv = 3
and girth g = 6 generated from two different sequences of expansions.

application of dotm expansion with m ≥ 3 may result in a child structure with a

MCB which is not a superset to the MCB of the parent structure. To show this

consider a regular Tanner graph with dv = 3, g = 6, and the structure in class (7, 1)

depicted in Fig. ??. This structure can be generated by the application of pa3 and

dot3 on simple cycle of length 6 (s3) in class (3, 3) and the first structure of class

(6, 4), respectively. The MCB of the parent structure is is {1 × s3, 1 × s5} and the

MCB for the child structure is {1 × s3, 3 × s4}. It can be seen that Bparent 6⊂ Bchild
and the the cycle basis are not embedded anymore. Thus, in general, the application

of a series of expansions for generating a target structure does not keep the cycle

basis minimal in each step and the complexity of checking FRC condition is not

minimized. By a careful look at (7, 1) structure it is observed that this structure

has another parent in class (6, 2) which can generate the target structure using dot2

expansion. Interestingly, the MCB of parent structure is a subset of the MCB of child

structure when the (7, 1) NB-LETS is generated from (6, 2) structure. Therefore, to

search for any NB-LETSs in a range of interest with minimum amount of FRC check

complexity, the embeddedness principle of cycle bases should be satisfied. Moreover,

to have an optimal characterization, each structure within the range a ≤ amax and

b ≤ bmax must be generated from a parent in class (a, b) where b value is minimized.

In the following, we describe our proposed method to optimize the characterization

of NB-LETSs and minimizing the complexity of search algorithm in details.

As we mentioned earlier in this section, our main goal is to characterize all non-

isomorphic LETS structures of a regular NB Tanner graph with variable degree dv and

algebraic girth g, within a rectangular region a ≤ amax and b ≤ bmax. Based on the
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discussion in [4], this task can be done by describing each LETS structure S as a series

on three types expansion techniques starts from simple cycles. A characterization

table is used to demonstrate the necessary expansions for each class of trapping sets

in the range of interest. Based on the discussion in [4], from topological point of

view, to have an exhaustive list of LETSs in the range of interest, we need some

parent structures with unsatisfied check node value b ≥ bmax. The maximum b value

of necessary out of range parents is represented by b′max. The dpl-characterization

proposed by Hashemi and Banihashemi [4] is optimal in the sense that b′max and the

maximum length of the required simple cycles are minimized. However, in the case of

NB Tanner graphs, it is necessary to check both topological and algebraic conditions

at the same time. Thus, each NB-LETS structure must be generated from a direct

parent with minimum b value such that the MCB of the parent is a subset of the

MCB of the child structure. To fulfill both topological and algebraic conditions, first

suppose that all structures within the range of interest are stored in set L. Then,

we start from the structures in L with the largest size and work our way down to

the structures with the smallest size. At the first step, the largest size (a = amax)

structures of L are identified (denoted by S1) and stored in the set S = S1. Then,

for every structure within S a set of all possible direct parents P is formed. Among

all possible direct parents of structures within S, we look for a subset Π1 that can

generate all the structures in S and has the minimum cardinality |Π1|. This subset

of direct parents includes structures within and out of the range of interest denoted

by Π1,in and Π1,out, respectively. In the second step of our proposed optimization

algorithm, the second largest size structures of set L are stored in set S2. Here, we

need to find the minimum number of parent structures that can generate NB-LETSs

within set S = S2∪Π1,out. To perform this task, similar to the first step, we recognize

all possible direct parents and try to find set Π2 and the corresponding sets Π2,in and

Π2,out. This process is continued until we reach to the smallest structure in the range

of interest. Note that in the process of evaluating parent structures for any target

structure in S, we only consider those parents with minimal cycle bases being a subset

of MCB of the target NB-LETS. Therefore, it is guaranteed that the complexity of

checking FRC conditions is minimized based on Propositions 1, 2, and 3. It is worth

to mention that the optimization method used here is following the same steps as

described in Algorithm 1 of [62]. The main difference is that instead of considering a

targeted set of structures within the interest range, we are searching for all structures
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of the range, i.e. set L.

Remark 6. The proposed characterization of non-binary LETS structures follows

the general framework of dpl characterization of [4], and thus has all advantages of

dpl technique. The suggested expansion techniques for NB Tanner graphs minimizes

the complexity of checking FRC condition after obtaining each NB-LETS candidate

by minimizing the number and length of tested simple cycles in each of dot, path,

and lollipop expansions. As a result, we can say that the complexity of proposed

characterization/search method is optimized.

Following the same method as in [4], we can present the characterization of NB-

LETSs within a range of interest by only providing the required simple cycles and

necessary expansion techniques in each (a, b) class of trapping sets to obtain all in-

stances of NB-LETSs in a ≤ amax and b ≤ bmax. However, in addition to the expansion

techniques applied on each (a, b) class, we provide the number and lengths of simple

cycles that has been checked for FRC condition at each step of generating NB-LETS

structures.

Now we are ready to form the characterization table for a given values of variable

node degree dv and algebraic girth g, and a targeted range a ≤ amax and b ≤ bmax of

trapping sets. Note that the characterization table corresponds to an exhaustive list

of NB-LETSs in the range of interest. Also, as it is well-established in the literature,

small trapping sets are among the most harmful ones. Thus, the characterization

tables are designed such that all the dominant structures are covered by selecting

proper amax and bmax. In each characterization table, columns and rows indicate

different values of a and b, respectively. For each (a, b) class of LETSs, the first line

of top entries in the table specifies the lengths of simple cycles that are initial parents

of the LETS structures within that class and the number of structures within that

class that have those particular simple cycles as their initial parents which are given

in the brackets. The second line of the top entries shows the number of simple cycles

of different lengths evaluated for checking FRC condition of LETSs within class (a, b)

when we utilize the properties mentioned in Propositions 1, 2, and 3. The third line

of the top entries indicates a vector containing the number of simple cyles of different

lengths required to check through FRC evaluation in that particular class when all

cycles in the cycle bases of structures are evaluated and we do not take advantage

of the embeddedness of cycle bases (or the parent/child relationships). Finally, the

bottom entries demonstrate the required expansion techniques applied to structures
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within the class. For example, consider an (a, b) class with first line top entries,

second line top entries, third line top entries, and bottom entries as {si(x1), sj(y1)},
{si1(q1), · · · , siγ (qγ)}, {si1(k1), · · · , siλ(kλ)}, and {dotm, pam, locm}, respectively. From

the first line of top entries it can be observed that the total of x1 + y1 non-isomorphic

structures in class (a, b) are generated through simple cycles of length-i (x1 structures)

and length-j (y1 structures). Also, the second line of upper entries indicates that FRC

condition should be checked q1, · · · , qγ times for simple cycles of lengths si1 , · · · , siγ ,
respectively. The upper third line shows that when all cycles within the MCBs of

structures in the (a, b) class are considered, we need to check FRC condition k1, · · · ,
kλ times for simple cycles of lengths si1 , · · · , siλ , respectively. The expansions in

the lower entries mean that it is necessary to apply these expansion techniques to

all x1 + y1 instances of NB-LETSs within class (a, b) for having an exhaustive search

within the range of interest. The existence of symbol ”−” as the only entries of

a class or in the lower part shows that there is not any structures in that class or

applying any types of expansions either is not possible or would not create new LETS

structures in the range of interest. In the following example, the characterization

table for a regular NB-LDPC code with variable node degree dv = 3 and algebraic

girth 8 is represented.

Example 15. Table ?? demonstrates the characterization of NB-LETS structures of

a regular non-binary Tanner graph with variable degree dv = 3 and algebraic girth 8

for a ≤ amax = 12 and b ≤ bmax = 3. It can be seen that for generating the topology of

all instances of LETSs in the range of interest, simple cycles of length eight (s4) and

ten (s5) are required. In terms of expansion techniques, dot2, dot3, pa2, pa3, pa4, and

lo44 are needed to search for all LETSs within the targeted range. Let us consider the

upper and lower entries of class (9, 3) where there are 17 non-isomorphic structures.

From the first upper entries (s4(16), s5(1)) it can be observed that the initial parent

of 16 structures is simple cycle of length-8 and only one NB-LETS is generated from

s5. Considering proposed FRC check method, it can be seen from the second line of

top entries (5,7,4,1,0) that FRC condition needs to be checked 5, 7, 4, and 1 times

for simple cycles of lengths 8, 10, 12, and 14, respectively. In the case that we ignore

the parent/child relationship in the process of FRC check and FRC condition is eval-

uated for all cycles within the MCB of each structure, the third line of upper entries

(35,26,6,1,0) shows that FRC condition should be checked 35, 26, 6, and 1 times for

simple cycles of lengths 8, 10, 12, and 14, respectively. It is obvious that our proposed
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method reduces the complexity of FRC checking process significantly. Expansion types

dot2, dot3 and pa2 can be seen as the bottom entries that should be applied to all 17

structures of class (9, 3). It is worth to mention that the characterization table can be

divided into two parts; the first part is the classes with b ≤ bmax = 3 and the second

part with b > bmax = 3. The former classes are called in-range classes and the latter

are referred to as out-of-range classes.

From the characterization table of NB-LETSs, it is clear that checking FRC con-

dition affects the complexity of search algorithm. As we mentioned before, there are

two different approaches for dealing with FRC check in the search algorithm. One

method is to consider the minimum cycle basis of generated structure and check the

FRC condition for all cycles of the MCB. As we mentioned before, this method is

useful when you do not have any prior information about the structure. However,

in the search algorithm of NB-LETSs, we know that the parent structure fulfills the

FRC condition for all cycles and we can take advantage of this information. In the

proposed low-complexity method we just consider the new simple cycles generated as

a result of applying expansions on the parent structure to minimize the FRC check

complexity. To compare the complexity of the proposed algorithm with that of using

minimum cycle basis, we count the numbers and the lengths of simple cycles involving

in FRC check process in different classes. The comparison can be done by calculating

the weighted sum of each simple cycle length over different entries of characteriza-

tion table with the weights being the multiplicity of simple cycle of certain size in

the corresponding class. These results for different scenarios are listed in Table ??:

dv = 3, g = 6, a ≤ 12, b ≤ 5, dv = 3, g = 8, a ≤ 12, b ≤ 5, dv = 4, g = 6, a ≤ 9, b ≤ 8,

dv = 4, g = 8, a ≤ 11, b ≤ 10, and dv = 5, g = 6, a ≤ 10, b ≤ 13 where g depicts the

algebraic girth. For each scenario, we have listed the results for the proposed and

MCB FRC check algorithms in the first and second columns, respectively. The results

of Table ?? show that the proposed method of checking FRC condition can reduce

the complexity of search significantly. For example, considering the first scenario, it

is needed to check 22849 simple cycles where this number for proposed method is

3981 which is a huge save in terms of complexity.
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Table 5.1: Characterization of NB-LETS Structures of (a, b) Classes for Regular
Non-Binary Graphs with dv = 3 and g = 8 for a ≤ amax = 12 and b ≤ bmax = 3

a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10 a = 11 a = 12

b = 0 − −

s4(1)

(2, 0, 0, 0, 0)

(4, 0, 0, 0, 0)

−−−
−

−

s4(2)

(4, 0, 0, 0, 0)

(9, 1, 0, 0, 0)

−−−
−

−

s4(5), s5(1)

(7, 4, 1, 0, 0)

(19, 14, 3, 0, 0)

−−−
−

−

s4(20), s5(2)

(20, 17, 5, 1, 1)

(69, 62, 20, 2, 1)

−−−
−

b = 1 − − −

s4(1)

(0, 1, 0, 0, 0)

(3, 1, 0, 0, 0)

−−−
lo44

−

s4(4)

(1, 3, 0, 0, 0)

(12, 8, 0, 0, 0)

−−−
−

−

s4(22), s5(1)

(6, 10, 5, 1, 0)

(62, 61, 13, 2, 0)

−−−
−

−

b = 2 − −

s4(1)

(1, 0, 0, 0, 0)

(3, 0, 0, 0, 0)

−−−
dot2

pa2, pa3

−

s4(5)

(2, 2, 1, 0, 0)

(14, 5, 1, 0, 0)

−−−
dot2, pa3

−

s4(27), s5(1)

(9, 14, 5, 0, 0)

(71, 55, 13, 1, 0)

−−−
dot2

−

s4(175), s5(15)

(50, 71, 58, 8, 2)

(468, 442, 201, 26, 3)

−−−
−

b = 3 −

s4(1)

(1, 0, 0, 0, 0)

(2, 0, 0, 0, 0)

−−−
dot2, dot3

pa3, pa4

−

s4(3)

(2, 1, 0, 0, 0)

(7, 2, 0, 0, 0)

−−−
dot2, dot3

pa2, pa3

−

s4(16), s5(1)

(5, 7, 4, 1, 0)

(35, 26, 6, 1, 0)

−−−
dot2, dot3

pa2

−

s4(113)

s5(9)

(35, 41, 38, 13, 0)

(261, 232, 100, 16, 1)

−−−
dot2, dot3

−

b = 4

s4(1)

(1, 0, 0, 0, 0)

(1, 0, 0, 0, 0)

−−−
dot2, pa2, pa3

−

s4(2)

(1, 1, 0, 0, 0)

(3, 1, 0, 0, 0)

−−−
dot2

pa2, pa3

−

s4(9),s5(1)

(5, 3, 2, 0, 0)

(16, 11, 3, 0, 0)

−−−
dot2, pa2

−

s4(40),s5(5)

(9, 16, 16, 4, 0)

(113, 89, 43, 6, 1)

−−−
dot2

− −

b = 5 −

s5(1)

(0, 1, 0, 0, 0)

(0, 1, 0, 0, 0)

−−−
pa2

−

s4(2), s5(1)

(1, 1, 1, 0, 0)

(2, 3, 1, 0, 0)

−−−
dot2, pa2

−

s4(4), s5(2)

(1, 2, 3, 0, 0)

(24, 23, 11, 2, 0)

−−−
dot2

− − −

b = 6 − − − −

s5(2)

(0, 1, 1, 0, 0)

(0, 3, 1, 0, 0)

−−−
dot2

− − − −
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Table 5.2: Complexity comparison between two characterization algorithms of NB-
LETSs: Proposed method versus Original where the minimum cycle basis
(MCB) is considered

dv = 3, g = 6 dv = 3, g = 8 dv = 4, g = 6 dv = 4, g = 8 dv = 5, g = 6

a ≤ 12 and b ≤ 5 a ≤ 12 and b ≤ 3 a ≤ 9 and b ≤ 8 a ≤ 11 and b ≤ 10 a ≤ 10 and b ≤ 13

Proposed MCB Proposed MCB Proposed MCB Proposed MCB Proposed MCB

s3 502 5912 0 0 2895 18434 0 0 29620 218663

s4 1167 6562 163 1198 2679 14893 2031 16002 17983 82644

s5 1048 5595 195 1037 957 3263 639 3371 1547 2775

s6 790 3358 139 415 102 241 57 110 13 13

s7 326 1102 28 56 3 3 1 1 0 0

s8 127 274 3 6 0 0 0 0 0 0

s9 21 46 0 0 0 0 0 0 0 0

Total 3981 22849 528 2712 6636 36834 2728 19484 49163 304095

5.2.2 Irregular NB-LDPC Codes

So far, the dpl-based characterization/search algorithm for regular NB Tanner graphs

has been investigated. As a result, we can find all instances of NB-LETS structures

in a range of interest given dv, algebraic girth g, amax, and bmax. As we mentioned

earlier, one of the main goals of the current work is to find NB-LETSs in non-binary

irregular Tanner graphs. In the rest of this section, we extend the proposed method

to the irregular case. Based on our discussion in section II, the variable nodes in ir-

regular Tanner graphs can have various degrees selected from set {dv,min, · · · , dv,max}.
Thus, the application of different expansion techniques on a parent class (a, b) can

generate NB-LETSs in a number of classes with the same size and different unsatis-

fied check nodes b′. In [5], quasi-normal hypergraph was used to represent the exact

number of unsatisfied check nodes of LETSs in irregular Tanner graphs. In this paper,

we consider similar graph representation to investigate the topological conditions of

NB structures. This subsection aims at the characterization and search of NB-LETS

structures in irregular NB Tanner graphs with minimum complexity. Checking topo-

logical conditions and algebraic constraints are two dominant factors that impact the

complexity of search algorithm. As a result, the optimization of each element would

lead to a less complex search algorithm.

The variety of the degrees of variable nodes results in a larger number of non-

isomorphic LETS structures of irregular codes for a given (a, b) class compared to

regular Tanner graphs which makes the characterization of LETSs a more challenging

problem in both binary and non-binary scenarios from topological point of view.
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In [5], Considering the interest range as a ≤ amax and b ≤ bmax, two solutions for

finding an exhaustive list of binary LETSs for irregular LDPC codes are proposed.

Focusing on the more efficient technique of the two, a recursive algorithm is introduced

to find upper bounds bamax on the b values of classes with sizes a ≤ amax, starting

from a = amax and going all the way down to a = g/2. These upper bounds for each

value of a ∈ [g/2, amax] represents the maximum b value for any (a, b) class whose

structures can directly or indirectly generate at least one structure within the range

a ≤ amax, b ≤ bmax. Finding these upper bounds and identifying all expansions for

each class within the range of these upper bounds that leads to at least one structure

within the rage of interest, results in an exhaustive search algorithm by applying

all expansions within each class to all the structures of that class starting from the

simple cycles. However, the method of [5] suffers form high complexity due to high

redundancy existing in the search process. In fact, in the proposed characterization

technique of [5], the same child structure can be searched for via a number of parents

with different expansion types rather than a single parent. In our recent work [63],

we established the one-to-one correspondences between children and parents, and we

proposed a less complex search algorithm compared to [5] by making sure that each

structure within the range is generated through only one parent. To perform this task,

after finding the parent/child relationships among all the structures with a ≤ amax

and b ≤ bamax, the minimum number of parents are obtained to find each target LETS

structure through only one parent with minimum b vale. However, our approach was

devised to find the optimal characterization for a targeted set of LETSs within the

range of interest. Different from our previous work [63], in this paper, our goal is to

find all instances of structures within the specific range with minimum complexity.

Thus, we follow the exact same steps as we proposed in [63] and a larger number of

target structures.

As we discussed in the previous subsection and for regular Tanner graphs, in the

process of searching for NB-LETS structures, in addition to considering the topo-

logical conditions we need to check algebraic constraints as well. Suppose that the

topological condition is satisfied for a structure in a NB irregular Tanner graph. Based

on Definition 1 and Lemma ??, if FRC condition is satisfied for every cycle in the

minimum cycle basis of the structure, then that structure would be a NB-LETS. We

also pointed out that for irregular graphs, a quasi-normal hypergraph is considered.

However, for the purpose of checking FRC conditions, it is enough to only evaluate
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the normal graph of irregular structure since the degree-1 check nodes are always

unsatisfied. Thus, a similar technique to the regular case discussed in the previous

subsection can be used to check FRC condition with minimum complexity. In the

following example, we form the characterization for an irregular NB Tanner graph

with variable node degrees dv ∈ {2, 4} and algebraic girth g = 6 within the range

a ≤ 8 and b ≤ 3.

Example 16. The characterization table of an irregular NB Tanner graph with vari-

able degree distribution dv ∈ {2, 4} and girth g = 6 has been demonstrated in Table

?? for range a ≤ 8 and b ≤ 3. The first step to achieve this table is to extract the

number of non-isomorphic structures in each (a, b) class of NB-LETSs in the range

of interest. This can be done by using the technique of [63] in which the regular struc-

tures are considered as the start point to generated all non-isomorphic structures in

different classes. Then, starting from the largest size trapping sets (a = amax) within

the range of interest, we try to find a set of parent structures with minimal cardinality

that can generate all in-range LETSs of size a = amax. In the next step, we target the

structures with size a = amax− 1 within the range of interest along with those parents

that we achieved from the previous step which have size equal to a = amax − 1. This

optimization process can lead to a characterization with minimum number of parent

structures out of the range of interest that are able to search for all the structures

in the range a ≤ amax, b ≤ bmax. Note that, throughout the identification of paren-

t/child relationships, we always consider the FRC condition and the embeddedness

principle of cycle bases of the parents and their corresponding children. In fact, a

structure is recognized as the potential parent for a certain NB-LETSs within any

(a, b) class only if the minimum cycle basis of the parent is a subset of MCB of the

target LETS structure. This results in optimizing the complexity of search process

in terms of checking algebraic constraints. Similar to the characterization table of

Example ??, we consider two different scenarios for checking the FRC conditions. In

the first scenario, only new simple cycles in the minimal cycle basis of the child struc-

ture compared to the cycle basis of the parent is evaluated. In the second scenario,

we do not use the parent/child correspondences and all cycles in the MCB of a child

structure are checked in terms of FRC condition. In Table ??, similar to regular case,

the second and third line of upper entries in each class show the number of cycle and

their corresponding lengths that are required to be checked for FRC condition. As an

example, to search for non-isomorphic structures in class (7, 2), cycles of length 6, 8,
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10, 12, 14, and 16 (or equivalently s3, s4, s5, s6, s7 and s8) are needed to be evaluated

54, 53, 22, 2, 1, and 0 times through the proposed FRC check process, respectively.

However, when we consider all cycles in the MCB of the structures in this class, we

are required to check FRC conditions 311, 141, 24, 2, 1, and 0 time for the same

mentioned vector of simple cycles. From the table, it can be seen that the complexity

of checking algebraic constraints is much less for the proposed method compared to

the MCB approach. In total, we need to check FRC condition for 1643 and 6072

simple cycles for proposed and MCB techniques, respectively, which demonstrates a

significant complexity reduction. It is worth to mention that dotm expansion in Table

?? represents all dotkm expansions with k ∈ {2, 4}. For instance, dot2 represents dot22

and dot42.

5.2.3 Design of NB-QC-LDPC codes with low error floor

Throughout this section, the characterization/search of NB-LETS structures for both

regular and irregular Tanner graphs was discussed thoroughly and an efficient low-

complexity algorithm was proposed to find the exhaustive list of structures within a

given range of interest. Based on our recent works [62,63], a direct application of being

able to characterize trapping sets is to design codes with low error floor by removing

harmful structures. Therefore, the same approach proposed in [62,63] can also be used

to construct regular/irregular NB-QC-LDPC codes that are free of a certain collection

of NB-LETSs denoted by L. As we mentioned earlier, this collection of trapping sets

can be also represented by a rectangular range of LETSs with a ≤ amax and b ≤ bmax.

To specify a NB-QC-LDPC code, we need to determine the exponent and edge weight

matrices for a given lifting degree. Similar to what we have done in [62, 63] and to

construct NB-QC codes, we can devise a greedy column-by-column search algorithm

to jointly design the exponent and edge wight matrices such that at each step the

constructed code is free of certain structures within the range of interest. Thus, the

search algorithm is required to check whether the constructed Tanner graph so far

contains any instances of the NB-LETSs within L. It was mentioned in [62, 63] that

using the exhaustive dpl-based search algorithm for the specified range and check if

there is any instances of LETSs in the output of algorithm would be a solution to this

problem which is too complex and not usable. An alternative with lower complexity

approach is to only consider those structures that are not parent of other LETSs
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Table 5.3: Characterization of NB-LETS Structures of (a, b) Classes for Irregular
Non-Binary Graphs with dv ∈ {2, 4} and g = 6 for a ≤ amax = 8 and b ≤
bmax = 3

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8

b = 0

s3(1)

(1,0,0,0,0,0)

(1,0,0,0,0,0)

−−−
−

s4(1)

(0,1,0,0,0,0)

(0,1,0,0,0,0)

−−−
−

s3(3), s5(1)

(5,0,1,0,0,0)

(11,0,1,0,0,0)

−−−
−

s3(6), s4(1)

(5,4,0,1,0,0)

(24,6,0,1,0,0)

−−−
−

s3(18), s4(2), s7(1)

(12,8,4,0,1,0)

(71,22,4,0,1,0)

−−−
−

s3(65), s4(6), s8(1)

(36,32,11,4,0,1)

(254,136,14,4,0,1)

−−−
−

b = 1 − − − − − −

b = 2

s3(1)

(1,0,0,0,0,0)

(1,0,0,0,0,0)

−−−
pa2, pa3, pa4, pa5

lo33, lo
3
4, lo

4
4

lo35, lo
4
5, lo

5
5

s3(1), s4(1)

(1,1,0,0,0,0)

(2,1,0,0,0,0)

−−−
dot2, pa3

pa4, lo
4
4

s3(6), s4(1), s5(1)

(7,2,1,0,0,0)

(18,3,1,0,0,0)

−−−
dot2, pa2

pa3

s3(24), s4(3), s6(1)

(16,15,2,1,0,0)

(71,24,2,1,0,0)

−−−
dot2, pa2

s3(99), s4(9), s5(1), s7(1)

(54,53,22,2,1,0)

(311,141,24,2,1,0)

−−−
dot2

s3(473), s4(33), s5(2), s6(1), s8(1)

(244,248,104,27,2,1)

(1548,944,152,28,2,1)

−−−
−

b = 3 − − − − − −

b = 4

s3(1)

(1,0,0,0,0,0)

(1,0,0,0,0,0)

−−−
dot2, pa2, pa3, pa4

pa5, lo
3
3, lo

4
4

s3(2), s4(2)

(3,2,0,0,0,0)

(5,2,0,0,0,0)

−−−
dot2, dot3, dot4

pa2, pa3, pa4, lo
3
3

s3(9), s4(1), s5(2)

(9,3,2,0,0,0)

(22,5,2,0,0,0)

−−−
dot2, dot3, dot4

pa2, pa3

s3(42), s4(5), s6(3)

(20,27,6,3,0,0)

(101,47,6,3,0,0)

−−−
dot2, dot3

dot4, pa2

s3(203), s4(24), s5(4), s6(2), s7(3)

(103,120,48,7,3,0)

(551,326,64,7,3,0)

−−−
dot2, dot3, dot4

−

b = 5 − − − − − −

b = 6

s3(1)

(1,0,0,0,0,0)

(1,0,0,0,0,0)

−−−
dot2, dot3, pa2, pa3

s3(1), s4(1)

(1,1,0,0,0,0)

(2,1,0,0,0,0)

−−−
dot2, dot3, pa2

s3(6), s4(1), s5(2)

(3,4,2,0,0,0)

(12,5,2,0,0,0)

−−−
dot2, dot3, pa2

s3(24), s4(7), s5(1), s6(3)

(11,27,8,3,0,0)

(69,49,8,3,0,0)

−−−
dot2

s3(183), s4(31), s5(11), s6(5), s7(4)

(71,113,64,13,4,0)

(460,319,88,13,4,0)

−−−
dot4

−

b = 7 − − − − − −

b = 8 −

s4(1)

(0,1,0,0,0,0)

(0,1,0,0,0,0)

−−−
dot2

s3(2), s4(1), s5(1)

(1,2,1,0,0,0)

(3,3,1,0,0,0)

−−−
dot2

s3(15), s4(4), s5(1), s6(3)

(3,11,6,3,0,0)

(23,21,6,3,0,0)

−−−
dot4

− −
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in L and form a new set Lt with minimum number of structures which are called

targeted LETSs. Thus, it is possible to devise an efficient version of dpl-based search

algorithm that could be used in the construction process. As we generalized the dpl

search algorithm to NB Tanner graphs, we can apply the same method of [62, 63] to

construct regular/irregular NB-QC-LDPC codes free of a given list of NB-LETSs.

Here, we formulate the construction problem in two different scenarios considering

AWGN channel as the transmission medium. In the first scenario, the goal is to

construct a NB code with the given parameters, Galois Field GF (q) and q = 2p(p ≥
1), base graph size m×n, code rate R ≥ 1−m/n, even integer g0, positive integer bmax,

and lifting degree N , such that the code has algebraic girth at least g0 and rate at least

R, and is free of any (a, b) NB-LETS structures within the range a ≤ amax, b ≤ bmax,

where amax is maximized. Another possible design scenario is to consider a fixed

range (a ≤ amax, b ≤ bmax) and minimize the lifting degree N such that the output

non-binary code has no (a, b) NB-LETS within that range of interest. In this case,

all other code parameters are assumed the same as first problem. It is worth to

mention that in this work, we focus on improving the error floor performance of NB-

QC-LDPC codes. Thus, we supposed the degree distributions that result in good

waterfall performances are known in advance.

There exist a small number of studies that are aimed at lowering the error floor of

NB-LDPC codes. In [52, 56, 57], the authors use indirect measure of error floor such

as algebraic girth, multiplicity of short NB cycles, and the connection of short NB

cycles to the rest of the graph, to design codes with low error floor. There are also

a number of research that deal with error floor by eliminating the harmful structures

directly, see, e.g. [14, 58, 59]. In [14], the author proposes a design method by only

optimizing the edge weight matrix for a given binary code to eliminate a collection of

elementary absorbing sets. The same author mentions the construction problem for

specifically NB-QC-LDPC codes in [58]. In [59], the error floor problem is considered

for communication channels other than AWGN where non-elementary absorbing sets

are also problematic. However, in all of direct methods, the NB code is constructed

through a two-step process. At the first step, a binary code is constructed with good

girth property (usually using PEG [15] algorithm). Next, the edge wight matrix is first

randomly generated and then optimized such that the designed code is free of a given

collection of harmful structures. Thus, the edge weight and exponent matrices are

constructed separately. In this work, we construct regular/irregular NB-QC-LDPC
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codes by jointly optimizing edge weight and exponent matrices using the proposed

low-complexity search algorithm..

Remark 7. While the proposed characterization/search tool works for NB codes over

any field size, q, the performance gain achieved by the elimination of trapping sets for

larger q are expected to be relatively smaller. The main reason is that by increasing the

field size satisfying FRC condition for small cycles are less likely and NB-LDPC code

benefits from improved error-floor performance. However, the complexity of decoding

algorithm increases quickly by increasing the GF size [14]. Thus, in this paper, we

keep the field size relatively small in our design codes.

5.3 Simulation Results

As we mentioned earlier, finding the distribution of trapping sets for a given NB-

LDPC code is important since it provides us with the information of harmful struc-

tures that are necessary to improve the error floor performance of NB codes. Better

performance can be achieved by constructing codes free of a collection of harmful

trapping sets. Thus, the main goal of this section is to report the exhaustive lists of

NB-LETS structures for a number of regular/irregular NB-QC-LDPC codes existing

in the literature. To perform this task, we bring the multiplicity of instances of NB-

LETSs in different classes for these codes in tables. Each row of a table corresponds

to a class of NB-LETS structure and for each class the total number of instances of

NB-LETSs obtaining from different short non-binary simple cycles is listed. It is im-

portant to emphasize that the current work is the first study providing the exhaustive

list of LETSs for NB (regular/irregular) LDPC codes. As the application of proposed

efficient search algorithm of NB-LETSs, here, we also deal with the problem of con-

structing NB-QC-LDPC codes with better error floor performance compared to the

state-of-the-art codes with similar parameters. In the design process, a column-by-

column algorithm is used and to evaluate the distribution of NB-LETSs a modified

version of proposed search algorithm is utilized as we discussed in Subsection ??. It

is worth to mention that whenever we talk about regular code we consider a fully-

connected base graph. Moreover, since the ultimate goal is to improve the error floor

performance, we consider the same degree distribution (or zero elements within the

base graph) for the designed codes compared to their counterparts from the literature.
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Finally, to compare the designed and the existing NB codes, we provide the distri-

bution of NB-LETSs for all constructed NB-QC-LDPC codes. For FER performance

comparison, we consider a binary-input AWGN channel and a q − ary sum-product

decoder with maximum number of iteration 30 where at least 100 block errors are

collected for each simulated point.

As the first example, we consider a regular NB-QC-LDPC code of length L = 90

with 3 × 5 base matrix, lifting degree N = 18, over GF(4) and primitive element of

α2 +α+ 1. Based on the method of [14], a binary QC-LDPC code is generated using

PEG algorithm which results in a code of g = 6. Then, the edge weights are assigned

randomly to the Tanner graph of the designed code. Finally, the edge weights are

being updated repeatedly to remove the trapping sets within the range of a ≤ 8 and

b ≤ 3. Note that to eliminate NB structures, [14] first finds the list of NB-LETSs

using the technique of [61] (which is not necessarily exhaustive). Then, the FRC

condition is checked for the cycles within the fundamental cycle of each structure in

the design algorithm. The code of [14] canceled all cycles of length 6 by assuring that

FRC condition is not satisfied for these cycles which means that the algebraic girth

is 8. We consider similar code parameters and attempt to remove a larger range of

NB-LETSs by designing code C16. Our constructed code has no NB-LETSs within

the union of the ranges a ≤ 10, b ≤ 3 and a ≤ 11, b ≤ 2:

H16 =


α0I0 α2I0 α2I0 α1I0 α0I0

α2I0 α1I17 α8I0 α0I11 α1I15

α1I0 α2I7 α14I0 α0I4 α2I9

 . (5.5)

In Table ??, we have listed the NB-LETSs of code C16 and the code designed by

the algorithm of [14] within the range of a ≤ 12 and b ≤ 4. In this table, only classes

where at least one of the two codes has non-zero multiplicity are reported. The FER

curves for the two codes are also given in Fig. ??. It can be observed that C16 has

superior trapping set distribution and error floor performance.

In the second experiment, we consider the regular NB-QC-LDPC code of [59]

with rate R = 0.89, variable degree dv = 3, check node degree dc = 27, and block

length L = 3996 where the base graph is fully-connected. The field size of the

designed code is equal to q = 4 with primitive element of α2 + α + 1 and lifting



CHAPTER 5. CHARACTERIZATION OF NON-BINARY TRAPPING SETS 111

Table 5.4: Multiplicities of LETS structures in the range of a ≤ 12 and b ≤ 4 for
designed code C16 and the code constructed by technique in [14]

(a, b) class Code of [14] C16
(4, 4) 234 162

(6, 4) 450 270

(8, 4) 1143 594

(9, 3) 144 0

(10, 2) 18 0

(10, 4) 4554 3438

(11, 3) 288 36

(12, 0) 15 0

(12, 2) 18 18

(12, 4) 9054 5544
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Figure 5.7: FER comparison of proposed code C16 and the NB code designed by
technique of [14].
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Table 5.5: Multiplicities of LETS structures in the range of a ≤ 8 and b ≤ 3 for
designed code C17 and codes in [59]

(a, b) class Random Code of [59] C17
(3, 3) 5920 3700 1776

(4, 2) 888 0 0

(5, 3) 34780 25604 15540

(6, 2) 6068 2072 0

(7, 3) 613312 377548 275576

(8, 2) 70152 38924 20868

degree is N = 148. The non-binary code was designed by first generating a binary

QC-LDPC code using PEG algorithm with girth g = 6. Then, the distribution of

absorbing sets is obtained using the approach proposed by [61]. In the next step,

the edge weights are assigned randomly and an iterative algorithm is devised such

that harmful elementary absorbing sets are removed by changing and updating the

edge weights such that FRC condition is not satisfied for at least one cycle in each

structure. Based on their proposed algorithm, an edge weight is updated such that

all previously removed structures remain canceled. In Table ??, the distribution of

NB-LETSs for the designed code of [59] is reported where the author mentioned that

the harmful structures are those in (4, 2), (6, 2), and (8, 2) classes. It is important

to mention that [59] does not provide any information about the distribution of the

elementary absorbing sets. It is possible to achieve a better error floor by removing

(4, 2) structures and reducing the number of (6, 2) trapping sets. To compare the

distribution of harmful structures, we also provide the list of LETSs for the random

edge weight assignment in Table ?? which is the initial code of design algorithm

in [59]. The table lists NB-LETSs in any class within the range of a ≤ 8 and b ≤ 3

where the multiplicity of structures is non-zero for at least one of the codes.

Here to improve the performance in the error floor region, we aim at constructing a

NB-QC-LDPC code C17 that has similar parameter to the code of [59], but with better

LETS distribution using the proposed method explained in section III.C. We set our

goal to design a code with no NB-LETSs in the range of a ≤ 7 and b ≤ 2 with algebraic

girth greater than or equal to 6. Our observations and simulations show that this is

the maximum amax for bmax = 2. Using a column-by-column construction algorithm,
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we search for appropriate permutation shifts and corresponding edge weights in each

column to obtain a code without any instances of NB-LETSs within the targeted

range. The parity-check matrix of code C17 is as follows.

H17 =


α0I0 α0I0 α1I0 α2I0 α1I0 α2I0 α1I0 α2I0 α1I0 α1I0 α1I0 α0I0 α1I0 α1I0

α0I0 α0I5 α2I145 α0I128 α1I104 α1I109 α0I6 α1I13 α2I142 α1I54 α0I135 α2I63 α2I96 α0I126

α0I0 α0I134 α2I138 α2I48 α2I25 α0I143 α2I67 α2I145 α1I12 α2I66 α1I24 α0I22 α1I44 α0I113

α1I0 α1I0 α2I0 α2I0 α1I0 α1I0 α2I0 α2I0 α0I0 α1I0 α0I0 α1I0 α0I0

α2I23 α1I8 α2I58 α1I86 α1I100 α1I49 α0I83 α2I119 α1I84 α0I117 α1I123 α2I36 α1I16

α0I15 α0I53 α1I74 α1I144 α2I28 α1I40 α2I17 α1I130 α0I60 α1I78 α2I81 α0I99 α1I1

 .

(5.6)

Table ?? lists the NB-LETS distribution of code C17 in the range of a ≤ 8 and

b ≤ 3. It can be seen that this code is free of any NB-LETSs in (4, 2) and (6, 2) classes.

Also, the multiplicity of structures in other non-zero classes is reduced compared to

the code of [59].

To investigate the second construction scenario mentioned in Subsection ??, we

consider the problem of finding regular NB-QC-LDPC codes with the minimum lift-

ing degree and free of trapping sets in different ranges of interest for a given base

graph sizes 3× 5 and 3× 6 with algebraic girth at least 8 over GF(4) and primitive

element α2 + α + 1. Here, r1 : a ≤ 6, b ≤ 3, r2 : a ≤ 8, b ≤ 3, r3 : a ≤ 10, b ≤ 3, and

r4 : a ≤ 12, b ≤ 3 are considered to be the ranges of interest. The upper bounds on

the minimum lifting degrees and the parity check matrices of the constructed codes

are reported in Table ?? and ?? for 3× 5 and 3× 6 base matrices, respectively. We

note that the same problem has been addressed for binary QC-LDPC codes in our

previous work [62]. By comparing the achievable upper bounds on the minimum lift-

ing degrees in the binary and non-binary codes, one can conclude that introducing the

NB structure can improve the error floor of LDPC codes in terms of the distribution

of NB-LETSs. In other words, NB-QC-LDPC codes can avoid a certain collection of

trapping sets L for shorter block length compared to binary QC-LDPC codes. For

example, it can be observed from Table ?? that the minimum lifting degrees are 14,

18, 23, and 29 for the base matrix of size 3× 5 and ranges r1 to r4. However, based

on Table IV of [62], the minimum lifting degrees for the similar code parameters are

18, 26, 36, and 46 in the binary case. Thus, NB structure of the code can improve
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Table 5.6: Upper bounds on the lifting degree of girth-8 NB-QC-LDPC codes with
fully-connected 3 × 5 base graph with no LETSs within different ranges, and
the corresponding parity-check matrices

Range (a ≤ 6, b ≤ 3) (a ≤ 8, b ≤ 3)

N 14 18

Parity Check Matrix


α0I0 α2I0 α2I0 α1I0 α0I0

α2I0 α1I5 α2I4 α0I8 α1I9

α1I0 α2I2 α0I3 α0I12 α2I10



α1I0 α1I0 α0I0 α2I0 α0I0

α0I0 α1I12 α1I13 α0I10 α2I17

α0I0 α0I4 α1I8 α1I3 α2I14


Range (a ≤ 10, b ≤ 3) (a ≤ 12, b ≤ 3)

N 23 29

Parity Check Matrix


α2I0 α1I0 α2I0 α0I0 α1I0

α0I0 α2I6 α0I14 α2I15 α1I10

α1I0 α2I17 α0I12 α2I19 α0I20



α2I0 α1I0 α2I0 α0I0 α1I0

α0I0 α2I12 α0I26 α2I4 α1I9

α1I0 α2I22 α0I11 α2I2 α0I21



the error floor of QC-LDPC codes significantly. The same results can be achieved by

comparing the minimum lifting degrees of Table ?? and Table V of [62].

As the final example, we consider irregular NB-QC-LDPC codes designed in [55]

and [56]. Both codes have block length of L = 504 and rate R = 0.5 over GF(64).

The base matrix size is 4× 8, lifting degree is N = 63, and the primitive polynomial

of the finite field is α6 + α+ 1. In [55], the authors first construct a regular NB-QC-

LDPC code with variable degree dv = 4, check node degree dc = 8, and algebraic

girth of 6 from two arbitrary subsets of GF(q). Based on their method, the values of

permutation shift and edge weight for each element of the base matrix is considered

to be equal (for example αiI i). Then, zero elements of the base graph are determined

through a masking process such that results in an irregular NB-QC-LDPC code with

maximum achievable algebraic girth which is 10 and the multiplicity of shortest non-

binary cycles is 3123 based on [55]. The base matrix has 3 columns of weight-2 and 5

columns of weight-3. Obviously, both regular and irregular codes have been designed

to improve the girth property of the NB code. The distribution of NB-LETSs for this

code is demonstrated in Table ??. It can be seen that although the designed code has

shortest NB cycle of length 10, there are some harmful trapping sets in (6, 0), (6, 2),

(9, 2), and (10, 2) classes. The authors of [56], consider a code with similar base and

exponent matrices (non-zero elements of the base matrix and the permutation shifts

are kept unchanged), and attempt to design the edge weight matrix such that all 3123
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Table 5.7: Upper bounds on the lifting degree of girth-8 NB-QC-LDPC codes with
fully-connected 3 × 6 base graph with no LETSs within different ranges, and
the corresponding parity-check matrices

Range (a ≤ 6, b ≤ 3)

N 16

Parity Check Matrix


α2I0 α2I0 α1I0 α0I0 α0I0 α1I0

α2I0 α2I10 α0I9 α0I8 α1I3 α1I14

α1I0 α2I15 α0I4 α0I6 α2I12 α1I7


Range (a ≤ 8, b ≤ 3)

N 22

Parity Check Matrix


α1I0 α2I0 α0I0 α1I0 α0I0 α2I0

α0I0 α2I17 α1I15 α2I6 α0I14 α1I8

α2I0 α0I16 α0I19 α1I1 α1I3 α2I11


Range (a ≤ 10, b ≤ 3)

N 28

Parity Check Matrix


α1I0 α2I0 α0I0 α1I0 α0I0 α2I0

α2I0 α1I4 α1I17 α0I18 α0I27 α2I24

α2I0 α1I25 α0I22 α1I7 α2I15 α0I12


Range (a ≤ 12, b ≤ 3)

N 36

Parity Check Matrix


α1I0 α0I0 α2I0 α2I0 α1I0 α0I0

α0I0 α2I35 α1I32 α1I17 α0I27 α2I25

α2I0 α1I33 α0I22 α1I28 α2I6 α0I8
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NB cycles would be eliminated. This goal is achieved by proposing a message passing

algorithm to count the multiplicity of NB cycles. Based on their search algorithm,

they suggested a construction method aims at removing short NB cycles by changing

the edge weights in the Tanner graph of the code. As a result, they could design a

code in which all cycles of length up to 10 are canceled which means the algebraic

girth is increased to 12. In this regard, they mentioned that the constructed code

has 693, 3591, 17892, and 62244 NB cycles of length 12, 14, 16, and 18, respectively.

The instances of all NB-LETS structures for this code within the range a ≤ 10 and

b ≤ 4 have been shown in ??. It can be seen that the code of [56] was successful to

remove NB-LETSs of a large number of classes. However, the constructed code has

some instances of NB structures in (6, 2), (9, 2), and (10, 2) classes which can possibly

be harmful in the error floor region. Fig. ?? demonstrates the FER performance of

codes constructed in [55] and [56]. It can be observed that the code of [56] has better

error floor performance compared to the code of [55].

To show the effectiveness of our construction algorithm proposed in section III.C,

we design an irregular NB-QC-LDPC code of R = 1/2 and the same degree distri-

bution as codes of [55, 56]. Thus, the size of base matrix is supposed to be 4 × 8

containing 3 and 5 columns of weight 2 and 3, respectively. Our goal is to design the

edge weights and circular shifts of each sub-block of the parity-check matrix where

the constructed code is free of NB-LETS within the range a ≤ amax and b ≤ bmax

such that for bmax = 3 value, amax is maximized. Note that the search algorithm is

devised to design the exponent and edge weight matrices column-by-column. Using

the proposed technique, we designed code C18 that is free of NB-LETSs within the

range a ≤ 10, b ≤ 3 and has the following parity-check matrix:

H18 =



α32I0 0 α35I43 0 α42I26 α39I23 α36I30 α50I42

0 α11I39 0 α5I54 0 α56I21 α33I42 α8I29

α31I0 0 α46I1 α19I18 α14I47 0 α0I51 0

0 α57I43 α43I52 α40I21 0 α28I31 0 α61I15


. (5.7)

It can be seen that possible harmful structures in (6, 2), (9, 2), and (10, 2) classes

have been eliminated from the Tanner graph of the constructed irregular NB code.

It is also observed from Fig. ?? that the error floor performance of the designed

code is better compared to the codes of [55] and [56] as a result of better NB-LETS
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Table 5.8: Multiplicities of LETS structures in the range of a ≤ 10 and b ≤ 4 for
designed code C18 and codes in [55] and [56]

(a, b) class Code of [55] Code of [56] C18 (a, b) class Code of [55] Code of [56] C18
(5, 2) 63 0 0 (8, 2) 630 0 0

(5, 3) 882 0 0 (8, 3) 2205 0 0

(5, 4) 1260 0 0 (8, 4) 13734 1512 567

(6, 0) 21 0 0 (9, 2) 504 126 0

(6, 2) 126 126 0 (9, 3) 5985 0 0

(6, 3) 1092 0 0 (9, 4) 41454 189 63

(6, 4) 4032 315 252 (10, 1) 63 0 0

(7, 2) 63 0 0 (10, 2) 1827 504 0

(7, 3) 882 0 0 (10, 3) 12789 0 0

(7, 4) 8064 0 0 (10, 4) 114282 3465 945
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Figure 5.8: FER comparison of proposed code C18 and the NB code designed by
technique of [55, 56].
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distribution.



Chapter 6

Conclusion and Future Work

6.1 Conclusion

In this thesis, we proposed a systematic and efficient method to construct protograph-

based binary QC-LDPC codes. We first examined the trapping set structures of such

codes, and demonstrated that some of the structures that can exist in a general

(randomly constructed) code cannot exist in codes that have QC structure. This was

done through the transformation of the problem into a graph coloring problem and

was the first step in a series of steps devised to simplify the design of QC-LDPC codes.

The next step was to develop an efficient layered dpl-based search algorithm for finding

a targeted set of trapping sets that are to be avoided in the code (for a good error

floor performance). The algorithm was devised as a backward recursion to minimize

the number of intermediate structures and the expansions that were needed to search

for the targeted trapping sets, as well as to use structures that have a higher chance

of having a lower multiplicity in the graph. Numerous codes were constructed using

the proposed design technique with superior performance compared to the existing

codes in the literature. The systematic approach of the design makes it applicable to

codes with different node degrees (rate), girths and block lengths with the flexibility

of selecting any set of target trapping sets. The efficiency of the search algorithm

makes it possible to design codes with larger degrees and block lengths which are free

of trapping sets in larger regions compared to what was achievable before.

Moreover, we designed irregular binary QC-LDPC codes with good waterfall and

error floor performance. The good waterfall performance was achieved through the

proper design of the base matrix. The low error floor was obtained through the proper

selection of cyclic permutation shifts within the exponent matrix to avoid any instance

119
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of LETSs within a targeted set of structures L. At the core of the technique used for

the design of the exponent matrix was an efficient search algorithm that was carefully

devised to verify whether an irregular Tanner graph has any instance of a LETS

within L. While in this work the search algorithm was used within the framework

of a greedy column-by-column search for the exponent matrix, it can also be used in

various other search strategies that require a fast technique to search for LETSs of an

irregular Tanner graph. It was demonstrated through LETS distributions and FER

simulations that the designed codes are superior to the existing irregular QC-LDPC

codes, particularly in the error floor region.

Furthermore, we studied the characterization and search of trapping sets in NB-

LDPC codes and proposed an efficient low-complexity method to find all instances

of NB-LETSs within a predetermine range of interest. Finding harmful structures

of NB Tanner graphs is beneficial in two ways, (a) evaluating existing codes in the

literature in terms of NB-ETS distribution, and (b) design of NB codes with good

error floor by removing a collection of harmful structures. In Chapter ??, to the best

of our knowledge, the distribution of trapping sets for a number of existing codes in

the literature was reported for the first time. Also, NB-QC-LDPC codes free of a

collection of harmful NB trapping sets were constructed and better performance of

designed codes in the error floor region were demonstrated through LETS distribu-

tions and FER simulations. We also showed that the minimum lifting degrees for

construction of QC codes free of a certain collection of trapping sets are lower for NB

Tanner graphs compared to the binary ones.

The results of this thesis have been published or submitted for publication in [62],

[63], and [79].

6.2 Future Work

Insights gained from this work can enable further advancement of analysis and design

of different types of LDPC codes. As an example, the proposed search algorithms

of chapter ??, ?? and ?? can be used in combination with any design technique

that involves searching a Tanner graph for certain targeted trapping set structures

throughout the construction process. Moreover, the layered characterization/search

algorithm of LETSs, proposed for both regular and irregular QC-LDPC codes in

this work, can also be used to construct LDPC codes with low error floor that lack
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the QC structure. The only difference, compared to what is presented here for QC-

LDPC codes, is that for codes lacking the QC structure the number of possible LETS

structures is larger. The approached provided here can be used to construct LDPC

codes with higher minimum distance and free of small trapping sets at the same

time. An another example, the proposed search algorithms can be extended to design

codes free of a certain collection of non-elementary trapping sets as well. Moreover,

our proposed method can be used along with decoder design techniques to further

improve the error floor by joint design of code/decoder.
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