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Abstract

The process of blending observational data in numerical models can be formulated 

using the Bayesian estimation method. The Bayesian statistical framework strives to 

find the best state and/or parameter estimates using (a) the stochastic computational 

model and (b) the noisy observational data. In sequential Bayesian estimation tech

niques, the data assimilation is performed at each time instant as data arrives. A number 

of extensions to the linear Kalman filter (e.g. extended Kalman filter, unscented Kalman 

filter and ensemble Kalman filter) have become popular tools for sequential data as

similation problems applicable to nonlinear systems. In the Bayesian setting, the most 

general nonlinear filtering algorithm is the so-called particle filter which can handle 

general form of nonlinearities and non-Gaussian noises in the model and measurement 

operators. The problem of static (time-invariant) parameter estimation problem is for

mulated using the aforementioned filtering techniques in combination with the Markov 

Chain Monte Carlo sampling method. In this thesis, the usefulness of these methods is 

demonstrated through novel applications in structural dynamics and aeroelasticity.

For large-scale computational models, the parallel filtering algorithms aim to estimate 

the state of the system by exploiting high performance computing platforms. A signifi

cant research initiative has recently been focused on the parallelization of the ensemble 

Kalman filter due to its relatively low computational requirements. A major limitation 

of the ensemble Kalman filter to tackle the data assimilation problem for large-scale sys

tems is the necessity of a large ensemble size which is often computationally impractical



or infeasible. By avoiding Monte Carlo sampling, a novel filter has been recently pro

posed in the literature to address this issue by using a functional series (i.e. polynomial 

chaos series) representation of the stochastic state vector. This representation is more 

efficient in capturing the model state statistics for accurate forecast and analysis of ob

servations leading to the Polynomial Chaos-based Kalman filter. In this thesis, a parallel 

assimilation (update) algorithm is developed with a scalable implementation using the 

Polynomial Chaos-based Kalman filter that exploits a previously developed polynomial 

chaos based scalable domain decomposition solver. Numerical investigations involve 

the two-dimensional stationary stochastic diffusion and advection-diffusion problems. 

The scalability of the parallel Polynomial Chaos-based Kalman filter algorithm is inves

tigated in a Linux cluster.

The following statements summarize the findings from the investigations undertaken 

in this thesis: (1) the proposed probabilistic flutter margin method applied to a two- 

degrees-of-freedom numerical model provides more accurate (unbiased) and precise 

(low variance) estimates for the flutter speed in comparison to the conventional method; 

(2) for the estimation of time-invariant parameters of a nonlinear system exhibiting 

noisy oscillation, Markov Chain Monte Carlo sampling, ensemble Kalman filter and 

particle filter provide parameter estimates which are comparable in accuracy for the 

case of dense observational data and weak measurement noise whereas for the cases of 

strong measurement noise and sparse observational data, the Markov Chain Monte Carlo 

sampling-based algorithm and particle filters outperform the ensemble Kalman filter; (3) 

For static parameter estimation problem of a non-linear aeroelastic system using wind 

tunnel data, numerical predictions of the limit cycle oscillation match the experimental 

observations from wind tunnel tests with reasonable accuracy; (4) the developed parallel 

data assimilation algorithm that integrates the polynomial chaos-based Kalman filter and



domain decomposition solver shows scalable performance for stochastic diffusion and 

advection-diffusion problems with spatially varying non-Gaussian random parameters; 

(5) A new parallel solver for non-symmetric stochastic systems based on the precon

ditioned biconjugate gradient stabilized method is developed to tackle the steady-state 

stochastic advection-diffusion equation with spatially varying non-Gaussian diflfusivity 

coefficient.
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Chapter 1

Introduction and Motivation

1.1 Background

Mathematical models of physical and engineering systems may be broadly classified 

as [2]: (a) statistics-based models (e.g. time-series models) fitted using available ob

servational data; (b) physics-based models, generally described by partial differential 

equations derived by satisfying certain physical laws (e.g. equilibrium and conserva

tion principles in mechanics); (c) reduced-order models which capture dominant spatio- 

temporal features of the physics-based models (e.g. modal representation of structural 

dynamic systems). However, no mathematical model is the “true model” that produces 

the observational data [3]. Hypothetically, even if one assumes that the true model is 

known, it may not be practically useful for inference (understanding and prediction) 

when fitted using finite data set as its large number of parameters are estimated with 

low precision [3]. In general, the measured state of the system contains information and 

noise. A model of the system strives to compactly represent the information in data by 

filtering out the noise with the primary objective to address “what inferences do the data
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support about the population?” [3],

Given a data set, the efficacy of a model hinges on whether it is over-fitted or under

fitted, not by the criterion if it closely mimics a (unknown) true model [3]. This fact 

relates to the principle that involves the choice of models with minimum number of 

parameters by bias and variance trade-off [3]. The over-fitted and under-fitted models do 

not imply or assume the existence of a low-dimensional model representing “truth”. As 

the number of model parameters increases, the misfit of the model output with data (i.e. 

bias) decreases. On the other hand, the variance in the parameter estimates increases 

making inference difficult for such models. Some dominant features will be present 

in most of the samples. One can make (strong) inference about the dominant features 

using a single sample (i.e. single time series). Only week inference may be made 

about the subdominant features exhibited by some (say 70%) of the samples. Only a 

few samples will display some rare features such as extreme events. Attempts to make 

inference about such rare events specific to a given sample leads to over-fitting as the 

resulting inference is not relevant to most samples. Such rare features (appearing in a 

few samples) are most suitably represented by a modeling error term [3]. When models 

fails to extract the dominant features in data (present in most samples), such models 

under-fit data. An optimal model strives to compromise between the error due to random 

fluctuations by bias and variance trade-off [3]. Of course, the order of the model can be 

increased as more data becomes available. While statistics-based models may provide 

more accurate predictions for a given set of tuning data (i.e. prior observations), the 

proponents of such models state that they do not capture the true physics [4]. Thus 

the approach adopted by the author is to combine both physics-based modeling with 

statistics-based techniques to obtain a “best” model which provides accurate predictions 

while satisfying the underlying physical laws.
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It is worthwhile to point out the fact that recent availability of cost-effective high 

performance computing systems now enables numerical simulations with extremely 

high resolution computational models (with fewer computationally-imposed simplify

ing assumptions). Such simulations capture wide ranging spatial and temporal scales 

of a physical phenomenon. Furthermore, rapid development and deployment of modem 

sensing technologies permit gathering high-resolution (spatio-temporal) data, increasing 

in tandem with the resolution of numerical models [5]. This fact prompted the initiative 

to dynamically blend observational data into running computer simulations to reduce un

certainty and devise targeted data gathering ventures through symbiotic feedback from 

simulation and measurement processes [6]. To reap the benefit from the petascale com

puting platforms (and future exascale systems [7]), concomitant investment must be 

made for algorithm design of uncertainty quantification and data assimilation which 

scale up to a large number of processors/cores. In this thesis, some initiative in this 

direction is undertaken.

1.2 Brief Review of Filtering Algorithms for Sequential 

Data Assimilation

The process of blending observational data in numerical models is known as data as

similation [8-10]. Data assimilation aims to find the best state or state and parameter 

estimates using (a) the numerical model and (b) the observational data. There are two 

ways to pose this problem. Variational assimilation methods [8, 11], such as 3DVAR 

and 4DVAR, provide estimates that are close to the observations and prior guesses of 

the initial conditions and parameters while satisfying the model equations [10]. The
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implicit assumption is that the model is corrupted by errors arising, for instance, due to 

neglected physics, linearization and discretization in space and time. The optimal model 

state obtained through the minimization process which fits best the observational data. 

The state estimate is then used as an initial condition for the numerical model to gener

ate forecasts. Minimization methods require the repeated evaluation of the gradient of 

the cost function, which becomes computationally intensive for large-scale numerical 

models. Using the adjoint method, the gradient of the cost function can be computed at 

the expense of few function evaluations, enhancing the computational efficiency of the 

optimization process. The comprehensive theoretical and computational exposition of 

adjoint methods associated with linear and nonlinear models is available in [8, 12, 13].

A major disadvantage of variational methods is the necessity of obtaining a tan

gent linear adjoint operator of the models and forward observation operators, which 

may not be straightforward to obtain and implement for complex and large-scale prob

lems [14, 15]. Another approach to data assimilation is sequential Bayesian estimation 

method. Operational forecasting is inherently sequential. Upon arrival of data, fore

casts are issued continuously. In such dynamic environment, it is natural to blend data 

to models sequentially. Kalman filter (KF) has become a popular tool for sequential 

data assimilation problems involving linear systems [16, 17], It optimally estimates the 

state of linear systems in the presence of additive Gaussian model and measurement 

noise when the observational data is linearly related to the state of the system. KF can 

be extended to weakly nonlinear and non-Gaussian systems by linearizing the model 

and measurement operators, leading to the popular (but no longer optimal) extended 

Kalman filter (EKF) [10, 18-20]. The major limitation of KF and EKF stems from the 

fact that the state evolution is assumed to be Gaussian or approximately Gaussian. Such 

approximation may lead to poor performance of EKF for strongly nonlinear dynamical



systems [21, 22]. To alleviate such problem, the unscented transform [23] is used to 

propagate the statistical moments of the state vector through the foil nonlinear model 

operator leading to the so-called unscented Kalman filter (UKF) [24-27]. Using a set 

of carefully chosen sampling points (so-called sigma points), UKF estimates the first 

and second order moments of the state vector correct to the second order Taylor series 

expansion of the model operator.

A wide range of Monte Carlo based filtering algorithms have been developed to 

tackle more general classes of nonlinear systems perturbed by non-Gaussian noise. The 

ensemble Kalman filter (EnKF) is one of the most widely used filtering algorithms based 

on Monte Carlo sampling technique [10, 28-33]. The usefulness of EnKF has been suc

cessfully demonstrated for numerous applications of data assimilation problems (e.g. 

[10, 30-32]). EnKF is a computationally efficient technique as it adopts the linear up

date (assimilation) step of KF. In numerous applications, EnKF resolves the issue of 

poor error covariance evolution commonly encountered in EKF [34]. In the context 

of structural dynamics, EnKF has recently been introduced as a non-parametric iden

tification tool by Ghanem and Ferro [31]. Although widely used, some publications 

have reported rather poor performance of EnKF in certain applications involving highly 

non-Gaussian posterior probability density functions [32, 33], To alleviate such prob

lems, an extension of EnKF has been proposed that utilizes a weighted sum of Gaussian 

probability density functions to represent the non-Gaussian system state [35, 36].

The most general nonlinear filtering algorithm is the so-called particle filter (PF) 

[9, 32, 37-44]. In the framework of Bayesian inference, PF can handle general form 

of nonlinearities and non-Gaussian noises in the model and measurement operators. In 

PF, the ensemble members (so-called particles) are properly weighted based on the ob

servational data. In general, PF demands larger ensembles compared to EnKF leading
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to higher computational costs, but more effectively tackles strongly non-Gaussian prob

lems. The problem related to the requirement of larger ensembles is partly mitigated 

using the so-called resampling technique [9,40,41, 45]. In the context of nonlinear dy

namics, PF was applied to identify a nonlinear stiffness parameter of a Duffing oscillator 

[41-43]. Kivman [32] compared the applicability of the EnKF and PF for parameter es

timation in the Lorenz model. Ching, Beck and Porter [46] compared the performance 

of EKF and PF for the state and parameter estimation of various nonlinear systems. 

Recently, the author studied the performance of EKF, EnKF and PF for joint state and 

parameter estimation of a Duffing oscillator undergoing chaotic motion [47]. To im

prove the performance of PF, hybrid filtering algorithms which combine EKF, UKF or 

EnKF with PF have also been proposed leading to the so-called extended Kalman and 

unscented Kalman particle filters (e.g. [27]), the predictor-corrector filter [48] and the 

weighted ensemble Kalman filter (WEnKF) [49].

1.3 Bayesian Inference for Estimation o f Static Param

eters

A popular approach to solving the parameter estimation problem using sequential data 

assimilation involves augmenting the state vector with the unknown system parameters. 

The new augmented state vector is estimated using one of the above-mentioned filtering 

techniques. In this approach, the parameter space is only explored at the initialization of 

the algorithm [50]. In certain cases, the algorithm may become ineffective; after a few 

iterations the probability distribution of the parameters may degenerate to a single delta 

Dirac function [51-54] leading to incorrect estimates. To alleviate this problem, several
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authors have proposed various techniques, albeit with limited success (e.g. [47, 55-57]).

In this thesis, another approach is proposed to handle the static parameter estima

tion problem which avoids augmenting the state vector with the unknown parameters. 

Instead, the conditional distribution of the state given the noisy measurements is first 

estimated using an appropriate nonlinear filtering technique. Markov Chain Monte 

Carlo (MCMC) sampling technique [58—60] is then used to generate samples from the 

posterior distribution of the unknown static parameters based on the conditional state 

estimates. MCMC approaches provide samples that are generated using the previous 

sample or set of samples with the aid of a Markov chain [58—60]. MCMC methods 

are rooted in the Metropolis algorithm [61] which was initially employed by physicists 

to compute complex integrals by rewriting them as expectations of some distributions, 

with MCMC providing samples from these distributions. It is worth mentioning that 

the framework of Probabilistic Graphical Models (PGMs) [62], although not used by 

the author, may be useful in formulating this problem as it provides mechanisms for 

analyzing complex interconnected systems.

1.4 Parallel Data Assimilation Algorithms

Parallel filtering algorithms with large-scale models are of increasing interest due to re

cent availability of cost-effective high performance computing systems [63]. The aim 

of these algorithms is to estimate the state of a large-scale system with a given numer

ical model and a set of observations. The algorithms also compute the error statistics 

in the state estimates. For large-scale systems, KF and EKF filtering techniques require 

(a) large computational resources to propagate the error covariance matrix and (b) large 

amount of memory to store the error covariance matrix. These requirements limit the
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application of these filtering algorithms to high-dimensional state space models com

pared to EnKF which partly alleviates these problems. PF algorithms demand (a) large 

number of ensemble members (compared to EnKF) for good performance and (b) a re

sampling step of the posterior joint pdf which is again computationally expensive for 

high-dimensional models [10,64, 65]. Although parallel algorithms for various filtering 

techniques (i.e. KF [66] and PF [67]) are reported in the literature, EnKF has received 

the most significant attention [68-76].

The development of EnKF paved the way for the application of sequential Bayesian 

inference technique for large-scale problems. However, filters based on EnKF still in

curs significant computational expense due to (a) high computational cost needed to 

march the ensemble of states of large-scale models in time and (b) large memory re

quirement to store the ensemble matrix (containing the various realizations of the system 

state) and other matrices needed to update the ensemble members when data becomes 

available. This fact drives the motivation to parallelize the filtering algorithms to use the 

large memory and computational capability of distributed memory computing systems.

Parallelization interfaces, such as message passing interface (MPI) [77], provide 

the mechanism to distribute the ensemble matrix across the computing nodes, in or

der to use the entire pool of available distributed memory and central processing units 

(CPUs)/cores in the high-performance computing (HPC) system. EnKF has been par

allelized either by (a) delegating the task of propagating and updating a certain number 

of ensemble members or (b) by partitioning the spatial domain into a number of sub- 

domains and each processor would then carry out the propagation and analysis of the 

entire ensemble of the state vector pertaining to one subdomain. For simplicity, the two 

parallelization techniques will be denoted by mode decomposition and domain decom

position [71], respectively.
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The most straightforward strategy to parallelize the forecast step is to use mode de

composition whereby the ensemble states are distributed over the available pool of com

puting nodes [68, 71, 73]. Each node would then propagate one or a few members of the 

ensemble states concurrently, taking advantage of the embarrassing (straightforward) 

parallelism [78] of the forecast step, as alluded to by Evensen [34]. When the available 

data are spatially or temporally sparse, the propagation of ensemble members in time is 

normally the most computationally intensive step of the EnKF filtering algorithm, es

pecially for large-scale models [73]. Therefore parallelizing the forecast step will yield 

a highly scalable filtering algorithm according to Amdahl’s law [79], reducing the time 

needed to solve a given data assimilation as more processors become available. This ap

proach demands that each processor contains a few samples of the entire state vectors in 

its accessible memory. For the analysis (update) step, the matrix-vector operations incur 

significant inter-processor communications for collective operations. This fact seriously 

degrades the parallel scalability of the EnKF algorithm, especially when large amounts 

of observational data is assimilated [71]. Another bottleneck for this approach pertains 

to the memory requirement. The size of the model is restricted by the available memory 

as each processor must have access to at least one copy of the state vector.

Domain decomposition methods have received widespread attention to tackle large- 

scale (linear and nonlinear) systems arising from the spatial discretization of PDEs. In 

domain decomposition algorithms, such as iterative substructuring, exhibit scalable per

formance (for large number of processors) through data-parallelism. In the EnKF for

malism, a common practice is to assign each processor a single subdomain [70, 71, 73]. 

Thus, each processor owns a copy of the entire ensemble of the state vector of the allo

cated subdomain. The domain decomposition approach circumvents the bottleneck due 

to the limited memory of the individual computing nodes arising in the aforementioned
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mode decomposition based algorithm. For efficient parallel implementation of this algo

rithm, the analysis step adopts a simplification whereby spatial correlations among state 

elements and observations are ignored after some distance in space [69]. This assump

tion permits the efficient assimilation of measurements in the domain decomposition 

approach. In general, this approach is preferred if a domain decomposition based solver 

is already available for the forecast step [73].

1.5 Thesis Statement

For a low-resolution (small size) model that fits into the local memory of a compute 

node, Monte Carlo sampling method becomes embarrassingly parallel. In this scenario, 

each processor/core can handle a single Monte Carlo realization. For high-resolution 

models, a large number of processors now engage to tackle just a single Monte Carlo 

sample. In this case, Monte Carlo simulation loses the aforementioned parallelism. 

This fact imposes restriction on the number of Monte Carlo samples for high-resolution 

models.

For large-scale systems, a major limitation of EnKF is the requirement of a large 

ensemble size which is often computationally impractical or infeasible. For example, 

it has been shown [69] that for ensemble sizes less than or equal to 100, EnKF fails to 

obtain accurate statistics of the model state for a large-scale system. In order to avoid 

Monte Carlo sampling, Saad and Ghanem [80] have proposed a procedure to address 

this issue by using a polynomial chaos expansion (PCE) [1, 81] representation of the 

stochastic state vector. This representation is more efficient at capturing the model state 

statistics for accurate forecast and analysis of observations leading to Polynomial Chaos- 

based Kalman filter (PCKF). In this thesis, the author formulates a parallel assimilation
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(update) algorithm and its scalable implementation using PCKF that makes use of a

polynomial chaos based scalable domain decomposition solver [82-87].

1.6 Thesis Contributions

The novel contributions in this thesis can be summarized as follows:

• Application of Bayesian Inference to the Flutter Margin Method:

In Chapter 3, a probabilistic framework based on Bayesian inference that offers 

a rational treatment of the uncertainties in the vibration data obtained from flight 

tests is developed in order to provide reliable estimates o f  the flutter speed. For 

the numerical experiments conducted in this thesis, the method provides robust 

estimates of the flutter speed vis-a-vis the conventional method. A proof of con

cept has been published in which the flutter speed of a simple airfoil numerical 

model was estimated [88-90],

• Estimation of Time-Invariant Parameters of Noisy Nonlinear Oscillatory Sys

tems:

The inverse problem of estimating time-invariant parameters of a nonlinear sys

tem exhibiting noisy oscillation is considered in Chapter 4. Firstly, a MCMC algo

rithm is developed for the time-invariant parameter estimation which uses a non- 

Gaussian filter, namely the EnKF for state estimation. Secondly, a recently pro

posed PF (that uses the EnKF to provide the proposal density), has been adapted 

for combined state and parameter estimation. This work has been submitted for 

publication in an international journal [91].
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• Static Parameter Estimation of a Non-linear Aeroelastic System using Wind 

Tunnel Data:

In Chapter 5, the Bayesian inference is applied for parameter estimation of a self- 

sustaining aeroelastic oscillator. The system consists of an elastically mounted 

rigid wing on a rig fixed in a wind tunnel. For certain flow conditions in the 

transitional Reynolds number regime, the wing absorbs energy from the flow and 

settles in a stable limit cycle oscillation (LCO). The LCO originates from laminar 

boundary layer separation which leads to negative aerodynamic damping at small 

angles of attack. The proposed methodology uses EKF for the associated state 

estimation in order to estimate the aeroelastic parameters. To generate samples 

from the posterior joint probability density functions of the aeroelastic parame

ters, MCMC simulation technique is used. The findings of this investigation are 

published in the proceedings of ASME-FES [92] and IFASD [93] and in an inter

national journal [94],

• Data Assimilation for Large-Scale Computational Models:

A parallel Bayesian estimation algorithm is developed in Chapter 6 which inte

grates PCKF [80] and a polynomial chaos based domain decomposition solver 

[82, 84-87, 95] for large-scale computational models. The domain decomposi

tion solver is used to propagate the polynomial chaos (PC) coefficients of the state 

vector forward, providing an efficient forecast step. Whenever measurements are 

available, the analysis step updates the PC coefficients in parallel by taking ad

vantage of the available spatial decomposition of the state vector. The distributed 

implementation of the solver and update (analysis) step are carried out using MPI. 

For numerical illustrations, the steady-state stochastic Poisson and advection- 

diffusion problems with non-Gaussian diffusivity are considered. Furthermore,
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the parallel scalability of this algorithm is investigated on high performance com

puting platforms. Preliminary findings of this investigation are published in the 

proceedings of AIAA-SDM [96],

* Parallel Solver for Non-Symmetric Stochastic Systems Based on Precondi

tioned Biconjugate Gradient Stabilized Method:

In Appendix D.4, a parallel preconditioner and parallel algorithm for the matrix- 

vector product involving the Schur complement matrix are formulated for the 

distributed implementation of the preconditioned biconjugate gradient stabilized 

method for spectral stochastic finite element method. This solver is used in this 

thesis to tackle the steady-state stochastic advection-diffusion problem.

1.7 Thesis Overview

The thesis is organized in the following manner. Chapter 1 presents an introduction to 

the problem of Bayesian inference for engineering systems and provides a relevant lit

erature review. Chapter 2 introduces the concepts of probability theory in the context 

of Bayesian inference. It also reviews some of the widely used nonlinear filtering tech

niques to tackle the sequential data assimilation problem. A description of the Markov 

Chain Monte Carlo sampling technique is provided in Chapter 3 with some illustrative 

applications including the problem of aeroelastic flutter speed estimation. The problem 

of static parameter estimation is formulated for dynamical systems in the context of 

Bayesian inference in Chapter 4. Chapter 5 describes the problem of nonlinear aeroe

lastic parameter estimation using wind tunnel data. Chapter 6 details a parallel filtering 

algorithm in order to tackle the data assimilation problem for large-scale models in com-
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putational stochastic mechanics. The thesis concludes with summary of contributions 

and possible future research directions.



Chapter 2 

Bayesian framework for state and/or 

parameter estimation

2.1 Introduction

This chapter introduces the underlying concepts for all probabilistic state and joint state 

and parameter estimation problems. The concept of conditional probability is central 

to those problems. A conditional probability describes the interdependence between 

different random events and allows one to use the statistical information provided by 

observations (or measurements) in making an inference regarding unobserved variables. 

In the case of state or state and parameter estimation of dynamical systems, the con

ditional probability links the information provided from the partial (sparse) and noisy 

measurements of the state vector to the entire state and parameter vectors of the system.

15
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2.2.1 Statistical Modeling

The state and parameters of a physical system are never known exactly. One can thus 

characterize these variables probabilistically in terms of random variables. Let us first 

recall some definitions and results regarding the characterization of random variables.

Definition 2.1 (Probability Density).

Denoting by X  < x  the event of “the realization of the random variable X  is less 

than or equal to x ”, the (cumulative) distribution function associated with the random 

variable X  is denoted as

The probability density (or distribution) function characterizes completely the statis

tical knowledge of the random variable X .

Definition 2.2 (Joint Probability Density).

Let X  and Y  be two random variables. The joint probability density of X  and Y  by 

[97] is denoted as

The concept of joint probability density of two random variables can be extended to

Fx (x) = P ( X  < x ) (2 . 1)

and the probability density (subject to existence) is defined by

(2 .2)

(2.3)

where

F x r ( x , y )  = P ( { X  < x ) n { Y < y } )  . (2.4)



a probability density for a random vector X =  [X\ , . . . ,  X n], The pdf of X is defined as 

the joint probability density of its elements denoted by p (x) =  p ( x \ , . . .  , x n). This is 

referred to as a multi-dimensional probability density [97],

Definition 2.3 (Marginal Probability Density).

Let X  and Y  be two random variables (or vectors) and Pxy  (%, y) their joint proba

bility density. Then

where px  (a:) is the marginal probability density of X  [97].

Definition 2.4 (Conditional Probability).

The probability of the occurrence of an event A  conditional upon the occurrence of 

another event B  is given by [97]

P  (A | B)  characterizes the dependence of event A  upon event B.  If A and B  are 

independent, P  (A \ B) =  P  (A)  [97].

Definition 2.5 (Conditional Probability Density).

The pdf of a random variable (or vector) X  conditional upon another random variable 

(or vector) Y  is given by [97]

The conditional probability density px  (%\y) represents the statistical knowledge of 

X  given an observation of Y.  It represents the basic tool of statistical estimation: if the

(2.5)

/ i \ P x y  ( x , y )  P x y  (x , y )  
P x  { x \ y ) (2.7)
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function px  (x\y) is known, an observation (or measurement) o f  the variable Y  would 

provide the statistical knowledge of the variable X.

Definition 2.6 (Multivariate Normal Probability Density Function).

The pdf of a random vector of dimension n is said to be Gaussian (or Normal) with 

mean vector p  and covariance matrix £  if it has the following form [97]

V x  (x) =  ( ” ^ (x -  ^  53-1(x -  ’ (2’8)

where | • | is the determinant of a matrix and superscript T  denotes the transpose operator. 

A Normal distribution of a random vector with mean vector p  and covariance matrix £  

will be denoted by Af  (x; p,  £ ).

2.2.2 Bayesian Framework for Estimation

Bayes’ rule allows one to calculate the function px  (x\y) as follows

Theorem 2.1 (Bayes’ Theorem).

Let X  and Y  be two random variables, then [10, 98-100]

Px {Av) = =  ...    (2.9)
PY J  Py ( y \ x )  Px ( x )  dx

In order to simplify the notations, p (x) and p (x\y) will denote px  (x) and px  (x\y) 

respectively.

Bayes’ theorem provides the mathematical basis to the solution of the problem of 

estimation. Suppose a discretized system S  can be described by the vector x containing 

the unknown state or state and parameter variables, x will be referred to as the state 

vector. Let us assume that a number of measurements of the system S  are available,
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being represented by a vector d. Using Bayes’ rule, one can write

p ( 5 j d ) =  p ( 1 W p W _  ( 2 1 0 )

dx

where

• p (x|d) is the posterior probability density function of x [10, 101]. It corresponds 

to the probability density of the parameter of interest, namely x, given the mea

surements d. p (x|d) therefore reflects all of the information provided by the mea

surements.

• p (d|x) is the likelihood function [10, 101]. It is derived directly from the mea

surement equation that relates the measurements to the state vector and the noise 

process that corrupts them. In most scenarios, this function can be evaluated with

out much conceptual or computational difficulty.

• p(x)  is the prior probability density function of x [10, 101]. It represents the 

knowledge of the state vector prior to the assimilation of the measurements.

The main difficulty of implementing Bayes’ rule in practice is the evaluation of the 

integral J  p (d|x) p (x) dx. In the general case, this integral can not be obtained ana

lytically and its numerical approximation becomes increasingly difficult to obtain as x 

increases in dimension [102]. The case where d depends linearly on x and the measure

ment noise is additive and Gaussian in nature permits an analytical solution, in which 

case the posterior pdf is also Gaussian. For other (nonlinear and non-Gaussian) scenar

ios, the solution can only be approximated. The difficulty then lies in finding the best 

approximation technique to apply which is most appropriate for the problem at hand.
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2.2.3 Estimators

The posterior pdf p (x|d) provides the complete statistical knowledge of x. In a practical 

application, it is sometimes preferable to provide a value for x that estimates its true 

value. The purpose of an estimator is to provide an estimate x of x. The two most 

common estimators obtained from the posterior pdf p (x|d) are [9]:

1. Minimum mean-square error estimator (MMSE) [ 102] or minimum variance esti

mator given by

*MMSE = J  xp(x |d ) dx (2.11)

*mmse  is the posterior mean of x. This estimator has the property of having the 

minimum mean square error of all estimators. Specifically, x =  \ mmse  mini

mizes E (x -  x)T (x -  x)

2. Maximum a posteriori estimator (MAP) [102] is given by

xM4p =  argm axp(x |d) (2.12)

*map is the mode of the posterior distribution of x. The maximum-likelihood 

(ML) estimate (which maximizes the likelihood function) can be considered as a 

MAP-estimate with a flat (uninformative) prior for x.

2.2.4 Dynamical systems

The term dynamical system is used to denote a system whose state evolves with time. 

This thesis will deal with the discrete time representation of such systems. It will be 

assumed that the evolution of the state is random. Under this assumption, the problem
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of state estimation bears resemblance with the problem addressed in the preceding sub

sections. Let us represent the ensemble of the states of the system on the time interval

[*o,*fc] by Xfc:

Xfc =  [x0, x1?. . . ,  Xfc] (2.13)

where xt is the state vector at time t = U for i = 0, 1, . . . ,  k.

Similarly, one can group the measurement vectors on the same time interval:

D f c ^ d o .d ! , . . .^ * ] .  (2.14)

Bayes’ rule can then be applied to derive the posterior pdf o f X*:

in   ̂ _  p (D fc|Xfe)p(Xfc) ^P(Xfc|D/c) f. . (2.15)J  p (Dfc|Xfc)p (X*;) dXfc

The following two assumptions permit the recursive evaluation of p (X^D/.) in Eq. (2.15) 

in terms of p (Xfc _ a | Dfc_ i ):

1. The successive states of the system form a Markov chain of order one. In other 

terms, the state at time tk depends only on the state at the preceding instant:

Xfc =  ffc (xfc_i, vfc) (2.16)

with Vfc being a vector white noise that leads to the random evolution of the state.

It is sometimes referred to as modeling (process) noise.

2. The measurement vectors are statistically independent at different time instants
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are independent and their pdfs, conditional on the state vector, is given by

p(dfc|xfc,Difc_i) =p(dfc|x*) (2.17)

Under these assumptions [49, 103]

P (X&|Dfc) p i |dfc,

 P (*fc> dfc, Dfc_i)
p(dfc, Dfc-i)

_  P (Xfc, dfc|Xfc_i, Dfc-i) p  (Xfc_x, Dfc-i) 
p(dfc|Dfc_1)p (D fc_1)

= P (dfc|xfc, Xfc-i, Dk - \ ) p  (xfc|Xfc_i, Pfc-Qp (Xfc-i |Pjfc-i)p (Dfc-i)
P (dfc|D^_i) p (Djt-i)

=  P (dfc|xfc) p (Xfc |Xfc_!, Xfc—2, Dfc-i) P (Xfc_! [D k-JzJlpxZif
p (dk\Dk-i)

 P (dfc|xfc) p (xfc|xfc_i) p (Xfc_j |D^_i)
P (dfc|Dfc_i)

=  p(Xfc_1|Difc- 1) P ( g f c l ^ P ^ * l ^ i )  (2.i8)
p(d*|D*_i)

The above equation provides a recursive relationship between the posterior pdf at 

time tk and time tk~ \. In filtering, only the estimate of the current state \ k is of interest. 

The marginal probability density of xk is calculated by:

p (xk |Dfc) -  J p (Xfc|Dfc) dXfc_! . (2.19)

Using the recursive relationship in Eq. (2.18), the above equation can be written as 

[49, 103]

p M D t ) =  . (2 .20) 
ZUdfclDfc-U

This is an important relationship for any filtering (i.e. recursive estimation) problem
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satisfying the aforementioned two assumptions. From a computational point of view, 

the two main steps in filtering can be summarized as follows:

1. Forecast Step (Chapman-Kolmogorov equation) [104]:

^(XfelDfc.!)^ J p(xfc|xfe_i)p(Xfc_i|Dfc_i)dx*;-! (2.21)

2. Analysis Step (Bayes’ equation) [10, 98-100]:

„ In \ P (dfc|Xfc) P (Xfc|Dfc_i)p (xk |Dfc) = ------  .  T---- , (2.22)
P (dfe|Dfc_i)

where

p (d fc|Dfc_ i ) =  J p(dfc|xfc)p(xfc|Dfc_a) dxfc . (2.23)

In the general case, the above two integrals do not permit analytical solutions. This is 

the main difficulty encountered in the application of recursive estimation. Only for spe

cial cases (e.g. linear model and measurement equations with additive Gaussian noise), 

a closed-form expression for p (x^jD^) is available using the Kalman filter algorithm 

[16, 17]. Otherwise, one takes recourse the following two strategies:

• Use an analytical approximation by (a) linearizing the model and measurement 

equations with respect to the state and noise variables, leading to the extended 

Kalman filter (EKF) [10, 18-20], or (b) assuming the state variables to be Gaus

sian and using deterministic sampling methods to propagate the state variables 

through the nonlinear model equation which result in the unscented Kalman filter 

(UKF) [24-27],

• Use sampling methods to approximate p  (xfc|Dfc), resulting in either the Ensemble
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Kalman Filter (EnKF) [10, 28-33] or Particle Filter (PF) [9, 32, 37-44],

2.3 Linear Filtering: The Kalman Filter

The Kalman filter [10, 19, 20] and its variants propagate a Gaussian probability density 

for the state. At each step of the filter, two quantities are provided which together 

characterize the Gaussian conditional distribution p (xfc|Dfc). These two quantities are 

(a) the mean vector denoted by x  ̂ and (b) the covariance matrix denoted by P^. The 

Kalman filter is only applicable to linear and Gaussian problems in which the following 

assumptions must be satisfied:

• The model and measurement equations are linear and the model and measurement 

noise processes are additive and Gaussian:

xfc+1 =  ¥kxk +  qk , (2.24)

dfc =  Hfcxfc +  ek , (2.25)

qk ~ M ( q k;0,Qk) , (2.26)

ek ~ N { e k-0 ,T fc) , (2.27)

where x G I "  is the state vector, F is the transition matrix of the dynamical model 

and d 6 Rm is the measurement vector which relates to the state vector by the 

measurement model matrix H.

• The probability density of x0 is Gaussian:

x0 ~  AC(x0;x0, P0) ■ (2.28)
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In a probabilistic framework, the model and measurement equations (Eqns. 2.24- 

2.25) translate to

p(xfc+1|xfc) =  Af ( x k+1-Fkxk,Qk) , (2.29)

p{dk\xk) = f f ( d k-Hkxk, T k) . (2.30)

Under the above assumptions, the probability density p  (xfc|Dfc_i) and p (xfc|Dfc) are 

Gaussian at any time instance tk and the Kalman filter provides the exact solution to the 

problem of recursive Bayesian estimation.

In order to identify the Gaussian nature of the state vector, the following notation is 

used

to denote the prior and posterior probability density functions o f the state at time step tk, 

respectively. The prior Gaussian pdf is obtained by forecasting the first and second order 

statistics of the state vector from time step t k^\  to tk using the dynamical model, hence 

the use of the superscript /  to denote forecast. The superscript a denotes analysis as the 

posterior distribution of the state at time step tk requires the analysis of the observation 

available at time step tk.

Assuming that the posterior distribution of the state vector at time step tfc- i  is Gaus

sian, i.e. ^(xfc-jlDfc.!) =  Ar (xfc_1;x£_1,P£_1), it can be shown that the prior distri

bution of the state at time step tk is also Gaussian, i.e. p  (xfc|Dfc~i) =  J\f

(2.31)

P (x*;|Dfc) = N ( x k;xak,Pl) (2.32)
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Eq. (2.21) and Eq. (2.29) give

p(xfc|Dfc_!) =  J p(xfe|x*_i)p(xfc_1|Dfe_1)dxfc_1

= J  AT(xfc;Ffc_iXfc_1,Qfc_1)Ar(xfc_i;Xfc_1,P^„1)dx/t_i

=  M  (x*; F ^ x U ,  F j’_ 1P2_1F fc_i +

=  Af (xfc;x{,P;Q . (2.33)

The third equality in the above equation is obtained using Theorem A.6 of Ap

pendix A.3.

From Eq. 2.33, one obtains the forecast mean and error covariance matrix which 

constitutes the forecast step of the Kalman filter.

• Forecast step:

One can also show that the conditional pdf of the state at time tk given an observation 

at time tk is also Gaussian, i.e. p (xfc|Dfe) =  Af  (xfc; x£, P£). According to Theorem A.5

H  = Ffc-ixLi ,

p£ = FL1P2-1F*_1 + Qfc_1.

(2.34)

(2.35)
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of Appendix A.3, the joint distribution of xk and d* given Dfc_i is

P {*k, dfc|Dfc_i) — p (dfc|xfc) p (xk iD/j—i)

=  Af (ak-,Hkxk, T k)Af  (xk;xfk,Pfk^

Xfc

dfc

xl

H *i£

H u t
f  uT

By Theorem A.4, the conditional distribution of xk is:

(2.36)

(2.37)

\

(2.38)

p (xk |dfc,Dfc_i) = p ( x k\Dk)

=  M ’ ( x k-,xl  +  p£hJ +  r t] (d* -  H*x£) ,

p£ -  p£hI [u ,p£hJ + r„]
-1

=  N  (^x,; x{ +  K k (dfc -  Hfci{) , P£ -  K

=  M  (xfc; x{ +  Kfc (dfc -  HfcXjQ , (I -  KfcHfc) PjQ 

— N  (xfc; Xfc, Pfc)

H fcP{< +  r fc

HfcP{

K

(2.39)

where

Kk =  p £h [ Hkp£Hj + r k]
-1

(2.40)

is the Kalman gain matrix.

Eq. 2.39 provide the analysis mean and error covariance matrix which constitutes the 

analysis step of the Kalman filter.
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• Analysis step:

k* = p'hJ [h4pXt + r*]'\ 
rk = i{ + Kfc (d* - h4j{) , 
p; = [i - k*hj p{.

(2.41)

(2.42)

(2.43)

2.4 Extended Kalman filter

The extended Kalman filter [10, 19, 20] provides a solution to the sequential Bayesian 

inference problem in which the model or measurement equations are nonlinear. In gen

eral, the discrete state-space representation of a nonlinear system is given by

Here Xfc is the state vector, gk is the discrete nonlinear model operator, dfc is the 

measurement vector which relates to the state by the nonlinear measurement operator 

h*;. qk and ek are independent Gaussian random vectors with zero mean and covariance 

matrices Qfc and Fk, respectively.

For the extended Kalman filter, the model and measurement equations are linearized 

around the current state. The linearized problem can be solved using the Kalman filter 

described in the preceding section. Linearizing h*. about xk = x{ and ek = 0, one

Xfc+i = g fc (Xfc, qfc), (2.44)

dfc — hfc (xfc, 6fc). (2.45)
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obtains

\k (xfc, ek) «  h* (x£, ek = o) +  

dhfc (xfc, £fc) I

dhk (xfc, cfc)
<9x* xfc=x{,efc=0

(** -  x£)

+
dek lxfc=x{,efc=0

€fc (2.46)

where ^ g x ! '6^  and a^fcg ^ ’€fc) describe the Jacobian matrices of hk (xk, ek) with re

spect to xfc and ek respectively. It is further assumed that x has a Gaussian prior 

probability density function (pdf) given by xfc ~  M  (xfc; x{, P { ) . In the analysis step, 

EKF estimates the conditional mean xk and covariance Pk of xk given the measurement 

vector dfci

• Analysis step:

Cfc =  

Dfc =

dhk (xfc, €fc)
dxk

dhk (xfc,£fc)
dek

tfr'T '

xfc=x(,efc=0

xk=x{,ekr=0

Kfc -  PfcCfc [D*r*D*T +  CfcP{CfcT] , 

xfc = *fc + ^  (dfc -  hfc (x£, o)) ,

Pfc [I -  KfcCfc] p£ .

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

Similarly, the model operator gk is linearized about xk = xk and qk = 0 to obtain

gfc (Xfc, qfc) ~  gfc (ifc,0 ) +
9gk (Xfc,q*)

dxk

+ dgfc (Xfc,qfc)

9qk Xfc=Xfc,qfc=0

Xfc=Xfc,qfc=0

Qfc

(xfc -  r k)

(2.52)
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where - - - - ~ and describe the tangent linear model operators, being the

Jacobian matrices of gfc (xfc, qk) with respect to xfc and qfc respectively.

From Eqs. (2.44)-(2.52), one obtains the posterior mean and error covariance matrix 

which constitutes the forecast step.

• Forecast step:

At =
d xk 

dgk (xfc, qfe)
dq*

x*=xtqfc=0

Xfc=xtqfc=0

P{+; =  AfcP£Afcr  +  BfcQ ,BfcT .

(2.53)

(2.54)

(2.55)

(2.56)

The accuracy of the extended Kalman filter in tracking the state vector depends on 

the adequacy of the linear approximation of the model and measurement operators in 

the vicinity of the current state [105], The major limitation of EKF is due to the third- 

and higher-order moments in the error covariance evolution equation being discarded, 

leading to poor error covariance evolution [10].

In order to alleviate the shortcomings of the EKF in the presence of strong nonlinear

ities, numerous variations have been proposed. Here are two such variations:

• Second order extended Kalman filter [20, 44, 106]: In this variation, the Kalman 

gain matrix K is a function of not only the Jacobian of the model and measurement 

operators, but also the Hessian of these operators.

• Iterated extended Kalman filter [20,44,106]: The first step of the filter is identical 

to that of a classical extended Kalman filter. The estimated forecast and analysis
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estimates of the state are then used as new points to linearize the model and mea

surement equations to provide another estimate. This process is repeated until 

convergence.

2.5 Unscented Kalman Filter

In order to address the limited first-order accuracy of means and covariances resulting 

from a first-order truncated Taylor-series approximation used in EKF, the unscented 

transform (UT) [23] has been proposed as a tool to propagate the statistical moments 

of the state vector through the full nonlinear model operator leading to the so-called 

unscented Kalman filter (UKF) [24-27]. Using a set of carefully chosen deterministic 

samples (so-called sigma points), UKF estimates the first and second order moments of 

the state vector correct to the second order Taylor series expansion of the model operator.

2.5.1 Unscented Transform

This method provides an approximate mean and covariance o f the transformation of a 

random vector x through a nonlinear function /  without the need for a Taylor series 

expansion of / .  The method can be summarized by the following steps [23, 107]:

1. Suppose that the random vector x has dimension n, mean /z and covariance matrix 

S . The first step involves the extraction of of (2n +  1) characteristic points called
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M (2.57)

Xi =  fj, + (n +  k) E^ i = l , . . . , n  (2.58)

Xi = — ( y/(n + k) i  = n +  1 , . . . ,  2n (2.59)
V /  (i— n)

where k is chosen such that n + k = 3 whenever x is assumed to be Gaussian, 

^ \/(n  +  K) 5 ^  is the ith row (or column) of the matrix square root of (n + k) E.

2. The second step is the calculation of the image of each of the points onto the 

function / :

M i  =  /  (Xi) i  — 0, . . .  ,2n (2.60)

3. Finally, the mean and the covariance of /  (x) are approximated by a weighted 

average:

2 n

E[f(x)] = J2W<M* (2-61)
i= 0

2n

’( /  (x) -  E [ /  (x)]) ( /  (x) -  E [/ (x )]f]  =  J 2  Wi ( m ,  -  E [/ (x)]) ( m ,  - E l f  (x)]) '
1 = 0

(2.62)

where W{ is the weight given to the «th sigma point:

W0 = k/  (n + k) (2.63)

Wi = 1/2 (u + k) i = l , . . . , 2 n  (2.64)
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As already mentioned, in UKF, the unscented transform is used to propagate the state 

vector through the full nonlinear model and measurement operators. “These estimates of 

the mean and covariance are accurate to the second order (third order for true Gaussian 

priors) of the Taylor series expansion of any nonlinear function” [107].

• Analysis step: To perform the analysis step, the nonlinear measurement operator 

is used to map the sigma points of the state vector, as described by the following

-  The unscented transform is applied onto the extended forecast state vector

and the computed sigma points will be of the form X % =  [X*, X f ] .

— Transform the sigma points through the original nonlinear measurement op

erator:

steps:

=  x(,€k with covariance:

(2.65)
o r fc

(2.66)

-  Obtain the Kalman gain matrix:

2n

(2.67)
i= 0  

2 n

(2 .68)
i= 0

(2.70)

(2.69)
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-  Obtain the analysis mean and covariance matrix:

xak =  4  +  K* (dfc -  d*)

I»a _ n f  n - l i / T— *fc k ■

(2.71)

(2.72)

• Forecast step: To propagate the state estimate through the nonlinear model op

erator using unscented transform (UT), the forecast step involves obtaining the 

so-called sigma points and applying the full nonlinear model operator onto each 

of these points. In order to forecast the state of the system, the following steps are 

performed:

-  The unscented transform is applied onto the extended state vector X£ = 

[x£, qfc] with covariance:

-  Transform the sigma points through the original nonlinear model operator:

n = n o
(2.73)

0 Qfc

and the sigma points obtained will be of the form X r = X *, X ^  .

(2.74)

-  Obtain the forecast mean and covariance matrix:

2 n

4 +i =  E  w -x ’ (2.75)
1 = 0

(2.76)
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It is important to note that the UKF does not need the evaluation of the Jacobians and 

Hessians of the model and measurement operators, contrary to EKF. This is an advan

tage for UKF in cases when the model and measurement operators are non-differentiable 

or have complex mathematical forms. Furthermore, the (2n  + 1 ) sigma-points are prop

agated through the nonlinear operators. Compared with the EKFs first-order accuracy, 

the estimation accuracy of UKF is perfect for nonlinearities of third-order with Gaussian 

data and nonlinearities of second-order with non-Gaussian data [24, 27]. UKF has been 

shown to be more robust and accurate than EKF in numerous applications [24, 27,107].

2.6 Ensemble Kalman filter

For strong nonlinearity, EKF may provide erroneous conditional mean and covariance 

estimates due to linearization of the model and measurement operators [9, 10]. UKF 

often encounters the same problem in practice, although the regularization trick and 

square-root UKF [108] can alleviate this problem. In EnKF, proposed by Evensen [34], 

a finite number of Monte Carlo samples of the state vector xk are propagated forward in 

time using the original model operator. One can estimate the pdf of xk using ensemble 

averaging. However, EnKF performs a linear analysis step as KF. The analysis step 

assumes a Gaussian state and measurement noise which offers computational efficiency 

but introduces errors in the estimated conditional pdf of xk.

Considering again the model and measurement equations as described by Eqs. (2.44)- 

(2.45), EnKF provides estimates of the conditional mean and covariance of the state 

vector as follows:

1. Create an initial ensemble j Xq { j of size N  with i =  1 , . . . ,  N,  using the prior pdf 

ofx0.
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2. Analysis step:

dfc,i =  hfc (x fk i, , (2.77)

^ X > , .  <2-78)
NI ■

dfe j\ i=i 
N

i=l
xfe ^ <2-79>

i=l

p ” < =  j v ^ T  £  ( < •  -  * 0  -  a ‘ ) T • <2 8 0 >
i=l

l N -  -
Vdd =  ^ 7 Y  X I  (dJM -  dfc) (dfcii -  dfc)r , (2.81)

Kfc =  PxdP ^ ,  (2.82)

* h  =  x l,i + K k (dfc -  hfc (x ^ , 6fc,<) )  . (2.83)

3. Forecast step:

Xfc+M =  gfc , (2-84)

x£+i =  ^ X x£+U’ (2'85)

P f  = _____
fc+1 iV — 1

i= i

j =i

1  X  (xl+v -  x £ + 0  ( x * + u  -  x * + 0  • < 2 - 8 6 )

For strongly nonlinear measurement operators, the linear analysis step in EnKF is the 

major limitation. For the case of additive measurement noise hfe (x*., ek) = hfc (xfc) + 

6fc, one can however augment the original state vector with hfc (xfc). In that case, the 

measurement becomes a linear function of the new augmented state vector and thereby 

avoiding the linearization step.

The perturbation of measurements can be avoided using the square-root algorithm.
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EnKF avoids the memory-intensive explicit storage of the conditional covariance matrix 

Pfc as required for EKF. In numerous applications, it has been demonstrated that EnKF 

resolves the issue of poor error covariance evolution commonly encountered in EKF and 

UKF [34].

2.7 Particle Filters

EnKF is a particularly appealing ensemble-based data assimilation method because it 

adopts the linear analysis step of KF. This fact greatly simplifies the analysis step. 

Although this approach has been widely used for some time, some publications reported 

rather poor performance by EnKF in certain applications such as those in [32, 33]. In 

these cases, highly non-Gaussian posterior pdfs lead to difficulties in EnKF. To alleviate 

such problem, an extension of EnKF is reported that utilizes a weighted sum of Gaussian 

pdfs (instead of a single Gaussian pdf) to represent the prior distribution [35, 36, 39]. 

Mandel et. al. [48] proposed another extension that combines EnKF with nonparametric 

density estimation techniques based on the distance in Sobolev spaces. A more general 

approach, namely PF, is devised in the framework of Bayesian inference [9, 40,44, 53]. 

In this approach, the ensemble members (so-called particles) are properly weighted 

based on the measurements.

2.7.1 Particle Representation of a Probability Distribution 

Introduction

In all cases of classical nonlinear filtering (e.g. EKF), the conditional probability density 

p (xfc|Dfc) is represented parametrically, for example by a Gaussian pdf. Each iteration 

of the filter step involves updating the parameters (e.g. mean and covariance) that fully



characterize the state pdf based on the available observation. In the case of particle filter

ing, the representation of p (xfc|Dfc) is different as the filter does not seek an approximate 

analytical representation of the probability density in parametric forms. It represents the 

distribution by a set of samples (called particles) distributed according to p (x*|D*).

Approximating Moments of a pdf

In engineering applications, the conditional mean and variance o f the state xk are often

the two sought-out quantities for state estimation. The question then is how to estimate

the first and second moments of p (xk ID*):

E b ( * ) | n J - / 9 ( * ) J, (* | D > ) d *  (2.87)

where
g  (xfc) =  Xfc for the first moment

g  (xfc) =  XfcXjf for the second moment

These quantities can be estimated by statistical averages when an ensemble of sam

ples distributed according to p (xfc|Dfc) is available. Let us denote the ensemble by 

{xfc,i} , i — 1 , . . . ,  N. If the samples are assumed to be independent of each other, 

the statistical estimate of the quantity g  (xfc), conditional on observations Dfc, is

1 N
E [g (Xfc) |Dfc] =  — ^  g  (xk4) . (2.88)

i=1

The above estimate is a random variable with a mean E [g (xk) |Dfc] and variance that 

tends towards zero as N  tends to infinity. More specifically, the estimate of the first 

moment is
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with variance

(2.90)

which tends to zero as N  tends to infinity.

Weighted Sampling of a Probability Distribution

In the previous subsection, it was assumed that it is possible to generate samples dis

tributed according to p(x*|Dfc). If this distribution does not have a simple analytical 

form (i.e. uniform, Gaussian or exponential), it is difficult to simulate its samples digi

tally using computers. Although there are methods for generating samples from an ar

bitrary distribution, the computational cost is generally high, especially when the prob

ability density is multidimensional [58-60]. Thus, it is assumed that samples can be 

easily generate according to another pdf q (x^D/.) (called the Proposal distribution, or 

importance function) and that one could evaluate p (xfc|Dfc) easily. It is then possible to 

approximate the moments of p (xfc|Dfc) using samples {xfcl} , i = 1 , . . . ,  N  distributed 

according to q (Xfc|Dfc). In that case, Eq. (2.87) can be rewritten as

g{xk) p ( x k |Dfc)dxfc 

p (x k\Dk)

p(D*|xfc) p (xfc)

(2.95)

(2.91)

(2.92)

(2.93)

(2.94)

J g (xfc) wk (xfc) q (Xfc|Dfc) dXfc
/ p(D k\xk) p (x k) dxfc 

J g  (xfc) wk (xfc) q (Xfc|Dfc) dXfc 

J w k {xk) q (xk\Dk) dxk
(2.97)

(2.96)
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where

=  (2.98)
g(xfc|Dfc)

Given independent samples {x^,} , i =  1, . . . ,  N  distributed according to q (xfc|Dfc), 

the above expectation can be approximated by

1 T,iLi 9 (*k,i) Wk„ 
1 - 

Tv £ s j = i  w k,j
E [S (xt ) |D»] =  ~ ' r  ”  (2.99)

_  YljLl 9 (»fc,») «)*,:
E iV

i = l■>} =
N

V>k,i

(2.100)

N
=  ] P  5 (xfcii) wk4 (2.102)

2 = 1

where the weights are normalized according to:

^k,i 
^k,i  \ - ^ i VE iV —

i=l wk,i

Effective Ensemble Size

The effective ensemble size is an indicator used to assess the quality of the approxima

tion, defined by

N .f f  =  ■■ ' ,2 (2-103)
zJ i= l \wk,i)

which is between 0 and N. It is equal to N  when all sample weights are equal, i.e. 

Wk,i =  1 /N .  The variance of the approximation in Eq. (2.102) is inversely proportional 

to the effective ensemble size [109].
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2.7.2 Principle of Particle Filters 

Introduction

The particle filter propagates a set of weighted samples (called particles) so that at each 

iteration k, the particles are representative of distribution p (xfc|Dfc). This is done re

cursively by changing the state and weight of each particle according to the model and 

measurement equations. One can make the analogy with the Kalman-based filters, in 

which the estimated state and covariance are updated recursively. However, two impor

tant differences are worth noting. First, the operation of forecasting involves propagating 

each sample in the ensemble forward by integrating the full nonlinear model operator. 

Furthermore, there is no unique particle filtering algorithm in the sense that the repre

sentation of a probability density by a set of weighted samples is not unique; it depends 

on the chosen proposal distribution (and ensemble of the particles). Therefore, the per

formance of the filter depend on this choice. This subsection introduces the principle of 

particle filter and the conventional choices for the proposal distribution.

Notion of a Particle

It has been assumed that a particle is a sample from a probability distribution, which is 

associated with a weight. For particle filters consisting of N  particles, the ensemble of 

successive states of particle i from the initial state through the state at instant k will be 

denoted by X k4 = {x0,i,. . . ,  Its weight will be denoted by wk .̂

Forecast and Analysis Steps

The proposal distribution used by the particle filter at time step k will be denoted by 

q (xfc|Dfe). It is from this distribution that particles are generated. This distribution, in
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general, depends on the set of observations D*.. Once the trajectories of particles are 

drawn according to the proposal distribution, the weights are evaluated so that the set of 

weighted particles approximate the probability density p (xfc|Dfc). The weight of each 

particle is therefore:

wk,i =  \ • (2.104)
Q (Xfĉ  |Dfc)

In practice one does not know the analytical expression of p (X*.jDfc) as it is precisely 

the density that one seeks to approximate. However, the calculation of the weights 

admits a recursive expression. Indeed, the solution of the Bayesian estimation problem 

has the following recursive form as in Eq. (2.18):

/v  In \ /v  in  \ “P l̂ fc) P l̂ fc—1) .Ac.p(Xfe|Dfc) = p (X jk_1|Dfc_1) ------- —— ----    (2.105)
P (dfc|Dfc_i)

which in turn provides a recursive formula for the weights:

p(X fc,i|Dfe)
Wk,i =

P (dfc|Dfc-i) q (Xfc |̂Dfc_!)
P (Xfc-i,t lDfc-i) p (dfc|xfc|i)p  (xfcti|xfc-i,i) q (Xfc-^jlDfc-!) 
q (Xfc— i) p(dfc|D/t—i) q (X/^j|Dfc_\) 

P (d/clxfc )̂ p (x/j jlx^—j j) q (Xfc_i j|D^_i)
Wk- l,i p(d/t|Dfc_i) q (Xfcij|Dfc_i)

/ ■ I \ / I \ 9 (Xfc—I * i)oc wk-i,i p (dk\\kti)p  {xk4\xk- hi) — - - —T----- r- . (2.106)

The densities p (dfe|xfc)t) and p (xfc^Xfc-i,*) are obtained from the model and measure

ment equations. This is the principle of sequential importance sampling (SIS) filter. 

Eq. (2.106) can be simplified further if the proposal distribution permits the following
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factorization:

q (Xfc|Dfc) =  q (Xfc|Xfc_j, Dfc) q( Xk^ \ D k^ )  . (2.107)

q (xfc|Xfc_i,Dfc) is the proposal density used to sample the fcth point of the trajec

tory, conditional on the previous states and measurements. In this case, the recursive 

expression of the weights becomes

P (dfc|Xfc j) p (xk j) 
wktl oc wk^ i    r -  — —  . (2.108)

Q \^k,i J —1 5 D/c)

The particle filtering algorithm consists of two steps at each iteration:

1. Forecast step: Obtain samples from a proposal distribution

xk4~ q ( x kiXfc-^Dfc) i = I , . . . ,  N  (2.109)

2. Analysis step: Update the weights of all particles based on the observation dfc 

according to

P (tlfc|Xfc i) p (Xfc j|Xfc_i j)Wk,i =OC Wk^ hl ---------- ’-r ------------     (2.1 10)
Q 1,») "k)

w k„
E n  ~ 

i= 1 wk,i
wkti =  ■ (2.111)

Necessity of a Resampling step

In the classical problem of recursive estimation, uncertainty of the state is initially high 

which gradually decreases with the sequential assimilation o f observations. In most 

cases, the support of p (x^|Dfc) is initially large and decreases over time. The particles 

are scattered across the state space according to some proposal distribution. Depending
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on the choice of proposal distribution, in some cases one ends up with the majority of 

particles being dispersed in areas where p (x fc|Dfc) is very small in value. Therefore, 

these particles have a very low weight. The severity of this so-called degeneracy phe

nomenon depends on the problem and the choice of the proposal distribution.

To alleviate the degeneracy of the particles, a step will be undertaken to remove 

particles of negligible weight and duplicate the particles of high weight. There are dif

ferent methods for resampling including multinomial sampling [45, 110-112]), residual 

resampling [52,113] and stratified sampling [113]. Resampling can be performed at ev

ery step of the filter, or only performed if degeneracy is detected. The resulting filter is 

commonly known as a Sampling Importance Resampling (SIR) filter. The multinomial 

resampling is summarized as follows:

1. Draw N  independent and identically-distributed (IID) samples from a uniform 

distribution on [0, 1]

U i ~ U {  0,1) i = 1 , . . . ,  N  (2.112)

2. Obtain the cumulative density function v of the weights:

3

V3 = ' 5 2 wk,i (2.113)
1=1

3. For m =  . . . .  N, determine n  such that vn < u m <  vn+i and copy the nth 

particle xfe n into the new ensemble

4. Reset the weights as Wk,i =  1/iV, for i — 1 , . . . ,  N  .

As already mentioned, the resampling step can be performed at each iteration of the 

filter, or only when the degeneracy of the particles is detected. An indicator of the
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presence of degeneracy the effective ensemble size defined in Subsection 2.7.1. Neff  

is equal to the ensemble size N  if  all weights are equal and decreases as the extent of 

degeneracy increases. Thus, resampling can be performed when the effective ensemble 

size falls below a certain threshold value, denoted by N thr [51-54]. A common threshold 

for resampling is Nef j  = N / 3 [53].

It is important to note that although the resampling step is essential to the effective 

functioning of the particle filter, it may have adverse effects on the operation of the filter 

and the quality of the particle representation of the posterior pdf p (xfc|D*.). Indeed, 

particles with relatively high weight are duplicated numerous times leading to loss of 

diversity among the ensemble. If the model noise term is relatively weak, the ensemble 

members will be close to each other during the subsequent iterations and the space state 

is insufficiently explored. This is the motivation behind performing the resampling step 

when degeneracy is detected.

Choice of Proposal Distribution

The resampling step aims at reducing the effect of the degeneracy phenomenon whereby 

the majority of particles are clustered in areas where p  (xfc|Dfc) is very low, due to a poor 

choice of proposal distribution. Thus the judicious selection of proposal distribution 

minimizes the occurrence rate of degeneracy and reduce the overall number of resam

pling steps. Next, some proposal distributions that are used in practice will be briefly 

reviewed.

Prior Proposal Distribution 

The use of the prior pdf as the proposal distribution, i.e.

Q (Xfc|Xfc_i, Dfc) =  p(Xfc|Xfc_j) (2.114)
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leads to the simplest method, often referred to as the bootstrapfilter [45]. It does not take 

into account the most recent observation dk. The particle trajectories are obtained by

simply applying the stochastic model equation to update the state vector of each particle.

The most recent observation is used in the weight-update equation which simplifies to

wk,i OC wk-i,i p(dfc|xfc>i) . (2.115)

This choice of proposal distribution ignores the most recent observation and thus is 

not optimal (it does not significantly minimize the occurrence rate of degeneracy).

Optimal Proposal Distribution 

The optimal proposal distribution (or importance function) is the distribution that min

imizes the variance of the particle weights (and thus also minimizes the occurrence of 

the degeneracy phenomenon) [53]. The optimal importance function is given by

q(xk |Xfc_i,Dfc) =p(Xfc|xfc_i,i,dfc) (2.116)

which would in turn give the following weight update equation [53]

U)k'i cx p(d* |xfc_M) . (2.117)

The optimal proposal suffers from two major drawbacks. It requires the ability to 

sample from p (xfc|xfc_itj, d*) and to evaluate p (dk\xk-i,i), which can not be achieved in 

general cases.

Proposal Distribution as Forecast pdf of EKF or UKF
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The Gaussian proposal distribution is of the form

q(xk |Xfc_lsDfe) =  JV(xit;ifc,Pfc) . (2.118)

The sampling from Gaussian distribution can be performed conveniently. Further

more, p  (d*;|Xfc_i j) would be easy to evaluate. This proposal distribution is the posterior 

or forecast pdf obtained by EKF or UKF.

For instance, Van der Merwe and Wan [108] developed a particle filter with impor

tance function given by a bank of unscented Kalman filters. A separate UKF is associ

ated with each particle providing a unique proposal for each of the particles:

Q Dfc) J\f (x/j j, Pfc j) . (2.119)

Since the proposal distribution is not unique for all particles, this proposal results in 

a sub-optimal filter [104].

Proposal Distribution as Forecast of EnKF 

For strongly nonlinear systems, the proposal based on EnKF is perhaps most appropri

ate as it maintains some non-Gaussian characteristics in the proposal. Unlike EKF and 

UKF based proposal, EnKF proposal does not differ from particle to particle. In other 

words, a single proposal is used to update the particle weights as explained next. The 

(non-Gaussian) EnKF based proposal is obtained by kernel density estimation (KDE) 

[114]. The forecast pdf of the particle filter is also estimated by kernel density estimation 

(KDE). This proposal is first proposed by Mandel and Beezley and termed as the 

predictor-corrector filter [48]. The algorithm of the predictor-corrector is summarized 

next:



1. Using the prior pdf of x0, create an ensemble j \{hl j of size N  with

2. Analysis step:

dfc,i hfc ( Xfc,i> ’

N

dfc — y i  Wk,i dfc.* ’
»=1
N

*1 = '5 2 wL  xU  ’
i -1

1 N
P xd =     w fk t ( x fk i  -  x£) (dfcii -  dfc)r ,

1 _  2wi=l wk,i i=1
1 N _  _

Pdd =  — — T- 2 ^  Wk,i (d fc>* _  d *0 ( dM ~~ dfc) ,
1 ~T,i= l Wk,i <=1

Kfc =  PidPrfrf,

fc,i +  ^  (dfc — hfc (x{ i5

wl,i P ( d fclx fc,i)

*fc,i =  x'

a =  /  D rij |x “ \  P /  ( Xfc,i)
w w P (<•*! w) ^  (X« J

Y . U < i V  C lXl\ X'LU' )
~  Wk,i P  ( d fclXfc,i) -  1 . .  / l l X* . | - Xfc.*llc/\

2^/=i y /i; y
N

x % =  J 2 w h x l p
3 = 1

N

Pfc i  _  v ^ - ; - q - 2  5 Z  K i  “  x * )  ( x m  -  < ) T  •

1 Z-i=l k,i j=1
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1 ,...,JV .

(2 .120)

(2 .121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)
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3. Forecast step:

(2.131)

(2.132)

(2.133)

(2.134)

(p is a chosen kernel function required for kernel density estimation, h is the band

width, and || • ||t/ is a norm on the state space. The Euclidean-norm is used herein.

2.8 Application to Nonlinear Spring-Damper Oscillator

A nonlinear spring-damper oscillator forced by random input is described by the fol

lowing nonlinear differential equation in the state-space form (e.g. [18, 48, 115, 116])

with x (t ) being the displacement, £ (t) is a Gaussian white noise describing the random 

input (additive modeling error) and a denotes its strength. The oscillator contains two 

stable fixed points at a: =  ±1 and an unstable fixed point at x  =  0. Its motion is 

analogous to the motion of a ball rolling between two wells (see Fig. 2.1). This system 

is called the double-well system [33] or the Bernoulli equation [117].

The above equation can be cast in Ito stochastic differential equation (SDE) [118] as

x (t ) =  4x (t ) — 4x3 (t ) +  cr£ (t ) (2.135)

dx — [4x — 4x3] dt -F cr£ (t) dt. (2.136)
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Figure 2.1: Double-well potential.

where £ (£) dt = dW  =  W  (tk+i) — W  (tk) is a Brownian increment.

The above Ito stochastic differential equation (SDE) is discretized using the Euler- 

Maruyama stochastic integration scheme [118-120] with time step At  as

where ek is a standard Gaussian random variables.

The evolution of the pdf for x  is given by the following Fokker-Planck-Kolmogorov 

equation [33]:

2.8.1 State Estimation

Numerical experiments related to the state tracking of the nonlinear oscillator using the 

various nonlinear filters is conducted next. In Fig. 2.2, the true displacement of the 

oscillator and its noisy measurements dk polluted by Gaussian noise t k ~  ^(0 ,0 .08) 

are plotted. The modeling error has an amplitude of a =  0.5. The observational data 

is acquired and analyzed at intervals of 1 time unit. For the ensemble Kalman filter, 

particle filter and the predictor-corrector filter, an ensemble size of N  = 150 is used. To 

minimize sampling errors, latin hypercube sampling (LHS) [121, 122] is employed for 

the ensemble Kalman filter, the particle filter and the predictor-corrector filter.

x k+i = x k +  A t  \4xk -  4x3k] +  cry/&t£k (2.137)

(2.138)
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The state estimation results using the extended Kalman filter (EKF), the unscented 

Kalman filter (UKF), the ensemble Kalman filter (EnKF), the bootstrap filter and the 

predictor-corrector filter are shown in Fig. 2.2. For all filters, the MMSE estimates 

are used. The initial conditions for x  is a Gaussian pdf with unity mean and variance 

of 0.01. The threshold effective ensemble size for the particle filter and the predictor- 

corrector filter for resampling purposes is taken to be 33% o f the ensemble size (i.e. 

Nthr =  N/3). The predictor-corrector filter tracks the jump o f the state of the system 

from one potential well to another the fastest among all filters. The jump is also tracked 

by the particle filter and ensemble Kalman filter, albeit with longer delay. The extended 

and unscented Kalman filters do not track the jump during the time interval examined 

due to the non-Gaussian nature of the state vector.

Fig. 2.3 also presents the MMSE state estimate obtained by directly solving the 

Fokker-Planck-Kolmogorov equation using the finite difference method conditioned by 

the same data, denoted by the optimal solution. The non-Gaussian characteristics in the 

conditioned transition pdf are quite obvious as the oscillator jumps from one potential 

well to another, explaining the lack of tracking ability of the classical nonlinear filters 

(i.e. EKF and UKF). This transition (jump) takes place between 1 seconds and 5 sec

onds of the simulation. The non-Gaussian nature of the pdf manifests itself through 

bi-modality of the pdfs. The modes (peaks) of the pdfs are at the stable fixed points 

x  =  ± 1.
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— true 
o  measured 
— EKF estimate 
— UKF estimate 
— EnKF estimate
— Bootstrap filter estimate

Predictor-Corrector filter estimate 
— Optimal estimate (using Fokl^er—Planck equation) t_________ (_________ |_________ (_________ |_________ )

0 1 2 3 4 5 6 7 8 9  10
Time

Figure 2.2 : True, measured and estimated displacement of the 
double-well system. The true displacement is shown in black and the 
measurements as red circles. The MMSE displacement estimates are 

shown for EKF (red), UKF (brown), bootstrap filter (blue), EnKF 
(purple), predictor-corrector filter (orange) and the optimal estimate 

(green) obtained by solving the Fokker-Planck-Kolmogorov equation 
and conditioning using Bayes’ theorem. The shaded region is the 

MMSE optimal estimate plus or minus 3 standard deviations 
representing the uncertainty in the estimate.
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prior and posterior pdfs at 1 s
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prior and posterior pdfs at 2s

prior and posterior pdfs at 3s
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prior and posterior pdfs at 4s
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2
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Figure 2.3: Prior and Posterior displacement pdfs o f the double-well 
system obtained by solving the Fokker-Planck-Kolmogorov equation 

and conditioning the pdfs using Bayes’ theorem.



Chapter 3

Markov Chain Monte Carlo

The application of Bayesian inference for tackling engineering problems has been lim

ited due to the difficulty in integrating high-dimensional functions required to obtain 

the posterior distribution and statistical estimates of the unknown quantities of interest. 

Several methods that approximate these integrals have been proposed (e.g. [123, 124]). 

Markov Chain Monte Carlo (MCMC) methods provide samples from complex distri

butions while circumventing the need for high-dimensional integration. MCMC ap

proaches provide new samples that are generated using the previous sample(s) by con

structing a Markov chain. MCMC methods are rooted in the Metropolis algorithm [61] 

which was initially employed by physicists to compute complex integrals by rewriting 

them as expectations of some distributions, whereby MCMC provides samples from 

these distributions. This chapter provides an elementary exposition of the Monte Carlo 

and Markov chain Monte Carlo (MCMC) sampling techniques based on the textbooks 

[58-60], First, the concept of Monte Carlo integration is provided. Next, the essen

tial theory of Markov chains needed to develop MCMC is presented. The Metropolis- 

Hastings algorithm for MCMC is subsequently derived. The chapter ends with two 

engineering applications of MCMC.

54
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As explained in the previous chapter, Bayesian inference of a set of parameters involves 

combining the likelihood function with the prior density function of these parameters 

according to Bayes’ theorem (Eq. (2.10)). The product of the likelihood and prior is 

proportional to the posterior probability. In order to use the the posterior distribution 

to make an inference regarding the parameters, one requires the estimation of the nor

malization factor (being the denominator in Eq. (2.10)), which in practice is analytically 

intractable in most cases. For high-dimensional problems arising in practice, the nu

merical approximation of the normalization factor is difficult to obtain. To alleviate this 

difficulty, one may resort to using Monte Carlo sampling techniques [55, 58-60, 125]. 

Monte Carlo methods provides samples of the parameters) of interest according to the 

posterior probability density. One can then statistically estimate the quantities of interest 

from these samples.

The inception of Monte Carlo methods is mainly credited to John von Neumann, 

Stanislaw M. Ulam, Enrico Fermi and Nicholas Metropolis while working on the so- 

called “Manhattan Project" to design the atomic bomb [126]. While studying fissile 

material, they were faced with the difficulty of describing mathematically the process 

of chain reaction. They proposed to carry out a simulation using dice for tracking the 

probable paths of neutrons in a chain reaction [127]. At the suggestion of N. Metropolis 

and in honor of a gambling uncle of Ulam, the method is called Monte Carlo sampling 

in reference to the famous casinos of Monaco [125].

The principle of Monte Carlo sampling can be formally described as follows [55, 58- 

60, 125]. Let /  be a function of a random variable (or vector) x and rr denotes the
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(posterior) pdf of this variable. The expectation of /  (x) is defined as:

E [ /  (x )] = J  /(* )* ■  (x ) dx • (3.1)

In many cases, this integral can not be calculated analytically. The Monte Carlo

approximation consists of producing an ensemble of random samples of the variable x

distributed according to the density i t :

{x i , x 2,. .  . ,XN} ~7T . (3.2)

This may be performed by one of many available techniques [55, 58-60, 125], in

cluding MCMC, and generally requires a large number of random draws. An estimator 

of the expected value of /  (x), denoted by / . v  (x), is based on the empirical mean of the 

function /  applied to the samples Xi.

1 N
M « ) - * £ / ( * . ) ■  (3-3)

2— 1

This estimator is a Monte Carlo estimator [55, 58-60, 125] that approximates the 

expected value of /  (x):

/ „ ( ! ) «  E [/(x )] . (3.4)

This estimator is unbiased, i.e.

E [ /„  (x)] =  E [/ (x)] . (3.5)

When the sample size N  is large enough, the law of large numbers guarantees the
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convergence of the estimator to the expected value:

lim f N (x) =  E [ /  (x)] .
N —>00

(3-6)

Simple Monte Carlo sampling technique can generate independent random samples 

from the target distribution 7r from which one can extract relevant estimates (e.g. mean 

and mode). For a general non-Gaussian pdfs, independent samples are difficult to sim

ulate in practice. One can however sample from a Markov chain whose equilibrium or 

stationary pdf matches n as described next. Although the samples are not independent, 

the statistical features of the pdf can be estimated with reasonable accuracy using a suffi

ciently large enough sample size. A brief description of Markov chains and the general 

algorithm of MCMC adopted in this thesis, namely the Metropolis algorithm is pre

sented next. More details can be obtained in the books by Gilks et al. [58], Gamerman

[59] and Liu [60].

3.2 Theory of Markov Chains

Before discussing the MCMC method, some fundamentals o f Markov chains will be 

presented. For the sake of brevity, a theoretical overview of the properties needed to 

develop the MCMC technique will be given. A sequence of random vectors {x0, X i,...}  

is called a first-order Markov chain if it satisfies the property [59, 60]

It states that xi+i statistically depends only on the previous random vector x*. When 

the transition pdf (kernel) p (xt+1 =  z|x, =  y) is time-invariant (i.e. independent of i), it

p (xj+i =  z|xj =  y , . . . ,  x0 =  a) =  p (xi+1 =  z|x* =  y ) . (3.7)
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can be denoted by A  (y, z). The Markov chain in this case is termed homogeneous. The 

transition kernel must satisfy, for all y,

Some properties of Markov chains ensure the effectiveness o f the method developed 

in the following section. This is particularly true for the property of irreducibility.

Definition 3.1 (Irreducibility).

Consider a sequence of states of a Markov chain

such that the transition probabilities A  (y, ki) ^  0, A  (km, km+i) 9̂  0, A  (k„, z) ^  0, 

then there is a sequence of states from y to z with a non-zero probability of occurring. 

In that case it is said that y and z communicate. If z and y also communicate, one 

says that y and z intercommunicate. If all states in S  intercommunicate, the Markov 

chain is irreducible under A. Otherwise, the chain is reducible under A. The concept of 

irreducibility can be stated as follows. Starting with any possible state in S, the chain 

can reach any other state in some number of iterations.

The next property sought in a Markov chain is the aperiodicity.

Definition 3.2 (Aperiodicity).

Let M  be an irreducible Markov chain with transition kernel A  and let y be a fixed 

state. Define the set

A  (y, z) > 0 V y, z e  S  and (3.8)

(3.9)

T =  {k:  p (xi+k = y|*i =  y) > 0 , k > 0} . (3.10)
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These are the steps on which it is possible for a chain which starts in state y to revisit 

y. The greatest common divisor of the integers in T  is called the period of the state y 

[59, 60]. The chain is said to be periodic if the period of any of its states is greater than 

one. Otherwise, M  is aperiodic. Stated differently, the chain is aperiodic if it does not 

periodically oscillate among different sets of states.

The last property of interest is reversibility.

Definition 3.3 (Reversibility).

A homogeneous Markov chain M  is reversible if the transition kernel for the reversed 

chain M ' coincides with that of M  [59,60], so that

p (xm  =  z |Xi = y) =  p (Xi = z\xi+1 = y ) . (3.11)

Theorem 3.1 (Detailed Balance Condition).

Let A  (y, z) =  p (xJ+i =  z|x* =  y) be the transition distribution or transition kernel 

for a given Markov chain. If, for some distribution tc, A  (y, z) satisfies detailed balance 

given by

A  (y, z) 7T (y) =  A  (z, y) n  ( z )  , (3.12)

the chain has a stationary distribution 7r and is said to be reversible with respect to 7r 

[128],

Proof. Let B  (y. z) be the transition kernel of the reversed chain M ' =  where

x n x_n, i.e.,

B  (y, z) =  p (xi+i = z\Xi = y) . (3.13)

It must be shown that B  (y, z) =  A  (y, z) if and only if detailed balance holds. By
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definition of the process x  and Bayes’ theorem,

B  (y, z) =  p(a?i+i =  z|Xi  =  y)

=  p (x_i_i =  z|x_j =  y)

=  p (x-j =  y lx-i-i =  z) p ( x _ i =  z) 
P  (*-t = y)

Since each xn is distributed as 7r for all n, then

Then B  (y, z) =  A  (y, z) and the chain is reversible if and only if detailed balance

For an aperiodic, irreducible and reversible Markov chain (i.e. satisfying the above 

three conditions), the limiting distribution of successive iterates will reach the stationary 

(target) pdf, regardless of the starting value of the chain [58-60]. The stationary pdf 7r 

and the transition kernel A  (x, y) satisfy the following eigenvalue problem [58-60]:

B  (y, z)
p ( x _ j  =  y | x _ t _ i  =  z ) t t ( z )

7r(y)
A  (z, y) 7r (z)

*r(y)
(3.15)

holds. □

(3.16)

The number of samples required to reach the stationary distribution from a starting 

sample x0 is called the burn-in period of the chain. After the bum-in period, the samples 

of the Markov chain approximately follow the target (stationary) pdf 7r[58, 60].
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Given a transition kernel A(y, z )  for a lst-order aperiodic, irreducible and positive- 

recurrent Markov chain, its stationary distribution n satisfies Eq. (3.16). In Bayesian 

inference problems, the target (posterior) distribution is available, but the corresponding 

transition kernel is not known a priori. The method first proposed by Metropolis et al. 

[61] and generalized by Hastings[129] is adopted in this thesis.

Starting from an arbitrary sample, a candidate point z is generated from an arbitrarily 

chosen proposal pdf q (y, z) in Metropolis-Hastings algorithm. Then the candidate point 

z is accepted with probability a  (y, z) where

For the Metropolis algorithm[61], the proposal pdf q (y, z) is chosen to be symmetric, 

i.e. q (y, z) — q (z, y). This constraint is however relaxed in the Metropolis-Hastings 

algorithm[129]. It can be shown how the above choice of acceptance probability a  (y, z) 

leads to the target pdf i t .  For the Metropolis-Hastings algorithm[l29], the acceptance 

probability a  (y, z) is

For this choice of acceptance probability, the chain is positive recurrent with a station

ary pdf 7r as described next. The transition kernel for the Metropolis-Hastings algorithm 

when y ^  z is:

a (y ,z )  =  min 1, (3.17)

a  (y,z) =  min 1, (3.18)

A  (y, z ) = q  (y, z) a  (y, z)

g(y,z) min 1, (3.19)



When y ^ z ,  there are two possibilities, namely tt ( z )  q (z, y) > n (y) q (y, z) and 

7r (z) q (z, y) < 7r (y) q (y, z). For brevity, only the first case will be considered for the 

proof (second case can be proved similarly, but omitted here). When n (z) q (z, y) > 

7r(y)<?(y,z),one has [130]

This fact proves that the acceptance probability a (y, z) in Eq. (3.18) leads to the 

stationary pdf tt which is the target pdf.

3.3.1 Random-Walk Metropolis Algorithm

The Metropolis-Hastings algorithm has the following attractive features: (1) the normal

ization constant p (d) in Eq. (2.10) is not needed; (2) the candidate point z can be gen

erated from any proposal distribution q (y, z). For simplicity, the so-called random-walk 

Metropolis algorithm [60] is used. Its proposal distribution is widely used in practice 

and it is implemented as follows: the new candidate y is obtained from the current point 

z using y =  z -F wr, where r  is drawn from an n-dimensional uniform distribution on 

[—1, l]n and w is a positive constant. If w is selected to be too small, the chain will 

mix too slowly. On the other hand, a significant number o f proposed samples would be

J  7T (y) A  (y, z) dy = J  n (y) q (y, z) min ^1
7T (z) q (z, y)
* (y) q (y, z)= J  7T (y) q (y, z) dy

J  7r(z)<?(z,y) min ^1

7T (z) q (z, y) min [ 1

?r(z). (3.20)
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discarded for large w. In either case, the algorithm will have a small convergence rate, 

i.e. more samples would be needed to provide accurate estimates of characteristics (e.g. 

mean) of the target distribution. The convergence rate of an MCMC sampler can be 

maximized by choosing a value of w that minimizes the integrated autocorrelation time 

of the Markov chain, estimated from the samples generated by the MCMC algorithm

[60]. Roberts et al. [131] proposed a general rule of thumb in choosing w such that an 

acceptance rate of approximately 25% is achieved for target distributions of dimension 

much larger than 2. An adaptive approach for choosing w is exercised: starting with a 

small value for w resulting in an acceptance ratio of almost unity, w is increased in steps 

until the desired acceptance ratio of 25% is achieved, at which point w is fixed and the 

previously generated samples are discarded.

3.4 Application: Signal Identification

In this example, the application of both maximum likelihood estimation and Bayesian 

inference will be compared and contrasted for identification of a sinusoidal signal. More 

specifically, the problem involves identifying the parameters ai, a2, a3 for

y (t ) = aicos (a3t) +  a2sin (a3t) . (3.21)

The noisy measurements yk, i =  1 , . . . ,  N  are obtained as

yk = ai cos (a3tk) + a2sin (a3tk) +  nk (3.22)

=  Vk +  nk (3.23)

where nk is IID Gaussian noise with zero mean and variance equal to 7 .
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3.4.1 Maximum Likelihood Estimation

The likelihood function of the unknown parameters is

p ( a | y )  =  P  (n = y  — y fc ( a ) )

N

rexp
1

(2tt7)N / 2 £
Lfc=i 27

{Vk ~  Vk (ai,a2,a3)Y (3.24)

The corresponding misfit function (also known as the log-likelihood function) is 

given by
N 1£(a;y) = '52~(yk - Vk(ai,a2, a3))2 (3.25)

i—1 7

which is simply a sum of squares of errors between the observed signal and its model. 

An estimate of the parameters can be obtained by maximizing the likelihood function 

or, equivalently, minimizing the misfit.

The parameters may be divided into two classes. In the first class one has a\ and 

a2 on which y depends linearly and in the second class one has a3 on which y depends 

nonlinearly. The minimization can be performed over the linear parameters analytically, 

thus reducing the size of the search space for the nonlinear parameters.

The misfit function can be rewritten as [101 ]

e (*; y) = -  (y -  c  ( * m )  ai )  ( y  -  C (ani) a,)
7

(3.26)

where

C (a ni) =

cos(a3ti) sin(a3fi)

cos (a3tx)  sin (a3t^)

(3.27)



The least-square estimation of a/ can be performed. Thus, the misfit is now repre

sented as a function of a„/ =  a3 only, a* can be replaced by its least-squares estimate

The misfit function, in this form, can be minimized easily to obtain an estimate of a3.

For the first case examined, measurements of the signal are sampled at a frequency well 

above the Nyquist frequency. The true values of the parameters are a\ =  1.0, a2 = 

1.0, a3 =  1.5 and 7 = 0.05. The true signal and measurements available are shown in 

Fig. 3.1. The misfit function for a3 is shown in Fig. 3.2. The value of a3 coinciding with 

the minimum of the misfit function is used as an estimate. Next, the least-square esti

mates a\ and a2 are obtained using the optimal value of a3. The resulting reconstructed 

signal is shown in Fig. 3.3.

In this case, the available measurements are sparse in time such that the sampling fre

quency is just below the Nyquist frequency. The measurements are shown in Fig. 3.4. 

The misfit function for a3 is shown in Fig. 3.5.

C (an/)T C (ani)j C (an i ) T  y in Eq. (3.26) to obtain [101]:

1
y - C ( a ni) [ c ( a ni)T C (an,)l

T

£ (a; y)
7

x

Case 1

Case 2
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I

Figure 3.1: Application of MCMC: Signal Identification. Case 1: True
signal and measurements.

5

Figure 3.2: Application of MCMC: Signal Identification. Case 1: Misfit
function for a3.

Figure 3.3: Application of MCMC: Signal Identification. Case 1: 
Reconstructed signal using Maximum Likelihood Estimation.

|

Figure 3.4: Application of MCMC: Signal Identification. Case 2: True
signal and measurements.

Due to sparse measurements, maximum likelihood estimation no longer provides a 

unique estimate of a3. Thus there are many possible reconstructions of the signal, all



67

3

Figure 3.5: Application of MCMC: Signal Identification. Case 2: Misfit
function for a3.

equally likely. In this case, the maximum likelihood estimation method fails to provide 

a unique solution.

3.4.2 Bayesian inference

According to Bayes’ theorem, the posterior pdf of a\, a2 and a3 is proportional to the 

product of likelihood function and prior pdf:

p(a1,a2,a3\y1, . . . , y N) oc p (yu  . . . ,  yN \au a2, a3) p (ai, a2, a3)

where

N

P (2/1, - • • , 2/v |« i,a 2,a 3) oc J J p  (^ |a i , a2,a 3)
i—1

p (a l5a2,a 3) =  <

if abs (ai — m i )  <  w \  

c  > and abs (a2 — m2) < u>2 

and abs (a 3 — m 3 ) <  w3

0 , otherwise

If wi = w2 = w3 =  oo, a flat prior is used. A flat prior provides no informa

tion regarding the parameters to be estimated and thus the posterior pdf is equal to the
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likelihood pdf. In certain cases, the likelihood function needs to be complemented by 

an informative prior to provide a meaningful estimate of the parameters. The above 

two cases will be revisited, utilizing Bayesian inference to provide posterior pdfs of the 

unknown parameters. The Metropolis-Hastings algorithm is used to provide MCMC 

samples of these parameters.

For this case, as the data is dense in time, a flat prior is used, i.e. wi = w2 =  w3 — oo. 

The likelihood function provides sufficient information to provide a unique maximum- 

likelihood estimate. The MCMC samples of the posterior pdf are used to provide 

marginal and joint distributions of the parameters as shown in Figs. 3.6-3.7. One can 

observe the unimodality and slight non-Gaussian trends visible both the marginal and 

joint pdfs.

Case 1

2.51 11.1,

Figure 3.6: Application of MCMC: Signal Identification. Case 1: 
Marginal pdfs obtained using MCMC sampling of the posterior pdf.

0977

30

20

llO

Figure 3.7: Application of MCMC: Signal Identification. Case 1: Joint 
pdfs obtained using MCMC sampling of the posterior pdf.



69

Case 2

A flat (non-informative) prior is first used for this case. The marginal and joint pdfs 

of the unknown parameters are shown in Figs. 3.8-3.9. One can see the unimodality 

and the slight non-Gaussian trends visible both the marginal and joint pdfs. One can 

see with sparse measurements, two disjoint sets of frequency values are possible given 

sparse data.

12.3

1.26 0.848 6.15

1.06
a3

1.570.572 1.63 -1.69
a.'2

Figure 3.8: Application of MCMC: Signal Identification. Case 2: 
Marginal pdfs obtained using MCMC sampling of the posterior pdf with

flat prior.

0.0546

Figure 3.9: Application of MCMC: Signal Identification. Case 2: Joint 
pdfs obtained using MCMC sampling of the posterior pdf with flat prior.

If a uniform prior pdf (with finite support) is used, the results in Figs. 3.10-3.11 

are obtained. An informative prior in this case provides a regularized solution. One 

can extract an estimate from this posterior distribution, such as the minimum variance 

estimate (being the mean) or the maximum a posteriori estimate (being the mode) (see 

Section 2.2.3 for definitions). This case demonstrates the power of Bayesian inference 

in certain cases in situations when the likelihood function does not provide adequate 

information for a unique estimate.
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Figure 3.10: Application of MCMC: Signal Identification. Case 2: 
Marginal pdfs obtained using MCMC sampling of the posterior pdf with

uniform prior.

1.82

25

20

15

10
‘0

Figure 3.11: Application of MCMC: Signal Identification. Case 2: Joint 
pdfs obtained using MCMC sampling of the posterior pdf with uniform

prior.

3.5 Application: Flutter Speed Estimation

Flutter is a potential catastrophic vibration phenomenon that can occur on aircraft past 

a given airspeed (known as flutter speed). The flutter margin method [132] is an experi

mental technique that provides a measure of stability of an aircraft based on its vibration 

data and in turn predicts flutter onset. In the following section, a probabilistic frame

work is provided that offers a rational treatment of the uncertainty in the vibration data 

obtained from pre-flutter flight tests. Some of the outcomes o f the improved flutter flight 

testing technique developed herein are (a) a decrease in the number of flutter flight test 

points (thus saving costs), and (b) an increased confidence in the flutter speed prediction 

(thus decreasing the risk involved). The work contained in this section has already been 

published in peer-reviewed literature and presented at numerous conferences [88-90].
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3.5.1 Introduction

The flutter margin, a quantity first utilized by Zimmerman and Weissenburger [132], is 

a measure of stability of an aeroelastic system. On the basis that the instability mech

anism is dictated by the coalescence of the two modes of vibration that participate in 

flutter, the typical section model (two degrees-of-ffeedom (DOF), in pitch and heave) is 

used [133]. The flutter margin is equivalent to the third sub-determinant of the fourth- 

order characteristic equation of the typical section model [132], Hence, according to 

the Routh’s stability criteria [133], a necessary condition for stability is that the flutter 

margin must be positive. The flutter margin is given in terms of o»i, u>2 and 6i, fa being 

the modal frequencies and negative of decay rates, respectively, of the two modes that 

participate in flutter:

The flutter margin can be used to extrapolate the classical flutter speed from pre

flutter flight test data. Under modest restrictions, the flutter margin varies paraboli- 

cally in dynamic pressure if structural damping is neglected. The inclusion of structural 

damping in the analysis leads to a sixth-order relationship between the flutter margin and 

airspeed. For larger airspeeds the relationship converges to a fourth-order polynomial, 

as per Eq. (3.30), since aerodynamic damping dominates structural damping.

2

(3.29)
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F  = biU4 + b2U2 +  63. (3.30)

The coefficients 61 through 63 depend on configuration constants which describe the 

aeroelastic system (coupled structural and aerodynamic systems) [132], However, in 

the absence of prior knowledge regarding the configurational parameters of the aeroe

lastic system, these coefficients can be inferred using conventional methodology from 

pre-flutter estimates of the flutter margin F  using a least-square fitting procedure of 

Eq. (3.30) with at least three sub-critical airspeeds. The flutter speed, (//, is the root of 

Eq. (3.30).

Since its establishment in 1964, the flutter margin method has been generalized to 

tackle various cases overlooked by the basic method. Price and Lee [134] extended 

the method to trinary flutter, for instance. Non-probabilistic robust control theory has 

lead widely used uncertainty quantification methods in aeroelasticity [135]. More spe

cific to aeroelastic stability, Lind and Brenner have developed the application of non- 

probabilistic robust control methods to flight testing [136]. Recently, however, prob

abilistic methods have received more attention in the context of dynamic stability of 

aircraft. For example, the uncertainty in the modal parameters has been considered by 

Poirel et al. [ 137] to provide a probability density function (pdf) of the flutter margin and 

the flutter speed. The basic idea is to directly carry out the uncertainty analysis of the 

modal parameters to construct the flutter margin and flutter speed histograms to retrieve 

relevant statistical information. It was pointed out that, although the modal parameters 

were assumed to be Gaussian, the flutter speed pdf was not symmetric, but skewed. This 

methodology was further examined by Heeg [138]. A maximum likelihood parameter 

estimation method was used to construct a pdf of the flutter speed. Khalil et al. [88] pro

vided a pdf of the flutter speed by estimating the joint distribution of the flutter margin
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equation coefficients in Eq. (3.30). The flutter margin pdfs were obtained from modal 

parameter estimates which were artificially perturbed by Gaussian noise.

For this application, the joint distribution of the modal parameters is obtained from 

measured noisy free decay responses of the system. Bayesian inference provides a pos

terior pdf of these parameters and Markov Chain Monte Carlo (MCMC) sampling tech

nique [58, 60] is used to sample from the posterior pdf. The flutter margin pdf is then 

constructed from the samples of the parameters. Finally, the joint distribution of the 

flutter margin equation coefficients in Eq. (3.30) and the flutter speed are obtained again 

using Bayesian inference. For numerical illustration, the proposed method is applied for 

a two-degrees-of-freedom numerical model, for which the true flutter speed is known.

3.5.2 Formulation

This section describes the application of Bayesian inference for flutter speed estimation 

problem. For given airspeeds [/*, i  — 1 , . . . ,  nu, one can estimate the joint distribution 

of the modal parameters of the two modes involved in coalescence flutter from noisy 

measurements of free decay system response using Bayesian inference. Assuming the 

typical section model (two degree-of-freedom model describing the pitch and heave 

motion) is utilized, the problem involves identifying the modal parameters a i , . . . ,  a4 

that describe the free decay response of the system given unknown initial conditions 

[139]:

u (t ) =  a5e~a2tcos (ait  +  a6) -I- a7e~a*tcos (a3t +  a 8) (3.31)
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from noisy measurements

uk — a5e~a2tkcos (aift +  a6) +  a7e ~aAtkcos (a3tk +  a8) +  nk (3.32)

=  uk ( a i , .. .  ,a 8) +  nk (3.33)

where nk is Gaussian noise with zero mean and variance equal to 72.

The likelihood function of these unknown parameters is

1 1 2 
p ( a i , . . . , a 8|ui, . . . ,ujv) =    “^ e x p  -  ** (ax, . . . ,  a8))

(2tt7) l_fc=i ^
(3.34)

uk ( a i , . . . ,  a8) is the predicted free decay system responses using the assumed val

ues of a i , . . . ,  a8. Samples of these parameters (and thus samples of modal parameters

=  au uj2 = a3 and f t  =  a2, f t  =  n4) are obtained from this joint pdf using

MCMC sampling technique. The modal parameter samples are consequently trans

formed using Eq. (3.29) to obtain flutter margin samples from which a flutter margin 

pdf is constructed. The flutter margin pdf obtained at each experimental airspeed using 

the proposed method will be denoted by p (ft|b ), being conditional on the unknown 

coefficients b =  {6X, ft, ft} from Eq. (3.30).

The joint distribution of the vector b =  (f t, ft, 63} of unknown coefficients is first 

estimated. This would in turn provide a pdf for the flutter speed being the root of 

Eq. (3.30). Let F =  ( f t , f t , . . . ,  Fnu} represent the random vector of the flutter margin 

at airspeeds f t ,  i  — 1 , . . . ,  nu. By Bayes’ theorem

p( f t , f t , f t | f t , . .  . , f t u) oc p ( f t , . . .  62,63) p (61, ft, ft) , (3 .35)
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or more simply put

p(b |F) ocp(F |b)p(b)  . (3.36)

The marginal distributions of the flutter margin at various experimental airspeeds are 

obtained from experimental data. Experimental data does not provide information re

garding the interdependence between the flutter margins at the different airspeeds. Thus, 

without further knowledge, the full joint distribution of the flutter margins required in 

Eq. (3.36) is not available. The maximum entropy theory is used to justify the assump

tion of independence between the flutter margins at differing airspeeds [140], i.e. p (F|b) 

can be expressed as the product of the marginal pdfs of F* as in

P (F|b) =  n P (F|b)  . (3.37)
i= 1

The prior pdf of b is expressed as

1 , if b% — 4&1&3 > 0 ( i.e. flutter will occur )

p (b) a  < (3.38)

0 , otherwise

The above form for p (F|b) is valid under the simplifying assumption that the flutter 

margin at one airspeed is independent from the flutter margin at other airspeeds. As for 

the prior pdf p (b) in Eq. (3.38) of the unknown coefficients, it reflects the assumption 

that the polynomial in Eq. (3.30) has real roots.

As a result, the conditional pdf for b in Eq. (3.35) has a complicated mathemati

cal expression and the normalization constant is hard to obtain. Consequently, MCMC 

sampling technique is applied to obtain samples of b from this complex conditional dis

tribution p (b|F). These would in turn provide samples of the flutter speed £//, being
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the root of the flutter margin equation, Eq. (3.30), whose coefficients are b. The spe

cific MCMC sampling technique used is the Metropolis-Hastings algorithm which was 

reviewed previously. The flow chart in Fig. 3.12 outlines the steps required to obtain the 

posterior pdf of the flutter speed starting with vibration data.

Modal Analysis

Flutter Margin

Free Decay Experiments

Flutter Speed

Figure 3.12: Flow chart describing the probabilistic flutter margin
method.
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Airspeed ui  (rad/s) A (l/s) u>2 (rad/s) A (l/s) F
1.95 17.3 -1.40 51.6 -1.88 1.39
2.51 17.2 -1.91 50.3 -2.31 1.26
3.06 17.1 -2.52 48.6 -2.63 1.10
3.62 17.0 -3.30 46.4 -2.79 0.91
4.18 16.7 -4.35 43.9 -2.68 0.69
4.73 16.1 -5.85 40.9 -2.11 0.44

Table 3.1: Application of MCMC: Flutter Speed Estimation. True 
modal parameters and flutter-margin for 2-DOF airfoil.

3.5.3 Application to a Two-DOF Airfoil

The proposed methodology is first applied to a 2-DOF airfoil model with quasi-steady 

aerodynamics model (see Appendix E for equation of motion) and compare these results 

with the conventional flutter margin method [88-90,137]. The results are then compared 

with the known (deterministic) flutter speed, which is 5.57 m/s for the airfoil parameters 

chosen as determined by eigenvalue analysis. Note that quasi-steady aerodynamics is 

assumed and structural damping is neglected. Six equally spaced airspeeds were chosen 

for numerical experiments with the lowest airspeed being 35% of the flutter speed and 

the highest airspeed is at 85% of the flutter speed. The chosen airspeeds for the analysis 

and the respective modal parameter and flutter margin values are summarized in Tab. 3.1.

At each airspeed, noisy measurements of the free decay response in pitch are obtained 

over an interval of 1.0 seconds. The initial condition for the system is —0.1 m in heave 

and 0.1 rad in pitch with velocities equal to zero for both degrees of freedom. The 

standard deviation of measurement noise for the pitch measurements is chosen as 7 =  

0.4. The measurement noise intensity is chosen so that the resulting level of scatter in 

the modal parameters is similar to that observed in practice: coefficient of variation of 

1% for frequency and 30% for damping [134]. The measurements were obtained with a 

sampling rate of 50 Hz. Figs. 3.13-3.18 display the true trajectories of the system and the
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corresponding measured responses at all six airspeeds in Tab. 3.1. These experiments are 

repeated nine other times while changing the measurement noise realization to obtain a 

total of ten sets of free decay responses at each of the six airspeeds.

measured response 
~ • ‘true response_____0.2

1

0 0.2 0.4 0.6 0.8 1
time (s)

Figure 3.13: Application of MCMC : Flutter Speed Estimation. Pitch 
response of the 2-DOF airfoil at U =  1.95 m /s - experiment 1.

measured response 
— true response_____0.2

1
CD

- 0.2

0 0.2 0.4 0.6 0.8 1
time (s)

Figure 3.14: Application of MCMC: Flutter Speed Estimation. Pitch 
response of the 2-DOF airfoil at U = 2.51 m /s - experiment 1.

MCMC is first applied to obtain jointly distributed samples for the 8 unknown pa

rameters a i , . . . ,  a8 in Eq. (3.34) for each measured free decay response. The random- 

walk Metropolis algorithm (see Section 3.3) is used to generate these samples using an 

8-dimensional uniform distribution on [—w, w]8 as the proposal density where w is a 

positive constant, w is chosen adaptively such that an acceptance rate of approximately 

25% is achieved [131].

At each airspeed, 2 x 106 MCMC samples of the modal parameters were obtained
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measured response! 
true response j0.2

T32
<x>

- 0.2

0 0.2 0.4 0.6 0.8
time (s)

Figure 3.15: Application of MCMC: Flutter Speed Estimation. Pitch 
response of the 2-DOF airfoil at U =  3.06 m /s - experiment 1.

-•-measured response 
“ ■ - true response_____0.2

■O

0.2

0.4 0.6 0.8 10 0.2
time (s)

Figure 3.16: Application of MCMC: Flutter Speed Estimation. Pitch 
response of the 2-DOF airfoil at U =  3.62 m /s - experiment 1.

-♦-measured response 
— true response_____0.2

CD

- 0.2

0 0.2 0.4 0.6 0.8
time (s)

Figure 3.17: Application of MCMC: Flutter Speed Estimation. Pitch 
response of the 2-DOF airfoil at U = 4.18 m /s - experiment 1.

with 170 MCMC chains running in parallel on a distributed-memory multiprocessor ma

chine (HP Intel Xeon cluster with 176 processor cores) using message-passing interface 

(MPI) [77]. From these samples, one can extract the marginal pdfs of each modal pa-



80

measured response 
— true response0.2

■Qa

- 0.2

0.2 0.6 0.80 0.4
time (s)

Figure 3.18: Application of MCMC: Flutter Speed Estimation. Pitch 
response of the 2-DOF airfoil at U = 4.73 m /s - experiment 1.

rameter at each air speed. For the first of ten experiments, these marginal pdfs are shown 

in Figs. 3.19-3.24. The dashed line indicates the true modal parameter value. One can 

see that the mode of the pdfs does not in general coincide with the true parameter value. 

Furthermore, it is also evident that there is some non-Gaussian trend in some of the 

marginal pdfs in the form of skewness. This is due to the limited information that the 

measured data contains relating to the modal parameters. One can also examine the joint 

distributions between the modal parameter estimates. These joint pdfs are presented in 

Figs. 3.28-3.33. It is also evident here that the joint distributions are non-Gaussian due 

to the limited amount of data.

0.5651 0.56890.921 0.8313
—  pdf — pdfpdf

true
pdf

0.28260.41570.4609

0.98860.8731 53.69 4.757 8.72619.41 3.923 .1917.77
'2

Figure 3.19: Application of MCMC: Flutter Speed Estimation. 
Marginal pdfs of modal parameters at U =  1.95 m /s - experiment 1.

One can apply the classical method in which flutter margin values at each airspeed 

are obtained using the most likely modal parameter values (corresponding to the peak of 

the joint distribution of the modal parameters). In this case one obtains six flutter margin
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Figure 3.20: Application of MCMC: Flutter Speed Estimation. 
Marginal pdfs of modal parameters at U — 2.51 m /s - experiment 1.
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Figure 3.21: Application of MCMC: Flutter Speed Estimation. 
Marginal pdfs of modal parameters at U = 3.06 m /s - experiment 1.
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Figure 3.22: Application of MCMC: Flutter Speed Estimation. 
Marginal pdfs of modal parameters at U — 3.62 m /s - experiment 1.
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Figure 3.23: Application of MCMC: Flutter Speed Estimation. 
Marginal pdfs of modal parameters at U =  4.18 m /s - experiment 1.

estimates at six airspeeds from which a quadratic polynomial in the square of the air

speed can be obtained using least-squares fitting. The error in the modal parameters is 

approximately 5% for frequency and 20% for damping for this experiment. For compar-
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Figure 3.24: Application of MCMC: Flutter Speed Estimation. 
Marginal pdfs of modal parameters at U — 4.73 m /s - experiment 1.

ison, the Eigensystem Realization Algorithm using Data Correlations (ERA/DC) [141] 

was also applied to the same data and a similar level of error was obtained for the modal 

parameter estimates.

Using the six estimated flutter margin values, a least-squares polynomial fit is ob

tained as shown in Fig. 3.25 for the first experiment. The extracted flutter speed using 

this method is 5.12 m/s and the true flutter speed is 5.57 m/s. Also shown is a linear fit 

for the flutter margin from which one can extrapolate an estimate for the flutter speed of 

7.17 m/s. The analysis for nine other experiments is repeated (with the difference be

ing the realization of measurement noise corrupting the true free decay response). The 

intent of these repeated experiments is to demonstrate the robustness of the estimates 

obtained from the proposed Bayesian method. The results using the polynomial fits and 

linear fits are shown in Figs. 3.26-3.27, respectively. In 2 o f the 10 experiments, no 

flutter speed estimate was obtained using the conventional method (the fitted polyno

mial does not cross the zero flutter margin axis). The range o f flutter speed estimates 

using this conventional approach for the eight experiments and the ensemble mean and 

coefficient of variation is given in Table 3.2. The range o f flutter speed estimates is also 

provided using the linear fits for the ten experiments, the corresponding ensemble mean 

and coefficient of variation.

The joint pdfs of the modal parameters are presented in Figs. 3.28-3.33. One ob-
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Figure 3.25: Application of MCMC: Flutter Speed Estimation. Flutter 
margin polynomial fit using conventional method - experiment 1.

x 1020
— true flutter margin 

° flutter margin estimates 
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Figure 3.26: Application of MCMC: Flutter Speed Estimation. Flutter 
margin polynomial fit using conventional method - all experiments.

x 1020
— true flutter margin 
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Figure 3.27: Application of MCMC: Flutter Speed Estimation. Flutter
margin linear fit - all experiments.
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serves a jointly Gaussian nature and small if any correlation between these parameters 

for different airspeeds. Using the MCMC samples obtained from the joint distribu

tion between the four modal parameters, one obtains samples o f the flutter margin and 

construct the flutter margin pdf at each airspeed. These pdfs are shown in Figs. 3.34- 

3.39. These flutter margin estimates at the five airspeeds represent p (Ft \a) in Eq. (3.37). 

MCMC technique is used to obtain 1.7 x 109 samples of {a,i,a2, a3) from the posterior 

pdf in Eq. (3.35). Each of these samples represent a possible flutter margin polynomial. 

In turn, 1.7 x 109 samples of the flutter speed are obtained, being the root of the flut

ter margin polynomial. The resulting histogram for the flutter speed pdf is shown in 

Fig. 3.40. One can see that both the true flutter speed as well as the estimate obtained 

using the conventional method fall within the support of the flutter speed pdf obtained 

using Bayesian inference. Furthermore, it is evident that if the mode (being the most 

likely value) at 5.37 m/s were to be used as an estimate for the flutter speed, Bayesian 

inference leads to a less conservative estimate, compared to the conventional method for 

this experiment (with an estimate of 5.12 m/s). The analysis is repeated for nine other 

experiments, obtaining a total of ten different flutter speed pdfs shown in Fig. 3.41. The 

range of flutter speed estimates (the mean, mode, median and 99% lower bound) for 

the ten experiments as well as the ensemble mean and coefficient of variation of each 

estimate are given in Table 3.2. The median provides on average the estimate with least 

error and scatter (measured using the coefficient of variation) in the median is of similar 

order of magnitude to those of the other estimates obtained from the pdfs.

Upon close examination of the data in Table 3.2, it can be concluded that the three 

estimates (namely the mode, mean and median) obtained using Bayesian inference are 

more precise (i.e. with less scatter) than those obtained using the conventional method. 

Furthermore, the three estimates obtained using the proposed method are more accu-
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Figure 3.28: Application of MCMC: Flutter Speed Estimation. Joint 
pdfs of modal parameters at U =  1.95 m /s - experiment 1.

P--0.06

Figure 3.29: Application of MCMC: Flutter Speed Estimation. Joint 
pdfs of modal parameters at £/ =  2 .51m/s-  experiment 1.

Figure 3.30: Application of MCMC: Flutter Speed Estimation. Joint 
pdfs of modal parameters at U =  3.06 m /s - experiment 1.

“ 1 “ 2 “ 1 A

Figure 3.31: Application of MCMC: Flutter Speed Estimation. Joint 
pdfs of modal parameters at U — 3.62 m /s - experiment 1.

rate (being closer to the true flutter speed on average), with the median being the most 

accurate based on the results obtained from the ten experiments.

In summary, a Bayesian estimation technique based on the Metropolis-Hastings MCMC 

algorithm was used to obtain the probability distribution function of the flutter speed
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Figure 3.32: Application of MCMC: Flutter Speed Estimation. Joint 
pdfs of modal parameters at U =  4.18 m /s - experiment 1.

Figure 3.33: Application of MCMC: Flutter Speed Estimation. Joint 
pdfs of modal parameters at U = 4.73 m /s - experiment 1.
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Figure 3.34: Application of MCMC: Flutter Speed Estimation. Flutter 
margin pdf at U = 1.95 m /s - experiment 1.

from modal parameter estimates using the flutter margin method proposed by Zim

merman and Weissenburger [132]. A two-degrees-of-freedom numerical model was 

adopted for illustration. For the numerical experiments conducted, the method provided 

more accurate and more precise estimates for the flutter speed vis-a-vis the conventional 

method.
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Figure 3.35: Application of MCMC: Flutter Speed Estimation. Flutter 
margin pdf at U = 2.51 m /s - experiment 1.
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Figure 3.36: Application of MCMC: Flutter Speed Estimation. Flutter 
margin pdf at U = 3.06 m /s - experiment 1.
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Figure 3.37: Application of MCMC: Flutter Speed Estimation. Flutter
margin pdf at U  =  3.62 m /s - experiment 1.



88

x 10^5.65 — PDF 
True FM

2.83

6.02 7.96
FM

9.91
x 105

Figure 3.38: Application of MCMC: Flutter Speed Estimation. Flutter 
margin pdf at U = 4.18 m /s - experiment 1.
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Figure 3.39: Application of MCMC: Flutter Speed Estimation. Flutter 
margin pdf at U = 4.73 m /s - experiment 1.
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Figure 3.40: Application of MCMC: Flutter Speed Estimation. Flutter
speed pdf obtained using Bayesian inference - experiment 1.
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Figure 3.41: Application of MCMC: Flutter Speed Estimation. Flutter 
speed pdf obtained using Bayesian inference - all experiments.

Method and Estimate used Range Mean Cov
Conventional, root [5.11,5.70] 5.32 0.041
Linear fit, root [5.95, 7.83] 6.49 0.091
Bayesian inference, mean [5.34,5.82] 5.63 0.029
Bayesian inference, mode [5.23,5.62] 5.45 0.023
Bayesian inference, median [5.29, 5.76] 5.56 0.028
Bayesian inference, 99% lower bound [5.04, 5.23] 5.16 0.013

Table 3.2: Application of MCMC: Flutter Speed Estimation. Range of 
flutter speed estimates using 10 experiments.



Chapter 4

Static Parameter Estimation

4.1 Introduction

In Chapter 2, a review of various filtering techniques to tackle the problem of sequen

tial data assimilation problem is provided. State estimates are updated as observations 

become available. The updated state vector is propagated in time between available 

measurements using the model operator. It was not explicitly discussed how to tackle 

the problem of parameter estimation using filtering. A popular approach to solving the 

parameter estimation problem using sequential data assimilation involves augmenting 

the state vector with the unknown system parameters. The new augmented state vector 

is estimated using one of the nonlinear filtering techniques presented in Chapter 2. In 

this approach, the parameter space is only explored at the initialization of the algorithm 

[50]. The judicious selection of the prior pdf of the unknown parameters is critical to 

the success of the filtering algorithms in estimating the unknown parameters. Unfortu

nately, it is difficult to select such prior for high-dimensional systems of practical interest 

to obtain accurate estimates of the unknown parameters. For poorly selected prior, the 

filtering algorithms fail (i.e. diverge to an incorrect estimate o f the parameters).

90
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To alleviate this problem, the time-invariant parameters are perturbed by artificial 

noise to achieve convergence of the filtering algorithm [47, 56]. To avoid such artificial 

dynamics, an approach proposed in [57] for PF algorithms consists of adding Markov 

Chain Monte Carlo (MCMC) steps to introduce some diversity in the parameter esti

mates. However, the algorithm may diverge due to the accumulation of errors over time 

[142], For a restricted class of problems, Storvik [143] developed a methodology to 

marginalize the static (time-invariant) parameters from the posterior pdf. Storvik’s ap

proach [143] avoids the sample impoverishment in PF while estimating time-invariant 

parameters. For static parameter estimation, Jasper et al [144] used the Particle Markov 

Chain Monte Carlo method [145] which uses PF to design efficient proposal density for 

MCMC.

This chapter deals with the problem of static parameter estimation for dynamical 

systems using Bayesian inference. Firstly, a Markov Chain Monte Carlo (MCMC) al

gorithm is developed for the time-invariant parameter estimation which uses EnKF for 

state estimation. For this method, the state vector is not augmented with the unknown 

parameters as commonly adopted by some of the aforementioned methods. The results 

will be compared to those obtained from combined state and parameter estimation ex

periments using (a) EnKF, and (b) a newly developed Particle Filter (PF) with an EnKF 

proposal [48,146] which has been specifically adapted for combined state and parameter 

estimation. Extensive numerical investigation is conducted using the Duffing oscillator 

model to study the effects of sparsity of observational data and strength of measurement 

noise on the parameter estimates. As the Duffing oscillator model displays a wide range 

of dynamical behaviour with small perturbations to the system parameters [115, 116], 

it is chosen for numerical investigation. The work contained in this chapter has been
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submitted for publication in an international journal [91] 1.

4.2 Mathematical Formulation For Parameter Estima

tion

The model and measurement equations for a discrete state-space representation of a 

nonlinear system are given by [9, 10, 19, 20, 27,40, 53, 147, 148]

Ufe+i =0fc(ufc,<Mfc,q£), (4.1)

dj f)j . (4.2)

Here u £ l n is the state vector, g £ l n is the discrete nonlinear model operator, 

<f> G is the static (time-invariant) parameter vector, f G Rp is a deterministic input, 

q l G K.s is a Gaussian random vector with the mean q f  G and covariance matrix 

quu e  respectively and d G Mm, the measurement vector, maps the true state by 

the nonlinear measurement operator h G R m; ek G Mr is a Gaussian random vector with 

the mean G Mr and covariance matrix T G Mrxr respectively. Here q£ and ek are 

assumed to be independent. Note that the indexes k and k(j)  denotes the time steps for 

the model integration and the arrival of measurement data (e.g. [10]).

4.2.1 Nonlinear Filtering Approach - Joint State and Parameter Es

timation

In the framework of nonlinear filtering, the unknown time-invariant parameter vector 4>

is generally treated as a time-varying quantity (e.g. [47, 148]). Additionally, the pa

1 The coauthors permit the inclusion o f this work in the dissertation
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rameter vector is artificially perturbed randomly for filter convergence (e.g. [47, 148]). 

Therefore, the revised state space model is written as

Ufc+i = Q k ( u k ,<f>k J k , q % )  , (4-3)

<t>k+i — <t>k +  (4-4)

= bj (ufe(j) > $k(j) > ej)  i (4-5)

where qf. is the artificial random noise vector which may require fine-tuning for optimal 

filter performance (e.g. [47, 148]). Next the new state vector is formed by append

ing the unknown parameter vector to the original state vector leading to the following 

augmented state space model

x/b+i =gA;(xfc,ffc,qfe), (4.6)

=  h i (*fcCj)»€j) (4-7)

where /  \  /  \

I u*. I q“ I
(4.8)

q fe

Consequently, any nonlinear filter can be used to tackle the combined state and pa

rameter estimation from which the relevant parameter vector are easily extracted. In 

this investigation, the EnKF (detailed in Section 2.6) and PF (detailed in Section 2.7) 

see are used to obtain the joint state and parameter estimates. The Particle Filter (PF) 

with an EnKF proposal has been specifically adapted for combined state and parameter 

estimation, as detailed in the next section. For the subsequent numerical experiments, 

the artificial random noise vector q^ is set to zero, i.e. the parameters are modeled as
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time-invariant quantities. As a result, the estimates obtained using joint state and param

eter estimation experiments can be directly compared to those obtained using MCMC 

approach as described next.

4.2.2 Markov Chain Monte Carlo Simulation Approach

In the general Bayesian framework (e.g. [10]), the joint pdf of the state and parameter 

vector can written as

Consequently, the marginal posterior of the parameter vector can be obtained as fd fd

k{ l)
p (  U i ,  . . . , Ufc(j),  . . . , Ufc, 0 | d i , . . . ,  d j )  OC p (0 ) IJptUfclllfc-!, 0 ) p ( d i  | u fc( i ) ,  0 )

k ( J )

p(ufc|ufc_ ! ,0 )  p ( d j \ u k { j ) ,<t>)

k = k ( J —1)4-1

K

JJ  p(Ufc|ufc_i,0)
k = k ( J )+1

(4.9)

d f  dfd  fd

k(-0 1 f- oo poo
p(4>\du . . . , d j )  <xp(<(>) j  p(ufe|ufc_ i , ^ )  dufe j  p(uA:(i )|ufc(1)_ 1,^ )p (d i |u fc(1),d>) dufc(1)

I  P ( u k ( J )  lufc( J ) - l  > 4 > ) p ( d j \ u k ( J ) , <j>)
J  oo

p(ufe|ufe- i , 0 )  dufc

p(ujt|ujk_i,« )̂ dufc
k = k ( J )  +1

(4-10)
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The above equation can be concisely written as

J  ro c

p(<f>\di,...,dj) o c p (^ )J J  /  pCuitojIujfcyj-i.^ptdj-lufcyj.^dUfco) (4.11)
3=1 Jo°

where the computation of p(uk{j) IUjt(j)—i , <f>) involves a state estimation problem. In this 

investigation, EnKF is employed to tackle this state estimation problem.

MCMC method [58,60] can be used to generate samples of the parameter vector from 

p(4>| d i , . . .  ,d j)  (known only up to a proportionality) as detailed in [94, 149, 150]. In 

this investigation, a new sample <f>' of the parameter vector is generated from the current 

sample <f> using a random-walk Metropolis-Hastings (MH) algorithm (see Section 3.3) 

as described in [94,149, 150], In this approach, the acceptance probability a((j>,4>) is

^ (4. 12)

where the proposal density q is assumed to be uniformly distributed in {—w, w]n* [94]. 

An appropriate proposal width w is critical to the efficiency of MH MCMC and chosen 

to have 25% acceptance ratio [94].

4.3 Particle filter with EnKF Proposal - Extension to 

Combined State and Parameter Estimation

In this section, the PF algorithm proposed by Mandel and Beezley [48,146] (see Section 

2.7 for details), originally used for the state estimation, is extended to handle combined 

state and parameter estimation using a general multivariate kernel density estimator. PF 

[9, 19, 44, 53] can handle the most general forms of nonlinearities in measurement and
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model operators and non-Gaussian model and measurement noise. In contrast to EKF 

and EnKF, no Gaussian assumption on the state is necessary. Therefore, PF is superior 

to EnKF and EKF for strongly non-Gaussian models [32, 33].

For strongly nonlinear systems, the PF proposal based on EnKF is perhaps most 

appropriate as it maintains some non-Gaussian characteristics in the proposal. Unlike 

EKF and UKF based proposal, EnKF proposal does not differ from particle to particle. 

In other words, a single proposal is used to update the particle weights as explained 

next. The (non-Gaussian) EnKF based proposal q lxfc(j)- u  > Dj) is obtained by the 

KDE [114]. The forecast pdf p (xjfc(J) j|xfc(J)_l i) of the particle filter is also estimated 

by KDE. This proposal is first proposed by Mandel and Beezley and termed as the 

predictor-corrector filter [48, 146], in which the following weight update equation was 

proposed

with 1(.) being the indicator function and h yxk(j) ij  the bandwidth, chosen to be the 

distance to the \/7V-th nearest sample (data point) in the || • \\n norm. Mandel and 

Beezley were concerned with the state (and not parameter) estimation problem in which 

the vector x consists of a discrete representation of smooth functions, for which the norm 

associated with the so-called Cameron-Martin space is suitable [151, 152].

In this section, this methodology is extended to tackle the problem of joint state and 

parameter estimation problem. The augmented state vector can no longer be considered 

a discrete representation of smooth functions, and thus a different approach to KDE

P  V  ( x fc(j),ilx fc(j) — l,t )

wk{j)-l,iP (
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must be taken. The general multivariate kernel estimator [153] will be used resulting in 

a weight update equation given by

P (djlxfc(j),i) P (xfcQ').»lxfc(j)-u) 
Q (xfc(.j),i|xfc(j)—i,i) ®?)

Xw=1 wkU)-l,l Wf\K ( ttf  ( ~ Xfc(j),i))
— w k ( j ) - l , i P  (

N \Ha\K  ( H « 1 ( Xk(j),l Xfc(i),i) )

(4.14)

with a Gaussian kernel K  (y) =  (2n)~n/2 exp (—|y Ty) and a bandwidth matrix H  

proportional to the square root of the ensemble covariance matrix, as suggested in [154]. 

The constant of proportionality is obtained by generalizing Scott’s rule for the univariate 

case (see [114]) to the multivariate one, in which case one obtains

H ,  =  N ~ y % /2
1

n -M

K  A .)‘

i
*N /

X

N

t v v v t I < <
~  2 ^ i= l  W k(j ) , i  )  i= l

Xfc(j)) ( XfcO),Z Xfc(j))

1 /2

(4.15)

=  N  n + 4

iV

I N *
Z T  )  S  ( x fc(i).' “  * * 0 '))  ( x feO').i ~  *k (J ))

'  i=i

1 / 2

(4.16)

The algorithm of the particle filter with EnKF proposal is summarized next:

1. Using the prior pdf of x0, generate an ensemble | xo,i} having size N  with i 

1

i =
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2. Analysis step:

dj,» — hj ,

TV

d j  =  ’
i=l

TV

Xk{j) = 'YlWk(i')-l'i Xk(j),ii= 1
TV

Pxd =

dd

y^.Wk(j)-l,i (Xk(j),i Xl(j))  **J') ’
i—1 

TV

^ ' Wk(j)-l,i (dj',i — dj) (dj,» — dj) )

1 E i= l WkU)-l,i i=l

 1  *
1 “  Xd=l wk(j)-l,i i l̂

Kk(j) — Pxd̂ dd

Xk(j),i

TII

Ha — tv "+4 ( aT ~ i )  ^  (*£«).* _xfcO))

1 / 2

1 '■ST*

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4-22)

(4.23)

(4.24)

■*=1 fc(j)-l,i/ (=1

TV

J2Wk(j)-l,l ( Xk(j),l ~ Xk(j))  (XkU),l ~*kU))

™k(j),ik(j),i -  '= aT :------
E i= l Wk(j)y

E i l i  wkU)-u TWJ]K  ( Hf 1 {xkU),i -  *fc(j).i))

i i? i/frr^ 1 (xkU),i ~ xku),i))

1 / 2

(4.25)

(4.26)

(4.27)

3. Forecast step:

(4.28)
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4.4 Noisy oscillation of a Duffing system

In this section, several numerical experiments are performed for joint state and param

eter estimation of a Duffing oscillator [115, 116] excited by combined harmonic and 

random input. For the parameter set chosen in the numerical experiments, the system 

exhibits a period-two subharmonic oscillation in the absence of random input [116]. 

EnKF, PF and MCMC sampling technique are then used to estimate the stiffness pa

rameters in the presence of both model and measurement noise as described in details 

next.

4.4.1 Duffing Oscillator Model

This section illustrates the usefulness of the aforementioned theoretical formulations 

using a Duffing oscillator model. The Duffing system forced by combined harmonic 

and random inputs is described by the following nonlinear differential equation (e.g. 

[115,116])

mu (t) +  cii (t) +  k\U (t ) +  k3uz (t) =  T cos (cot) +  (t ) (4.29)

with m[kg] being the mass, c{N ■ s ■ m~l] is the damping coefficient, fci[iV • m r1] and 

k3[N ■ to~3] are the linear and cubic stiffness coefficients, u (t ) [m] is the displacement, 

T[N] and co[rad ■ s_1] denote the amplitude and frequency of the harmonic excitation, 

£ (t) represents a Gaussian white noise random input (additive modeling error) and a[N] 

represents its strength.
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The state-space model of Eq. (4.29) becomes

±1 = x2 (4.30)

x 2 = —-  \cx2 + kxxi + k3x\  1 +  — T cos (out) +  — cr£ (t ) , (4.31)
m  L J m  rn

where x\ — u and x2 = u.

Of primary concern is the estimation of the stiffness coefficients k x and /c3 and the 

damping coefficient c. For joint state and parameter estimation using EnKF and PF, the 

original state vector x =  {xi, x 2}T is augmented with the coefficients c, k\, and ks as

three new state variables x3 =  c, x 4 =  kj and x5 — k3 which satisfy the following

equations

x3 =  0 ,  (4.32)

±4 =  0 , (4.33)

± 5 = 0 ,  (4.34)

i.e. they are modeled as time-invariant quantities. In a previous investigation [47], the 

unknown system parameters were modeled as Wiener processes resulting in an artificial 

inflation the variance of the estimates in order to avoid filter divergence (e.g. [155]). 

The need for this artificial perturbation was to provide a range of possible parameter 

values and select the best value(s) based on the partial observations of the system state. 

The use of a good proposal obtained using an EnKF analysis step circumvents the need 

to artificially inflate the variances of the unknown parameters for filter convergence and 

is thus avoided in this investigation.
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The above set of equations have the following Ito SDEs representation

da?! = x 2dt (4.35)

dx2 — — — [2:3X2 + X4X1 +  x5x? — T cos (cuf)l dt +  —erf (t ) dt. (4.36)m  L J m

dx3 =  0 (4.37)

dx4 -  0 (4.38)

dx5 =  0. (4.39)

where f  (t) dt — dW  = W  (tk+1) — W ( t k) denotes a Brownian path increment.

The discretization of the above Ito SDEs using the Euler-Maruyama scheme [118— 

120] with time step At leads to

{xi}fe+1 =  {x4}fc +  At {x2}k (4.40)

{x2}fc+1 =  {x2}fc -  i - At [{x3}fc {x2}fc +  {x4}* {x i}k +  {x5}fc {xjfc -  T cos {utk)]
fit/

-f — ay/Ate k (4.41)
m

{x3}*+1 =  {x3}fc (4.42)

{*4}*+i =  {x4}fc (4.43)

{^}*+1 =  {x5}fc • (4.44)

where ek denotes independent and identically distributed unit standard Gaussian random 

variables.
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4.4.2 Noisy oscillation of the Duffing oscillator

The following numerical values are chosen [115, 116]: m = 1 kg, c = 0.3AT ■ s ■ m ~ l, 

k\ = —17V ■ m_1, ks =  I N  ■ ra~3, oj =  1.25rad ■ s~l and At  =  5 x 10_3s. This choice 

of parameters produces limit cycle oscillation. The unforced system system has three 

fixed points: an unstable fixed point at u =  Ora and two stable fixed points at ± lra . 

Fig. 4.1 shows two period-two subharmonic oscillation with period 47r/a; under purely 

deterministic loading (a = ON) for T  =  0.3N. Each steady-state trajectory presented 

in the figure arises from two different initial conditions.

For modeling noise with a  =  0.0157V, a sample of the steady-state noisy oscillation 

is shown in Fig. 4.2. Note that the quasi-periodic behaviour o f the phase-space curve 

arises due to the modeling noise.

(a) (b)

-1.5
-0 .5 0 0.5 1.51.5

£  0.5

-1.5
20 40 60 800

Time (s) Displacement (m)

Figure 4.1: Response of the Duffing oscillator under purely 
deterministic input with T  =  0.37V, a — ON: (a) two steady-state 

trajectories, (b) the associated phase-space diagrams.
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Figure 4.2: Response of the Duffing oscillator under combined 
deterministic and random input with T  =  0.3N, =  0.015N: (a)

steady-state trajectory, (b) the associated phase-space diagram.

4.4.3 Parameter Estimation

In this section, the combined state and parameter estimation problem of the Duffing 

system using EnKF and PF is addressed. MCMC sampling technique is also used to 

estimate the parameters with EnKF providing the state estimates. In particular, the es

timation of the damping parameter c and stiffness parameters kx and k3 is of interest. 

For simplicity, although the strength of model noise a is assumed to known in this in

vestigation, it can also be estimated along with the system parameters as described in 

[94].

The observational data is modeled as

dk = uk + ek . (4.45)

For this experiment, the measurement error is assumed to be Gaussian: tk ~  Af(0,1.3 x 

10"2). The measurement arrives at an interval of 0.2 time unit. The measurement er

ror standard deviation is assumed to be 15% of the root-mean-square (RMS) value of
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the true displacement of the oscillator. The modeling error amplitude is chosen to be 

cr =  0.0157V. Fig. 4.3a shows the true displacement and the measurement dk. For this 

parameter estimation experiment, the initial conditions are u ~  Af  (1,0), u ~  A^(0,0), 

c ~  7^(0.39,0.002025), fcj ~  A f ( - 1.3,0.0225), k3 ~  ^(1.3,0.0225). An ensemble 

size of TV =  25000 is used for EnKF and PF. Furthermore, 450,000 MCMC samples 

from the joint posterior parameter pdf are obtained with 5000 EnKF samples used to 

represent the state vector for each MCMC parameter vector realization. The threshold 

effective ensemble size for the resampling in PF is taken to be 50% of the ensemble size 

(i.e. N thr = 0.57V). From numerical investigations, it turns out that this threshold value 

yields the best performance for PF. To minimize sampling errors, an efficient sampling 

scheme based on LHS [121, 122] is adopted for EnKF and PF.

For the joint state and parameter estimation experiments, Figs. 4.3-4.5 show the es

timates of the damping and stiffness coefficients c, ki, and k 3 using EnKF in subplot 

(b) and PF in subplot (c). The marginal pdfs of the parameters at the final time step of 

simulation are provided in Fig. 4.6. The marginal pdfs of the parameters using MCMC 

sampling are also provided in Fig. 4.6. All three methods yield parameter estimates of 

similar accuracy.

Effect of measurement noise

In this experiment, the effect of measurement noise intensity on the filter estimates 

is examined. The measurement noise is now taken to be Gaussian given by e* ~  

A/"(0,7.1 x 10~2). In contrast to the previous experiment, the standard deviation of 

the measurement error is now assumed to be 35% of the RMS value of the true displace

ment. Similar to the previous experiment, the time interval between the observational 

data is taken to be 0.2 time unit. Fig. 4.7a shows the true displacement of the system
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Figure 4.3: Duffing oscillator c parameter estimates: (a) true (solid line) 
and measured (circles) displacement, (b) EnKF estimate (line with stars) 
and estimated mean ±  3 error standard deviations (shaded area), (c) PF 

estimate (line with stars) and estimated mean ±  3 error standard 
deviations (shaded area).

and the associated synthetic observational data dk.

For this joint state and parameter estimation experiment, the same initial conditions, 

ensemble size (for PF and EnKF) and number of MCMC samples are used as in the 

previous experiment. Figs. 4.7-4.9 show the estimates of the damping and stiffness 

coefficients and Fig. 4.10 provides the posterior marginal pdfs once all the data has 

been assimilated. Evidently, the parameter estimates obtained using PF and MCMC 

are equivalent in accuracy. EnKF was only able to estimate the nonlinear stiffness co
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Figure 4.4: Duffing oscillator ki parameter estimates: (a) true (solid 
line) and measured (circles) displacement, (b) EnKF estimate (line with 
stars) and estimated mean ±  3 error standard deviations (shaded area),
(c) PF estimate (line with stars) and estimated mean ±  3 error standard

deviations (shaded area).

efficient fc3 with reasonable accuracy. The superior performance of PF over EnKF is 

attributed to its ability to handle strongly non-Gaussian systems. Although MCMC 

sampling techniques relies on EnKF for state estimation, it still provides accurate esti

mates. In contrast to the extended state vector in joint state and parameter estimation, 

the state vector in pure state estimation carries less non-Gaussian characteristics. Thus 

EnKF is able to provide accurate state estimates for MCMC sampling, but encounters 

difficulties in joint state and parameter estimation. Of course, the error in the estimates
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is much larger for all three methods compared to the previous experiment due to the 

presence of larger measurement error.

Effect of observational data sparsity

In this last experiment, the effect of observational data sparsity is examined. The mea

surement noise is taken to be Gaussian given by t k ~  A f(0 ,1-3 x 10~2). The mea

surement time interval is taken to be 1.0 time unit, instead of 0.2 time unit used in
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the first experiment. Fig. 4.1 la  shows the true displacement of the oscillator and the 

observational data dk. Apart from the smaller sampling rate for the observations, all 

experimental parameters are unchanged from the first experiment (subsection 4.4.3).

The estimates of the damping and stiffness coefficients are plotted in Figs. 4.11-4.13 

and the marginal posterior pdfs in Fig. 4.14. Clearly, the performance of PF and MCMC 

is superior to EnKF which provided an accurate parameter estimate for the non-linear 

stiffness parameter only. The infrequent assimilation of data allows the augmented state 

vector to regain its non-Gaussian features due to the nonlinear dynamics, leading to 

a severe degradation in the performance of EnKF for combined state and parameter 

estimation.
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Figure 4.9: Duffing oscillator k3 parameter estimates with stronger 
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Chapter 5 

Static Parameter Estimation of a 

Non-linear Aeroelastic System using 

Wind Tunnel Data

5.1 Introduction

In this chapter, the Bayesian parameter estimation problem o f  a self-sustaining aeroe

lastic oscillator is delineated. The system consists of an elastically mounted rigid wing 

on a rig fixed in a wind tunnel. For certain flow conditions in the transitional Reynolds 

number regime, i.e. 10,000 < Re < 1, 000,000, the wing absorbs energy from the flow 

and settles in a stable limit cycle oscillation (LCO). The LCO originates from laminar 

boundary layer separation which leads to negative aerodynamic damping at small an

gles of attack. An empirical model o f the aeroelastic system is proposed in the form 

of a generalized Duffing-van der Pol oscillator. A statistical technique is developed to 

estimate the linear and nonlinear parameters of the aeroelastic oscillator. In addition,
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the model noise term, in part accounting for the amplitude modulation of the LCO is 

also estimated. In particular, the Bayesian inference technique for parameter estimation 

involves a state estimation problem using the measurement data. The extended Kalman 

filter is used for the state estimation. To generate samples from the posterior joint prob

ability density functions of the aeroelastic parameters, the Markov Chain Monte Carlo 

(MCMC) simulation technique is used. The methodology is first applied to surrogate 

data generated from a numerical model. Since the parameters are known a priori for 

the numerical model, this case verifies the Bayesian inference framework adopted in 

this investigation. The methodology is then applied to wind tunnel experimental data 

obtained from an elastically mounted rigid wing. The aerodynamic moment coefficient 

estimated from the wind tunnel experiment is then compared with the data available in 

the existing literature. The preliminary results of this investigation are published in the 

proceedings of ASME-FES [92] and IFASD [93]. The work contained in this chapter is 

published in an international journal [94] 1.

In both civil and military sectors, there has been a significant increase in the use of 

flight vehicles at low Reynolds number. In the transitional Reynolds number regime 

specifically, i.e. 104 < Re < 106, the separation of the laminar boundary layer may 

generate a separation bubble as the laminar shear layer transitions and re-attaches as a 

turbulent layer [156]. For a freely-rotating rigid NACA0012 airfoil in the transitional 

Reynolds number regime, experimental investigations identified the existence of self

sustained oscillations or LCOs of the airfoil [157]. The mechanism inducing LCOs in 

caused by laminar boundary layer separation leading to negative aerodynamic damp

ing [158], It is worth mentioning that McCroskey has reported on the sensitivity of the

laminar separation dynamics for the NACA0012 airfoil to test conditions and model

1 Both the publisher and the coauthors permit the inclusion o f this work in the dissertation
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manufacturing precision [159], However, the focus of McCroskey’s report was on stall 

flutter occurring at higher angles of attack than the observed LCO under investigation. 

Previously, Huang et al. [160] obtained estimates of the aerodynamic loads on a sta

tionary NACA0012 cantilevered wing in the same Reynolds number regime using wind 

tunnel tests. In this investigation, a generalized Duffing-van der Pol oscillator is used 

to model the system [158] and the aeroelastic coefficients are estimated using the ex

perimental data of LCOs. Previously, the estimation process was performed using the 

ensemble Kalman filter which provides sequential joint state and parameter estimates 

[161]. However, this method involves modeling unknown static parameters as time- 

varying quantities to avoid filter divergence [51-54], even when these parameters are 

time-invariant (i.e. fixed or static).

The unknown parameters to be estimated relate to the aerodynamic loads acting on 

a NACA0012 airfoil undergoing limit cycle oscillation. In addition to the aerodynamic 

parameters, the modeling error term is also estimated. If the modeling error term is ig

nored in the dynamic model, the parameter estimates will be either highly biased or have 

high variances. The modeling error term also considers the effect of external excitation 

such as turbulence and unsteady aerodynamics. Regarding the latter, the Duffing-van 

der Pol oscillator implicitly assumes quasi-steady aerodynamics as it neglects the added 

mass effect and the time-dependent (memory effect) terms. A large mass ratio and rel

atively small reduced frequency justify the assumption of quasi-steady aerodynamics; 

refer to [158] for further details. Note that the error introduced by the quasi-steady 

assumption is compensated by the modeling error term.

To sample from the posterior of unknown parameters, the Metropolis-Hastings (MH) 

algorithm is used for MCMC (e.g. [58-60]). The marginal and joint probability density 

functions of the parameters are estimated using the MCMC samples. Using the noisy
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measurements, the conditional probability density function (pdf) of the state, i.e. the 

pitch angle and pitch velocity, is required to estimate the posterior pdf of the parame

ters. The extended Kalman filter (EKF) is used for the state estimation which involves 

Gaussian approximation of the state [10, 19, 20], Hence the additional contribution 

of the author lies in combining EKF and MCMC to sample from the posterior of the 

aeroelastic parameters for high-dimensional systems. Preliminary results are reported 

in [92, 93]. Mbalawata et al. recently combined the Hamiltonian Monte Carlo (HMC) 

algorithm of MCMC with EKF and applied the method to some canonical stochastic 

differential equations with synthetic data [162],

Despite strong nonlinearity in the model, it is observed that the assimilation of dense 

observational data leads to nearly Gaussian pdf of the state for both the numerical and 

physical experiments reported in this chapter. The nearly Gaussian nature of the con

ditional state vector was validated using Monte Carlo experiments but these results are 

not included for brevity. Thus, EKF is adequate for state estimation in this investigation. 

The strongly non-Gaussian state estimation problem can be handled by other nonlinear 

filters such as the unscented Kalman filter (UKF) [24, 163], ensemble Kalman filter 

[10, 34, 47, 92] and particle filter [40, 47, 92, 110], as discussed in the previous chap

ter. Furthermore, the parameter estimation method described later is very general. Only 

the state estimation algorithm therein would need to be changed to handle the strongly 

non-Gaussian cases. For example, EnKF is used for state estimation to tackle the param

eter estimation problem of a Duffing oscillator (see Chapter 4 for details). Furthermore, 

Sandhu et al. [149] Bisaillon et al. [150] applied this parameter estimation technique 

for Bayesian model selection purposes.
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5.2 Theory

Bayesian estimation framework offers the ability to relate observational data with math

ematical models [58, 60, 101]. In this approach, the so-called forward pdf or likelihood 

function defines the conditional pdf p (d|</>) of the observation vector d given the pa

rameter vector 4>. Using the observation d, Bayesian inference provides estimates of 

the system parameter <j> based on mathematical models. Consequently, the inverse or 

posterior pdf of parameter p (<£|d) of the system parameter vector 4> is expressed as 

[10, 98-100],

p Wjd) =  P W 0 p M .  (5.1)
p(«)

The prior pdf p (</>) represents the available knowledge o f the parameters before 

analyzing the observation vector d [58, 60, 101]. The posterior pdf p (4>|d) contains 

the updated information of the system parameters using the available observations. In 

Eq. (5.1), the prior pdf is the product of the forward or likelihood pdf  p (d |0) constructed 

using the mathematical model of the system. The factor p (d) =  /  p (d|<fi) P {<t>) d<j> is 

just a normalization constant.

In the following subsection, the posterior pdf p (0 |d) of the parameters will be de

rived using the Bayesian estimation method for discrete dynamical systems. The result

ing expression for the posterior parameter pdf is the same as that in Eq. (4.11) which was 

derived using an alternative approach (see Subsection 4.2.2). The Markov Chain Monte 

Carlo method, complemented by the extended Kalman filter (see Section 2.4) for state 

estimation, is used to obtain samples of the parameter vector (f>, as will be described in 

detail. The random-walk Metropolis algorithm [60] is used for MCMC sampling (see 

Section 3.3).
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5.2.1 Mathematical Formulation For Parameter Estimation

The discrete state-space model of a general nonlinear system is represented by [9, 10, 

19, 20, 27, 40, 53, 147, 148]

Here x £ IRn represents the state vector, gk £ Mn defines the discrete nonlinear model 

operator, fk £ Rp defines the external deterministic input and q £ Ms represents a 

Gaussian random model noise vector with mean q^ £ and covariance matrix Qk £ 

R sxs. The transitional density of the state vector xk is denoted by p (xk\xk-i)  [60],

It is assumed that the observation relating to the state xk can be described as

where h*. defines the measurement operator and ek represents the measurement noise. 

The conditional density p (dfc|xfc) of the observation can be derived using Eq. (5.3).

The likelihood function of the unknown parameters is derived as follows [103]:

P (di:n|0) =  P (d„, d i :n_ i \<f>)

P (^n|dl;n—1 j 0 )  P (dl;n_ l |0 )

=  p (d i :n_i|<» j  p (dn, xn |d i:B_i, 4>) dxn

P (di:n—i \&) I  P (dn |xn, d i :n_ i , </>) p (xn jdj:n_ i , </>) dxn

Xfc+l =  gk (xfc> Cfc) 0 ) • (5.2)

dfc - hfc (Xfc, £fc) (5.3)

k =1

(5.4)



where d1:n =  {dj, d2, . . . ,  d„}.

Bayes’ theorem provides the posterior pdf of the parameters as

123

p (0 |d 1:n) t x p ( 0 ) p ( d i :n|<£)

«  P {</>) n  /  p  (dfclxfc’ p (X fc |d i : i t -1 ,  <t>) dXfc. (5 .5) 
k= 1J

The samples of the parameter vector <j> are generated from the posterior pdf, p (0 |d 1:n), 

given in Eq. (5.5) using MCMC sampling technique. In Eq. (5.5), the likelihood p (d* |xfc, 4>) 

is the conditional pdf of the measurement vector d^ given the current state vector xk and 

the parameter vector <f>. The forecast pdf p (xfc|di:fc_i, </>) denotes the conditional pdf of 

the state vector xfc conditioned upon the observations d1:jt_i and the parameter vector (f>.

In this investigation, it is assumed that the (partial) measurements of the state xfc are 

corrupted by an additive Gaussian noise vector ek and thus p (dfc|xfc, <f>) is a Gaussian 

distribution. Using EKF, the conditional pdf p (x*|di:fc_i, 4>) of the state xk is estimated, 

being also Gaussian. The function being integrated in Eq. (5.5) is a product of two 

Gaussian functions of xk. The integral, in this case, has an analytical solution provided 

in Appendix A.4. The flow chart in Fig. 5.1 outlines the steps required to obtain samples 

of the posterior pdf, p (0 |d i;„), in Eq. (5.5).
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5.3 Numerical Study - Self-Sustained Oscillations of an 

Airfoil

The methodology is first verified using the surrogate data obtained from the following 

numerical model. The limit cycle oscillation (LCO) can be modeled by [92, 93]

10 + D0 + KO + D' sgn(0) =  M  +  (t) . (5.6)

The left-hand side represents the structural forces, including some dry friction with a 

coefficient D ' . The right-hand side consists of two terms: 1) the modeling error term

represented by a unit Gaussian white noise £ (t) having strength a and 2) the aerody

namic moment M  approximated by a 3rd order polynomial in 9 and 6 as

M =  q,i -)- 0,20 T  o80 T  o^92 T  0,500 oq02 (5-7)

-I- 0703 +  as020 +  ag002 +  aw03.

When the structural and aerodynamic terms are lumped together, one can rewrite 

Eq. (5.6) as

9 —b-i -t- b20 +  b80 +  64 sgn($) +  b802 b§99 +  bj92

+  b803 +  b9020 + bw992 +  bn 03 + b u t  (t ) (5.8)

with 9 as the pitch angle and £ (t) the unit Gaussian white noise term with 612 denot

ing its strength. 61. . . ,  612 are estimated using Bayesian inference from a set of noisy
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observational data obtained at discrete times tk:

dk = d (tk) + ek (5-9)

where ek is the white Gaussian measurement noise.

The state-space representation of Eq. (5.8) is

x\ =  x 2 , (5.10)

X2 — +  b2x^ +  63x 2 +  64 s g n (x 2) +  b5x \  +  66x i x 2 +  67X2

+  68xf +  6gXjX2 +  610X4X2 +  611X2 +  6i2£ (f) 5 (5 -11)

where xx = 6  and x 2 = 6.

The above set of equations can be cast as two coupled Ito stochastic differential 

equations:

dxi = x 2d t , (5.12)

dx2 =  [61 +  b2x  1 +  63x 2 +  64 s g n (x 2) +  65Xj +  b6x xx 2 +  b7x\

+ 68Xj +  b$x\x2 +  +  611X2] dt +  6i2£ (t) d t , (5.13)

where £ (t) dt = dW  =  W  (tk+1) — W  (tk) is a Brownian path increment.

The Ito stochastic differential equations are discretized using the Euler-Maruyama
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stochastic integration scheme [118-120] with time step A t  to obtain

{z i}fe+1 =  {xx}k +  A t {x2}k , (5.14)

{^2}fc+i =  {^2}fc + A t [bi +  b2Xi +  bzx 2 +  64 Sgn(x2) +  h x \  +  b6x xx 2 +  67^2 

+  b$x \x 2 +  b\gX \x \  +  611^2] “h ^12 \ fA t£ k (5.15)

where ek are independent and identically distributed standard Gaussian random vari

ables. The above state space model can be rewritten in the form of Eq. (5.2), in which

X =  { x x, x 2}.

For numerical illustrations, the following values of the aeroelastic parameters are 

considered: b\ =  0, b2 =  —540, 63 =  4, 64 =  —0.05, 65 =  —180, be = 0, b7 = 0, 

fe8 =  2.4 x 104, b9 =  —2.2 x 103, 6i0 =  0, bn =  0 and b\2 — 0.07. These parameter 

values lead to self-sustained oscillations with frequency and amplitude typical of exper

imental observations [157, 158]. In particular, note that the positive linear damping term 

b3 is dynamically destabilizing. For larger amplitudes of oscillation, the negative non

linear damping term 69 is stabilizing and becomes more dominant in comparison with 

the linear term 63 and thereby limits the amplitude of oscillation. The time integration 

step is taken to be Af =  1 x 10~4 and the variance of the measurement noise is chosen 

to be 5 x 10-6, which closely mimics the noise observed in the wind tunnel experiments. 

Fig. 5.2 displays a sample pitch trajectory of the system (without measurement noise). 

The corresponding measured pitch (corrupted by measurement noise) is also plotted in 

Fig. 5.2 and this noisy data is used to estimate the model parameters. The 1 kHz sam

pling rate for data acquisition purposes resembles that of the wind tunnel experiments.

The influence of model noise manifests itself in the LCO through both amplitude and

frequency modulations. The uncorrelated small amplitude oscillation in the measured
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data is introduced by the measurement noise.

The parameters b\ through bl2 will be estimated using Bayesian inference. A filtered 

version of the measured response using a low-pass filter with cut-off frequency 16 Hz is 

used to maintain consistency with the cases dealing with real wind tunnel experiments 

in the following section. The recorded wind tunnel observations are contaminated by 

noise with a dominant 30 Hz random signal superposing a relatively flat spectrum in 

other frequencies. The 30 Hz component is mainly attributed to the noise originating 

from the data acquisition hardware. If an unfiltered response is used, the white measure

ment noise assumption will be strongly violated resulting in biased parameter estimates. 

On the other hand, a filtered version of the signal will contain a measurement noise 

signal with a frequency spectrum that is flat up to 16 Hz and drops significantly beyond 

that. Although the filtered measurements contain a noise signal that is no longer theoret

ically white, it can be reasonably approximated strictly as a white noise as the frequency 

spectrum of the observed response also drops significantly beyond 16 Hz. Maybeck 

provides a justification behind this assumption in [164]. Thus a filtered measurement 

signal will be used for estimation purposes in order to maintain the white measurement 

noise assumption in EKF.

It is assumed for data assimilation purposes that the resulting filtered signal is cor

rupted by a measurement noise with an estimated variance equal to 4 x 10-7. Eq. (5.5) 

describes the posterior pdf p (</> =  (&i,..., 612} |d 1:rt) of the parameters. EKF computes 

the forecast pdf p (xk = a:fc|di:fc_i =  4> = (£>i, .., £>12}) in Eq. (5.5). The mea

sured response is plotted in Fig. 5.2b. A non-informative prior (uniform pdf) satisfying 

positivity constraints whenever applicable is used. The estimated marginal pdfs of the 

parameters are plotted in Fig. 5.3. The model uncertainty is represented by the additive 

noise term fe12£ (t) in Eq. (5.6). Evidently, any informative prior of the model param
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eter vector tj> (which includes the modeling noise strength) will regularize the inverse 

problem.

Fig. 5.3 displays the normalized histograms obtained from 5 x 106 MCMC samples 

with 160 MCMC chains running on a Linux cluster (176 core HP Intel Xeon cluster 

consisting of 22 nodes with 8 cores and 32 GB of memory per node) using the Message- 

Passing Interface (MPI). The true parameters are identified by dashed lines. As the 

measurement data contains only limited information regarding the system, the mode of 

the pdf fail to coincide with the actual parameter values. As expected, the model noise 

intensity parameter b\2 exhibits non-Gaussian features as evident in Fig. 5.3. The other 

parameters have close to Gaussian pdfs. The shaded area corresponds to the probability 

of the parameter being the other side of zero of its MAP (maximum a posteriori) esti

mate, being the mode of the posterior distribution [102], This will be used later to arrive 

at a reduced model.

For this case, most of the parameters pairs do not show significant correlation. For 

the parameter pairs having correlation coefficient greater than 0.5 in magnitude, the 

joint pdfs are plotted in Fig. 5.4. The justification of the high correlation among some 

parameter pairs can be provided using physical considerations. For instance, as the total 

stiffness of the system is bounded, the negative correlation between the linear stiffness 

coefficient b2 and nonlinear stiffness coefficient b8 is expected as they balance each other 

in terms of magnitude. The high correlation among other parameter pairs can also be 

explained in terms of redundancy. This issue would be elaborated in more detail in 

the next section. In Fig. 5.5, three sample LCO trajectories simulated using the MAP 

parameter estimates are plotted. All three trajectories show reasonable agreement with 

the filtered measured response. The slight discrepancies among the samples generated 

using MAP parameter estimates and measured output emerges appear in the transition
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rate to LCO and the amplitude and frequency modulation of the LCO.

Further experiments have been carried out to examine the effect of increasing mea

surement noise intensity on the parameter estimates. Although the variance of the mea

surement noise was increased from 5 x 10~6 to 5 x 10“4, the posterior pdfs were still 

observed to be unimodal, albeit with greater variance. Even when the measurement 

noise was increased to 5 x 10“2, the posterior pdfs still maintained their unimodality. 

The results of these experiments were not shown here for brevity.
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Figure 5.1: Flow chart describing algorithm used to sample the posterior 
parameter pdf for the fluttering aeroelastic system.
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5.3.1 A Reduced Model

No mathematical model in engineering mechanics is the ’’true model” which produces 

the observational data (e.g. [3]). Hypothetically, even if one assumes that the true model 

is known, it may not be practically useful for inference (understanding and prediction) 

when fitted using finite data set as its large number of parameters are estimated with low 

precision [3]. Even if a very complex model represented by a large number of coupled 

nonlinear equations with numerous parameters can provide good predictive capability, it 

is of little use to understand the dynamics of the system without further approximation 

and simplification [3]. A reduced model with further simplification (albeit with inflated 

modeling error) may provide better understanding [3]. When the state of a system is 

measured, the associated data contains information and noise. A reduced model of the 

system strives to compactly represent the information in data by filtering out the noise 

with the primary objective to address: “ What inferences do the data support about the 

population?'’’’ [3],

Given a data set, the efficacy of a reduced model hinges on whether it is over-fitted 

or under-fitted, not by the criterion if it closely mimics a (unknown) true model [3]. 

This fact relates to the principle of parsimony that involves choice of models with min

imum number of parameters by bias and variance trade-off [3]. An elegant description 

of under-fitting and over-fitting is provided by Burnham and Anderson as follows [3]. 

The over-fitted and under-fitted models do not imply or assume the existence of a low

dimensional model representing “truth”. As the number of model parameters increases, 

the misfit of model output with data (bias) decreases. On the other hand, the error or vari

ance of the parameter estimates increases making inference difficult from such models. 

Some dominant features will be present in most of the samples. One can make (strong) 

inference about these dominant features using a single sample. Only weak inference
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may be made about other sub-dominant features exhibited by some (say, 70%) of the 

samples. Only a few samples will display some rare features such as extreme events. 

Attempts to make inference about such rare events specific to a given sample leads to 

over-fitting as the resulting inferences is not relevant to the most samples. Burnham 

and Anderson further state that such rare features (appearing only in a few samples) are 

better handled by modeling error term. When models fail to extract the dominant fea

tures in data (present in most samples), such models under-fit data. An optimal reduced 

model seeks to compromise the error due to approximation in modeling and the error 

due to random fluctuations by bias and variance trade-off [3],

For the numerical model used to obtain synthetic LCO data, some terms were not 

influential since five parameters were chosen to be zero. Thus it is known for this case 

that a reduced model can and should capture the observed system response. In Fig. 5.4, 

the strong correlations among some parameter pairs are due to the presence of redundant 

terms. In Fig. 5.3, some parameters show high likelihood of being on the opposite side 

of zero of their MAP estimates (indicated by the shaded area). For an over-fitted model 

(having larger number of parameters), the variance of the parameter estimates increases, 

but the associated bias decreases. To obtain an optimal reduced model using the bias- 

variance trade-off principle, the parameter with the largest coefficient of variation (or 

largest normalized variance) is removed successively in order to reduce the degree of 

over-fitting. Since the posterior pdfs are unimodal, the coefficient of variation directly 

relates to the probability of a parameter being on the other side of zero. The term b7 

(multiplying 02) has the highest probability of taking values on the other side of zero 

of its MAP estimate. Therefore b7 is eliminated and the remaining 11 parameters are 

estimated again using MCMC sampling. This process is repeated until the parameter 

estimates are either strictly positive or negative. This successive elimination process
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reduces the model to 6 unknown parameters given by

6 — b20  +  bg6 +  &5#2 +  bg83 +  6g#2# bi2£ (£). (5.16)

Following the successive elimination process, 6 terms were removed. Out of these 6 

terms, 5 were absent in the actual model. The remaining term is the dry friction term. It 

is conjectured that this term has negligible effect on the observed output. In Figs. 5.6-

5.7, the marginal and joint pdfs of the parameters are plotted using 5 x 106 MCMC 

samples for the reduced model. The strong correlation between b2 and bg stiffness pa

rameters, as well as between 63 and 69 damping parameters, is due to their physical rela

tionship and not due to redundancy in the model. In order to remove these correlations, 

the reduced model could be expressed using orthogonal polynomials. However, the 

parameters corresponding to these orthogonal polynomials lose physical significance. 

Fig 5.8 provides three realizations of the pitch response simulated using MAP estimates 

of the parameters showing good agreement with the observed output. This simple model 

reduction procedure is based on the bias and variance trade-off principle. Recently, 

Bayesian model selection [165] has been applied to the same wind-tunnel experimental 

data with the model reduction performed using the exact version of Bayesian Informa

tion Criterion [149]. The methodology has been extended to tackle the model selection 

problem of more general case of nonlinear systems [150].
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5.4 Wind Tunnel Experiments - Self-Sustained Oscilla

tions of an Airfoil

The aerodynamic parameters of a NACA0012 airfoil undergoing LCO at transitional 

Reynolds number regime are estimated next. The wind tunnel experimental setup and 

data used herein are provided by Professor Dominique Poirel of the Royal Military Col

lege of Canada. The author carried out repeatability tests with the resulting observations 

shown in Fig. 5.15. A closed circuit wind tunnel having a test section of 0.76 m x

1.08, capable of producing flow speeds ranging from 5 to 60 m/s having a maximum 

turbulence intensity level of 0.2% for the range of airspeeds considered. At the inlet, a 

pitot-static tube linked to a manometer measures the airspeed. In Fig. 5.9, the schematic 

diagram of a rigid NACA0012 airfoil is shown which undergoes pure rotation only. 

Its supporting structure contains two similar top and bottom translating sub-systems, 

on which the rotation mechanisms are mounted. The rotation mechanism consists of 

pulley-springs which introduce the elastic restoring force. The wing span and chord 

length are 0.61 m and 0.156 m, respectively leading to an aspect ratio of AR = 3.9. Fur

thermore, 3D effects are minimized using end plates. The distance between the wing 

tips and end plates is 7 mm (1% of the span), resulting in a solid blockage ratio of 5%. 

In its nominal configuration, the elastic axis, EA, otherwise known as axis of rotation, 

is located 0.01 m forward of the quarter-chord point (at 18.6% chord aft of the lead

ing edge). For the rotating parts of the system, the mass ratio fi is approximately 55.6. 

Potentiometers are used to measure the response with a sampling rate of 1000 Hz (i.e. 

A t  = 0.001 s). Using the free-decay response (no-flow case), the structural parameters 

are first estimated. For the flow velocity o f 8.5 m/s, corresponding to Re = 88,000, the 

aerodynamic parameters of the model using LCO data are then estimated.
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Figure 5.9: Fluttering aeroelastic system - Experimental setup of the 
NACA0012 airfoil in the wind tunnel.

5.4.1 Free-Decay Data

In the absence of airflow, the pitching motion of the airfoil can be modeled as

Id + D6 + K6 + K '6Z +  j y  s g n (0) = B  + a £ (t) . (5.17)

The above equation can also be expressed as

6 = c i  +  c20 +  c30 +  c4 03 +  c5 sg n (0 ) +  (t ) . (5.18)

The cubic stiffness term accounts for the nonlinearity at higher amplitudes of oscilla

tion. The dry friction at the support of the airfoil is modeled by the “sgn” term. The bias 

in the pitch output is captured by the c\ or B  term. Using Bayesian inference, c \ . . . ,  c$ 

are estimated from noisy pitch data sampled at discrete times tk as

dk = 0 ( tk) + ek (5.19)

where ek denotes a zero mean white Gaussian measurement noise having variance of
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1 x 10-6 for the measurements filtered with an FIR filter having a cutoff frequency of 

16 Hz is used. Note that this cutoff frequency is approximately seven times higher than 

the natural frequency. The filtered response is plotted in Fig. 5.10.

XJ
a>

-5

0 0.5 1.5 2 2.5
tim e(s)

Figure 5.10: Fluttering aeroelastic system - Wind tunnel experiments: 
filtered free decay response of the NACA0012 airfoil.

Using these filtered measurements, the marginal pdfs of the parameters are estimated 

and plotted in Fig. 5.11. 5 x 106 MCMC samples were generated using 160 parallel 

MCMC chains to provide the estimated pdfs. Joint pdfs with correlation coefficients 

greater than 0.5 are plotted in Fig. 5.12. Using the MAP parameter estimates, three 

realizations of the pitch response are simulated and shown in Fig. 5.13. These samples 

differ due to the model noise term having different realizations, yet they show a good 

agreement with the measured response. As the model noise intensity is estimated to be 

significantly small, the model is capable of capturing the essential physics reasonably 

well.
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5.4.2 Limit Cycle Oscillation Data

As evident in Fig. 5.14, the equilibrium point of approximately zero pitch becomes 

unstable due to small perturbations and the system re-stabilizes on an LCO (having an 

amplitude of approximately 5 degrees) at an airspeed of 8.5 m/s (i.e. Re =  88,000). 

No periodicity is observed in the upstream flow, measured with hot-wire anemometry, 

to account for the observed LCO. Furthermore, when the wing is fixed, no periodicity 

is observed in the wake eliminating the possibility of vortex induced vibration [157], It 

can thus be conclude that the oscillation is self-sustained or LCO with a single dominant 

frequency, at /  =  3.1 Hz, and weak super-harmonics, at 2 /  and 3 /. Weaker higher 

order harmonics are also detected in the pitch response. In the power spectrum density 

of the pitch response, the magnitudes of the these higher order harmonics are five orders 

lower than that of the fundamental harmonic and thus their effects are neglected for the 

subsequent analysis. To minimize the influence of measurement noise, an FIR filter is 

used with a cutoff frequency of 16 Hz. Clearly, the FIR filter does not not affect the 

dominant frequency content of the LCO.

In order to ensure independence of the steady state LCO to initial conditions, different 

experiments were performed. Three sample pitch time responses are shown in Fig. 5.15. 

In the top two cases, the loss of stability o f the fixed point was triggered by the natural 

turbulent excitation present in the wind tunnel, hence the different time at which the loss 

of stability occurs, whereas for the bottom case, a finite but small pitch displacement 

was given by the test operator at t — 4.5 s. Through the bias and variance trade-off, 

the optimal reduced model intends to capture the dominant features in the signal such 

as the transient regime (between LCO and onset of instability) and LCO characteristics 

(e.g. modulated amplitude and frequency). These features exist in any typical LCO 

signal. Inferences can be made from a single sample about these features. To arrive
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at the optimal reduced model, the bias and variance trade-off must be achieved. This 

can be accomplished by performing numerical simulations of multiple models obtain 

by successively eliminating terms from the comprehensive (full) model. More rigorous 

information-theoretic framework for optimal model selection is described in [3].

The following equation is assumed to describe the LCO

10 + D0 + K0 +  K 'd3 +  D' sgn(6) = M  + B  + <r£(t) (5.20)

with a 5th order polynomial used to model the nonlinear aerodynamic moment as

M  — d\ + d20 + d30 +  d^02 -I- d300 -I- d802 

+ d793 +  d&020 + d9002 +  dw03 

+ dn 94 +  dl2030 + d130292 +  du 993 + d1504 

+  d1605 + d17040 + dl89302 +  d190203 + d2O004 + d2105. (5.21)

Consequently, Eq. (5.20) can be written as

0 =  c5 sgn(0 ) + ex + e29 +  e30 

+  e^02 -f- e500 -t- e602 

+  g793 -(- e8929 +  e9002 e\903

+  G\\04 +  g\2939 +  e\39292 -I- e\\093 +  04

+ e1605 + ei7040 +  e\89392 +  Ci90203 +  g2q994 + e2\63 -1- e22£ (t ). (5.22)

where the value of c5 is taken to be the MAP estimate as previously obtained from the

free-decay experiments. Initially, the estimation process is first carried out using a 3rd



147

order polynomial representation of the aerodynamic moment, but the predicted output is 

unsatisfactory when compared with the experimental data in the transient regime. There

fore, a 5th order polynomial model of the nonlinear aerodynamic moment is adopted.

Using the measurements in Fig. 5.14, the estimated posterior marginal pdfs of the 

parameters are plotted in Fig. 5.16. The probability of a parameter being on the other 

side of zero of its MAP estimate is represented by the shaded area in Fig. 5.16. From 160 

parallel MCMC chains, 20 x 106 MCMC samples are generated to estimate these pdfs. 

For the correlation coefficient greater than 0.5, some selected posterior joint pdfs are 

plotted in Fig. 5.17. Fig. 5.18 displays three sample trajectories of the system simulated 

using the MAP parameter estimates. These simulated sample pitch trajectories show 

reasonable agreement with the measured response from the wind tunnel experiments. 

Notice some difference among the simulated trajectories and the measured response in 

(a) the transition rate to LCO, (b) the amplitude and frequency modulation in LCO.
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5.4.3 A Reduced Model

The redundancy among some parameters may give rise to strong correlations as ob

served in Fig. 5.17. The term e2o multiplying 994 has the highest probability of being on 

the other side of zero of its MAP estimate as indicated by the shaded area of its marginal 

pdf in Fig. 5.16. Following the similar logic outlined in Subsection 5.3.1, the term as

sociated with this parameter is removed from the equation of motion and estimate the 

joint pdf of the remaining 21 parameters using MCMC sampling technique. The param

eter elimination process is repeated until the remaining parameters of the model become 

positive or negative with probability almost 1. This successive elimination process leads 

to the reduced model with 14 parameters given by

6 =  c5 sgn(0) +  e i +  e2d +  e30 

■T 6492 -J- £5 99

+ e-j03 +  e%926 -\- eg992 +  eio#3 

+ en  94

+ ei6$5 +  eis9392 +  e^g9293 +  e22£ {t) ■ (5.23)

To arrive at the optimal reduced model in Eq. (5.23), two odd and six even terms 

are eliminated from the original comprehensive model in Eq. (5.22). The presence of 6 

redundant even terms may point out the negligible misalignment of the wing with the 

flow in terms of effect of pitch response. This is due to the fact that the aerodynamic 

moment for an uncambered airfoil is expected to be symmetric with respect to zero pitch 

angle.

For the reduced model in Eq. (5.23), the marginal and joint pdfs of the estimated
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parameters are plotted in Figs. 5.19-5.20 using 20 x 106 MCMC samples. In Fig. 5.20, 

the strong correlation among some parameter pairs are due to the physical dependence 

among the corresponding terms, as observed for the nonlinear stiffness parameters e7 

and e16, for example.

Using MAP parameter estimates of the reduced model, three sample pitch trajecto

ries are plotted in Fig. 5.21 which again show good agreement with the wind tunnel 

measurements. The corresponding phase space diagram of the simulated and observed 

response are shown in Fig. 5.22. Again, these pitch trajectories show good agreement in 

the phase space. The effect of nonlinearity in the system is highlighted by the deviation 

from ellipticity of the orbit in the phase space diagram.

In Fig. 5.23, the static aerodynamic moment coefficient (i.e. for 0 =  0) is plotted 

using the estimated parameters e\ through e22 for the reduced model in Eq. (5.23) and the 

structural parameters c\ through c4 in Eq. (5.18). The moment coefficient is calculated 

using an estimated moment of inertia about the elastic axis o f 0.0014kg • m2 and is 

normalized by (pU2/ 2) x c2 x s with c =  0.156 m, p =  1.19 kg/m 3, s =  0.61 m 

and U =  8.5 m/s. Only he odd terms are considered when estimating the moment 

coefficient as the even terms in the fifth order moment model account for a bias arising 

from the misalignment of the airfoil with the flow in the wind tunnel.

For comparative and validation purposes, Fig. 5.23 shows the static moment (mea

sured at quarter-chord) as experimentally observed by Huang et al. [160] for a can- 

tilevered NACA0012 airfoil at Re =  7.6 x 104. For our estimates, the effect of uncer

tainty is most significant in the pitch angle ranging from 2.5 to 4.3 degrees. Examining 

the phase portrait in Fig. 5.14, during one period of LCO less data is collected at these 

angular values than at higher or lower ones leading to higher uncertainty in the estimated 

moment coefficient for pitch angles ranging from 2.5 to 4.3 degrees. As the data is col-
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Figure 5.19: Fluttering aeroelastic system - Wind tunnel LCO 
experiments for NACA0012 airfoil: reduced model posterior parameter 
pdfs obtained using MCMC simulations for parameter (a) ex, (b) e2, (c) 
e3, (d) e4, (e) e5, (f) e7, (g) e8, (h) eg, (i) e10, (j) eu , (k) e16, (1) e18, (m)

eig and (n) e22.

lected for pitch angles bounded by approximately 4.8 degrees (the amplitude of LCO), 

the increase in uncertainty associated with the moment coefficient for pitch angles be

yond 4.8 degrees is due to the effect of extrapolation.
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Figure 5.20: Fluttering aeroelastic system - Wind tunnel LCO 
experiments for NACA0012 airfoil: reduced model posterior joint 

parameter pdfs obtained using MCMC simulations for parameters (a) ex 
and e4, (b) e4 and eu , (c) e2 and e7, (d) e2 and e9, (e) e2 and ei6, (f) e2 
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(p) ei6 and ea8.



155

—-— Measured response (filtered)
 Response using MAP parameter estimates

-5 ,

tim e (s)(a)

 Measured response inhered)
 Response using MAP parameter estimates

o

CD

-5,

time (s)(b)

—  Measured response (filtered)
—  Response using MAP parameter estimates

K
<u

-5 ,

tim e (s)(a)

Figure 5.21: Fluttering aeroelastic system - Wind tunnel LCO 
experiments for NACA0012 airfoil: three pitch realizations obtained 
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Figure 5.22: Fluttering aeroelastic system - Wind tunnel LCO 
experiments for NACA0012 airfoil: phase space diagrams of observed 

LCO and predicted LCO using MAP parameter estimates.
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airfoil at Re = 76,000, with moment taken about quarter chord point.



Chapter 6 

Parallel Data Assimilation for 

Large-Scale Models of Stochastic PDEs

Parallel data assimilation algorithms for filtering applications with large-scale models 

are of increasing interest due to the availability of cost-effective high-performance com

puting systems and large amounts of data sets gathered from sensor networks [63]. KF 

and EKF filtering techniques require (a) large computational resources to propagate the 

error covariance matrix and (b) large amount of memory to store the error covariance 

matrix. These requirements limit the application of these filtering algorithms to high

dimensional state space models compared to EnKF which partly alleviates these prob

lems. For PF algorithms, (a) the number of particles grows exponentially with the di

mension of the system for good performance [64, 65] and (b) a resampling step of the 

posterior joint pdf is needed to avoid degeneracy. Both of these requirements limit the 

applicability of PF for high-dimensional models [10]. Although some effort has been 

focused on parallelizing other filtering algorithms such as the Kalman filter [66] and 

particle filter [67], the parallelization of EnKF has received the most attention recently 

[68-76],

157
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EnKF uses a low-rank representation of the state error covariance matrix by approx

imating it through ensemble averaging. EnKF inherits the analysis step step of KF. 

A major limitation of applying EnKF to tackle a large-scale data assimilation problem 

is the requirement of a large ensemble size [69], often demanding excessive compu

tational cost. To alleviate these issues, the recently reported Kalman filter algorithm 

[80] based on a polynomial chaos representation [1, 81] is adopted for parallelization 

to tackle the problem of sequential data assimilation for high-dimensional state space 

models governed by stochastic partial differential equations (PDEs) relevant to engi

neering mechanics. Preliminary findings of this work are published in the proceedings 

of AIAA-SDM [96]

6.1 Polynomial Chaos Representation for Uncertainty 

Propagation

The polynomial chaos representation can be used to represent non-stationary and non- 

Gaussian stochastic processes [1]. The polynomial chaoses (#)}°^0 constitute a 

generic basis of the space of all second-order random variables which can be used to 

represent a stochastic process a (x , 6) using a truncated series as [1]

p
a (x, d) = '^2 a j (*) 'ifj (6) , (6.1)

j = 0

where a3 (jc) are deterministic functions of the spatial coordinate x  and 'Fj (6) are poly

nomials of known random variables. See Appendix C for a brief overview of PCE.

To fully characterize the model output of a stochastic system using PCE, one sim

ply needs to obtain the deterministic coefficients a3 (jc) . In order to accomplish this
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task, the PCE representation of the stochastic input and output processes are inserted 

into the partial differential equation representing the dynamics o f the system. Using a 

Galerkin scheme, a coupled set of deterministic PDEs are obtained for the deterministic 

coefficients. The finite element technique can be used to tackle these coupled set of 

PDEs leading to the so-called spectral stochastic finite element method (SSFEM) [1]. 

This approach was first applied to problems of structural mechanics with random spatial 

parameters [1].

The above approximation (Eq. (6.1)) provides a discretization in the stochastic di

mension. It is often combined with a finite element discretization [166, 167] (being a 

discretization in the spatial domain) and a discretization in time (e.g. the Newmark- 

Beta method [168]) to solve stochastic PDEs. “For large-scale engineering problems of 

practical interest, the application of SSFEM becomes computationally challenging as 

the size of the algebraic linear system grows rapidly with the spatial mesh resolution 

and the order of the stochastic dimension” [87]. The domain decomposition method 

(DDM) [82-87] may be used to efficiently solve the resulting system of equations using 

supercomputers. In the framework of non-linear filtering, the domain decomposition 

method for stochastic PDEs translates to an efficient forecast step for high-dimensional 

state space models that circumvent computationally intensive Monte Carlo simulations.

In the following subsections, a brief overview of SSFEM for stochastic PDEs based 

on PCE representation of random system parameters and response is provided. This 

is followed by a review of the Newmark-Beta method for time-marching. The domain 

decomposition method is introduced next to solve the resulting large-scale system of 

equations. The last subsection introduces the polynomial chaos based Kalman filter 

(PCKF) algorithm [80] as a data assimilation method.
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6.2 Domain Decomposition Methods for Spectral SFEM

In this section, SSFEM is reviewed and the recently proposed DDM algorithm [82-87] is 

introduced as an efficient forecast step of filtering algorithms for high-dimensional state 

space models. In numerous problems of engineering mechanics, the realistic compute 

simulations should take into account the effect of random heterogeneity of the system 

parameters [1, 82-87]. In many cases, this fact leads to a governing stochastic PDEs 

(SPDEs) with stochastic operators (left hand side). In general, a stochastic PDE has the 

following form:

where x  = {a:, y, z j  G fl is a vector of physical coordinates, t  G [0, T) is the variable 

denoting time and 9 G f l  refers to the stochastic dimension and Ct and Cs represent the 

temporal and spatial differential operators. For example, the operators Ct and C8 may 

be represented as [166]

For elementary exposition, kx (9), ky (9) and kz (9) is assumed to be random func

tions of spatial co-ordinate x  (for more general cases, please refer to [169, 170]). Thus, 

kx (6), ky (9) and kz (9) can be represented by a general (non-stationary and non-Gaussian) 

stochastic process with a polynomial chaos expansion as kx (9) = Yli=o (#),

Ct [u (x, t, 9)} + Cs [it (x, t, 0)] =  /  (x, t, 9) (6 .2)

(6.3)

(6.4)

M ^ )  =  Y^i=okv,i^i(d) and kz (9) = Yli=okzC*i(6)- Similarly, p(9), p(9)  and

/  (x, t , 9)  can be represented using PCEs.
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The finite element discretization (e.g. [166, 167]) of the response u given by

n

u (x, t,8) = ^ 2  (•*) ui =  tN W ] u (*> #) ■ (6-5)
t=l

Thus a discrete representation of the PDE in Eq. (6.2) takes the form of the following 

matrix differential equation [166, 167]

M (8) u (t, 8 ) + C  (8) u (t, 8) + K  {8) u (i, 8) = f (i, 8) . (6.6)

The elements of the mass, damping and stiffness matrices are given by [166, 167]

[M ]y(#)=  f  N l (x )p (e )N j (x)dx  
Jn

1 ^ ( 9 )  = Jn Ni (x)p(B)N, (x) ix

[K]y (#) =  [  [ViV, (*)]T K (9) [ViV, (i)] dx  
J  n

(6.7)

(6 .8) 

(6.9)

and the forcing vector is given by [166, 167]

f =  / [N (jc)]t  /  (*, t, 8) dx +  contributions from boundary conditions , (6.10)
Jci

where

k  (8) = diag (kx (8) , ky (8), kz {&))

V =

/ d_ \
dx

a_
dy

d_
dz )

(6 .11)

(6.12)
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The above dynamic equation can discretized in time (see Appendix B for details) to 

obtain the following linear system of equations that can be solved for x at every discrete 

time step

A (0)x(0) =  f(0) (6.13)

in which x is the state vector given by

> . (6.14)

For large-scale systems, a class of domain decomposition algorithms are developed 

[82-87, 95] that exploit high performance computing platforms. The basic concepts of 

these domain decomposition algorithms are summarized next. For large-scale systems, 

the spatial computational domain is divided by a number of disjoint (non-overlapping) 

subdomains (see Fig. 6.1). The following system of equations is obtained for a typical 

subdomain s

{ x ’,(9)

^ r/(^ )  A r r ll/) \  **rOT _

fn o )

Vr {0)
(6.15)

where the output vector xs (6) is partitioned into the interior unknowns xf($) and the 

interface unknowns xsr . The local interface vector xsr  can be mapped to the unknown 

global interface vector x r by xsr  = R sxr where Rs is the subdomain specific restriction 

matrix.

The random system matrix, input and output for each subdomain are first represented



Figure 6.1: Partitioned finite element mesh.

using PCE resulting in the following system of equations for subdomain s

M

Ei=0

A//,i A /r,i

ATI,i A /w

\ (  N

M O ) £
) V'=°

» E
li,i

MO)

(6 .16)

Grouping all the subdomain equations and using the relationships xsr = R sxr and 

one obtains

/
A//,, 0 A }r;lRi

\ /
X 1xI,j

\

M

E
i=0 0 An-’A//,i

* i(*)

*
W

l vn„
XU

\ 1

1-1
H > R j t : r j  a ) 7 ^ j R ,

8=1 / \ *rj
V. > /

f  1

*1,1Tls
Y .
8 = 1

MO) (6.17)

Performing a Galerkin projection of the above equation onto the PCE basis used to
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represent the output process, the following linear system is obtained

/
A / / , i 0 A } r j i R !

\ /
X/J

\

M N

£i=0 0 \ n- An» R AII,i Air,i
n a

9i(9)
£J = 0

X / , J

\

pT*l
Ki Ar/,i . R ^ ,  A r/ , y ;  ^ T r J a ^ R . ,3=1 V *rj\  J

£
1=0

‘ 1 , 1

11.l

T , RJ fh
3=1

*i (0) *k{6) ) , for k = (6.18)

In concise notation, the above equation can be expressed as

A]j 0 A] r'R-i
' > 

Xj
' > 

?}

0 4 n -’Ar/
7 ? t  

• '^ns^ r i

AYrUn,
ns

J 2 n j A srrn s
3=1

<
x ns

Xr  
< *

> = <

ng

E ^ I > f
, s =  l

, (6 .19 )

where

M M

t= 0

M

1 A 'n]jk =

i=0
M

[Asrr]jk =
i=o t=0
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and

— IjV +1 ®  Rs ,

with ® denoting the Kronecker matrix product [171] and Ijv+i the identity matrix of 

dimension {N  +  1}.

Consequently, the following extended Schur complement [172] system for the inter

face variable X r  can be obtained using Gaussian elimination as

where X r  is the vector containing the polynomial chaos coefficients of the interface 

nodes. The global extended Schur complement matrix S  is given by

In the context of large-scale systems, iterative methods are generally utilized to solve 

the extended Schur complement system in Eq. (6.20) as direct solvers can no longer be 

used due to large memory requirements and poor scalability. The use of iterative meth

ods to solve the extended Schur complement system resulting from domain decomposi

S  Xp =  Qr > (6.20)

(6 .21)

and the corresponding right hand side vector Qp is defined by

(6 .22)
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tion is referred to as iterative substructuring [173]. A newly developed iterative solver 

based on preconditioned Conjugate Gradient Method (PCGM) [174] for the stochas

tic extended Schur complement system is used in this thesis for the case of symmetric 

system matrices [83-87, 95]. Its parallel implementation is outlined in Appendix D. 

For the cases involving non-symmetric system matrices, the author developed a new 

parallel solver for stochastic systems based on the preconditioned Biconjugate Gradient 

Stabilized (BICGSTAB) method [174] as described in Appendix D.4.

The major drawback of iterative solvers for the extended Schur complement system 

is the lack of robustness due to slow convergence [174]. The use of efficient precon

ditioners alleviates such issue by transforming the original system to a new one having 

better condition number as [172]

M ~ ' S  X r  =  M ~ lQr  , (6.23)

where M.~x is the preconditioning matrix. In this context, the precondiotioning is per

formed from the left, but in general preconditioning could also be performed from the 

right or from both sides (see [174] for more details). In this thesis, the one-level lumped 

preconditioner is used, detailed in Appendix D.l.

6.3 Polynomial Chaos Based Ensemble Kalman Filter

Once (sparse and noisy) observations of the physical system become available at a spe

cific time instant, the polynomial chaos coefficients of the system response can be up

dated to reflect the information available in observational data. This can simply be per

formed using a linear analysis step borrowed from the Kalman filter (see Section 2.3). 

The ensemble Kalman filter (see Section 2.6) propagates an ensemble of model states



167

forward in time until an observation becomes available. EnKF then assimilates the ob

servation vector d using a linear update equation of KF. In the polynomial chaos based 

Kalman filter (PCKF) [80], the same linear analysis step is used to update the polyno

mial chaos coefficients of the solution process.

The polynomial chaos representation of the forecast state vector of a dynamical sys

tem prior to assimilating the available data at a given time instant is given by

The polynomial chaos coefficients can be grouped into a coefficient matrix as

N

(6.24)

xf  xf  xfA0 ’ A1 5 • • * ? XN (6.25)

where A f  e  R nx(-N+1\  n is the dimension of the state vector and (N  +  1) is the number 

of polynomial chaos coefficients in the expansion. The state error covariance matrix
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prior to assimilating the data is thus [80]

P f  = (̂x-̂  — x-̂ ) (x-̂  — x')T
'  N

. i—0 
N

~  Xn

N

N

i=o

= ( ( E ^ * ‘w ) ( e *T *;(»)

= ( e e  w )
\i=i j =i /

(#))
i=i j=i

= E E x? Xj/T(^(0)^ w )

E > f  x /T <*?(0)) .

t=i j=i 
JV AT

t=l J=1 
N

i- 1
(6.26)

The available observations are represented by a random vector of dimension m  whose 

polynomial chaos expansion is given by

N

d = E > * ‘<®> (6.27)
i—0

where the mean do contains the actual measurements and higher order terms {d,}^, 

represent the measurement error. The coefficients can be stored into another coefficient 

matrix

B = [ d 0,d1, . . . , d N] (6.28)
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where D G Mmx(jV+1). A similar derivation to Eq. (6.26) could be used to provide the 

following expression for the measurement error covariance matrix:

r  =  £ d (dT<*?>- (6.29)
1 = 1

The PC coefficients of the state vector is updated according to the linear analysis step 

of the Kalman filter as (see Eq. (2.42))

x“ =  x f  + K (d -  H xf ) (6.30)

in which K is the Kalman gain matrix and H is measurement matrix that relates the 

measurement vector to the state vector (see Section 2.3).

The state and measurement vectors in Eq. (6.30) are replaced by their truncated poly

nomial chaos expansions, i.e. Eq. (6.24) and Eq. (6.27) respectively as [175]

N  N  /  N  N  \

= +  K ■ (6-31)
i=0 i=0 \  i=0 i=0 /

Subsequently, a Galerkin projection is performed on both sides of the above equation 

onto the polynomial chaos (6) used to represent the state and measurement vectors. 

For the following derivation, 6 is omitted for brevity. Performing this projection onto
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the left hand side first:

N

Z * ? * <
2 = 0

- ( £ * * > * > )

N

=  Z
i —0
N

=  Z  <<*<**>
i = 0 

2 = 0

= < * ? >  •

Projecting the right hand side of Eq. (6.31) onto Vj leads to

N N N

E ^ . + k
\  2=0 i= 0

n i  /  r n

Z s f t i  * i  +  K (  Z ^ *

»A+/*([£>*
* 3 - h

N

2 = 0

N

53
2 = 0

L 2=0 
N

V j  — H

d2^2
2 = 0

JV at

^ )  +  k ( /

/  AT
= 5 3  (x f V i % )  +  K 5 3  ( d i V i V j )  -  H 5 3  (xf  V & j

\  2=0 2=0

Z*f®  

X X * < j «

N

53 ̂
2 = 0

2 = 0

2 = 0

N  /  N  N  \

= Z ^  + K Z d<
2 = 0  \  2 = 0  2 = 0  )

= z  <  s ‘j w ) + k ( t , a ‘s ‘> <*i> -  H Z * .7 <*?>
2 = 0 . 2 = 0 2 = 0

=  <*?> +  K (d , ( tf2) -  H x ' <**))

x ' + K ^ - H * ' ) ]  <*2> .

(6.32)

(6.33)
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Combining Eq. (6.32) and Eq. (6.33) and eliminating from both sides of the 

equality provides the analysis step involving the jth  PCE coefficient of the state vector:

(6.34)

The above result can be rewritten in matrix form as

Aa =  A f  + K (D -  HA/ ) . (6.35)

Finally, utilizing the expression for the Kalman gain matrix K  given in Eq. (2.41), 

the following assimilation step for PCKF is obtained [80, 175]

The aforementioned polynomial chaos based domain-decomposition-based iterative 

solver developed in [83-87] is used to propagate the PC coefficients of the state vector in 

time, providing an efficient forecast step. The analysis step, whenever measurements are 

available, will make use of the available polynomial decomposition of the forecast state 

estimate to efficiently perform the update of the PC coefficients [80] using a parallel 

implementation as explained next.

6.3.1 Distributed implementation of the PCKF Analysis Step

The forecast step performed using the polynomial chaos based domain decomposition 

algorithm will naturally enhance the computational efficiency of the filtering algorithm 

compared to the sampling based filters (EnKF and PF). To increase the computational 

efficacy further, a parallel implementation of the analysis step o f PCKF [80] is developed

A“ =  A; +  P/ Ht (HP7^  +  r )  1 (D -  HA/ ) . (6.36)
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utilizing the aforementioned polynomial chaos based domain decomposition solver [82- 

87]. In order to achieve this, the forecast error covariance matrix in Eq. (6.26) is first 

re-expressed in terms of the coefficient matrix A7 as

N

<*2>
7=1

B A^T .

(* ? )  0 

0 (*»)

0 0

0 0 •• 

0 <*?> ••

0 0

0

0

{*%)

0

0

< n>

x { , x £ , . . . , x £

x7 x/xo > x i > x7■ ) X N

(6.37)

Similarly, the measurement error covariance matrix in Eq. (6.29) can be rewritten as

r =  OBOT . (6.38)

Using the above expressions in Eqs. (6.37)-(6.38), the analysis step of PCKF in 

Eq. (6.36) can be rewritten as

A a = A f  + P7HT (HP7HT +  T ) _1 (D -  HA7)

= A f  + A f B A/ T Ht  (h A 7B A/ T Ht  +  D B P t ) _1 (B -  HA/ )

=  Af  + A/ B [HA7]T ( [HA7] B [HA7]T +  DBID>t ) ~ 1 ( B -  [HA7] ) . (6.39)
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The result of the matrix multiplication RA/ represents the ensemble of PC coeffi

cients of the forecast, or predicted observations. Denoting this by W ,  one can express 

the analysis step of the filter as

Eq. (6.40) indicates that the update step of PCKF involves a post-multiplication by 

a matrix C. This matrix is a function of the observation matrix, O, and the forecast 

observation matrix, =  HAA H is normally a sparse matrix that interpolates the 

response at the observation locations from the response at the finite element nodal points. 

For the case of a two-dimensional domain discretized using linear finite elements, the 

matrix H has at most three non-zero elements per row i, obtained by evaluating the linear 

basis functions at the spatial coordinates for the ith observation. For non-overlapping 

domain decomposition methods [174], each observation lies exclusively in one of the 

ns subdomains. In this case, the observation matrix can be partitioned into ns local 

observation matrices, each acting on their respective local interior unknowns, and an 

interface observation matrix acting on the global interface unknowns:

One can also exploit the available spatial decomposition o f the PC coefficients per-

=  A-^C . (6.40)

H =  [H}, . . . H ? ,  H?- ,  Hr ] . (6.41)



taining to the forecast state vector in the form of
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N

x /  (6 ) =
i= 0

or in matrix form as

A f  =

m :,,

I* '} !*

W ,

i x^}/\o

{x%

( 0)  ,

m ;,

w ; ,

N

N

K l r j v

'  m ; "

K ir

.  tA/h .

(6.42)

(6.43)

where [A/] ® denotes the ensemble of PC coefficients for the interior nodes belonging 

to the subdomain s and [A-f] r is the ensemble of PC coefficients for the global inter

face nodes. Eqs. (6.41)-(6.43) can be used to provide a decomposition of the forecast
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observation matrix W  — HAf  in the form

"

tA/i?

[A T

=  HJ [A ']) +  H'i [A'] \ +  • • ■ H '̂ [A']n;  +  H r [A'] r 

= [»/ ]',+ [U, ]5 + --- + [HV]”' + [IV] r
ns

= M r +  5 3  • (6’44)
S —  1

By construction, the head compute node has a copy of the global interface unknowns 

in its accessible memory design for the parallel iterative solvers discussed in Section 6.2. 

Thus, the contribution of the interface nodes to the forecast observation matrix, i.e. the 

term [D-̂ j r , can be obtained at the head compute node. As evident from Eq. (6.44), 

the contribution of each subdomain to the predicted observation matrix W  can be con

structed locally. Subsequently, the summation can be performed using a gather operation 

providing at the head node. For large-scale systems, the number of measurements 

may be much less than the number of elements in the state vector for certain appli

cations, i.e. nm << n. Thus, this step requires little inter-processor communication 

between the head node and the compute nodes.

Since the measurements are likely to be read by the head processing node, the ob

servation matrix D can be easily constructed at the head node in its entirety without the 

need for interprocessor communication. The availability of D and at the head com

W  =  HAf

  T ill u 2  u n s i f  ]— [11/ , . . .  ±1/ , 11/ , HrJ
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pute node allows for the evaluation of the matrix C at the head node using Eq. (6.40) 

as

Once matrix C is obtained, it is made available in the local memory of all comput

ing nodes using a broadcast operation. What remains to be computed is the product 

A f C resulting in the analysis ensemble A“. This step would dominate the time required 

for the analysis step for cases in which the dimension of the state vector dominates the 

number of measurements. The available spatial decomposition o f  the PC coefficients in 

Eq. (6.43) will also be a key ingredient in developing an effective parallel implemen

tation of this step. The ensemble update step in Eq. (6.40) can now be performed in

(6.45)
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parallel as

A/ C

m ; 
m 8,

c  

c

[A ']"SC

c

[a i ;

[A“]J

(6.46)

[A“]”s

[Aa]r

in which each compute node updates the local PC coefficients available in local memory, 

thus eliminating the need for inter-processor communication for this step.

The parallel algorithm for the distributed implementation of the polynomial chaos- 

based Kalman filter outlined above is provided in Algorithm 6.1. In the next section, 

the parallel scalability of this algorithm is investigated on high performance computing 

platforms.
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Input: Measurement matrix: D
Input: Distributed forecast ensemble: [A-*’] r  and [A- ]̂* for s  =  1,2,  • • • , n s 
Output: Distributed analysis ensemble: [A“]r  and [Aa] f o r  s  =  1,2,  ■ • • , n s

1 for each processor Ps, s  =  1,2, ---  , n s, do:
2 Compute locally the forecast observation matrix: [W ] * =  H® [A^] *
3 Gather: Y =  E " i i  [ID7];
4 end do
5 Z  =  H r  [ A ' ] r
6 B f  =  Y + Z

7 C = I + B © / T (D^BD^T + lD)BDT) _ 1 ( D - D - f)
8 Broadcast C
9 for each processor Ps , s =  1,2, • • • , ns , do:

10 Update locally the PCE coefficients: [A°]* =  [A-^]*C
11 end do
12 Update the interface PCE coefficients: [A“]r  =  [A^]r C

Algorithm 6.1: Parallel Polynomial Chaos based Kalman Filter.

6.4 Numerical Results

In this section, numerical results are presented for the two-dimensional stationary stochas

tic diffusion and advection-diffusion problems. The finite element discretization leads 

to a symmetric system of equations for the former problem and a non-symmetric one 

for the latter. The aforementioned parallel iterative solvers based on the preconditioned 

conjugate gradient method (see Appendix D) and the preconditioned biconjugate gra

dient stabilized method (see Appendix D.4) are used as forward solvers to obtain the 

forecast estimates and associated uncertainty. The parallel algorithm for the distributed 

implementation of the polynomial chaos-based Kalman filter as detailed in the previous 

section is used to assimilate the available data in order to obtain the posterior estimates. 

The absolute performance or parallel scalability of the newly developed PCKF parallel 

algorithm is examined. More precisely, the parallel scalability o f the algorithm is inves

tigated for three cases: (1) the global problem size (i.e. order of the state vector) and 

number of measurements (i.e. sensors) is fixed while the number of subdomains (i.e. 

central processing units or CPUs) is increased, (2) the global problem size and num-
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ber of subdomains are fixed while number of measurements is increased, and (3) the 

number of subdomains and number of measurements are fixed while the global problem 

size is increased. Although the numerical investigation is restricted to two-dimensional 

problems, the proposed algorithm is general and can be applied to three-dimensional 

problems.

6.4.1 Stationary Stochastic Diffusion Problem

The stationary stochastic diffusion problem is defined by a linear elliptic stochastic par

tial differential equation (SPDE) as [176]

where D  is the spatial domain for the boundary value problem, c is the random dif

fusion coefficient, /  is the source or right-hand side term, u  is the unknown species 

concentration, and Q is a sample space belonging to the probability space (Q, T7, P) 

in which T  is a er-algebra and P  is a probability measure (see [177] for details). The 

random diffusion coefficient is modeled as a stochastic process with given mean, vari

ance, and covariance function. The source function /  is assumed to be deterministic 

( /  =  1) and thus the source of uncertainty arises only from the random diffusivity. The 

SSFEM discretization leads to a symmetric system matrix and thus the parallel iterative 

solver based on the preconditioned conjugate gradient method and domain decomposi

tion method described in Appendix D will be used to obtain the forecast ensemble of 

the PCE coefficients for u. This solver is validated for a stationary stochastic diffusion 

problem in Appendix D.3.1 whereby an analytical solution is available.

V • (c(x, 9) Vu(x, 9)) — f (x )  

u(x, 9) = 0 on dD  x Q ,
(6.47)
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Prior PCE of Stochastic Response

The diffusion coefficient c(x ,  9) is modeled as a lognormal stochastic process as

c(x, 9) =  exp (g(x, 9)) (6.48)

with an underlying Gaussian process g(x, 9) having the following exponential covari

ance function [1]

C(xu x2,y u y2) = er2e~lxi~yil/bl -to-wl/fa , (6.49)

where a2 is the variance and bi and b2 are the correlations lengths along the X\ and x 2 

directions, respectively. The analytical expressions for the eigenfunctions gn (x) and 

eigenvalues An of such covariance function are given in Appendix C. 1.1. The numerical 

values used in the investigation are a =  0.3 and bx = b2 = 50, leading to the eigenvalue 

distribution given in Fig. 6.2. The first three eigenvalues account for approximately 99% 

of the energy of the Gaussian random process and their associated eigenfunctions are 

shown in Fig.(6.3). Thus, the underlying Gaussian process will be represented by the 

truncated KLE
3

g{x, 9) = g0 (x) +  0 ^  gn (*) (0) (6.50)
71—1

in which are independent and identically distributed normal random variables and 

gx through g3 are the eigenfunctions shown in Fig.(6.3). For this set of experiments, 

the mean of the underlying Gaussian process is g0 (x) = —4. Thus the dimension of 

PCE is also L =  3 for the lognormal process. It is also determined through numerical 

experiments (results not shown for brevity) that a third-order PC expansion (p =  3) 

is required to sufficiently capture the non-Gaussian nature o f the input. Thus the total
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number of coefficients in the PC expansion is N  =  20. The analytical expressions 

for PCE coefficients of the input lognormal diffusivity process in terms of the KLE 

eigenfunctions are provided in Appendix C.2.1.

,-6
OZ

30 40 501 10 20
Eigenvalue number

Figure 6.2: Eigenvalues of the exponential covariance function.

Figure 6.3: Selected eigenfunctions of the exponential covariance 
function: (a) eigenfunction of the largest eigenvalue, (b) eigenfunction 

of the second largest eigenvalue, and (c) eigenfunction of the third
largest eigenvalue.

For numerical illustration, the spatial domain is discretized into a finite element 

mesh consisting of 100,241 linear triangular elements and 50,118 nodes as illustrated in
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Fig. 6.4a. The spatial domain is decomposed into 176 subdomains as shown in Fig. 6.4b 

resulting in a total of 5,379 global interface nodes. For uncertainty representation, the 

response is represented using a three-dimensional third-order PCE (i.e. N  =  20), re

sulting in a linear system of order 1,002,360. Using the parallel solver based on domain 

decomposition and preconditioned conjugate gradient method for the extended Schur 

complement system (see Appendix D for the parallel algorithm), the PC coefficients 

of the solution process are computed and illustrated in Fig. 6.5. The Krylov-subspace 

iterate is initialized to zero and the stopping criteria for the PCGM solver is

 ̂  ̂ e =  10-15 • (6-51) II ||

As these PCE coefficients represent the state of knowledge regarding the response 

prior to the assimilation of observations, these coefficients will be denoted by “prior” 

PCE coefficients of the response. The zeroth PCE coefficient representing the mean 

response is plotted again in Fig. 6.6a. The covariance matrix is a function of the PCE 

coefficients as in Eq. (6.26). The standard deviation of the response, computed as the 

square roots of the covariance matrix diagonal entries, is shown in Fig. 6.6b. At its 

peak mean response, the coefficient of variation (being the mean-normalized standard 

deviation) is approximately 30%. As evident, the mean and standard deviation of the 

response are zero whenever homogeneous Dirichlet boundary conditions are present. In 

fact, all of the PCE coefficients are zero at such boundaries as evident in Fig. 6.5.

Data Assimilation - Experiment 1

For an illustrative data assimilation experiment, a specific realization obtained from the 

prior PCE of the solution process is used as the “true“ response from which noise-
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(a) (b)

Figure 6.4: Stationary stochastic diffusion problem: (a) Finite element 
mesh and (b) the partitioned domain.

contaminated observations are obtained. The noise is assumed to be Gaussian in nature 

with zero mean and 0.1 standard deviation. For the first experiment, only one obser

vation is made available at the location shown in Fig. 6.7. The proposed parallel data 

assimilation method based on domain decomposition and PCKF is used to update the 

prior PCE coefficients, shown in Fig. 6.5, providing the so-called posterior PCE coef

ficients. These posterior PCE coefficients are shown in Fig. 6.8. The number of coef

ficients has increased due to the assimilation of data. The sources of uncertainty in the 

observations, being sensor error for example, are independent from those in the forecast 

response (random diffiisivity) and thus the dimension of the problem in the stochastic 

space increases when data is assimilated. Since only one measurement is available, the 

random dimension of the problem increases by one. Furthermore, since the error is 

Gaussian in nature, the PC order required to capture the uncertainty in that (observa

tional) dimension is one. Thus, only one extra PCE coefficient is required in this case. 

In general, except for the mean coefficient, the PCE coefficients have been attenuated in 

the proximity of the sensor from which the observation data is gathered.

Fig. 6.9 shows the true response, and prior and posterior mean estimates. The pos

terior mean estimate, obtained using the available noisy observations, is closer to the
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Figure 6.5: Stationary stochastic diffusion problem: Prior PCE
coefficients.

true solution than the prior estimate. The assimilation of data reduces the error in the 

estimates as evident in Fig 6.10 in which the prior and posterior standard deviations are 

plotted. Not only does the standard deviation decreases globally, the spatial distribution 

of uncertainty changes as well: the amount o f uncertainty is much lower in the proxim

ity of the sensor, but it is higher further away from the sensor location. This is expected 

as the correlation decreases between the response at the sensor and locations that are 

further away from the sensor.



(a) (b)

Figure 6.6: Stationary stochastic diffusion problem: (a) Prior mean 
response (b) standard deviation. The spatial decomposition of the mean 

response and standard deviation is shown in the top figures.

Figure 6.7: Data assimilation in stationary stochastic diffusion problem 
- Experiment 1: Sensor location.

Data Assimilation - Experiment 2

In this data assimilation experiment, the number of observations available is increased 

from one in the previous case to 4 observations, as shown in Fig. 6.11. The same prior
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Figure 6.8: Data assimilation in stationary stochastic diffusion problem 
- Experiment 1: Posterior PCE coefficients.

PCE coefficients are used as in the previous case. Furthermore, the same true response is 

used and the measurement noise is independent and identically distributed being Gaus

sian noise of zero mean and 0.1 standard deviation. The posterior PCE coefficients are



Figure 6.9: Data assimilation in stationary stochastic diffusion problem 
- Experiment 1: (a) True response, (b) prior mean estimate, and (c) 

posterior mean estimate.

0

f t 9 f 91
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(b)

Figure 6.10: Data assimilation in stationary stochastic diffusion 
problem - Experiment 1: (a) prior standard deviation, and (b) posterior

standard deviation.

shown in Fig. 6.12. The number of coefficients has increased due to the assimilation 

of data from 20 prior PCE coefficients to 24 posterior coefficients due to the assimila

tion of 4 observations. In general, with the exception of the mean coefficient, the PCE 

coefficients have been attenuated in the proximity of the sensors from which the ob

servational data is gathered. Fig. 6.13 shows the true response, and prior and posterior 

mean estimates. Compared to the previous case, the assimilation of more data renders



the posterior mean estimate closer to the true solution. Furthermore, the posterior stan

dard deviation, shown in Fig. 6.14, is reduced even more compared to the previous case 

of one observation. The presence of symmetry in the response and sensor distribution 

results in a posterior standard deviation of similar spatial features to that of the prior 

standard deviation.

Figure 6.11: Data assimilation in stationary stochastic diffusion 
problem - Experiment 2: Sensor locations.
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Figure 6.12: Data assimilation in stationary stochastic diffusion 
problem - Experiment 2: Posterior PCE coefficients.



(a) (b) (c)

Figure 6.13: Data assimilation in stationary stochastic diffusion 
problem - Experiment 2: (a) True response, (b) prior mean estimate, and

(c) posterior mean estimate.

91a

0.305 0 0.0611

Figure 6.14: Data assimilation in stationary stochastic diffusion 
problem - Experiment 2: (a) prior standard deviation, and (b) posterior

standard deviation.
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6.4.2 Stationary Stochastic Advection-Diffusion Problem

The governing equations for the stationary stochastic advection-diffiision boundary value 

problem are [178]

—V • (c(x, 9) Vu(jc, 9)) + b • V«(jc, 9) =  / ( x) in D x f2 ,
(6.52)

u(x, 9) =  uQ on dD  x fI ,

in which D  is the spatial domain of interest, c is the random diffusion coefficient, /  

is the source or right-hand side term, b is the advection velocity, u is the unknown 

concentration, and is a sample space belonging to the probability space (f2, F, P) in 

which T  is a a-algebra and P  is a probability measure function [177]. The random 

diffusion coefficient is modeled as a lognormal stochastic process. The deterministic 

source function /  is given by

f (x ,  V) =  /o e~2000((a:-xo)2+{y-J/o)2) (6.53)

with / 0 — 45.23, x 0 =  0.15, and y0 = 0.5. The case of Dirichlet boundary condi

tion u0 = 0 for the left boundary will be considered. The SSFEM discretization leads 

to a non-symmetric system matrix and thus a new parallel iterative solver based on the 

preconditioned biconjugate gradient stabilized method and domain decomposition is de

veloped for stochastic systems in Appendix D.4. This solver will be used to forecast the 

PCE coefficients. This solver is validated for a stationary stochastic advection-diffusion 

problem in Appendix D.4.1.
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Prior PCE of Stochastic Response

The diffusion coefficient c (jc, 8) is modeled as a lognormal stochastic process, i.e.

c{x, 8) =  exp (g(x, 8)) (6.54)

with an underlying Gaussian process g(x , 8) having the following exponential covari

ance function [1]

C(xu x2;y i ,y2) = a2e ~ ^ - y^  ~ ^ | / 62 , (6.55)

in which a 2 is the variance and bx and b2 are the correlations lengths along the x x and 

x 2 directions, respectively. The analytical expressions for the eigenfunctions gn (x) and 

eigenvalues Xn of such covariance function are given in Appendix C. 1.1. The numerical 

values used in the investigation are a = 0.3 and bx = b2 = 50, leading to the eigenvalue 

distribution given in Fig. 6.2. The first three eigenvalues account for approximately 99% 

of the energy of the Gaussian random process and their associated eigenfunctions are 

shown in Fig.(6.3). Thus, the underlying Gaussian process will be represented by the 

truncated KLE
3

g(x, 8) = g0 (*) + ^  9n (*) & (0) (6.56)
n = l

in which £„ are independent and identically distributed normal random variables and g x 

through 53 are the eigenfunctions shown in Fig. 6.3. For this set of experiments, the 

mean of the underlying Gaussian process is g0 (x) — —4.75. Thus a three-dimensional 

PCE (L =  3) of the lognormal process will be required to capture the input uncertainty. 

It is also determined through numerical investigation (results not shown for brevity) that 

a third-order PC expansion (p = 3) is required to sufficiently capture the non-Gaussian
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nature of the input. A third-dimensional PCE of order 3 will be used to represent the 

input diffusivity resulting in a total of N  — 20 PCE coefficients whose analytical ex

pressions are provided in Appendix C.2.1.

For numerical illustration, the spatial domain is discretized into a finite element 

mesh consisting of 100,514 linear triangular elements and 50,256 nodes as illustrated 

in Fig. 6.15a. The spatial domain is decomposed into 176 subdomains as shown in 

Fig. 6.15b resulting in a total of 5,560 global interface nodes. For uncertainty rep

resentation, the response is represented using a three-dimensional third-order PCE (i.e. 

N  — 20), resulting in a linear system of order 1,005,120. Using the parallel solver based 

on domain decomposition and preconditioned biconjugate gradient stabilized method 

for the extended Schur complement system (see Appendix D.4 for the parallel algo

rithm), the coefficients of the solution process are computed and illustrated in Fig. 6.16. 

The Krylov-subspace iterate is initialized to zero and the stopping criteria for the pre

conditioned BICGSTAB solver is

 ̂ <  e =  10“15 . (6.57)
II ||

These PCE coefficients represent the state vector prior to the assimilation of ob

servations. The zeroth PCE coefficient representing the mean response is replotted in 

Fig. 6.17a. The standard deviation of the response, computed as the square roots of 

the covariance matrix diagonal entries, is shown in Fig. 6.17b. At its peak mean re

sponse, the coefficient of variation (being the mean-normalized standard deviation) is 

approximately 10%.
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(a) (b)

Figure 6.15: Stationary stochastic advection-diffusion problem: (a)
Finite element mesh and (b) the partitioned domain.

Data Assimilation - Experiment 1

A realization obtained from the prior PCE of the solution process is used to represent the 

“true“ response from which noise-contaminated observations are obtained. The noise is 

assumed to be Gaussian in nature with zero mean and 0.05 standard deviation. For the 

first experiment, a single observation at the location shown in Fig. 6.18 is used to up

date the PCE coefficients. The updated (or posterior) PCE coefficients are shown in 

Fig. 6.19. The number of coefficients has increased by one due to the assimilation of a 

single observation. It is obvious that some PCE coefficients have been attenuated by the 

assimilation of observational data, except for the mean coefficient. The true response, 

and prior and posterior mean estimates are provided in Fig. 6.20. The posterior mean 

estimate, obtained using the available noisy observation, is closer to the true solution 

than the prior estimate. The assimilation of data reduces the error in the estimates as 

evident in Fig 6.21. It is important to note negative posterior mean estimates in some 

regions of the computational domain. In certain cases such as this, the assimilation of 

data using PCKF results in physically inconsistent estimates due to the limitation of the 

linear analysis step common to all Kalman filter based algorithms including EnKF. This
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Figure 6.16: Stationary stochastic advection-diffusion problem: Prior
PCE coefficients.

analysis step is derived for Gaussian prior and measurement errors and will result in un

wanted artifacts (such as an estimated negative concentration) for cases of non-Gaussian 

priors, as is the case in this experiment. The relative magnitude of these negative esti

mates is small due to the weak non-Gaussian characteristics in the prior pdf of the state 

vector. For strongly non-Gaussian prior pdfs, the particle filter might be a more suitable 

alternative albeit with a greater computational requirement.
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Figure 6.17: Stationary stochastic advection-diffusion problem: (a) 
Prior mean response (b) standard deviation. The spatial decomposition 
of the mean response and standard deviation is shown in the top figures.

Figure 6.18: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 1: Sensor location.

Data Assimilation - Experiment 2

In this data assimilation experiment, the number of observations available for data as

similation is four as opposed to one for the previous experiment. The locations of the
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Figure 6.19: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 1: Posterior PCE coefficients.

sensors from which data will be gathered are illustrated in Fig. 6.22. The same prior 

PCE coefficients are used in this experiment. Furthermore, the same true response is 

used with independent and identically distributed Gaussian measurement noise of zero
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Figure 6.20: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 1: (a) True response, (b) 

prior mean estimate, and (c) posterior mean estimate.

0.108

(a)
0.0749

Figure 6.21: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 1: (a) prior standard 

deviation, and (b) posterior standard deviation.

mean and 0.05 standard deviation. The posterior PCE coefficients are shown in Fig. 6.23 

in which number of coefficients has increased due to the assimilation of four data points. 

In general, with the exception of the mean coefficient, the PCE coefficients have been 

further attenuated by the assimilation of an additional three observations, in compari

son to the previous experiment. Fig. 6.24 illustrates the true response, and prior and 

posterior mean estimates. Compared to the previous case, the assimilation of more data
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renders the posterior mean estimate closer to the true solution. Furthermore, the poste

rior standard deviation, shown in Fig. 6.25, is reduced further compared to the previous 

experiment involving only one observation.

Figure 6.22: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 2: Sensor locations.
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Figure 6.23: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 2: Posterior PCE coefficients.



Figure 6.24: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 2: (a) True response, (b) 

prior mean estimate, and (c) posterior mean estimate.

0.0382

Figure 6.25: Data assimilation in stationary stochastic 
advection-diffusion problem - Experiment 2: (a) prior standard 

deviation, and (b) posterior standard deviation.
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6.4.3 Parallel Scalability of the Parallel Data Assimilation Algo

rithm

The parallel scalability of the proposed parallel assimilation algorithm is examined next. 

The scalability of the algorithm is examined under three aspects: (1) the global problem 

size (i.e. order of the state vector elements) and number of measurements (i.e. sensors) is 

fixed while the number of subdomains (i.e. CPUs) is increased, (2) the problem size per 

subdomain is fixed, the number of measurements fixed, while the number of subdomains 

is increased, and (3) the number of measurements per subdomain is fixed, the global 

problem size is fixed, while the number of subdomains is increased. Although more 

strategic scalability studies can be formulated based on statistical design of experiments 

[179], this approach is not followed in this thesis. The algorithm is implemented using 

Fortran programming language (Fortran 90) and parallelized using Message Passing 

Interface (MPI) libraries [77]. Timing statistics of the parallel code are obtained using 

the MPI timer MPI_WTIME() for 10 runs and the average execution time is reported. 

The code is executed on a Linux cluster consisting of 176 core HP Intel Xeon cluster 

consisting of 22 nodes with 8 cores and 32 GB of memory per node with InfiniBand 

interconnect.

Parallel scalability with fixed problem size and number of measurements

In this scalability study, a constant global problem size is maintained while the num

ber of CPUs to tackle the problem is increased in order to reduce the total execution 

time. The parallel scalability of the proposed parallel data assimilation algorithm (Al

gorithm 6.1) with respect to the number of subdomains is shown in Fig. 6.26. Three 

plots are provided, each for a different number of measurements. Within each plot, the
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results for three global problem sizes (total number of unknowns) are shown. For the 

first case of 32 measurements, i.e. Fig. 6.26a, an initial increase in number of proces

sors used to tackle the problem greatly reduces the total execution time. For this specific 

case, the optimal number of CPUs is 50. Increasing the number of CPUs further re

sults in a communication overhead that dominates the total execution time, resulting in 

longer time of execution. As the number of measurements assimilated increases from 

32 to 128, the optimal value of CPUs needed to solve the problem increases (beyond 

50) for the case of 3.5 million total unknowns as evident by the black curve shown in 

Fig. 6.26b. A further increase of number of measurements to 512 pushes the optimal 

number of required CPUs beyond fifty even for the case of 1 million unknowns (see 

blue curve in Fig. 6.26c). These results indicate a trend of increasing optimal number 

of CPUs required for this parallel data assimilation algorithm as both the number of 

measurements and global problem size increases.

Parallel scalability with fixed problem size per subdomain

Next, the parallel scalability of the proposed parallel data assimilation algorithm is ex

amined for fixed problem size per subdomain. The goal of this scalability study is to 

tackle an n-times larger system with n-times more processors or cores while ideally 

maintaining a nearly constant execution time. Fig.6.27 shows that for the fixed problem 

size per processor, the total execution time grows steadily with the number of processors 

used to tackle the problem. This is a trend observed for the three different number of as

similated measurements. The deviation from the ideal constant execution time is largely 

attributed to the increase in inter-node communication as the number of processors used 

increases.
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Figure 6.26: Parallel scalability of the parallel data assimilation 
algorithm: fixed problem size and number of measurements for (a) 32 

measurements, (b) 128 measurements, and (c) 512 measurements.
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Figure 6.27: Parallel scalability of the parallel data assimilation 
algorithm: fixed problem size per subdomain.

Parallel scalability with fixed number of measurements per subdomain

For a final scalability study of the proposed parallel data assimilation algorithm, the 

parallel scalability is examined for fixed number of assimilated measurements per sub
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domain. The goal of this scalability study is to assimilate n-times more measurements 

with n-times more processors or cores for a given global problem size while ideally 

maintaining a nearly constant execution time. Fig.6.28 shows that for the case of fixed 

number of measurements per processor, the total execution time grows steadily with the 

number of processors used to tackle the problem. Furthermore, there is strong evidence 

that all three curves for varying global problem size will converge to a single curve 

if the number of domains is increased further. Thus it seems that the total execution 

time for the parallel data assimilation algorithm is not heavily dependent on the global 

problem size when the number of measurements per subdomain remains fixed and more 

subdomains are used.

E■a
e

0.01

0.001

50 1764 14
N o o f subdomains

Figure 6.28: Parallel scalability of the parallel data assimilation 
algorithm: fixed number of measurements per subdomain.



Chapter 7

Summary of Contributions and Future 

Research Directions

7.1 Summary of Contributions

In this thesis, Bayesian inference is used to tackle the problem of state or state and pa

rameter estimation of nonlinear stochastic ODEs and large-scale models arising from fi

nite element discretization of stochastic PDEs. The contributions of the thesis lie in both 

novel applications and algorithmic development. For nonlinear oscillators, the problem 

of static parameter estimation is tackled using an MCMC algorithm complemented by 

nonlinear filters for state estimation. The methodology is validated using both numerical 

experiments and wind tunnel data obtained from an aeroelastic system undergoing limit 

cycle oscillation. For aeroelastic flutter, a Bayesian inference scheme is formulated to 

propagate the uncertainties in the vibration data providing robust estimates of the flutter 

speed.

For large-scale systems, a parallel data assimilation algorithm is developed which 

is based on polynomial chaos expansion for uncertainty representation and the Kalman

206
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filter linear analysis step to update the polynomial chaos coefficients of the state vector. 

This algorithm takes advantage of the polynomial chaos based domain decomposition 

solvers for large-scale computational models. The parallel scalability of the proposed al

gorithm is investigated on a Linux cluster consisting of 22 nodes with 8 cores and 32 GB 

of memory per node having InfiniBand interconnect. For stochastic systems with non- 

symmetric matrices, a parallel iterative solver is developed based on domain decomposi

tion method and preconditioned biconjugate gradient stabilized Krylov-subspace solver. 

This solver is used to tackle the steady-state stochastic advection-diffusion problem.

The following salient features emerged from the investigations undertaken in this 

thesis: (1) the proposed probabilistic flutter margin method in Chapter 3 applied to a 

two-degrees-of-freedom numerical model provided more accurate and more precise es

timates for the flutter speed in caomparision to the conventional method; (2) for the 

inverse problem of estimating time-invariant parameters of a nonlinear system exhibit

ing noisy oscillation considered in Chapter 4, Markov Chain Monte Carlo sampling, 

ensemble Kalman filter and particle filter provided parameter estimates which are com

parable in accuracy for the case of dense observational data and weak measurement 

noise whereas for the cases of strong measurement noise and sparse observational data, 

the parameter estimates from ensemble Kalman filter (for combined state and parameter 

estimation) became unwieldy. When the ensemble Kalman filter was used for just the 

state estimation, the Markov Chain Monte Carlo sampling-based algorithm and particle 

filter both provided accurate estimates for the parameters; (3) Regarding the static pa

rameter estimation problem of a non-linear aeroelastic system using wind tunnel data, 

as presented in chapter 5, the numerical predictions obtained using the reduced model 

showed good agreement with the experimental observations from wind tunnel tests. The 

estimated static moment coefficient compared fairly well with the data published in liter
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ature, with anticipated differences due to variations in the experimental set-up and con

ditions; (4) Regarding the parallel data assimilation algorithm developed in Chapter 6 

that integrates the polynomial chaos-based Kalman filter and a polynomial chaos-based 

domain decomposition solver, a scalable performance was observed for stochastic dif

fusion and advection-diffusion problems with spatially varying non-Gaussian stochas

tic parameters; (5) The developed parallel solver for non-symmetric stochastic systems 

based on the preconditioned biconjugate gradient stabilized method (see Appendix D.4) 

was validated for the steady-state stochastic advection-diffusion problem with random 

diffusivity modeled as a spatially varying non-Gaussian stochastic process.

7.2 Future Research Directions

Based on the investigations carried out in this thesis, the following research directions 

are envisioned:

• Application of Bayesian Inference to the Flutter Margin Method:

-  The proposed Bayesian flutter margin method needs to be generalized to 

consider more complex aeroelastic models involving, for instance, (a) un

steady aerodynamic model and (b) turbulence. These issues must be ad

dressed for wider applicability of the method.

-  As a blind validation experiment, the method should be applied to available 

wind tunnel data. In certain cases, the presence o f nonlinearity in the ob

served wind tunnel data must be modeled explicitly.

-  The method should be applied to more realistic problems including flutter 

speed estimation of F-18 using flight test data. For in-flight tests, note that



the airspeed is not known precisely and thus one must account for uncer

tainty in airspeed values.

Static Parameter Estimation of a Non-linear Aeroelastic System using Wind

Tunnel Data:

-  The aerodynamic behaviour used to model the observed limit cycle oscilla

tion is based on quasi-steady aerodynamics. The effect of unsteady aerody

namics should be considered for future investigations.

-  Further investigations are initiated [149, 180] in order to (a) apply the pro

posed methodology to other transitional Reynolds numbers which identifies 

the effect of Reynolds number on aerodynamic parameters, (b) apply the 

model selection methods for model reduction based on the exact Bayesian 

Information Criterion, and (c) study the effect of unsteady aerodynamics on 

the observed limit cycle oscillation.

Data Assimilation for Large-scale Computational Models:

-  The proposed parallel algorithm for data assimilation demonstrates good 

parallel scalability on available high performance computing platform. The 

rapid advancement of high performance computing systems and rapid de

velopment and deployment of modem high-resolution sensing technologies 

warrants further improvement of the aforementioned data assimilation algo

rithm towards its scalability to extreme-scale systems.

-  The application of the parallel forward solver and parallel data assimilation 

methods examined in this thesis was limited to stationary stochastic PDEs
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as the first step in algorithmic development. To examine the performance of 

these methods for more realistic systems, the applications should consider 

time-dependent problems.

• Parallel Solver for Non-Symmetric Systems Based on Preconditioned Bicon

jugate Gradient Stabilized Method:

-  It is envisioned that the proposed parallel solver based on preconditioned bi

conjugate gradient stabilized method will have difficulty in scaling to very 

large number of processors/cores due to the use o f a one-level precondi

tioner. Two-level parallel preconditioners [181] should be used to enhance 

the scalability of the algorithm to very large number of processors/cores in 

order to tackle large-scale filtering problems.



Appendix A

Mathematical Preliminaries

A .l Inverse and Determinant of Partitioned Symmetric 

Matrix

The book by Levine [182] is followed for this section.

Theorem A.I.

For a r x r matrix A, r x q  matrix C, q x q matrix B, and q x r matrix D, one has 

(A +  CBD)-1 =  A -1 -  A_1C (B -1 +  DA_1C) DA-1 . (A. 1)
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P r o o f .

(A +  CBD) A"1 -  A_1C (B '1 +  DA_1C )_1 D A '1]

=  (A +  CBD) A-1 -  (A +  CBD) A XC (B~a +  DA_1C )_1 DA 1 

=  I +  CBDA-1 -  (C +  CBDA-1C) (B 1 +  DA-1C) 1 DA 1 

=  I +  CBDA-1 -  CB (B-1 +  DA-1C) (B-1 +  DA-1C )_1 DA-1 

=  I +  C B D A 1 -  C B D A 1 =  I

□

Theorem A.2 (Inverse of a Partitioned Symmetric Matrix). 

Given a symmetric 2 x 2  block matrix A of dimension n x n

“ “ " “

An (N1—
1

<

An A i2

1-----
---

---
--

► to t—
» a 22

1

► a 22

and its inverse B =  A 1 which can also be divided into four blocks as

B =  A 1

with the following dimensions

• An and Bn are r  x r ,

• A22 and B22 are q x q,

• A i 2 =  A21 and Bi2 =  B21 are r  x q,

• r +  q =  n,

Bn Bi2 Bn B 12

B2i b 22 1 CO B22

(A.2)

(A.3)
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one has

 j  \ — 1  j  j  / rp  j  \ — J
An — Ai2A22 A12) =  An +  An A 12 (A22 — A12A ia A12) A12A 11

(A.4)

( T  ~~ 1 \ ~ ̂ 1 1  T1 f  1 T  \  ̂ 1A22 — A12Au A12J =  A22 +  A22 A12 (An — A12A 22 A12) A12A22

B12

B12

A22 A12 (An — A i2A221A ^) 

—A 1 i1A i 2 ( A 2 2  — A ^ 2A j" 11A i 2 )

(A.5) 

(A.6) 

(A.7)

Proof. By definition of an inverse, one must have

1 =  AB =
An A 12

1

tS
1

1 ► £4 A22 B j2 B22

AnBn +  Ai2Bf2 A11B12 4- A12B22 Ir 0

Af2Bn +  A22B22 A[2Bi2 +  A22B22 0 l q

i.e.,

AiiBn +  Ai2B^2 =  I r or Bn =  An! — A111Ai2Bf2 

A11B12 +  A12B22 = 0  or B12 =  —A111A i2B22 

Ai2Bh +  A22B^2 = 0  or B ^  =  — A221A ^B n

A[2Bi2 +  A2 2B22 — I q or B22 — A22̂  — A221 A[2Bi2

Replace Bf2 by the expression above into Bn to get

Bn — An  +  An A i2A99A19B11 ^ 1 2 ^ 2 2  1 2 1 1
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or

(i A12A22 A12) Bu — A |j or (An Ai2A22 A12) Bn — Ir

or

1 A TBn — (An  — Ai2A22Af2)

Applying Theorem A. 1 to this expression, the other expression in the theorem may

also be obtained, i.e.

Similarly,

Bn — A-q1 — A111A12B^2

Br — —A_1AT (Ai, — A nA _1Ar '\ 1 "12 — **-22 "12 V 11 12^22 12) 1

and

B12 — —A111A12 (A22 — A^2A111Ai2)

Theorem A.3 (Determinant of a Partitioned Symmetric Matrix). 

Given a symmetric 2 x 2  block matrix A of dimension n x n,

□

An A12 

A2i A22
IA22I |A n — Ai2A221A^2| — |A n| |A22 — A]2A111Ai2|

(A. 8)



Proof. Given the decomposition of the matrix

215

An A12

A2i A22

1̂1 0

A[2 I

I A12

o a 22

I An  A12

0  A22 — A 12A n Ai2

A n — Ai2A221Af2 0 

A22 A2i I

In general,

|AB| =  |A| |B|

and

Finally,

0

Af2 I

B 0 B c
C D 0 D

IBI |D|

I A ^ A 12

T ~ X0 A22 — A12An A i2

I Ai2

o a 22

=  I An 11A22 — A^2A111Ai2 

=  |A2211 An

 2 ■y1
AloAon Aio 0l12a 22 -̂ 12 

A22 A2i I

A i2A22 A12|

□
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A.2 Marginal and Conditional Distributions of Multi

variate Normal Distribution

Theorem A.4. Assume an n-dimensional random vector

x =
*i

x2

has a normal distributionN  (x; /z, X) with

Mi Sn x12
M = and X =

M2 X2i X22

where Xi and x2 are two sub-vectors of respective dimensions r  and q with r +  q =  n. 

Note that X =  XT, and X21 =

The marginal distributions of Xi and x2 are also normal with mean vector /ẑ  and 

covariance matrix Xa  ( i  = 1,2), respectively. Furthermore, The conditional distribution 

of Xi given Xj is also normal with mean vector

Pi\j =  Mi +  E yX ,./ (x, -  tlj) (A.9)

and covariance matrix

— ^ i j (A. 10)
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Proof. The joint density of x is:

p ( x ) = p ( x  1 ,X2) 

1
(27r)n/2 |S|V2

(27r)n/2 |E|V2

exp

exp : / ( x i ,x2)

where /  is defined as

/ ( x  i ,x 2) = ( x - p ) r S  *(x - m)

(xi -  Mi)T , (x2 -  ix2)t
£ n  £ 12

1
* 1

l

£ 21 £ 22 x2 — M2

=  (xi -  Mi)T S 1 1 (x2 -  Ml) +  2 (X! -  Mi)T S 1 2  (x2  -  M2 ) 

+  (x2 — M2)T ^ 22 (X2 — M2)

in which

1 _ £ l l £ l2

-1 1
M £ 12

£21 £22
S 21 £ 22

According to Theorem A.2,

E11 = (E„ -  1 = Ef,1 + E^'E,, (S22 -  E ^ E r/E ,,)- E[2Sr,' ,T v '- l  V \  ̂ V'- 1

£ 22 =  ( £ 22 -  £ ^ £ ^ £ 1 2 )  1 =  +  S 2 2  £ T 2 ( £ 1 1  -  £ i 2 £ 221 £ r 2 )  1 £ i 2 £ 2_2 .

and

£ 12 =  - £ n £ i 2  (£22 -  £ r 2£ a-i1£ i 2) 1 =  ( £ 21) t
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Substituting the expressions for X 11, X22 and X12 into /  (xi, x2), one obtains

/  (x i>x2) — (x i — Mi) ^ 1 1  “b ( ^ 2 2  — X ^ X ^ X x a )  X ^ S j /  (xi — // j)

— 2 (xi — Ml)T ^11*^12 (^22 — ^ 1 2 ^ 1 /^ 1 2 )  j (x2 — M2)

+  (x2 — M2)T (^22 — ^ X i / X . )  j (x 2 — M2)

=  (xx — Mi) ^ ii1 (x i — Mi)

+  (x i — Mi) ^11 ^12 (^22 — ̂ 12^11 ^12) ^12^11 (x i Mi)

— 2 (xx — Ml)T S l l 1S l2  ( S 22 — S f 2S 111Xx2) (x2 — M2)

+  (x2 — M2) (^22 — ^12^11 ^12) (x2 — M2)

=  (x i - M i r ^ n 1 ^ ! - M i )

+  [(x2 -  M2) — S ^ X n 1 (Xx — Ml)] (^22 -  S ^ 2X 111X x 2 ) 

x [(x2 — M2) — ^12^11 (x l — Ml)] •

The last equality is due to the following equations for any vectors u and v and a 

symmetric matrix A =  Ar :

u t A u  — 2urAv +  v t A v  =  u t A u  — uTAv — uTAv +  vTAv

=  urA (u — v) — (u — v)T Av =  urA (u — v) — vTA (u — v)

=  (u -  v)T A (u — v) =  (v — u)T A (v — u) .

Let us define

b — m2 +  X̂ "2X 111 (xx Mi)

A — X22 — X^2X111X x2 ,
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and

/ i  ( x i )  =  ( x i  -  M i ) T E ^ 1 ( x i  -  M i )  , 

h  (X l , x 2) =  [ ( x 2 -  m2) -  (xx -  M i ) ] T ( £ 2 2  -  2

[ ( x 2 -  M 2) -  (xx -  Ml)]

-  (x2 -  b )r  A -1 (x2 -  b) .

Therefore,

/ ( x x , x 2) =  / 1 (x 1) +  / 2 (x1, x 2)

Now, the joint distribution can be written as:

p(x) = p (x i,x 2)
1

(27r)
exp

(27r)n/2 |E 11|1/2|S 22 -  E ^ s r / E ^ v s
exp

1
(2^)'/2 |S„|V 2 

1X

exp

-exp
(27t)?/2 |A|V2

A T ( x x; m i , S x x )  A/"(x2; b ,A )  .

(xx -  Mi )T S xi1 (Xx 

(x2 -  b )T A -1 (x2 -

The third equality is due to Theorem A.3:

|S | — |Exx||E22 — E^2S 1x15]x2

I ^ E x , ) - 1

~ / (X l ,X 2)

-  Ml) 

b)
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The marginal distribution of xa is

P ( x i) =

Similarly, it can be shown that the marginal distribution of x2 is

— 2  — ^ 2 ) ^ 2 2  ( x 2 — M2 )

The conditional distribution of x2 given Xi is

- ^ ( * 2  - b ) T A_1(x2 - b )  

with

p(x2|xi) = p (x l , x2) =  1
P (xl) (27r),/2 IAIV2

exp

p ( x 2 ) =  J  p (x i,x 2) dxi
f 27T)9/2 I S 9 9 I 1/ 2

exp

/ p (x j,x 2)dx2
1

( 27r ) r / 2 | S n |1/ 2
exp (Xi (xi -  Mi)

b =  m2 +  S u j E n 1 (x i -  P i )  

A =  S 22 — S^2S 111S i2

Similarly, the conditional distribution of x2 given Xi is

- ^ ( * 1  - c ^ B -1 (xj - c )  

with

p (x x|x2) = P ( x2,*l )  =  1

p ( x 2) (2tx)v^2 IBI1/2
exp

C — Ml +  ^ 2 1 ^ 2 2  ( x 2 P 2 )

B =  E ji — 5̂ 21

□
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A.3 Theorems for the Derivation of the Kalman Filter

Theorem A.5.

M  (a; Fb, C) N  (b; m, D) =  M
/  \  (  a

v b /

Fm

m

f  T'  f d f t +  c  f d

DF D
(A. 11)

Proof. The following definitions will be used

x = b - m .

'̂ -‘XX — O 1

y =  a -  Fm ,

-̂‘yy =  C >

A =  F .

Thus, the theorem may be rewritten as

J\f(y; A x ,£ w ).Af (x ;0 ,S ia.) =  N
/

\ :ic
/  r  \A £ x;rA +  S?™ A S

It is assumed that the dimensions of y and x are g x 1 and k  x 1, respectively, and A
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is a g x k  matrix. Expanding the product of the normal distributions:

N  (y; Ax, T,yy) M  (x; 0, EIX)

= (27T)-»/2 |S „ „ r ‘/2 exp ( - i  (y -  A x f  (y -  Ax))

x (2?r) k/2 |E XX| 1/2 exp ( - ^ x TE  J x
1

(2?ry ( 9+k)/2 |Ejw|- i /2  |Exx

x exp

, - 1/2

( 2t t ) — { g + k ) /2  iyx | — l/2 iyx | —1/2 
1 yy\ \Zjxx\

x exp — -

{ g + k)/2

x exp

— (S+a)/2 |v< I —1/2

x exp

E  y y  0

o e 7

-1
E y y  0

o e 7

T \  - 1
E  y y  0

0 E 3

I , A

(2 r )- i»+ki '2 | e „ | - ,/2 | s „ i 1/2

x exp
1
2

AE^j; A71 +  Eyy A S a X " 1 /  \ \  
y

E XIA / \  X / /
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For the above derivation, the following identity was used:

- l
l g -A l 9 A

0 h

Using Theorem A.3,

(  T \  A SIXA 4- Syj, A S X X

S XXA S a
— 1■>xx\ I•'-'3/2/1

which leads to

N  (y; Ax, S w) N  (x; 0, S xx) 

/
( 2 t t ) - ( f f + * 0 /2

A SXX A7̂ +  A S X X

S XXA

= N

x exp

\

/

- 1 / 2

A S XXA +  Slyy A S

A S XXA +  S ^  A S a

\

/

7  \ \y

\  x / y

S XXA S a /

□
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Theorem A.6.

J A/"(xfc;Ffc_iXfc_i,Qfe_1)A/’ (xfc_i;i2_1,Pfc_i) dxfe_i 

=  M  (xfe; F^Pfc^Ffc-x +  Qfc_x) (A. 12)

Proof. According to Theorem A.5,

A" (xfc; Ffc-!!*-!, Qfc_i) AA (xfc_i; xak_v  P^_x) 

/ /
= AT

/ F r  \  /

\  Xfc- : /

Ffc_1P2_1F T 1 +  Q*-1 Ffc-iPJ.!

\
pa t?T K - i  J

Theorem A.4 provides the marginal distribution of xfc:

p (xfc) =  A/- (xfc; Ffc-xxJ.!, F j_ 1P2_1Ffc_1 +  Q*_i)

which means

J  A/’(x*;Ffc_1xfc_1,Q fc_1)A/'(xfc_ i;i2 _ 1,Pfc_1) dxfe_a 

=  AT (x*; F ^ x j U ,  +  Qfc_x)

□
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A.4 Integral of a Product of Two Gaussian Functions

The multiplication of two Gaussian functions of a vector x of dimension d given by 

J\f (x; a, A) and N  (x; b, B) is a Gaussian function [183]. In particular

N  (x; a, A) N  (x; b, B) =  2 M  (x; c, C) (A. 13)

where

C =  [A-1 +  B_1] -1 , 

c =  C [A ^a  +  B ^b] ,

2 =  (27r)_d/2 |C |1/2|A|~1/2|B| -1/2exp (a'A-1a +  b'B_1b — c'C_1c)

(A. 14) 

(A. 15) 

(A. 16)

Thus the integral of a product of two Gaussian functions o f random vector x of di

mension d has the following closed form solution

J  M  (x; a, A) Af  (x; b, B) x =

(27r)-d/2|C |1/2|A |-1/2|B |-1/2exp - i  (a'A-1 a +  b 'B ^ b  -  c'C~1c)

(A. 17)



Appendix B

Newmark-Beta method for 

Time-marching of Coupled ODEs

The book by Zienkiewicz [166] is closely followed for the derivation of this method. 

The coupled set of ordinary differential equations (ODEs) given by

h'furt-|_i -T Cun+i T- Kun+i =  fn+i t (B.l)

need to be integrated in time comprising the forecast step of many filtering techniques.

The Newmark-Beta scheme is widely used to numerically integrate such system of 

ODEs. The Newmark-Beta method [168] states that the function u and its first-order 

time derivative u are given by

un+i =  Un +  Afun +  — (1 — P2) A i2iin -f- -/?2A t2un+i , (B.2)

u„+i =  u„ +  (1 -  /3i) A tu n +  0 iA tun+1 . (B.3)

where /3i and /32 are some given parameters [166].

226
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The above equations can be rewritten as

2
un+1 =  un+1 +  / W 2 U„+1 , (B.4)

" i sr>Un+1 =  Un+1 +  £ ^ Un+l - (B -5>

where

2 2 1 - 0 2  
u"+1 =  -  f t A ? u” -  & A 7 ’ (B'6)

in+i=“H i u"+ 0  - 1 1) 4”+ 0  - 1 ) Atu” ■ (b-7)

Combining Eqs. B.6-B.7 with the dynamic equation Eq. (B.l), one can solve for u at 

time instant (n +  1) as

Aun+1 =  fn+i (B.8)

where

2 M +  - J ^ - C  +  K  , (B.9)
0 2  A  t2 0 2  At

fn+i =  fn+i -  Cun+1 -  Mun+1 . (B.10)



Appendix C

Mathematical Representation of

Random Processes

The following follows the book by Ghanem and Spanos [1], the paper by Sarkar and 

Ghanem [184], the paper by Sarkar et al. [82] and the papers by Subber and Sarkar 

[83-87],

C.l Karhunen-Loeve Expansion

The Karhunen-Loeve expansion (KLE) of an arbitrary stochastic process a (x, 9) is 

based on the spectral expansion of its covariance function R aa (x, y) where x and y 

represent geometric and temporal coordinates [185], The KLE representation of the 

stochastic process a (x, 6) is given by [185]

OO
(C.l)

228
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where a  (x) is the mean of a (x, 9) and (9)} denotes a set o f orthogonal (but not

generally independent) random variables. Furthermore, {At} and {& (x)} are the eigen

values and eigenvectors of the covariance function, described by the following integral 

eigenvalue problem

f  R aa(*,y)(t>i{y)dy = (C.2)
Jv

where V  denotes the domain over which the process a  (x, 9) is defined.

Using KLE, the random process a  (x, 6) is approximated by a combination of deter

ministic shape functions <& (x) having random amplitudes (#)• For broad-band 

processes (i.e. processes closer to white noise), a significant number of scales (frequen

cies) are present in the stochastic process, thereby increasing the number of terms in its 

KLE representation. For numerous engineering and natural systems, the system param

eters may exhibit smooth variations whereby only a few dominant scales of fluctuations 

effectively contributes to the process a  (x, 9). For such narrow-banded processes, KLE 

contains only a few terms to capture the randomness effectively.

C.1.1 Integral Eigenvalue Problem of Exponential Covariance Func

tion

The following derivation of the eigenfunctions and eigenvalues of the exponential co- 

variance function follows closely Ref. [1]. The Karhunen-Loeve Expansion (KLE) of a 

two-dimensional stochastic process is of the form

OO
a ( x 1, x 2,6) = a0 (x1, x 2) +  Y 2 V K  f n { x i , x 2)^n (0) , (C.3)

71 = 1
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in which a 0 (xi, x 2) represents the mean process, Xn and f n {x\, x 2) are the eigenpair of 

the covariance function, and could be obtained using

in which a2 is the variance and b\ and b2 are the correlations lengths along the 

and x2 directions, respectively. It is assumed that the process is defined over the two- 

dimensional domain (—a i ,ai) x (—a2,a 2).

The eigenvalues and eigenfunctions of the covariance kernel form the solution pair 

to the following integral eigenvalue problem

In this thesis, the exponential covariance function is used having the form

C(xu x2, y i ,y2) = a2e-\ (C.5)

(C.6)

The following form of the eigenfunctions and eigenvalues are assumed:

fn (Xl,X2) = . / f } Ox) / j 2) (X2) (C.l)

and

(C.8)

These assumptions lead to the following analytical solutions for / f  ̂ (x )̂ and a[1'1 [1]

(C.9)
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( 1 )  C O S  { u ) i X \ )  .
/> (xj) =  — .................... for i odd , (C.10)

(1) COS^Xj) / r , n
/i v^i) =  —; for i even , (C.l 1)

with uj1 satisfying the following equations

s in (2 u )ja i) 
2 uii

—  Witan (wjOi) =  0 for i odd , (C .l2)
0i

uii +  7—tan (Midi) = 0  for i even . (C.13)
0i

f j 25 (^2) and \ {p  have the same analytical expressions, with b\, ax and xi replaced 

by b2, a2 and x2, respectively. Within this thesis, it will be assumed that b\ — b2, in 

which case there will be two functions of the form Eq. (C.7) with the same eigenvalue.

C.2 Polynomial Chaos Expansion

The Karhunen-Loeve expansion can not be used to represent a stochastic process, such 

as the random system output, when its covariance is not known. In such cases, the 

output process can be expressed as the nonlinear functional of the input random variables

(0)} using the polynomial chaos expansion (PCE) [1, 81] as

00 00 i\

u(0) =  aor o +  ] T > 1r 1 (&1 ( 0 ) ) +  ; £ ] T a ili2r 2 (&1 (0 ) ,& 2 (0)) +  . . .  , ( c . i 4) 
11=1 *1 = 1 12 = 1

where the symbol Tn (£n , . . .  ,£in) are called the Polynomial Chaoses [1, 81] of order 

n in the variables (&!,•••,&„)• The polynomial chaoses of order up to and including
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three are [80]

(C.l 5)

r i (Cn) =  Cii , (C.16)

(C.l 7)

t3uilt2 5 (C.l 8)

where Sili2 denotes the Kronecker delta defined as

/

1 if ii = i2
(C.19)

0 if i\ 7̂  i2
\

Concisely, the polynomial chaos expansion, truncated after the vVth term, is repre-

For example, the third order polynomial chaos expansion o f a stochastic process u 

using three random variables {Ci, £2, £2} is [1]

u4 ( £ 1  —  l )  4  u5 ( C |  —  l )  +  u6 ( £ |  — l )  4 

u 7 C l  C 2  4  Us  C l  C3 +  Ug  C 2  C3 +

u i o  ( C i  ~  3C i )  +  U u  ( C |  —  3 C 2 )  4- u i2  ( £ |  —  3 C 3 )  +

u 13 ( C l  C 2  —  C 2 )  +  U \ 4  ( C |  C3 —  C 3 )  +  U \ s  ( C l  C l  —  C l )  +

u m  ( C |  C 3  —  C 3 )  +  u n  ( £ f  £ 1  —  f i )  4- u 18 ( f f  C 2  —  C 2 )  +

^ 1 9  C i  C 2  C 3  • ( C . 21)

sented as

(C.20)

u —Uq 4- U\ +  u2 C2 4- Us C3 4-
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i th Polynomial Chaos Order of the Homogeneous Chaos
0 0 1 1
1 1 6 1
2 £2 1
3 6 1
4 2 S i - l 2
5 el-i 2
6 62- i 2
7 6 £2 1
8 6 £3 1
9 £2 £3 1
10 3 Si ~ 36 6
11 Si -  36 6
12 63 -  36 6
13 Si 6 — 6 2
14 Si S3 — 6 2
15 Si 6 - 6 2
16 Si S3 -  6 2
17 Si 6 - 6 2
18 626 - 6 2
19 6  66 1

Table C. 1: Polynomial chaoses for a random dimension of 2 of order up 
to and including 3 and their variances [1],

Table (C.l) shows the explicit expressions for the polynomials used in the above ex

pansion of u. These polynomials are statistically orthogonal, i.e. (9) (9)) = 0  for

i ^  j .  {*i}“ 0 constitutes a complete set in the space of second order random variables

[1]. The total number of terms (N) in a polynomial chaos expansion in Eq. (C.20) with 

order p and random dimension L is given by [80]

N - (L  +  P) !
L\p\

(C.22)
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C.2.1 PCE Representation of Lognormal Stochastic Process

The derivation of the PCE coefficients for a lognormal process follows closely Ref. 

[186, 187]. Denoting the underlying Gaussian process by g(x, 9) having a covariance 

function C(x i , x 2) with a variance of a2, the KLE representation o f this process is given 

by

g(x, 6) — g0 (x) + Y . \ f K h  M  fn (0) ■ (C.23)
71 —  1

The above equation can be compactly represented as

9 ( x ,  9) = g0{x) +  ^ 2  9 n ( x ) f n ,
n —l

(C.24)

where gn(x) = \/XI /„  (x).

The lognormal stochastic process l(x, 6) =  exp [g(x, 9)} can be rewritten using the 

KLE of the Gaussian process in Eq. (C.24) as

l(x, 9) =  exp 9o (*) +
i= 1

(C.25)

The PCE of the lognormal process l(x, 9) has the following form

i{x,o) = Y , i i (x)* i{ i ) ,
i=0

(C.26)

in which the coefficients li(x) are obtained via Galerkin projection as

h ( x )
m m

(C.27)
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The denominator in Eq.(C.27) can be evaluated analytically (see Appendix C.2) and 

the numerator can be expressed as [187]

/ +o o

exp
■OO

9o(x) +  *•(*)&
j =i

^ ( £ ) exP d£,

which can be simplified to

9o(x) + ^ Y ^ g ] ( x )
j= 1

where

Vj = ~  9j{x ) ■

Eq.(C.29) can be expressed concisely as

where l0(x) is the mean of the lognormal stochastic process given by

l0(x) = exp 9o(x) + ^ ^2 g f { x )
i— 1

Note that in the limit as L —>• oc, the mean lognormal process converges to

lQ(x) = exp 9o(x) +  - a 2

(C.28)

(C.29)

(C.30)

(C-31)

(C.32)

(C.33)

The quantity (^j(ij)) is the expectation of the PC basis around the Gaussian coeffi

cients gi(x). This expectation can be evaluated analytically and the results are given in 

Table C.2 for L = 3.
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M t ) <*?«» <*<(»!)>
6 1 si(*)
6 1 9 2 { x )

6 1 9z(x)
3-1 2 3W
3-1 2 3(*)
3 - i 2 3W

CM 1 0i(*)02(*)
66 1 9 i (x ) 9 3 ( x )

66 1 92{x)gz {x)
3 " 36 6 9}(x)
3 - 36 6 9i(x)
3 - 36 6 9t(x)
36 - 6 2 9 l (x )g2{x)
3 6 -6 2 gf (x)g3{x)
36 -6 2 g'i{x)gi{x)
36 — 6 2 9*(x)9s{x)
36 - 6 2 9&x)gi{x)
36 — 6 2 g l i x ) g 2{x)
666 1 g 1{x)g2(x)g3(x)

Table C.2: The expectation and variance of the PC basis. 

Thus, the PCE of the lognormal stochastic process can be written as

(C.34)



Appendix D

Parallel Iterative Solvers for the 

Extended Schur Complement System

In the context of numerical solutions of partial differential equations, domain decom

position methods tackle a boundary value problem over a domain of interest by solving 

a set of smaller problems on a number of subdomains [173, 188-190]. In the context 

of non-overlapping domain decomposition methods, the resulting Schur complement 

system describes the behaviour of the collection of unknowns forming the interfaces 

between these subdomains [173, 188-190]. The solution of the Schur complement sys

tem is obtained using iterative methods [174]. During each iteration, the problem on 

each subdomain is tackled independently, leading to data parallelism. Typically, pre

conditioned Krylov subspace methods are utilized to solve the Schur complement sys

tem iteratively [174], From this perspective, domain decomposition methods provide 

parallel preconditioners for the Krylov subspace iterative methods to solve the Schur 

complement system [173,188-190].

Krylov subspace methods can be categorized into two groups: one applicable to 

symmetric positive-definite systems and another to non-symmetric systems. Within the

237
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scope of this thesis, the conjugate gradient method (CGM) [174, 191, 192] will be used 

for the first class of systems. For non-symmetric systems, CGM can not guarantee 

orthogonality of the residual vectors [193] and thus can not be applied directly. The 

Generalized Minimum Residual Method (GMRES) [174, 192, 194] guarantees orthog

onality of the residual vectors while requiring the storage of all previously computed 

residual vectors. Thus GMRES becomes memory intensive especially for large scale 

systems. The Biconjugate Gradient Method (BICG) provides a non-optimal approxi

mation of the solution vector in the same Krylov subspace as GMRES, but with less 

computational work per iteration [195]. Furthermore, BICG does not need the storage 

of all previous residuals in contrast to GMRES, and thus memory requirement does not 

grow with the number of iterations. BICG achieves this by replacing the orthogonal se

quence of residual vectors in GMRES by two mutually orthogonal sequences, one based 

on the original system matrix and the other on its transpose [192]. The applicability of 

BICG to non-symmetric systems is limited due to its irregular convergence behaviour 

[192]. The Conjugate Gradient Squared algorithm (CGS) [196] improves upon BICG by 

(a) avoiding the need for matrix-vector product steps involving the transpose of the sys

tem matrix, and (b) providing better convergence characteristics with similar computa

tional complexity as BICG. The Biconjugate Gradient Stabilized method (BICGSTAB) 

[174, 192, 197] was developed to remedy some of the numerical problems associated 

with CGS, resulting in a method with a more regular convergence property. Due to its 

attractive features, BICGSTAB will be parallelized with the aid of DDM to provide a 

solver for large scale non-symmetric systems investigated within this thesis. For both 

CGM and BICGSTAB, the Schur complement matrix will not be constructed explicitly. 

Instead, the effect of the Schur complement matrix on a vector (i.e. a matrix-vector 

product) is computed in parallel.
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The performance of Krylov subspace methods depends heavily on the spectral prop

erties of the system matrix [174], i.e. the distribution of eigenvalues. A transforma

tion of the original system, known as preconditioning, ensues more favorable spectral 

characteristics [174]. Thus, preconditioning is a commonly used technique to improve 

the convergence attributes of Krylov subspace methods. Preconditioning is performed 

with the aid of a preconditioning matrix, or preconditioner, A4. When the precondi

tioner is applied from the left, the preconditioned extended Schur complement system 

in Eq. (6.20) has the following form:

M ~ XS  X r  =  M r xQr  • (D-l)

The algorithms for preconditioned CGM and preconditioned BICGSTAB to solve 

the Schur complement system of equations are given in Algorithms D.l and D.2, re

spectively [174, 192].

Input: Initial iterate Xp0 
O utput: Interface solution X r

1 ?o = Gr — S  Xp0
2 for i  =  0 , 1, . . . ,  do:
3 II * i

4 Pi —
5 i f  i =  0 then
6 P i + l  — Zt
7 else
8 Pi ~  P i /  P i— 1
9 P i + l  =  Zi +  Pi Pi

10 end if
11 Qi+l  =  P  P i + l
12 Oi+1 =  P i /  (Pt+l’0i+l)
13 X r i+, =  X Ft +  a i+ip i+1
14 ri+ 1 — r i ~  Qf»+1 Qi+i
15 if  iterate has converged, exit
16 end do

Algorithm D.l: Preconditioned Conjugate Gradient Method.

A parallel preconditioner is critical component of an efficient solver for large scale
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Input: Initial iterate Xp0 
O utput: Interface solution Xp
fo =  Q r ~  S  Xp0
Choose f  such that (r, r0) ^  0, for example r =  r0 
for i  =  0 , 1, . . . ,  do:

Pt = (r,fi)
i f  pi — 0 m ethod fails
i f  i  =  0 then 

P i + l  ~  r i
else

Pi = (Pi!Pi-1) (ati/Ui)
P i + l  = T i  +  f a  ( P i  -  UJi Vi)  

end if
p  =  M ~ 1p i+i  
Vi+i =  S p
< * i + i  =  P i /  ( r , V i + i )

i f  norm of 5  is small, set X pi+1 =  Xp. -b oa+i p  and exit 
s  — M ~ l s 
t  — S s
t+i+1 = (t,s)/(t,t)
X r i+1 =  X pi +  a i + i p  +  uii+i s
ri+1 — S — U)i+i t
i f  iterate has converged, exit 

end do

Algorithm D.2: Preconditioned Biconjugate Gradient Stabilized Method.
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systems. A class of parallel preconditioners requires only distributed matrix-vector 

products [174]. For optimal convergence behavior of the iterative solver, these pre

conditioners should mimic the extended Schur complement matrix as close as possible, 

i.e. M. ss S.  As a result, the eigenvalues of the preconditioned system M ~ 1S  would be 

distributed around unity, resulting in a smaller condition number and faster convergence 

of the iterative solver [174]. The one-level lumped preconditioner used in this thesis is 

one such preconditioner, and its parallel implementation will be discussed next.

D.l Parallel One-Level Lumped Preconditioner

Starting with the extended Schur complement matrix defined in Eq. (6.21):

a one-level preconditioner can be constructed using only the local interface coupling 

matrices A srr  in the following form [181]:

Once the inverse of the local matrices A srr  is computed, this preconditioning step 

involves an MPI gather operation on local (subdomain level) matrix-vector products. 

Generally, the preconditioning step of Krylov subspace methods involves solving the 

following system of equations

with r denoting the so-called residual vector and z the preconditioned residual. Equiva

(D.2)

(D.3)

M z  = r (D.4)
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lently, the result of the following matrix-vector product is needed during each iteration:

as outlined in Algorithm D.3 [84, 87]. Step 2 of Algorithm D.3 can be performed in 

parallel as it does not depend on data belonging to other subdomains, r8 and zs are 

vectors that are defined locally at the subdomain level whereas r  and z are globally 

defined vectors.

Input: Residual r
O utput: Preconditioned residual z

1 for each processor P s , s  =  1,2, • • • , n s , do:
2 Scatter the residual: r“ — TZs r
3 Compute zs =  r3
4 Gather the preconditioned residual: z =  '̂ ■T 2s

Algorithm D.3: Parallel Preconditioning of Extended Schur Complement System.

The computationally intensive steps of the preconditioned CGM and preconditioned 

BICGSTAB methods, as outlined in Algorithms D. 1 and D.2, are (a) obtaining the result 

of the matrix-vector product involving the Schur complement matrix in the form of q = 

S p ,  and (b) computing the preconditioned residual vector, i.e. z =  r. The above 

parallel preconditioner makes use of iterative substructuring techniques to obtain the 

preconditioning effect at the subdomain (or local) level with the aid of MPI scatter and 

gather operations. Similarly, the matrix-vector product involving the Schur complement 

matrix can be parallelized as explained in the following section.

z =  M  1 r

(D.5)

5 end do



D.2 Parallel Matrix-Vector Product
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One of the most computationally demanding operations in the preconditioned CGM and 

BICGSTAB methods for solving the Schur complement system o f equations involves a 

matrix-vector product of the form

in which S  denotes the Schur complement matrix. For preconditioned CGM, this is 

performed in step 11 of Algorithm D.l. For preconditioned BICGSTAB, this opera

tion is performed twice per iteration, in steps 13 and 18. Iterative substructuring meth

ods [173, 181, 188-190] permit a parallelization of this operation without requiring 

the explicit construction of the Schur complement matrix as detailed in Algorithm D.4 

[84, 87], It is clear that the global matrix-vector product can be computed by solving 

local Dirichlet problems (step 4) in addition to three local matrix-vector products (steps 

3,5, and 6) followed by a gather operation (step 8) [181].

Input: Search direction vectorp  
O utput: Matrix-vector product q

1 for each processor Ps, s =  1,2, • • • , ns, do:
2  Scatter the search direction vector: p s =  TZa p
3 Compute i/i =  AsIrps
4 Solve Asn  U2 =  Mi
5 Compute M3 = A3ri u2
6  Compute M4 =  Aarrps
l  Compute q a =  U4 -  m3

8 Gather the preconditioned residual: q  =  £2 ^ = 1  9*

Algorithm D.4: Parallel Matrix-Vector Product for the Extended Schur Comple
ment System.

q = S p

(D.6)

9 end do

The parallelization of the matrix-vector product, along with the parallel precondi-
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tioning algorithm detailed in the previous section, permits an efficient distributed imple

mentation of Krylov subspace solvers to tackle the Schur complement system. Subber 

and Sarkar [84, 87, 181] developed a parallel preconditioned CGM solver for symmet

ric systems based on the preconditioner and matrix-vector product algorithms presented 

above as detailed in the next section. Similarly, a parallel preconditioned BICGSTAB 

solver is also developed to tackle non-symmetric systems as presented later.

D.3 Parallel Preconditioned Conjugate Gradient Method: 

Iterative Solver for the Extended Schur Comple

ment 

System

Algorithms D.3 and D.4 are employed by Subber and Sarkar to develop a parallel version 

of the preconditioned CGM algorithm (Appendix D .l) as detailed in Algorithm D.5 

[84, 87]. There are four global communication operations, two gathers (steps 4 and 16) 

and two scatters (steps 6 and 22). The operations performed locally, as indicated in the 

algorithm, are executed in parallel and the result is gathered at the head node.

D.3.1 Numerical Validation

For numerical validation of the parallel iterative solver based on the preconditioned 

conjugate gradient method, the stochastic diffusion problem is examined described as 

[176]:

V.(c(jc,0)Vu(jt,0)) =  f(x)  

u(x, 6) =  0

in D  x Q ,

on d D  x Q, ,
(D.7)
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1

Input: Initial iterate Xp0 
O utput: Interface solution X r
fo = Qr — S  Xp0

2 for i =  0 , 1 , . . . ,  do:
3 for each processor P a, s  — 1 ,2 ,  • • • , n s , do:
4 Scatter: r3 = TZs ri
5 Compute locally: zs =  [-4 fr ]_1 r8
6 Gather: Zi = 2s
7 end do
8 Pi = {fi i Zi)
9 if  i =  0  then

10 Pi+l =  Z*
11 else
12 Pi — P i !  Pi—I
13 P i+ l  =  Zi +  f i iP i
14 en d  if
15 for each processor P s , s  =  1 ,2 ,  • • • , n s , do:
16 Scatter: p s =  lZsp t+1
17 Compute locally: « i  =  A si r p a
18 Solve locally: A j r « 2  =  « i
19 Compute locally: « 3  =  « 2

20 Compute locally: « 4 =  A 3r r p s
21 Compute locally: qs = n 4 — m 3

22 Gather: f i+ 1  =  9 s
23 end do
24 Oti+l —  Pi /  ( P i+ l  i 9 i + l )
25 ‘* ’a + 1 =  +  O ii+ lP i+ 1
26 ri+ 1 =  r i ~  C*i+1 Qi+l
27 i f  iterate has converged, exit
28 end do

Algorithm D.5: Parallel Preconditioned Conjugate Gradient Method.
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in which the square D  =  (0, l )2 represents the spatial domain for the boundary value 

problem. The random diffusivity c is modeled as a lognormal random variable, i.e. 

c ~  LogN (/i, a2), whose third-order truncated polynomial chaos expansion given by

c «  exp ^  +  y  ̂  [1 +  cx£ +  o2 (£2 -  l) /2 +  cr3 (£3 -  3£) /6] . (D.8)

Here, £ is a Gaussian random variable having zero mean and unit variance. In this

special case of space-invariant diffusion coefficient, the governing equation Eq. (D.7) 

can be rewritten as

- c( e ) v2u(x,e) = f ( x ) .  (D.9)

The deterministic source function is chosen as

/  ( x ,  y )  =  27r2sin ( n x )  sin ( i ry)  , (D.10)

leading to the following analytical solution for the response

. sin ( ttx) sin ( i ry)
u ( x , y , 6 )  =  V V y) . (D.l 1)

C\V)

This solution satisfies both the governing equation and the homogeneous Dirichlet 

boundary value conditions. For fj. = 1 and a =  0.3, 1000 samples of £ are generated 

using Latin Hypercube Sampling (LHS) technique [121, 122] providing 1000 realiza

tions o f the diffusion coefficient c using Eq. (D.8). Finally, 1000 realizations of the 

solution process could be obtained using Eq. (D .ll), from which the ensemble mean 

and standard deviation are obtained as shown in Figs. D. 1.

The estimates in Figs. D.l are used as as approximations to the true mean and stan

dard deviation for validation purposes. The spatial domain is discretized into a fi-
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0 0.385 0 0.118

(a) (b)

Figure D.l: Validation of parallel PCGM solver: (a) MC ensemble 
mean of analytical response (b) MC ensemble standard deviation of

analytical response.

nite element mesh consisting of 19,694 linear triangular elements and 10,020 nodes 

as illustrated in Fig. D.2a. The spatial domain is decomposed into 20 subdomains as 

shown in Fig. D.2b resulting in a total of 344 global interface nodes. Using the parallel 

solver based on domain decomposition and preconditioned conjugate gradient method 

for SPDEs detailed in this section, the results in Fig. D. 1 will be reproduced. A third 

order PCE expansion for the solution process is used and the coefficients of the solution 

process are obtained using the domain decomposition method. The Krylov-subspace 

iterate is initialized to zero. The stopping criteria for the PCGM solver is

^  XrrJ  i f Fi ^ e  =  i o ~ 1 0  • ( D - 1 2 )II ||

The zeroth order PCE coefficient representing the mean response is shown in Fig. D.3a 

with the error plotted in Fig. D.3b. One can see that the error is approximately three or

ders of magnitude smaller that the actual mean response. The main contributors to the
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total error are (a) the finite element discretization error, (b) the MC sampling error in 

obtaining the “true” estimate, (c) the truncation error associated with a third order ex

pansion of the solution process, and (d) the error associated with the termination of the 

PCGM iterations once the stopping criteria is met. The standard deviation in the solution 

process is next examined as a measure of uncertainty in the response. The covariance 

matrix is a function of the first through third order PCE coefficients as in Eq. (6.26). 

The standard deviation of the response, computed as the square roots of the covariance 

matrix diagonal entries, along with the error are shown in Fig. D.4. Again, the error is 

approximately three orders of magnitude smaller than the actual standard deviation.

(a) (b)

Figure D.2: Validation of parallel PCGM solver: (a) Finite element 
mesh and (b) the partitioned domain.
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Figure D.3: Validation of parallel PCGM solver: (a) Mean of the 
solution process using the parallel solver based on domain 

decomposition and preconditioned conjugate gradient method and (b) 
associated error in comparison to MC ensemble mean of analytical

response.

0.000103

Figure D.4: Validation of parallel PCGM solver: (a) Standard deviation 
of the solution process using the parallel solver based on domain 

decomposition and preconditioned conjugate gradient method and (b) 
associated error in comparison to MC ensemble standard deviation of

analytical response.
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D.4 Parallel Preconditioned Biconjugate Gradient Sta

bilized Algorithm: Iterative Solver for the Extended 

Schur

Complement System

As illustrated in the previous section, a parallel preconditioner and a parallel distributed 

algorithm for the matrix-vector product involving the Schur complement matrix can be 

exploited to obtain a parallel version of the preconditioned CGM solver. This solver 

will be used in this thesis for systems with symmetric matrices. In a similar fashion, 

the parallel preconditioning and matrix-vector product algorithms can be used to par

allelize any Krylov subspace method. As discussed in Subsection D, BICGSTAB will 

be adapted to tackle large-scale non-symmetric systems. The following parallel version 

of preconditioned BICGSTAB method is used as outlined in Appendix D.2 exploiting 

the available parallel Algorithms D.3 and D.4. The parallel preconditioned BICGSTAB 

method is detailed in Algorithm D.6.

D.4.1 Numerical Validation

In this section the parallel iterative solver based on the preconditioned biconjugate gra

dient stabilized method and domain decomposition method outlined above will be vali

dated using the stochastic advection-diffusion equation given by [178]

— V • (c(x, 6) Vu(x,  6)) +  b(.x) • \ /u(x,  6) =  f (x)  in D x fi . (D.13)

The spatial domain D  used for this validation exercise is the unit square (0, l )2. The
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1

Input: Initial iterate X p 0 
O utput: Interface solution X p
fo  = Gr — <5 X p 0

2 Choose r  such that (r, r0 ) /  0, for exam ple r  = r0
3 for i =  0 , 1 , . . . ,  do:
4 2? II
5 i f  pi  =  0  m ethod fails
6 i f  i =  0 then
7 P i+ l  =  r i
8 else
9 f t  =  ( P i / p i - 1) ( a » M )

10 p i+ i = r i + 0 i ( p i - u j i V t )
11 end if
12 for each processor Ps, s =  1 ,2 , - - -  , n s, do:
13 Scatter: p s =  7Zs p i+1

14 Compute locally: p 9 — p s
15 Gather: p ^ T . ^ K j p 9
16 end do
17 for each processor Ps, s =  1 ,2 , ■ • • , n s, do:
18 Scatter: p s =  1Zs p
19 Compute locally: u \  =  A sI r p s
20 S olve locally: A 8n  « 2  =  « i
21 Compute locally: « 3  =  A sr j  « 2

22 Compute locally: « 4 =  A sr r p 3
23 Compute locally: vs =  — «3
24 Gather: vi+1 =  E l = i  Vs
25 end do
26 oti+1 =  P i /  (r, Vj+ i )
27 S — f i  Cki4-1
28 i f  norm o f  s  is small, set X p i+1 =  X p x +  « 1+] p  and exit
29 for each processor P3, s =  1 ,2 , • ■ • , n s, do:
30 Scatter: s s =  H 8 s

31 Compute locally: s 8 =  [-4^r ]_1 s 8
32 Gather: s  =  X)”= i T Z j  s 8
33 end do
34 for each processor Ps, s =  1 ,2, • • • , ns, do:
35 Scatter: s s =  TZS s
36 Compute locally: u \  =  A f r  s 8
37 Solve locally: A 8n  « 2  =  « i
38 Compute locally: « 3  =  A sn  « 2

39 Compute locally: « 4  =  A 8r r p s
40 Compute locally: f  =  1 1 4  — «3
41 Gather: * = £ ^ 7 ^
42 end do
43 U i + l  =

44 X p i + 1 =  X p i +  t t j+ ip  +  u>i+ 1 s
45 1 = S - U J i + i /

46 i f  iterate has converged, exit
47 end do

Algorithm D.6: Parallel Preconditioned Biconjugate Gradient Stabilized Method.
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diffusion coefficient c is modeled as a lognormal random variable, i.e. c ~  LogN (y, a 2),  

with a third-order truncated polynomial chaos expansion in Eq. (D.8). In this special 

case the governing equation Eq. (D. 13) can be written as

-  c ( 6 ) V 2u ( x ,  d)  +  b • 6 )  =  f { x )  . (D.14)

The case of zero right-hand side (i.e. /  =  0) and Dirichlet boundary value condi

tions of u  =  0 for the left boundary and u  = 1 for the right boundary is considered. 

Under these conditions and an advection velocity of b(jc) =  (1,0), the following analyt

ical solution satisfies both the governing equation and the imposed Dirichlet boundary 

conditions [178]
eim  -  i

u ( x , y , 6 )  = —i . (D.15)
e ^Fj — I

Similar to the validation experiments outlined in Section D.3.1,1000 samples of c are 

generated using using its truncated PCE representation and Latin Hypercube Sampling 

(LHS) technique [121,122] using an underlying Gaussian random variable having mean 

fx = 1 and standard deviation a =  0.3. These samples provide 1000 realizations of the 

solution process using Eq. (D. 15) resulting in an ensemble mean and standard deviation 

shown in Figs. D.5.

The mean and standard deviation estimates in Fig. D.5 will be used as the “true“ 

mean and standard deviation for validation of the parallel solver. The FEM discretiza

tion and domain decomposition of the spatial domain are illustrated in Fig. D.2 resulting 

in 19,694 linear triangular elements and 10,020 nodes for the FEM mesh decomposed 

into 20 subdomains. Using the parallel solver based on domain decomposition and 

preconditioned biconjugate gradient stabilized method, the PCE coefficients of a third 

order PCE expansion for the solution process are obtained. A zero initial value for the



0 1 0 0.0799

(a) (b)

Figure D.5: Validation of parallel BICGSTAB solver: (a) MC ensemble 
mean of analytical response (b) MC ensemble standard deviation of

analytical response.

Krylov-subspace iterate is used along with the stopping criteria given by Eq. (D. 12) with 

e —  H r15. The mean response, being the zeroth order coefficient, is shown in Fig. D.6a. 

The error between that estimate and the true mean response is given in Fig. D.6b, being 

roughly four orders of magnitude smaller than the true mean response. The covariance 

matrix is computed using Eq. (6.26) and the standard deviation of the response is sub

sequently obtained, along with the associated error, and plotted in Fig. D.7. The error 

in the standard deviation is relatively greater than the error in the mean, an observa

tion that is expected of estimates obtained using finite MC sampling and truncated PCE 

representations.
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Figure D.6: Validation of parallel BICGSTAB solver: (a) Mean of the 
solution process using the parallel solver based on domain 

decomposition and preconditioned biconjugate gradient stabilized 
method and (b) associated error in comparison to MC ensemble mean of

analytical response.

7.22e-09 0.0799 -4.96e-05 0.000105

(a) (b)

Figure D.7: Validation of parallel BICGSTAB solver: (a) Standard 
deviation of the solution process using the parallel solver based on 

domain decomposition and preconditioned biconjugate gradient 
stabilized method and (b) associated error in comparison to MC 

ensemble standard deviation of analytical response.



Appendix £

Equation of Motion for a 2D Airfoil 

with Quasi-Steady Aerodynamics

Based on thin airfoil theory and using a quasi-steady aerodynamic model, the equation 

of motion for a 2D airfoil undergoing heave, denoted by h, and pitch, denoted by 6, 

motion (see Fig E.l) is given by [198]

mcxf) •*

mh  H  —6  + dhh + khh = —L  (E. 1)

I  B A  e  +  - h  +  d g d  +  k e 0  =  M BA (E.2)

with the aerodynamic loads being

p U 2 n _ f n c ( l / 2  +  a h ) , L c { l / 2  +  a h ) , h ( c 2 ( 1 / 2  -  a h ) ( 1 / 2  +  a h ) c2 \ \= ^ -----   + h— - —  +  —-------------— j j

(E.4)

where m  represents the structural mass, Iea the mass moment of inertia, kh the spring 

stiffnesses in heave, kg the spring stiffnesses in pitch, c the chord length of the airfoil, 

x0 the mass offset aft of the elastic axis normalized by the half-chord length, L the

255
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aerodynamic lift, M e  a  the aerodynamic moment about the elastic axis, U the free flow 

airspeed, p the air density, s the span of the airfoil, and a/, the elastic axis offset aft of 

mid-chord normalized by the half-chord length. In Fig.E. 1, AC denotes the aerodynamic 

center being the point on the airfoil at which the aerodynamic moment remains constant 

with respect to changing angle of attack (in low angle range and high Reynolds Number) 

and EA denotes the elastic axis.

One can combine the structural and aerodynamic terms together and rewrite the above 

system of equations in matrix form as

/ / / / / / / /

Flow

Figure E. 1: Schematic of 2D airfoil with heave and pitch degrees of
freedom.

(E.5)

where

[M]  =
m m c x p

2 (E.6)
I e a

dh + pUcsn pUc^siT1/ 2̂ ah
(E.7)

(E.8)

pU c^STT dg  + p U C ASTT — 1-/—-- g h ) ( l / 2 + a h )
4

kh pU2csw

0 kg  — p U 2(P S7T 1/2̂ afa

Note that the two degrees of freedom h and 6 are coupled by the off-diagonal el-
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ements of the system matrices. There is coupling in the mass, damping and stiffness 

matrices. It is interesting to note that for both the mass and damping matrices, there 

is a two-way coupling. There is, however, a one-way coupling in stiffness. Physically, 

it means that a non-zero pitch angle would create a lift force for the heave degree of 

freedom for a static problem. However, a non-zero heave would not create a moment 

for the pitch degree of freedom.
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