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Abstract
The number of drones manufactured by many companies, such as DJI, Parrot, and
3D-Robotics, is always on the rise. Drones are widely used for commercial purposes,
such as the delivery of goods, surveying and monitoring public places. On the other
hand, drones can also be used to perform terrorist attacks or can be used to transport
illegal drugs. Thus, a fast and reliable drone detection technique is very much needed
to allow enough time for countermeasures in critical situations. Drones are considered complex targets which can range in size from 10 m2 to 0.01 m2 with symmetrical
shape and fluctuating radar cross section (RCS), hence low signal-to-interference-plusnoise ratio (SINR). Current radar systems with classical signal processing techniques
might fail to detect drones in low SINR environments with limited number of received snapshots. Multiple-input multiple-output (MIMO) radar systems with signal
processing methods in Riemannian space can be exploited to improve the probability
of drone detection, enhance the robustness of the direction of arrival estimation and
improve the minimum variance distortionless response beamforming by estimating
the interference-plus-noise covariance matrix in Riemannian space.
This dissertation utilizes uniform linear array (ULA) MIMO radar systems and
proposes two Riemannian geometry-based constant false alarm rate (CFAR) detectors, a direction of arrival estimation technique based on Riemannian mean and distance, and interference-plus-noise covariance matrix estimation for beamforming in
a Riemannian space. All proposed techniques exploit the regularized Burg algorithm (RBA) to convert each range bin into a Toeplitz Hermitian positive definite
(THPD) matrix, which represents a point on the Riemannian manifold. Although
Toeplitz structure is generated from ULA configurations, non linear array configurations would produce non-Toeplitz covariance matrices even if RBA guarantee Toeplitz
structure. The proposed Riemannian-Brauer matrix (RBM) CFAR detector is based
on the Riemannian distance between the Riemannian mean of the clutter-plus-noise
Brauer bound and the THPD covariance matrices of the outliers. Also, the proposed
ii

angle-based hybrid-Brauer (ABHB) CFAR detector is based on the calculated angle on the Riemannian manifold between the Riemannian mean and median of the
clutter-plus-noise Brauer bound and the THPD covariance matrix of the outliers. The
direction of arrival estimation problem is formulated as a linear search optimization
problem that searches for the minimum Riemannian distance between the Riemannian
mean of all THPD covariance matrices residing on the manifold and the Hermitian
positive definite (HPD) matrix for each of the steering vectors. The estimation of
the interference-plus-noise covariance matrix is formulated as a linear combination of
THPD covariance matrices where the weights of the linear combination operation are
based on the Riemannian distance between the Riemannian mean and each THPD
covariance matrix. The largest distance (potential target) will have zero weight and
the smallest distance will have maximum weight. Simulations and real data analysis validate the robustness and performance of all techniques in low SINR and small
sample size.

iii

Acknowledgments
First and foremost, I would to thank ALLAH, the most gracious, the most merciful
and the most beneficent for all His blessings and generosity all the time. Second, I
would like to thank my wife for her encouragement, support, patience and motivation.
Also, I would like to thank all my family for their support, especially my daughter
Reina and son Hassan.
I would like to express my deep and sincere gratitude to my supervisors, Professor
Richard Dansereau and Professor Sreeraman Rajan, for their motivation, support,
patience and funding. Also, a debt of gratitude is owed to Dr Bhashyam Balaji from
Defence Research and Development Canada for his support and motivation.
Last but not the least, I would like to thank Defence Research and Development
Canada and Natural Sciences and Engineering Research Council of Canada for their
support and funding.

iv

Contents

Abstract

ii

Acknowledgments

iv

Table of Contents

v

List of Tables

ix

List of Figures

x

Nomenclature

xiv

1 Introduction
1.1 Drone Detection and Motivation . . . . . . . . . . . . . . . . . . . .
1.2 Problem Statement and Research Objective . . . . . . . . . . . . .
1.2.1 Hypothesis Statement . . . . . . . . . . . . . . . . . . . . .
1.3 Dissertation Organization . . . . . . . . . . . . . . . . . . . . . . .
1.4 Contributions and Publications . . . . . . . . . . . . . . . . . . . .
1.4.1 Matrix CFAR Detector . . . . . . . . . . . . . . . . . . . . .
1.4.2 Direction of Arrival Estimation in Riemannian Space . . . .
1.4.3 Covariance Matrix Estimation for Beamforming Applications
2 Related Work and Fundamental Technology
2.1 Drone Detection Techniques . . . . . . . . . .
2.2 Radar Technology . . . . . . . . . . . . . . .
2.2.1 Multi-Antenna Radar Systems . . . . .
2.2.2 Basic Radar Detection . . . . . . . . .
2.2.3 Constant False Alarm Rate Concept .

v

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

1
1
3
3
4
5
5
6
6

.
.
.
.
.

8
8
10
12
13
16

2.3
2.4
2.5
2.6
2.7
2.8

Unmanned Aerial Vehicle . . . . . . .
Regularized Burg Algorithm . . . . .
Hermitian Positive Definite Matrices
Differential Geometry and Manifolds
2.6.1 Riemannian Manifold . . . . .
Eigenvalue Localization Techniques .
Conclusion . . . . . . . . . . . . . . .

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

3 Matrix CFAR Detection in Riemannian Space
3.1 Cell-Averaging CFAR Detector . . . . . . . . . . .
3.2 Signal Model and Detection Formulation . . . . . .
3.3 Riemannian Distance Based Detector . . . . . . . .
3.3.1 RD-CFAR Detector . . . . . . . . . . . . . .
3.4 Kullback-Leibler Detector . . . . . . . . . . . . . .
3.5 Riemannian-Brauer Based Detectors . . . . . . . .
3.5.1 Motivation . . . . . . . . . . . . . . . . . . .
3.5.2 Brauer Cluster Bound . . . . . . . . . . . .
3.5.3 Riemannian-Brauer Matrix CFAR Detector
3.5.4 Angle Based Hybrid-Brauer CFAR Detector
3.6 Simulations Results . . . . . . . . . . . . . . . . . .
3.7 Real Data Analysis . . . . . . . . . . . . . . . . . .
3.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

4 Direction of Arrival Estimation in the Riemannian Space
4.1 Uniform Linear Antenna Array and System Signal Model . .
4.2 Overview of DOA Estimation Techniques . . . . . . . . . . .
4.3 Riemannian Geometry-based DOA Estimation . . . . . . . .
4.3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . .
4.3.2 DOA Signal Model . . . . . . . . . . . . . . . . . . .
4.3.3 DOA Estimation in the Riemannian Space . . . . . .
4.4 Simulation Results . . . . . . . . . . . . . . . . . . . . . . .
4.5 Real Data Analysis . . . . . . . . . . . . . . . . . . . . . . .
4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . .

vi

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.

17
19
22
23
23
28
31

.
.
.
.
.
.
.
.
.
.
.
.
.

32
33
36
37
37
39
41
41
42
43
46
50
60
69

.
.
.
.
.
.
.
.
.

70
71
72
76
76
77
78
79
91
94

5 Covariance Matrix Estimation for Beamforming Applications
5.1 Array Signal Model and Adaptive Beamforming . . . . . . . . . . . .
5.1.1 Array Signal Model . . . . . . . . . . . . . . . . . . . . . . . .
5.1.2 MVDR Beamforming Algorithm . . . . . . . . . . . . . . . . .
5.2 Overview of Interference-plus-Noise Covariance Matrix Estimation
Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.3 Interference-plus-Noise Covariance Matrix Estimation in Riemannian
Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.3.1 Signal Model . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.3.2 Riemannian Geometry-based Interference-plus-Noise Covariance Matrix Estimation . . . . . . . . . . . . . . . . . . . . .
5.4 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.5 Real Data Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

103
104
110
113

6 Conclusion and Future Work
6.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . .
6.2 Limitations . . . . . . . . . . . . . . . . . . . . . . . . .
6.2.1 Covariance Matrix Structure . . . . . . . . . . . .
6.2.2 Antenna Array Configuration . . . . . . . . . . .
6.2.3 Minimum Number of Range Bins . . . . . . . . .
6.3 Future Work . . . . . . . . . . . . . . . . . . . . . . . . .
6.3.1 Antenna Configurations . . . . . . . . . . . . . .
6.3.2 Geometric Means and Medians . . . . . . . . . .
6.3.3 Cramér-Rao Lower Bound . . . . . . . . . . . . .
6.3.4 Micro-Doppler Signature in Riemannian Space . .
6.3.5 Target Detection and Classification with Manifold

114
114
115
115
116
116
116
116
117
117
117
117

. . . . . .
. . . . . .
. . . . . .
. . . . . .
. . . . . .
. . . . . .
. . . . . .
. . . . . .
. . . . . .
. . . . . .
Learning

.
.
.
.
.
.
.
.
.
.
.

95
96
96
98
99
101
102

List of References

119

Appendix A DOA Estimation Techniques
A.1 Conventional DOA Estimation . . . . . . . . . . . .
A.1.1 Delay and Sum Technique . . . . . . . . . .
A.1.2 Minimum Variance Distortionless Response .
A.2 Subspace Based DOA Estimation . . . . . . . . . .

130
130
130
132
133

vii

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

A.2.1 MUSIC Algorithm . . . . . . . . . . . . . . . . . . . . . . .
A.2.2 ESPRIT Algorithm . . . . . . . . . . . . . . . . . . . . . . .
A.3 Compressive Sensing and Weighted Spatial Filter DOA Techniques
A.3.1 Compressive Sensing `2,1 DOA estimation . . . . . . . . . .
A.3.2 Weighted Spatial Filter `2,1 DOA Estimation . . . . . . . . .

.
.
.
.
.

133
135
139
139
142

Appendix B Interference plus Noise Covariance matrix Estimation
B.1 Sample Covariance Matrix with Adaptive Diagonal Loading . . . . .
B.2 Shrinkage Algorithm for Covariance Matrix Estimation . . . . . . . .
B.3 Subspace Based Interference-plus-Noise Covariance Matrix Estimation
B.4 Sparsity-Based Interference-plus-Noise Covariance Matrix Estimation

145
145
147
149
151

viii

List of Tables
3.1

AWR1642 automotive radar specifications. . . . . . . . . . . . . . . .

ix

60

List of Figures
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12
3.1
3.2
3.3
3.4
3.5

3.6
3.7
3.8

Block diagram of a typical conventional radar. . . . . . . . . . . . . .
Radar range and range resolution. . . . . . . . . . . . . . . . . . . . .
A typical 4 antenna element phased array radar transmitter. . . . . .
A typical 2 × 2 MIMO radar system. . . . . . . . . . . . . . . . . . .
ROC curves non-fluctuating target. . . . . . . . . . . . . . . . . . . .
General CFAR processor. . . . . . . . . . . . . . . . . . . . . . . . . .
Yuneec Typhoon H drone. . . . . . . . . . . . . . . . . . . . . . . . .
Tangent space of the manifold M at point P and the projection of P1
onto the tangent of point P. . . . . . . . . . . . . . . . . . . . . . . .
Riemannian distance between two HPD covariance matrices P and P1
on the Riemannian manifold M. . . . . . . . . . . . . . . . . . . . . .
Riemannian mean of the HPD covariance matrices on the Riemannian
manifold M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Typical Gershgorin discs for real eigenvalues. . . . . . . . . . . . . .
Gershgorin and Brauer discs for the maximum eigenvalue of covariance
matrix R. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Gaussian probability density functions of noise and target. . . . . . .
Cell averaging CFAR detector based on FFT. . . . . . . . . . . . . .
Riemannian distance CFAR detector. . . . . . . . . . . . . . . . . . .
KLB based matrix CFAR detector. . . . . . . . . . . . . . . . . . . .
Example of Brauer cluster bound for clutter-plus-noise eigenvalues and
maximum eigenvalues of potential targets THPD covariance matrices
with their associated Brauer discs. . . . . . . . . . . . . . . . . . . . .
RBM-CFAR detector. . . . . . . . . . . . . . . . . . . . . . . . . . .
Clutter-plus-noise THPD covariance matrices cluster bound and
THPD covariance matrices of potential targets. . . . . . . . . . . . .
Geodesical triangle showing the angle at potential target on the manifold.
x

10
11
13
14
16
17
19
24
26
28
29
30
35
36
38
40

44
45
46
47

3.9 ABHB-CFAR detector. . . . . . . . . . . . . . . . . . . . . . . . . . .
3.10 Typical collocated 8 × 8 ULA antenna system with a drone target. . .
3.11 Typical collocated 8 × 8 RSLA antenna system with internal antennas
spacing [0.3λ, 0.9λ, 1.75λ, 0.25λ, 0.15λ, 2.1λ, 0.4λ] and drone target.
3.12 Performance comparison of the CA-CFAR, RD-CFAR, KLB-CFAR,
RMB-CFAR and ABHB-CFAR detectors with different Pf . . . . . . .
3.13 Detection performance curves for original and scaled signal and noise.
3.14 Brauer bound for clutter-plus-noise and potential target at the 9th
range bin for ULA and RSLA configurations for 5 dB SNR. . . . . . .
3.15 Detection performance of RBM and ABHB CFAR detectors for 16
snapshots pulse under 5 dB SNR. . . . . . . . . . . . . . . . . . . . .
3.16 Detection performance of CA-CFAR, RD-CFAR, KLB-CFAR, RBMCFAR and ABHB-CFAR detectors for pulse 1 for ULA. . . . . . . . .
3.17 Detection performance of CA-CFAR, RD-CFAR, KLB-CFAR, RBMCFAR and ABHB-CFAR detectors for pulse 1 for RSLA. . . . . . . .
3.18 Performance comparison of ABHB and RBM CFAR detectors for ULA,
SPLA and RSLA for Pf = 10−4 . . . . . . . . . . . . . . . . . . . . . .
3.19 Box plot for ABHB-CFAR and RBM-CFAR detectors for ULA, SPLA
and RSLA configurations. . . . . . . . . . . . . . . . . . . . . . . . .
3.20 Brauer bound for clutter-plus-noise and potential targets at the 9th
and 10th range bins for pulse 1. . . . . . . . . . . . . . . . . . . . . .
3.21 Brauer bound for clutter-plus-noise and potential targets at the 11th
and 12th range bins for pulse 2. . . . . . . . . . . . . . . . . . . . . .
3.22 Brauer bound for clutter-plus-noise and potential targets at the 13th
and 14th range bins for pulse 3. . . . . . . . . . . . . . . . . . . . . .
3.23 Detection performance of the RBM-CFAR detector for three consecutive pulses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.24 Detection performance of the ABHB-CFAR detector for three consecutive pulses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.25 Detection performance of the CA-CFAR, the RD-CFAR, the KLBCFAR, the RBM-CFAR and the ABHB-CFAR detectors for pulse 1. .
3.26 Detection performance of the CA-CFAR, the RD-CFAR, the KLBCFAR, the RBM-CFAR and the ABHB-CFAR detectors under scaled
SNR for pulse 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xi

49
51
52
54
55
55
56
57
58
59
59
61
62
63
64
65
66

67

3.27 Performance comparison of the CA-CFAR, the RD-CFAR, the KLBCFAR, the RBM-CFAR and the ABHB-CFAR detectors for different
Pf . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.1 ULA structure with signal impinging from a particular direction. . . . 71
4.2 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=10
dB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.3 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=0
dB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.4 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=-5
dB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.5 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=-10
dB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.6 DOA estimation with different sample sizes at SNR = 10 dB. . . . . . 86
4.7 DOA estimation with different SNRs at K= 32. . . . . . . . . . . . . 86
4.8 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for different
closely spaced targets at 10 dB SNR and 16 snapshots. . . . . . . . . 87
4.9 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for different
closely spaced targets at −10 dB SNR and 8 snapshots. . . . . . . . . 88
4.10 Spatial spectrum of RGDOA for ULA and RSLA configurations for 16
snapshots under different SNRs. . . . . . . . . . . . . . . . . . . . . . 89
4.11 RMSE between true DOA and the RGDOA estimates for ULA and
RSLA configurations for 8 snapshots for different SNRs. . . . . . . . . 90
4.12 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for original
data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.13 Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for scaled SNR. 93
5.1 Block diagram of adaptive beamforming system. . . . . . . . . . . . 97
5.2 Siegel distance between the asymptotic interference-plus-noise covariance and diagonally loaded, shrinkage, subspace, sparse and Riemannian geometry interference-plus-noise covariance matrices. . . . . . . 106
5.3 MVDR beamforming for different interference-plus-noise covariance
matrix estimation techniques at SNR=10 dB. . . . . . . . . . . . . . 107
5.4 MVDR beamforming for different interference-plus-noise covariance
matrix estimation techniques at SNR=0 dB. . . . . . . . . . . . . . . 108

xii

5.5

MVDR beamforming for different interference-plus-noise covariance
matrix estimation techniques at SNR=-10 dB with mismatch θi = 28
degrees. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.6 MVDR beamforming for different interference-plus-noise covariance
matrix estimation techniques for original data. . . . . . . . . . . . . .
5.7 MVDR beamforming for different interference-plus-noise covariance
matrix estimation techniques for scaled SNR. . . . . . . . . . . . . . .
A.1 Illustration of the classical beamforming structure. . . . . . . . . . . .
A.2 Comparison of MVDR and MUSIC estimation methods. Two signals
of equal power at an SNR of 20 dB arrive at an 8-element uniformly
spaced array with an inter-element spacing equal to half a wavelength
at angles 15 and 17 degrees respectively. . . . . . . . . . . . . . . . .

xiii

109
111
112
131

136

Nomenclature
Acronym

Meaning

ABHB

angle-based hybrid Brauer

BD

Brauer disc

CA

cell-averaging

CA-CFAR

cell-averaging constant false alarm rate

CFAR

constant false alarm rate

CPI

coherent processing interval

CS

compressive sensing

CUT

cell under test

DARPA

Defense Advanced Research Projects Agency

DAS

delay and sum

DOA

direction of arrival

DSSS

direct sequence spread spectrum

EINC

estimated interference-plus-noise covariance

EO/IR

electro-optical/infrared

ESPRIT

estimation of signal parameters via rotational invariance technique

FFT

fast Fourier transform

FHSS

frequency hoping spread spectrum

FMCW

frequency-modulated continuous-wave

xiv

GC

guard cells

GLRT

generalized likelihood ratio test

GPS

global positioning system

INC

interference-plus-noise covariance

HPD

Hermitian positive-definite

KLB

Kullback–Leibler

LRT

likelihood ratio test

LW

Ledoit and Wolf

MIMO

multiple input multiple output

MSE

mean-squared error

MVDR

minimum variance distortionless response

MUSIC

multiple signal classification

NP

Neyman-Pearson

PA

phased array

PD

positive definite

PDF

probability density function

PRD

passive radio detection

PRI

pulse repetition interval

RBA

regularized Burg algorithm

RBM

Riemannian Brauer matrix

RC

reference cells

RCS

radar cross section

RD

Riemannian distance

RG

Riemannian geometry

RMSE

root-mean-square error
xv

ROC

receiver operating characteristics

RS-INC

Riemannian space-based interference-plus-noise covariance

RSLA

randomly spaced linear array

SCR

signal-to-clutter ratio

SINR

signal-to-interference-plus-noise ratio

SNR

signal-to-noise ratio

SOI

signal of interest

SPLA

slightly perturbed linear array

THPD

Toeplitz Hermitian positive definite

UAS

unmanned aerial systems

UAV

unmanned aerial vehicles

ULA

uniform linear antenna

WSF

weighted spatial filter

xvi

Chapter 1

Introduction
1.1

Drone Detection and Motivation

Drones or unmanned aerial vehicles (UAV) are aircraft devices that are capable of
flying above ground and carrying out missions without direct human piloting, not
only for defense purposes but also for commercial, professional, and entertainment
applications. Radio controlled drones can be obtained at an affordable price in a large
variety of models, from a micro quad-copter, which can hold a small camera, up to a
large multi-copter, which can carry a payload of several kilograms. Affordability by
both common people and commercial organizations have led to an increase in use of
drones in various applications. Drones can be used for surveillance missions, securing
private facilities and borders, environmental inspection and as a flying hobby. On
the other hand, drones can also be used as a spying tool, can be used to transport
biological or chemical weapons to perform terrorist attacks or can be used to transport
illegal drugs. Even friendly drones can be a potential risk if they get out of control
or fly toward people, buildings or airports [1]. Therefore, a fast and reliable drone
detection technique is need as a countermeasure for such threats.
In 2016, Defense Advanced Research Projects Agency (DARPA) released a public
request for identifying new methods and approaches for fast detection, identification
and neutralization of small unmanned aerial systems (UAS) [2]. A new protection
program was initiated by DARPA to counter drone attacks by integrating the best
solutions response received as responses to the public request. Fast and reliable
drone detection technique would be a stringent requirement for such countermeasure
systems.

1
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Several sensor-based passive detection techniques, such as acoustic [3], electrooptical/infrared (EO/IR) [4], passive radio [5] and other non sensor-based techniques
like shooting and netting [6] are used to detect drones. Each of these techniques has
it own capabilities in detecting drones. For instance acoustic systems can sense the
oscillating parts of a potential target regardless of its size, EO/IR can detect the
heat generated by a drone’s motor and passive radio can monitor the communication
channel between the drone and its operator. These techniques fail when the drones
are auto-piloted and no radio-frequency waves are emanated or perform poorly in
dark, misty or noisy environments.
Radar systems can provide long range sensing capabilities day and night in allweather and light conditions, along with the possibility of quantifying range, direction
of arrival and velocity concurrently. These advantages has led to successful applications of radar in civil, automotive and military applications [7]. However, UAVs
exhibit characteristics which are difficult to detect by typical conventional radar, such
as low radar cross section (RCS), low-flying in urban areas, confusion with birds [8],
unconventional flight patterns with small Doppler change and slow flying in a cluttered environment [9]. Also, modern radars might fail to detect drones in the presence
of terrain masking effects, strong ground clutter or jamming by opponents. These
issues cannot be solved with standard classical signal processing methods. One of the
ways to overcome the signal processing challenges is to explore the drone detection
problem from the Riemannian space perspective.
Riemannian space is a branch of differential geometry which is characterized by a
mathematical object called a manifold. The Riemannian statistical manifold exploits the information geometry present in the space of probability distributions
parametrized by their covariance matrices [10]. Signal processing in Riemannian
space can be effective in the presence of small sample size due to its powerful statistical representations and entropy-based covariance matrix estimation. Riemannian
metrics, such as distance and angle, are considered powerful tools in manipulating
points on the Riemannian manifold. Each range bin of the received signal can be
converted into a Toeplitz Hermitian positive definite matrix (THPD) residing on the
the Riemannian manifold represents, where its eigenvalues can be localized using
Brauer disc theorem [11]. The Toeplitz structure of the THPD covariance matrices
are generated from uniform linear arrays as opposed to non-linear array configuration
which generate non-Toeplitz covariance matrices. The drone detection and estimation
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problems can be improved by exploiting the statistical Riemannian manifold and the
Brauer disc theorem.

1.2

Problem Statement and Research Objective

UAVs and micro-drones are becoming more available to the general public for leisure
activities and exploited in commercial applications. However, there are growing concerns for accidental or even criminal misuses of these platforms. There are many
challenges in detecting low flying drones in an urban contested environment [12].
Drones may not be detected by radar at all or may appear and disappear from radar’s
view. As a consequence, radar echo signals from drones might appear only in limited
number of range bins (snapshots). This might lead to inaccurate estimation of the covariance matrix (rank-deficient) [13], and therefore leading to poor performance when
classical signal processing methods for detection are considered. In addition, drones
may vary in size from 10 m2 to 0.01 m2 with symmetrical shape and fluctuating RCS;
hence, detection has to be performed under low signal-to-interference-plus-noise ratio
(SINR) [8] conditions.
Drone detection using classical radar detection techniques and the standard estimation methods like subspace and sparsity may deteriorate under low SINR and
limited number of received snapshots situations. The drone detection problem can
be explored in the Riemannian space where every range bin is converted to a Hermitian positive definite covariance matrix representing a point on the Riemannian
manifold [14,15]. Riemannian and Euclidean metrics can be exploited to improve the
probability of detection, estimate the direction of arrival and the interference-plusnoise covariance matrix for beamforming applications.

1.2.1

Hypothesis Statement

It is hypothesised that the probability of drone detection and direction estimation
can be further improved by employing Brauer disc theorem and exploiting signal
processing in a Riemannian space. These approaches are believed to be effective in
low SINR environment and for limited number of received radar snapshots.
The focus of this dissertation is to test the effectiveness of using Riemannian metrics in addition to Brauer disc theorem to improve the signal processing of drone
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detection, direction of arrival estimation, and interference-plus-noise covariance matrix for beamforming applications.

1.3

Dissertation Organization

As discussed in the previous sections, this dissertation focuses on drone detection and
parameter estimation in a Riemannian space.
Chapter 2 focuses on literature review of drone detection techniques and introduces radar technology with a focus on multi-antenna radar systems and the concepts
of CFAR detection. Also, the chapter provides a discussion on the Riemannian space
of Hermitian positive definite (HPD) covariance matrices and Riemannian metrics,
in addition to the eigenvalue localization techniques, such as, Gershgorin and Brauer
disc theories.
Chapter 3 provides a background on fast Fourier transform, Riemannian distance and Kullback-Leibler CFAR detectors. In addition, it also proposes a new
CFAR detector, Riemannian Brauer matrix (RBM), which is based on the Riemannian distance between Riemannian mean of the clutter-plus-noise THPD covariance
matrices and potential targets’ THPD covariance matrices. Furthermore, it proposes
another new detector, angle-based hybrid Brauer (ABHB) CFAR, that exploits the
Euclidean tangent space and Riemannian geodesical distances between Riemannian
mean THPD covariance matrix, Riemannian median THPD covariance matrix and
potential target THPD covariance matrix to compute the Riemannian angle at the
potential target point on the Riemannian manifold. Furthermore, this chapter examines the performance of RBM-CFAR and ABHB-CFAR detectors for non-uniform
linear array configuration in comparison with uniform linear array configuration. The
performance of the RBM-CFAR and ABHB-CFAR detectors are validated using simulations and real data.
Chapter 4 presents a brief introduction to the direction of arrival (DOA) estimation techniques, multiple signal classification (MUSIC), estimation of signal parameters via rotational invariance technique (ESPRIT), minimum variance distortion-less
response (MVDR) algorithms and compressive sensing with weighted spatial filter
technique. In addition, it proposes a new Riemannian geometry-based direction of
arrival (RGDOA) optimization technique, based on finding the minimum Riemannian distance between Riemannian mean of all THPD covariance matrices residing
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on the Riemannian manifold and steering vectors covariance matrices for DOA angles.
Furthermore, this chapter investigates the affect of non-uniform linear array configuration on the RGDOA estimation technique in comparison with uniform linear array
configuration. Simulations and real data analysis show that RGDOA maintained a
robust performance for small sample size and low SNR.
Chapter 5 introduces a brief background on MVDR optimal beamforming and
provides a brief introduction to the covariance matrix estimation techniques: sample covariance, adaptive diagonally loaded sample covariance, shrinkage algorithm,
subspace-based interference-plus-noise covariance matrix estimation, sparsity-based
interference-plus-noise covariance matrix estimation. In addition, it presents the Riemannian geometry based interference-plus-noise covariance matrix estimation technique. Also, it proposes a new interference-plus-noise covariance (INC) matrix estimation technique to increase the signal-to-noise ratio through MVDR beamforming.
This technique is based on linear combination of THPD covariance matrices, where
the weights are the max-min normalization of the Riemannian distance between the
Riemannian mean and each of the THPD covariance matrices residing on the Riemannian manifold. Furthermore, simulations and real data analysis demonstrate the
better performance of the INC in comparison with other covariance matrix estimation
techniques through MVDR beamforming.
Chapter 6 concludes this dissertation and provides a brief summary of the contributions. Moreover, it provides future research direction.

1.4

Contributions and Publications

The following are the main contributions of the dissertation and the associated publications that have come out of this research work.

1.4.1

Matrix CFAR Detector

The contributions of Chapter 3 are:
• A new technique based on Brauer disc theorem to cluster clutter-plus-noise
Hermitian positive definite covariance matrices.
• A Riemannian Brauer matrix (RBM) constant false alarm rate (CFAR) detector, which is based on the Riemannian distance between the Riemannian mean
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of the clutter-plus-noise cluster and any outliers (potential targets).
• An angle-based hybrid Brauer (ABHB) CFAR detector that utilizes Euclidean
tangent space and Riemannian geodesical distances between Riemannian mean
of the clutter-plus-noise cluster, Riemannian median of the clutter-plus-noise
cluster and potential target points. The Riemannian detection angle at the potential target on the manifold is computed using law of cosines on the manifold.
The contributions of chapter 3 have been accepted for publication in IEEE Access
journal:
• H. Chahrour, R. Dansereau, S. Rajan and B. Balaji, “Target detection through
Riemannian Geometric Approach with Application to Drone Detection”, accepted to IEEE Access.

1.4.2

Direction of Arrival Estimation in Riemannian Space

The contributions of Chapter 4 are:
• A Riemannian geometry direction of arrival (RGDOA) technique formulated as
a distance optimization problem between the Riemannian mean and the steering
vector covariance matrix for all possible direction of arrival angles.
• The solution for RGDOA distance optimization problem is a linear search for
the minimum distance that corresponds to the direction of arrival estimate.
The following publication is related to this contribution:
• H. Chahrour, R. Dansereau, S. Rajan and B. Balaji, “Direction of Arrival Estimation using Riemannian Mean and Distance”, 2019 IEEE Radar Conference
(RadarConf), Boston, MA, USA, Apr. 2019, pp. 1–5.

1.4.3

Covariance Matrix Estimation for Beamforming Applications

The contributions of Chapter 5 are:
• The estimated interference-plus-noise covariance (EINC) matrix formulated as
a linear combination of the Toeplitz Hermitian positive definite (THPD) covariance matrices residing on the Riemannian manifold.
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• The weights of the linear combination operation based on the max-min normalization of the Riemannian distance between the Riemannian mean and each
THPD covariance matrix on the manifold, where the largest Riemannian distance (potential target) will have a zero weight and the smallest distance will
have maximum weight.
• The EINC improves the minimum variance distortionless response beamforming
which leads to increase in the target’s SNR.
This contribution was published in the following conference paper:
• H. Chahrour, R. Dansereau, S. Rajan and B. Balaji, “Improved Covariance Matrix Estimation using Riemannian Geometry for Beamforming Applications”,
2020 International IEEE Radar Conference (RadarConf), Washington, DC,
USA, Apr. 2020, pp. 693–697.

Chapter 2

Related Work and Fundamental
Technology
This chapter provides brief summaries of the state-of-art technologies used for drone
detection. Also, it discusses briefly the concept of radar and its multi-antenna configurations, such as phased array and multiple input multiple output (MIMO) radar
systems, and the concept of constant false alarm rate (CFAR) detection. Furthermore,
this chapter defines UAV and its functionality and provides background information
on Hermitian positive definite matrices and its Riemannian space. Finally, the chapter explores briefly the mathematical concept of eigenvalue localization techniques,
such as Gershgorin and Brauer disc theorems.

2.1

Drone Detection Techniques

There are many techniques used to detect drones, such as acoustic, electro-opticalinfrared, passive radio and radar systems.
Acoustic sensors are based on the sound of acoustic wave energy produced by
oscillating parts of a potential target, and the detection of target using acoustic
sensors does not depend on the target size [16, 17]. Acoustic systems usually consist
of a microphone array that detects pressure changes created during wave transmission.
Typically, drones produce hissing or buzz-like sound in frequencies ranging from 400
Hz to 8 kHz and a unique acoustic signature can be extracted and separated from
background noise using different audio analysis techniques [18]. The localization of
drones using acoustic systems is based on estimating the time difference of arrival
of the received audio signal [19]. Although acoustic sensors are easy to obtain, they
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fail to provide a precise location of a drone due to extreme environmental noise and
limited detectable range.
Electro-optical-infrared (EO/IR) systems consist of high resolution digital video
cameras, thermal and scanning sensors which generate a 2D heat image of potential
targets [20]. EO/IR sensors collect environmental information in the visible and infrared light spectrum, which incorporates electromagnetic radiation with wavelengths
between 400 nanometres and 1 millimetre. In addition, some EO/IR systems are capable of detecting, tracking and identifying drones by imaging the heat emitted by the
drone’s electric motor, paired with image analysis software [4]. Furthermore, EO/IR
sensors are completely passive and are able to detect non-emitting (RF silent) drones.
Even though EO/IR are efficient for detecting drones in both day and night, they cannot differentiate between complex background noise and targets and sometimes suffer
from thermal image saturation which limits the efficiency of the detection process [21].
Passive radio detection (PRD) is based on a wideband radio spectrum analyser
which monitors the two way communication channels between the drone and the
operator [5]. PRD sensors analyze the radio signatures and modulations specific to
drone signals and are capable of identifying certain drone models and manufacturers
as well as locating the signal’s transmission origin (operator) [22]. In addition, PRD
sensors employ several signal processing techniques, like direction finding, received
signal strength indicator and time difference of arrival to help localize the source of
a drone associated signal. Although a PRD sensor can be very effective in detection
drones, some radio control protocols used by drone communication links are hard
to detect and break such as direct-sequence spread spectrum (DSSS) and frequencyhoping spread spectrum (FHSS) [23], and auto-piloted drones can be invisible to the
PRD systems.
Radar systems can provide good capabilities in comparison with other detection
systems. Radar systems can operate day and night, in all weather conditions, and can
measure range, direction of arrival and Doppler shift. Conventional radar systems
may encounter difficulties detecting low flying small complex targets, e.g. a small
symmetrical shaped drone made of non-reflective material and with a small RCS [24].
Theoretically, modern radars can be an effective sensor in detecting a variety of targets
in contested and cluttered environments. However, radar detection of small targets
like drones present challenging factors, like low flying altitude with reduced Doppler
shift and small RCS in urban areas [25]. In addition to challenging factors, drones
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need to be differentiated from biological targets, like birds and insects, which may
have comparable RCS and flying pattern [8].

2.2

Radar Technology

Radar is a detection system that uses radio waves to detect objects and estimate
their ranges, velocities and directions. Radar systems transmit electromagnetic waves
toward an object and process echo waves to determine the range, velocity, direction
of arrival and altitude [26]. It can be used to detect aircraft, spacecraft, drones, ships,
ballistic or guided missiles, motor vehicles, clouds and hurricanes.
Radar systems generally consist of a transmitter which is responsible for producing
an electromagnetic signal to be radiated into space by an antenna. Antennas are key
components in radar systems which receive the reflected signal and feed it to the
receiver. The receiver responsibility is to process the reflected signal to determine
the geographical statistics of the object. The range is determined by calculating the
time taken by the signal to travel from the radar to the target and back. The target’s
direction of arrival can be calculated from the angle that maximizes signal to noise
ratio. In addition, the speed information of the target is extracted from the Doppler
effect [27]. A block diagram of a typical conventional radar is depicted in Fig. 2.1.

Antenna

Transmitter
Duplexer
Receiver

Figure 2.1: Block diagram of a typical conventional radar.
Radar systems can be categorized into two types: monostatic and bistatic. Monostatic radars have the transmitter and the receiver collocated while the transmitter
and receiver of the bistatic radar are far apart [28]. In addition, radar systems can be
further categorized into continuous waveform radar and pulse radar. The continuous
waveform radar transmits a single continuous waveform while the pulse radar transmits multiple pulses every pulse repetition interval (PRI). Each PRI is evenly divided
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into a number of range cells or snapshots. The time delay td of the reflected signal
from a target is directly related to the distance between the radar and the target.
The distance between the radar and the target is called the range RT and can be
computed as [29]
RT =

ctd
2

(2.1)

where c is the speed of light and the factor 2 accounts for the round trip of the radar
signal illuminating the target and back. The range resolution ∆r of the radar can be
calculated using
∆r =

c
2B

(2.2)

where B is the bandwidth of the radar. Figure 2.2 shows the range resolution and
how the range is evenly divided into range cells for a typical radar. This dissertation
focuses only on monostatic radar and the simulations are based on pulsed radar.

Figure 2.2: Radar range and range resolution.
In addition, the velocity of a moving target can be extracted from the Doppler
frequency shift in the returned signal. The Doppler frequency shift is proportional to
the component of velocity in the direction of the radar. The magnitude of the Doppler
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shift is maximum when the target is travelling toward or away from the radar. The
Doppler shift is zero when the target is crossing orthogonally to the radar [30]. The
Doppler frequency can be defined as
fd =

2vr
cos ζ
λ

(2.3)

where vr is the radial speed of a target, λ is the wavelength and ζ is the angle between
velocity vector of the target and look angle of the radar. The Doppler frequency of a
target can be extracted by applying a p-point discrete Fourier transform (DFT) for
each discrete time index n along the pulse repetition interval [31].

2.2.1

Multi-Antenna Radar Systems

Multi-antenna radar systems have been in service since World War II for military and
aviation purposes. One of the most popular radar configurations is the phased-array
(PA) radar system. PA radars utilize multiple transmitters and multiple receivers with
collocated antenna elements. A single waveform is fed to multiple transmitter antenna
elements that are equipped with a phase shifter each to create constructive and destructive interference to steer the transmitted energy toward a desired direction [32]
as shown in Fig. 2.3. At the receiver array, the received signals can be beamformed
by steering to the direction that maximizes the signal-to-noise ratio (SNR). There
are two types of beamforming, analog and digital. Analog beamforming is based on
phase shifters in the different receiver architectures and digital beamforming is based
on adaptive processing. Digital beamforming offers several advantages over its analog
counterpart, including the capability to steer multiple simultaneous beams [33] and
the possibility to implement single and multiple sidelobe cancellers [34].
Another important type of multi-antenna radar system is the multiple-input
multiple-output (MIMO) radar. MIMO radar also employs multiple transmitter and
multiple receiver elements with multiple waveforms which can be correlated or uncorrelated (orthogonal) [35]. MIMO radars offer more degrees of freedom which lead
to improved angular resolution, spatial diversity, larger area coverage, improved parameter identifiability, and more flexibility for transmit beampattern design [36] in
comparison to the PA systems. Additionally, MIMO radars can synthesize larger virtual arrays which increase both the resolution and the number of targets that can be
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Figure 2.3: A typical 4 antenna element phased array radar transmitter.

detected [37]. On the other hand, MIMO radar illuminates a target with lower gain
during transmission since it covers more volume space and it requires a longer coherent processing interval (CPI) to maintain the same SNR as a phased array radar [38].
In addition, MIMO radar increases the signal processing complexity due to extra
matched filters at the receiver side [39]. A typical MIMO radar system is shown in
Fig. 2.4.
Millimeter wave MIMO radars are ideal for surveillance tasks and allow high
range resolution, however they are limited in detectable range due to their higher
operating frequencies. Texas Instruments AWR1642 MIMO radar, which is based on
frequency-modulated continuous-wave technology, can be used for many applications,
such as, automotive and drone detection. On the other hand, pulsed radars provide
range accuracy and better Doppler performance for low speed targets [26], like minidrones in comparison with continuous radar. This dissertation exploits the AWR1642
continuous returned signals to generate pulses with limited number of range bins to
investigate the performance of detection and estimation techniques in Riemannian
space. More details of the Texas Instruments AWR1642 MIMO radar are given in
Sec. 3.7.

2.2.2

Basic Radar Detection

Radar can perform many functions such as detection, tracking and imaging. The
primary function of radar is to detect targets or examine whether a radar measurement
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Figure 2.4: A typical 2 × 2 MIMO radar system.
is an echo from a target or simply represents background noise or clutter. Range
detection is the simplest detection case where each range bin (fast time sample) for
each pulse can be individually examined to determine if a target is present at the range
corresponding to the range bin. The number of range bins can be in the thousands
or more, so the radar can be making thousands of detection decisions per second [31].
The detection problem can be formulated as the hypotheses testing problem


H0 : y = n

(2.4)


H1 : y = s + n.
The first hypothesis H0 represents the null hypothesis and H1 represents the alternative hypothesis. Under the null hypothesis H0 , the received signal consists of background noise or clutter and under the alternative hypothesis H1 , the received signal
contains target plus background noise or clutter. The detection analysis can be viewed
from a statistical point of view where the probability density function (PDF) of the
received signal can be examined under the H0 and H1 hypotheses [40]
• py (y|H0 ) PDF of y when target not present;
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• py (y|H1 ) PDF of y when target is present.
The classical approach of hypothesis testing is based on the Neyman-Pearson (NP)
theorem and the Bayesian minimization of Bayes’ risk. In context of radars, the NP
criterion is designed to maximize the probability of detection Pd under a constraint
that the probability of false alarm does not exceed a set constant. This leads to the
likelihood ratio test (LRT) decision rule [41]
py (y|H1 ) H1
≷ −T
py (y|H0 ) H0

(2.5)

where T is a Lagrange multiplier factor.
For the case of detection in Gaussian noise with variance β 2 , the joint PDFs of
N -dimensional normal distribution for both hypotheses can be written as
py (y|H0 ) =

N
−1
Y


 
1 yn
p
exp −
2 β
2πβ 2

(2.6)




1 yn − m
p
exp −
2
β
2πβ 2

(2.7)

n=0

py (y|H1 ) =

N
−1
Y
n=0

1

1

where m is the sample mean of the received signal. Applying the log-LRT, the
probability of false alarm Pf can be derived to be [42]
"
1
Pf =
1 − erf
2

T
p

2N β 2

!#
(2.8)

where T is the detection threshold and erf is the error function. In addition, the Pd
can be derived to be
r 

1
χ
−1
Pd = erfc erfc (2Pf ) −
(2.9)
2
2
where erfc is the complementary error function and χ is the estimated signal to noise
ratio. Figure 2.5 illustrates a typical receiver operating characteristics (ROC) Pd vs
Pf for radar detection for different SNR values in Gaussian noise for a non-fluctuating
target.
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Figure 2.5: ROC curves non-fluctuating target.

2.2.3

Constant False Alarm Rate Concept

Noise and clutter power in real environments are non-stationary random processes
varying with time. The concept of fixed threshold in detection problems may increase the probability of false alarms, while not achieving the desired probability of
detection Pd . CFARs are designed to maintain the probability of false alarm Pf of the
background noise or clutter at a fixed level [41]. The CFAR detectors are designed to
estimate the background power level from the samples around the sample under test
to set a detection threshold adaptively that adjusts with the power level of the noise
or clutter. The background noise in this dissertation is assumed to be independent
Gaussian noise samples.
CFAR Architecture
The CFAR detector consists of four main elements: a cell under test (CUT), guard
cells (GC), several reference cells (RC) and a CFAR multiplier α, as shown in Fig. 2.6.
These four elements assist the processor to vary threshold which follows the structure
of background noise or clutter while maintaining a constant probability of false alarm
[43]. The CUT is located in the middle of the CFAR window, where the threshold is
going to be applied. The cells on either sides of CUT are considered as GCs. These
GCs are not used to estimate the interference statistic and are used to eliminate any
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Figure 2.6: General CFAR processor.
spill over from the target if the target extends to more than one cell. This provides a
better estimation of the background noise or clutter. The RCs are the outer cells of
the CFAR processor. As shown in Fig. 2.6, flag and flead are RCs. g(flag , flead ) and are
used to estimate the background noise or clutter. The more samples in g(flag , flead ),
the better the estimation of the threshold. The CFAR multiplier α is also called
CFAR constant and it is based on the desired probability of false alarm. Also, the
threshold T can be computed using the CFAR constant α and the background noise
or clutter from the RCs. If the CUT exceeds the threshold, a successful detection will
be declared.

2.3

Unmanned Aerial Vehicle

An unmanned aerial vehicle (UAV), well known as a drone, is defined as an aircraft
without a human pilot on board that is replaced by a computer system and a radiolink. UAVs are a component of an unmanned aircraft system (UAS), which can be
operated at various levels of autonomy, i.e. remote controlled, fully autonomous, and
can carry payloads while on specific missions [44]. In addition to the payloads, drones
can carry video cameras and different sensors such as radar, thermal and acoustic
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sensors to collect information and surveillance of areas of interest. In addition, they
are equipped with a global positioning system (GPS) to determine the precise location
that indicates the path of the mission [45].
Drones come in all sizes: some fit in the palm of a hand, while others are as
large as full size aircraft. There are four main types of UAVs: fixed wing, which
resembles airplanes, multi-rotor, single-rotor, which resembles a helicopter and fixed
wing hybrid, which combine the benefits of fixed wing models and rotor based models.
UAVs can be exploited for defense, commercial, professional, and entertainment
applications. Some of these functionality may include
• military surveillance missions,
• aerial photography for journalism and film,
• gathering information or supplying essentials for disaster management,
• search and rescue operations
• geographic mapping of inaccessible terrain and locations,
• building safety inspections,
• precision crop monitoring,
• unmanned cargo transport,
• law enforcement and border control surveillance, and
• storm tracking and forecasting hurricanes and tornadoes.
In this dissertation, a Yuneec Typhoon H drone is used to collect real data as shown
in Fig. 2.7.
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Figure 2.7: Yuneec Typhoon H drone.

2.4

Regularized Burg Algorithm

Burg’s method for maximum entropy spectral analysis plays a key role in spectral
estimation, speech processing and radar covariance matrix estimation [46, 47]. Burg
algorithm estimates the autoregressive model parameters without computing a correlation matrix and solving Yule-Walker equation while satisfying Levinson recursion.
It provides higher spectral resolution than conventional spectral estimation methods
for small data records [48]. The reflection coefficients are based on autoregressive
model order and minimizing the sum of mean squared values of the forward and
backward prediction errors. The regularized Burg algorithm (RBA) estimates the reflection coefficients through regularized method based on Bayesian adaptive spectral
estimation. This algorithm maintains the lattice structure which provides robustness
against coefficient value perturbation and less round off noise [49]. The RBA will be
exploited to estimate the reflection coefficients for every snapshot of the radar observation data. From the reflection coefficients, we can estimate the Toeplitz Hermitian
positive definite (THPD) covariance matrix for each radar snapshot.
Consider an N element received baseband complex radar snapshot which can be
written as x = (x0 , . . . , xN −1 ) and is realized as a multivariate stationary Gaussian
process with zero mean, x ∼ CN (0, R), which can be written as
1
P (x|R) = p
exp(−xH R−1 x)
π N det(R)

(2.10)

where P (x|R) is the probability density function (PDF) of a circular Gaussian random
vector and R is a THPD covariance matrix which can be estimated using Algorithm
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1 [14, 46, 50]. In Algorithm 1, ψ1 is a regularization parameter and N represents the
number of reflection coefficients and autoregressive model order.
Algorithm 1 Regularized Burg Algorithm [14, 46, 50]
Initialization
f0 (k) = z(k), k = 1, . . . , N,
b0 (k) = z(k),
N
1 X
(0)
P0 =
|z(k)|2 and a0 = 1
N k=1

for n = 1 to N-1 do

µn = −

PN
2
k=n+1 fn−1 (k)b̄n−1 (k−1)+δn
N −n
P
N
1
2
2
k=n+1 {|fn−1 (k)| +|bn−1 (k−1)| }+δd
N −n

,

with
(n)

βk = ψ1 (2π)2 (k − n)2 ,
δn = 2
δd = 2

n−1
X
k=1
n−1
X

(n) (n−1) (n−1)
an−k ,

β k ak
(n)

(n−1) 2

βk |ak

|

k=0

and
 (n)

 a0
(n)
ak

 (n)
an
(

= 1,
(n−1)
(n−1)
= ak
+ µn ān−k , k = 1, . . . , n − 1
= µn

fn (k) = fn−1 (k) + µn bn−1 (k − 1),
bn (k) = bn−1 (k − 1) + µ∗n fn−1 (k).

end for
The reflection coefficients µk can be used to calculate rk , which represent the
elements of the THPD covariance matrix R of snapshot x written as
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The rk are computed using the following equations [51]
r0 = P0 , r1 = −P0 µ1 ,

(2.12)

rk = −Pk−1 µk αTk−1 Jk−1 R−1
k−1 αk−1 , 2 6 k 6 N − 1

(2.13)

where

αk−1

Jk−1

r1
..
.






0 1

 , J0 = 1, J1 = 

,


1 0
rk−1 ,


0 0 · · · 1




0
·
·
·
1
0


,

=

 ··· ··· 




1 ··· 0 0



=



Rk−1 = R(2 : k, 1 : k − 1), Pk−1 = P0

k−1
Y

(1 − |µi |2 ).

i=1

The RBA guarantees the Toeplitz structure for every THPD covariance matrix
regardless of the antenna array configuration. Uniform linear array produce Toeplitz
covariance matrices, while non-linear array configurations produce non-Toeplitz covariance matrices. In this dissertation, every radar range bin will be converted to a
THPD covariance matrix.
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Hermitian Positive Definite Matrices

Positive definite (PD) matrices can be applied in many applications, such as complex
analysis, vibrations of mechanical systems, applied matrix theory and radar signal
processing [52]. Covariance and Hessian matrices are good examples of positive definite matrices. In addition, PD matrices used in optimization algorithms and linear
regression models [53].
Given a matrix A ∈ Cn×n , the scalars λi ∈ C, i = 1, . . . , n, are called the eigenvalues of matrix A. Let us also consider the singular matrix, A − λi In , where In is the
identity matrix of size n. Any vector vi ∈ C, which satisfies Avi = λi vi , is called an
eigenvector of A corresponding to the eigenvalue λi . PD matrices have the following
properties [54]:
• aT Aa > 0 for all a ∈ Cn .
• A = LLT is called Cholesky factorization, L ∈ Cn×n is a lower triangular
matrix.
• if A is an n × n PD matrix and B is an n × n PD matrix, then A + B is an
PD matrix.
• All eigenvalues of PD matrices are positive real numbers
• The determinant and trace of PD matrices are positive real number.
• Principal submatrix of a PD matrix is PD.
• The inverse of a PD matrix is also PD.
• The largest element of PD matrix is on the main diagonal.
A positive definite matrix is Hermitian for which all eigenvalues are real positive.
In addition, the RBA from the previous section allows the Hermitian positive definite
(HPD) matrices to be Toeplitz matrices as shown in (2.11). In this dissertation,
we will only consider the complex definition of Toeplitz Hermitian positive definite
(THPD) matrix for every received snapshot.
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Differential Geometry and Manifolds

Differential geometry is a branch of mathematics that exploits the techniques of differential calculus, integral calculus, linear algebra and multi-linear algebra to solve
problems in higher spaces [55]. Differential geometry is connected with differential
topology and geometric differential equations. There are many diverse applications of
differential geometry in many areas, such as biology, mathematical finance, machine
learning and statistical probability. Einstein applied differential geometry generalization and Finsler geometry to formulate the theory of general relativity.
Since the late 19th century, differential geometry has generally focused on geometric structures called differential manifolds. The most popular geometrical structures
used are Grassmannian, Kähler and Riemannian manifolds. Grassmannian manifold
is the space of lines through the origin generated by parameterizing dimensional linear subspaces of the higher dimensional vector space [56]. Kähler manifold [57] is a
manifold with three mutually compatible structures: a complex structure, a Riemannian structure and a symplectic structure. Riemannian manifold is equipped with
a positive definite inner product on every point of the tangent space [58]. In addition, Riemannian submanifold inherits the Riemannian properties of a Riemannian
manifold especially the Riemannian metric. In contrast to Grassmannian and Kähler
manifolds, Riemannian metric, such as, distance, which is the information geometry
distance between Hermitian positive definite matrices on the Riemannian manifold
can be an effective tool in signal processing. This dissertation focuses only on the
Riemannian manifold and its metrics.

2.6.1

Riemannian Manifold

Riemannian geometry is a branch of differential geometry, which is characterized
by a mathematical object called a manifold. A Riemannian manifold consists of
a topological space with some similarity to a Euclidean space. Every point on the
Riemannian manifold has a neighbourhood for which there exists a homeomorphism 1 .
In addition, a Riemannian manifold is a differentiable manifold in which each tangent
space has an inner product g that varies smoothly from point to point [58, 59]. A
Riemannian metric on M allows one to measure lengths of smooth paths in M by
1

Homeomorphism is a continuous function between topological spaces that has a continuous
inverse function and the mappings that preserve all the topological properties of a given space.
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taking the infimum of the lengths of smooth paths between two points.
Tangent Spaces on Riemannian manifold
Tangent spaces can be defined at every point on the Riemannian manifold. That is,
for each P ∈ M, we have a tangent space Tp M. Figure 2.8 shows the tangent space
of M at P.

1

M

Figure 2.8: Tangent space of the manifold M at point P and the projection of P1
onto the tangent of point P.
The concept of tangent space can be used to manipulate HPD covariance matrices
in Euclidean space by using a Riemannian matrix log map operator. Any HPD
covariance matrix on the manifold can be projected onto a tangent plane of a different
HPD covariance matrix, as shown in Fig. 2.8. The projection can be achieved using
[60]
V = LogmP (P1 )
= P1/2 logm P−1/2 P1 P

(2.14)

−1/2

P1/2

where logm(·) is the matrix logarithmic map and P and P1 are HPD covariance
matrices on the Riemannian manifold. Furthermore, the projection back to the space
of HPD covariance matrices can be done using the affine-invariant metric [61] and
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matrix exponential operator
P1 = ExpmP (V)

(2.15)

= P1/2 expm P−1/2 VP


−1/2

P1/2

where expm(·) is the matrix exponential map. Both operators are crucial in the
manipulation of HPD covariance matrices residing on the Riemannian manifold.
Riemannian Metric
A Riemannian manifold (M, g) is a differentiable manifold equipped with a Riemannian metric g. The metric g is defined by a local inner product on tangent vectors [62]
gP (·, ·) : Tp M × Tp M → R, P ∈ M

(2.16)

such that, for all differentiable vector fields X and Y, the application
M → R, P 7→ g(X(P), Y(P))

(2.17)

is differentiable. The Riemannian metric enables us to define lengths of curves on
the Riemannian manifold between two HPD covariance matrices. The Riemannian
distance dR can be defined as [10]
d2R (P, P1 )

= logm(P

−1/2

P1 P

−1/2

)

2
F

=

l
X

log2 (λk )

(2.18)

k=1

where k·kF is the Frobenius norm, {λ1 , . . . , λl } are the eigenvalues of P−1/2 P1 P−1/2
and l is the number of eigenvalues. The Riemannian distance represents the geodesical
distance taking in consideration the curvature of the Riemannian manifold as shown
in Fig. 2.9.
Siegel Distance
The Siegel distance can be defined as the geodesical distance between two distributions
parametrized by their covariance matrices [63]. Siegel distance can be measured on
Riemannian manifold where each covariance matrix is a HPD. The Siegel distance
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P
dR (P, P1)
P1

M

Figure 2.9: Riemannian distance between two HPD covariance matrices P and P1
on the Riemannian manifold M.
can be defined by [64]
d2S (P, P1 )

= logm(P

−1/2

P1 P

−1/2

)

2
F

=

l
X

log2 (λk )

(2.19)

k=1

The Siegel distance, also referred to as the Riemannian distance defined in (2.18),
represents the geodesical distance between two HPD covariance matrices on the space
of Hermitian positive definite matrices [63]. Also, they measure the distance between
multivariate normal distributions parametrized by their covariance matrices on higher
dimensional manifold.
Riemannian Mean and Median of HPD Covariance Matrices
Riemannian mean and median can be effective mathematical and computational tools
for analyzing high dimensional data [65]. Unlike the arithmetic mean and median,
which are usually used in statistical signal processing, the Riemannian (geometric)
mean and median are based on the on the minimum sum squared of the Riemannian
distances to all HPD covariance matrices on the manifold.
Each point on the Riemannian manifold is a HPD covariance matrix R which
belongs to a convex symmetric cone set residing on the manifold
P = {R ∈ M, R  0}

(2.20)


where M = R, RH = R defines a Riemannian space,  denotes Hermitian positive
definite matrix and the quadratic form of R, aH Ra > 0, ∀a ∈ C. The process of
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acquiring a Riemannian mean (geometric) of K HPD matrices is an iterative gradient
algorithm based on the Jacobi field and exponential map, also known as Karcher
Barycenter algorithm [50], which can be expressed as

(
At+1 =

1/2
At exp



K
X

)
−1/2
−1/2
logm(At Rk At )

1/2

At

(2.21)

k=1

where t is the iteration index,  is the step size, K is the number of snapshots,
{R1 , . . . , RK } is a set of HPD matrices, A1 is the arithmetic mean of the HPD
matrices and the converged At+1 is the Riemannian mean Rrm . Figure 2.10 shows
the HPD covariance matrices and their Riemannian mean on Riemannian manifold.
Similarly, the Riemannian median can be defined using the same parameters as the
Riemannian mean [66]
(
1/2

At+1 = At exp 

K
−1/2
−1/2
X
logm(At Rk At )
k=1

−1/2

−1/2

C

)
1/2

At

(2.22)

where C = logm(At Rk At ) , k·kF is the Frobenius norm and the converged
F
At+1 is the Riemannian median Rrmed .
The Riemannian mean and median are the corner stones for a new radar detection
technique based on the Brauer disc theorem and the law of cosines on the Riemannian
manifold proposed in this dissertation.
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R2
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RK−1

R3

RK
M

Figure 2.10: Riemannian mean of the HPD covariance matrices on the Riemannian
manifold M.

2.7

Eigenvalue Localization Techniques

The Gershgorin disc theorem [67] is a well-known and an efficient method for determining the inclusion domain of the eigenvalues of a matrix in terms of its entries.
This means that all eigenvalues of a matrix must lie in a union of discs, each centred
at a diagonal element of the matrix and having a radius equal to the corresponding
deleted row sum [68]. Specifically, given an n × n matrix A whose entries are denoted
by aij , we define the Gershgorin disc as
(
Di =

)
z ∈ C : |z − aii | 6

X

|aij |

(2.23)

j6=i

Figure 2.11 shows typical Gershgorin discs for 3 × 3 matrix with real eigenvalues.
The Gershgorin disc theorem can also be applied to THPD covariance matrices. The
Toeplitz property makes all the discs of the THPD matrix share the same disc centre.
In addition, the Hermitian property imposes disc overlapping. The Gershgorin disc
theorem for Toeplitz Hermitian R can be defined using the following theorem.
Theorem 2.7.1 [11][The Gershgorin disc theorem]

Imag axis
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D3
D1
D2
Real axis

Figure 2.11: Typical Gershgorin discs for real eigenvalues.
Let R = [rij ] ∈ Cn×n be a Toeplitz matrix, rii = r̄, n > 2 and σ(R) be spectrum of
R. Then,

σ(R) ⊆ Γ(R) =

n
d[
2e

Γi (R)

(2.24)

i=1



where Γi (R) = z ∈ C : |z − r̄| ≤ max ai (R)
i∈N
X
|rij | and N = 1, 2, . . . , n
ai (R) =
i6=j

lnm
2

=





n
,
2

if n is even


 n+1 , if n is
2

odd

Γ(R) is the Gershgorin disc set of the covariance matrix R. Although the Gershgorin
disc theorem provides a good inclusion bound for the eigenvalues, the Brauer disc
theory provides a tighter inclusion bound, which depends on the row and column
summations for the region of eigenvalues.
Theorem 2.7.2 [11][The Brauer disc theorem]
Let R = [rij ] ∈ Cn×n be a Toeplitz matrix, rii = r̄, n > 2 and σ(R) be spectrum of
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R. Then,

σ(R) ⊆ Υ(R) =

n
d[
2e

Υi (R)

(2.25)

i=1


q
where Υi (R) = z ∈ C : |z − r̄| ≤ max
ai (R)aj (R)
i,j∈N,i6=j
X
ai (R) =
|rij | and N = 1, 2, . . . , n
i6=j

lnm
2

=





n
,
2

if n is even


 n+1 , if n is
2

odd

Υ(R) is the Brauer disc set of the covariance matrix R. Based on [69], the Brauer
eigenvalue inclusion set is tighter than the Gershgorin set with Υ(R) ⊆ Γ(R) as
shown in Fig 2.12. In addition, the maximum eigenvalue of R is bounded by the
largest Gershgorin and Brauer discs [70]. The Brauer disc theorem will be used to
establish a cluster bound around clutter plus noise THPD covariance matrices and
the potential targets’ THPD covariance matrices.

Figure 2.12: Gershgorin and Brauer discs for the maximum eigenvalue of covariance
matrix R.
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Conclusion

In this chapter, we have discussed the pros and cons of drone detection technologies. The radar theory with multi-antenna configurations and the concept of CFAR
detection have been introduced. In addition, the concept of Riemannian space of
HPD covariance matrices a focus on the Riemannian mean, the Riemannian median
and the Riemannian distance has been put forward. Moreover, the mathematical
concepts of the Gershgorin and the Brauer disc theorems have been presented. The
mathematical concepts discussed in this chapter will be used in this dissertation.

Chapter 3

Matrix CFAR Detection in Riemannian
Space
Radar target detection in the presence of clutter and noise under a low signal-to-noise
ratio (SNR) condition is an important and evolving problem in signal processing [71].
Specifically, the detection of small drones presents more challenging factors, such as
low radar cross section, low altitude flying in cluttered environments and slow flying
in the urban areas. These factors reduce the SNR and limit the number of received
radar snapshots and result in a low probability of detection.
In this chapter, we focus on the problem of designing constant false alarm rate
(CFAR) detectors that operate under low signal-to-clutter ratio (SCR) with limited
number of snapshots. In addition, we discuss briefly the concept of the cell averaging
CFAR detector which is based on the fast Fourier transform (FFT). Also, we present
the CFAR detection problem in the Riemannian space where the Riemannian mean
and the Riemannian distance are exploited to improve the probability of detection.
Moreover, we also investigate a Kullback-Leibler detector, the Kullback-Leibler divergence and the Kullback-Leibler mean are utilized to further improve the probability
of detection.
The main contributions in this chapter are two non-parametric CFAR detectors,
the Riemannian-Brauer matrix and angle-based hybrid-Brauer. Both CFAR detectors exploit the Brauer disc theorem and the Riemannian and Euclidean spaces. The
Riemannian-Brauer matrix and angle-based hybrid-Brauer CFAR detectors can further more enhanced the probability of detection for small sample size and low SNR.
This chapter also discusses the detection performance of the uniform linear array
(ULA) in comparison with randomly spaced and slightly perturbed linear arrays.
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The randomly spaced linear array (RSLA) antenna configurations can be applicable
to many applications and produce non-Toeplitz covariance matrices. In addition,
slightly perturbed linear array (SPLA), which can be caused by phase noise or slight
mismatch between antenna elements, produces non-Toeplitz covariance matrices. In
addition, other antenna configuration, such as, circular, planar and 3D arrays may
require alternative processing techniques and manifold structures. These arrays will
be considered in future research.

3.1

Cell-Averaging CFAR Detector

A radar system’s return signals may include not only target signals but also noise
and clutter signals. Noise is an unwanted signal added to the desired signal and may
be from various sources including, but not limited to, power supplies and amplifiers.
A common statistical model for noise uses Gaussian distribution model. In addition,
clutter can be defined as unwanted back-scattered signals or echoes generated from
physical objects in the natural environment like ground, sea and birds. Most common clutter models are the Gaussian, the Weibull [72] and the K-distribution [73].
CFAR detection needs to adaptively adjust the detection threshold according to the
background environment at a certain probability of false alarm Pf .
Cell-averaging CFAR (CA-CFAR) examines the returned signal to determine
whether a target is present or absent. The interference power and the threshold
are estimated by averaging the power of the cells excluding the cell under test and
guards cells. Clutter and noise can cause a radar to miss detecting a real target or can
increase the probability of false alarms. The probability of either of these occurrences
depends on the ratio of the returned signal power to the variance of the noise level.
Therefore, the SNR is a key parameter in determining the probability of detection Pd
of a target being above a specific threshold [31].
The detection threshold can be determined using random process modelling and
statistical analysis of the noise, clutter and Pf . So, the returned signal x could have
white Gaussian noise n plus clutter c only or could have a target s plus noise and
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clutter, then a single target detector must decide between two hypotheses


H0 : x = n + c

(3.1)


H1 : x = s + n + c
where the null hypothesis H0 is background white Gaussian noise plus clutter and H1
is a target return plus noise plus clutter. Both hypotheses can be treated as Gaussian
random processes with the two probability density functions (PDF) Px (x|H0 ) and
Px (x|H1 ) respectively.
For the case of only Gaussian noise present, the generalized likelihood ratio test
(GLRT) decision rule for the returned signal x can be written as
Px (x|H1 ) H1
≷T
Px (x|H0 ) H0

(3.2)

where T is the detection threshold defined for a certain Pf which can be defined
as [31]
−1/Nc

T = Nc (Pf

− 1)z̄

(3.3)

where Nc is the number of reference cells and z̄ is the arithmetical mean of the
reference cells as shown in Fig. 3.2.
Figure 3.1 illustrates the relationship between the threshold and the PDFs under
the two hypotheses and shows how the Pd and Pf relative values depend on the relation
between the two PDFs. Pd and Pf are the areas under the PDFs controlled by the
threshold T . The distance between the means of the PDFs is proportional to the
power of the target and is related to the SNR. The less the overlap between the PDFs
the higher the Pd and the lower the Pf . CA-CFAR detector is summarized in Fig. 3.2.
Each range resolution cell zi is obtained from a square law detector of Doppler filter
banks, where the Doppler power spectral density of the range bins of x is estimated
by the fast Fourier transform (FFT). The CA-CFAR detector performs comparison
of the cell under test zD with an adaptive detection threshold T such that a CFAR
is maintained. The adaptive detection threshold T is determined by estimating the
background clutter power for a desired Pf . The power of the background noise and
clutter is estimated by the arithmetic mean of the reference cells around zD excluding
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Figure 3.1: Gaussian probability density functions of noise and target.

the guard cells [74].
Although the CA-CFAR detector is easy to implement and does not require a lot
of computations, it has poor Doppler resolution and suffers from performance degradation due to small number of snapshots [15]. CFAR detectors can be viewed from
a geometrical point of view, where every range bin can be converted to a covariance
matrix.
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Figure 3.2: Cell averaging CFAR detector based on FFT.

3.2

Signal Model and Detection Formulation

The received complex radar data for an N element snapshot can be written as x =
(x0 , . . . , xN −1 ) and is realized as a multivariate stationary Gaussian process with zero
mean, x ∼ CN (0, R), which can be written as
1
P (x|R) = p
exp(−xH R−1 x)
N
π det(R)

(3.4)

where P (x|R) is the PDF of a circular Gaussian random vector and R is a THPD
covariance matrix.
The hypothesis testing formulated in (3.2) can be written in terms of covariance
matrices [15]


H0 : x ∼

CN (0, Ωn + Ωc )

(3.5)


H1 : x ∼ CN (0, Ωn + Ωs + Ωc )
where Ωs , Ωn and Ωc denote the covariance matrices of the signal, noise and clutter,
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respectively. Under the null hypothesis H0 , the received snapshot consists of only
noise plus clutter, and under the alternative hypothesis H1 , the received snapshot
contains the target in addition to the noise and clutter.

3.3

Riemannian Distance Based Detector

A radar depends on reflections of its emitted energy in order to make target detection.
The presence of clutter and interference sources complicate the detection process. In
addition, a limited number of snapshots might add more challenges to the classical
CFAR detector. The CA-CFAR detector suffers from performance degradation due to
Doppler filter energy spread and poor Doppler resolution. The Riemannian distance
(RD) CFAR investigates the detection problem in the space of Hermitian positivedefinite (HPD) matrices where every radar range bin (snapshot) represents a THPD
covariance matrix residing on the Riemannian manifold [75]. The RD-CFAR detector
is based on the information distance between the THPD covariance matrix under test
and the Riemannian mean of the reference THPD covariance matrices.

3.3.1

RD-CFAR Detector

The RD-CFAR detector is based on the Riemannian distance dR between the Riemannian mean Rrm of the reference THPD covariance matrices and the THPD covariance
matrix RD under test [51]. The Riemannian distance is compared with the adaptive
detection threshold T which can be calculated using clutter power level, the desired
probability of false alarm and the parameters of the clutter model. The decision rule
can be written using (2.18) and (2.21) as
H1

dR (Rrm , RD ) ≷ T.

(3.6)

H0

As illustrated in Fig. 3.3, the snapshot xi is converted to THPD covariance matrix
Ri and the Riemannian distance dR between RD and Riemannian mean Rrm is computed. The detection decision is made using (3.6) in accordance with the adaptive
detection threshold T . For the Weibull distribution clutter model, the threshold T
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can be defined as [76]

T =

−1/Nr

Pf

Nr − 1

G(Nr , β)

1/β
tr(Rrm )

(3.7)

where Nr is the number of reference covariance matrices as shown in Fig. 3.3, β
is the shape parameter of the Weibull distribution, tr
 is the matrix
 trace operator,
tr(Rrm ) is the clutter power, G(Nr , β) = Γ( β1 + 1) + 1 − Γ( β1 + 1) /Nrβ and Γ(·) is
the gamma function.
Although the RD-CFAR detector has better detection performance than CACFAR [77, 78], it comes with added complexity. Different distance measures can
be adopted in detectors and may change the detection performance. The following
section will discuss the Kullback-Leibler divergence as a distance measure.

Figure 3.3: Riemannian distance CFAR detector.
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Kullback-Leibler Detector

The Kullback–Leibler (KLB) divergence is widely used to measure the similarity
(distance) between two distributions and is also used in information theory as a
measure of relative entropy [79]. In addition, the KLB divergence is a major player
in the theory of statistical inference [80]. On the other hand, the KLB divergence
fails to be symmetric or satisfy the triangle inequality and is not considered a genuine
metric for distance as it is justified by the Pinsker–Csiszar inequality [81].
Consider x = (x0 , . . . , xN −1 ) are N independent identically distributed observations from a statistical model whose probability density function is q(x). The two
hypotheses for q(x) denoted by p0 (x) and p1 (x) are referred to as the null hypothesis
and alternative hypothesis, respectively. The KLB divergence can be regarded as the
expected log-likelihood ratio which can be denoted by
Z

∞

dKLB (q||p) =


q(x)ln

−∞

q(x)
p(x)


dx.

(3.8)

For two multivariate Gaussian distributions parametrized by their covariance matrices, p0 = CN (µ0 , Σ0 ) and p1 = CN (µ1 , Σ1 ) and means µ0 and µ1 respectively, the
KLB divergence from p0 to p1 can be determined using the closed form [15, 82]
 


1
detΣ1
−1
H −1
ln
+ tr(Σ1 Σ0 ) + (µ1 − µ0 ) Σ1 (µ1 − µ0 ) − d . (3.9)
dKLB (p0 ||p1 ) =
2
detΣ0
where d is the dimension of the HPD covariance matrix. The KLB mean of M HPD
covariance matrices can be obtained using the geometric mean of the arithmetic mean
and harmonic mean of {R1 , R2 , . . . , RM } and can be expressed as [77, 83]


RKLB

M
1 X

=
Ri
M i=1

!

M
1 X −1
R
M k=1 k

!−1 
.

(3.10)

The detection process using the KLB divergence is illustrated in Fig. 3.4. Each
snapshot is converted to THPD covariance matrix Ri using RBA in Sec. 2.4. The
RKLB is calculated using (3.10) for the reference THPD covariance matrices. The
dKLB in (3.9) can be exploited to compute the distance between THPD covariance
matrix under test RD and RKLB . The dKLB is then compared to the adaptive detection threshold Tk , which is based on the clutter power, the number of reference
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covariance matrices, the parameters of the clutter model and the Pf . The detection
rule can written as
H1

dKLB (RD , RKLB ) ≷ Tk .

(3.11)

H0

The threshold Tk for Weibull distribution clutter model can be written as

Tk =

−1/Nk

Pf

Nk − 1

G(Nk , β)

1/β
tr(RKLB )

(3.12)

where Nk is the number of reference covariance matrices and tr(RKLB ) is the clutter
power.

Figure 3.4: KLB based matrix CFAR detector.
The KLB-CFAR detector outperforms the CA-CFAR and RD-CFAR detectors
and does not require extra computational power for computing the geometric mean
in comparison with the RD-CFAR detector [78]. However, KLB-CFAR and RDCFAR detectors are not robust to outliers (THPD covariance matrices that are far
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from the Riemannian) which may affect the detection performance. The following
sections will focus on designing two new CFAR detectors that are robust against
outliers and require less computations to achieve better detection results.

3.5

Riemannian-Brauer Based Detectors

This section proposes two non-parametric CFAR detectors that exploit the Brauer
disc (BD) theorem and the Riemannian space, referred to as the Riemannian-Brauer
matrix (RBM) CFAR and angle-based Brauer-hybrid (ABHB) CFAR detectors, and
are implemented using a two stage process. The first stage focuses on establishing a
clutter-plus-noise cluster bound using the Brauer disc theorem and the second stage
exploits the Riemannian and the Euclidean metrics to improve the probability of
target detection.

3.5.1

Motivation

The radar detection of small drones in the presence of noise and clutter is considered
an important task especially near sensitive places like airports or military facilities.
Drones, in general, are considered as complex targets that possess a symmetrical
shape with varying radar cross section. Also, the returned radar signal from drone
illumination could have small sample size (limited number of snapshots) which may
complicate the standard radar signal processing. Hence, robust and reliable CFAR
detectors that successfully detect drones in cluttered and noisy environments with
limited number of snapshots are much needed to undertake countermeasures.
Classical detection schemes like CA-CFAR utilize the FFT to obtain the correlation of sample data. This CFAR technique performs well for a large sample size
data [31]. However, for small number of snapshots, the CA-CFAR detector suffers
from performance degradation and poor Doppler resolution [15]. [51] proposed the
RD-CFAR detector to overcome these drawbacks by projecting the detection problem into the Riemannian space of HPD matrices. The RD-CFAR detector exploits
the Riemannian mean of the HPD covariance matrices and the Riemannian distance
between the Riemannian mean and the HPD covariance matrix under test to improve
the detection performance. The KLB-CFAR is similar in process to the RD-CFAR,
but the KLB mean and the KLB divergence are used instead of the Riemannian mean
and the Riemannian distance. Unlike the Riemannian mean, the KLB mean is based
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on the geometric mean of the arithmetic mean and the harmonic mean of the HPD
matrices, which require less computation. However, the RD-CFAR and the KLBCFAR have two major drawbacks. First, the number of Riemannian mean and KLB
mean computations are proportional to the number of snapshots, which are computationally expensive due to the matrix exponential, logarithm and the geometric mean
calculations. Second, the Riemannian mean and the KLB mean should be potential
targets (outliers) free, however they are not robust to outliers [77].
The eigenvalues of covariance matrices can be a good indicator of desired signal
and noise. In addition, eigenvalues play a significant role in determining Riemannian
distance between two points on the Riemannian manifold. Motivated by the importance of the eigenvalues and their inclusion regions, the drawbacks of RD-CFAR and
the KLB-CFAR can be tackled by establishing inclusion cluster bounds around the
clutter-plus-noise and potential targets eigenvalues using the Brauer disc theorem.
Two non-parametric CFAR detectors, the Riemannian-Brauer matrix (RBM)
CFAR and angle-based hybrid-Brauer (ABHB) CFAR detectors are proposed to
overcome the challenges in the RD-CFAR and the KLB-CFAR. The RBM-CFAR
and ABHB-CFAR detectors explore the idea of utilizing the Brauer disc theorem to
establish a cluster bound around the clutter-plus-noise covariance matrices by examining the maximum eigenvalue for each of the THPD covariance matrices residing on
the Riemannian manifold. Also, the Riemannian distance computations are proportional to the number of outliers and the Riemannian mean of the clutter-plus-noise
covariance matrices is computed only once.

3.5.2

Brauer Cluster Bound

The Brauer disc theorem 2.7.2 can be exploited to establish a cluster bound around
the maximum eigenvalues of the N THPD covariance matrices. The maximum eigenvalues of the N THPD covariance matrices are bounded by the largest BDs. The
centre of the largest BD ci for each THPD covariance matrix, which is the inclusion
region for the maximum eigenvalue, represents the power of the snapshot P0 as shown
in Algorithm 1. In addition, the minimum BD of the maximum eigenvalues of the
N clutter-plus-noise THPD covariance matrices represents the minimum bound with
radius ρ as shown in Fig 3.5. Utilizing the BD centres of the N THPD covariance
matrices, the Brauer cluster bound TB for the clutter-plus-noise can be established
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as
1
M

PM

TB = 
QM

i=1 ci

i=1 ci

 M1 ρ

(3.13)

Q
 M1
PM
M
where M1
c
and
c
are the arithmetic mean and geometric mean of the
i=1 i
i=1 i
centres of the Brauer discs, respectively. The THPD covariance matrices corresponding to the eigenvalues inside the Brauer cluster bound are considered clutter-plus-noise
covariance matrices. On the other hand, the THPD covariance matrices associated
with the eigenvalues outside the Brauer cluster bound are considered THPD matrices
with potential targets. As an example, consider a radar received signal of 8 snapshots. Each snapshot is converted to a THPD covariance matrix and the BD for the
maximum eigenvalues of the THPD covariance matrices with (3.13) can be used to
establish a Brauer cluster bound as shown in Fig. 3.5. The THPD covariance matrices
associated with the eigenvalues outside the Brauer cluster bound are considered as
the potential targets.

3.5.3

Riemannian-Brauer Matrix CFAR Detector

The RBM-CFAR detector is a two stage process based on the Riemannian distance
between the Riemannian mean and the potential targets’ THPD covariance matrices.
The first stage utilizes the RBA to convert each range cell into a THPD covariance matrix and exploits the BD theorem to cluster the maximum eigenvalues of the
THPD covariance matrices. By using (3.13), a clutter-plus-noise cluster bound and a
potential target bound of the THPD covariance matrices can be established. The second stage involves computing the Riemannian distance dRB between the Riemannian
mean of the clutter-plus-noise THPD covariance matrices and the potential target
THPD covariance matrices. The rule of detection for the RBM-CFAR detector can
be formulated using (2.21), (2.18) and (3.13) as

H1

dRB (Rrm (TB ), RTi ) ≷ δ
H0

(3.14)
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Figure 3.5: Example of Brauer cluster bound for clutter-plus-noise eigenvalues and
maximum eigenvalues of potential targets THPD covariance matrices with their
associated Brauer discs.

where Rrm (TB ) is the Riemannian mean of the THPD covariance matrix inside the
Brauer cluster bound, RTi is the THPD covariance matrix of a potential target and
δ is an adaptive threshold. δ is based on the probability of false alarm Pf and noise
or clutter power levels obtained from the Rrm of the clutter-plus-noise covariance
matrices, which can be written as
δ = −tr(Rrm )ln(Pf ).

(3.15)

The RBM-CFAR detection process is illustrated in Fig. 3.6. The first step of
the RBM-CFAR detector is converting all of the snapshots into THPD covariance
matrices using RBA from Sec. 2.4 and applying the BD theorem 2.7.2 to cluster
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Figure 3.6: RBM-CFAR detector.

the THPD covariance matrices of the the clutter-plus-noise and identify the THPD
covariance matrices of the potential targets outside the cluster bound. Then, we
calculate the Riemannian mean of the clutter-plus-noise covariance matrices and the
Riemannian distance between the Riemannian mean and the potential targets. The
calculated Riemannian distance is compared to the threshold δ.
The RBM-CFAR detector has many advantages over RD-CFAR detector [51].
First, the computations of the Riemannian mean and the median do not include any
potential targets since the principle eigenvalues of the THPD covariance matrix of
the potential targets are larger than the eigenvalues of the clutter-plus-noise THPD
covariance matrices; hence, the Riemannian mean and the Riemannian median are
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Potential Targets

Ri+1
dR = (Rrm (TB ), Ri )

dR = (Rrm (TB ), Ri+1 )

RK−2
Ri+2

Rrm

RK

R1
RK−1
R2
R3

M

Figure 3.7: Clutter-plus-noise THPD covariance matrices cluster bound and THPD
covariance matrices of potential targets.

robust to outliers. Second, the computational cost is less since the Riemannian mean
is only calculated once as opposed to the RD-CFAR as shown in Figures 3.3 and 3.6.
The Riemannian distance calculation depends on the number of outliers as shown in
Fig. 3.7.

3.5.4

Angle Based Hybrid-Brauer CFAR Detector

The ABHB-CFAR detector exploits the Euclidean tangent space and the Riemannian geodesical distances between points on the Riemannian manifold. In addition,
it utilizes the Riemannian mean of the clutter-plus-noise cluster bound Rrm , the Riemannian median of the clutter-plus-noise cluster bound Rrmed and projection of both
the Rrm and Rrmed on the tangent space of the potential target point. The triangle
connecting the Rrm , Rrmed and potential target on the Riemannian manifold can
generate a geodesic triangle in which the law of cosines can be used [84] as shown in
Fig 3.8.
Recall if a, b, c lie in Euclidean space, the law of cosines states that
kb − ck2 = kb − ak2 + kc − ak2 − 2 hb − a, c − ai

(3.16)
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Figure 3.8: Geodesical triangle showing the angle at potential target on the manifold.
where k·k is the magnitude and h·, ·i represents the dot product. The law of cosines
can be applied to the geodesic triangle on the Riemannian manifold where the vertices
of the triangle are Rrm , Rrmed and potential target point RTi . Using (2.21), (2.22),
(2.14), (2.18), (3.13) and (3.16), the law of cosines on manifold can be formulated as
D
E
kdR (Rrm , Rrmed )k2 = kdR (Rrm , RTi )k2 + kdR (Rrmed , RTi )k2 − 2 logmRT (Rrm ), logmRT (Rrmed )
i

i

R Ti

(3.17)
where logmRT (Rrm ) is the projection of Rrm onto the tangent space of RTi . The dot
i
product term can be written in terms of angle
D

logmRT (Rrm ), logmRT (Rrmed )
i

i

E
R Ti

= logmRT (Rrm )
i

logmRT (Rrmed ) cos(θ) (3.18)
i
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where θ is the angle at point RTi on the tangent space which can be written as
2

2

cos(θ) =

kdR (Rrm ,RTi )k +kdR (Rrmed ,RTi )k
2 logmR

Ti

(Rrm )

logmR

Ti

−kdR (Rrm ,Rrmed )k2

.

(3.19)

(Rrmed )

The rule of detection for the ABHB CFAR detector can be formulated using (3.19)
as

H0

θ≷γ

(3.20)

H1

where γ is an adaptive threshold angle of detection which can be formulated using
(3.15), (3.17) and the Riemannian median threshold −tr(Rrmed )ln(Pf ) as
γ = acos

k−tr(Rrm )ln(Pf )k2 + k−tr(Rrmed )ln(Pf )k2 − kdR (Rrm , Rrmed )k2
2 k−tr(Rrm )ln(Pf )k k−tr(Rrmed )ln(Pf )k

!
.
(3.21)

The farther the potential target point, the smaller the angle on the manifold. The
ABHB-CFAR detector is illustrated in Fig. 3.9. All snapshots are converted to THPD
covariance matrices and the BD theorem 2.7.2 is applied to cluster the THPD covariance matrices into two bounds: clutter-plus-noise bound and potential targets bound.
For every potential target, the law of cosines is applied using the Riemannian distances between the Riemannian mean, the Riemannian median and the potential
target. The calculated angle at the potential target on the Riemannian manifold is
compared with angle threshold γ.
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Simulations Results

The simulation results in this section consist of three parts: evaluate the performance
of the RBM-CFAR and ABHB-CFAR techniques in comparison with CA-CFAR, RDCFAR and KLB-CFAR detectors via Monte Carlo simulations, test the CFAR property of the proposed CFAR detectors and investigate the effect of ULA versus RSLA
configurations on the detection process. A collocated directional ULA is used with
N = 8 receivers and the antenna elements spaced half a wavelength λ apart from
each other as shown in Fig. 3.10. Also, a collocated directional RSLA with 8 antenna
elements spaced randomly as shown in Fig. 3.11 is also considered in the simulation.
The snapshots are generated from a moving target with a velocity of v = 10 m/s
away from the radar. Every snapshot (range bin) is converted to a THPD covariance
using the RBA. The RBA regularization parameter is set to ψ1 = 0.01 and the autoregressive order model is N = 8. Also, the Riemannian mean step size is  = 0.01
and the number of iterations is set to t = 1000 with tolerance level set to 10−6 .
The first part of the simulations is based on comparing the detection performance
of the proposed CFAR detector with the CA-CFAR, the RD-CFAR and the KLBCFAR CFAR detectors. The data is generated from 5 received pulses and M = 25
snapshots and the target is located at the 10th range bin. The clutter model is based
on a Weibull distribution with scale parameter α = 1 and shape parameter β = 3.
The covariance matrix model Σd for generating the snapshots can be defined as [72]
v
Σd (i, k) = σc2 ρ|i−k| exp(j2π (i − k)) i, k = 1, . . . , N
λ

(3.22)

where σc is the clutter power, ρ is the one lag correlation coefficient and λ is the
wavelength. In this simulation, ρ = 0.9 and λ = 1 m. For CA-CFAR, the number
of cells that are averaged is Q = 10 and for the RD-CFAR and the KLB-CFAR, the
number of THPD covariance matrices averaged is Q = 10. The RBM-CFAR and the
ABHB-CFAR Riemannian mean is based on the THPD covariance matrices inside
the BD cluster bound, which is not biased to any outlier. The covariance matrix
model for the RD-CFAR, the KLB-CFAR, the RBM-CFAR and the ABHB-CFAR is
based on (2.11).
The detection threshold for the Weibull clutter model is calculated using (3.7)
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Figure 3.10: Typical collocated 8 × 8 ULA antenna system with a drone target.

and (3.12). The simulation is based on 20000 Monte Carlo runs to determine the
probability of detection Pd and the detection threshold. The performance of all five
CFAR detectors for different Pf are shown in Fig. 3.12. We observe that at high
Pf = 10−3 , all the CFAR techniques except the RD-CFAR require less than 5 dB
SCR to be able to detect a target. Also, at low Pf = 10−6 , only the RBM-CFAR
and ABHB-CFAR require less than 5 dB SCR for target detection. In addition, the
simulation results demonstrate that both RD-CFAR and KLB-CFAR outperform the
CA-CFAR at high and low Pf . Furthermore, the performance of the RBM-CFAR
and ABHB-CFAR is better than the RD-CFAR and the KLB-CFAR with at least
2–5 dB signal-to-clutter improvement at high and low Pf .
The second part of the simulations examines the CFAR property of the RBM and
ABHB CFAR detectors. According to the CFAR property, the performance of the
detector must not change if we scale the signal and noise. The data generated using
ULA configuration and a target was placed in the 4th range bin. This simulation
is based on 1000 Monte Carlo runs to determine the probability of detection Pd for
constant false alarm Pf = 10−4 . The signal and noise scaling factors are 10 and 50.
As shown in Fig. 3.13, we notice a slight variation between the original detection
curve and the scaled detection curves for both CFAR detectors. This is due to the
computation of the Riemannian mean, which is an iterative gradient algorithm (2.21).
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Figure 3.11: Typical collocated 8 × 8 RSLA antenna system with internal antennas
spacing [0.3λ, 0.9λ, 1.75λ, 0.25λ, 0.15λ, 2.1λ, 0.4λ] and drone target.

The performance of the RBM an ABHB CFAR detector satisfy the CFAR property
while maintaining a constant false alarm.
The third part of the simulations studies the influence of RSLA and SPLA on the
detection process. The target was placed at the 9th bin. The Toeplitz structure of the
sample covariance matrices are usually generated from a ULA configuration. Other
array configurations, such as RSLA configuration, may generate non-Toeplitz covariance matrices, which may affect the target detection performance in the Riemannian
space. The RBA estimates a THPD covariance matrix for every snapshot regardless of
the antenna configuration, however by varying the spacing between internal antenna
elements while keeping the same size array has an impact on the propagation delay
between antennas which affects the eigenvalues of the estimated covariance matrices.
Hence, the Riemannian distance between THPD covariance matrices may change.
Figure 3.14 shows the Brauer bound for clutter-plus-noise and potential target at the
9th range bin for ULA and RSLA configurations. The Brauer disc and the eigenvalue
of the target for the ULA are larger than the RSLA due to random spacing between
antenna elements. Also, the RBM and ABHB CFAR detectors for ULA and RSLA
maintained a good detection for 16 snapshots at 5 dB SNR, as shown in Fig. 3.15.
In addition, the performance of the RBM and ABHB CFAR detectors are compared
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with the CA-CFAR, the RD-CFAR and the KLB-CFAR at 5 dB SNR for ULA and
RSLA configurations as shown in Figs. 3.16 and 3.17. All techniques detected the
target at the 9th range bin for both ULA and RSLA configurations.
The performance of the proposed CFAR detectors under ULA, SPLA and RSLA
configurations can be investigated by varying the SNR of the data and maintaining a
constant Pf for 16 snapshots pulses. Figure 3.18 illustrates the detection performance
at Pf = 10−4 . We notice that at higher SNR, the ABHB and the RBM CFAR
detectors under the slight perturbed ULA loses around 1 dB and under the RSLA
loses around 2.5 dB in comparison with ULA configuration. On the other hand,
at low SNR, the ABHB and RBM CFAR detectors under ULA, SPLA and RSLA
maintained the same performance. Figure. 3.19 shows the distribution of averaged Pd
over 2500 pulses of 16 snapshots for ULA, SPLA and RSLA configurations for RBM
and ABHB CFAR detectors respectively. We can see that the median Pd for ULA is
higher than the SPLA and RSLA and the SPLA is higher than the RSLA. The RBA
guarantees Toeplitz structure regardless of the array configuration, however the RSLA
and the SPLA affect the eigenvalues of the THPD covariance matrices; hence, their
performances are degraded in comparison with the ULA configuration. In addition,
ULA, RSLA and SPLA suffer from ambiguities caused by the direction of arrival
of the targets and by increasing the spacing amongst the antenna elements. Some
direction of arrival angles may cause linear dependency amongst the steering vectors,
which may generate ambiguous errors and lead to poor detection performance. Also,
increasing the spacing between antenna elements to more than half-wavelength may
generate grating lobes and high sidelobe levels, which may mask the targets and lead
to degraded detection performance.
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Figure 3.12: Performance comparison of the CA-CFAR, RD-CFAR, KLB-CFAR,
RMB-CFAR and ABHB-CFAR detectors with different Pf .
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Figure 3.13: Detection performance curves for original and scaled signal and noise.
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range bin for ULA and RSLA configurations for 5 dB SNR.
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Figure 3.16: Detection performance of CA-CFAR, RD-CFAR, KLB-CFAR, RBMCFAR and ABHB-CFAR detectors for pulse 1 for ULA.
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Figure 3.17: Detection performance of CA-CFAR, RD-CFAR, KLB-CFAR, RBMCFAR and ABHB-CFAR detectors for pulse 1 for RSLA.
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Real Data Analysis

The performance of the RBM and ABHB CFAR detectors were tested on real data
from a drone detection experiment. The data was collected using 1-D ULA Texas
Instruments AWR1642 automotive radar with a moving Yuneec Typhoon H drone target. The AWR1642 radar is based on frequency-modulated continuous-wave (FMCW)
with integrated phase locked loop and analog-to-digital converter. The experiment
parameters and the radar specifications are given in Table 3.1.
Feature

Specification

Centre freq.

76–81 GHz

Bandwidth

4 GHz

Pulse Repetition Frequency

26.3 KHz

Receive Channels

4 Antennas

Tx Channels

2 Antennas

Tx Power

12.5 dBm

Antenna spacing

0.2 cm

Range Resolution

3.75 cm

Sample freq.

12.5 MHz

Elevation Angle

15 degrees

Azimuth Angle

0 degrees

Max Range

45 metres

Antenna Gain

30 dB

Table 3.1: AWR1642 automotive radar specifications.
The performance of the proposed techniques is tested for 3 consecutive pulses of
16 range cells (snapshots) extracted from the data set. The extracted snapshots are
converted to THPD covariance matrices using the RBA and a clutter-plus-noise bound
using BD theorem was established. Figures. 3.20 to 3.22 illustrate the BD cluster
bound for the maximum eigenvalues of the THPD covariance matrices. We notice
that, there are two eigenvalues outside the BD cluster bound, the THPD covariance
matrices associated with these two eigenvalues are considered potential targets. The
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detection threshold calculation is based on Pf = 10−3 . In addition, Figs. 3.23 and
3.24 of the three consecutive pulses show some robustness in the performance of the
RBM and ABHB techniques. For the RBM detector, both the Riemannian distance
of the 9th and 10th snapshots’ of the first pulse exceeded the detection threshold.
Likewise, for ABHB, the 9th and 10th snapshots of the first pulse also have minimum
angles. However, the AWR1642 data set contains only one target and the detection
techniques are showing potentially two targets due to the range resolution of the
AWR1642 being 3.75 cm and the target occupying two range bins (two snapshots).
The 9th snapshot contains most of the target’s energy and the 10th contains some of
the target’s energy. Furthermore, similar performance for pulses 2 and 3 are shown
in Figs. 3.23 and 3.24.

Figure 3.20: Brauer bound for clutter-plus-noise and potential targets at the 9th
and 10th range bins for pulse 1.
The performance of the RBM-CFAR and ABHB-CFAR techniques is compared
with the CA-CFAR, the RD-CFAR and the KLB-CFAR as shown in Fig. 3.25. We
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Figure 3.21: Brauer bound for clutter-plus-noise and potential targets at the 11th
and 12th range bins for pulse 2.

notice that all techniques detected the target at range bins 9 and 10 since the data
collected has high SNR. By scaling the SNR by 0.2, the performance of the CA-CFAR
and the RD-CFAR degraded in comparison to the KLB-CFAR, the RBM-CFAR and
the ABHB-CFAR as shown in Fig. 3.26. In addition, the ABHB-CFAR and the RBMCFAR outperformed the KLB-CFAR and maintained the largest Riemannian distance
and the smallest angle on the Riemannian manifold target point. Furthermore, the
performance of the proposed CFAR detectors can be studied by varying the SNR
of the real data and maintain a constant Pf . Figure 3.27 illustrates the detection
performance at different Pf . We notice that at higher SNR, all CFAR detectors
maintain a good detection performance. However, at lower SNR (less than 5 dB), both
the CA-CFAR and the RD-CFAR suffer degradation in performance in comparison
with the other CFARs due to the limited number of range cells. Also, at lower Pf
the RBM-CFAR and the ABHB-CFAR maintained a superior performance while the
KLB-CFAR, the CA-CFAR and the RD-CFAR failed to retain detection performance.
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Figure 3.22: Brauer bound for clutter-plus-noise and potential targets at the 13th
and 14th range bins for pulse 3.

CHAPTER 3. MATRIX CFAR DETECTION IN RIEMANNIAN SPACE

64

Figure 3.23: Detection performance of the RBM-CFAR detector for three consecutive pulses.
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Figure 3.24: Detection performance of the ABHB-CFAR detector for three consecutive pulses.
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Figure 3.25: Detection performance of the CA-CFAR, the RD-CFAR, the KLBCFAR, the RBM-CFAR and the ABHB-CFAR detectors for pulse 1.
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Figure 3.26: Detection performance of the CA-CFAR, the RD-CFAR, the KLBCFAR, the RBM-CFAR and the ABHB-CFAR detectors under scaled SNR for
pulse 1.
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Figure 3.27: Performance comparison of the CA-CFAR, the RD-CFAR, the KLBCFAR, the RBM-CFAR and the ABHB-CFAR detectors for different Pf .
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Conclusion

The drone detection problem is viewed from a Riemannian geometry perspective.
Two novel CFAR detection techniques,namely the RBM- and ABHB-CFAR techniques were formulated to improve the probability of detection under small sample
size with low SCR. The RBM-CFAR and the ABHB-CFAR showed an improvement
in probability of detection in comparison with the CA-CFAR,the RD-CFAR and the
KLB-CFAR. In addition, the BD theorem provided robustness to the calculation of
the Riemannian mean and median by excluding outliers from the Riemannian mean
and median computations. Varying the spacing between antenna elements slightly or
randomly affects the propagation delay between antennas, which affects the eigenvalues of the estimated covariance matrices. This resulted in 1 to 2.5 loss in the detection
probability in comparison with ULA configuration detection. Even real data analysis
proved that the proposed CFAR detectors can achieve better performance for low
SCR, low sample size data and high probability of false alarm.
The Riemannian based approach exploited the information geometry present in
every range bin and the BD theorem to distinguish between clutter-plus-noise and
potential targets covariance matrices. Hence, increasing the number of clutter-plusnoise covariance matrices for estimating the clutter or noise power for limited number
of range bins, led to better performance for RBM-CFAR and ABHB-CFAR when
compared to the state of the art techniques. In addition, the ABHB-CFAR showed
a better performance in comparison with the RBM-CFAR under low SCR. This is
due to the fact that the RBM-CFAR detectors is based on Riemannian distance,
which may encounter numerical difficulties in high dimensions, hence the angle on
the Riemannian manifold provides better metric for detection.

Chapter 4

Direction of Arrival Estimation in the
Riemannian Space
Direction-of-arrival (DOA) estimation refers to the process of retrieving the direction
information of several electromagnetic waves/sources from the outputs of a number
of receiving antennas that form a sensor array. DOA estimation is a major problem
in array signal processing and has wide applications in radar, sonar and wireless
communications.
This chapter provides a brief survey of the various techniques for the estimation of
DOA of radar signals using a uniform linear antenna array (ULA). The array-based
DOA estimation techniques discussed in this chapter are divided into four different types: conventional techniques, subspace-based techniques, compressive sensing
techniques and Riemannian geometry-based technique. In addition, this chapter proposes a new Riemannian geometry (RG) DOA estimation technique. This technique
exploits the geometry present in the space of probability distributions parametrized
by their covariance matrix where every covariance matrix represents a point on the
Riemannian manifold. The RGDOA estimation problem is formulated as a linear
search for minimum Riemannian distance between steering vector Hermitian positive
define (HPD) matrices and the Riemannian mean.
This chapter also discusses the performance of the RGDOA estimation technique
for ULA configuration and provides a performance comparison with the RSLA configuration.
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Uniform Linear Antenna Array and System
Signal Model

The array antenna is a major player in various applications ranging from military use
to commercial use, e.g., passive, active and airborne radar systems, mobile communication, and radio astronomy [85]. One of the main functions of an antenna array is
to perform spatial sampling of the incoming signal sources for estimating the DOA of
the signal sources, and the number of transmitted and interference signal sources [86].
DOA estimation is one of the major applications of the antenna array. The number of
sources that can be resolved depends on the degree of freedom of the antenna array,
which is closely related to array configuration. Also, DOA estimation accuracy with
an antenna array depends on the type of the antenna array and its size.
The simplest and most frequently applied array structure is the uniform linear
antenna (ULA). A ULA structure is very useful and easy to apply to any RF devices
to be used for DOA estimation [87]. The number of elements in a ULA can be
arbitrary and the spacing between any two consecutive antenna elements is constant
d as shown in Fig. 4.1. In general, the spacing d is less than the half wavelength
corresponding to the highest frequency of received signal sources in order to avoid
sidelobes and grating lobes in the spatial spectrum.
The DOA estimation accuracy has been mostly confined to the case of ULA configurations [86]. Non uniform array configurations, such as nested arrays, can also
be used to estimate the DOA, however this will lead to non-Toeplitz structure of the
sample covariance matrix, which may affect the DOA estimation performance.

Figure 4.1: ULA structure with signal impinging from a particular direction.
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The narrowband system model is based on ULA with N antennas and antenna
spacing d is equal to λ/2, where λ is the wavelength of the carrier frequency. Consider
estimating the DOA of L incoming signal sources, where L ≤ N [88]. The received
signal at the nth antenna can be expressed as
z(t) = s(t)A(θ) + n(t),

(4.1)

where s(t) = [s0 (t), s1 (t), . . . , sL−1 (t)]T denotes the signal source vector, n(t) denotes
the additive white complex Gaussian noise and A(θ) is the array manifold matrix,
which can be expressed as
A(θ) = [a(θ0 ), a(θ1 ), . . . , a(θL−1 )]T ,

(4.2)

where



2π
2π
a(θl ) = 1, exp −j dsin θl , . . . , exp −j d(N − 1)sin θl .
λ
λ




(4.3)

The correlation matrix of z(t) can be expressed as


Rz =E zzH

(4.4)

=A(θ)Rs AH (θ) + σn2 I,


where Rs = E s(t)s(t)H , σn2 is the noise power and I is an N × N unit matrix.

4.2

Overview of DOA Estimation Techniques

There are many techniques used for estimating the DOA, such as delay and sum
(DAS), minimum variance distortionless response (MVDR), subspace techniques like
multiple signal classification and estimation of signal parameters via rotational invariance techniques (ESPRIT), compressive sensing, such as `2,1 and weighted spatial
filter (WSF) `2,1 , and the Riemannian geometry-based technique.
DAS and MVDR are two conventional methods used for DOA estimation. Unlike
other DOA estimation methods, conventional DOA estimation methods does not
exploit the nature of the received signal vector or the statistical model of the signals
and noise. These techniques steer the beams electronically in all possible directions
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looking for peaks in the output power [89]. The DAS method, also known as the
Fourier method, is based on combining the received signals linearly using complex
weights (classical beamformer). The output power Pb of the DAS method can be
written in terms of the angle of arrival θ as
Pb = wH Rzz w = aH (θ)Rzz a(θ)

(4.5)

where w is the complex weights vector. The DAS method is easy to implement and
does not require a lot of computations. On the other hand, the width of the beam and
the height of the sidelobes from multiple directions limit its performance and reduce
the resolution. In addition, the DAS technique requires a large number of antenna
elements to achieve high resolution. More details are provided in Appendix A.1.1
Capon’s method [90], also known as MVDR, can overcome these issues presented
in the DAS technique and provide better resolution. MVDR uses some of the degrees
of freedom to form a beam in the desired look direction while simultaneously using
the remaining degrees of freedom to form nulls in the direction of interfering signals.
It also minimizes the contribution of the undesired interferences and jammers by
minimizing the output power while maintaining a unity gain along the look direction
[91]. This techniques can be expressed as the following optimization problem [92]
min wH Rzz w
w

(4.6)

H

s.t. w a(θ0 ).
The solution for this optimization problem can be obtained by minimizing the variance
(average power) of the output signal. The weight vector w can be shown to be [93]
w=

R−1
zz a(θ)
.
H
a (θ)R−1
zz a(θ)

(4.7)

MVDR provides a better resolution when compared to the DAS method. However,
the performance of MVDR degrades if other received signals are correlated with the
signal of interest. In addition, MVDR suffers from self nulling in the case of DOA
mismatch [94]. See Appendix A.1.2 for more details.
The conventional techniques have some limitations in resolution and they do not
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exploit the structure of the input signal model of the measurements. Subspace techniques, such as MUSIC and ESPRIT, exploit the structure of a data model [95]. The
geometric concepts upon which MUSIC is founded form the basis for a much broader
class of subspace-based algorithms [96]. In addition to the MUSIC algorithm, another
subspace-based algorithm called estimation of signal parameters via rotational invariance technique (ESPRIT) was proposed by Roy and Kailath et al. [97]. The MUSIC
algorithm is based on exploiting the eigen-structure of the input covariance matrix.
The basic idea of the MUSIC algorithm is to conduct the characteristic decomposition of the covariance matrix of any array output data, resulting in a signal subspace
orthogonal to a noise subspace corresponding to the signal components. These two
orthogonal subspaces are used to form a spatial spectrum function where its peaks
are the DOA estimates. The MUSIC algorithm has a high resolution, accuracy and
stability under certain conditions. The direction of arrival of the multiple incident signals can be estimated by locating the peaks of a MUSIC spatial spectrum PM U SIC (θ)
given by [98]
PM U SIC (θ) =

1
aH (θ)Vn VnH a(θ)

(4.8)

where Vn is the matrix of non-principal eigenvectors associated with noise. In general, MUSIC has many advantages, such as the ability to simultaneously measure
multiple signals, to provide spectrum with high precision and to produce high resolution for antenna beam signals [99]. For the derivation of MUSIC algorithm see
Appendix A.2.1.
ESPRIT is another subspace based algorithm, which does not involve an exhaustive search through all possible steering vectors to estimate DOA and dramatically
reduces the computational and storage requirements in comparison with the MUSIC
algorithm. In addition, ESPRIT does not require that the array manifold vectors be
precisely known, and hence the calibration requirements are not stringent. The goal
of the ESPRIT technique is to exploit the rotational invariance in the signal subspace
which is created by two equal size identical sub-arrays with a translational invariance
structure, that is, the array should possess a displacement (translational) invariance,
and the sensors should occur in matched pairs with identical displacement [97]. The
direction of arrival of the k th source signal can be estimated using the phased delay
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between the sub-array sensors and can be expressed as
θk = cos

−1



arg(Φk )
c
ω0 ∆


(4.9)

where Φk is the eigenvalue of the phased delay matrix of the sub-array sensors, ∆ is
the translational vector, c is the speed of propagation and ω0 is the carrier angular
frequency. More details on ESPRIT algorithm see Appendix A.2.2.
Compressive sensing (CS) is defined as a method for acquisition of sparse signals
by sampling well below the Nyquist rate and reconstruction of sparse signals from
compressed measurements [100]. The DOA estimation is liked to the CS framework
through the underlying spatial sparsity reconstruction problem. DOA estimation from
the perspective of sparse signal reconstruction brings benefits such as smaller number
of required data samples and ability to deal with highly correlated and coherent
sources [101]. A lot of applications related to the direction finding problem under the
CS framework with limited number of snapshots have been investigated [102, 103].
The `2,1 -norm penalty can be used to estimate the DOA with a few snapshots. The
matrix form of the received signals can be written as
Z = AX + N

(4.10)

where A is the array manifold, X is the joint source signals matrix and N is the noise
matrix. The DOA estimation problem can be formulated as an `2,1 -minimization
problem, which can be expressed as
min

kXk2,1

subject to

kZ − AXkF 6 ,

(4.11)

P pP 2
where  is a small constant to limit the residual error and kXk2,1 = p
t x (θp , t).
Once the optimization problem converges, the peaks of the `2 -norm of each row in X
are the estimated DOAs [104].
The `2,1 -minimization problem in (4.11) assumes time invariance of multiple snapshots. However, its performance can easily degrade in a low SNR environment, with
fewer sensor elements and very small sample size. According to [103], exploiting a
weighted spatial filter (WSF) matrix for sparse constraint by some prior information
can improve the algorithm performance. The WSF-`2,1 constructs the spatial filter
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weighting matrix Q by dividing the received signals into two parts: the reference
signals which are received by the first sensor and the input signals which are received
by other sensors [104]. Thus, the WSF-`2,1 -minimization problem can be formulated
as
min
kQXk2,1
(4.12)
subject to kY − AXkF 6 .
The WSF CS-based DOA estimation provides higher accuracy than the regular `2,1 minimization since the weighting matrix Q can adjust the sparse penalty for each
element in X. WSF matrix does not require additional parameter settings in comparison with `2,1 -minimization, however it adds only one step to calculate the weighting
matrix. More details can be found at Appendix A.3.1 and Appendix A.3.2.

4.3

Riemannian Geometry-based DOA Estimation

This section proposes a new DOA estimation technique based on Riemannian geometry (RG). The Riemannian geometry (RG)-based DOA estimation technique exploits
the Riemannian mean of THPD covariance matrices and the Riemannian distance.
The RGDOA estimation problem is formulated as a linear search optimization problem, where the estimated DOA is the reciprocal of the minimum Riemannian distance.

4.3.1

Motivation

DOA estimation is a principal task in array processing and radar signal processing
since it is a precursor to beamforming, target localization and tracking. Several
estimation techniques tackle the problem of estimating DOA for multiple sources by
exploiting conventional methods like DAS and MVDR or subspace methods, such
as MUSIC and ESPRIT or compressive sensing techniques like `2,1 and WSF-`2,1 .
These techniques can estimate DOAs for uncorrelated signals with high resolution [91].
However, the performance of these methods suffer degradation under a low SNR and
small sample size [105].
DOA estimation based on information geometry exploits the geometry present in
the space of probability distributions parametrized by their covariance matrix [106].
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One aspect of information geometry focuses on considering probability density functions as structure of differential geometry and the geodesical distance, which is the
shortest distance between two probability density functions. Specifically using Riemannian geometry [10], each density function parametrized by a Toeplitz Hermitian
positive definite (THPD) covariance matrix represents a point on the statistical Riemannian manifold [107, 108]. Using Karcher Barycenter [109], the Riemannian (geometric) mean of THPD covariance matrices can be calculated and the Riemannian
distance can be defined by considering the curvature of the manifold.
The problem of DOA estimation is considered from a geometric point of view. In
particular, a Riemannian geometry direction of arrival (RGDOA) estimation technique based on regularized Burg algorithm (RBA) in Sec. 2.4, the Riemannian mean
and the Riemannian distance is proposed to maintain robust estimation under low
SNR and small sample size. The RGDOA technique is formulated as an optimization
problem by searching for the minimum Riemannian distance between the Riemannian
mean and the steering vector Hermitian positive definite covariance matrices for all
possible DOA angles. The solution for this optimization problem is a linear search
for the minimum distance that corresponds to the DOA estimate.

4.3.2

DOA Signal Model

Let L be the number of uncorrelated signals impinging from various directions given
by θ = [θ1 , . . . , θL ] on a uniform linear antenna array with N elements. The received
signals for the k th snapshot can be modeled as [110]
z[k] =

L
X

a(θi )si [k] + n[k] = As[k] + n[k]

(4.13)

i=1

h

d
sin(θi )
−j2π λ

d
−j2π(N −1) λ
sin(θi )

iT

,...,e
is the steering vector associwhere a(θi ) = 1, e
ated with the received signal at θi , d is the distance between two consecutive antennas, λ is the wavelength, A = [a(θ1 ), . . . , a(θL )] is the array manifold matrix,
s[k] = (s1 [k], . . . , sM [k]) is the received signal and n[k] is independent identically
distributed additive complex Gaussian noise. The noise covariance matrix can be
written as


2
Rn = E n[k]nH [k] = diag(σ12 , . . . , σN
)

(4.14)
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where E is mathematical expectation and σi2 is the noise variance of the ith antenna.
The received signal covariance matrix can be defined as


Rs = E s[k]sH [k] .

(4.15)

From (4.13), (4.14) and (4.15), it follows that the covariance matrix of z[k] can be
expressed as


Rz = E z[k]zH [k] = ARs AH + Rn

(4.16)

which is the asymptotic covariance model.

4.3.3

DOA Estimation in the Riemannian Space

The idea of estimating the DOA in the Riemannian space is to consider the geometry
present in the space of probability distributions parametrized by their covariance
matrix. Each radar data snapshot is converted to a THPD covariance matrix which
represents a point on the Riemannian manifold. These points can be manipulated on
the Riemannian manifold using a Riemannian metric like the Riemannian distance.
The Riemannian distance is based on the Fisher information matrix, which measures
how close two distributions are. Using the Riemannian distance, the DOA estimation
can be formulated as a linear search for the minimum Riemannian distance between
steering vector HPD covariance matrices and the Riemannian mean.
The RBA in Sec. 2.4 is exploited to estimate the reflection coefficients for every
snapshot of the radar observation data. From the reflection coefficients, we can estimate the THPD covariance matrix for each radar snapshot using (2.11). In addition,
using (2.21), the Riemannian mean of the THPD covariance matrices residing on the
Riemannian manifold can be computed. Also, we can generate an HPD covariance
matrix for each of the steering vectors by using the following equation,
Rsv (θi ) = a(θi )aH (θi ) + γIN ×N ,

θi ∈ [−π/2, π/2]

(4.17)

where γ is the diagonal loading factor which is determined by the standard deviation
of diag(a(θi )aH (θi )) and IN ×N is an N × N identity matrix.
The DOA estimation problem can be formulated as an optimization problem using
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(2.18), (2.21) and (4.17) by searching for the minimum Riemannian distance between
the full rank Rrm and full rank Rsv (θ).
The optimization problem can be expressed as [105]
min

dR (Rrm , Rsv (θi ))

subject to Rrm  0,

(4.18)

Rsv (θi )  0, θ ∈ [−π/2, π/2]
where  means positive definite matrix. The solution of the optimization problem
in (4.18) is a linear search for the minimum distance dR . The reciprocal of dR is
associated with steering vector of the direction of arrival estimate.

4.4

Simulation Results

Two sets of simulation results are presented to evaluate the performance of the
RGDOA technique in this section. The first set of simulation results are based on
spatial spectrum presentation, root-mean-square error and closely spaced targets resolution. The second set of simulation results are based on investigating the effect of
RSLA configuration on the Riemannian geometry-based DOA estimation. The RBA
regularization parameter is set to γ1 = 0.01 and the autoregressive order model is
N = 8. Also, the Riemannian mean step size is  = 0.01 and the number of iterations
is set to t = 1000 with tolerance level set to 10−5 . A collocated directional ULA
is used with M = 8 transmitters and N = 8 receivers with the antenna elements
spaced half a wavelength λ apart from each other. The desired sources’ DOAs are
at θ = [−30, 20] degrees. In addition, additive white Gaussian noise is considered
with SNR of 10, 0, −5 and −10 dB and the number of snapshots K is 64, 32, 16 and
8. The key point in this simulation is to measure the performance of the estimators as we decrease the SNR and the sample size. In addition, an omni-directional
RSLA configuration with same size as the ULA and internal antenna elements spacing [0.1λ, 1.1λ, 0.5λ, 0.3λ, 0.7λ, 0.4λ, 0.3λ] is used to collect data at −15 degrees
DOA. The goal of this simulation is to study the robustness of the RGDOA under
RSLA configuration in comparison with ULA configuration.
The first simulation results evaluates the robustness of the Riemannian geometry
DOA estimation technique for low SNR and small sample size. Figures 4.2 to 4.5
show the performance of DAS, MUSIC, MVDR and RGDOA for different sample
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sizes and SNRs. For 10 dB SNR and sample size K = 64, we notice a similarity in
performance for all DOA estimators, however, in terms of sidelobe levels, RGDOA
outperformed the other DOA estimators. On the other hand, for −10 dB SNR and
sample size K = 8 as shown in Fig. 4.5a, it can be noted that the performance of
DAS, MUSIC and MVDR is significantly reduced in comparison with the RGDOA
which still has robust estimates under low SNR and small sample size.
The second simulation results are based on root-mean-square error (RMSE) and
Monte Carlo simulations to measure the DOA estimation performance of the RGDOA,
WSF-`2,1 , `2,1 and ESPRIT. The desired DOA source is at θi = −30 degrees. The
RMSE DOA estimation performance measure is based on

RM SE =

v
uP
u Ni −1 θˆ − θ
i
i
t i=1
Mc

2
2

(4.19)

where θi is the vector of desired DOA sources, θˆi is the DOA estimation and Mc is the
number of Monte Carlo experiments conducted. Figure 4.6, shows the performance of
RGDOA, WSF-`2,1 , `2,1 and ESPRIT for different sample sizes for SNR=0 dB. The
RGDOA maintained a robust performance at high and low sample sizes while the
WSF-`2,1 , `2,1 and ESPRIT suffer degradation (high DOA estimation RMSE) at low
sample sizes. Additionally, the DOA estimation errors for different SNRs and K = 32
snapshots, are provided in Fig. 4.7. The RGDOA outperformed WSF-`2,1 , `2,1 and
ESPRIT at lower SNR and maintained a robust superior performance at higher SNR.
The third simulation results demonstrate the performance of the proposed
RGDOA, DAS, MUSIC and MVDR for closely spaced targets environment under low
SNR and small sample size. Figure 4.8 shows the spatial spectrum of the RGDOA,
DAS, MVDR and MUSIC for different spacing between closely spaced targets for 16
snapshots at 10 dB SNR. At 5 degrees spacing, all the techniques failed to resolve
the two targets. However, as we increase the spacing between closely spaced targets,
the MUSIC and MVDR techniques began resolving the two targets at 8 degrees. On
the other hand, RGDOA began resolving the two targets at 12 degrees spacing as
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shown in Fig. 4.8d. As we decrease the SNR to −10 dB and reduce the number of
snapshots to 8, DAS, MVDR and MUSIC failed to resolve the closely spaced two
targets as shown in Fig. 4.9. On the other hand, RGDOA began resolving the two
closely spaced targets at 12 degrees as shown in Fig. 4.9d. Although RGDOA requires at least 12 degree of spacing to resolve two closely spaced targets at high SNR,
it maintained a robust performance under low SNR and small small size, while the
other techniques suffered performance degradation.
The next set of simulation results studies the performance of the RGDOA technique for RSLA configurations. Varying the spacing between antenna elements affects
the eigenvalues of the estimated covariance matrices, hence affecting the Riemannian
distance between the Riemannian mean and each of the THPD covariance matrices
residing on the Riemannian manifold. Figure 4.10 shows the RGDOA estimates for
16 snapshots for different SNRs for ULA and RSLA configurations. At high SNR, we
can notice a difference between RGDOA for ULA and RGDOA for RSLA. However,
as we decrease the SNR, the DOA difference between ULA and RSLA is minimized.
The performance of RGDOA for ULA and RSLA configurations can be measured using RMSE in 4.19. Figure 4.11 demonstrates the RMSE performance of RGDOA for
ULA and RSLA configurations for different SNR values. We notice that at low SNR,
the RGDOA estimation technique has similar performance for ULA and RSLA configurations. On the other hand, at higher SNR, we can see differences in performance
between ULA and RSLA.
The random spacing between antenna elements in RSLA not only affects the
propagation delay between antenna elements, but also varies the phase center of the
antenna array, which degrades the DOA estimation performance for high SNR. In
addition, ULA and RSLA suffer from ambiguities among the direction of arrival of
the targets, for example the targets’ angles at 0 and 180 degrees affect the steering
vectors and manifold array matrix and lead to poor DOA estimation. The effect of
phase center variation will be explored in future work.

CHAPTER 4. DOA ESTIMATION IN RIEMANNIAN SPACE

(a) K = 8

(b) K = 16

(c) K = 32

(d) K = 64

82

Figure 4.2: Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=10
dB.
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Figure 4.3: Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=0
dB.
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(b) K = 16

(c) K = 32

(d) K = 64
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Figure 4.4: Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=-5
dB.
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(a) K = 8

(b) K = 16

(c) K = 32

(d) K = 64
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Figure 4.5: Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for SNR=-10
dB.
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Figure 4.6: DOA estimation with different sample sizes at SNR = 10 dB.

Figure 4.7: DOA estimation with different SNRs at K= 32.
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Figure 4.9: Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for different
closely spaced targets at −10 dB SNR and 8 snapshots.
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Figure 4.10: Spatial spectrum of RGDOA for ULA and RSLA configurations for 16
snapshots under different SNRs.
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RSLA configurations for 8 snapshots for different SNRs.

CHAPTER 4. DOA ESTIMATION IN RIEMANNIAN SPACE

4.5

91

Real Data Analysis

The performance of the RGDOA technique is tested on real data from a drone experiment. The data was collected using the Texas Instruments uniform linear array
AWR1642 automotive multiple input multiple output radar with a moving Yuneec
Typhoon H drone target. The AWR1642 specifications are listed in Table 3.1.
The performance of the proposed technique is tested on K = 8, 16, 32 and 64
snapshots extracted from the data set and compared to the DAS, MUSIC and MVDR
DOA techniques. The analysis is based on the spatial spectrum of DAS, MUSIC,
MVDR and RGDOA. The extracted snapshots are converted to THPD covariance
matrices using RBA in Sec. 2.4. The Riemannian mean is calculated using all the
THPD covariance matrices with regularization parameter set to γ1 = 0.1 and the
autoregressive order model is N = 4. Also, the Riemannian mean step size is  =
0.01 and the number of iterations is set to t = 1000 with tolerance level set to
10−5 . The Riemannian distance is computed between the Riemannian mean and
each THPD covariance matrix residing on the Riemannian manifold. As we can see
from Fig. 4.12, all techniques maintained good performance in estimating the DOA
since the original data has high SNR. However, the RGDOA maintained low sidelobe
levels in comparison with the other techniques.
The range of the drone can be extended by increasing the noise level of the original
signal (scale the SNR by 0.2) to test the performance of the RGDOA in comparison
with the other techniques. Figure 4.13 illustrates the DOA estimation performance
of DAS, MUSIC, MVDR and RGDOA. The RGDOA technique maintained a robust estimate for different snapshot sizes, while DAS, MUSIC and MVDR suffered
degradation in performance.
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Figure 4.12: Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for original
data.
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Figure 4.13: Spatial spectrum for RGDOA, DAS, MVDR and MUSIC for scaled
SNR.
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Conclusion

DOA estimation is a fundamental problem in a variety of applications including radar,
sonar and wireless communications. Many different algorithms, such as DAS, MVDR,
MUSIC, ESPRIT and compressive sensing techniques provide solution to DOA estimation problem. Most of these non-Riemannian techniques fail under small sample
size and low SNR. The DOA estimation problem is projected into the Riemannian
space where Riemannian distance and Riemannian mean can be exploited to formulate the DOA estimation problem as an optimization model. The solution of this
optimization problem is a linear search for the minimum distance between the Riemannian mean and THPD for each steering vector. Simulation results and real data
analysis showed that RGDOA maintained similar performance to DAS, MVDR, MUSIC, WSF-`2,1 , `2,1 and ESPRIT at high SNR and large sample size and outperformed
them at low SNR and small sample size. The RGDOA estimation for RSLA configuration has similar performance to ULA configuration at low SNR. On the other hand,
at high SNR, the RGDOA for RSLA suffered slight degradation in performance in
comparison with RGDOA estimation under ULA.

Chapter 5

Covariance Matrix Estimation for
Beamforming Applications
Adaptive beamforming has many applications in radar, sonar, seismology, microphone
array speech processing, and, more recently, multiple input multiple output wireless
communication [85,111]. As a major player in array processing, adaptive beamforming
acts like a spatial filter that controls the beamforming weights to increase the signal
strength while eliminating interference and noise. Unlike a classical conventional
data-independent beamformer, adaptive beamforming relies on the received data to
optimize the antenna array and achieve maximum gain in the direction of the desired
signal while suppressing the interference directions [112]. Nevertheless, an adaptive
beamformer like the MVDR algorithm is sensitive to model mismatch especially when
the covariance matrix contains the desired target. For example, the estimated sample
covariance matrix may have inaccuracy due to limited number of snapshots or training
data. Also, another important challenge in adaptive beamforming is to maintain its
performance even in the presence of uncertainty due to mismatch between the actual
and the presumed steering vectors.
The estimation of the interference-plus-noise covariance matrix is a crucial step towards improving the performance of adaptive beamforming, as it leads to an increase
in the target’s signal-to-noise ratio and provides immunity against interferences. The
sample covariance matrix, which is the maximum likelihood estimate of the data
covariance matrix, does not always yield the desired estimation accuracy, especially
with a small sample size, which leads to significant performance degradation [113].
This chapter provides brief summaries of the major techniques for estimating the
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interference-plus-noise covariance matrix, such as diagonal loading [114], shrinkage algorithm [115], and subspace [116] and sparse [117] techniques. In addition, it proposes
a new Riemannian geometry-based interference-plus-noise covariance matrix estimation technique. This technique takes advantage of the Riemannian mean, the Riemannian distance and max-min normalization to generate an interference-plus-noise
covariance matrix free of the desired signal and immune against model mismatch and
steering vector mismatch [118].

5.1

Array Signal Model and Adaptive Beamforming

Adaptive beamforming is a technique used for combining the received signal of interest (SOI) from all receiving sensors from a specific direction while suppressing
the interfering signals adaptively in other directions. The outputs of the individual
sensors are linearly combined after being scaled with their corresponding weights.
This technique can adaptively optimize the array pattern by adjusting the elemental
control complex weights until a prescribed objective function is satisfied [119].

5.1.1

Array Signal Model

Consider a uniform linear array (ULA) of a collocated antenna system with M signal sources impinging on N receiving antennas. Let θi be the desired signal direction of arrival. The baseband received signal of the array at time instant t,
y(t) = [y1 (t), y2 (t), . . . , yN (t)] ∈ CM , can be represented as
y(t) = a(θi )s(t) + j(t) + n(t)

(5.1)

where
h
a(θi ) = 1,

d

d

e−j2π λ sin(θi ) , . . . , e−j2π(N −1) λ sin(θi )

iT

(5.2)

is the steering vector associated with θi , d is the distance between two consecutive
antennas, λ is the wavelength, s(t) is the desired signal waveform, j(t) is the interference and n(k) is independent identically distributed additive Gaussian noise. For
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multiple received signals, the matrix form can be written as
Y = A(θ)S + J + N

(5.3)

where A = [a(θ1 ), a(θ2 ), . . . , a(θM )] is the array manifold matrix, S =
[s1 (t), s2 (t), . . . , sM (t)] are the received signals, J is the interference matrix and N
is the noise matrix. The output of the beamformer for multiple received signals can
expressed as
ωH Y = ωH S + ωH J + ωH N

(5.4)

= ω H S + ω H (Xj+n )
where ω = [ω1 , ω2 , . . . , ωN ] is the beamforming complex weights and Xj+n = J + N
is the interference-plus-noise matrix. A typical adaptive beamforming block diagram
is illustrated in Fig. 5.1.

Figure 5.1: Block diagram of adaptive beamforming system.
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MVDR Beamforming Algorithm

The common goal of narrowband adaptive beamforming techniques is to maximize
the output SNR. The maximization of SNR can be achieved by minimizing the total
output power subject to the constraint that the desired signal is not distorted. This
leads to the MVDR beamforming algorithm which adjusts the complex weight factors
to minimize the interference and noise in the desired direction while maintaining a
unity gain desired signal with minimal distortion [90]. Using (5.4), the power of the
interference-plus-noise of the output can be express as
o
o
n
2
2
= E ω H Xj+n
ωH J + ωH N

H
= ω H E Xj+n XH
j+n ω = ω Rj+n ω

n
E

(5.5)

where Rj+n is the covariance matrix for the interference-plus-noise. Similarly, from
(5.4), a necessary and sufficient condition is required to maximize the distortionless
output in the desired direction, which can be expressed as
ωH a = 1

(5.6)

p
where a = s(θ)/ sH (θ)s(θ) is a normalized directional vector associated with the
steering vector at angle θ. Therefore, the MVDR beamforming algorithm can be
written as the optimization problem
min ω H Rj+n ω
ω

s.t.

(5.7)

ω H a = 1.

By applying the Lagrange multiplier t, (5.7) can be changed into

1
G(ω) = ω H Rj+n ω + t ω H a − 1 .
2

(5.8)

The optimal weight vector for the MVDR beamforming algorithm is expressed as [86]
ω = R−1
j+n

a
aH R−1
j+n a

!
.

(5.9)
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Overview of Interference-plus-Noise Covariance Matrix Estimation Techniques

The MVDR beamforming algorithm requires an accurate interference-plus-noise covariance matrix Rj+n . Inadequate estimation of the covariance matrix results in
degraded performance in the MVDR beamforming algorithm, which leads to antenna
patterns with high sidelobes and distorted main-beams [114, 120]. The sample covariance matrix suffers from large inaccuracy, especially when the number of snapshots
are limited [121]. The diagonal loading technique can be used to correct the inaccuracy of the sample covariance matrix Rscm , which is defined as
Rscm

K
1 X
y(k)yH (k)
=
K k=1

(5.10)

where K is the number of received snapshots. The diagonally loaded interferencee −1 is derived to be
plus-noise covariance matrix R
j+n
e −1
R
j+n

= (Rscm + ιI)

−1



ε
I−
BC
ι + σn2


(5.11)

where


C = I − S SH S + (σn2 + ι)Ω−1 S−1

(5.12)

and where ε = std(diag(Rscm )) is the inaccuracy of Rscm ,std refers to the standard
deviation, σn is the noise power, B is a random matrix with zero mean and unit
variance and all its elements are  1, S is the array manifold matrix, Ω is a diagonal
matrix associated with the interference signal power and ι is the diagonal loading
bounded by ε − σn2 6 ι  Rscm (i, i), where Rscm (i, i) are the diagonal elements of
the sample covariance matrix. For the complete derivation, see Appendix B.1.
The diagonally loaded sample covariance is a popular estimation technique for
estimating unknown covariance matrices. However, while it is an unbiased estimator,
it does not minimize the mean-squared error (MSE). On the other hand, the shrinkage
algorithm can achieve better performance in comparison with the diagonal loading
technique especially for small sample size n and larger dimension p [122]. Ledoit and
Wolf (LW) [115] proposed a shrinkage estimator which asymptotically minimizes the
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MSE. The LW estimator is well conditioned for small sample sizes and can thus be
applied to high dimensional problems. The LW estimator can be defined as
b LW = (1 − ρ̂LW ) RSCM + ρ̂LW F
b
R

(5.13)

where
2
T
i=1 xi xi − RSCM F
n2 [tr (R2SCM ) − tr2 (RSCM ) /p]

Pn

ρ̂LW =

(5.14)

b is the shrinkage target, xi is the data sample, n is the
is the shrinkage coefficients, F
number of snapshots, p is the data dimension, tr is the trace of the matrix and k·kF
is the Frobenius norm. More details are provided in Appendix B.2.
The eigenspace decomposition of the sample covariance matrix technique is another major approach for robust adaptive MVDR beamforming. The main idea of this
technique is to separate the interference subspace from the signal subspace by using
Capon’s spatial spectrum [90]. The desired signal eigenvector obtained from Capon’s
spatial spectrum is used to reconstruct the signal covariance matrix and subtract
from the sample covariance matrix to acquire the interference-plus-noise covariance
matrix [116]. The interference-plus-noise covariance matrix can be written as
b j+n = RSCM − λ̂z v̂z v̂H
R
z

(5.15)

where λ̂z is the eigenvalue of the sample covariance matrix corresponding to the
desired signal waveform z(k) impinging from a specific angular sector and v̂z can be
estimated using
v̂z = argmax
v∈V

Vz VzH v
kI − Vz VzH vk

(5.16)

where Vz is the column orthogonal matrix of the columns of the reconstructed desired
signal covariance matrix. More details can be found in Appendix B.3.
Another important technique based on sparsity is used to estimate the
interference-plus-noise covariance matrix free of desired signal. The key idea of the
sparsity-based interference-plus-noise covariance matrix estimation is to exploit the
sparsity of sources in the observed spatial domain and reconstruct the interferenceplus-noise covariance as a linear combination of the outer products of the interference
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steering vectors weighted by their individual power [117]. In comparison with the
classical methods, the sparsity-constrained covariance matrix can be formulated as
a convex optimization problem by relaxing the `0 -norm and approximately replacing
it by an `1 -norm. This convex optimization problem can be reformulated as a basis
pursuit de-noising problem [123] as
min2
p,σn

RSCM − SPSH − σn2 I

F

+ ς kpk1

(5.17)

s.t. p > 0
where p ∈ RM
+ is the spatial spectrum distribution on the sample grid of the observed
spatial domain (e.g., {θ1 , θ2 , . . . , θM } ∈ Θ), P = diag(p) is the corresponding diagonal
matrix, S is the array manifold matrix, σn2 is the noise power, ς is a regularization
parameter controlling the trade-off between the sparsity of the spatial spectrum and
the residual norm of covariance matrix and k·k0 is the `0 -norm of a vector. The
optimization problem is convex and can be solved using standard and highly efficient
interior point methods. In comparison with the previously discussed techniques, the
sparsity-based interference-plus-noise covariance matrix estimation does not require
matrix inversion or eigen-decomposition. However, the solution of this optimization
problem is not absolutely sparse because of the `1 -norm relaxation [117]. For more
details see Appendix B.4.

5.3

Interference-plus-Noise Covariance Matrix Estimation in Riemannian Space

The previous sections illustrated the state of the art in interference-plus-noise covariance matrix estimation. The sample covariance matrix is a maximum likelihood estimate of the data covariance matrix, which leads to an optimal adaptive beamformer
when the sample size tends to infinity. However, the sample size is often limited,
thus resulting in substantial performance degradation [113, 124]. The most popular
interference-plus-noise technique is the diagonal loading technique [121], which adds
a scaled identity matrix to the sample covariance matrix to reduce the conditional
number. However, the diagonal loaded sample covariance matrix is not free of target,
which leads to degradation in performance under small sample size. The shrinkage estimation method [115] minimizes the mean square error and can compute the diagonal
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loading levels from the data sample. However, this technique estimates the statistical
covariance matrix of the array received data rather than the required interferenceplus-noise covariance matrix. In such a case, the performance degradation becomes
severe with the increase of the desired signal power. The eigenspace decomposition
technique [125] is another popular method for estimating the interference-plus-noise
covariance matrix. The main idea of this technique is to separate the interference subspace from the signal space by exploiting Capon’s spatial spectrum. It is known that
this approach suffers severe performance degradation under low SNR [116]. The sparsity based interference-plus-noise covariance matrix estimation technique exploits the
`1 -norm to formulate a convex optimization. This optimization requires extra computations to converge to a solution and the regularization parameter can be difficult
to determine in some situations [117].
The interference-plus-noise covariance matrix estimation can be viewed from the
Riemannian geometry viewpoint where every snapshot is converted to a THPD covariance matrix that resides on the Riemannian manifold. These points on the Riemannian manifold can be manipulated using the Riemannian mean and the Riemannian
distance. This section proposes a new technique to tackle the challenge of estimating
the interference-plus-noise covariance matrix to improve the MVDR optimal beamforming.
The Riemannian geometry-based interference-plus-noise covariance matrix technique is formulated as a linear combination of all THPD covariance matrices residing
on the Riemannian manifold. The weights of the linear combination can be determined from distance between the Riemannian mean and all the THPD covariance
matrices. Using the max-min normalization, the weights for the further THPD points
from the Riemannian mean are minimum and the weights for closer THPD points
from the Riemannian mean are maximum. The largest Riemannian distance will have
zero weight and the smallest Riemannian distance will have a weight of 1.

5.3.1

Signal Model

Consider a ULA of collocated antenna system with M sources impinging on an N
receiving antennas. Let θi be the desired signal direction of arrival. The received
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signals for the k th snapshot can be modelled as
y[k] =

M
X

a(θi )si [k] + j[k] + n[k]

(5.18)

i=1

where s[k] = (s1 [k], . . . , sM [k]) is the received signal, n[k] is independent identically distributed additive Gaussian noise, j[k] is the interference from other sources
and A = [a(θ1 ), . . . , a(θM )] is the array manifold matrix. The standard model for
interference-plus-noise can be defined as [126]

d=

Q
X

a(θq )bq + n

(5.19)

q=1

where Q is the number of interferers, θq is the interferer’s angle of arrival and the bq are
the complex amplitudes of the interferers. Consequently, the asymptotic covariance
matrix of the interference plus noise can be written


Rj+n = E ddH
2
= AJ BAH
J +β I

(5.20)
(5.21)

where B = E[bbH ], AJ = [a(θ1 ), . . . , a(θQ )], β is the noise power and I is the identity
matrix.

5.3.2

Riemannian Geometry-based Interference-plus-Noise
Covariance Matrix Estimation

Consider K received radar snapshots, where every snapshot can be converted to a
THPD covariance matrix using the RBA algorithm in Sec. 2.4. The first step in
estimating the interference-plus-noise covariance matrix R̃j+n is determining the Riemannian mean Rrm of all the THPD covariance matrices points (R1 , . . . , RK ) on the
Riemannian manifold using (2.21). Then, using (2.18) to determine the Riemannian
distances between the Riemannian mean and all points on the Riemannian manifold,
dR = [dR (Rrm , R1 ), . . . , dR (Rrm , RK )]

(5.22)

CHAPTER 5. COV. MAT. ESTIMATION FOR BEAMFORMING APP.

104

where dR is a vector of Riemannian distances. According to [51], the Riemannian
distance-based constant false alarm rate detector calculates the Riemannian distance
between the Riemannian mean of the reference HPD covariance matrices and the
HPD covariance matrix under test. The larger the Riemannian distance, the higher
the probability of the HPD covariance matrix under test being a potential target. The
estimated interference-plus-noise covariance matrix has to be free of targets, hence
the next step is to remove the THPD covariance matrix associated with the largest
distance. The estimated R̃j+n is formulated as a linear combination of the remaining
THPD covariance matrices. The weights are based on the max-min normalization
[127] of the Riemannian distance as
αk =

dR (Rrm , Rk ) − max(dR )
.
min(dR − max(dR ))

(5.23)

The largest Riemannian distance, which is the farthest point from the Riemannian
mean Rrm , will have zero weight and the smallest distance which is the closest to
the Riemannian mean will, have a weight of 1. The estimated R̃j+n can be defined
as [118]
R̃j+n = α1 R1 + · · · + αK RK .

(5.24)

This estimated R̃j+n puts more weight on the points that are close to the mean
and less weight on the points that are farther out from the mean.

5.4

Simulation Results

The simulation results measure the performance of the MVDR beamformer with diagonally loaded, shrinkage, subspace, sparse and the Riemannian geometry interferenceplus-noise covariance matrices. The simulations are based on a collocated uniform
linear array with N = 8 receivers and the antenna elements spaced half a wavelength apart from each other. The desired direction of arrival is θi = 30 degrees
and two sources of interference are considered with directions of arrival {0, 50} degrees. The input signal to interference-plus-noise ratio varies from -10 dB to 10 dB
with different sample sizes. The main task in this simulation is to measure the performance of all techniques under different sample sizes at high and low SINR. The
diagonal loading factor is calculated with every new input data. The solution for
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the sparse-based interference-plus-noise covariance optimization problem is obtained
using CVX [128] in Matlab. In addition, the Riemannian geometry-based interferenceplus-noise covariance matrix estimation exploits RBA with regularization parameter
set to γ1 = 0.01 and the autoregressive order model is N = 8. Also, the Riemannian mean step size is  = 0.01 and the number of iterations is set to t = 1000 with
tolerance level set to 10−5 .
The first part of this simulation emphasises on comparing the estimated
interference-plus-noise covariance matrices for all presented techniques with the
asymptotic interference-plus-noise covariance matrix. One way to compare the
asymptotic covariance matrix with another covariance matrix is to use the Siegel
distance in (2.19), which is the geodesical distance between two covariance matrices.
Figure 5.2 shows the Siegel distance between the asymptotic interference-plus-noise
covariance and diagonally loaded, shrinkage, subspace, sparse and Riemannian geometry interference-plus-noise covariance matrices. Using Siegel distance between the
asymptotic interference plus noise covariance and the Riemannian geometry-based
interference-plus-noise covariance matrix converges faster as we increase the number of snapshots in comparison with the other techniques where they require more
snapshots to converge. This result indicates that the Riemannian geometry-based
interference-plus-noise covariance matrix is very close to the asymptotic covariance
matrix.
The second part of this simulation focuses on the MVDR beamforming performance of the presented techniques for large and small samples sizes and high and low
SINR. Figures 5.3 to 5.5 show the beamforming performance for diagonally loaded,
shrinkage, subspace, sparse and Riemannian geometry interference-plus-noise covariance matrices at different sample sizes and different SINR. At SNR of 10 dB and K=64
snapshots, all techniques performed very well in terms of main-lobe at desired angle
of arrival and notches at the interferences’ angles. However, reducing the number of
snapshots to K = 8, both the shrinkage and diagonal loaded have poor performance
in comparison with the other techniques. At SNR of −10 dB and angle mismatch of
28 degrees (instead of 30 degrees), the Riemannian geometry-based interference-plusnoise covariance matrix estimation technique has superior performance in comparison
with all other techniques. We notice the diagonal loading technique suffered from
self-nulling. The shrinkage, subspace and sparse techniques have a degraded performance while the Riemannian geometry based techniques maintained a low sidelobe
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and showed immunity against steering vector mismatch.

Figure 5.2: Siegel distance between the asymptotic interference-plus-noise covariance and diagonally loaded, shrinkage, subspace, sparse and Riemannian geometry interference-plus-noise covariance matrices.
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Figure 5.3: MVDR beamforming for different interference-plus-noise covariance matrix estimation techniques at SNR=10 dB.
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Figure 5.4: MVDR beamforming for different interference-plus-noise covariance matrix estimation techniques at SNR=0 dB.
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Figure 5.5: MVDR beamforming for different interference-plus-noise covariance matrix estimation techniques at SNR=-10 dB with mismatch θi = 28 degrees.
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Real Data Analysis

The MVDR beamforming performance is tested on real data from a drone experiment.
The data was collected using a Texas Instruments AWR1642 automotive radar with
28 degrees beam-width and a moving Yuneec Typhoon H drone target. The AWR1642
specification is listed in Table 3.1. The direction of arrival is estimated in Sec. 4.5.
The performance of the MVDR beamforming is examined on K = 8, 16, 32 and 64
snapshots extracted from the original data set. The extracted snapshots are converted
to THPD covariance matrices using RBA in Sec. 2.4 with regularization parameter set
to γ1 = 0.1 and the autoregressive order model is N = 4. Also, the Riemannian mean
step size is  = 0.01 and the number of iterations is set to t = 1000 with tolerance
level set to 10−5 . The MVDR beamforming for the Riemannian geometry-based
interference-plus-noise covariance matrix is compared to diagonally loaded, shrinkage,
subspace and sparse interference-plus-noise covariance matrices. Figure 5.6 shows the
performance of the Riemannian, diagonally loaded, shrinkage, subspace and sparse
interference-plus-noise covariance matrices. We notice that the performance of the
diagonally loaded, shrinkage, subspace and sparse interference-plus-noise covariance
matrices degrade as we decrease the number of snapshots. On the other hand, the
Riemannian interference-plus-noise covariance matrix maintained the mainlobe at the
estimated direction of arrival while keeping the sidelobes at -10 dB.
As an additional experiment, the SNR of the original data is scaled by 0.2 to
examine the beamforming performance of the Riemannian interference-plus-noise covariance matrix in comparison with the other techniques. Figure 5.7 illustrates the
MVDR beamforming performance of the Riemannian, diagonally loaded, shrinkage,
subspace and sparse interference-plus-noise covariance matrices. The Riemannian
interference-plus-noise covariance matrix maintained a robust performance as we decrease the number of snapshots with -10 dB sidelobe levels. In addition, it conserved
the mainlobe at the estimated direction of arrival. On the other hand, the other techniques suffered from severe degradation as we decrease the number of snapshots and
the mainlobes diverted from the estimated direction of arrival. Hence, the MVDR
beamforming under the Riemannian interference-plus-noise covariance matrix outperformed the other techniques for low SNR and small sample size.
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Figure 5.6: MVDR beamforming for different interference-plus-noise covariance matrix estimation techniques for original data.
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Figure 5.7: MVDR beamforming for different interference-plus-noise covariance matrix estimation techniques for scaled SNR.
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Conclusion

In this chapter, the Riemannian geometry based interference plus noise covariance
matrix estimation technique showed a superiority over the diagonally loaded, shrinkage, subspace and sparse based estimation techniques. Specifically, the interferenceplus-noise estimation problem is viewed from the Riemannian space perspective where
every snapshot represent a point on the Riemannian manifold and can be manipulated
using Riemannian metrics to generate an accurate interference plus noise covariance
matrix with immunity against model mismatch and steering vector mismatch. Simulation results and real data analysis evidently demonstrate the effectiveness of the
Riemannian geometry based technique under small number of snapshots and low
SNR.

Chapter 6

Conclusion and Future Work
6.1

Conclusion

Drones and micro-drones can be potential threats to public safety and military facilities. Thus, reliable drone detection and estimation techniques are much needed to
allow countermeasures. The classical signal processing techniques may fail in presence of low radar cross section drones and limited number of received snapshots. The
detection and estimation problems are projected into Riemannian space where the
signal processing challenges can be mitigated.
In this dissertation, two Riemannian geometry-based CFAR detectors were developed to increase the probability of drone detection. The Riemannian-Brauer matrix
(RBM) and the angle-based hybrid Brauer (ABHB) CFAR detectors were presented
as two stage approaches, exploiting the Brauer disc theorem, the Riemannian and
Euclidean spaces. The two novel CFAR detectors have shown a superior performance
in comparison with other CFAR detection techniques with both simulated and real
data. Even with reduced SNR and limited the sample size, both the RBM and
ABHB CFAR detectors maintained at least 2–5 dB gain over the other techniques
while maintaining a low probability of false alarm under the uniform linear array
(ULA) configuration. For non-ULA with random spacing between antenna elements
and a slightly perturbed ULA configurations, the RBM and ABHB CFAR detectors
suffered a loss of 1–2.5 dB when compared to the performance obtained with the ULA
configuration.
Direction of arrival (DOA) estimation in the Riemannian space exploits the information geometry of each radar snapshot to enhance the DOA estimation. The DOA
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estimation problem in the Riemannian space is formulated as a linear search optimization model seeking the minimum Riemannian distance. The robust performance of the
Riemannian space-based DOA estimation technique under low signal-to-interferenceplus-noise ratio (SINR) and small number of snapshots in comparison with the other
comparator techniques has been validated with ULA simulated and real data. The
performance of the Riemannian space-based DOA estimation for the non-ULA configuration suffered only a slight degradation for high SINR and still maintained similar
performance like the ULA configuration operating in similar conditions.
The Riemannian space-based interference-plus-noise covariance (RS-INC) matrix
estimation in the Riemannian space utilizes the covariance matrix for every snapshot
to improve the INC estimation. The RS-INC is formulated as a linear combination
of all the Hermitian positive definite matrices residing on the Riemannian manifold.
The RS-INC matrix estimation technique eliminates the presence of a target in the
INC covariance matrix and provides better minimum variance distortionless response
(MVDR) beamforming performance in comparison with the other comparator techniques presented in this dissertation. Simulation results and results obtained with real
data demonstrated the effectiveness of the Riemannian geometry-based technique under small number of snapshots and low signal-to-noise ratio scenarios.

6.2

Limitations

In this section, we discuss the limitations that may affect the performance of the Riemannian geometry based techniques presented in this dissertation. These limitations
are : covariance matrix structure, antenna array configuration and minimum number
of received range bins.

6.2.1

Covariance Matrix Structure

The regularized Burg algorithm discussed in this dissertation converts every range
bin into Toeplitz Hermitian positive definite matrix. Any other matrix structure may
affect the performance of the presented techniques. Also, other applications may
have non-Toeplitz and non-Hermitian covariance matrices which make the proposed
techniques not applicable. This limitation limits the Riemannian geometry based
techniques to specific applications.
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Antenna Array Configuration

The Riemannian geometry based signal processing techniques presented in this dissertation are based on uniform linear antenna array. Some analysis were conducted on
non-uniform linear antenna array, which resulted in 1-2 dB loss in performance. Other
antenna configurations like circular or planar arrays may affect the performance of the
presented techniques and we may require an alternative covariance matrix estimation
technique.

6.2.3

Minimum Number of Range Bins

The minimum number of range bins required for the Riemannian geometry based
techniques to have an acceptable performance should be equal to the number of
received antennas. This limitation allows the presented techniques to have sufficient
sample data to estimate the covariance matrices and compute the clutter-plus-noise
power. The performance of the discussed techniques may degrade if the number of
received range bins is smaller than the number of received antennas.

6.3

Future Work

This dissertation focused on how to improve the detection and estimation in Riemannian space. The extensions of the research presented in this dissertation may focus on
exploring other antenna configurations, different geometric measures, estimating the
Cramér-Rao lower bound on the Riemannian manifold, identifying the micro-Doppler
signature of a target in the Riemannian space and detecting and classifying targets
using the Riemannian manifold learning.

6.3.1

Antenna Configurations

Other antenna configurations like circular, planar or 3D arrays may be explored in
order to enhance the performance of the presented techniques. We may require an
alternative covariance matrix estimation algorithm to convert range bins into covariance matrices and exploit other manifold structures. In addition, we may explore the
variation of the phase center in randomly spaced array configurations and its effect
on the direction of arrival estimation.
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Geometric Means and Medians

Other geometric measures can be used besides the Riemannian mean, median and distance. The target detection and parameter estimation in the Riemannian space could
exploit different geometric measures, such as Log-Euclidean [129], Bhattacharyya
[130] and Hellinger [131] distances. These geometric measures can be compared to
the Riemannian measures in terms of detection and estimation performance for ULA,
perturbed ULA and the non ULA configurations.

6.3.3

Cramér-Rao Lower Bound

The Cramér-Rao lower bound provides a fundamental limit on the accuracy of unbiased estimators. Cramér-Rao lower bound in the Riemannian space depends on the
sectional curvatures of the Riemannian manifold, tensors and traces and coordinatefree extension of the Fisher information matrix [132]. It also involves theoretical
aspects of the Riemannian-geometric framework. Future work could focus on deriving the Cramér-Rao lower bound on the Riemannian manifold.

6.3.4

Micro-Doppler Signature in Riemannian Space

Micro-Doppler analysis is often employed in identifying and recognizing drones.
Micro-Doppler signatures can be studied in the Riemannian space by considering
geodesic paths of the Hermitian positive definite covariance matrices on the Riemannian manifold. Fréchet’s distance between geodesic paths on the Riemannian manifold
could be used to estimate the micro-Doppler signature [133].

6.3.5

Target Detection and Classification with Manifold
Learning

This dissertation considered target detection from a Riemannian space perspective
and specifically, the work was focused on exploiting the Riemannian metrics to improve the probability of target detection. The Riemannian space-based target detection can be improved by using deep manifold learning which transforms the detection
problem into a binary classification problem on a Riemannian manifold. Also, deep
manifold learning takes advantage of the neural networks, Riemannian manifold mapping and the log-Euclidean metric. In addition, target classification can be enhanced
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by using manifold learning which exploits the statistical representations of Hermitian
positive definite matrices that belong to the curved Riemannian manifold [134].
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Appendix A

DOA Estimation Techniques
This Appendix provides a brief description of the DOA estimation techniques discussed in this thesis.

A.1

Conventional DOA Estimation

Beamforming and null steering are two conventional methods used for DOA estimation, which steer the beams electronically in all possible directions looking for peaks
in the output power [89]. The conventional methods discussed here are the delayand-sum method (classical beamformer) and the Capon’s minimum variance method.

A.1.1

Delay and Sum Technique

The delay and sum (DAS) method, also referred to as the classical beamformer
method or Fourier method, is one of the simplest methods for DOA estimation [111].
The delay and sum technique is based on combining the received signals linearly using
complex weights as shown in Fig. A.1. The output signal y(k) can be written as
y(k) = wH z(k)

(A.1)

The total output power Pb of the DAS method can be expressed as


Pb =E |y(k)|2
h
i


2
=E wH z(k) = wH E z(k)z(k)H w
=wH Rzz w.
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(A.2)
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Consider a signal z(k) impinging on the antenna array at an angle θ0 . Using the
system model (4.1) discussed in Sec. 4.1, the power of the beamformer output can
expressed as
h

wH (a(θ0 )s(k) + n(k))


= wH a(θ0 ) σs2 + σn2

Pb =E

2

i

(A.3)

where a(θ0 ) is the steering vector associated with the DOA angle θ0 , n(k) is the
noise vector at the array input, and σs2 and σn2 are the signal power and noise power
respectively. It can be seen from (A.3) that the output power is maximized when
w = a(θ0 ). The receiver antenna has the highest gain in the direction of θ0 when
w = a(θ0 ) due to the fact that the signal phases are aligned which allow them to be
added constructively.
The output power of the DAS method can be written in terms of the angle of
arrival as
Pb = wH Rzz w = aH (θ)Rzz a(θ)

(A.4)

. The output power as a function of the angle of arrival θ is called the spatial spectrum
and the DOA can be estimated by locating the peaks in the spatial spectrum in (A.4).

Figure A.1: Illustration of the classical beamforming structure.
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The delay and sum method is easy to implement and does not require a lot of
computations. On the other hand, the width of the beam and the height of the
sidelobes from multiple directions limits its performance and reduces the resolution.
In addition, the DAS technique requires a large number of antenna elements to achieve
high resolution.

A.1.2

Minimum Variance Distortionless Response

The MVDR technique can be expressed as the optimization problem [92]
wH Rzz w

min
w

(A.5)

H

s.t. w a(θ0 ) = 1.
The solution for this optimization problem can be obtained by minimizing the variance
(average power) of the output signal while passing the signal arriving in the look
direction without distortion with unity gain and zero phase shift. (A.5) represents a
constraint optimization problem which can be solved using the method of Lagrange
multipliers. This approach exploits least squares techniques to determine the solution.
Using a Lagrange multiplier, the weight vector w that can be shown to be [93]
a(θ)
R−1
.
w = H zz −1
a (θ)Rzz a(θ)

(A.6)

The output power of the array as a function of the angle of arrival using the MVDR
technique is given by the Capon’s spatial spectrum [90]
Pmvdr (θ) =

1
.
aH (θ)R−1
zz a(θ)

(A.7)

The DOAs are estimated by locating the peaks in Capon’s spatial spectrum over the
whole range of θ. MVDR provides a better resolution when compared to the DAS
method. However, the performance of MVDR degrades if other received signals are
correlated with the signal of interest. In addition, MVDR suffers from self nulling in
the case of DOA mismatch [94].
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Subspace Based DOA Estimation

The geometric concepts upon which MUSIC is founded form the basis for a much
broader class of subspace-based algorithms [96]. In addition to the MUSIC algorithm, another subspace-based algorithm called estimation of signal parameters via
rotational invariance technique (ESPRIT) was proposed by Roy [97].

A.2.1

MUSIC Algorithm

The MUSIC algorithm is based on exploiting the eigen-structure of the input covariance matrix. Using the narrowband signal model in Section 4.1 and based on L
signals incident on the array, the received input data vector can be expressed as a
linear combination of the L incident waveforms and noise. That is [89],
   

s
n
z
 1 
  1  1 
   
 . 
 ..  = a(θ ) · · · a(θ )  ...  +  ... 
1
L
   
 
   
 
sL
nN
zN

(A.8)

z = As + n

(A.9)



where s = [s1 . . . sL ]is the vector of incident signals, n = [n1 . . . nL ] is the noise vector,
a(θl ) is the array steering vector corresponding to the direction of arrival of the lth
signal and A is the array manifold matrix. In geometric terms, the received vector
z and the steering vectors a(θl ) can be visualized as vectors in N dimensional space.
From (A.8), it can be seen that the received vector z is a linear combination of the
array steering vectors, with s1 , s2 . . . , sL being the weights of the linear combination operator. The input covariance matrix of the received data signal Rzz can be
expressed as






Rzz = E zzH = AE ssH AH + E nnH
= ARss AH + σn2 I

(A.10)
(A.11)
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where Rss is the incident signal correlation matrix, σn2 is the noise power and I is the
identity matrix of size N × N . The vector columns of A are linearly independent and
Rss is non singular since incident signals are uncorrelated or partially correlated.
The non-singularity of Rss and the full rank of A guarantees that ARss AH is
positive semi-definite with rank L. The implies that N − L of its eigenvalues are
zeros. λ1 , λ2 . . . , λN and v1 , v2 , . . . , vN correspond to the eigenvalues and eigenvectors
of Rzz . It can be seen from (A.11) that the N − L smallest eigenvalues of Rzz are all
equal to σn2 , that is
λL+1 = λL+2 = · · · = λM = λmin = σn2 .

(A.12)

All the eigenvalues corresponding to the noise power will not be identical since the
autocorrelation Rzz is estimated from a finite data sample size. Once the multiplicity
K of the smallest eigenvalue is determined, an estimate of the number of signals, L̂,
can be obtained from the relation N = L + K. Therefore, the estimated number of
signals is given by
L̂ = N − K.

(A.13)

From the definition of eigenvalues and eigenvectors, the eigenvector corresponding
to the smallest eigenvalues (non principle eigenvalues) must satisfy
Rzz vi = σn2 vi ,

i = L + 1, . . . , M.

(A.14)

Substituting (A.14) in (A.11) gives
ARss AH vi = 0,

i = L + 1, . . . , M.

(A.15)

Since A is full rank and Rss is nonsingular, it follows that
AH vi = 0,

i = L + 1, . . . , M

(A.16)

Since the dot product of AH and the eigenvectors vL+1 , . . . , vM are zero, it implies
that the column vectors of AH are perpendicular to those eigenvectors such that
{a(θ1 ), . . . , a(θL )} ⊥ {vL+1 , . . . , vM } .

(A.17)
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This proves that the eigenvectors of the covariance matrix Rzz contains two orthogonal
subspaces called the principal eigen-subspace (signal subspace) and the non-principal
eigen-subspace (noise subspace). The steering vectors corresponding to the direction
of arrivals of signals lie in the signal subspace and are orthogonal to the noise subspace. By searching through all possible array steering vectors to find those which are
perpendicular to the space spanned by the non-principal eigenvectors, the direction
of arrivals θl can be determined.
The direction of arrival of the multiple incident signals can be estimated by locating the peaks of a MUSIC spatial spectrum given by [98]
PM U SIC (θ) =

1
H
n Vn a(θ)

(A.18)

aH (θ)a(θ)
aH (θ)Vn VnH a(θ)

(A.19)

aH (θ)V

or
PM U SIC (θ) =

where Vn = vL+1 , . . . , vM . The denominator of (A.18) and (A.19) is essentially a
scalar measure of the distance between the steering vectors a(θ) in the array manifold
and the estimated noise subspace spanned by the eigenvectors Vn . The product
Vn VnH represents the projection matrix on the noise subspace. The orthogonality
between a(θ) and Vn will minimize the denominator and hence peaks will appear
in the MUSIC spectrum defined in (A.18) and (A.19). The L̂ largest peaks in the
MUSIC spectrum correspond to the DOA of the signals impinging on the array.
Figure A.2 shows a comparison between the resolution performance of MUSIC
and the MVDR method. As seen clearly from the plot, MUSIC can resolve closely
spaced signals which cannot be detected by the MVDR method
It should be noted that, unlike the conventional methods, the MUSIC spatial
spectrum does not estimate the signal power associated with each arrival angle. The
peaks of PM U SIC (θ) are guaranteed to correspond to the true angles of arrival.

A.2.2

ESPRIT Algorithm

The goal of the ESPRIT technique is to exploit the rotational invariance in the signal subspace which is created by two equal size identical arrays with a translational
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Figure A.2: Comparison of MVDR and MUSIC estimation methods. Two signals
of equal power at an SNR of 20 dB arrive at an 8-element uniformly spaced
array with an inter-element spacing equal to half a wavelength at angles 15 and
17 degrees respectively.
invariance structure. The array should possess a displacement (translational) invariance, and the sensors should occur in matched pairs with identical displacement [97].
There are many practical applications where these conditions are satisfied, such as in
the case of a uniform linear array.
To describe mathematically the effect of the translational invariance of the sensor array, it is convenient to describe the array as being composed of two identical
subarrays Z0 and Z1 physically displaced (not rotated) from each other by a known
displacement (translational) vector δ. Consider a ULA array consists of N elements
and can be composed of n = N/2 sensor pairs or doublets. The signals received at
the ith doublet can then be expressed as [89, 135]
z0i =

D
X
k=1

sk (t)ai (θk ) + n0i (t)

(A.20)
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D
X





sk (t)exp jω0 ∆cos

k=1

θk
c
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ai (θk ) + n1i (t)

(A.21)

where θk is the direction of arrival of the k th source relative to the direction of the
translational vector ∆ and D is the number of signals incident on the array. The
received signal vector at the two subarrays can be written in matrix notation
z0 = As(t) + n0 (t)

(A.22)

z1 = AΦs(t) + n1 (t)

(A.23)

where Φ is a D × D diagonal unitary matrix whose diagonal elements represent the
phase delays between the doublet sensors for the D signals. The matrix Φ relates the
measurements from subarray Z0 to those from subarray Z1 which can written as
Φ = diag [exp(jγ1 ), exp(jγ2 ), . . . , exp(jγD )] ,

(A.24)

where
γk =

ω0 ∆
cos(θk )
c

(A.25)

The total array vector z(t) can be written as




z0 (t)
z(t) = 
 = Ās(t) + n(t)
z1 (t)
where





 A 
Ā = 

AΦ


and

(A.26)



n0 (t)
n(t) = 
.
n1 (t)

(A.27)

ESPRIT exploits the rotational invariance of the underlying signal subspace induced
by the translational invariance of the sensor array [97]. The signal subspace is the one
that contains the outputs from the two subarrays Z0 and Z1 . Sampling the output
of the arrays simultaneously leads to two sets of vectors V0 and V1 , that span the
same signal subspace.
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The signal subspace can be obtained from the knowledge of the input covariance
matrix Rzz = ARss AH + σn2 I. If D 6 n, the M − D smallest eigenvalues of Rzz
are equal to σn2 . The D eigenvectors Vs corresponding to the D largest eigenvalues
satisfy the relation

Range (Vs ) = Range Ā .

(A.28)

There exists a unique nonsingular T such that Vs = ĀT. Further, the invariance
structure of the array allows the decomposition of Vs into V0 ∈ Cm×D and V1 ∈
Cm×D such that V0 = AT and V1 = AΦT. This implies that
Range (V0 ) = Range (V1 ) = Range (A) .

(A.29)

Since V0 and V1 share a common column space, the rank of V01 = [V0 |V1 ] is D.
This implies that there exists a unique rank-D matrix F ∈ C2D×D , such that
[V0 |V1 ] F = V0 F0 + V1 F1 = ATF0 + AΦTF1 = 0

(A.30)

where F spans the null space of V01 . By defining Ψ = −F0 F1 , (A.30) can be rearranged to obtain
ATΨ = AΦT

(A.31)

ATΨT−1 = AΦ.

(A.32)

which implies

Assuming A to be full rank, which is true as long as the directions of arrivals of each
signal is distinct, (A.32) states that
TΨ = ΦT.

(A.33)

From (A.33), the eigenvalues of Ψ must be equal to the diagonal elements of Φ, and
the columns of T are the eigenvectors of Ψ. The signal parameters are obtained as
non-linear functions of the eigenvalues of the operator Ψ, that maps (rotates) one
set of vectors V0 that span an m-dimensional signal subspace into another set of
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vectorsV1 .
In many applications where only limited number of noisy measurements available,
the condition in equation (A.28) and (A.29) is not satisfied. Hence, finding a Ψ such
that V̂0 Ψ = V̂1 is not possible. Therefore, it is required to resort to a least squares
solution which minimizes the residual error. Assuming that the set of equations is
overdetermined the least squares solution is given by

−1
Ψ = V̂0H V̂0
V̂0H V̂1 .

(A.34)

Once Ψ is obtained, its eigenvalues which correspond to the diagonal elements of Φ
can be easily computed. Since the diagonal elements of Φ are related to the angle of
arrival via (A.25), they can then be directly computed using
θk = cos

−1




arg(Φk )
.
c
ω0 ∆

(A.35)

Unlike other conventional DOA estimation techniques, ESPRIT eliminates the
search procedure and produces the DOA estimates directly in terms of the eigenvalues.
However, the MUSIC algorithm provides better accuracy and stability in comparison
with ESPRIT [136].

A.3

Compressive Sensing and Weighted Spatial
Filter DOA Techniques

This section provides mathematical background on `2,1 DOA estimation and weighted
spatial filter `2,1 estimation techniques.

A.3.1

Compressive Sensing `2,1 DOA estimation

Considering a ULA with N sensors with half wavelength spacing between antenna
elements. There are L far-field narrowband source signals with K snapshots, which
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can be written as [137]




 S(θ1 , 1) · · · S(θ1 , K) 


..
..
..

S=
.
.
.




S(θL , 1)
S(θL , K)

(A.36)

where θl is the direction of the lth source signal. The received signal can be defined
as
Z = [z(1) · · · z(K)]


z(1,
1)
·
·
·
z(1,
K)


 .

.
.

,
..
..
=  ..



z(N, 1)
z(N, K)

(A.37)

(A.38)

where
z=

L
X

a(θl )s(θl , t) + n(t)

(A.39)

l=1

is the received signal at time t and a(θl ) is the steering vector corresponding to the
direction θl and n is the noise vector. In the context of radar, the steering vector
a(θl ) depends on the angle of arrival θl . Hence, the DOA estimation problem can be
defined as finding the unknown directions θl given z(t) and the mapping θl 7→ a(θl )
for any l. However, a(θl ) is still unknown since it is determined by θl .
Using the CS framework with over-complete representation of Z which divides the
search range into many DOAs of potential source locations and each potential DOA
corresponds to a grid. In general, the number of potential directions P is much larger
than the number of the true sources L and the number of the sensors N . The steering
matrix with all potential DOAs can written as
A = [a(θ1 ), . . . , a(θP )] .

(A.40)

Therefore, the received signal z(t) can be formulated as the sparse representation

APPENDIX A. DOA ESTIMATION TECHNIQUES

141

problem
z(t) =

P
X

a(θp )x(θp , t) + n(t),

(A.41)

p=1

where x(θp , t) is the source signal from θp at time t. The matrix form can be defined
as
Z = AX + N

(A.42)

where




 x(θ1 , 1) · · · x(θ1 , K) 


..
..
..
.
X=
.
.
.




x(θP , 1) · · · x(θP , K)

(A.43)

The true direction can be treated as time-invariant during the period of observation.
If θp = θl for some l, the elements in pth row of X is non-zero and equal to the elements
in k th row of S, otherwise all elements in the rows are zeros. Hence, if X is solved by
(A.42), the θp corresponding to the non-zero rows in X leads to the DOA estimation.
It can be found that only L rows of X are non-zero, and such an X is called jointly
sparse [9]. The CS-based DOA estimation can be modified to solve the jointly sparse
X by solving the following optimization problem
min

kXk2,1

subject to

kY − AXkF 6 ,

(A.44)

P pP 2
where  is a small constant to limit the residual error and kXk2,1 = p
t x (θp , t).
The  can be bounded by  ≥ N . The regular `2,1 -minimization term ensures the
number of the non-zero rows in X be least, while `F -minimization term ensures the
error be least. Once the optimization problem converges, the peaks of `2 -norm of
each row in X are the estimated DOAs [104].

APPENDIX A. DOA ESTIMATION TECHNIQUES

A.3.2

142

Weighted Spatial Filter `2,1 DOA Estimation

In this section, the spatial filter is used to design a weighting matrix to improve the
performance by adjusting the sparse constraint. In order to construct the spatial
filter, the received signals are divided into two parts: the reference signals which are
received by the first sensor and the input signals which are received by other sensors
which are expressed as [104]




 Z1 
Z= 
Z2

(A.45)

Z1 = [z(1, 1), · · · , z(1, K)]

(A.46)

where

is the reference signal and




 z(2, 1) · · · z(2, K) 
 .

..
..

..
Z2 = 
.
.




z(N, 1) · · · z(N, K)

(A.47)

is the input signal. According to [18], the parameters in the spatial filter wH =
[w1 , . . . , wN −1 ] can be found to make the output signals u(t) of the spatial filter be
equal to the reference signals y(1, t)
e(t) = u(t) − y(1, t) = wH Z2 (t) − z(1, t)

(A.48)

where Z2 (t) is the tth column in Z2 . The least-square (LS) cost function is used to
find the optimal parameters w which can be defined as

J(w) =

K
X
t=1

2

e(t)

=

K
X
t=1

2

wH Z2 (t) − z(1, t) .

(A.49)
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The gradient of (A.49) is:
∇J(w) = 2

K X
K
X

Z2 (i)ZH
2 (j)w

−2

K X
K
X

i=1 j=1

Z2 (i)z ∗ (1, j).

(A.50)

i=1 j=1

Setting ∇J(w) = 0, the spatial filter parameters can be determined


H −1
.
w H = Z1 ZH
2 Z2 Z2

(A.51)

Hence, the received signals can be eliminated by





  Z1 
−1 wH   = −Z1 + wH Z2 = 0,
Z2

(A.52)

where 0 denotes a null matrix of suitable dimension. (A.52) can be simplified to
wcH Z = 0

(A.53)



wcH = −1 wH

(A.54)

where

is the spatial filter which can eliminate the signals from the directions θk . Thus, the
space spectrum of the spatial filter can be achieved by
Q(θp ) = wcH a(θp )

(A.55)

The space spectrum Q(θp ) is close to 0 when θp is close to θl . Consider only one signal
from direction θk coming from a noisy environment. Thus, (A.53) can be rewritten
as
wcH Z = wcH [a(θp )X + N] = 0.

(A.56)



wcH a(θp ) + NX+ = 0

(A.57)

It yields that

where (.)+ denotes the pseudo-inverse of a matrix. The accuracy of Q(θp ) in (A.57)
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depends on two main factors: the power of N and the correlation between N and X+ .
The power of N is reflected in the signal to noise ratio (SNR) and the correlation
between N and X+ can be reflected in the number of data (i.e., snapshots and sensors).
The directions of the source signals are nulled by the spatial filter. Therefore, the
weighting matrix can be written as




0
Q(θ1 )/Qmax



.

..
Q=




0
Q(θP )/Qmax

(A.58)

where Qmax is the max value of Q(θp ). Thus, the weighted `2,1 -minimization problem
can stated as
min
kQXk2,1
(A.59)
subject to kY − AXkF 6 ,
The WSF CS-based DOA estimation provides higher accuracy than the regular `2,1 minimization since the weighting matrix Q can adjust the sparse penalty for each
element in X. WSF matrix does not require additional parameter settings in comparison with `2,1 -minimization, however it adds only one step to calculate the weighting
matrix. This step mainly consists of solving the pseudo-inverse in (A.51).

Appendix B

Interference plus Noise Covariance matrix
Estimation
This Appendix provides a brief description of the interference-plus-noise covariance
matrix estimation techniques discussed in this thesis.

B.1

Sample Covariance Matrix with Adaptive Diagonal Loading

The sample covariance matrix can be defined as
Rscm

K
1 X
y(k)yH (k)
=
K k=1

(B.1)

where K is the number of received snapshots. However, the interference-plus-noise
covariance matrix can be defined in term of Rscm and inaccuracy factor [114]
b j+n = Rscm + εB
R

(B.2)

where εB is an inaccuracy random matrix with zero mean and unit variance and all its
b j+n can be rectified by adding a constant value
elements are  1. The inaccuracy of R
to its diagonal elements. The diagonally loaded interference-plus-noise covariance
e j+n can be expressed as
matrix R
e j+n = Rscm + εB + ιI
R
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(B.3)
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where ι is the diagonal loading factor.
Adaptive diagonal loading can change the diagonal loading value according to the
received snapshot, which decreases the interval of diagonal loading value depending
on the relation between the inaccuracy of covariance matrix and the diagonal loading
value. Using matrix identity, the diagonally loaded interference-plus-noise covariance
e j+n can be written as
matrix R


Rscm + εB + ιI = (Rscm + ιI) I + εB (Rscm + ιI)−1 .

(B.4)

The inverse of R̃j+n can be expressed as


e −1 = I + εB (Rscm + ιI)−1 −1 (Rscm + ιI)−1 .
R
j+n

(B.5)



The I + εB (Rscm + ιI)−1 can be unfolded using the matrix identity (I+A)(I−A) =
I − A2 and written as


I + εB (Rscm + ιI)−1





2
I − εB (Rscm + ιI)−1 = I − εB (Rscm + ιI)−1 .

(B.6)

Since the εB is very small in comparison with Rscm + ιI, hence (B.6) is reduce





to I + εB (Rscm + ιI)−1 I − εB (Rscm + ιI)−1 ≈ I and I + εB (Rscm + ιI)−1 =

−1
I − εB (Rscm + ιI)−1 , so taking the inverse, we have


I + εB (Rscm + ιI)−1

−1

= I − εB (Rscm + ιI)−1 .

(B.7)

The interference-plus-noise in (B.5) can be rewritten as


e −1 = εB (Rscm + ιI)−1 I − εB (Rscm + ιI)−1 .
R
j+n

(B.8)

The sample covariance matrix without the desired signal can be expressed in terms
of interference-plus-noise as
Rscm =

J
X

σj2 s(θj )sH (θj ) + σn = Sj Ωj SH
j

(B.9)

j=1

where σj2 is the interference signal power corresponding to the k th interference, σn2
is the noise power, J is the number of interference signals and Ωj = [σ12 , . . . , σJ2 ] is
a diagonal matrix associated with the interference signal power. Using the matrix
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inversion lemma [138], and substituting (B.9) into (B.8), we have [114]

−1
−1
e
Rj+n = (Rscm + ιI)
I−

ε
BC
ι + σn2


(B.10)

where


C = I − S SH S + (σn2 + ι)Ω−1 S−1 .

(B.11)

The diagonal loading factor ι should be very small in comparison with the diagonal
elements of the sample covariance matrix Rscm . From (B.10), the degradation factor
of the MVDR beamforming is directly proportional to ε/(ι + σn2 )BC. By setting
I − ε/(ι + σn2 )BC ≈ I, hence the diagonal loading factor can be controlled by
ε − σn2 6 ι  Rscm (i, i).

(B.12)

The inaccuracy factor ε of the sample covariance matrix can be obtained by the
standard deviation of the diagonal elements of the sample covariance matrix, ε =
std(diag(Rscm )). The MVDR beamforming optimization problem with an adaptive
e j+n can written as
diagonally loaded interference-plus-noise covariance matrix R
e j+n ω
min ω H R
ω

s.t.

(B.13)

ω H a = 1.

And the optimal solution of the MVDR optimization problem is expressed as
e −1 a
R
j+n
.
ω=
e −1 a
aH R

(B.14)

j+n

B.2

Shrinkage Algorithm for Covariance Matrix
Estimation

Let {xi }ni=1 be a sample of independent identical distributed (i.i.d.) p-dimensional
Gaussian vectors with zero mean and covariance Rx . The objective is to find an
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b x ({xi }n ) which minimizes the mean square error (MSE)
estimator R
i=1

E

2

b x − Rx
R


.

(B.15)

F

It is difficult to compute the mean squared error (MSE) of R̂x without additional
constraints, so shrinkage [139, 140] can be employed as a specific class estimator.
The unstructured classical estimator of Rx is the sample covariance matrix shown in
(5.10). The estimator is unbiased E {RSCM } and it is also the maximum likelihood
estimation if n ≥ p. We consider a naive but well-conditioned estimate for Rx
b = tr (RSCM ) I
F
p

(B.16)

This structured estimate will lead to a lower variance at the cost of increasing the
bias. A trade-off between low bias and low variance is achieved by shrinkage of RSCM
b which can be defined in the following estimator
toward F,
b x = (1 − ρ̂) RSCM + ρ̂F.
b
R

(B.17)

b x is characterized by the shrinkage coefficient ρ̂, which is a parameter
The estimator R
b is referred to
between 0 and 1 and can be a function of the snapshots {xi }ni=1 . The F
as shrinkage target.
The objective is to find a shrinkage coefficient ρ̂ that minimizes the MSE in (B.15).
The optimal ρ̂ minimizing the MSE depends in general on the unknown covariance Rx
and therefore we have to employ Oracle estimator [141] and Ledoit-Wolf estimators
to approximate the optimal shrinkage coefficient.
Clairvoyant oracle estimator [141], which exploits the optimal non-random coefficient to minimize the mean-squared error can be defined as

min
ρ̂

s.t.

E

2

b O − Rx
R



F

(B.18)

b O = (1 − ρ̂) RSCM + ρ̂F
b
R

b O is the Oracle estimator. The solution for this optimization problem is
where R
provided in the following theorem.
Theorem B.2.1 [141] let RSCM be the sample convariance of a set of p-dimensional
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vectors {xi }ni=1 . If {xi }ni=1 are i.i.d Gaussian vectors with covariance matrix Rx , then
the solution to (B.18) is




b − RSCM
tr (Rx − RSCM ) F


ρ̂O =
2
b
E RSCM − F


(B.19)

F

=

(n + 1

(1 − 2/p)tr(R2x ) + tr2 (Rx )
.
− 2/p)tr(R2x ) + (1 − n/p)tr2 (Rx )

(B.20)

The proof of this theorem is established in [115]. (B.20) holds for Gaussian distribution. The Oracle estimator defined by (B.18) is optimal but cannot be implemented
since the solution specified depends on unknown Rx . Without any knowledge of
the sample distribution, LW approximated the oracle using the following consistent
estimate of (B.19)
2
T
i=1 xi xi − RSCM F
.
n2 [tr (R2SCM ) − tr2 (RSCM ) /p]

Pn

ρ̂LW =

(B.21)

b LW is then defined by plugging the ρ̂LW into (B.17) we get
The LW estimator R
b LW = (1 − ρ̂LW ) RSCM + ρ̂LW F.
b
R

(B.22)

The value of ρLW
ˆ always lies between 0 and 1.

B.3

Subspace Based Interference-plus-Noise Covariance Matrix Estimation

The eigen-decomposition of the theoretical data covariance matrix can be split into
two covariance matrices as
RSCM = Rz + Rj+n

(B.23)

where Rz is the covariance for the signal only. Further decomposing (B.23) yields
H
RSCM = VΛV = Vz Λz VzH + Vj+n Λj+n Vj+n

(B.24)
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where the unitary matrix V = [v1 , v2 , . . . , vn ] contians all the eigenvectors, and the
diagonal matrix Λ = diag[λ1 , λ2 , . . . , λn ] contains the corresponding eigenvalues. The
eigen-decomposition of (B.24) can be written as the expanded form of the covariance
matrix
RSCM =

σz2 sz sH
z

+

J
X

2
σj2 sj sH
j + σn I.

(B.25)

j=1

Therefore, the interference-plus-noise covariance matrix Rj+n can be estimated by
removing the desired signal component from the sample covariance matrix using
b j+n = RSCM − λ̂z v̂z v̂H
R
z

(B.26)

where λ̂z and v̂z are the eigenvalue and eigenvector of the sample covariance matrix
corresponding to the desired signal waveform z(k) impinging from a specific angular
sector.
Using Capon spatial spectrum, we can identify the desired signal eigenvector by
reconstructing the signal covariance matrix as [90]
Z

p̂(θ)d(θ)dH (θ)dθ

ez =
R

(B.27)

Θ

where
p̂(θ) =

1
H
d(θ)R−1
SCM d (θ)

(B.28)

is the Capon spatial spectrum estimator and the angular sector Θ contains the desired
signal direction θz only while DOAs of the interferers do not belong to the angular
e z collects the
sector Θ and d(θ) is the steering vector associated with angle θ. R
information of the desired signal and noise in the angular sector and excludes the
effect of the interference.
e z is spanned
The signal subspace of the reconstructed signal covariance matrix R
by the columns of the column orthogonal matrix Vz . The actual steering vector of
e z spanned by Vz . Also, the
the desired signal belong to the signal subspace of R
signal steering vector belongs to the signal subspace Pz = Vz VzH and is orthogonal
H
to the projection subspace P⊥
z = I − Vz Vz , hence the eigenvector associated with
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the desired signal can be estimated according to
v̂z = argmax
v∈V

Vz VzH v
kPz vk
=
argmax
.
kP⊥
kI − Vz VzH vk
v∈V
z vk

(B.29)

Substituting v̂z into (B.26), the estimated interference-plus-noise covariance mab j+n can be estimated with the desired signal component effectively removed
trix R
b j+n is diagonal loadfrom the sample covariance matrix. Avoiding rank deficiency, R
ing with the smallest eigenvalue of the sample covariance matrix λmin .
The adaptive MVDR beamforming weights in (5.9) can be rewritten with the
subspace based estimated interference-plus-noise covariance matrix as [142]
i−1
e j+n + λmin I
R
v̂z
ω=
h
i−1
e j+n + λmin I
v̂z
v̂zH R
h

(B.30)

where the signal steering vector v is replaced with estimated signal eigenvector v̂z .

B.4

Sparsity-Based Interference-plus-Noise Covariance Matrix Estimation

From (B.25), the interference-plus-noise covariance matrix has the form of
Rj+n =

J
X

2
σj2 sj sH
j + σn I

(B.31)

j=1

where J is the number of interferers, sj is the steering vector of the jth interference
impinging on the antenna array and σj2 is the corresponding interference power. The
sparsity condition is based on the assumption that the number of array sensors is
typically larger than the number of sources impinging on the array.
According to (B.31), the interference-plus-noise covariance matrix is a function
of the directions and power of interferers, as well as the noise power. The sparsityconstrained covariance matrix estimation problem can be formulated according to
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(B.25) as
RSCM − SPSH − σn2 I

min2
p,σn

s.t.

F

kpk0 = J + 1

(B.32)

p>0
σn2 > 0
where p ∈ RM
+ is the spatial spectrum distribution on the sample grid of the observed
×M
spatial domain (e.g., {θ1 , θ2 , . . . , θM } ∈ Θ), p = diag(p ∈ RM
) is the corresponding
+
diagonal matrix, S is the array manifold matrix and k·k0 is the `0 norm of a vector.
The main goal of (B.32) is to find the sparsest spatial spectrum distribution p and
the noise power σn2 such that the difference between the resulting covariance matrix
SPSH − σn2 I and the sample covariance matrix RSCM is minimized. The non-convex
nature of `0 -norm in (B.32) makes it a difficult combinatorial optimization problem
[143]. By relaxing the `0 -norm and approximately replace it by `1 -norm, (B.32) can
be formulates as a convex optimization problem
min2
p,σn

s.t.

RSCM − SPSH − σn2 I
kpk0 6 σz2 +

K
X

F

σk2 + σn2 + η

k=1

(B.33)

p>0
σn2 > 0
P
2
2
where `1 -norm of p equals the total power of all sources (e.g., σz2 + K
k=1 σk + σn + η),
and a small number η > 0 is added to the power constraint to allow the optimization
problem to search for p. This convex optimization problem can be reformulated as a
basis pursuit de-noising (BPDN) problem [123] as
min2
p,σn

RSCM − SPSH − σn2 I

F

+ ς kpk1

(B.34)

s.t. p > 0
where ς is a regularization parameter controlling the trade-off between the sparsity
of the spatial spectrum and the residual norm of covariance matrix fitting. The
optimization problem is convex and can be solved using standard and highly efficient
interior point methods. However, the solution of this optimization problem is not
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absolutely sparse because of the `1 -norm relaxation. In addition, the determination
of the regularization parameter ς can be challenging in some scenarios [117].

