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Abstract

Stability theory has caught the attention of mathematicians in many areas, such

as model theory and functional analysis. In particular, in the early 80’s, J.-L.

Krivine and B. Maurey introduced the concept of stable Banach spaces. This

stability has a significant impact on the geometry of such spaces. They proved

that any separable infinite-dimensional stable Banach space contains a copy of lp

for some p ∈ [1,∞) almost isometrically.

Recently, S. Ferri and M. Neufang introduced the notion of multiplicative sta-

bility of Banach algebras as an analogue of stability of Banach spaces in Krivine–

Maurey’s sense, to which they refer as additive stability. In this work, we inves-

tigate properties of multiplicative and additive stability of Banach algebras such

as the lp-direct sum of a sequence of multiplicatively stable Banach algebras, and

the relation between additive stability and Arens regularity in a certain class of

Banach algebras.

Further, we introduce hyper-instability as a strong version of multiplicative in-

stability. Moreover, we study multiplicative stability of some well-known Banach

algebras. We define and study a stronger and a weaker version of multiplicative

stability, inspired by spaces of functions on topological semigroups, namely, almost

periodic and tame functions. Based on our work, we introduce a dynamical hier-

archy of Banach algebras, which is a new classification of Banach algebras. This

classification puts dividing lines to measure, in a sense, multiplicative stability of

Banach algebras.
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Chapter 1

Introduction

Stability is a well-known notion in model theory, which has been developed in

recent decades and has caught the attention of many authors. For example, in a

series of papers and as a part of his work to show the interaction between model

theory and functional analysis, J. Iovino developed the theory of model theoretical

stability of Banach spaces. Also, he studied the relation between reflexive Banach

spaces and stability in the model theoretical sense, see [34, 35]. Moreover, I.

Farah, B. Hart, and D. Sherman have gone further and obtained more equivalent

conditions of stability which help to study model theoretical stability of Banach

algebras, such as C∗-algebras and the convolution algebra l1(Z), see [20, 21].

Motivated by model theoretical stability, J.-L. Krivine and B. Maurey intro-

duced the notion of stable Banach spaces. This stability can be characterized on

Banach spaces as the iterated limit, lim
m,V

lim
n,U

‖an + bm‖, being interchangeable for

any bounded sequences and any free ultrafilters U ,V on N. This class of Banach

spaces contains the Lp spaces and Schatten classes Sp for all p ∈ [1,∞). This sta-

bility yields a structural result on the geometry of the Banach space. Indeed, in

their famous paper [40], J.-L. Krivine and B. Maurey proved that every separable

stable Banach space contains a copy of lp for some p ∈ [1,∞) almost isometrically.
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This answered, partially, an old question about Banach spaces that contain copies

of classical sequence spaces. Since J.-L. Krivine and B. Maurey introduced stabil-

ity of Banach spaces, it has become a subject of study in its own right. In [28], S.

Guerre and J.T. Lapresté proved weak sequential completeness of separable stable

Banach spaces. The tools that J.-L. Krivine and B. Maurey used in their work

were inspired by model theory. In fact, J. Iovino proved an equivalent condition

of stability of models in terms of iterated limits, see [34].

In the category of Banach algebras, one can always study stability of the un-

derlying Banach space. But as they are equipped with another operation, namely,

multiplication, a natural question to ask here is what if we change the addition in

Krivine–Maurey’s condition of stability to multiplication. Recently, S. Ferri and

M. Neufang, in the preprint paper [22], introduced multiplicative and additive

stability of Banach algebras. The latter is stability of the underling Banach space

in Krivine–Maurey’s sense. In this work, multiplicative stability was our starting

point, and as we dove deeper, a wider picture started to form. When we viewed

the norm on a Banach algebra as a continuous bounded function on its closed

unit ball, which is a topological semigroup with the algebra multiplication, the

iterated limit condition of multiplicative stability is nothing but Grothendieck’s

double limit criterion of weak almost periodicity of the norm function. Inspired

by this idea, which was noted in [22], we defined weakly almost periodic algebras

or shortly WAP -algebras. Then we went further and introduced other classes

of algebras corresponding to spaces of functions on topological semigroups. We

require the norm to belong to a specific space of functions on the closed unit ball

of the Banach algebra. In other words, if S is a space of functions on a topological

semigroup, we say that a Banach algebra A is an S-algebra if the norm function

on the closed unit ball of A belongs to S. The spaces of functions of interest here

are, for instance, weakly almost periodic, almost periodic, and tame functions.
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We transfer concepts from topological dynamics to Banach algebra theory. This

yields a dynamical hierarchy of Banach algebras, which is a new classification.

The thesis is structured as follows. In Chapter 2, we collect most of the

basic definitions and preliminary material as well as statements of theorems that

we need in this work from the theories of Banach spaces, Banach algebras, and

abstract harmonic analysis.

In Chapter 3, we recall Krivine–Maurey’s stability of Banach spaces. We

briefly exhibit some examples of stable and unstable Banach spaces. Further, we

state the main theorems about this stability that we will use later. Next, we

study the behaviour of stability under isomorphisms. Although stability is not

preserved under isomorphisms in general, we show that it is preserved provided

some conditions on the Banach–Mazur distance between the involved Banach

spaces.

Chapter 4 is devoted to stability of Banach algebras, both additive and multi-

plicative ones. After introducing multiplicative stability as an analogue of additive

stability, we show that one can construct new multiplicatively stable Banach alge-

bras from existing ones by taking the lp-direct sum of them. Also, we exhibit an

example of a nonunital noncommutative Segal algebra which is multiplicatively

stable. This example illustrates an important difference between additive and mul-

tiplicative stability. It shows that there is no direct analogue of Krivine–Maurey’s

celebrated theorem as this algebra does not contain any subalgebra isomorphic

to lp for any p ∈ [1,∞). In Section 4.2, we prove that additive stability implies

Arens irregularity for an important class of Banach algebras, namely, the class of

nonunital separable Banach algebras with BAIs. Further, we show that the other

implication does not hold. A counterexample is K(c0), the algebra of compact

operators on c0.

We introduce hyper-instability in Section 4.3, which provides a powerful tool
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to study multiplicative instability of Banach algebras. Hyper-instability implies

multiplicative instability, and it is preserved under isomorphisms between Banach

algebras. The conditions of hyper-instability in Proposition 4.3.1 can be simpli-

fied if the Banach algebra admits a BAI or even a right or left one. Section 4.4

studies in detail hyper-instability of some well-known Banach algebras, such as

infinite-dimensional C∗-algebras, Fourier and Fourier–Stieltjes algebras on a lo-

cally compact group, as well as the algebra of compact operators on a Banach

space. It turns out that they are hyper-unstable under certain conditions. In Sec-

tion 4.5, we study multiplicative stability under isomorphisms. For this purpose,

we introduce the concept of the algebra Banach–Mazur distance between Banach

algebras as a natural analogue of the famous Banach–Mazur distance between

Banach spaces. Then we prove that the algebra distance 1 guarantees preserva-

tion of multiplicative stability of the Banach algebras involved. In the last section

of this chapter, we point out the connection between multiplicative stability and

weakly almost periodic functions on the closed unit ball of the Banach algebra.

This relation gives rise to the notion of WAP -algebras.

In Chapter 5, we strengthen the condition of WAP -algebras to measure how

stable is a Banach algebra. We define almost periodic algebras, or shortly AP -

algebras, motivated by the relation between almost periodic and weakly almost

periodic functions on topological semigroups. We start with formal definitions and

then study almost periodicity of multiplicatively stable Banach algebras. Next, we

show that almost periodicity has the same behaviour as weak almost periodicity

under isomorphisms: it is preserved between Banach algebras with the algebra

Banach–Mazur distance 1.

In Chapter 6, we focus on multiplicatively unstable Banach algebras. To mea-

sure their instability, we introduce tame algebras, a concept inspired by tame

functions on topological semigroups in topological dynamics. Since the space of
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tame functions includes WAP functions, tame algebras contain WAP -algebras.

So, in a sense, they are less stable than WAP -algebras. On the other hand, if a

Banach algebra is not tame, we call it wild. Following the scheme of the previous

chapters, we start with definitions and examine tameness of multiplicatively un-

stable Banach algebras. We show that infinite-dimensional C∗-algebras are wild as

well as Banach algebras of compact operators on a Banach space for a large class

of Banach spaces. In the final section, we study tameness under isomorphisms;

we show that the algebra Banach–Mazur distance 1 also guarantees preservation

of tameness of isomorphic Banach algebras.

In Chapter 7, we illustrate the relations between all defined classes of algebras

by presenting a dynamical hierarchy of Banach algebras. This hierarchy clarifies

these relations and the dividing lines between the classes.

Finally, we conclude this thesis with a selective list of open problems.
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Chapter 2

Preliminaries

In this chapter, we sketch the background material that we shall need in the sub-

sequent chapters. We recall a collection of concepts and notions from the theories

of Banach spaces, Banach algebras, and abstract harmonic analysis. For each

subject, we mention some references for further details. Moreover, we state most

of the theorems that we shall use for the reader’s convenience. Unless indicated

otherwise, the results in this thesis are new, and they are part of our work. As

our work focuses on Banach algebras, a large part of this chapter is devoted to

recalling some of the main theorems in Banach algebra theory and some classical

examples of Banach algebras on which we focus on this thesis.

We follow the usual notations for the classical sequence spaces. So, by l∞, c,

and c0, we denote the spaces of bounded sequences, convergent sequences, and

sequences converging to zero, respectively, with the sup-norm, i.e., ∀(xn) ∈ X,

where X is one of the above spaces, we have ‖(xn)‖∞ = sup
n∈N

|xn|. Further, lp

denotes the space of sequences (xn) such that
∞∑

n=1

|xn|p < ∞ with the p-norm,

for p ∈ [1,∞), that is, ‖(xn)‖p = (
∞∑

n=1

|xn|p)
1
p ∀(xn) ∈ lp. Let (X,A, µ) be a

measurable space. For p ∈ [1,∞), we denote by Lp(X,A, µ), or shortly Lp(X),
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the space of all µ-measurable complex-valued functions f such that |f |p is µ-

integrable. Then ‖f‖p = (
∫

|f |pdµ)
1
p ∀f ∈ Lp(X) defines a seminorm on Lp(X).

We put Np(X) := {f ∈ Lp(X) : ‖f‖p = 0} and define Lp(X) to be the quotient

space Lp(X)/Np(X). Thus, Lp(X) consists of the equivalence classes induced by

the equivalence relation ∼, where f ∼ g if and only if f − g ∈ Np(X). Then

we put ‖[f ]‖p = ‖f‖p, where f ∈ Lp(X) is a representative of the equivalence

class. Moreover, the function ‖·‖p defines a norm on Lp(X), which is called the

p-norm. For p = ∞, the space L∞(X) is defined to be the space of all bounded

complex-valued µ-measurable functions. Then ‖f‖∞ := inf{M > 0 : {x ∈ X :

|f(x)| > M} is locally µ-null} defines a seminorm on L∞(X). Recall that a subset

N of X is locally µ-null if each measurable set A of X with µ(A) < ∞ satisfies

that µ(N ∩ A) = 0. Similarly to the case p ∈ [1,∞), we define L∞(X) to be

the quotient space L∞(X)/N∞(X), where N∞(X) := {f ∈ L∞(X) : ‖f‖∞ = 0}.

Then the function ‖·‖∞ defines a norm on L∞(X).

2.1 Nets, Filters, Ultrafilters, and Convergence

Along Ultrafilters

The notion of nets and filters can be view as generalizations of sequences. These

concepts are useful to determine the topology of an arbitrary topological space

where sequences fail to do.

Definition 2.1.1. Let I be a set. We say that (I,≤) is a directed set if ≤

is a transitive and reflexive relation on I which is also a direction, in the sense

that for each α, β ∈ I there exists γ ∈ I such that α ≤ γ and β ≤ γ. A net in

a topological space X is a map from a non-empty directed set I to X, and it is

denoted by (xi)i∈I . We say that (xi)i∈I converges to an element x ∈ X and write

lim
i
xi = x or lim xi = x if for any neighbourhood U of x there exists i0 ∈ I such
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that ∀i ≥ i0, xi ∈ U .

Clearly, any sequence is a net as the directed set is N with the natural order

relation.

Definition 2.1.2. A filter on a non-empty set I is a collection of non-empty

subsets F of I such that

(i) ∅ 6∈ F , I ∈ F ;

(ii) if A ∈ F and A ⊆ B, then B ∈ F ;

(iii) if A,B ∈ F , then A ∩B ∈ F .

A filter U on a set I is an ultrafilter if for any A ⊆ I, either A ∈ U or Ac ∈ U .

For example, the collection of all neighbourhoods of x0 in a topological space

X defines a filter on X, which is called the neighbourhood filter at x0. Another

interesting filter is the cofinite or Fréchet filter on an infinite set I, which is

defined to be Fr = {A ⊆ I : Ac is finite}. Moreover, for a directed set (I,≤), put

F≤ = {B ⊆ I : ∃i ∈ I, {α ∈ I : i ≤ α} ⊆ B}. Then F≤ is a filter on I. It is called

the order filter. Further, in a topological space X a net (xi)i∈I converges to x if

and only if for any neighbourhood U of x, {i ∈ I : xi ∈ U} ∈ F≤.

Every filter is contained in an ultrafilter; this follows from Zorn’s Lemma.

An ultrafilter U is called principal if
⋂

A∈U

A 6= ∅. Otherwise, U is called free.

An ultrafilter is free if and only if it contains the Fréchet filter. Every principal

ultrafilter on a set I is generated by a singleton, that is, it is the collection of all

subsets of I containing a for some a ∈ I.

Next, we define convergence along filters. Let F be a filter on a set I and

(xi)i∈I be a family in a topological space X. Then (xi)i∈I converges to x ∈ X

along F , and we write lim
i,F

xi = x, if for each neighbourhood U of x, we have

{i ∈ I : xi ∈ U} ∈ F . Let F and G be two filters on a set I. We say that G
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dominates F or F is coarser than G if F ⊆ G. In this case, if (xi)i∈I is a family in

a topological space X and lim
i,F

xi = x, then lim
i,G

xi = x. The usual convergence of

sequences is the convergence along the Fréchet filter on N. As any free ultrafilter

on N contains the Fréchet filter, if (xn) is a sequence in a topological space X such

that lim
n→∞

xn = x, then lim
n,U

xn = x for any free ultrafilter U on N. More generally,

convergence of nets is equivalent to the convergence along the order filter. Note

that if U is a principal ultrafilter on a set I generated by i0, then any family (xi)i∈I

in a topological space X converges to xi0 along U .

We conclude this section with some properties that reflect how filters determine

the topology on topological spaces.

Remark 2.1.3. Let X be a topological space. Then:

(i) X is compact if and only if any family (xi)i∈I in X converges along any ultra-

filter on I. Further, if X is Hausdorff, then the limit is unique. In particular,

every bounded family of real numbers has a limit along any ultrafilter.

(ii) Let A be a subset of a topological space X and x ∈ X. Then x ∈ Ā if

and only if there exists a family (xi)i∈I in A and a filter F on I such that

lim
i,F

xi = x.

(iii) Let Y be another topological space. A function f : X −→ Y is continuous

if and only if whenever a family (xi)i∈I converges to x ∈ X along a filter F

on I, then lim
i,F

f(xi) = f(x).

2.2 Schauder Bases

We give a brief introduction on Schauder bases of Banach spaces, one of the

fundamental notions in Banach space theory.
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Definition 2.2.1. Let E be a Banach space. A sequence (en) is called a Schauder

basis of E if for every element x in E there exists a unique sequence (an) of

scalars such that x =
∞∑

n=1

anen. In the case that ‖en‖ = 1 ∀n ∈ N, it is called a

normalized Schauder basis.

The representation of x as a series
∞∑

n=1

anen means that the sequence (
k∑

n=1

anen)∞
k=1

converges to x in norm. Clearly, if (en) is a Schauder basis, then (
en

‖en‖) is a nor-

malized one. Note that if (en) is a Schauder basis of E, then E = span{en : n ≥ 1}.

Hence, every Banach space with a Schauder basis is separable. But the converse

is not true as P. Enflo constructed a separable Banach space that does not admit

any Schauder basis; cf. [19, Theorem 16.54, Theorem 16.56].

Let (en) be a Schauder basis of a Banach space E. For n ≥ 1, consider the

operator

Pn : E −→ E, Pn(
∞∑

k=1

xkek) =
n∑

k=1

xkek,

where x =
∞∑

k=1

xkek in E. It is easy to see that Pn is a linear projection on E.

The operators (Pn) are called the canonical projections associated with (en).

In fact more is true, as the next proposition states. It is one of the fundamental

properties of Schauder basis, see [19, Theorem 4.10].

Proposition 2.2.2. Let (en) be a Schauder basis of a Banach space E. The

canonical projections (Pn) are uniformly bounded, i.e., there exists Kb > 0 such

that sup
n∈N

‖Pn‖ = Kb.

The uniform bound Kb is called the basis constant. In the optimal case when

Kb = 1, the Schauder basis is called monotone. Classical examples of monotone

normalized Schauder bases that we shall use frequently are the canonical bases

of c0 and lp for p ∈ [1,∞), which are given by en = (δn,k)∞
k=1, where δn,k is the

Kronecker delta, i.e., δn,k = 1 if n = k and 0 otherwise. Moreover, any orthogonal
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basis in a Hilbert space H is a Schauder basis. In a finite-dimensional Banach

space E, any algebraic basis is a Schauder basis.

Now, for n ≥ 1, define e∗
n : E −→ C so that for x =

∞∑

k=1

xkek, e
∗
n(x) = xn. Then

e∗
n ∈ E∗, indeed, ‖e∗

n‖ ≤ 2Kb

‖en‖ . We write x =
∞∑

n=1

〈e∗
n, x〉en ∀x ∈ E. Note that

〈e∗
n, em〉 = δn,m. The functionals (e∗

n) are called the biorthogonal functionals

associated with (en). It is convenient to write the projections (Pn) via the tensor

product formula Pn =
n∑

k=1

ek ⊗ e∗
k, where ek ⊗ e∗

k(x) = 〈e∗
k, x〉ek ∀n ∈ N. It is

easy to see that Schauder bases are preserved under isomorphisms, that is, if T is

an isomorphism from a Banach space E1 onto a Banach space E2, and (en) is a

Schauder basis of E1, then (Ten) is a Schauder basis of E2, see [30, Lemma 4.18].

A special and important class of Schauder bases is unconditional bases. We

first recall the definition of unconditional convergence in Banach spaces.

Definition 2.2.3. Let (xn) be a sequence in a Banach space E and x ∈ E. The

series
∞∑

n=1

xn is said to be unconditionally convergent to x if for every ǫ > 0

there exists a finite subset F0 of N such that ‖x−
∑

n∈F

xn‖ < ǫ for all finite subsets

F of N with F0 ⊆ F .

Now, we define unconditional Schauder bases.

Definition 2.2.4. A Schauder basis (en) of a Banach space E is unconditional

if for every x ∈ E, its expansion x =
∞∑

n=1

〈e∗
n, x〉en converges unconditionally.

The canonical bases of c0 and lp for p ∈ [1,∞) are unconditional. As in the

case of Schauder bases, unconditional bases are preserved under isomorphisms,

see [30, Lemma 6.2]. Let (en) be an unconditional Schauder basis of a Banach

space E. Let F be a finite subset of N. We define the partial sum operator

PF : E −→ E by PF (
∞∑

n=1

〈e∗
n, x〉en) =

∑

n∈F

〈e∗
n, x〉en ∀x ∈ E.
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These operators are projections. Moreover, the set {PF : F ⊆ N finite} is uni-

formly bounded. See [30, Theorem 6.4], [1, Proposition 3.1.5]. The uniform bound

Ksu = sup{‖PF ‖ : F ⊆ N finite} is called the suppression-unconditional con-

stant of the basis.

Definition 2.2.5. A sequence (en) in a Banach space E is called a basic se-

quence if it is a Schauder basis of span{en}, its closed linear span.

Next, we define two special types of basic sequences.

Definition 2.2.6. A basic sequence (en) in a Banach space E is called uncon-

ditional if it is unconditional Schauder basis of its closed span.

For example, the canonical basis of c0 is an unconditional basic sequence in

l∞.

Definition 2.2.7. A basic sequence (en) in a Banach space E is complemented

if span{en} is a complemented subspace of E.

Recall that a closed subspace F of a Banach space E is complemented in E

if there exists a closed subspace G ⊆ E such that E = F + G and F ∩ G = {0}.

This is equivalent to the existence of a bounded projection P : E ։ F .

Remark 2.2.8. Note that if (en) is a complemented basic sequence and (e∗
n)

are the associated biorthogonal functionals, then e∗
n ∈ F ∗ where F := span{en}.

We can extend e∗
n to ê∗

n ∈ E∗ by the Hahn–Banach theorem and preserve the

norm. However, as F is complemented in E, there exists a bounded projection

P : E ։ F . Hence, each e∗
n can be extended to E by ẽ∗

n = e∗
n ◦ P . Then we have

∀x ∈ E,
∞∑

n=1

〈ẽ∗
n, x〉en = P (x); cf. [1, Remark 1.3.7].

Even though not all Banach spaces possess Schauder bases, each infinite-

dimensional Banach space E contains a basic sequence. See [1, Corollary 1.5.3].
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In the study of non-separable Banach spaces, as such spaces can not admit

Schauder bases, there is a natural way to generalize this concept by replacing the

index set of the basis by a set of the form [1,Γ) where Γ is an ordinal number.

Let E be a set. A function f : [1,Γ) −→ E is called a transfinite sequence,

and it can be written as (fγ)Γ
γ=1 where fγ = f(γ). Note that such a sequence need

not be a countable set, and the usual sequences correspond to the case Γ = ω,

the ordinal number of N. To generalize the concept of Schauder bases from usual

sequences to transfinite ones, we need to define the convergence of transfinite

series.

Definition 2.2.9. Let Γ be an ordinal and (xγ)Γ
γ=1 a transfinite sequence in a

Banach space E. We say that
Γ∑

γ=1

xγ converges to x ∈ E and write
Γ∑

γ=1

xγ = x if

there exists a continuous function S : [1,Γ] −→ E, where [1,Γ] is equipped with

the order topology, such that

S(1) = x1, S(Γ) = x and for all γ < Γ S(γ + 1) = S(γ) + xγ+1.

In the case Γ = ω, the series becomes
∞∑

n=1

xn and hence the previous definition

coincides with the usual convergence of series. We are now in the position to

define long Schauder bases.

Definition 2.2.10. Let E be a Banach space and Γ be an ordinal. A transfinite

sequence (eγ)Γ
γ=1 is called a long Schauder basis or a transfinite basis of E

if for every x ∈ E there exists a unique transfinite sequence of scalars (aγ)Γ
γ=1 so

that x =
Γ∑

γ=1

aγeγ.

The definitions of the canonical projections and the biorthogonal functionals

associated with long Schauder bases are the obvious generalizations of those for

the usual Schauder bases. The same is true for most of the properties of usual
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Schauder bases, such as uniform boundedness of the canonical projections, nor-

malized and monotone bases. Note that if (eγ)Γ
γ=1 is a long Schauder basis of

a Banach space E and the function S : [1,Γ] −→ E is the continuous function

in Definition 2.2.9, the same function can be used to prove that (
eγ

‖eγ‖)Γ
γ=1 is a

normalized long Schauder basis of E as

S(γ + 1) = S(γ) + aγ+1‖eγ+1‖
eγ+1

‖eγ+1‖
∀γ ∈ Γ,

and the uniqueness of the scalars bγ+1 := aγ+1‖eγ+1‖ follows from the uniqueness of

aγ+1. Analogously to the usual Schauder basis, we can define long basic sequences,

complemented and unconditional long Schauder bases. Any infinite-dimensional

Banach space E contains a long basic sequence (eγ)Γ
γ=1. Moreover, the ordinal

number Γ can be chosen to correspond to the w∗-density of E∗, i.e., the smallest

cardinality of a w∗-dense subset of E∗. See [29, Corollary 4.11].

Even though long Schauder bases have been defined to study non-separable

Banach spaces, not every such space admits one. An example of a Banach space

that has no long Schauder basis is l∞. The next lemma shows this indirectly. We

include the proof of this well-known fact for the reader’s convenience.

Lemma 2.2.11. Every Banach space with a long Schauder basis has a comple-

mented basic sequence.

Proof. Let E be a Banach space with a long Schauder basis (eγ)Γ
γ=1. If Γ = ω, then

the Schauder basis itself is a complemented basic sequence, since E = span{en}.

If Γ > ω, put F := span{eγ : γ < ω}. Consider the canonical projection

Pω : E −→ E, Pω(
Γ∑

γ=1

aγeγ) =
ω∑

γ=1

aγeγ =
∞∑

γ=1

aγeγ.

It is clear that Pω(E) = F and hence F is a complemented subspace of E. More-
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over, (eγ)Γ
γ=1 is a long Schauder basis of E, so (eγ)ω

γ=1 = (eγ)∞
γ=1 is a Schauder

basis of F . Thus, (eγ)∞
γ=1 is a complemented basic sequence in E.

Consequently, as l∞ has no separable complemented infinite-dimensional sub-

space (cf. [42]), it admits no long Schauder basis either. For more about long

Schauder bases , we refer to [29, 56].

2.3 Banach Algebras

Definition 2.3.1. A Banach algebra is an algebra A over C with a norm ‖·‖

that turns A into a Banach space and is submultiplicative, i.e., ‖ab‖ ≤ ‖a‖‖b‖ for

all a, b ∈ A. A Banach algebra A is said to

(i) be unital if A has an identity element, denoted by e, where we require that

‖e‖ = 1;

(ii) have a bounded left approximate identity (BLAI) if there exists a

bounded net (ei)i∈I such that lim
i
eia = a for all a ∈ A. A bounded right

approximate identity (BRAI) is defined analogously. A bounded net in

A which is both a left and a right approximate identity is called a bounded

approximate identity (BAI).

Let A and B be Banach algebras and T : A −→ B be a (isometric) Banach

space isomorphism. If T is multiplicative, i.e., T (xy) = T (x)T (y) ∀x, y ∈ A, it

is called a (isometric) Banach algebra isomorphism, and A and B are said

to be (isometrically) Banach algebra isomorphic. T is called contractive

if ‖T‖ ≤ 1. We denote by BA the closed unit ball of A.

Now, we define some classical Banach algebras. Let E be a Banach space. The

space B(E) of all bounded linear operators on E equipped with the operator norm,

i.e., ‖T‖ = sup{‖Tx‖ : x ∈ E, ‖x‖ ≤ 1} is a Banach algebra with composition of
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operators as multiplication. It is unital with identity IE, the identity operator on

E, and not commutative unless dimE = 1.

Let X be a locally compact Hausdorff space. Henceforth, by a locally compact

space, we mean a locally compact space which is Hausdorff as well. We denote by

Cb(X), C0(X) and Cc(X) the algebras of all continuous complex-valued functions

on X that are bounded, vanish at infinity, and have compact support, respec-

tively. The algebra operations are the usual pointwise addition and multiplica-

tion, and scalar multiplication. Equipped with the supremum norm (sup-norm),

i.e., ‖f‖∞ = sup
x∈X

|f(x)| ∀f ∈ Cb(X), the algebra Cb(X) is a unital commutative

Banach algebra with the identity element being the constant function 1. Further,

C0(X) is a closed subalgebra of Cb(X), which is nonunital unless X is compact.

However, it has a BAI that consists of compactly supported functions. More-

over, the algebra Cc(X) is complete only if X is compact. In this case we have

Cb(X) = C0(X) = Cc(X) and we denote them by C(X). In fact, any commu-

tative Banach algebra A has a representation π : A −→ C0(X) for some locally

compact space X. This is at the heart of Gelfand theory, which is fundamental

in studying commutative Banach algebras.

Denote by ∆(A) the set of all nonzero algebra homomorphisms from A to C.

Such a homomorphism is called a character of A. It turns out that ∆(A) ⊆ BA∗ ,

and ∆(A) is a locally compact Hausdorff space with respect to the relative w∗-

topology on BA∗ inherited from A∗. If A is unital, then ∆(A) is compact. This

space is called the Gelfand space or character space of A or spectrum of A.

Now, let a ∈ A. The Gelfand transform of a is the function

â : ∆(A) −→ C defined by â(φ) = 〈φ, a〉 = φ(a).

Then â ∈ C0(∆(A)), and the mapping ΓA : A −→ C0(∆(A)) : a 7−→ â is a
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homomorphism. It is called the Gelfand representation of A. We denote

ΓA(A) by Â. The next theorem is the principal theorem of Gelfand theory, see

[37, Theorem 2.2.7].

Theorem 2.3.2. Let A be a commutative Banach algebra. Then the Gelfand rep-

resentation of A, ΓA : A −→ C0(∆(A)) is a contractive algebra homomorphism.

A commutative Banach algebra A is called semisimple if
⋂

φ∈∆(A)

Kerφ = {0}.

This is equivalent to ΓA being injective. For more about Gelfand theory, we refer

to [37, Chapter 2].

Definition 2.3.3. Let X be a locally compact space. A Banach algebra (A, ‖·‖A)

is called a Banach function algebra on X if A is a subalgebra of Cb(X) that

separates points of X strongly, in the sense that for all x, y ∈ X with x 6= y

there exists f ∈ A with f(x) 6= f(y), and for x 6= 0 there exists f ∈ A with

f(x) 6= 0. A Banach function algebra (A, ‖·‖A) on X is called a uniform algebra

if ‖·‖A = ‖·‖∞, i.e., A is a closed subalgebra of (Cb(X), ‖·‖∞).

Let A be a Banach function algebra on a locally compact space X. For each

x ∈ X, define εx(f) = f(x) ∀f ∈ A. Then εx is a character on A, which is called

the evaluation character at x, and the map ε : X −→ ∆(A), ε(x) = εx is a

continuous injection. So we may regard X as a subspace of ∆(A). Moreover,

as ‖εx‖ ≤ 1, we always have that ‖f‖∞ ≤ ‖f‖A ∀f ∈ A. If the map ε is a

surjection, i.e., X = ∆(A), then A is called natural. Via the Gelfand transform,

any commutative semisimple Banach algebra A can be viewed as a natural Banach

function algebra.

Recall that a Banach space E is canonically isometrically embedded in its

second dual E∗∗ via i : E −→ E∗∗ such that 〈i(x), φ〉 = 〈φ, x〉 for all x ∈ E, φ ∈ E∗.

A Banach space E is called reflexive if i is surjective. It is natural to identify

E with i(E) in E∗∗. Next, we define the Arens products on the second dual of a
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Banach algebra; these extend the product on the Banach algebra naturally. Let

A be a Banach algebra. We define the left and right Arens products, denoted by

� and ♦, respectively, as follows:

〈A�B, φ〉 = 〈A,B�φ〉 and 〈A♦B, φ〉 = 〈B, φ♦A〉 ∀A,B ∈ A∗∗,∀φ ∈ A∗,

where B�φ and φ♦A in A∗ are given by

〈B�φ, a〉 = 〈B, φ�a〉 and 〈φ♦A, a〉 = 〈A, a♦φ〉 ∀a ∈ A,

where φ�a and a♦φ in A∗ are given by

〈φ�a, b〉 = 〈φ, ab〉 and 〈a♦φ, b〉 = 〈φ, ba〉 ∀b ∈ A.

When the left and right Arens products on A∗∗ coincide, A is called Arens regu-

lar. For example, any reflexive Banach algebra is Arens regular. Another example

is any C∗-algebra, whose definition we recall next.

Definition 2.3.4. An involution of an algebra A is a map ∗ : A −→ A that

satisfies: (a + b)∗ = a∗ + b∗, (λa)∗ = λ̄a∗, (ab)∗ = b∗a∗, (a∗)∗ = a for all

a, b ∈ A, λ ∈ C. A Banach algebra A with an involution which is isometric, that

is, ‖a∗‖ = ‖a‖ ∀a ∈ A, is called a Banach ∗-algebra. A Banach ∗-algebra A is

called a C∗-algebra if the so-called C∗-condition holds, i.e., ‖a∗a‖ = ‖a‖2 ∀a ∈ A.

It is easy to see that if H is a Hilbert space, then B(H) is a C∗-algebra with

the involution given by the adjoint operation, i.e., 〈T ∗(ξ), η〉 = 〈ξ, T (η)〉 for all

T ∈ B(H) and ξ, η ∈ H. Moreover, any closed subalgebra M of B(H) which is

self-adjoint, that is, M∗ := {T ∗ : T ∈ M} = M, is a C∗-algebra. In fact, any

C∗-algebra arises this way. This is the Gelfand–Naimark–Segal theorem, see [58,

Theorem 9.18].
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Let X be a locally compact space. Then the involution given by f ∗(x) = f(x)

for all x ∈ X and f ∈ C0(X), turns C0(X) into a commutative C∗-algebra, and

any commutative C∗-algebra is of this form. This is the assertion of the next

theorem, for details see [14, Theorem 3.2.6].

Theorem 2.3.5. Let A be a commutative C∗-algebra. Then the Gelfand transform

ΓA : A −→ C0(∆(A)) is an isometric ∗-isomorphism.

Recall that by a ∗-isomorphism between two Banach ∗-algebras A and B, we

mean an isomorphism Ψ : A −→ B such that Ψ(a∗) = Ψ(a)∗ ∀a ∈ A.

A special class of C∗-algebras of interest is the class of von Neumann algebras.

In order to define these algebras, we first recall two topologies on B(H) for a

Hilbert space H. The strong (weak) operator topology on B(H) is the topology

generated by the family of seminorms {ρξ : ξ ∈ H} ({ρξ,η : ξ, η ∈ H}) where these

seminorms are defined as follows:

ρξ(T ) = ‖T (ξ)‖, ρξ,η(T ) = |〈T (ξ), η〉| ∀ξ, η ∈ H, T ∈ B(H).

The weak operator topology is coarser than the strong one which is in turn coarser

than the norm topology.

Let H be a Hilbert space and S a subset of B(H). The commutant of

S, denoted by S ′, is the set S ′ = {R ∈ B(H) : RT = TR ∀T ∈ S}. The

bicommutant of S is S ′′ = (S ′)′. For any set S, S ′ is a closed subalgebra of

B(H) in the weak operator topology containing 1H. Moreover, in the case that S

is self-adjoint, S ′ is even a unital C∗-subalgebra of B(H).

Definition 2.3.6. Let H be a Hilbert space. A von Neumann algebra on H is

a C∗-subalgebra M of B(H) such that M = M′′.

Von Neumann’s celebrated bicommutant theorem characterizes such algebras,

see [14, Theorem 3.2.32].
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Theorem 2.3.7. Let H be a Hilbert space and M be a C∗-subalgebra of B(H)

with IH ∈ M. Then the weak and strong operator closure of M coincide with

M′′.

The algebra B(H) itself is a von Neumann algebra. The commutant of a self-

adjoint set S ⊆ B(H) is a von Neumann algebra as well. Further, for any subset

S of B(H), the von Neumann algebra generated by S is (S ∪ S∗)′′, which is the

weak or the strong closure of the ∗-algebra generated by S and IH.

2.4 Some Ideals of the Algebra of Bounded

Operators on a Banach Space

In this section, we briefly discuss various subspaces of B(E,F ) where E,F are

Banach spaces. When E = F , most of these subspaces, in fact, are closed ideals.

Also, we exhibit identifications between some of these subspaces and injective or

projective tensor products. Even though the following definition can be given for

normed spaces in general, we restrict ourselves to Banach spaces.

Definition 2.4.1. Let E and F be Banach spaces and T ∈ B(E,F ). T is called :

(i) a finite-rank operator if T (E) is finite-dimensional; the set of all finite-rank

operators is denoted by F(E,F );

(ii) an approximable operator if T is the limit in (B(E,F ), ‖·‖) of a sequence

of finite-rank operators; the set of all approximable operators is denoted by

A(E,F );

(iii) a (weakly) compact operator if T (BE) is relatively (weakly) compact in

F , where BE is the closed unit ball of E; the set of all (weakly) compact

operators is denoted by (W(E,F )) K(E,F ).
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In the case E = F , we write F(E) for F(E,E), etc. One easily sees that

F(E,F ), A(E,F ), K(E,F ) and W(E,F ) are linear subspaces of B(E,F ). Fur-

ther, A(E),K(E) and W(E) are closed ideals in B(E); cf. [2, p. 160],[14, p. 825].

In particular, they are Banach subalgebras. We have

F(E,F ) ⊆ A(E,F ) ⊆ K(E,F ), and F(E,F ) = A(E,F ).

For y0 ∈ F and λ0 ∈ E∗, define the map y0 ⊗λ0 : E −→ F, y0 ⊗λ0(x) = 〈λ0, x〉y0.

Clearly, y0 ⊗ λ0 ∈ F(E,F ), and in fact each element of F(E,F ) is a finite linear

combination of such operators. Thus we can identify F(E,F ) with F ⊗ E∗; cf.

[15, p. 53]. Moreover, as A(E,F ) is the closure of F(E,F ) in B(E,F ), we may

identify A(E,F ) with F ⊗̌E∗, where F ⊗̌E∗ denotes the injective tensor product,

see the last mentioned reference. Recall that the injective tensor product of two

Banach spaces E and F , denoted by E⊗̌F , is the completion of the algebraic

tensor product E ⊗ F with respect to the norm ‖u‖∨ = sup{|(φ⊗ ψ)(u)| : φ ∈

E∗, ψ ∈ F ∗, ‖φ‖E∗ ≤ 1, ‖ψ‖F ∗ ≤ 1}. For the proof of the next proposition, we

refer to [12, Theorem VI.3.4, Proposition VI.5.2, Theorem VI.5.5].

Proposition 2.4.2. Let E,F be Banach spaces and T ∈ B(E,F ). We have

T ∈ K(E,F ) (T ∈ W(E,F )) if and only if T ∗ ∈ K(F ∗, E∗) (T ∗ ∈ W(F ∗, E∗)). If

either E or F is reflexive, then W(E,F ) = B(E,F ).

Next we define the nuclear operators.

Definition 2.4.3. Let E and F be Banach spaces and T ∈ B(E,F ). Then T is

said to be a nuclear operator if there exist two sequences (λn) in E∗ and (xn) in

F such that
∞∑

n=1

‖xn‖‖λn‖ < ∞ and Tx =
∞∑

n=1

〈λn, x〉xn ∀x ∈ E. We then write

T =
∞∑

n=1

xn ⊗ λn. The set of all nuclear operators is a linear subspace of B(E,F )

and denoted by N (E,F ).
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When N (E,F ) is equipped with the norm

‖T‖ν = inf{
∞∑

n=1

‖xn‖‖λn‖ : T =
∞∑

n=1

xn ⊗ λn}.

it becomes a Banach space with ‖T‖ν ≥ ‖T‖. Moreover, F(E,F ) is dense in

(N (E,F ), ‖·‖ν). See the paragraph after Definition A.3.57 in [14]. Before we

proceed to the relation between these subspaces and tensor products, we need to

introduce more notions.

Definition 2.4.4. Let E be a Banach space. Then E has the (compact) ap-

proximation property, in short (CAP) AP, if ∀K ⊆ E compact and ǫ > 0

there exists (T ∈ K(E)) T ∈ F(E) with ‖Tx− x‖ < ǫ ∀x ∈ K. Further, if there

exist M > 0 such that T can always be chosen with ‖T‖ ≤ M , then E has the

bounded (compact) approximation property, in short (BCAP) BAP.

Obviously, AP ⇒ CAP, BAP ⇒ BCAP, BAP ⇒ AP, and BCAP ⇒ CAP. It

is known that AP 6⇒ BCAP and CAP 6⇒ BCAP; cf. [14, pp. 826–827]. However,

AP and BCAP together imply BAP; cf. [14, p. 827]. Examples of Banach spaces

that have BAP are any Banach space with a Schauder basis, and C(X) when X

is a compact space, see [54, Example 4.2, Example 4.4], [14, Proposition A.3.60].

Hence, c0 and lp for any p ∈ [1,∞) have BAP. Moreover, if E is a Banach space and

E∗ has AP (BAP), then E has AP (BAP); cf. [54, Corollary 4.7], [14, Proposition

A.3.60]. For the proof of the next proposition, see [54, Proposition 4.12].

Proposition 2.4.5. Let E be a Banach space.

(i) E has AP if and only if for every Banach space F , every compact operator

from F to E is approximable, i.e., K(F,E) = A(F,E).

(ii) E∗ has AP if and only if for every Banach space, every compact operator

from E to F is approximable, i.e., K(E,F ) = A(E,F ).
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As A(E,F ) is identified with the injective tensor product F ⊗̌E∗, we get the

following result, see [54, Corollary 4.13].

Corollary 2.4.6. Let E and F be Banach spaces. If E∗ or F has AP, then

K(E,F ) = F ⊗̌E∗.

Next, to give more identifications between tensor products and spaces of op-

erators, we define the Radon–Nikodým property. Let S be a subset of a linear

space E. The convex hull of S, denoted by 〈S〉, is defined as the smallest convex

set containing S.

Definition 2.4.7. Let E be a Banach space. A bounded subset S of E is said to

be dentable if for each ǫ > 0, there exists x ∈ S such that x 6∈ 〈S \Bǫ(x)〉, where

Bǫ(x) = {y ∈ E : ‖y − x‖ < ǫ}. The Banach space E has the Radon–Nikodým

property (RNP) if every bounded subset of E is dentable.

Note that there are several definitions for RNP. The above definition gives

a geometric characterization of RNP. However, one of the earliest definitions is

related to vector measures, that is, measures with values in a Banach space.

Many of the well-known Banach spaces have RNP, for instance, reflexive spaces

and separable dual spaces, see [7, Corollary 4.1.5, Corollary 4.1.7]. In particular,

l1 has RNP. For more about the Radon–Nikodým property, we refer to [7]. By

adding more conditions on F ∗, we get many additional identifications as the next

proposition asserts, see [14, Proposition A.3.71(iii)]. Recall that the projective

tensor product of two Banach spaces E and F , denoted by E⊗̂F , is the completion

of the algebraic tensor product with respect to the norm

‖u‖∧ = inf{
n∑

k=1

‖xk‖‖yk‖ : u =
n∑

k=1

xk ⊗ yk}.
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Proposition 2.4.8. Let E and F be Banach spaces. Suppose that F ∗ has AP and

RNP. Then we have the following identifications:

K(E,F ) = A(E,F ) = F ⊗̌E∗;

K(E,F )∗ = N (E∗, F ∗) = E∗∗⊗̂F ∗;

K(E,F )∗∗ = B(E∗∗, F ∗∗).

2.5 Locally Compact Groups, the Haar

Measure, and Amenable Groups

In this section, we present the basic facts about locally compact groups and al-

gebras associated with them. This subject is a fundamental part of abstract

harmonic analysis.

Definition 2.5.1. A topological group is a group G equipped with a topology

in which the group operations (x, y) 7−→ xy and x 7−→ x−1 are continuous from

G×G to G and from G to G, respectively.

Let G be a topological group. We denote the unit element by e. We say that

a subset A of G is symmetric if A = A−1 where A−1 := {a−1 : a ∈ A}. For every

neighbourhood U of e there exists a symmetric neighbourhood V of e such that

V 2 ⊆ U . By a locally compact group, we mean a topological group G which is a

locally compact space.

Let f be a complex-valued function on a topological group G and y ∈ G. We

define the left and right translates of f by y to be

yf(x) = f(yx) and fy(x) = f(xy) ∀x ∈ G,
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respectively. Moreover, we set for x ∈ G, f̌(x) = f(x−1) and f̃(x) = f(x−1).

A space S of functions on G is said to be left (right) translation invari-

ant if yf ∈ S (fy ∈ S) ∀f ∈ S, y ∈ G. S is translation invariant if it is

left and right translation invariant. A function f ∈ Cb(G) is called left (right)

uniformly continuous if lim
y→e

‖yf − f‖∞ = 0 (lim
y→e

‖fy − f‖∞ = 0). We say that

f is uniformly continuous if it is both left and right uniformly continuous. The

spaces of all left uniformly continuous, right uniformly continuous and uniformly

continuous functions on G are denoted by LUC(G), RUC(G) and UC(G), respec-

tively. All of these spaces are closed translation invariant subalgebras of Cb(G).

Moreover, C0(G) ⊆ UC(G).

Let X be a locally compact space. A measure on X is called a Borel measure

if its domain is B(X), the Borel σ-algebra. Let A be a σ-algebra containing B(X).

A positive measure µ on A is called regular if:

(1) µ(K) < ∞ for all compact sets K ⊆ X;

(2) for each A ∈ A, µ(A) = inf{µ(U) : U is open, A ⊆ U};

(3) for each open set U ⊆ X, µ(U) = sup{µ(K) : K is compact, K ⊆ U}.

A signed or complex measure µ is called regular if its variation |µ| is regular.

Note that a regular measure is called a Radon measure in many books, such as

[24, 38]; we follow the definition in Cohn’s book [11]. Let M(X) be the set of

all complex regular Borel measures on X. Equipped with the total variation as

a norm, M(X) becomes a Banach space. Moreover, by the Riesz representation

theorem, M(X) is isometrically isomorphic to the dual of the Banach space C0(X),

see [11, Theorem 7.3.6].

Let µ be a regular Borel measure on a locally compact space X. Define for

f ∈ L1(X,B(X), µ), the function νf (A) =
∫

A
fdµ ∀A ∈ B(X). Then νf is a reg-

ular measure on X. Moreover, it is absolutely continuous with respect to µ, i.e.,

25



for any A ∈ B(X) we have νf (A) = 0 whenever µ(A) = 0. This leads to an identi-

fication between L1(X,B(X), µ) and Ma(X), the subspace of M(X) consisting of

all absolutely continuous measures with respect to µ, see [11, Proposition 7.3.10].

For more about measure theory on locally compact spaces we refer to Chapter 7

in [11].

Now, on a locally compact group G, one can put more conditions on a regular

Borel measure to reflect the algebraic structure of G.

Definition 2.5.2. Let G be a locally compact group. A left (right) Haar mea-

sure on G is a nonzero positive regular Borel measure µ on G that satisfies for

every Borel set E ⊆ G and x ∈ G, µ(xE) = µ(E) (µ(Ex) = µ(E)).

It follows that for any µ-integrable function f , we have

∫

G
f(yx)dµ(x) =

∫

G
f(x)dµ(x)

(∫

G
f(xy)dµ(x) =

∫

G
f(x)dµ(x)

)
∀y ∈ G.

Every locally compact group G possesses a left (right) Haar measure. This is

one of the most fundamental results in abstract harmonic analysis, see [24, Theo-

rem 2.10]. Moreover, the left (right) Haar measure is unique up to multiplication

by positive scalars, see [24, Theorem 2.20]. In general we do not make a specific

choice for µ. From now on we will assume that each locally compact group is

equipped with a fixed left Haar measure µ, and we write |A| for µ(A) for any

Borel set A in G. Also, we write
∫
f(x)dx for

∫

G
f(x)dµ(x) for any µ-intergrable

function f . Further, we write Lp(G) for Lp(G,B(G), µ) for p ∈ [1,∞], and so

on. Obvious examples of Haar measure are Lebesgue measure λ on R and the

counting measure on discrete groups.

Now, let G be a locally compact group and µ a left Haar measure on G. For

x ∈ G, define µx(A) = µ(Ax) for all Borel sets A in G. Then µx is a left Haar

measure and hence by the uniqueness of the left Haar measure on G, there exists
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a scalar ∆(x) > 0 such that µx = ∆(x)µ. The function ∆ : G −→ R+ defined

in this way is called the modular function of G. This function is a continuous

homomorphism from G to the group R+ with multiplication, see [24, Proposition

2.24]. The convolution on L1(G) is defined as follows:

f ∗ g(x) =
∫
f(y)g(y−1x)dy =

∫
f(xy)g(y−1)dy ∀f, g ∈ L1(G), x ∈ G.

This integral is absolutely convergent for almost every x ∈ G. Moreover, we have

‖f ∗ g‖1 ≤ ‖f‖1‖g‖1. Also, one can define an involution on L1(G): for f ∈ L1(G),

x ∈ G, f ∗(x) = ∆(x−1)f(x−1). Then ‖f ∗‖1 = ‖f‖1. With the convolution and

the involution, L1(G) becomes a Banach ∗-algebra, called the group algebra of

G. Note that L1(G) is commutative if and only if G is abelian.

We turn now to define the convolution of measures. Let G be a locally compact

group and µ, ν two measures in M(G). We define the convolution µ ∗ ν by

µ ∗ ν(A) =
∫
ν(x−1A)dµ(x) =

∫
µ(Ax−1)dν(x) ∀A ∈ B(G).

Further, the identification of M(G) with C0(G)∗ yields the following relation:

〈φ, µ ∗ ν〉 =
∫
φ d(µ ∗ ν) =

∫ ∫
φ(xy) dµ(x)dν(y) ∀φ ∈ C0(G).

If δa is the point mass at a ∈ G, then

∫
φ d(δa ∗ δb) =

∫ ∫
φ(xy) dδa(x)dδb(y) = φ(ab) =

∫
φ dδab.

In other words, δa ∗δb = δab. Moreover, M(G) also admits an involution defined as

µ∗(E) = µ(E−1) for any Borel set E or
∫
φ dµ∗ =

∫
φ(x−1) dµ̄(x) for φ ∈ C0(G),

where µ̄(E) = µ(E) for any Boral set E. Then M(G) with the defined convolution
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and involution is a unital Banach ∗-algebra with the unit δe; it is called the

measure algebra of G. If µ ∈ M(G) and f ∈ L1(G), then the identification

between f and νf yields µ ∗ f(x) =
∫
f(y−1x) dµ(y). In fact, µ ∗ f ∈ L1(G), and

L1(G) is actually a closed ideal in M(G); cf. [24, pp. 59–60] or [11, Proposition

9.4.7].

For a locally compact group G, we denote by V N(G) the von Neumann algebra

generated by {λGf : f ∈ L1(G)} in B(L2(G)), where λGf(g) = f ∗ g ∀g ∈ L2(G).

For more about locally compact groups and the algebras associated with them,

we refer to [11, Chapter 9] and [24, Chapter 2].

Next, we briefly recall the concept of amenability of locally compact groups.

Our main reference is the book by V. Runde [52]. We start with the definition of

a mean.

Definition 2.5.3. Let G be a locally compact group, and let E be a subspace of

L∞(G) containing the constant functions. A mean on E is a functional m ∈ E∗

such that 〈m, 1〉 = ‖m‖ = 1.

Another characterization of means can be given in terms of positivity, see [52,

Proposition 1.1.2].

Definition 2.5.4. Let G be a locally compact group, and E a left invariant

subspace of L∞(G) containing the constant functions and closed under complex

conjugation. A mean on E is called left invariant if for all f ∈ E, g ∈ G,

〈m, gf〉 = 〈m, f〉. G is called amenable if there exists a left invariant mean on

L∞(G).

Note that in [52], the condition of left invariance is given on δg ∗ f which is

equal to g−1f . Indeed, for f ∈ L∞(G) and µ ∈ M(G), µ ∗ f is defined to be

the function µ ∗ f(g) =
∫
f(h−1g)dµ(h), for locally almost all g ∈ G. Hence,

δg ∗ f = g−1f , see [52, Definition A.1.14]. Abelian groups and compact groups are
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amenable while the free group F2 is non-amenable. The details can be found in

[52, Example 1.1.5]. The existence of a left invariant mean on one of the subspaces

Cb(G), LUC(G), RUC(G), or UC(G) is equivalent to G being amenable, see [52,

Theorem 1.1.9].

Note that even though the definition of amenability is about the existence of a

left invariant mean on L∞(G), this is equivalent to the existence of a right invariant

mean on L∞(G). The latter is defined analogously. In fact, it is equivalent to

the existence of an invariant mean on L∞(G), i.e., a mean which is left and

right invariant, see [52, Theorem 1.1.11]. The next remark lists some hereditary

properties of amenability of locally compact groups.

Remark 2.5.5. Let G and H be locally compact groups.

(i) If G is amenable and θ : G −→ H is a continuous homomorphism with dense

range, then H is amenable, see [52, Proposition 1.2.1]. A direct consequence

is amenability of the quotient G/N where G is an amenable locally compact

group and N is a closed normal subgroup of G.

(ii) A closed subgroup of an amenable group is amenable, see [52, Proposition

1.2.7].

(iii) Let N be a closed normal subgroup of G such that both N and G/N are

amenable. Then G is amenable, see [52, Proposition 1.2.10].

2.6 Fourier and Fourier–Stieltjes Algebras

Let G be a locally compact abelian group. We define the dual group of G, and

the Fourier and Fourier–Stieltjes transforms on G.

Definition 2.6.1. Let G be a locally compact abelian group. A character on G

is a map φ : G −→ T such that φ(st) = φ(s)φ(t) ∀s, t ∈ G.
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The set of all continuous characters on G, which is denoted by Ĝ, is an abelian

group with respect to the pointwise multiplication. Its identity is the constant

function 1, and for any φ ∈ Ĝ the inverse φ−1 is the map φ−1(t) = φ(t) = φ(t−1)

∀t ∈ G. When this group is endowed with the topology of the uniform convergence

on compact subsets of G, it becomes a locally compact abelian group, which is

called the dual group of G. We will write 〈φ, t〉 for φ(t) ∀φ ∈ Ĝ, t ∈ G.

Note that every element of G can be seen as a character on Ĝ, indeed, ∀t ∈ G,

we define ǫt : Ĝ −→ T such that 〈ǫt, φ〉 = 〈φ, t〉 ∀φ ∈ Ĝ. Then ǫt is a character

on Ĝ. In fact, each character on Ĝ is of this form. This is the assertion of

the Pontryagin duality theorem, which allows us to identify ̂̂
G with G, see [24,

Theorem 4.32]. The dual of a discrete abelian group is compact, and the dual of

a compact abelian group is discrete, see [24, Proposition 4.5]. One can see easily

that the group of integers Z and the circle group T are the dual of each other,

while the dual group of R can be identified with R itself; the details can be found

for instance in [24, Theorem 4.6].

Definition 2.6.2. Let G be a locally compact abelian group and f ∈ L1(G). The

Fourier transform of f is the function f̂ on Ĝ defined by

f̂(φ) =
∫

〈φ, t−1〉f(t) dt ∀φ ∈ Ĝ.

Let µ ∈ M(G). The Fourier–Stieltjes transform of µ is the function µ̂ on Ĝ

defined by

µ̂(φ) =
∫

〈φ, t−1〉 dµ(t) ∀φ ∈ Ĝ.

If f ∈ L1(G), then µ̂f = f̂ , and if µ ∈ M(G), then µ̂∗ = ¯̂µ. Moreover, if s ∈ G,

then δ̂s(φ) = 〈φ, s−1〉. For any µ ∈ M(G), we have µ̂ ∈ Cb(Ĝ). Define the map

F : (M(G), ∗) −→ (Cb(Ĝ), ·) such that F(µ) = µ̂, and put F(L1(G)) = A(Ĝ)

and F(M(G)) = B(Ĝ). The map F is called the Fourier–Stieltjes trans-
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form and its restriction to L1(G) is the Fourier transform. It is a contractive

∗-homomorphism. Moreover, A(Ĝ) ⊆ C0(Ĝ) is uniformly dense in C0(Ĝ). For

details see [14, Theorem 4.5.3] or [24, Proposition 4.14]. In fact, A(Ĝ), B(Ĝ) are

nothing but the Fourier algebra and the Fourier–Stieltjes algebra on Ĝ, respec-

tively. We will discuss these algebras below.

We give a brief introduction on Fourier and Fourier–Stieltjes algebras on lo-

cally compact groups and point out some important properties. These algebras

were introduced first by P. Eymard in [18]. Since then, they have been studied in-

tensively by many authors as a fundamental object in abstract harmonic analysis.

Our main reference is the fairly recent monograph by E. Kaniuth and A.T.-M.

Lau [38].

For a Hilbert space H, we denote by U(H) the group of all unitary operators

on H , that is, T ∈ B(H), T−1 = T ∗. A continuous unitary representation,

or shortly a representation of a locally compact group G, is a pair (π,Hπ),

where Hπ is a Hilbert space and π : G −→ U(Hπ) is a group homomorphism such

that for any ξ, η ∈ Hπ, the function φξ,η : G −→ C, φξ,η(x) = 〈π(x)ξ, η〉 ∀x ∈ G,

is continuous. For any ξ, η ∈ Hπ, the function φξ,η, which is called a coefficient

function on G, is bounded. If G is abelian, then every character on G is in fact a

representation. One of the important representations is the so-called left regular

representation of G on the Hilbert space L2(G). It is defined to be the function

λG : G −→ U(L2(G)), λG(x)f(y) = f(x−1y) for x ∈ G, f ∈ L2(G) and almost all

y ∈ G, i.e., λG(x)f = x−1f .

A representation π of a locally compact group G on a Hilbert space Hπ is said

to be irreducible if π has no nontrivial invariant subspace of Hπ, in the sense that

if V ⊂ Hπ is a linear subspace such that π(x)ξ ∈ V for all x ∈ G and ξ ∈ V , then

V = 0 or V = Hπ. Two representations π and ρ of G on Hilbert spaces Hπ and

Hρ, respectively, are equivalent if there exists a unitary operator U : Hπ −→ Hρ
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such that Uπ(x) = ρ(x)U for all x ∈ G. We denote by [π] the equivalence class of

π. Denote by Ĝ the set {[π] : π is an irreducible representation of G}; it is called

the dual space of G. Note that when G is abelian, the irreducible representations

of G are all one-dimensional, i.e., Hπ = C for such a representation π. Hence,

these irreducible representations are exactly the characters on G. For details we

refer to [24, pp. 95–96].

Now, let A be a Banach ∗-algebra. A ∗-representation of A is a pair (π,Hπ)

where Hπ is a Hilbert space and π : A −→ B(Hπ) is a continuous homomorphism

such that π(a∗) = π(a)∗ for all a ∈ A.

The representation π is called nondegenerate if there is no nonzero ξ ∈ Hπ

with π(a)ξ = 0 ∀a ∈ A. We define irreducible and equivalent representations of

A as obvious analogues to those for representations of locally compact groups.

Every representation π of G determines a nondegenerate ∗-representation of

L1(G), which we denote also by π, in the sense that for f ∈ L1(G), we define

the bounded linear operator π(f) on Hπ to be π(f) =
∫
f(x)π(x)dx. In other

words, for ξ, η ∈ Hπ, 〈π(f)ξ, η〉 =
∫
f(x)〈π(x)ξ, η〉dx. Then ‖π(f)‖ ≤ ‖f‖1 for

all f ∈ L1(G). In particular, with λG denoting the left regular representation of

G, we have

λGf(g) =
∫
f(y)λGg(y)dy = f ∗ g ∀f ∈ L1(G), g ∈ L2(G).

Hence, λGf is the operator of left convolution with f on L2(G). Further, for

any irreducible representation π̃ of the algebra L1(G) on a Hilbert space H, there

exists a unique irreducible representation (π,H) of G such that π̃(f) = π(f) for

all f ∈ L1(G). In fact, there is a one-to-one correspondence between the unitary

representations of G and the nondegenrate ∗-representations of L1(G), see [24,

Theorem 3.9, Theorem 3.11].
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Now let f ∈ L1(G). Define ‖f‖C∗ = sup
[π]∈Ĝ

‖π(f)‖. Then ‖·‖C∗ is a norm on

L1(G) and satisfies ‖f‖C∗ ≤ ‖f‖1, ‖f ∗ g‖C∗ ≤ ‖f‖C∗‖g‖C∗ , ‖f ∗‖C∗ = ‖f‖C∗ , and

‖f ∗ ∗ f‖C∗ = ‖f‖2
C∗ , see [24, p. 224]. Hence, the convolution and the involution on

L1(G) can be extended continuously to the completion of L1(G) with respect to

‖·‖C∗ . This turns the completion into a C∗-algebra, called the group C∗-algebra

of G. In the case of an abelian group G, we have ‖f‖C∗ = ‖f̂‖∞ where f̂ is the

Fourier transform of f , and C∗(G) is isometrically ∗-isomorphic to C0(Ĝ), see [24,

p. 225]. For more results on representation theory and the group C∗-algebra, see

[24, Chapters 3, 4, 7].

Definition 2.6.3. Let G be a locally compact group. The Fourier–Stieltjes

algebra, denoted by B(G), is the set of all coefficient functions 〈π(·)ξ, η〉 for all

representations (π,Hπ) of G and ξ, η ∈ Hπ.

Remark 2.6.4. (i) B(G) consists of bounded continuous functions, i.e.,

B(G) ⊆ Cb(G), see [38, Lemma 2.1.4].

(ii) B(G) can be identified with the Banach space dual of C∗(G), see the last

paragraph in [38, p. 40]. This duality is given by:

〈f, u〉 =
∫
f(x)u(x)dx ∀f ∈ L1(G), u ∈ B(G).

Hence, B(G) can be endowed with the norm

‖u‖ = sup{|
∫
f(x)u(x)dx| : f ∈ L1(G), ‖f‖C∗ ≤ 1}.

With this norm and pointwise multiplication, B(G) is a unital commutative

Banach algebra, see [38, Theorem 2.1.11].

(iii) For any u ∈ B(G), there exist ξ, η ∈ Hπ for some representation (π,Hπ)

of G such that u(·) = 〈π(·)ξ, η〉 and ‖u‖ = ‖ξ‖‖η‖. But in general, if
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u(·) = 〈π(·)ξ, η〉 for some representation (π,Hπ), then ‖u‖ ≤ ‖ξ‖‖η‖, see

[38, Lemma 2.1.9].

(iv) Let u ∈ B(G). Then all the functions ū, ũ, ǔ, xu and ux belong to B(G).

Moreover, all of them have norm equal to ‖u‖. See [38, Remark 2.1.10,

Corollary 2.1.14].

In the case of a locally compact abelian group G, the Fourier–Stieltjes trans-

form, and the Pontryagin duality theorem allow us to identify B(G) and M(Ĝ)

isometrically, see [38, Remark 2.1.15].

The Fourier algebra can be defined in many equivalent forms; we present the

definition that is most suitable for our work.

Definition 2.6.5. Let G be a locally compact group. The Fourier algebra A(G)

is the set of all functions of the form f ∗ g̃ where f, g ∈ L2(G).

Note that for all x ∈ G, we have

f ∗ g̃(x) =
∫
f(xy)g(y)dy = 〈λG(x−1)f, g〉.

In other words, A(G) consists of all coefficient functions of the left regular repre-

sentation λG of G. Hence, A(G) ⊆ B(G). In fact, it is a closed ideal in B(G).

Further, the norm on A(G) is inherited from B(G) and can be expressed as

‖u‖ = inf{‖f‖2‖g‖2 : u = 〈λG(·)f, g〉, f, g ∈ L2(G)} ∀u ∈ A(G).

When A(G) is endowed with this norm and the pointwise multiplication, it be-

comes a commutative Banach algebra.

Remark 2.6.6. (i) Every u ∈ A(G) vanishes at infinity and ‖u‖∞ ≤ ‖u‖.

Moreover, A(G) is uniformly dense in C0(G), see [38, Corollary 2.3.5].

34



(ii) The set Ac(G) = A(G) ∩ Cc(G) is dense in A(G).

(iii) Let u ∈ A(G). Then all the functions ū, ũ, ǔ, xu and ux belong to A(G), see

[38, Lemma 2.3.6].

Let G be a locally compact group. For each x ∈ G, the complex-valued map

φx on A(G) defined by φx(u) = u(x) ∀u ∈ A(G), is a character on A(G). In fact,

each character on A(G) arises this way, see [38, Theorem 2.3.8].

Theorem 2.6.7. Let G be a locally compact group. Then the map x 7−→ φx is a

homeomorphism from G onto ∆(A(G)).

With this identification, the Gelfand homomorphism of A(G) is just the iden-

tity map. Consequently, A(G) is semisimple.

In the case of a locally compact abelian group G with dual group Ĝ, the

Fourier transform identifies L1(Ĝ) with A(G) isometrically and turns convolution

into pointwise multiplication. Further, the Fourier transform yields the following

relations: A(G)∗ = L1(Ĝ)∗ = L∞(Ĝ) and on the other hand L∞(Ĝ) = V N(G).

But in fact, for any locally compact group G, the dual of A(G) is isometrically

isomorphic to V N(G) , which is a central object in the theory of operator algebras,

see [38, Theorem 2.3.9].

Now, let G be a locally compact group and H an open subgroup of G. Then

A(H) can be identified with the subalgebra of A(G) consisting of the functions

that vanish outside H. This is the statement of the next proposition, see [38,

Proposition 2.4.1].

Proposition 2.6.8. Let H be an open subgroup of a locally compact group G.

Then the map φ : u 7−→ u̇ is an isometric isomorphism of A(H) into A(G), where

u̇ is the trivial extention of u from H to all of G.

The Fourier algebra A(G) is unital if and only if G is compact. However,

A(G) may admit a BAI. It turns out that this is equivalent to the amenability of
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the group G, by Leptin’s theorem. Moreover, a BAI can be chosen consisting of

compactly supported functions bounded by 1, see [38, Theorem 2.7.2].

Theorem 2.6.9. A locally compact group G is amenable if and only if A(G) has

a bounded approximate identity.

2.7 Multiplier and Completely Bounded

Multiplier Algebras of Fourier Algebras

To start with, we recall the definition of multiplier algebras associated with com-

mutative faithful Banach algebras. Recall that a commutative Banach algebra A

is called faithful if {b ∈ A : bA = {0}} = {0}.

Definition 2.7.1. Let A be a commutative faithful Banach algebra. A map

T : A −→ A is called a multiplier of A if aT (b) = T (a)b ∀a, b ∈ A.

Remark 2.7.2. On a commutative faithful Banach algebra A, a map T : A −→ A

is a multiplier in the sense of Definition 2.7.1 if and only if the following condition

holds: T (ab) = T (a)b = aT (b) ∀a, b ∈ A, see for instance the proof of Proposition

1.4.11 in [37].

Let A be a commutative faithful Banach algebra. Let M(A) denote the collec-

tion of all multipliers of A. Then M(A) is a commutative, unital closed subalgebra

of B(A), see [37, Proposition 1.4.11]. It is called the multiplier algebra of A.

Moreover, A is continuously embedded in M(A), see [37, Theorem 1.4.12].

Let A be a commutative faithful Banach algebra and T ∈ M(A). Then there

exists a continuous function T̂ on ∆(A) such that T̂ (a)(φ) = T̂ (φ)â(φ) ∀φ ∈ ∆(A).

Further, T̂ is unique and bounded by ‖T‖, see [37, Proposition 2.2.16]. Thus,

T̂ Â ⊆ Â. Conversely, if A is semisimple, then every bounded continuous function
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f on ∆(A) with fÂ ⊆ Â defines a multiplier Tf of A such that Tf (a) is the unique

element of A satisfying T̂f (a)(φ) = f(φ)â(φ) ∀φ ∈ ∆(A), see [38, p. 154].

Now, we consider the multiplier algebra of the Fourier algebraA(G) on a locally

compact group G (note that A(G) is commutative and faithful). As ∆(A(G)) is

identified with G and the Gelfand homomorphism of A(G) is the identity map, see

Theorem 2.6.7, multipliers of A(G) can be characterized as bounded continuous

functions f on G satisfying fA(G) ⊆ A(G). The multiplier norm of f is given by

‖f‖M(A(G)) = sup{‖fu‖A(G) : u ∈ A(G), ‖u‖A(G) ≤ 1}.

With this norm and the pointwise product, M(A(G)) is a commutative Banach

algebra. Moreover, M(A(G)) contains the Fourier–Stieltjes algebra B(G), since

A(G) is an ideal in B(G). Note that the norm on B(G) need not coincide with

the multiplier norm. However, the equality M(A(G)) = B(G) holds if and only if

G is amenable, and in this case, ‖v‖B(G) = ‖v‖M(A(G)) ∀v ∈ B(G). For details we

refer to [38, Theorem 5.1.8, Section 5.2, Section 5.3].

Recall that if H and K are Hilbert spaces and E ⊆ B(H), F ⊆ B(K) are closed

subspaces, then a linear map Ψ : E −→ F is called completely bounded if

sup
n∈N

‖Ψn‖ < ∞, where Ψn is the nth amplification of Ψ, i.e.,

Ψn : Mn(E) −→ Mn(F ), Ψn([xij]) = [Ψ(xij)].

Note that the norm onMn(E) is induced from the identification betweenMn(B(H))

and B(ln2 (H)), and the same for Mn(F ). If Ψ is completely bounded, we put

‖Ψ‖cb = sup
n∈N

‖Ψn‖.

Let G be a locally compact group, and f ∈ M(A(G)). We can associate with

f the operators Tf and T ∗
f on A(G) and V N(G), respectively, where Tf is defined

by Tf (g) = fg ∀g ∈ A(G), while T ∗
f is its adjoint, see [38, Proposition 5.1.2].
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Moreover, ‖f‖M(A(G)) = ‖Tf‖ = ‖T ∗
f ‖.

One of the subalgebras of M(A(G)) of interest is the algebra of all so-called

completely bounded multipliers.

Definition 2.7.3. Let G be a locally compact group. A multiplier f of A(G)

is completely bounded if the associated (w∗-continuous) map T ∗
f is completely

bounded. The set of all completely bounded multipliers of A(G) is denoted by

Mcb(A(G)).

We have Mcb(A(G)) ⊆ M(A(G)), and Mcb(A(G)) with pointwise multipli-

cation and the norm ‖f‖Mcb(A(G)) = ‖T ∗
f ‖cb ∀f ∈ Mcb(A(G)) is a commutative

Banach algebra. We have seen that B(G) is contained in M(A(G)). In fact, as

the next proposition asserts, it is contained in Mcb(A(G)). Moreover, the equality

holds if G is amenable, see [38, Corollary 5.4.11].

Proposition 2.7.4. Let G be a locally compact group.

(i) B(G) is contained in Mcb(A(G)), and ∀u ∈ B(G), ‖u‖Mcb(A(G)) ≤ ‖u‖B(G).

(ii) If G is amenable, then M(A(G)) = Mcb(A(G)) = B(G) and all the three

corresponding norms agree.
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Chapter 3

Stability of Banach Spaces

In this chapter, we start by recalling stability of Banach spaces, originally intro-

duced in [39] by J.-L. Krivine and B. Maurey in the early ’80s (see also [40]).

Since then, many authors have investigated it due to the important role it plays

in studying the geometry of Banach spaces; cf., e.g., [25, 28, 33, 34, 36]. For

instance, J.-L. Krivine and B. Maurey gave an elegant partial answer to an open

problem about conditions on a Banach space that guarantee the existence of a

subspace almost isometrically isomorphic to c0 or lp for p ∈ [1,∞).

We state some of the famous theorems regarding stability of Banach spaces,

not just because of their importance but because we will use them later. We also

present some examples of stable and unstable Banach spaces. Finally, we prove

that stability of Banach spaces is preserved under isomorphisms provided some

conditions on the Banach–Mazur distance between the Banach spaces.
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3.1 Definitions, Examples and Structural

Theorems

Definition 3.1.1. Let E be a Banach space. We say that E is stable if the

following condition holds:

For any bounded sequences (an) and (bm) in E and any free ultrafiltiers U and V

on N, we have

lim
n,U

lim
m,V

‖an + bm‖ = lim
m,V

lim
n,U

‖an + bm‖.

Otherwise, E is called unstable.

Remark 3.1.2. (i) In [40], J.-L. Krivine and B. Maurey defined stability for

separable Banach spaces, while we define it here for general Banach spaces.

(ii) The definition of stability does not change if arbitrary families with free

ultrafilters on their index sets are used instead of sequences, nor using nets

and limits along ultrafilters dominating the order filter on the directed sets;

cf. [40, Théorème, p.276] and [50, I.A, pp. 35–36].

(iii) In a stable Banach space, given any two bounded sequences, their iterated

limits are equal whenever they exist (as any free ultrafilter contains the

Fréchet filter).

Next, we exhibit some examples of stable and unstable Banach spaces.

Example 3.1.3. Most of the examples below can be found in [40, pp. 277–278].

However, we will mention other references as well.

(i) Every finite-dimensional Banach space is stable, see [40, p. 277]. One also

can argue directly as follows. Let (an) and (bm) be two bounded sequences

in a finite-dimensional Banach space E and U ,V be free ultrafilters on N.
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Then (an), (bm) are contained in a closed ball in E. Moreover, since E is

finite-dimensional, this ball is compact. Hence, (an) and (bm) are convergent

along any free ultrafilter. Put lim
n,U

an = a, lim
m,V

bm = b. On the other hand,

we have

| ‖an + bm‖ − ‖a+ b‖ | ≤ ‖an + bm − (a+ b)‖ ≤ ‖an − a‖ + ‖bm − b‖.

Hence,

lim
n,U

lim
m,V

‖an + bm‖ = ‖a+ b‖ = lim
m,V

lim
n,U

‖an + bm‖.

(ii) Any Hilbert space is stable, see [40, p. 277].

(iii) The spaces lp and Lp[0, 1] are stable where p ∈ [1,∞), see [40, p. 278], [25,

Example 2].

(iv) More generally, the non-commutative Lp space, Lp(M), p ∈ [1,∞), on a

von Neumann algebra M is stable if and only if M is type I, see the main

theorem in [44, p. 214]. In particular, we note that the Schatten classes

Sp(H), p ∈ [1,∞), on a Hilbert space H are stable as Sp(H) = Lp(B(H)).

This special case was first proved independently in [3] and [51].

(v) Clearly, every closed subspace of stable Banach space is stable.

(vi) c0 is unstable and hence so is l∞, see [40, p. 277], [25, Example 1].

(vii) More generally, any Banach space which is isomorphic to c0 is unstable, see

[40, p. 277].

(viii) The quotient of a stable Banach space need not be stable. This follows from

the fact that any separable Banach space is isometrically isomorphic to a

quotient of l1, see [25, Example 3]. However, the quotient lp/F , where F is
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a closed subspace of lp, is stable for p ∈ (1,∞). If F is w∗-closed subspace

of l1, then l1/F is stable. See [49, Théorème 1].

Stability of Banach spaces is not preserved under equivalent norms even if the

norm is distorted by a small amount. An example which was constructed by B.

Bollobás can be found in [25, Example 4] and as a remark in [34, p. 13]. We give

the details here as we will revisit the example later on.

Example 3.1.4. For ǫ > 0, define on l1 a new norm ‖.‖ǫ as follows:

‖x‖ǫ = ‖x‖1 + ǫ sup{|x2i + x2j−1| : i < j, i, j ∈ N} ∀x ∈ l1.

It is easy to see that ‖x‖1 ≤ ‖x‖ǫ ≤ (1 + ǫ)‖x‖1 ∀x ∈ l1. Now, let (en) be the

canonical basis of l1. Then

‖e2n + e2m−1‖ǫ =





2 + 2ǫ if n < m

2 + ǫ if n ≥ m
.

This violates the iterated limit condition in Definition 3.1.1. Thus, (l1, ‖.‖ǫ) is

unstable.

Since J.-L. Krivine and B. Maurey introduced stable Banach spaces, studying

the structure of such spaces has been investigated by many authors. Here we state

some of the theorems which are of interest to our work. The first two are due to

J.-L. Krivine and B. Maurey. In particular, the second one is the main result of

their paper. See [40, Théorème II.1] and [40, Théorème IV.1].

Theorem 3.1.5. Let En be a sequence of stable Banach spaces. For p ∈ [1,∞),

the lp-direct sum of these spaces is a stable Banach space.
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By lp-direct sum we mean the space

E :=
lp⊕

n≥1

En =

{
(xn) : xn ∈ En,

∞∑

n=1

‖xn‖p
En
< ∞

}
.

When this space is equipped with the norm ‖x‖p = (
∞∑

n=1

‖xn‖p
En

)
1
p ∀x ∈ E, it

becomes a Banach space.

Theorem 3.1.6. If E is an infinite-dimensional separable stable Banach space,

then there exists p ∈ [1,∞) such that for all ǫ > 0 there exists a subspace of E

that is (1 + ǫ)-isomorphic to lp.

Recall that two Banach spaces E,F are said to be (1 + ǫ)-isomorphic if there

exists a linear isomorphism T : E −→ F such that ‖T‖, ‖T−1‖ ≤ 1 + ǫ, i.e.,

(1 + ǫ)−1‖x‖E ≤ ‖T (x)‖F ≤ (1 + ǫ)‖x‖E.

The next theorem is due to S. Guerre and J.T. Lapresté, see [28, Théorème 1].

Theorem 3.1.7. Every separable stable Banach space is weakly sequentially com-

plete.

As we saw in Example 3.1.3, c0 and l∞ are unstable. This can be shown directly

by constructing two bounded sequences in which the condition in Definition 3.1.1

fails, namely, an = en and bm =
m∑

i=1

ei. But in fact, instability holds for any

infinite-dimensional C∗-algebra. This is the assertion of the next theorem which

was proved in [22, Proposition 2.1].

Proposition 3.1.8. Every infinite-dimensional C∗-algebra is unstable (as a Ba-

nach space).

Proof. Towards a contradiction, suppose there is an infinite-dimensional stable

C∗-algebra A. Then take an infinite-dimensional separable C∗-subalgebra B of A.
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Since B is separable and stable, it is weakly sequentially complete by Theo-

rem 3.1.7. But by a result of S. Sakai [55, Proposition.2], B is finite-dimensional

– a contradiction.

3.2 Stability Under Isomorphisms

As one may expect, stability is preserved under isometric isomorphisms. Actually,

one checks the iterated limit condition in Definition 3.1.1. But more is true; it is

also preserved between any two Banach spaces with the Banach–Mazur distance

1.

Before we pass to the theorem and for the reader’s convenience, we recall the

definition of the Banach–Mazur distance. As the name indicates, S. Banach first

introduced this notion in [4] in collaboration with S. Mazur, however, it was given

its name later.

For isomorphic Banach spaces E and F , the Banach–Mazur distance be-

tween E and F , which is denoted by d(E,F ), is defined by:

d(E,F ) = inf{‖T‖‖T−1‖ : T ∈ B(E,F ) is an isomorphism}.

In the case that E and F are not isomorphic, d(E,F ) = ∞. On the other side, if

E and F are isometric, then d(E,F ) = 1. And in between, it is always true that

d(E,F ) ≥ 1. Moreover, there exist Banach spaces with Banach–Mazur distance 1

but which are not isometrically isomorphic, as we will see later in Example 3.2.5.

Note that some authors prefer to work with log d(E,F ). The next proposition

summarizes some properties of the Banach–Mazur distance, see [19, p. 15], [59,

p. 277].

Proposition 3.2.1. Let E,F and G be Banach spaces.
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(i) d(E,F ) ≥ 1.

(ii) d(E,F ) = d(F,E).

(iii) d(E,F ) ≤ d(E,G)d(G,F ).

When studying isomorphic spaces, one of the questions that may be raised is

which properties of a Banach space are preserved when passing to another one

via an isomorphism. The Banach–Mazur distance offers a method to measure the

closeness of the two spaces. For example, in [48] Ł. Piasecki studied properties

that are invariant under the Banach–Mazur distance 1, or by using the exact

definition, the property P is called invariant under the Banach–Mazur distance

1 if for any pair of Banach spaces (E,F ) with d(E,F ) = 1, E has property P if

and only if F has property P . A trivial example is any Banach space property

that is invariant under isomorphisms, e.g., reflexivity, RNP, and the existence of

a Schauder basis. More examples are discussed in detail in the mentioned paper.

Theorem 3.2.2. Let E and F be Banach spaces such that the Banach–Mazur

distance d(E,F ) equals 1. Then E is stable if and only if F is stable.

Proof. We prove one direction and the other one follows from the symmetry prop-

erty of the Banach–Mazur distance, i.e., d(E,F ) = d(F,E). Assume that E is

stable, and towards a contradiction, suppose that F is not. Then there exist two

bounded sequences (a′
n), (b′

m) in F and two free ultrafilters U ,V on N such that

lim
n,U

lim
m,V

‖a′
n + b′

m‖F 6= lim
m,V

lim
n,U

‖a′
n + b′

m‖F .

Assume that the left iterated limit equals l1 and the right one equals l2 and

(WLOG) l1 > l2. First, assume that l2 6= 0. Since
l1
l2
> 1 and d(E,F ) = 1, there
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exists an isomorphism T : E −→ F such that ‖T‖‖T−1‖ < l1
l2

which implies

‖T−1‖l2 <
l1

‖T‖ . (3.1)

On the other hand, there exist two sequences (an), (bm) in E such that T (an) = a′
n

and T (bm) = b′
m. We have

‖an‖E = ‖T−1(a′
n)‖E ≤ ‖T−1‖‖a′

n‖F .

Similarly,

‖bm‖E ≤ ‖T−1‖‖b′
m‖F .

Hence, (an), (bm) are bounded in E. Now,

l1 = lim
n,U

lim
m,V

‖a′
n + b′

m‖F = lim
n,U

lim
m,V

‖T (an + bm)‖F ≤ lim
n,U

lim
m,V

‖T‖‖an + bm‖E.

Thus,
l1

‖T‖ ≤ lim
n,U

lim
m,V

‖an + bm‖E. (3.2)

By calculating the other iterated limit we get

lim
m,V

lim
n,U

‖an + bm‖E = lim
m,V

lim
n,U

‖T−1(a′
n + b′

m)‖E

≤ lim
m,V

lim
n,U

‖T−1‖‖a′
n + b′

m‖F = ‖T−1‖l2.

If we combine the last calculation with the relations (3.1) and (3.2) we conclude

that

lim
m,V

lim
n,U

‖an + bm‖E < lim
n,U

lim
m,V

‖an + bm‖E.

This contradicts stability of E.
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If l2 = 0, then for any isomorphism T : E −→ F we have ‖T−1‖l2 = 0 <
l1

‖T‖ .

Hence, we obtain the same result.

Remark 3.2.3. (i) By Theorem 3.2.2, stability is an invariant property under

the Banach–Mazur distance 1 in the sense of Ł. Piasecki [48].

(ii) Further, if two Banach spaces are isometrically isomorphic, then they have

the same stability status.

In general, a Banach space that is isomorphic to a stable one need not be

stable. We illustrate this by the following calculations concerning B. Bollobás’s

example, which was exhibited in Example 3.1.4.

Example 3.2.4. Put E = (l1, ‖·‖1) and F = (l1, ‖·‖ǫ), where ‖·‖ǫ is the norm

defined in Example 3.1.4. Then d(E,F ) ≤ 1 + ǫ. To see this, for the identity

operator I : E −→ F , we have ‖I‖‖I−1‖ = 1 + ǫ. Indeed, for x ∈ E,

‖Ix‖ǫ = ‖x‖ǫ ≤ (1 + ǫ)‖x‖1, so ‖I‖ ≤ 1 + ǫ.

On the other hand, denoting by (ei) the standard basis of l1, we have

‖I‖ ≥ ‖Ie2‖ǫ = ‖e2‖ǫ = 1 + ǫ.

So, ‖I‖ = 1 + ǫ. Now, for x ∈ F ,

‖I−1x‖1 = ‖x‖1 ≤ ‖x‖ǫ, so ‖I−1‖ ≤ 1.

Further, since ‖I−1e1‖1 = ‖e1‖1 = 1, we have ‖I−1‖ ≥ 1. Thus ‖I−1‖ = 1, and

‖I‖‖I−1‖ = 1 + ǫ, which proves the claim.

Nevertheless, d(E,F ) 6= 1. Otherwise, F would be stable by Theorem 3.2.2.
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Therefore,

1 < d(E,F ) ≤ 1 + ǫ.

This shows the existence of a sequence (Fn) of Banach spaces satisfying that

lim
n→∞

d(l1, Fn) = 1 but d(l1, Fn) 6= 1 ∀n ∈ N.

Next, we give an application of Theorem 3.2.2 as we calculate the iterated

limit condition. The example was introduced by A. Pełczyński and C. Bessaga

as an example of nonisometric Banach spaces with the Banach–Mazur distance 1,

see 2.1 in [47, p. 230].

Example 3.2.5. Define on c0 two norms as follows:

‖x‖i = ‖x‖∞ +




∞∑

j=1

2−2j|xj+i|2



1
2

∀x ∈ c0 , i = 0, 1.

Then,

‖x‖∞ ≤ ‖x‖i ≤ ‖x‖∞ + ‖x‖∞




∞∑

j=1

2−2j




1
2

= (1 +
1√
3

)‖x‖∞.

Put D := 1 +
1√
3

, then ‖x‖∞ ≤ ‖x‖i ≤ D‖x‖∞. Hence, ‖·‖∞ and ‖·‖i are

equivalent norms. Now, put E0 = (c0, ‖·‖0) and E1 = (c0, ‖·‖1). By [47, p. 230],

d(E0, E1) = 1 but they are not isometric.

We prove that E0 is unstable. To this end, put an = en , bm =
m∑

i=1

ei, where

(ei) denotes the standard basis of c0. Since ‖·‖∞ and ‖·‖0 are equivalent and the

two sequences are bounded with respect to ‖·‖∞, they are bounded in E0 as well.
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Now, fix n. If n < m, we have

‖an + bm‖0 = 2 +




n−1∑

j=1

2−2j + 2−2n22 +
m∑

j=n+1

2−2j




1
2

= 2 +




m∑

j=1

2−2j − 2−2n + 22−2n




1
2

.

So, lim
m→∞

‖an + bm‖0 = 2 +




∞∑

j=1

2−2j − 2−2n + 22−2n




1
2

. Further,

lim
n→∞

lim
m→∞

‖an + bm‖0 = 2 +




∞∑

j=1

2−2j




1
2

= 2 +
1√
3
.

Next, fix m. When m < n, we get

‖an + bm‖0 = 1 +




m∑

j=1

2−2j + 2−2n




1
2

.

Hence,

lim
n→∞

‖an + bm‖0 = 1 +




m∑

j=1

2−2j




1
2

.

Thus,

lim
m→∞

lim
n→∞

‖an + bm‖0 = 1 +




∞∑

j=1

2−2j




1
2

= 1 +
1√
3
.

Therefore, E0 is unstable. Consequently, according to Theorem 3.2.2, E1 is un-

stable as well since d(E0, E1) = 1.

Remark 3.2.6. (i) As E0 and E1 are isomorphic to c0 due to the equivalence

of the norms, instability of E0 and E1 follows also from the result in Exam-

ple 3.1.3 (vii). However, we preferred to use the iterated limit condition to

deduce the result.
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(ii) The sequence (2−j) can be replaced by any (aj) ∈ l2 with aj 6= 0 ∀j ∈ N,

and the resulting Banach spaces are isomorphic to c0; cf. [48, Example 4.1].

Hence their instability follows from Example 3.1.3 (vii) as well. Also, the

above calculation works analogously in this case.
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Chapter 4

Stability of Banach Algebras

This chapter is devoted to stability of Banach algebras, which first was introduced

by S. Ferri and M. Neufang in [22]. We consider the two operations on Banach

algebras. Following the notions in [22], we refer to stability of the addition opera-

tion as additive stability. So, it is, in fact, stability of the underlying Banach space

in Krivine–Maurey’s sense discussed in the previous chapter. The other stability

is multiplicative stability, which is defined as an analogue of additive stability. In-

deed, it is defined by replacing the addition operation with the multiplication in

the iterated limit condition in Krivine–Maurey’s definition of stability of Banach

spaces. In Section 4.1, we show that lp-direct sum of a sequence of multiplicatively

stable Banach algebras is again multiplicatively stable, and present examples of

multiplicatively stable Banach algebras.

Further, in Section 4.2, we study the relation between Arens regularity of an

important class of Banach algebras and additive stability. More precisely, we show

that a separable, nonunital Banach algebra with a BAI which is additively stable,

is Arens irregular. However, the inverse implication does not hold. We give the

Banach algebra of compact operators on c0 as a counterexample. In Section 4.3,

we introduce the notion of hyper-instability of Banach algebras as a strong ver-
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sion of multiplicative instability. As we shall see, hyper-instability requires the

existence of bounded nets with specific conditions. Then in Section 4.4, we ex-

amine multiplicative stability of a number of well-known Banach algebras. It

turns out that many of them are hyper-unstable. Section 4.5 presents the algebra

Banach–Mazur distance between Banach algebras and employs it to study when

multiplicative stability is preserved under isomorphisms. We conclude this chap-

ter with Section 4.6, where we define weakly almost periodic norms and weakly

almost periodic algebras. This concept is inspired by the concept of weakly almost

periodic functions on topological semigroups.

It is important to mention that a model-theoretical version of stability of

Banach algebras has been studied by I. Farah, B. Hart, and D. Sherman in [20,

21]. Stability in this sense implies both additive and multiplicative stability of

the Banach algebra. For example, it is noted in [21] before Proposition 6.2 that lp

for p ∈ [1,∞) with pointwise multiplication is stable and so it is multiplicativity

stable. However, we generalize this result in Theorem 4.1.4. For C∗-algebras, in

[22], it was shown both additive and multiplicative instability, which is formally

stronger than model-theoretical instability shown by I. Farah, B. Hart, and D.

Sherman in [20]. Moreover, we show a stronger result about C∗-algebra in Chapter

6.

In fact, this relation between the definition of stability in model theory and

functional analysis is not surprising. Krivine–Maurey’s definition of stability and

even the tools that they used in their proofs were motivated by classical model-

theoretical tools such as types and spaces of types. In recent decades, the interest

in studying Banach space theory from a model-theoretical perspective and how to

adjust tools from one of the two fields to use in the other one has increased. For

example, in many of his publications, J. Iovino has concentrated on exploring the

connections between Banach space theory and model theory, especially how the
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two concepts of stability are connected. For more about this relation, see [33, 34,

35] and references therein.

4.1 Additive and Multiplicative Stability

Definition 4.1.1. Let A be a Banach algebra. We say that A is additively

(multiplicatively) stable if the following condition holds:

For any bounded sequences (an), (bm) in A and any free ultrafilters U ,V on N we

have:

lim
m,V

lim
n,U

‖an + bm‖ = lim
n,U

lim
m,V

‖an + bm‖ (4.1)

(lim
m,V

lim
n,U

‖anbm‖ = lim
n,U

lim
m,V

‖anbm‖). (4.2)

Otherwise, A is called additively (multiplicatively) unstable.

Remark 4.1.2. (i) Similarly as in Remark 3.1.2, multiplicative stability can

be defined via nets or even arbitrary families.

(ii) The boundedness of the sequences in the condition of the iterated limits is

crucial. The following example by S. Ferri and M. Neufang ([22, Remark 1.2

(ii)]) illustrates this importance. Consider the following sequences in lp for

p ∈ [1,∞) :

an = en, bm =
m∑

i=1

ei, n,m ∈ N.

Then

anbm =





en if n ≤ m

0 if n > m
.

This gives that

lim
m→∞

lim
n→∞

‖anbm‖ = 0,
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while

lim
n→∞

lim
m→∞

‖anbm‖ = 1.

However, lp for p ∈ [1,∞) with the pointwise product is multiplicatively

stable, as follows from model-theoretical stability noted in [21, p. 18], and

from our Theorem 4.1.4.

(iii) In view of [35, Definition 2.3], a Banach algebra A is multiplicatively stable if

and only if the function φ(x, y) = ‖xy‖ is a stable function on BA×BA, where

BA denotes the closed unit ball of A. We recall the definition of a stable func-

tion. Let A and B be non-empty sets. A bounded function ψ : A×B −→ R

is said to be stable if the following condition holds: whenever (an) is a se-

quence in A and (bm) is sequence in B, and U ,V are free ultrafilters on N,

we have lim
n,U

lim
m,V

ψ(an, bm) = lim
m,V

lim
n,U

ψ(an, bm). Consequently, using the main

theorem in the mentioned paper (Theorem 3.3), A is multiplicatively stable

if and only if there exist a reflexive Banach space E and maps U : BA −→ BE

and V : BA −→ BE∗ such that φ(x, y) = ‖xy‖ = 〈U(x), V (y)〉 ∀x, y ∈ BA.

(iv) Analogously to (iii), a Banach algebra A is additively stable if and only if

the function φ(x, y) = ‖x+ y‖ is stable on BA × BA. A similar result was

shown by J.-L. Krivine and B. Muarey; cf. [40, Corollaire, p. 281].

A direct consequence of the result in Remark 4.1.2 (iii) is, again, multiplica-

tive stability of lp for p ∈ [1,∞). First, note that if x = (xn)∞
n=1 ∈ Blp , then

(|xn|p)∞
n=1 ∈ Bl2 ; indeed,

∞∑

n=1

(|xn|p)2 = ‖x2‖p
p ≤ (‖x‖p

p)2 ≤ 1.
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So, one can define two maps (given that l2
∗ = l2), U, V : Blp −→ Bl2 such that

U(x) = (|xn|p)∞
n=1, V (y) = (|yn|p)∞

n=1 ∀x, y ∈ Blp .

Next, define the map

φ : Blp ×Blp −→ C, φ(x, y) = ‖xy‖p
p.

Then φ can be written as

φ(x, y) = ‖xy‖p
p =

∞∑

n=1

|xnyn|p =
∞∑

n=1

|xn|p|yn|p = 〈U(x), V (y)〉,

where 〈., .〉 denotes the duality on l2.

Next, we study multiplicative stability of the lp-direct sum of Banach algebras,

which becomes a Banach algebra as well when it is furnished with the coordinate-

wise product. Theorem 3.1.5 gives additive stability of the lp-direct sum if each

of the involved Banach algebras is additively stable. Analogously, we prove that

the lp-direct sum of a sequence of multiplicatively stable Banach algebras is also

multiplicatively stable. In the proof, we follow the techniques that were used by

J.-L. Krivine and B. Maurey in [40, Theorem II.1]. Before stating the theorem,

we begin with a useful lemma.

Lemma 4.1.3. Let D be a dense subset of a Banach algebra A. Then the following

statements are equivalent :

(1) The iterated limit condition holds on D, i.e., (4.2) holds for all sequences in

D.

(2) A is multiplicatively stable.

Proof. (2) ⇒ (1): This is trivial.
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(1) ⇒ (2): Let (an), (bm) be bounded sequences in A and U ,V free ultrafilters on

N. Since D is dense in A, ∀n,m ∈ N ∃sn, dm ∈ D such that

‖an − sn‖ < 1

n
and ‖bm − dm‖ < 1

m
.

Further, ∀n ∈ N we have

| ‖an‖ − ‖sn‖ | ≤ ‖an − sn‖ < 1

n
≤ 1, so ‖sn‖ < 1 + ‖an‖.

Thus, (sn) is a bounded sequence in D. Similarly, we have ‖dm‖ < 1 + ‖bm‖ and

hence (dm) is bounded as well. So, by the assumption:

lim
n,U

lim
m,V

‖sndm‖ = lim
m,V

lim
n,U

‖sndm‖.

Put sup
n∈N

‖an‖ = L and sup
m∈N

‖bm‖ = M . Then ∀n,m ∈ N we have

‖anbm − sndm‖ = ‖anbm − andm + andm − sndm‖

≤ ‖an‖‖bm − dm‖ + ‖dm‖‖an − sn‖ < L
1

m
+ (1 +M)

1

n
.

Thus,

lim
n,U

lim
m,V

| ‖anbm‖ − ‖sndm‖ | ≤ lim
n,U

lim
m,V

‖anbm − sndm‖ = 0.

This gives that

lim
n,U

lim
m,V

‖anbm‖ = lim
n,U

lim
m,V

‖sndm‖.

In a same manner, we obtain

lim
m,V

lim
n,U

‖anbm‖ = lim
m,V

lim
n,U

‖sndm‖.
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Therefore, multiplicative stability of A holds.

Theorem 4.1.4. Let Ai be a sequence of multiplicatively stable Banach algebras.

For p ∈ [1,∞), the lp-direct sum of these Banach algebras is also multiplicatively

stable.

Proof. Recall that

A :=
lp⊕

i>1

Ai = {(xi) : xi ∈ Ai,
∞∑

i=1

‖xi‖p
Ai
< ∞}

and for all (xi) ∈ A, ‖(xi)‖ =

(
∞∑

i=1

‖xi‖p
Ai

) 1
p

. Then A with the coordinatewise

product is a Banach algebra.

Note that the set D := {(xi) : xi ∈ Ai, xi = 0 for all but finitely many i} is

dense in A. By Lemma 4.1.3, it is enough to establish the iterated limit condition

on D. Let (an), (bm) be two bounded sequences in D such that ∀n,m ∈ N,

an = (ai
n)∞

i=1, bm = (bi
m)∞

i=1, a
i
n, b

i
m ∈ Ai. Let U ,V be free ultrafilters on N. Now,

as (an), (bm) are bounded, the limits

lim
n,U

‖an‖p and lim
m,V

‖bm‖p exist.

Hence,

lim
n,U

∞∑

i=1

‖ai
n‖p

Ai
and lim

m,V

∞∑

i=1

‖bi
m‖p

Ai
exist.

Put

lim
n,U

∞∑

i=j

‖ai
n‖p

Ai
= αj and lim

m,V

∞∑

i=j

‖bi
m‖p

Ai
= βj ∀j ∈ N.

Then, (αj), (βj) are bounded, decreasing sequences in R and so they are conver-

gent, i.e., there exist α, β ∈ R such that

lim
j→∞

αj = α and lim
j→∞

βj = β.
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Now, let ǫ > 0. Then ∃ N0 ∈ N such that

∀j ≥ N0, αj − α <
√
ǫ and βj − β <

√
ǫ.

Hence, ∀j ≥ N0 we have

α ≤ αj < α+
√
ǫ, so lim

n,U

∑

N0≤i<j

‖ai
n‖p

Ai
= αN0 − αj ≤ αN0 − α <

√
ǫ.

Similarly,

lim
m,V

∑

N0≤i<j

‖bi
m‖p

Ai
= βN0 − βj ≤ βN0 − β <

√
ǫ.

Now, fix m and choose j large enough such that bi
m = 0 ∀i ≥ j. Then

‖anbm‖p =
∞∑

i=1

‖ai
nb

i
m‖p

Ai
=
∑

i<N0

‖ai
nb

i
m‖p

Ai
+

∑

N0≤i<j

‖ai
nb

i
m‖p

Ai
+
∑

i≥j

‖ai
nb

i
m‖p

Ai
.

Thus,

‖anbm‖p =
∑

i<N0

‖ai
nb

i
m‖p

Ai
+

∑

N0≤i<j

‖ai
nb

i
m‖p

Ai
. (4.3)

We have

lim
m,V

lim
n,U

∑

N0≤i<j

‖ai
nb

i
m‖p

Ai
≤ lim

m,V
lim
n,U


 ∑

N0≤i<j

‖ai
n‖p

Ai




 ∑

N0≤i<j

‖bi
m‖p

Ai


 <

√
ǫ
√
ǫ = ǫ.

From (4.3) we get

lim
m,V

lim
n,U

‖anbm‖p − lim
m,V

lim
n,U

∑

i<N0

‖ai
nb

i
m‖p

Ai
= lim

m,V
lim
n,U

∑

N0≤i<j

‖ai
nb

i
m‖p

Ai
< ǫ.

Note that for all N ≥ N0 we have

‖anbm‖p −
∑

i<N

‖ai
nb

i
m‖p

Ai
≤ ‖anbm‖p −

∑

i<N0

‖ai
nb

i
m‖p

Ai
.
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Hence,

0 ≤ lim
m,V

lim
n,U

‖anbm‖p−
∑

i<N

lim
m,V

lim
n,U

‖ai
nb

i
m‖p

Ai
= lim

m,V
lim
n,U

‖anbm‖p−lim
m,V

lim
n,U

∑

i<N

‖ai
nb

i
m‖p

Ai
< ǫ.

Thus,

lim
m,V

lim
n,U

‖anbm‖p =
∞∑

i=1

lim
m,V

lim
n,U

‖ai
nb

i
m‖p

Ai
. (4.4)

Analogously, we get

lim
n,U

lim
m,V

‖anbm‖p =
∞∑

i=1

lim
n,U

lim
m,V

‖ai
nb

i
m‖p

Ai
. (4.5)

But as Ai is multiplicatively stable for all i, the right hand sides of (4.4) and

(4.5) are equal. Therefore, the two iterated limits are equal, which concludes the

proof.

As an application of Theorem 4.1.4, we get a different proof of multiplicative

stability of lp with the pointwise product for p ∈ [1,∞), since lp =
lp⊕

n≥1

C.

The next example exhibits a multiplicatively stable Banach algebra which is

noncommutative. This example illustrates a significant difference between addi-

tive and multiplicative stability. The Banach algebra which is discussed here, is

an abstract Segal algebra with respect to l2. In precise words, it is l1 with a special

product that turns it into a noncommutative abstract Segal algebra. The original

example can be found in [41, p. 4]. We show that it is multiplicatively stable.

Before proceeding, let us recall the definition of an abstract Segal algebra,

which originally was introduced in [8, Definition 1.1]. Let (A, ‖·‖A) be a Banach

algebra. A Banach algebra (B, ‖·‖B) is said to be an abstract Segal algebra

with respect to A if:

(1) B is a dense left ideal in A;

(2) ∃ M > 0 such that ‖a‖A ≤ M‖a‖B ∀a ∈ B;

59



(3) ∃ C > 0 such that ‖ab‖B ≤ C‖a‖A‖b‖B ∀a, b ∈ B.

Example 4.1.5. Choose ξ ∈ l1 with ‖ξ‖2 = 1. Define a new product on l2 as

follows:

a.b = 〈a, ξ〉b ∀a, b ∈ l2,

where 〈., .〉 denotes the inner product in l2. Let A,B denote l2, l1 with this new

product, respectively. Then (A, ‖·‖2) becomes a Banach algebra; indeed, since

‖ξ‖2 = 1, we have

‖a.b‖2 = |〈a, ξ〉| ‖b‖2 ≤ ‖a‖2‖b‖2 ∀a, b ∈ A.

Moreover, B is a dense left ideal in A and ‖·‖2 ≤ ‖·‖1. Thus, we have

‖a.b‖1 = |〈a, ξ〉| ‖b‖1 ≤ ‖a‖2‖b‖1 ≤ ‖a‖1‖b‖1 ∀a, b ∈ B.

Hence, (B, ‖·‖1) is a Banach algebra as well, and satisfies the conditions of an

abstract Segal algebra with respect to A. In addition, it is noncommutative and

nonunital, but admits a left identity, namely, ξ. So, this product is right faithful

since {b ∈ B : B.b = {0}} = {0}.

Now, to the main point of the example, B is multiplicatively stable. To prove

this, let (an), (bm) be bounded sequences in B and U ,V free ultrafilters on N. Then

lim
n,U

lim
m,V

‖an.bm‖1 = lim
n,U

lim
m,V

|〈an, ξ〉| ‖bm‖1 = lim
n,U

|〈an, ξ〉| lim
m,V

‖bm‖1.

On the other hand,

lim
m,V

lim
n,U

‖an.bm‖1 = lim
m,V

lim
n,U

|〈an, ξ〉| ‖bm‖1 = lim
m,V

‖bm‖1 lim
n,U

|〈an, ξ〉|.

Hence, B is multiplicatively stable with respect to this nontrivial multiplication.
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However, B cannot contain a subalgebra isomorphic to lp for any p ∈ [1,∞).

Indeed, if there would exists a subalgebra A0 ⊆ B which is isomorphic to lp for

some p ∈ [1,∞), then lp would have an identity. The reason behind this is the

existence of a left identity in A0. Indeed, let η ∈ A0 such that 〈η, ξ〉 6= 0, then

η

〈η, ξ〉 .b = b ∀b ∈ A0.

Hence,
η

〈η, ξ〉 is a left identity of A0. Thus, lp has an identity – a contradiction.

Note that A0 must have such an element with a nonzero inner product or other-

wise, the product on A0 is the zero product. Indeed, if ∀a ∈ A0, 〈a, ξ〉 = 0, then

∀a, b ∈ A0, a.b = 〈a, ξ〉 b = 0.

This example shows that there is no analogue of Krivine–Maurey’s famous theorem

(Theorem 3.1.6) in the case of multiplicatively stable Banach algebras, at least

not without additional assumptions.

Remark 4.1.6. A direct consequence of the previous example is multiplicative

stability of l2 with this new product. More generally, let H be a nonzero Hilbert

space. Pick any ξ ∈ H such that 〈ξ, ξ〉H = 1. Then a.b = 〈a, ξ〉Hb defines a

product on H which turns it into a Banach algebra. Indeed, the Cauchy–Schwarz

inequality entails submultiplicativity of the norm. In more detail,

‖a.b‖ =
√

〈a.b, a.b〉H =
√

〈a, ξ〉H〈a, ξ〉H〈b, b〉 = |〈a, ξ〉H| ‖b‖ ≤ ‖a‖‖b‖.

Similarly as for Example 4.1.5, one can prove that H with this product is multi-

plicatively stable.

An important example of a multiplicatively unstable Banach algebra is any

separable unital infinite-dimensional C∗-algebra. It has been proved in [20, Lemma

5.3] that such a C∗-algebra is not stable in the model-theoretical sense. In the
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proof, the authors used the formula φ(x, y) = ‖xy − y‖ to witness instability

through violation of the double limit criterion. Moreover, it has been shown in

[22, Proposition 2.2] that any infinite-dimensional C∗-algebra is multiplicatively

unstable. We next state the theorem and give the proof as well. However, in a

later chapter we will prove a formally stronger result about C∗-algebras.

Proposition 4.1.7. Every infinite-dimensional C∗-algebra is multiplicatively un-

stable.

Proof. Let A be an infinite-dimensional C∗-algebra. Then A contains an infinite-

dimensional commutative C∗-subalgebra A0 by [6, Theorem II 3.2.12]. More-

over, the same theorem ensures that A0 contains a nonunital commutative C∗-

subalgebra A1. To prove multiplicative instability of A, it is enough to show that

A1 is multiplicatively unstable.

Now by Gelfand theory, A1 is isometrically Banach algebra isomorphic to

C0(X) for some locally compact, non-compact space X. The aim is to construct

two bounded sequences in C0(X) such that the two iterated limits are different.

First, by induction, construct a sequence (Kn) of non-empty compact sets in X

which are pairwise disjoint, and a sequence (fn) in Cc(X) such that ‖fn‖∞ = 1 and

suppfn ⊆ Kn ∀n ∈ N. Clearly by Urysohn’s Lemma, one can choose K1 and f1 as

desired. Now, assume that for all 1 ≤ n ≤ i−1, Kn and fn have been constructed.

Since K :=
i−1⋃

n=1

Kn is compact and X is not, we can find a non-empty compact set

Ki such that Ki ∩K = ∅, and by Urysohn’s Lemma, fi ∈ Cc(X) with ‖fi‖∞ = 1

and suppfi ⊆ Ki. Hence,

suppfi ∩
i−1⋃

n=1

suppfn = ∅.
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This finishes the induction. To construct the other sequence, put

gm :=
m∑

k=1

fk ∀m ∈ N.

Since the functions fn have disjoint supports, ‖gm‖∞ = 1 ∀m ∈ N. Moreover, we

have fngm = f 2
n when m > n. So,

lim
n→∞

lim
m→∞

‖fngm‖∞ = lim
n→∞

lim
m→∞

‖f 2
n‖∞ = 1.

But fngm = 0 when m < n. Thus,

lim
m→∞

lim
n→∞

‖fngm‖∞ = 0.

Therefore, A is multiplicatively unstable.

4.2 Additive Stability and Arens Regularity

Next, to study the relation between additive stability of Banach algebras and

other properties, we examine how additive stability reflects on Arens regularity

for an important class of Banach algebras.

Put G := {A : A is a separable, nonunital Banach algebra with a BAI}. Note

that this class of Banach algebras is fairly large, containing many well-known

Banach algebras, for instance,

• any separable, nonunital C∗-algebra;

• the group algebra L1(G) on any σ-compact, metrizable, nondiscrete locally

compact group G; cf. [31, Lemma 7.5];

• the Fourier algebraA(G) on any σ-compact, metrizable, non-compact, amenable

locally compact group G; cf. [23, p. 16].
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Proposition 4.2.1. Let A be a Banach algebra such that A ∈ G. If A is additively

stable, then A is Arens irregular.

Proof. Since A is additively stable, A is weakly sequentially complete by Theorem

3.1.7. But in the class G, according to a result of A. Ülger [60, Theorem 3.3],

A cannot be weakly sequentially complete and Arens regular at the same time.

Hence, A is Arens irregular.

Corollary 4.2.2. If A ∈ G is additively stable, then A is not reflexive.

However, the other implication of Proposition 4.2.1 is not true. In other words,

one can find in the class G a Banach algebra that is Arens irregular and additively

unstable, as the following example shows.

Example 4.2.3. Let A = K(c0), the Banach algebra of compact operators on c0.

First, we prove that A ∈ G.

1. A is separable :

Since l1 = c∗
0 has AP and RNP, the Banach space K(c0) can be identified

with c0⊗̌l1 by Proposition 2.4.8, the injective tensor product of c0 and l1.

So, A = c0⊗̌l1. Now, since c0 and l1 are separable, so is A.

2. A is nonunital :

As the unit ball of A is not compact, the identity operator is not compact.

3. A has a BAI :

To prove this, by [14, Proposition 2.9.16(iii)], it is enough to prove that the

second dual A∗∗ has a mixed identity, i.e., there exists u ∈ A∗∗ such that u

is a left identity of (A∗∗,♦) and a right identity of (A∗∗,�). Note that we

have the following Banach space identifications:

K(c0) = c0⊗̌l1, K(c0)
∗ = l∞⊗̂l1 = N (l1), and K(c0)

∗∗ = B(l∞),
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where N (l1) is the Banach space of nuclear operators on l1; cf. Proposi-

tion 2.4.8 or [15, p. 60]. Now, we will use some results from [15, pages 58-61]

that have been derived to determine the two Arens products on K(c0)
∗∗. It

has been found that for U, V ∈ B(l∞),

U�V = U ◦ V, U♦V = Q(U) ◦ V,

where ◦ denotes the composition of operators in B(l∞), and Q is the pro-

jection on B(l∞) defined in [15, last paragraph of page 58], which has the

properties ‖Q‖ = 1 and Q(Il∞) = Il∞ . So for all U ∈ B(l∞) we have,

U�Il∞ = U ◦ Il∞ = U, and

Il∞♦U = Q(Il∞) ◦ U = Il∞ ◦ U = U.

Thus, Il∞ is a mixed identity of B(l∞) and so A has a BAI. This finishes

the proof that A ∈ G. Further, in the last reference, it has been proved that

K(c0) is Arens irregular, see [15, pp. 61–62].

Finally, we prove that A is additively unstable. Note that K(c0) = W(c0),

the Banach algebra of weakly compact operators on c0. To see this, we follow

the same argument as in [15, page 63]. Obviously, K(c0) ⊆ W(c0). To prove

the reverse inclusion, let T ∈ W(c0). Then the dual operator T ∗ ∈ W(l1),

see Proposition 2.4.2. Let (λn) be a bounded sequence in l1, then (T ∗λn) has

a weakly convergent subsequence. But since l1 has Schur’s property, that

is, every weakly convergent sequence converges in norm, the subsequence

converges in norm. Hence, T ∗ is compact, and by Proposition 2.4.2, T is

compact.

Back to the proof of additive instability of K(c0), we prove that K(c0) con-
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tains an isometric copy of c0 (which is additively unstable). In fact, accord-

ing to Example 3.1.3 (vii), it is enough to have an isomorphic copy of c0,

but in this case we have more as the copy is isometric. To this end, define

Ψ : c0 −→ W(c0) Ψ(f) = Tf ∀f ∈ c0,

where Tf is the operator on c0 defined by Tf (g) = f · g ∀g ∈ c0.

The map Ψ is well defined; indeed, Tf ∈ W(c0). Note that c0 is an ideal in

its second dual, l∞. Hence, by [26, Proposition 4.1], Tf is weakly compact.

Obviously, Ψ is linear. Further, Ψ is an isomerty. To see this, let f ∈ c0.

We have

‖Ψ(f)‖ = ‖Tf‖ = sup
‖g‖∞≤1

‖f · g‖∞ ≤ sup
‖g‖∞≤1

‖f‖∞‖g‖∞ = ‖f‖∞.

On the other hand, let (en) be the canonical BAI of c0. Since ∀n ∈ N,

‖Ψ(f)‖ ≥ ‖f · en‖∞ and lim
n→∞

‖f · en‖∞ = ‖f‖∞, we have ‖Ψ(f)‖ ≥ ‖f‖∞.

Remark 4.2.4. (i) Note that, alternatively, one can show the existence of a

BAI in K(c0) in a "shorter" way as follows:

Since c0 has a Schauder basis, K(c0) has a bounded left approximate identity

(BLAI), see the paragraph before Theorem 2.9.37 in [14]. Moreover, since c0

has the approximation property (AP), this implies that K(c0) = A(c0), where

A(c0) is the algebra of approximable operators on c0, see Proposition 2.4.5.

But A(c0) possesses a bounded right approximate identity (BRAI) due to

the bounded approximation property (BAP) of l1 = c∗
0 according to [14,

Theorem 2.9.37(iii)]. Now, since K(c0) has a BLAI and a BRAI, it admits a

BAI by [14, Proposition 2.9.3].

(ii) Another proof of additive instability of K(c0) is as follows: by a result of R.A.
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Ryan [53, Corollary 1], K(c0) contains a complemented subspace isomorphic

to c0. Since c0 is additively unstable, so is K(c0) by Example 3.1.3 (vii).

4.3 Hyper-Instability of Banach Algebras

Studying multiplicative instability of Banach algebras relies on the possibility of

constructing two bounded sequences in the Banach algebra such that the two

iterated limits are different. However, conditions that are easier to examine may

replace the condition of the iterated limits. This is the goal of the following

result, which provides conditions that do not involve iterated limits. Note that

the proposition differs from the primary condition of multiplicative stability by

using nets instead of sequences. The reason behind this is, as we shall see, that one

of the nets, in applications, is a BAI of the Banach algebra if it admits one, and

BAIs in general, are nets. As mentioned in Remark 4.1.2, using either sequences

or nets does not affect the condition.

Proposition 4.3.1. Let A be a Banach algebra. Assume that there exist two

bounded nets (ei)i∈I , (fj)j∈J in A, where I, J are directed sets and two ultrafilters

U ,V which dominate the order filters on I, J , respectively, and C > 0 such that:

(1) ∀i ∈ I, lim
j,V

‖eifj‖ = 0;

(2) ∀j ∈ J, lim
i,U

‖eifj‖ ≥ C.

Then A is multiplicatively unstable.

Proof. First, note that condition (1) implies lim
i,U

lim
j,V

‖eifj‖ = 0.

On the other hand, we get by (2) that lim
j,V

lim
i,U

‖eifj‖ cannot be zero since

C > 0. Thus, A is multiplicatively unstable.

Definition 4.3.2. A Banach algebra which satisfies the conditions in Proposition

4.3.1 is called hyper-unstable .
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In the case that A possesses a BAI or even just a left or a right one, a formally

stronger version of Proposition 4.3.1 can be given, as we shall now see.

Corollary 4.3.3. Let A be a Banach algebra. Assume that A has a BLAI (BRAI)

(ei)i∈I and there exist a bounded net (fj)j∈J and two ultrafilters U ,V which dom-

inate the order filters on I, J , respectively, such that:

(1) ∀i ∈ I, lim
j,V

‖eifj‖ = 0 (lim
j,V

‖fjei‖ = 0);

(2) ∃C > 0 such that ∀j ∈ J, ‖fj‖ ≥ C.

Then A is hyper-unstable.

Proof. We prove the corollary in the case that (ei)i∈I is a BLAI. The case of

a BRAI follows analogously. According to Proposition 4.3.1, to prove hyper-

instability of A, we need to prove that condition (2) holds. Now, since (ei)i∈I is a

BLAI, then ∀j ∈ J we have

lim
i

‖eifj − fj‖ = 0.

Moreover, ∀i ∈ I, j ∈ J we have

| ‖eifj‖ − ‖fj‖ | ≤ ‖eifj − fj‖, so lim
i

‖eifj‖ = ‖fj‖ ≥ C > 0.

As U dominates the order filter on I, the limits along the order filter and along

U are equal. Therefore, ∀j ∈ J we have

lim
i,U

‖eifj‖ = ‖fj‖ ≥ C > 0.

In fact, all that we need from the existence of a BLAI is the last limit in the
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previous proof. The next corollary states it formally and gives weaker conditions

than Corollary 4.3.3.

Corollary 4.3.4. Let A be a Banach algebra. Assume that there exist two bounded

nets (ei)i∈I , (fj)j∈J and two ultrafilters U ,V which dominate the order filters on

I, J , respectively, such that:

(1) ∀i ∈ I, lim
j,V

‖eifj‖ = 0;

(2) ∀j ∈ J, lim
i,U

‖eifj‖ = ‖fj‖;

(3) ∃C > 0 such that ∀j ∈ J, ‖fj‖ ≥ C.

Then A is hyper-unstable.

An example of a net that need not be a BAI but satisfies condition (2) of

Corollary 4.3.4 is a contractive pointwise approximate identity in a natural uni-

form algebra. The next proposition shows this in detail. But before we state the

proposition, let us recall the definition of this type of approximate identity. In

[17, Definition 2.11], H.G. Dales and A. Ülger defined the notion of a pointwise

approximate identity as follows: Let X be a locally compact space and A be a

natural Banach function algebra on X. A bounded net (ei)i∈I is said to be a

bounded pointwise approximate identity (BPAI) if

lim
i
ei(x) = 1 ∀x ∈ X.

A bounded pointwise approximate identity (ei)i∈I is called a contractive point-

wise approximate identity (CPAI) if it is bounded in norm by 1. In the

mentioned paper, the authors exhibited an example of a natural uniform algebra

with a CPAI, but no approximate identity. For the proof of the next proposition,

we need the following useful well-known lemma.
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Lemma 4.3.5. Let X be a Hausdorff topological space and K a compact subset

of X. Let (ai)i∈I be a net in K and a ∈ K. If each convergent subnet of (ai)i∈I

converges to a, then the net (ai)i∈I converges to a.

Proposition 4.3.6. Let X be a locally compact space and A a natural uniform

algebra on X such that A has a CPAI, (ei)i∈I . Then

lim
i

‖eif‖ = ‖f‖ ∀f ∈ A.

Proof. Since A is a uniform algebra, the norm on A equals the supremum norm.

Now, let x ∈ X, f ∈ A. As lim
i
ei(x) = 1, we have

lim
i
ei(x)f(x) = f(x), so lim

i
|ei(x)f(x)| = |f(x)|.

To show the existence of lim
i

‖eif‖∞, we show that any convergent subnet of

(‖eif‖∞)i∈I converges to ‖f‖∞. Note that as ‖ei‖∞ ≤ 1 ∀i ∈ I, we have

‖eif‖∞ ≤ ‖f‖∞ ∀i ∈ I.

Hence, there exists a compact setK ⊆ R such that {‖eif‖∞ : i ∈ I} ∪ {‖f‖∞} ⊆ K.

Let (‖eij
f‖∞)j∈J be a convergent subnet of (‖eif‖∞)i∈I . We have

|eij
(x)f(x)| ≤ ‖eij

f‖∞ ≤ ‖f‖∞.

Hence,

lim
j

|eij
(x)f(x)| ≤ lim

j
‖eij

f‖∞ ≤ lim
j

‖f‖∞.

Thus,

|f(x)| ≤ lim
j

‖eij
f‖∞ ≤ ‖f‖∞.
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Since this holds for all x ∈ X, we obtain

‖f‖∞ ≤ lim
j

‖eij
f‖∞ ≤ ‖f‖∞.

Hence,

lim
j

‖eij
f‖∞ = ‖f‖∞.

As (‖eij
f‖∞)j∈J is an arbitrary convergent subnet of (‖eif‖∞)i∈I , it follows by

Lemma 4.3.5 that (‖eif‖∞)i∈I is convergent. Moreover, lim
i

‖eif‖∞ = ‖f‖∞.

Since ‖a‖ = ‖a‖∞ ∀a ∈ A, we obtain the desired result.

Unlike stability of Banach spaces, hyper-instability is preserved under isomor-

phisms.

Proposition 4.3.7. Let A and B be isomorphic Banach algebras. Then A is

hyper-unstable if and only if B is hyper-unstable.

Proof. First, assume that A is hyper-unstable. By the assumption, there exist

C > 0, two bounded nets (ei)i∈I , (fj)j∈J in A and two ultrafilters U ,V which

dominate the order filters on I, J , respectively, such that

lim
j,V

‖eifj‖A = 0 ∀i ∈ I and lim
i,U

‖eifj‖A ≥ C ∀j ∈ J.

As A and B are isomorphic, there exists a Banach algebra isomorphism F : A −→ B.

We will show that the nets (F (ei))i∈I and (F (fj))j∈J in B satisfy the conditions

in Proposition 4.3.1. Now as ∀x ∈ A, ‖F (x)‖B ≤ ‖F‖‖x‖A, the nets (F (ei))i∈I

and (F (fj))j∈J are bounded in B. Moreover,

lim
j,V

‖F (ei)F (fj)‖B = 0 ∀i ∈ I.

71



To see this, note that

lim
j,V

‖F (ei)F (fj)‖B ≤ lim
j,V

‖F‖‖eifj‖A = 0.

In addition, since
1

‖F−1‖‖eifj‖A ≤ ‖F (eifj)‖B, we have

0 <
C

‖F−1‖ ≤ 1

‖F−1‖ lim
i,U

‖eifj‖A ≤ lim
i,U

‖F (ei)F (fj)‖B.

This concludes the proof of the first implication.

An analogue argument proves the second implication by replacing A by B.

The next corollary is an immediate consequence of the previous proposition.

Corollary 4.3.8. Let ‖·‖and ‖·‖∗ be equivalent norms on a Banach algebra A. If

(A, ‖·‖) is hyper-unstable, then so is (A, ‖·‖∗)

Proof. This result follows from the fact that ‖·‖ and ‖·‖∗ are equivalent if and

only if the identity map between (A, ‖·‖) and (A, ‖·‖∗) is an isomorphism.

Remark 4.3.9. (i) Obviously, hyper-instability implies multiplicative instabil-

ity. But we do not know if the converse holds.

(ii) Hyper-instability does not have an analogue at the Banach space level. In-

deed, suppose there exist bounded nets (ei)i∈I and (fj)j∈J in a Banach space

E and two ultrafilters U ,V which dominate the order filters on I, J , respec-

tively, and C > 0 such that

lim
j,V

‖ei + fj‖ = 0 ∀i ∈ I,

and

lim
i,U

‖ei + fj‖ ≥ C ∀j ∈ J.
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Then the first equation implies that lim
j,V

fj = −ei ∀i ∈ I. Thus, (ei)i∈I is a

fixed net, i.e., ei = e ∀i ∈ I. Hence,

lim
j,V

lim
i,U

‖ei + fj‖ = lim
j,V

‖e+ fj‖ = 0.

On the other hand, as lim
i,U

‖ei + fj‖ ≥ C, we have lim
j,V

lim
i,U

‖ei + fj‖ ≥ C > 0,

which gives a contradiction.

4.4 Examples of Hyper-Unstable Banach

Algebras

This section is devoted to exhibiting some examples of Banach algebras that are

hyper-unstable. Of course, this implies multiplicative instability, but we empha-

size hyper-instability because we gain the same for any isomorphic Banach algebra

as shown in Proposition 4.3.7.

The first example has already been introduced in Theorem 4.1.7, where we

follow the proof in [22] to show that every infinite-dimensional C∗-algebra is mul-

tiplicatively unstable. Since the two sequences that were constructed satisfy the

conditions of Proposition 4.3.1, any such C∗-algebra is hyper-unstable. Moreover,

any C∗-algebra admits a BAI, which in the case of C0(X) on a locally compact

space X can be realized as a net of functions (fK)K∈B, where B is the set of all

compact subsets of X; here, using Urysohn’s Lemma for locally compact spaces,

one defines for each K ∈ B the function fK as being of compact support, equal to

1 on K and vanishing outside a neighbourhood of K. Hence, one may construct

another net that satisfies the conditions of Corollary 4.3.3 to obtain another proof

of hyper-instability of infinite-dimensional C∗-algebras. So we get the following.

Proposition 4.4.1. Every infinite-dimensional C∗-algebra is hyper-unstable.
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4.4.1 Fourier and Fourier–Stieltjes Algebras

We study hyper-instability of the Fourier algebra A(G) and the Fourier–Stieltjes

algebra B(G) on a locally compact group G. These algebras play a significant role

in harmonic analysis. They have always been one of the first objects to examine

any new concept in Banach algebra theory. Adding to this, on abelian groups, we

also gain more information about the group algebra L1(Ĝ) and the measure alge-

bra M(Ĝ) as these algebras coincide with A(G) and B(G), respectively, where Ĝ

is the dual group of G. Consequently, it is not surprising to present these algebras

as one of the first examples to study, as we shall see next. It turns out that for a

locally compact group G which contains a non-compact amenable open subgroup,

A(G) is hyper-unstable and so multiplicatively unstable. Note that multiplicative

instability of A(G) on such groups was obtained in [22, Theorem 2.3]. We provide

a much similar proof to show hyper-instability of A(G). Moreover, we will see

how this reflects on stability of related Banach algebras. For definitions and main

results regarding these classes of algebras and amenability of groups, we refer to

the chapter on preliminaries and the references mentioned therein.

Theorem 4.4.2. Let G be a locally compact group containing a non-compact

amenable open subgroup. Then the Fourier algebra A(G) is hyper-unstable.

Proof. Let H be a non-compact amenable open subgroup of G. Then according

to Proposition 2.6.8, A(H) can be identified with a closed subalgebra of A(G).

The aim is to prove hyper-instability of A(H). To this end, first write H as the

union of the collection of all compact subsets of H with non-empty interiors, i.e.,

H =
⋃

K∈B

K◦, B := {K ⊆ H : K is compact, K◦ 6= ∅}.

Then B can be directed by inclusion, so ∀K1, K2 ∈ B, K1 ≤ K2 iff K1 ⊆ K2.
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Now, for each K ∈ B, pick xK ∈ H \ K. This is possible due to the non-

compactness of H. Choose a neighbourhood VK of xK such that VK ∩ K = ∅.

As in the proof of Lemma 2.9.5 in [37], we define a net of functions (fK)K∈B as

follows. For K ∈ B, take a compact symmetric neighbourhood WK of the identity

such that xKW
2
K ⊆ VK . Define

fK :=
1

|WK |χxKWK
∗ ˇχWK

.

Then fK ∈ Ac(H), where Ac(H) is the set of functions in A(H) with compact

supports. Moreover, suppfK ⊆ xKW
2
K ⊆ VK . Also, ‖fK‖ = 1; indeed,

1 = |fK(xK)| ≤ ‖fK‖∞ ≤ ‖fK‖ ≤ 1

|WK |‖χxKWK
‖2‖ ˇχWK

‖2 = 1.

In particular, (fK)K∈B is a bounded net in Ac(H).

Furthermore, amenability of H ensures the existence of a BAI (ei)i∈I in A(H)

which consists of compactly supported functions; cf. Theorem 2.6.9. Fix i in I.

Since supp ei is compact, it is contained in K0 for some K0 ∈ B. Now, since for

any K ∈ B, supp fK ⊆ VK and VK ∩ K = ∅, we have K0 ∩ VK = ∅ ∀K ≥ K0.

Thus, supp fK ∩ supp ei = ∅, which implies that eifK = 0, and

lim
K∈B

‖eifK‖ = 0 ∀i ∈ I.

Then by using Corollary 4.3.3, we obtain the hyper-instability of A(H), as claimed.

Given that A(G) is a closed subalgebra of B(G), hyper-instability of the latter

algebra is derived immediately from Theorem 4.4.2.

Corollary 4.4.3. For a locally compact group G containing a non-compact amenable

open subgroup, the Fourier–Stieltjes algebra B(G) is hyper-unstable.
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Example 4.4.4. (i) In view of Theorem 4.4.2, the Fourier algebra on any non-

compact amenable group is hyper-unstable.

(ii) The theorem also covers many non-amenable groups, for instance, any dis-

crete group which contains an infinite amenable subgroup. A notable ex-

ample of such a group is the free group on two generators F2, which is

non-amenable.

(iii) As any locally compact abelian group is amenable, our theorem also applies

to locally compact non-compact abelian groups. Hence, A(R) and A(Z)

are hyper-unstable. Along these lines, we note that hyper-instability of the

group algebra L1(G) on a large class of groups can be obtained, as the next

corollary shows.

Corollary 4.4.5. For any locally compact non-discrete abelian group G, the group

algebra L1(G) is hyper-unstable.

Proof. The proof follows from the fact that L1(G) is isometrically isomorphic to

A(Ĝ) as Banach algebras via the Fourier transform, where Ĝ is the dual group of

G. So Ĝ is non-compact and abelian. Then applying Theorem 4.4.2 entails that

A(Ĝ) is hyper-unstable and hence so is L1(G).

Direct examples of Corollary 4.4.5 are L1(T) and L1(R). This implies their

instability in the model-theoretical sense. For L1(R), the latter result was es-

tablished first in [21]. There, it was shown that any commutative Banach alge-

bra is unstable in the model-theoretical sense if it has a unit vector g such that

the range of its Gelfand transform ĝ contains scalars with modulus arbitrarily

close but not equal to 1; cf. [21, Proposition 6.2] and the remark thereafter.

In this proposition, model-theoretical instability was proven by using the func-

tion φ(x, y) = inf
‖z‖≤1

‖xz − y‖. The result can be applied to l1(Z) and L1(R), but
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not to L1(T). In fact, it cannot be applied to L1(G) for any compact abelian

group. Indeed, in this case, the Gelfand transform ĝ of any g ∈ L1(G) satisfies

ĝ ∈ A(Ĝ) ⊆ c0(Ĝ), and Ĝ is discrete. So the range of ĝ cannot contain scalars

arbitrarily close to 1. Finally, note that L1(T) and L1(R) give natural examples

of additively stable Banach algebras which are multiplicatively unstable. See [22,

Remark 2.4.(iii)].

We conclude this section by examining hyper-instability of measure algebras.

It was proved in [22, Theorem 2.5] that measure algebras are multiplicatively

unstable under certain conditions. In fact, a similar argument gives their hyper-

instability as well.

Theorem 4.4.6. Let G be an infinite compact group. Then the measure algebra

M(G) is hyper-unstable.

Proof. According to a result of E.I. Zelmanov [61, Theorem 2], G contains a closed

infinite abelian subgroup H. Now by [16, Proposition 5.3], M(H) is a closed

subalgebra of M(G). Recall that M(H) is isometrically isomorphic to B(Ĥ), the

Fourier–Stieltjes algebra on Ĥ, the dual group of H. Moreover, Ĥ is discrete and

amenable, hence B(Ĥ) is hyper-unstable by Corollary 4.4.3. Therefore, M(H) is

hyper-unstable and the same holds for M(G).

4.4.2 Multiplier and Completely Bounded Multiplier

Algebras of Fourier Algebras

In this section, not going far from the Fourier algebra, we consider related Ba-

nach algebras, namely, the algebra of multipliers and the algebra of completely

bounded multipliers of the Fourier algebra on a locally compact group G, de-

noted by M(A(G)) and Mcb(A(G)), respectively. We shall prove that weaker

assumptions are needed on G than what we assumed in the case of A(G) to prove
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hyper-instability of Mcb(A(G)). More precisely, we show that if G contains a

non-compact open subgroup that is weakly amenable, then Mcb(A(G)) is hyper-

unstable. In the proof, we rely on the relation between Mcb(A(G)) and A(G)

as well as between the norms on the two algebras. We denote the norms on

A(G), Mcb(A(G)) and M(A(G)) by ‖·‖A(G), ‖·‖Mcb(A(G)) and ‖·‖M(A(G)), respec-

tively. Recall that

B(G) ⊆ Mcb(A(G)) ⊆ M(A(G)).

Moreover, the inclusion maps are contractive, see [13, p. 509]; in particular, we

have

‖x‖M(A(G)) ≤ ‖x‖Mcb(A(G)) ≤ ‖x‖A(G) ∀x ∈ A(G).

Before stating the theorem, recall the definition of weakly amenable groups. This

notion was first introduced by M. Cowling and U. Haagerup in [13]. A locally

compact group G is said to be weakly amenable if there exists a net (ui)i∈I in

A(G) such that

‖ui‖Mcb(A(G)) ≤ L for some L > 0,

lim
i
ui = 1 uniformly on compacta.

M. Cowling and U. Haagerup showed in their paper that weak amenability of a

locally compact group G implies the existence of an approximate identity in A(G)

with compact supports which is bounded in the Mcb(A(G)) norm, see [13, Propo-

sition 1.1]. Of course, if this approximate identity is bounded in the A(G) norm,

then the group G is amenable. In general, weak amenability is strictly weaker

than amenability (e.g., F2 is weakly amenable but not amenable, see [10, Corol-

lary 3.9]). Weak amenability also passes to closed subgroups; cf. [13, Proposition

1.3]. For more about weak amenability and examples, we refer to [10, 13] and for

recent works, see [45, 46] and references therein.
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Theorem 4.4.7. Let G be a locally compact group containing a non-compact open

weakly amenable subgroup. Then Mcb(A(G)), the Banach algebra of completely

bounded multipliers of A(G), is hyper-unstable.

Proof. Let H be a non-compact open weakly amenable subgroup of G. Then by

[57, Proposition 4.1], Mcb(A(H)) is a closed subalgebra of Mcb(A(G)), and hence

it is enough to prove hyper-instability of Mcb(A(H)). Now, weak amenability of H

ensures the existence of an approximate identity in A(H) with compact supports

which is bounded in the Mcb(A(H)) norm. Thus, there exists a net (ui)i∈I in

Ac(H) with the properties

‖ui‖Mcb(A(H)) ≤ L for some L > 0,

lim
i

‖vui − v‖A(H) = 0 ∀v ∈ A(H).

Since ‖·‖Mcb(A(H)) ≤ ‖·‖A(H), we have

lim
i

‖vui − v‖Mcb(A(H)) = 0 ∀v ∈ A(H).

This implies that

lim
i

‖vui‖Mcb(A(H)) = ‖v‖Mcb(A(H)) ∀v ∈ A(H).

Now put B := {K ⊆ H : K compact, K◦ 6= ∅}. Then (B,≤) is a directed set,

where ≤ is the inclusion relation. The second net (fK)K∈B in Ac(H), bounded

in ‖·‖Mcb(A(H)) can be chosen by following steps as in the proof of Theorem 4.4.2

such that

‖fK‖A(H) = ‖fK‖∞ = 1 ∀K ∈ B and lim
K∈B

‖uifK‖A(H) = 0 ∀i ∈ I.

79



Now since A(H) ⊆ Mcb(A(H)), the nets (ui)i∈I and (fK)K∈B satisfy the conditions

of Corollary 4.3.4. However, we need to prove that (fK)K∈B has a nonzero lower

bound in the Mcb(A(H)) norm. To this end, first recall that

‖f‖M(A(H)) ≤ ‖f‖Mcb(A(H)) ≤ ‖f‖A(H) ∀f ∈ A(H).

Moreover, we have ‖f‖M(A(H)) = ‖Tf‖ where Tf is the map on A(H) such that

Tf (g) = fg, ∀g ∈ A(H). Thus, for all K ∈ B,

‖fK‖M(A(H)) = ‖TfK
‖ = sup

‖g‖A(H)≤1

‖fKg‖A(H).

Since ‖fK‖A(H) = 1, we have

‖fK‖M(A(H)) ≥ ‖f 2
K‖A(H) ≥ ‖f 2

K‖∞ = 1.

So

1 ≤ ‖fK‖M(A(H)) ≤ ‖fK‖Mcb(A(H)) ≤ ‖fK‖A(H) = 1.

Thus, for all K ∈ B, ‖fK‖Mcb(A(H)) = 1, which proves the claim.

The argument given above shows also the following

Theorem 4.4.8. For any locally compact group G which contains a non-compact

open weakly amenable subgroup, the Banach algebra M(A(G)) of multipliers of

A(G) is hyper-unstable.

Example 4.4.9. (i) Obviously, by the above, Mcb(A(G)) and M(A(G)) are

hyper-unstable over any non-compact locally compact weakly amenable group

G. If G is even amenable, one can deduce the same result by using Theorem

4.4.2 as in this case, we have B(G) = Mcb(A(G)) = M(A(G)) isometrically.
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(ii) It is known that Fn, the free group of n generators (n ≥ 2), is non-amenable

but weakly amenable; cf. [10, Corollary 3.9]. Hence, Mcb(A(Fn)) and

M(A(Fn)) are hyper-unstable.

(iii) In [10, Theorem 3.7], J. De Canniére and U. Haagerup proved that the

general Lorentz group SO0(n, 1), n ≥ 2, is weakly amenable. Since it is non-

compact as well, Theorem 4.4.7 and Theorem 4.4.8 apply to these groups.

4.4.3 Banach Algebras of Compact Operators on a

Banach Space

In this section, we explore multiplicative stability of another important class of

Banach algebras, namely, the algebra K(E) of compact operators on a Banach

space E. We prove that the existence of a complemented basic sequence in E

is enough for K(E) to be hyper-unstable. We use the canonical projections as-

sociated with such a sequence to construct two sequences in K(E) that serve to

prove its hyper-instability. However, there are Banach spaces that contain no

complemented basic sequence, but K(E) is hyper-unstable. More precisely, we

show that K(E) is also hyper-unstable provided that E admits a basic sequence

such that the second dual of the closed linear span of that sequence is the space

E. An example of the first case is any Banach space with a Schauder basis, hence

most of the well-known separable Banach spaces, as well as some non-separable

ones; l∞ is a notable example of the second case. For a brief background about

Schauder bases of Banach spaces, we refer to Section 2.2 in chapter on prelimi-

naries. Moreover, definitions and properties of spaces of compact operators can

be found in Section 2.4.

Theorem 4.4.10. Let E be a Banach space with a complemented basic sequence.

Then the algebra of compact operators K(E) is hyper-unstable.
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Proof. Let (en) be a complemented basic sequence in E. Put F := span{en}.

Since F is complemented in E, there exists a bounded projection P : E ։ F .

As (
en

‖en‖) is also a Schauder basis of F , we may assume that (en) is normalized.

Let (e∗
n) be the biorthogonal functionals associated with (en) and Kb be the basis

constant. It was mentioned in the preliminaries (Remark 2.2.8) that e∗
n can be

extended to E via the projection P . In other words, we define ẽ∗
n : E −→ C by

ẽ∗
n = e∗

n ◦ P . Then

‖ẽ∗
n‖ ≤ ‖e∗

n‖‖P‖ ≤ 2Kb‖P‖.

Further,

P (x) =
∞∑

k=1

〈ẽ∗
k, x〉ek ∀x ∈ E.

To prove hyper-instability of K(E), we construct two sequences that satisfy the

hypothesis of Corollary 4.3.4. First, put an =
n∑

k=1

ek ⊗ ẽ∗
k. Then

an =
n∑

k=1

ek ⊗ (e∗
k ◦ P ) = (

n∑

k=1

ek ⊗ e∗
k) ◦ P.

Since
n∑

k=1

ek ⊗e∗
k is uniformly bounded by Kb, we have ‖an‖ ≤ Kb‖P‖. Hence, (an)

is a bounded sequence in K(E). For the other sequence, put bm := em⊗ẽ∗
m ∀m ∈ N.

Then

‖bm‖ = ‖em‖‖ẽ∗
m‖ = ‖ẽ∗

m‖ ≤ 2Kb‖P‖ ∀m ∈ N.

Hence, (bm) is bounded in K(E). Fix m in N. We calculate lim
n→∞

‖anbm‖. To this

end, let x ∈ E. Then

anbm(x) = an(bm(x)) = an(em ⊗ ẽ∗
m(x)) = an(em ⊗ e∗

m(P (x))) = an(〈e∗
m, P (x)〉em)

= 〈e∗
m, P (x)〉

n∑

k=1

〈ẽ∗
k, em〉ek = 〈e∗

m, P (x)〉
n∑

k=1

〈e∗
k, em〉ek. (4.6)
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But as 〈e∗
i , ej〉 = δi,j, if n ≥ m we get that

anbm(x) = 〈e∗
m, P (x)〉em = 〈e∗

m,
∞∑

k=1

〈ẽ∗
k, x〉ek〉em = 〈ẽ∗

m, x〉em = bm(x).

Thus, for n ≥ m, anbm = bm and so

lim
n→∞

‖anbm‖ = ‖bm‖.

Moreover, as ‖em‖ = 1, we have

‖bm‖ = ‖em‖‖ẽ∗
m‖ = ‖ẽ∗

m‖ ≥ |〈ẽ∗
m, em〉| = |〈e∗

m, em〉| = 1.

On the other hand, fix n and let m > n. Let x ∈ E. We have 〈ẽ∗
n, em〉 =

〈e∗
n, em〉 = 0. Hence, by applying this to (4.6) we get that anbm(x) = 0. Thus,

anbm = 0, so lim
m→∞

‖anbm‖ = 0.

Therefore, by Corollary 4.3.4, K(E) is hyper-unstable.

Corollary 4.4.11. If E is a Banach space containing a complemented subspace

isomorphic to c0 or lp for any p ∈ [1,∞), then K(E) is hyper-unstable.

Proof. Let F be a complemented subspace of E which is isomorphic to c0 or lp

for some p ∈ [1,∞). Then F admits a Schauder basis (en). Hence, (en) is a

complemented basic sequence in E, and Theorem 4.4.10 can be applied.

Note that as K(E) is a closed subalgebra of B(E), under the hypothesis of the

previous theorem, we gain hyper-instability of B(E) as a bonus. In addition, the

constructed sequences, in fact, consist of finite-rank operators. Hence, they lie in

the Banach algebra of approximable operators A(E) on E. This leads to the next

result.
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Theorem 4.4.12. Let E be a Banach space with a complemented basic sequence,

then B(E) and A(E) are hyper-unstable.

Remark 4.4.13. (i) In the favourable case when E has a Schauder basis (en),

the sequence (Pn) of the canonical projections associated with the basis forms

a BLAI for K(E). Then one can apply Corollary 4.3.3 directly.

(ii) Theorem 4.4.10 covers also (non-separable) Banach spaces with long Schauder

bases. This follows because such a Banach space contains a complemented

basic sequence, see Lemma 2.2.11.

As it has been shown, the existence of a complemented basic sequence in E

is sufficient for hyper-instability of K(E); however it is not necessary. This can

be illustrated by K(l∞). In fact, l∞ is a prime Banach space, i.e., every infinite-

dimensional complemented subspace of l∞ is isomorphic to l∞. This well-known

result due to J. Lindenstrauss can be found in [42] as the main theorem of the

paper. So, l∞ does not contain any complemented basic sequence. But K(l∞)

is hyper-unstable. Indeed, K(E) is hyper-unstable if E contains a subspace that

admits a Schauder basis, and whose second dual is E.

Theorem 4.4.14. Let E be a Banach space and F a closed subspace of E such

that F has a Schauder basis and F ∗∗ = E. Then K(E) is hyper-unstable.

Proof. Let (en) be a normalized Schauder basis of F . Let Pn =
n∑

k=1

ek ⊗ e∗
k be the

canonical projections associated with (en), and Kb be the basis constant. Consider

the adjoint operators

P ∗
n : F ∗ −→ F ∗ , P ∗∗

n : E −→ E.

84



Let y ∈ F, y∗ ∈ F ∗, and x ∈ E. We have

Pn(y) =
n∑

k=1

〈e∗
k, y〉ek , P ∗

n(y∗) =
n∑

k=1

〈ek, y
∗〉e∗

k.

Further,

〈P ∗∗
n (x), y∗〉 =

n∑

k=1

〈x, e∗
k〉〈ek, y

∗〉.

Hence,

P ∗∗
n (x) =

n∑

k=1

〈x, e∗
k〉ek.

So P ∗∗
n may be written as

P ∗∗
n =

n∑

k=1

ek ⊗ e∗
k,

and one may see the operator ek ⊗ e∗
k as a rank one operator on E. See the first

paragraph of the proof of Proposition 4.14 in [19]. Since ‖P ∗∗
n ‖ = ‖P ∗

n‖ = ‖Pn‖,

the sequence (P ∗∗
n ) is uniformly bounded by Kb. Now, put

an =
n∑

k=1

ek ⊗ e∗
k , bm = em ⊗ e∗

m.

For n,m ∈ N, we have

‖an‖ = ‖Pn‖ ≤ Kb,

and

‖bm‖ = ‖em‖‖e∗
m‖ = ‖e∗

m‖ ≤ 2Kb.

Hence, (an) and (bm) are bounded in K(E). Next, let x ∈ E, then

anbm(x) = an(〈x, e∗
m〉em) = 〈x, e∗

m〉
n∑

k=1

〈em, e
∗
k〉ek.
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Since 〈em, e
∗
n〉 = 0 for m 6= n , if m > n, we have anbm(x) = 0 ∀x ∈ E. Thus,

anbm = 0, so lim
m→∞

‖anbm‖ = 0.

On the other hand, if m ≤ n, then

anbm(x) = 〈x, e∗
m〉em = em ⊗ e∗

m(x) = bm(x).

Moreover,

‖bm‖ = ‖e∗
m‖ ≥ |〈e∗

m, em〉| = 1.

Thus,

lim
n→∞

‖anbm‖ = ‖bm‖ and ‖bm‖ ≥ 1 ∀m ∈ N.

Therefore, hyper-instability of K(E) follows by Corollary 4.3.4.

Consequently, as c0 admits a Schauder basis and c∗∗
0 = l∞, hyper-instability of

K(l∞) follows directly from the previous theorem. Note that under the hypothesis

of Theorem 4.4.14, we also obtain hyper-instability of B(E) and A(E).

4.4.4 The Banach Algebras Ck
0
(R) and Ck

b
(R)

In the present section we consider the Banach algebras Ck
b (R) and Ck

0 (R), k ∈ N,

consisting of all complex-valued k times continuously differentiable functions f on

R such that the function f and its derivatives f (j), where 1 ≤ j ≤ k, are bounded,

respectively, vanish at infinity. With pointwise addition and multiplication, scalar

multiplication and the norm

‖f‖ =
k∑

j=0

1

j!
‖f (j)‖∞ ∀f ∈ Ck

b (R),
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Ck
b (R) is a Banach function algebra on R and Ck

0 (R) is a closed ideal in Ck
b (R); cf.

[32, Proposition 2, Proposition 3]. It follows from the same article (Theorem 1)

that the algebra Ck
0 (R) has a bounded approximate identity consisting of functions

with compact support. We show that C1
0(R) is hyper-unstable as we construct a

sequence which along with the BAI, satisfies the conditions of Corollary 4.3.3. A

sketch of another proof will be given in the remarks after the main result of the

section. Moreover, we generalize the result to Ck
0 (R).

Theorem 4.4.15. The Banach algebras C1
0(R) and C1

b (R) are hyper-unstable.

Proof. It is enough to show hyper-instability of C1
0(R). By [32, Theorem 1], C1

0(R)

has a BAI (en)n∈N such that

en(x) = 1 ∀x ∈ [−n, n], and supp en ⊆ [−n− 2, n+ 2],

see the first paragraph of the proof of the mentioned theorem. Now choose a

function f in C1
0(R) such that

• supp f ⊆ [4, 5];

• f(4) = f(5) = 0, f ′(4) = f ′(5) = 0;

• f ′ 6≡ 0.

(e.g., put f(x) = (x − 4)2(x − 5)2 ∀x ∈ [4, 5] and 0 otherwise). For all m ∈ N,

define

fm : R −→ C, fm(x) = f(x−m+ 1),

i.e., fm is a translation of f . Note that

suppfm ⊆ [m+ 3,m+ 4]
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and

fm(m+ 3) = fm(m+ 4) = 0, fm
′(m+ 3) = fm

′(m+ 4) = 0.

Moreover, for all m ∈ N we have

‖fm‖ = ‖fm‖∞ + ‖fm
′‖∞ = ‖f‖∞ + ‖f ′‖∞ > 0.

In particular, (fm) is a bounded sequence in C1
0(R), and ‖fm‖ = C > 0 ∀m ∈ N,

where C = ‖f‖∞ + ‖f ′‖∞.

Now, fix n ∈ N. As

supp en ⊆ [−n− 2, n+ 2], and supp fm ⊆ [m+ 3,m+ 4],

we have supp en ∩ supp fm = ∅ for all m ≥ n. Thus,

enfm = 0 ∀m ≥ n,

which implies that

lim
m→∞

‖enfm‖ = 0.

Therefore, the claim holds by Corollary 4.3.3.

Remark 4.4.16. (i) One can construct suitable sequences without using a BAI

of C1
0(R) as follows: Choose a function in C1

0(R) such that

• supp f ⊆ [0, 1];

• f(0) = f(1) = 0, f ′(0) = f ′(1) = 0;

• f ′ 6≡ 0.
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Then choose (en) to be the sequence of translations of f by 2n− 2, i.e.,

en(x) = f(x− 2n+ 2) ∀x ∈ R, n ∈ N.

For the other sequence put

fm =
m∑

k=1

ek ∀m ∈ N.

These two sequences fit perfectly in the setting of Proposition 4.3.1. We

omit the details here as we will revisit these sequences in Section 6.1.3.

(ii) The above result can be generalized to Ck
0 (R) for k ∈ N. We may use for

example the sequence of translations by 2n− 2 of the function

f(x) =





xk+1(x− 1)k+1 if x ∈ [0, 1]

0 if x /∈ [0, 1]
,

i.e.,

en(x) = f(x− 2n+ 2) ∀x ∈ R, n ∈ N, and

fm =
m∑

k=1

ek ∀m ∈ N.

4.5 Multiplicative Stability Under

Isomorphisms

Now we address the question of when Banach algebra isomorphisms preserve mul-

tiplicative stability of Banach algebras. To this end, we start by defining the

algebra Banach–Mazur distance between Banach algebras in a very natural way

as an analogue of the Banach–Mazur distance between Banach spaces. This dis-
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tance gives a method to measure how close Banach algebras are. This new notion

plays a central role in the main theorem of this section.

Definition 4.5.1. Let A and B be isomorphic Banach algebras. The algebra

Banach–Mazur distance between A and B, denoted by D(A,B), is defined to

be

inf{‖F‖‖F−1‖ : F ∈ B(A,B) is a Banach algebra isomorphism}.

If A and B are not isomorphic, we set D(A,B) = ∞.

As for the Banach–Mazur distance, one may take the logarithm of the algebra

distance. The following proposition points out similarities between properties of

the Banach–Mazur distance and its algebra counterpart.

Proposition 4.5.2. Let A,B and C be Banach algebras. Then:

(i) d(A,B) ≤ D(A,B);

(ii) D(A,B) ≥ 1;

(iii) D(A,B) = D(B,A);

(iv) D(A,B) ≤ D(A, C)D(C,B).

Proof. (i) The inequality follows directly as every Banach algebra isomorphism is

an isomorphism between the underlying Banach spaces.

(ii), (iii), and (iv) are proven analogously to the corresponding properties for the

Banach–Mazur distance.

The next example illustrates some differences between the Banach–Mazur dis-

tance and the algebra version. As we shall see, the algebra Banach–Mazur distance

between two Banach algebras can be infinite while the Banach–Mazur distance

between them as Banach spaces is finite.
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Example 4.5.3. (i) The Banach algebras c0 and c are not isomorphic, since c

is unital and c0 is not. Hence, D(c0, c) = ∞. However, as Banach spaces,

M. Cambern proved in [9, p. 74] that d(c, c0) = 3.

(ii) The second example presents one Banach space with two different (natural)

products such that the algebra Banach–Mazur distance is infinite. Let G be

an infinite discrete group. The Banach algebras A = (l1(G), ∗), l1(G) with

convolution product, and B = (l1(G), ·), l1(G) with pointwise product, are

not isomorphic as Banach algebras. This is true because the former one is

Arens irregular whereas the latter is Arens regular. Thus, D(A,B) = ∞.

But d(A,B) = 1 as the underlying Banach spaces are the same.

The next proposition has a straightforward proof.

Proposition 4.5.4. Let A and B be Banach algebras. Consider the following

statements:

(i) A and B are isometrically Banach algebra isomorphic;

(ii) there is a Banach algebra isomorphism F : A −→ B such that

‖F‖‖F−1‖ = 1;

(iii) D(A,B) = 1;

(iv) A and B are Banach algebra isomorphic.

Then we have (i) ⇒ (ii) ⇒ (iii) ⇒ (iv).

In the next example, by modifying Pełczyński–Bessaga’s example (Example

3.2.5), we show the existence of Banach algebras with algebra Banach–Mazur

distance one which are not isometrically isomorphic.
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Example 4.5.5. Recall that on c0 we have defined two norms:

‖x‖i = ‖x‖∞ +




∞∑

j=1

2−2j|xj+i|2



1
2

∀x ∈ c0 , i = 0, 1.

We have also seen that

‖x‖∞ ≤ ‖x‖i ≤ D‖x‖∞ ∀x ∈ c0 where D = 1 +
1√
3
.

Further, for all x, y ∈ c0 we have

‖xy‖i ≤ D‖xy‖∞ ≤ D‖x‖∞‖y‖∞ ≤ D‖x‖i‖y‖i , i = 0, 1.

Thus, the norms ‖x‖∼
i := D‖x‖i , i = 0, 1 are Banach algebra norms on c0.

Now, put Ai = (c0, ‖·‖∼
i ), and define T̃n : A0 −→ A1 by

T̃n(x) = (xn, x1, x2, ..., xn−1, xn+1, ...) ∀x = (xn) ∈ A0.

Then T̃n is a Banach algebra isomorphism for all n ∈ N. Now, let Tn be the

isomorphisms defined in the original example in [47, p. 230], i.e.,

Tn : (c0, ‖·‖0) −→ (c0, ‖·‖1) Tn(x) = (xn, x1, x2, ..., xn−1, xn+1, ...) ∀x = (xn) ∈ c0.

Then

‖T̃n‖ = ‖Tn‖ , ‖(T̃n)−1‖ = ‖T−1
n ‖.

Hence,

lim
n→∞

‖T̃n‖‖(T̃n)−1‖ = 1.

So D(A0,A1) = 1. On the other hand, as in the case of the norms ‖·‖i, we have

that ‖·‖∼
0 is strictly convex. This follows from strict convexity of ‖·‖0; indeed, if
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x, y ∈ c0 and ‖x+ y‖∼
0 = ‖x‖∼

0 + ‖y‖∼
0 , then ‖x+ y‖0 = ‖x‖0 + ‖y‖0, so x = αy

for some α > 0. But, ‖·‖1 and so ‖·‖∼
1 are not strictly convex. Thus, A0 and A1

are not isometrically isomorphic.

Now, we present the main theorem of this section.

Theorem 4.5.6. Let A and B be Banach algebras such that D(A,B) = 1. Then

A is multiplicatively stable if and only if B is multiplicatively stable.

Proof. We prove one implication, the other one follows directly due to the sym-

metry property D(A,B) = D(B,A). Towards a contradiction, suppose that A is

multiplicatively stable and B is not. Now, as B is multiplicatively unstable, there

exist two bounded sequences (bn), (b′
m) in B, and two free ultrafilters U ,V on N

such that

lim
n,U

lim
m,V

‖bnb
′
m‖B 6= lim

m,V
lim
n,U

‖bnb
′
m‖B.

WLOG, assume that

lim
n,U

lim
m,V

‖bnb
′
m‖B = l1 , lim

m,V
lim
n,U

‖bnb
′
m‖B = l2 with l1 > l2.

First, assume that l2 6= 0. Since D(A,B) = 1 and
l1
l2
> 1, there exists a Banach

algebra isomorphism F : A −→ B such that

‖F‖‖F−1‖ < l1
l2

, so ‖F−1‖l2 <
l1

‖F‖ .

Further, there exist sequences (an), (a′
m) in A such that ∀n,m ∈ N, F (an) = bn,

F (a′
m) = b′

m. Moreover, (an), (a′
m) are bounded since

‖an‖A = ‖F−1(bn)‖A ≤ ‖F−1‖‖bn‖B and similarly ‖a′
m‖A ≤ ‖F−1‖‖b′

m‖B.
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Now, we have

l1 = lim
n,U

lim
m,V

‖bnb
′
m‖B = lim

n,U
lim
m,V

‖F (ana
′
m)‖B ≤ lim

n,U
lim
m,V

‖F‖‖ana
′
m‖A.

Thus,
l1

‖F‖ ≤ lim
n,U

lim
m,V

‖ana
′
m‖A. (4.7)

On the other hand,

lim
m,V

lim
n,U

‖ana
′
m‖A = lim

m,V
lim
n,U

‖F−1(bnb
′
m)‖A ≤ lim

m,V
lim
n,U

‖F−1‖‖bnb
′
m‖B = ‖F−1‖l2 <

l1
‖F‖ .

Hence,

lim
m,V

lim
n,U

‖ana
′
m‖A <

l1
‖F‖ . (4.8)

By combining (4.7) and (4.8) we obtain

lim
m,V

lim
n,U

‖ana
′
m‖A 6= lim

n,U
lim
m,V

‖ana
′
m‖A.

This contradicts the multiplicative stability of A.

If l2 = 0, then for any Banach algebra isomorphism F : A −→ B we have

‖F−1‖l2 = 0 <
l1

‖F‖ . Hence, we obtain the same result.

4.6 Multiplicative Stability and Weak Almost

Periodicity

We begin this section by recalling some notions and definitions from topological

semigroup theory and spaces of functions on these. Then we connect this brief

introduction to our main subject, namely, stability of Banach algebras. Our main

reference here is the book by J. Berglund, H. Junghenn, and P. Milnes [5], a

94



monograph on many important topics in the analysis of topological semigroups,

such as spaces of functions on them, their structure and dynamical properties, and

the associated compactifications. For more details, one can consult the references

mentioned therein.

By a semigroup we mean a pair (S, ·), where S is a non-empty set and "·" is

an associative operation defined by (s, t) 7→ s · t on S × S with values in S.

If s · t = t · s ∀s, t ∈ S, then S is a commutative semigroup. Unlike groups,

semigroups need not have an identity nor inverses. A topological semigroup

S is a semigroup which is also a topological space such that the multiplication

operation is jointly continuous. Hence, the topology on S is compatible with the

algebraic structure of S.

Let B(S) denotes the set of all bounded complex-valued functions on S. When

B(S) is equipped with the supremum norm (‖f‖∞ = sup
s∈S

|f(s)|) along with point-

wise addition and multiplication, scalar multiplication, and complex conjugation,

it becomes a C∗-algebra. One of the subsets of B(S) of interest is Cb(S), which

consists of all continuous bounded complex-valued functions on S. In fact, Cb(S)

is a C∗-subalgebra of B(S).

For f ∈ B(S) and s ∈ S, the left translate of f by s, denoted by sf , is the

function sf : S −→ C such that sf(t) = f(st). Analogously, we define fs, the right

translate of f by s. Clearly, sf, fs ∈ B(S). A subset F of B(S) is left (right)

translation invariant if sF := {sf : f ∈ F} ⊆ F (Fs := {fs : f ∈ F} ⊆ F). If

F is left and right translation invariant, it is called a translation invariant sub-

set. It is easy to see that Cb(S) is translation invariant. A function f ∈ Cb(S) is

left (right) uniformly continuous if the map S −→ Cb(S) : s 7−→ sf(s 7−→ fs)

is norm continuous. The set of all left (right) uniformly continuous functions on

S is denoted by LUC(S) (RUC(S)). If f is left and right uniformly continuous

function, we say f is uniformly continuous. The set of all uniformly contin-
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uous functions on S is denoted by UC(S). Note that LUC(S), RUC(S), and

UC(S) are translation invariant C∗-subalgebras of Cb(S) containing the constant

functions, see [5, Chapter 4: Theorem 4.3].

On a topological semigroup S, one can define various spaces of functions. One

of these spaces, which we will consider in this section, is the space of weakly

almost periodic functions. This notion was first defined by W.F. Eberlein. Note

that the definition in [5] is given on semitopological semigroups (which is more

general than what we require); we will be concerned with topological semigroups

in our definition.

Definition 4.6.1. Let S be a topological semigroup. A function f ∈ Cb(S) is

called weakly almost periodic if the set {sf : s ∈ S} is weakly relatively compact

in Cb(S), i.e., the weak closure of the set is compact in the weak topology on Cb(S).

The set of all weakly almost periodic functions on S is denoted by WAP (S).

Note that the set of all left translates of f is weakly relatively compact if

and only if the set of the right translates is, see [5, Chapter 4: Theorem 2.3].

The space WAP (S) is a C∗-subalgebra of Cb(S) that is translation invariant and

contains the constant functions, see [5, Chapter 4: Theorem 2.5]. In the case of

compact semigroups, every continuous function is weakly almost periodic. This is

the statement of the next proposition and for details see [5, Chapter 4: Corollary

2.9].

Proposition 4.6.2. Let S be a compact semigroup. Then WAP (S) = C(S).

By Grothendieck’s double limit criterion, weak almost periodicity can be char-

acterized as follows: For f ∈ Cb(S),

f ∈ WAP (S) if and only if for all sequences (an) and (bm) in S, we have

lim
n→∞

lim
m→∞

f(anbm) = lim
m→∞

lim
n→∞

f(anbm),
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whenever the two double limits exist. See [5, Chapter 4: Theorem 2.3].

Now, back to our main subject. Let A be a Banach algebra. As the closed

unit ball BA of A with the algebra product is a topological semigroup, one can

consider the weakly almost periodic functions on BA. Define the function

ΦA : BA −→ C, ΦA(x) = ‖x‖ ∀x ∈ BA.

Then we have ΦA ∈ Cb(BA). So one may wonder when ΦA is weakly almost

periodic on BA. This brings to mind the connection between Grothendieck’s

double limit criterion of weakly almost periodic functions and the iterated limit

condition of multiplicative stability of Banach algebras. This has been noted in

[22, Remark 1.2 (iii)]. In fact, it motivates our next definition. Throughout the

sequel, the notation ΦA will be used for the norm function on BA. If there is no

confusion, we write Φ for ΦA.

Definition 4.6.3. Let A be a Banach algebra, and denote by BA, the closed unit

ball of A. The norm on A is said to be a weakly almost periodic norm or

shortly WAP-norm if it is a weakly almost periodic function on BA, that is,

Φ ∈ WAP (BA). In this case, the Banach algebra A is called a WAP-algebra.

Remark 4.6.4. In the sense of the previous definition, a Banach algebra A is

multiplicatively stable if and only if A is a WAP -algebra. To see this, assume

that A is multiplicatively stable. Let (an), (bm) be sequences in BA such that the

two iterated limits lim
n→∞

lim
m→∞

Φ(anbm) and lim
m→∞

lim
n→∞

Φ(anbm) exist. Then multi-

plicative stability of A ensures that they are equal. Thus, Φ ∈ WAP (BA).

For the other implication, suppose that A is a WAP -algebra. Let (an) and

(bm) be bounded sequences in A and U ,V free ultrafilters on N. Then there exist

M,N > 0 such that ‖an‖ ≤ N, ‖bm‖ ≤ M ∀n,m ∈ N. Hence, (
an

N
), (

bm

M
) are
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sequences in BA. By the assumption,

lim
n,U

lim
m,V

‖an

N

bm

M
‖ = lim

m,V
lim
n,U

‖an

N

bm

M
‖.

This proves multiplicative stability of A.

Proposition 4.6.5. Every finite-dimensional Banach algebra is a WAP -algebra,

and so it is multiplicatively stable.

Proof. This follows from the fact that given a Banach algebra A, its unit ball BA is

compact if and only if A is finite-dimensional. Moreover, on compact semigroups,

every continuous function is weakly almost periodic, see Proposition 4.6.2.
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Chapter 5

Almost Periodic Algebras

In this chapter, we introduce a method to measure how stable a Banach alge-

bra is. As we shall see, among multiplicatively stable Banach algebras, there

are less and more stable ones. To see the difference, we strengthen the condi-

tion of multiplicative stability of Banach algebras. Motivated by the concept of

WAP -algebras, which has been presented in Section 4.6, and the relation between

almost periodic and weakly almost periodic functions on topological semigroups,

we define almost periodic Banach algebras. We start this chapter by recalling the

definition of almost periodic functions on topological semigroups and their main

properties. Then we introduce the new notions of almost periodic norms and

almost periodic Banach algebras and their link to multiplicative stability. Fur-

ther, we study almost periodicity of well-known Banach algebras and conclude by

examining almost periodicity of Banach algebras under isomorphisms.

5.1 Definitions and Examples

Let S be a topological semigroup. As we have seen, the space of weakly almost

periodic functions WAP (S) gives rise to WAP -algebras. In general, using the
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same idea, we will define a class of Banach algebras corresponding to any space

of functions on topological semigroups by examining if the norm, as a function on

the closed unit ball of the Banach algebra, belongs to this space or not. Recall

that the notation ΦA is used for the function ΦA : BA −→ C, ΦA(x) = ‖x‖, and

if there is no confusion we write Φ for ΦA.

Definition 5.1.1. Let A be a Banach algebra and S ⊆ Cb(BA) be a closed sub-

space. The norm on A is said to be an S-norm if Φ ∈ S. In this case, A is

called an S-algebra.

Note that the norm function on the closed unit ball of a Banach algebra is uni-

formly continuous, and hence every Banach algebra is a uniformly continuous

algebra or shortly, UC-algebra. This is the assertion of the next proposition.

Proposition 5.1.2. Let A be a Banach algebra. Then A is a UC-algebra.

Proof. First, we prove that Φ is left uniformly continuous on BA. Let (an) be a

convergent sequence in BA and lim
n→∞

an = a for some a ∈ BA. We want to show

that lim
n→∞

‖an
Φ − aΦ‖∞ = 0. But

‖an
Φ − aΦ‖∞ = sup

‖x‖∈BA

|an
Φ(x) − aΦ(x)| = sup

‖x‖∈BA

| ‖anx‖ − ‖ax‖ |

≤ sup
‖x‖∈BA

‖(an − a)x‖ ≤ ‖an − a‖.

As lim
n→∞

‖an − a‖ = 0, we obtain left uniform continuity of Φ.

An analogous argument replacing anx by xan and ax by xa proves right uni-

form continuity of Φ.

Let S be a topological semigroup. Besides the space of weakly almost periodic

functions WAP (S) on S, which we discussed briefly in Section 4.6; one can define

the space of almost periodic functions on S. This space of functions is one of
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the earliest spaces of functions studied on topological groups, and it has been

developed by many authors through decades, going back to S. Bochner and J.

von Neumann. Even though the definition was on topological groups, it does

not involve the existence of identity nor of inverses. So, it can be defined on

any topological semigroup. As in the case of weakly almost periodic functions,

the definition in [5] is given for semitopological semigroups. But we will consider

topological semigroups in our definition. First, let us recall the definition and

essential properties of almost periodic functions on topological semigroups. We

have already recalled at the beginning of Section 4.6 the main definitions and

notations regarding topological semigroups that we will use.

Definition 5.1.3. Let S be a topological semigroup. A function f ∈ Cb(S) is

called almost periodic if the set {sf : s ∈ S} is norm relatively compact in

Cb(S), i.e., the closure of the set is compact in the norm topology on Cb(S). The

set of all almost periodic functions on S is denoted by AP (S).

According to [5, Chapter 4: Theorem 1.4], in the definition, the set of left

translates of f can be replaced by the set of right translates. Moreover, there is

another characterization of almost periodicity. Indeed, f ∈ AP (S) if and only if

for any ǫ > 0 there exists a finite subset K ⊆ S such that

min
t∈K

‖sf − tf‖∞ < ǫ (min
t∈K

‖fs − ft‖∞ < ǫ) ∀s ∈ S. (5.1)

As the names suggests, the notion of weak almost periodicity may be seen as

a natural generalization of almost periodicity. In fact, WAP (S) and AP (S) share

many properties, and many results on almost periodic functions have an analogue

for weakly almost periodic functions. For instance, as in the case of WAP (S),

the space AP (S) is a translation invariant C∗-subalgebra of Cb(S) containing the

constant functions. By definition, it is obvious that AP (S) ⊆ WAP (S), and in
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some cases, equality holds, e.g, for compact semigroups. More is true in this case,

and we point this out in the next proposition as we will use it later, see [5, Chapter

4: Corollary 1.8, Corollary 2.9].

Proposition 5.1.4. For a compact semigroup S, we have

AP (S) = WAP (S) = C(S).

For more about the space of almost periodic functions, examples, and proper-

ties, we refer to [5, Chapter 4].

Now, let A be a Banach algebra. Corresponding to the space of almost periodic

functions, we now define almost periodic norms and almost periodic algebras. This

is a special case of Definition 5.1.1.

Definition 5.1.5. Let A be a Banach algebra. The norm on A is said to be

an almost periodic norm or shortly an AP-norm if it is an almost periodic

function on BA, i.e., Φ ∈ AP (BA). In this case, the algebra A is called an

AP-algebra.

In view of condition (5.1), a Banach algebra A is an AP -algebra if and only if

for any ǫ > 0 there exists a finite subset K ⊆ BA such that

min
b∈K

‖aΦ − bΦ‖∞ < ǫ ∀a ∈ BA. (5.2)

Of course,

min
b∈K

‖aΦ − bΦ‖∞ = min
b∈K

sup
‖x‖≤1

| ‖ax‖ − ‖bx‖ |.

The next proposition follows immediately from the relation between almost peri-

odic and weakly almost periodic functions.

Proposition 5.1.6. Every almost periodic norm is weakly almost periodic. In

particular, every AP -algebra is a WAP -algebra.
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However, as one may think, the other direction may fail to be true. Among

WAP -algebras, some are AP -algebras, and others are not, as we will see in the

examples. For this reason, AP -algebras can be considered to be more stable than

WAP -algebras. The first example is any finite-dimensional Banach algebra. In

Proposition 4.6.5, we showed that finite-dimensional Banach algebras are WAP -

algebras and so multiplicatively stable. But they are, in fact, very stable as we

will see that they are AP -algebras. Note that one can prove this as a consequence

of compactness of the closed unit ball of finite-dimensional Banach algebras along

with Proposition 5.1.4. However, we will include another direct proof by showing

that condition (5.2) holds for any finite-dimensional Banach algebra.

Proposition 5.1.7. Every finite-dimensional Banach algebra is an AP -algebra.

Proof. Let A be a finite-dimensional Banach algebra. Let ǫ > 0. We need to find

a finite subset K ⊆ BA such that

min
b∈K

sup
‖x‖≤1

| ‖ax‖ − ‖bx‖ | < ǫ ∀a ∈ BA.

We have

min
b∈K

sup
‖x‖≤1

| ‖ax‖ − ‖bx‖ | ≤ min
b∈K

sup
‖x‖≤1

‖ax− bx‖

≤ min
b∈K

sup
‖x‖≤1

‖a− b‖‖x‖ = min
b∈K

‖a− b‖.

Note that

BA ⊆
⋃

b∈BA

B0(b, ǫ),

where B0(b, ǫ) := {c ∈ A : ‖c− b‖ < ǫ}. Since BA is compact, there exist

b1, b2, · · · , bn in BA such that

BA ⊆
n⋃

i=1

B0(bi, ǫ).
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Put K = {b1, b2, · · · , bn}, then K ⊆ BA. Now, as a ∈ BA, ∃ bi ∈ K such that

a ∈ B0(bi, ǫ). Thus, ‖a− bi‖ < ǫ, so min
b∈K

‖a− b‖ < ǫ.

The next example also exhibits a very stable Banach algebra. We saw that

the abstract Segal algebra l1 with respect to l2, which we studied previously in

Example 4.1.5, is multiplicatively stable and so a WAP -algebra. We will show

that it is even an AP -algebra.

Example 5.1.8. Recall that on l2 we defined the product a.b = 〈a, ξ〉b, where

ξ ∈ l1 and ‖ξ‖2 = 1. Let A and B denote l2 and l1, respectively, with this product.

Then B is an abstract Segal algebra with respect to A. Now, to show that B is

an AP -algebra, let ǫ > 0. We have to find a finite subset K of BB such that

min
b∈K

sup
‖x‖1≤1

| ‖x.a‖1 − ‖x.b‖1| < ǫ ∀a ∈ BB.

Note that to simplify calculations, and in contrast to the previous example, we

use right translates of the norm function. We have

min
b∈K

sup
‖x‖1≤1

| ‖x.a‖1 − ‖x.b‖1 | = min
b∈K

sup
‖x‖1≤1

| |〈x, ξ〉| ‖a‖1 − | 〈x, ξ〉| ‖b‖1 |

= min
b∈K

sup
‖x‖1≤1

| 〈x, ξ〉 | | ‖a‖1 − ‖b‖1 | ≤ ‖ξ‖∞ min
b∈K

| ‖a‖1 − ‖b‖1 |. (5.3)

Now, the interval [0, 1] can be covered by a finite number of open intervals of

length
ǫ

‖ξ‖∞

(note that ‖ξ‖∞ > 0). Thus, there exists xi ∈ [0, 1], 1 ≤ i ≤ n, such

that

[0, 1] ⊆
n⋃

i=1

(xi − ǫ

2‖ξ‖∞

, xi +
ǫ

2‖ξ‖∞

).

Now, put K = {xie1 : i = 1, 2, · · · , n}, where e1 = (1, 0, 0, · · · ) ∈ BB. So

K ⊆ BB. As ‖a‖1 ≤ 1, we have ‖a‖1 ∈ (xi0 − ǫ

2‖ξ‖∞

, xi0 +
ǫ

2‖ξ‖∞

) for some
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i0 ∈ {1, 2, · · · , n}. We obtain

min
b∈K

| ‖a‖1 − ‖b‖1 | ≤ | ‖a‖1 − ‖xi0e1‖ | < ǫ

‖ξ‖∞

. (5.4)

Now, (5.3) and (5.4) yield the desired result.

The example in the next proposition shows that the inclusion of AP -algebras

in WAP -algebras is strict. As we shall see, even though the Banach algebras lp

are WAP -algebras for any p ∈ [1,∞), they are not AP -algebras.

Proposition 5.1.9. For any p ∈ [1,∞], lp is not an AP -algebra.

Proof. The case p = ∞ follows directly as l∞ is not a WAP -algebra. In the case

p ∈ [1,∞), it is enough to show that for ǫ =
1

2
and for any finite subset K ⊆ Blp ,

there exists a ∈ Blp such that

min
b∈K

sup
‖x‖p≤1

| ‖ax‖p − ‖bx‖p | ≥ 1

2
.

Now, let n ∈ N and K = {b1, b2, · · · , bn} be a finite subset of Blp . Then for any

k ∈ {1, 2, · · · , n}, there exists jk ∈ N such that

|bk
j′| ≤ 1

2
∀j′ ≥ jk.

Put j = max{jk : k = 1, 2, · · · , n}, then for all k ∈ {1, 2, · · · , n}, |bk
j | ≤ 1

2
. Now,

put a = ej (the jth standard basis vector of lp), then for all k ∈ {1, 2, · · · , n} we

have

sup
‖x‖p≤1

| ‖ax‖p − ‖bkx‖p | ≥ | ‖ejej‖p − ‖bkej‖p| = | 1 − |bk
j | | ≥ 1

2
.

Hence, the claim holds and therefore, lp is not an AP -algebra.
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5.2 Almost Periodic Algebras Under

Isomorphisms

After introducing almost periodic algebras and exploring some examples, we will

now study the behaviour of AP -algebras under isomorphisms. As one may see

WAP - algebras as a generalization of AP -algebras, this raises the question if they

have the same behaviour under isomorphisms or not. So far, we have seen that

stability of Banach spaces is a stable property under the Banach–Mazur distance 1.

The same is true for multiplicative stability of Banach algebras (and so for WAP -

algebras), but we consider the algebra Banach–Mazur distance. On the other

hand, hyper-instability of Banach algebras is stable under any Banach algebra

isomorphism. In the case of AP -algebras, we will show in the next theorem that

the property of being an AP -algebra is preserved between isomorphic Banach

algebras with the algebra Banach–Mazur distance 1. This gives another shared

property between AP - and WAP -algerbas. Before proceeding to the theorem, we

first prove the following easy lemma which asserts that if a norm on a Banach

algebra is a multiple of another one, then almost periodicity of any of them implies

the same for the other norm.

Lemma 5.2.1. Let A be a Banach algebra, and ‖·‖1, ‖·‖2 be two Banach algebra

norms on A for which ∃ C > 0 such that ‖·‖2 = C‖·‖1. Then (A, ‖·‖1) is an

AP -algebra if and only if (A, ‖·‖2) is an AP -algebra.

Proof. Put A1 = (A, ‖·‖1) and A2 = (A, ‖·‖2). Assume that A1 is an AP -algebra,

and let ǫ > 0. Then there exists a finite subset K1 of BA1 such that

min
b∈K1

sup
‖x‖1≤1

| ‖ax‖1 − ‖bx‖1| < Cǫ ∀a ∈ BA1 . (5.5)
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Since ‖·‖2 = C‖·‖1, we have CBA2 = BA1 . Hence, the set K2 =
1

C
K1 is a finite

subset of BA2 . Moreover,

sup
‖x‖1≤1

| ‖ax‖1 − ‖bx‖1| = sup
‖x‖2≤1

| ‖ax‖2 − ‖bx‖2| ∀a, b ∈ A.

Let a ∈ BA2 , then Ca ∈ BA1 . We have

min
b∈K2

sup
‖x‖2≤1

| ‖ax‖2 − ‖bx‖2| = min
b∈K2

sup
‖x‖1≤1

| ‖ax‖1 − ‖bx‖1|

= min
b∈K2

sup
‖x‖1≤1

1

C
| ‖Cax‖1 − ‖Cbx‖1| = min

Cb∈K1

sup
‖x‖1≤1

1

C
| ‖Cax‖1 − ‖Cbx‖1|

=
1

C
min
b′∈K1

sup
‖x‖1≤1

| ‖Cax‖1 − ‖b′x‖1| <
1

C
Cǫ = ǫ.

Note that the last inequality follows from (5.5), as Ca ∈ BA1 . The proof of the

other implication follows directly from the proven one as ‖·‖1 =
1

C
‖·‖2.

Theorem 5.2.2. Let A and B be Banach algebras such that the algebra Banach–

Mazur distance D(A,B) equals 1. Then A is an AP -algebra if and only if B is

an AP -algebra.

Proof. We will prove one implication, the other one follows from the symmetry

property of the algebra Banach–Mazur distance, namely, D(A,B) = D(B,A).

Assume that A is an AP -algebra and let ǫ′ > 0. We show that B is an AP -

algebra, i.e., we show that there exists a finite subset KB ⊆ BB such that

min
b∈KB

sup
‖x‖B≤1

| ‖ax‖B − ‖bx‖B| < ǫ′ ∀a ∈ BB.

We first assume that ǫ′ < 1, and we put ǫ =
ǫ′

4
. Since D(A,B) = 1, there exists a

Banach algebra isomorphism F : A −→ B such that ‖F‖‖F−1‖ < 1 + ǫ. We will

distinguish two cases. First, assume that ‖F‖ ≥ 1. Since A is an AP -algebra,
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there exists a finite subset KA of BA such that

min
b∈KA

sup
‖x‖A≤1

| ‖ax‖A − ‖bx‖A| < ǫ ∀a ∈ BA.

Put KB =
1

‖F‖F (KA), then KB ⊆ BB. Let a′, x′ ∈ BB, then there exist a0, x0 ∈ A

such that F (a0) = a′, F (x0) = x′. Thus,
a0

‖F−1‖ ,
x0

‖F−1‖ ∈ BA and so

min
b∈KA

sup
‖x‖A≤1

∣∣∣ ‖ a0

‖F−1‖x‖A − ‖bx‖A

∣∣∣ < ǫ.

Hence, there exists b0 ∈ KA such that

∣∣∣ ‖ a0

‖F−1‖x‖A − ‖b0x‖A

∣∣∣ < ǫ ∀x ∈ BA. (5.6)

Further, we have for all a, b, x ∈ BA

| ‖F (ax)‖B − ‖F (bx)‖B| ≤ 1

‖F−1‖| ‖ax‖A − ‖bx‖A| +
ǫ

‖F−1‖ . (5.7)

To see this, first assume that ‖F (ax)‖B ≥ ‖F (bx)‖B. Then

| ‖F (ax)‖B − ‖F (bx)‖B| = ‖F (ax)‖B − ‖F (bx)‖B ≤ ‖F‖‖ax‖A − 1

‖F−1‖‖bx‖A

=
1

‖F−1‖
[

‖F‖‖F−1‖‖ax‖A − ‖bx‖A

]
<

1

‖F−1‖ [ (1 + ǫ)‖ax‖A − ‖bx‖A]

=
1

‖F−1‖ [ ‖ax‖A − ‖bx‖A ] +
ǫ

‖F−1‖‖ax‖A ≤ 1

‖F−1‖| ‖ax‖A − ‖bx‖A| +
ǫ

‖F−1‖ .

Note that the last inequality holds as ‖a‖A, ‖x‖A ≤ 1.

Analogously, if ‖F (ax)‖B ≤ ‖F (bx)‖B, then

‖F (bx)‖B − ‖F (ax)‖B ≤ 1

‖F−1‖| ‖ax‖A − ‖bx‖A| +
ǫ

‖F−1‖ .
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Now, put b′ =
F (b0)

‖F‖ , then b′ ∈ BB. To estimate | ‖a′x′‖B − ‖b′x′‖B|, we consider

two cases. First, when ‖a′x′‖B ≥ ‖b′x′‖B, we have

| ‖a′x′‖B − ‖b′x′‖B| = ‖a′x′‖B − ‖b′x′‖B = ‖a′x′‖B − ‖F (b0)

‖F‖ x′‖B

= ‖F−1‖2‖F (
a0

‖F−1‖ · x0

‖F−1‖)‖B − ‖F−1‖
‖F‖ ‖F (b0 · x0

‖F−1‖)‖B

=
‖F−1‖
‖F‖

[
‖F−1‖‖F‖‖F (

a0

‖F−1‖ · x0

‖F−1‖)‖B − ‖F (b0.
x0

‖F−1‖)‖B

]

<
‖F−1‖
‖F‖

[
(1 + ǫ)‖F (

a0

‖F−1‖ · x0

‖F−1‖)‖B − ‖F (b0 · x0

‖F−1‖)‖B

]

≤ ‖F−1‖
‖F‖

∣∣∣ ‖F (
a0

‖F−1‖ · x0

‖F−1‖)‖B − ‖F (b0 · x0

‖F−1‖)‖B

∣∣∣

+
‖F−1‖
‖F‖ ‖F (

a0

‖F−1‖ · x0

‖F−1‖)‖B ǫ.

Now, since
a0

‖F−1‖ ,
x0

‖F−1‖ , b0 ∈ BA, use (5.7) to obtain

| ‖a′x′‖B − ‖b′x′‖B| ≤ ‖F−1‖
‖F‖ · 1

‖F−1‖
∣∣∣ ‖ a0

‖F−1‖ · x0

‖F−1‖‖A − ‖b0 · x0

‖F−1‖‖A

∣∣∣

+
‖F−1‖
‖F‖

ǫ

‖F−1‖ +
‖F−1‖
‖F‖ .‖F‖ ǫ =

1

‖F‖
∣∣∣ ‖ a0

‖F−1‖ .
x0

‖F−1‖‖A − ‖b0.
x0

‖F−1‖‖A

∣∣∣

+
1

‖F‖ ǫ+ ‖F−1‖ ǫ.

Thus, by (5.6) we have

| ‖a′x′‖B − ‖b′x′‖B | < 1

‖F‖ ǫ+
1

‖F‖ ǫ+‖F−1‖ ǫ =
ǫ

‖F‖(2+‖F‖‖F−1‖) <
ǫ

‖F‖(3+ǫ)

≤ ǫ (3 + ǫ) < 4ǫ = ǫ′.

In the last two inequalities we used that ‖F‖ ≥ 1 and ǫ < 1.
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For the second case, ‖b′x′‖B ≥ ‖a′x′‖B, note that

‖ a0

‖F−1‖ · x0

‖F−1‖‖A ≤ ‖F−1‖‖F (
a0

‖F−1‖ · x0

‖F−1‖)‖B.

Hence,
1

‖F−1‖ ‖ a0

‖F−1‖ · x0

‖F−1‖‖A ≤ ‖F (
a0

‖F−1‖ · x0

‖F−1‖)‖B. (5.8)

Now, when ‖b′x′‖B ≥ ‖a′x′‖B, we have

‖b′x′‖B − ‖a′x′‖B =
‖F−1‖
‖F‖ ‖F (b0 · x0

‖F−1‖)‖B − ‖F−1‖2‖F (
a0

‖F−1‖ · x0

‖F−1‖)‖B

≤ ‖F−1‖‖b0 · x0

‖F−1‖‖A − ‖F−1‖2‖F (
a0

‖F−1‖ · x0

‖F−1‖)‖B.

We use (5.8) to get

| ‖a′x′‖B − ‖b′x′‖B| ≤ ‖F−1‖‖b0 · x0

‖F−1‖‖A − ‖F−1‖‖ a0

‖F−1‖ · x0

‖F−1‖‖A

≤ ‖F−1‖
∣∣∣ ‖ a0

‖F−1‖ · x0

‖F−1‖‖A − ‖b0 · x0

‖F−1‖‖A

∣∣∣.

By (5.6), we have

| ‖a′x′‖B − ‖b′x′‖B| < ‖F−1‖ǫ =
ǫ

‖F‖‖F‖‖F−1‖ < ǫ(1 + ǫ) < 2ǫ < 4ǫ = ǫ′.

Therefore, we obtain in the two cases that

| ‖a′x′‖B − ‖b′x′‖B| < ǫ′.

Now, when ǫ′ ≥ 1, then we can choose 0 < ǫ′′ < ǫ′ such that ǫ′′ < 1. Hence by

applying the preceding proof for ǫ′′, we get that

| ‖a′x′‖B − ‖b′x′‖B| < ǫ′′ < ǫ′.
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The second case is when ‖F‖ < 1. We define on B the norm ‖·‖′
B =

1

‖F‖‖·‖B

and put B′ = (B, ‖·‖′
B). Then B′ is also a Banach algebra. Define F ′ : A −→ B′

by F ′(x) = F (x) ∀x ∈ A. Then

‖F ′‖ = sup
‖x‖A≤1

‖F ′(x)‖′
B =

1

‖F‖ sup
‖x‖A≤1

‖F (x)‖B = 1.

Moreover,

‖(F ′)−1‖ = sup
‖y‖′

B
≤1

‖(F ′)−1(y)‖A = ‖F‖ sup
‖z‖B≤1

‖(F ′)−1(z)‖A = ‖F‖‖F−1‖ < 1 + ǫ.

So, F ′ is a Banach algebra isomorphism such that ‖F ′‖‖(F ′)−1‖ < 1+ǫ, ‖F ′‖ = 1.

Then by the first case, B′ is an AP -algebra, and Lemma 5.2.1 gives that B is an

AP -algebra as well.
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Chapter 6

Tame Algebras

In this chapter and contrary to what we have done in the previous chapter, we

move to the other direction and classify multiplicatively unstable Banach algebras.

We establish a method to measure their instability motivated by the concept

of tame functions. As many well-known Banach algebras are multiplicatively

unstable, or equivalently, not WAP -algebras, it is interesting to find out how

unstable they are. We start with a brief introduction about tame functions and

their relation to weakly almost periodic functions. From there, we define tame

norms and tame algebras. Then we study tameness of various multiplicatively

unstable Banach algebras. Finally, we examine stability of tame algebras under

isomorphisms.

As we will see below, the concept of tame functions can be studied on any

topological space; in fact, it can be defined on any set in general. However, in

topological dynamics, several authors developed the theory of tame dynamical

systems. They studied their connections with other mathematical areas, such

as Banach spaces and model theory. Recently, a link to Banach algebras has

been established: in [43], M. Megrelishvili introduced tame functionals on Banach

algebras and linked such functionals to tame functions in the topological dynamics
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sense. Our aim here is different: we study tameness of the norm on a Banach

algebra as a function on its closed unit ball. For this reason, we use the definition of

tameness in the sense of topological dynamics rather than tameness of functionals

on Banach algebras since the norm function is not linear. Also, the same reason is

behind the choice of studying weakly almost periodic and almost periodic functions

on topological semigroups instead of the also well-known concept of weakly almost

periodic and almost periodic functionals on Banach algebras.

6.1 Definitions and Examples

We start with some definitions which follow the survey on tame dynamical systems

[27]. For more details, we refer to [27] and the references therein.

A sequence (fn) of real-valued functions on a set D is said to be independent

if there exist real numbers a < b such that

⋂

n∈P

f−1
n (−∞, a) ∩

⋂

n∈M

f−1
n (b,∞) 6= ∅

for all non-empty finite, disjoint subsets P,M of N.

In the following definition, we introduce tame functions on topological semi-

groups; cf. [27, Lemma 6.5(1)].

Definition 6.1.1. Let S be a topological semigroup and f a real-valued function

in Cb(S). Then f is said to be tame if the family Sf := {sf : s ∈ S} is tame

on S, i.e., if it does not contain an independent sequence. The set of all tame

functions on S is denoted by Tame(S).

Recall that sf(t) = f(st) ∀t ∈ S. One can rephrase the condition defining tame

functions as follows: given a real-valued function f in Cb(S), we have f ∈ Tame(S)

if and only if for any sequence (sn) in S and a, b ∈ R, a < b, there exist two non-
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empty finite, disjoint subsets P,M ⊆ N such that

⋂

n∈P

(sn
f)−1(−∞, a) ∩

⋂

n∈M

(sn
f)−1(b,∞) = ∅.

Note that Tame(S) is a translation invariant, norm-closed subalgebra of Cb(S).

Moreover, WAP (S) ⊆ Tame(S). The proof uses Grothendieck’s double limit

criterion for WAP (S); cf. [27, Example 2.5 (4)].

Now, let A be a Banach algebra. As before, we denote by BA, the closed unit

ball of A and by Φ : BA −→ R the function Φ(x) = ‖x‖ ∀x ∈ BA. For the

following, cf. Definition 5.1.1.

Definition 6.1.2. Let A be a Banach algebra. The norm on A is said to be tame

if it is a tame function on BA, i.e., Φ ∈ Tame(BA). Then A is called a tame

algebra. Otherwise, A is called wild.

Remark 6.1.3. Let A be a Banach algebra. Then A is tame if and only if for any

sequence (an) in BA and any a, b ∈ R, a < b, there exist P,M ⊂ N non-empty

finite and disjoint such that

⋂

n∈P

(an
Φ)−1(−∞, a) ∩

⋂

n∈M

(an
Φ)−1(b,∞) = ∅.

The following proposition is straightforward since WAP (S) ⊆ Tame(S) on

topological semigroups.

Proposition 6.1.4. Let A be a Banach algebra. If A is a WAP -algebra, then A

is tame.

Corollary 6.1.5. Every finite-dimensional Banach algebra is tame as well as the

algebra lp for any p ∈ [1,∞).

We next examine tameness of many of the multiplicatively unstable Banach

algebras that we studied in Section 4.4.
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6.1.1 C∗-Algebras and Uniform Algebras

Theorem 6.1.6. Every infinite-dimensional C∗-algebra is wild, i.e., it is not

tame.

Proof. Let A be an infinite-dimensional C∗-algebra. According to [6, Theorem II

3.2.12], A contains an infinite-dimensional commutative C∗-subalgebra A0. By

the same result, A0 contains a nonunital commutative C∗-subalgebra A1. Now,

by Gelfand theory, A1 is isometrically Banach algebra isomorphic to C0(X) for

some locally compact, non-compact space X. We will prove that C0(X) is wild

by showing that BC0(X)Φ contains an independent sequence. In other words, we

will find a sequence (an) in the closed unit ball BC0(X) and two real numbers a < b

such that
⋂

n∈P

(an
Φ)−1(−∞, a) ∩

⋂

n∈M

(an
Φ)−1(b,∞) 6= ∅

for all non-empty finite, disjoint subsets P,M of N. We construct the sequence

(an) by induction. Let K1 be a compact subset of X, and choose x1 ∈ X \K1 and

an open neighbourhood U1 of x1 such that U1 is compact and U1 ∩K1 = ∅. Then

by Urysohn’s Lemma, there exists a function a1 ∈ Cc(X) such that

0 ≤ a1 ≤ 1, a1(x1) = 1, and supp a1 ⊆ U1.

Now, assume that Ki, xi, Ui and ai have been chosen for all i = 1, 2, · · · , n. Set

Kn+1 =
n⋃

i=1

Ki ∪
n⋃

i=1

Ui, then Kn+1 is compact. By repeating the same process and

using Urysohn’s Lemma, we find xn+1, Un+1 and an+1. Moreover,

supp ai ∩ supp aj = ∅ ∀i 6= j, i, j ∈ N.

Put a =
1

3
, b =

2

3
. Let P and M be non-empty finite, disjoint subsets of N. Put
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z =
∑

i∈M

ai. Since the functions (an) have pairwise disjoint supports, we have

∀t ∈ X, ∃i ∈ M, |z(t)| = |ai(t)|.

Thus, ‖z‖∞ = 1. Further, we have for all n ∈ P ,

an
Φ(z) = ‖anz‖∞ = ‖

∑

i∈M

anai‖∞ = 0 < a.

Hence, z ∈
⋂

n∈P

(an
Φ)−1(−∞, a).

On the other hand, for all n ∈ M , we have

an
Φ(z) = ‖anz‖∞ = ‖

∑

i∈M

anai‖∞ = ‖an‖2
∞ = 1 > b.

Thus, z ∈
⋂

n∈M

(an
Φ)−1(b,∞). Therefore,

⋂

n∈P

(an
Φ)−1(−∞, a) ∩

⋂

n∈M

(an
Φ)−1(b,∞) 6= ∅,

which concludes the proof.

We can prove a similar result for uniform algebras which admit orthogonal

sequences. By an orthogonal sequence we mean a sequence (an) in a Banach

algebra satisfying anam = 0 for n 6= m. The constructed sequence (an) in the

previous proof is orthogonal.

Proposition 6.1.7. Let A be a uniform algebra such that there exists an orthog-

onal sequence (an) with an 6= 0 for all n ∈ N. Then A is wild.

Proof. Since A is a uniform algebra, we consider A as a closed subalgebra of

Cb(X) for some locally compact space X, and the norm on A is the sup-norm.

Since an 6= 0 ∀n ∈ N and the sequence (
an

‖an‖) is also orthogonal, we may assume
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that ‖an‖ = 1 ∀n ∈ N. We will prove that (an
Φ) is independent. Put

a =
1

3
, b =

2

3
.

Let P and M be non-empty finite, disjoint subsets of N. Put z =
∑

i∈M

ai. Then

‖z‖∞ = ‖
∑

i∈M

ai‖∞.

As (an) is orthogonal, if n 6= m, we have an(t)am(t) = 0 ∀t ∈ X. Hence, for all

t ∈ X there exists i ∈ M such that

|z(t)| = |ai(t)|.

Thus, ‖z‖∞ = 1, so z ∈ BA. Now, for all n ∈ P ,

anz = an

∑

i∈M

ai =
∑

i∈M

anai = 0.

Thus, for n ∈ P ,

an
Φ(z) = ‖anz‖∞ = 0 < a.

On the other hand, for all n ∈ M ,

anz = an

∑

i∈M

ai =
∑

i∈M

anai = a2
n.

Thus, for all n ∈ M

an
Φ(z) = ‖anz‖∞ = ‖a2

n‖∞ = ‖an‖2
∞ = 1 > b.
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Hence,

z ∈
⋂

n∈P

(an
Φ)−1(−∞, a) ∩

⋂

n∈M

(an
Φ)−1(b,∞).

Therefore, (ãn
Φ) is an independent sequence.

6.1.2 Banach Algebras of Compact Operators on a

Banach Space

In Section 4.4.3, we studied multiplicative stability of K(E), the Banach algebra of

compact operators on a Banach space E. We proved hyper-instability (and hence

multiplicative instability) of K(E) in two cases. The first one is when E admits

a complemented basic sequence. This covers all Banach spaces with a Schauder

basis, hence most of the well-known ones. The second case is the class of Banach

spaces which have a basic sequence such that the second dual of the closed linear

span of this sequence is the entire space. An example of such a Banach space

is l∞. We shall examine tameness of K(E) in the mentioned cases in the next

theorems. However, we add a stronger condition on Schauder bases in these two

cases to prove that K(E) is wild, namely, being unconditional Schauder bases.

For definitions related to Schauder bases, we refer to Section 2.2.

Theorem 6.1.8. Let E be a Banach space with a complemented unconditional

basic sequence. Then K(E) is wild.

Proof. Let (en) be a complemented unconditional basic sequence in E and put

F := span{en}. As (
en

‖en‖) is also an unconditional Schauder basis of F , we may

assume that (en) is normalized. Since F is a complemented subspace of E, there

exists a bounded projection P : E ։ F ; put C = ‖P‖ > 0. Let (e∗
n) be the

biorthogonal functionals associated with (en) and Kb be the basis constant. It

was mentioned in the preliminaries (Remark 2.2.8) that e∗
n can be extended to E

via the projection P . In other words, we define ẽ∗
n : E −→ C by ẽ∗

n = e∗
n ◦ P .
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Hence, ‖ẽ∗
n‖ ≤ 2CKb. To prove that K(E) is wild, we prove that BK(E)Φ contains

an independent sequence. Put

an =
1

2CKb

en ⊗ ẽ∗
n.

Then

‖an‖ =
1

2CKb

‖en‖‖ẽ∗
n‖ ≤ 1.

Hence, (an) is a sequence in BK(E). Let Ksu be the suppression-unconditional

constant of (en). Choose

a =
1

8C2KbKsu

, b =
1

4C2KbKsu

.

Let P,M be non-empty finite, disjoint subsets of N. Put x =
1

CKsu

∑

i∈M

ei ⊗ ẽ∗
i .

As
∑

i∈M

ei ⊗ ẽ∗
i =

∑

i∈M

(ei ⊗ e∗
i ) ◦ P, and ‖

∑

i∈M

(ei ⊗ e∗
i )‖ ≤ Ksu,

it is bounded by CKsu. Hence, x ∈ BK(E). Now, let n ∈ P and ξ ∈ E, then

anx(ξ) = an

(
1

CKsu

∑

i∈M

ei ⊗ ẽ∗
i (ξ)

)
=

1

CKsu

an

(∑

i∈M

〈ẽ∗
i , ξ〉ei

)

=
1

2C2KbKsu

∑

i∈M

〈ẽ∗
i , ξ〉〈e∗

n, ei〉en = 0.

Hence, ∀n ∈ P, anx = 0 and so

an
Φ(x) = ‖anx‖ = 0 <

1

8C2KbKsu

= a.

Thus, x ∈
⋂

n∈P

(an
Φ)−1(−∞, a).
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On the other hand, ∀n ∈ M and ξ ∈ E,

anx(ξ) =
1

2C2KbKsu

∑

i∈M

〈ẽ∗
i , ξ〉〈e∗

n, ei〉en =
1

2C2KbKsu

〈ẽ∗
n, ξ〉〈e∗

n, en〉en

=
1

2C2KbKsu

〈ẽ∗
n, ξ〉en =

1

2C2KbKsu

en ⊗ ẽ∗
n(ξ) =

1

CKsu

an(ξ).

Thus, ∀n ∈ M, anx =
1

CKsu

an. Note that

‖an‖ =
1

2CKb

‖ẽ∗
n‖ ≥ 1

2CKb

|〈ẽ∗
n, en〉| =

1

2CKb

.

Hence,

an
Φ(x) = ‖anx‖ =

1

CKsu

‖an‖ ≥ 1

2C2KbKsu

>
1

4C2KbKsu

= b.

This means that x ∈
⋂

n∈M

(an
Φ)−1(b,∞). Therefore, (an

Φ) is an independent se-

quence.

The next corollaries follow directly.

Corollary 6.1.9. If E is a Banach space containing a complemented subspace

isomorphic to c0 or lp for any p ∈ [1,∞), then K(E) is wild.

Corollary 6.1.10. Let E be a Banach space with a complemented unconditional

basic sequence. Then B(E) and A(E) are wild.

Corollary 6.1.11. If E is a Banach space with a long unconditional Schauder

basis, then K(E) is wild.

Note that if a Banach algebra E admits a long unconditional Schauder basis,

then it contains a complemented basic sequence by Lemma 2.2.11. Moreover,

since the long Schauder basis is unconditional, so is the basic sequence.
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The next theorem addresses the second case, namely, a Banach space with an

unconditional basic sequence such that the second dual of its closed linear span

is the entire Banach space.

Theorem 6.1.12. Let E be a Banach space and F a subspace of E such that F

has an unconditional Schauder basis and F ∗∗ = E. Then K(E) is wild.

Proof. Let (en) be a normalized unconditional Schauder basis of F and denote

by Kb the basis constant. Define for any finite subset M of N the projection

PM : F −→ F by PM =
∑

k∈M

ek ⊗ e∗
k. Consider the adjoint operators

P ∗
M : F ∗ −→ F ∗, P ∗∗

M : E −→ E.

As in the proof of Theorem 4.4.14, the operator P ∗∗
M can be written as

∑

k∈M

ek ⊗ e∗
k

and one may see the operators ek ⊗ e∗
k as a rank one operators on E. More-

over, ‖P ∗∗
M ‖ = ‖P ∗

M‖ = ‖PM‖ ≤ Ksu, where Ksu is the suppression-unconditional

constant of (en). Now, put

an =
1

2Kb

en ⊗ e∗
n ∀n ∈ N.

As ‖e∗
n‖ ≤ 2Kb, we have an ∈ BK(E). We will show that (an

Φ) is an independent

sequence. Put

a =
1

8KbKsu

, b =
1

4KbKsu

.

Let M,P be non-empty finite, disjoint subsets of N . Choose x =
1

Ksu

∑

k∈M

ek ⊗e∗
k.

Then x ∈ BK(E). For all n ∈ P, ξ ∈ E we have

anx(ξ) =
1

Ksu

an


∑

k∈M

〈ξ, e∗
k〉ek


 =

1

2KbKsu

∑

k∈M

〈ξ, e∗
k〉〈ek, e

∗
n〉en = 0.
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Hence,∀n ∈ P , we have anx = 0 , so

an
Φ(x) = ‖anx‖ = 0 <

1

8KbKsu

= a.

Thus, x ∈
⋂

n∈P

(an
Φ)−1(−∞, a).

On the other hand, for all n ∈ M, ξ ∈ E, we have

anx(ξ) =
1

2KbKsu

〈ξ, e∗
n〉〈en, e

∗
n〉en =

1

2KbKsu

〈ξ, e∗
n〉en =

1

2KbKsu

en ⊗ e∗
n(ξ)

=
1

Ksu

an(ξ).

Hence,

anx =
1

Ksu

an ∀n ∈ M.

Moreover,

‖an‖ =
1

2Kb

‖en ⊗ e∗
n‖ ≥ 1

2Kb

|〈en, e
∗
n〉| =

1

2Kb

.

So,

an
Φ(x) = ‖anx‖ =

1

Ksu

‖an‖ ≥ 1

2KbKsu

>
1

4KbKsu

= b.

Thus, x ∈
⋂

n∈M

(an
Φ)−1(b,∞). Therefore, the sequence (an

Φ) is independent.

Consequently, K(l∞) is wild. Note that under the hypothesis of Theorem

6.1.12, we also obtain wildness of B(E) and A(E).

6.1.3 The Banach Algebras Ck
0
(R) and Ck

b
(R)

In this section, we study the Banach algebras Ck
b (R) and Ck

0 (R), k ∈ N, which

consist of all complex-valued k times continuously differentiable functions f on R

such that the function f and its derivatives f (j), where 1 ≤ j ≤ k, are bounded,
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respectively, vanish at infinity, equipped with the norm

‖f‖ =
k∑

j=0

1

j!
‖f (j)‖∞ ∀f ∈ Ck

b (R).

Recall that Ck
0 (R) is a closed ideal in Ck

b (R). In Section 4.4.4, we proved that

C1
0(R) and more generally Ck

0 (R), k ∈ N, are hyper-unstable. We will show here

that they are wild.

Theorem 6.1.13. The Banach algebras C1
0(R) and C1

b (R) are wild.

Proof. It is enough to prove that C1
0(R) is wild. We show that BC1

0 (R)Φ contains

an independent sequence. To this end, choose a function p on R such that

• supp p ⊆ [0, 1];

• p(0) = p(1) = 0, p′(0) = p′(1) = 0;

• p′ 6≡ 0,

e.g., one choice is p(t) = t2(t − 1)2 on [0, 1] and 0 otherwise. Then, p ∈ C1
0(R).

Put A = ‖p‖ = ‖p‖∞ + ‖p′‖∞ > 0.

Now, let (pn) be the sequence of translations of p by 2n− 2, i.e.,

pn(t) = p(t− 2n+ 2) ∀n ∈ N, t ∈ R.

Then, for all n ∈ N, pn ∈ C1
0(R) satisfies

• supp pn ⊆ [2n− 2, 2n− 1], supp pn
′ ⊆ [2n− 2, 2n− 1];

• pn(2n− 1) = pn(2n− 2) = 0, pn
′(2n− 1) = pn

′(2n− 2) = 0;

• supp pn∩ supp pm = ∅, supp pn
′∩ supp pm

′ = ∅ when n 6= m;

• ‖pn‖ = ‖p‖ = A.
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For n ∈ N, put an =
1

A
pn, then an ∈ BC1

0 (R). We show that (an
Φ) is independent.

Choose

a =
1

3A2
‖p‖2

∞, b =
2

3A2
‖p‖2

∞.

Let M and P be non-empty finite, disjoint subsets of N. Put z =
∑

i∈M

ai. As both

(pn) and (pn
′) have pairwise disjoint supports, the same is true for (an) and (an

′).

Hence,

‖z‖ = ‖z‖∞ + ‖z′‖∞ =
1

A
(‖p‖∞ + ‖p′‖∞) = 1.

Hence, z ∈ BC1
0 (R). Now, for all n ∈ P ,

anz =
∑

i∈M

anai = 0, so ‖anz‖ = 0 <
1

3A2
‖p‖2

∞ = a.

On the other hand, for all n ∈ M , we obtain that anz = a2
n. So

an
Φ(z) = ‖anz‖ = ‖a2

n‖ = ‖a2
n‖∞ + ‖(a2

n)′‖∞ =
1

A2

(
‖p2‖∞ + ‖(p2)′‖∞

)
.

Hence,

an
Φ(z) ≥ 1

A2
‖p‖2

∞ >
2

3A2
‖p‖2

∞ = b.

Thus,

z ∈
⋂

n∈P

(an
Φ)−1(−∞, a) ∩

⋂

n∈M

(an
Φ)−1(b,∞).

Therefore, the sequence (an
Φ) is independent.

Remark 6.1.14. Analogously, we can prove that Ck
0 (R) and Ck

b (R) are wild. We

replace the function p in the proof by a function q satisfying

• supp q ⊆ [0, 1];

• q(0) = q(1) = 0, q(i)(0) = q(i)(1) = 0 ∀i ≤ k;

• q(k) 6≡ 0.
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6.2 Tame Algebras Under Isomorphisms

Following the scheme of previous chapters, we shall now study tameness of Banach

algebras under isomorphisms. As in the case of WAP -algebras and AP -algebras,

we will prove that a Banach algebra which is isomorphic to a tame one is tame as

well if the algebra Banach–Mazur distance between them is 1. We have introduced

the algebra Banach–Mazur distance in Section 4.5 as a natural analogue of the

Banach–Mazur distance between Banach spaces. For the definition and properties

of the algebra Banach–Mazur distance, we refer to the mentioned section.

Theorem 6.2.1. Let A and B be Banach algebras such that the algebra Banach–

Mazur distance D(A,B) equals 1. Then A is tame if and only if B is tame.

Proof. We will prove one implication, the other one follows from the symmetry

property of the algebra Banach–Mazur distance, namely, D(A,B) = D(B,A).

Assume that A is tame, and towards a contradiction, suppose that B is not. Let

BA and BB denote the closed unit balls of A and B, respectively. Also, let ΦA and

ΦB denote the norm function on BA and BB, respectively. Since B is not tame,

BBΦB contains an independent sequence. Thus, there exist a sequence (bn) in BB

and real numbers a < b such that for any non-empty finite, disjoint subsets P,M

of N, we have

⋂

n∈P

(bn
ΦB)−1(−∞, a) ∩

⋂

n∈M

(bn
ΦB)−1(b,∞) 6= ∅.

Now, as D(A,B) = 1, there exists a Banach algebra isomorphism F : A −→ B

such that ‖F‖‖F−1‖ < b

a
. Put an =

F−1(bn)

‖F−1‖ , then an ∈ BA. Also, put

ã =
a

‖F−1‖ , b̃ =
b

‖F‖‖F−1‖2
.
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Since ‖F‖‖F−1‖ < b

a
, we have

ã =
a

‖F−1‖ <
b

‖F‖‖F−1‖2
= b̃.

Let P and M be non-empty finite, disjoint subsets of N. Since (bn
ΦB) is indepen-

dent, there exists y ∈ BB such that

bn
ΦB(y) = ‖bny‖B < a ∀n ∈ P, and

bn
ΦB(y) = ‖bny‖B > b ∀n ∈ M.

Put x =
F−1(y)

‖F−1‖ , then x ∈ BA. For all n ∈ P we have

an
ΦA(x) = ‖anx‖A =

‖F−1(bny)‖A

‖F−1‖2
≤ ‖bny‖B

‖F−1‖ <
a

‖F−1‖ = ã.

On the other hand, for all n ∈ M we have

b < ‖bny‖B = ‖F (anx)‖B‖F−1‖2 ≤ ‖F‖‖F−1‖2‖anx‖A,

so

an
ΦA(x) >

b

‖F‖‖F−1‖2
= b̃.

Thus,

x ∈
⋂

n∈P

(an
ΦA)−1(−∞, ã) ∩

⋂

n∈M

(an
ΦA)−1(b̃,∞),

which contradicts the tameness on A. Therefore, B is tame.

126



Chapter 7

A Dynamical Hierarchy of

Banach Algebras

As we are reaching the last few pages of this thesis, we have the essential concepts,

results and examples to see a comprehensive picture of a hierarchy of Banach al-

gebras centered around multiplicative stability. We transfer concepts of function

spaces from topological dynamics to Banach algebra theory, which yields a dy-

namical hierarchy of Banach algebras. This new classification provides different

dividing lines between Banach algebras. As we have seen, we started with multi-

plicative stability of Banach algebras, which led us to define WAP -algebras. This

was suggested by the connection between the iterated limit condition and the

characterization of weakly almost periodic functions on topological semigroups.

Then, to strengthen and weaken the condition of multiplicative stability, we in-

troduced the other classes of Banach algebras that build this hierarchy. All are

related to dynamics on spaces of functions on topological semigroups. Next, we

present this new classification formally. We start with the largest class, namely,

UC-algebras, which consists of all Banach algebras, and then consider successively
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smaller classes. Let A be a Banach algebra and BA its closed unit ball. Recall

that the norm function on BA is denoted by Φ. We say that A is:

(I) uniformly continuous, or shortly a UC-algebra, if Φ is a uniformly con-

tinuous function on BA. Note that every Banach algebra is a UC-algebra.

(II) tame if Φ is a tame function on BA, that is, if the family {aΦ : a ∈ BA}

does not contain an independent sequence.

(III) weakly almost periodic, or shortly a WAP -algebra, if Φ ∈ WAP (BA),

i.e., the set {aΦ : a ∈ BA} is weakly relatively compact in Cb(BA). This

class is the class of multiplicatively stable Banach algebras. It is contained

in the class of tame algebras, and it includes:

• any finite-dimensional Banach algebra;

• lp for p ∈ [1,∞);

• the Segal algebra l1 with respect to l2 introduced in Example 4.1.5.

(IV) almost periodic, or shortly an AP -algebra, if Φ ∈ AP (BA), i.e., the set

{aΦ : a ∈ BA} is norm relatively compact in Cb(BA). This class is included

in WAP -algebras, and it includes:

• any finite-dimensional Banach algebra;

• the Segal algebra l1 with respect to l2 introduced in Example 4.1.5.

This classification provides a method to measure how stable or unstable a Banach

algebra A is, in terms of the relations between the corresponding function spaces

on BA. As the class of WAP -algebras contains the class of AP -algebras and is

contained in tame ones, AP -algebras are considered to be very stable or more

stable than WAP -algebras, which are the multiplicatively stable ones; on the

other hand, tame algebras are less unstable than wild algebras.
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Among unstable algebras, we have the classes of wild algebras and hyper-

unstable algebras. A Banach algebra A is wild if it is not tame. In other words,

the family {aΦ : a ∈ BA} contains an independent sequence. This class includes

the following:

• Any infinite-dimensional C∗-algebra.

• K(E), the algebra of compact operators on a Banach space E, in two cases.

The first case is when E admits a complemented unconditional basic se-

quence, in particular, any Banach space with an unconditional Schauder

basis. The second case is if E has a subspace F with an unconditional

Schauder basis such that F ∗∗ = E. An example of this case is E = l∞.

• Ck
0 (R) and Ck

b (R), k ≥ 1, the algebras of k times continuously differentiable

complex-valued functions on R such that f and f (i), i ≤ k, all vanish at

infinity, respectively, are bounded.

The class of hyper-unstable algebras includes the following:

• Any infinite-dimensional C∗-algebra.

• The Fourier algebra A(G) and the Fourier–Stieltjes algebra B(G), where G is

a locally compact group containing a non-compact amenable open subgroup.

• The multiplier algebra M(A(G)) and the completely bounded multiplier

algebra Mcb(A(G)), where G is a locally compact group containing a non-

compact weakly amenable open subgroup.

• The Banach algebra of compact operators, K(E), on a Banach space E in

two cases. The first case is when E contains a complemented basic sequence,

in particular, any Banach space with a Schauder basis. The second case

is when E contains a subspace F such that F has a Schauder basis and

F ∗∗ = E. An example of this case is E = l∞.
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• The Banach algebras Ck
0 (R) and Ck

b (R).

We see that most of our examples are hyper-unstable and many of these are

wild. However, we do not know the relationship between wildness and hyper-

instability. Also, we do not know whether there are Banach algebras that are not

multiplicatively stable but tame. These are among the open problems that we

will list in the next chapter. We conclude this one by the following figure, which

illustrates our dynamical hierarchy of Banach algebras.

Figure 7.1: Dynamical hierarchy of Banach algebras
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Chapter 8

Open Problems

As many notions that we have studied have only been introduced in this work,

they are totally new, so many questions can be raised. This thesis is a step into

the stability theory of Banach algebras, which we believe is an interesting theory

to investigate. Here are some open problems which we have in mind.

Problem 1 :

What is the relationship between multiplicative stability and Arens

regularity? Note that infinite-dimensional C∗-algebras are Arens reg-

ular but multiplicatively unstable.

Problem 2 :

We have proved that multiplicative stability is preserved between iso-

morphic Banach algebras with the algebra Banach–Mazur distance

1. Is there an example of a multiplicatively stable Banach algebra

which is isomorphic to an unstable one?

Problem 3 :

Hyper-instability implies multiplicative instability, but is it strictly
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stronger? Note that if the answer to Problem 2 is affirmative, then

the answer to this problem is as well, in view of Proposition 4.3.7.

Problem 4 :

Theorem 4.4.2 shows hyper-instability of A(G) when G is a locally

compact group containing a non-compact, open, amenable subgroup,

in particular, when G itself is non-compact and amenable. What

about other groups? Also, when is A(G) wild?

Problem 5 :

Corollary 4.4.5 shows that L1(G) is hyper-unstable for any locally

compact non-discrete, abelian group G. What about other groups?

Also, when is L1(G) wild?

Problem 6 :

Is there an example of a multiplicatively unstable Banach algebra

which is tame?

Problem 7 :

We have seen that most hyper-unstable Banach algebras are wild.

What is the relationship between hyper-instability and wildness?
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