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Stress concentrations in Nb-A^O^ and Cu-A^Oz bicrystals caused by common geo

metrical discontinuities are investigated using the boundary element method in three-

dimensional linear, anisotropic elasticity. The analyses are carried out for a plate with 

a circular hole and a double U-notch bar in tension; the geometric discontinuities be

ing at the bicrystal interface. The material principal axes of the crystals are rotated 

independently in a parametric study, and the largest normal and von Mises equivalent 

stresses are determined a short distance away from the free edges of the interface where 

weak stress singularities exist. Due to the incompatibility of the elastic constants at 

the interface, the rotation of the material axes can cause the equivalent stress to in

crease by 71% to 134%, relative to the corresponding isotropic homogeneous cases, 

and by 28% to 82%, relative to the corresponding isotropic bimaterial cases. The 

largest increases observed are in the Cu-Al2Oz bicrystal, double U-notch bar prob

lem. It is found as well that rotation of the cubic material principal axis coinciding 

with the load axis causes very little change in the maximum stresses when compared 

to other material axis rotations, and rotations of the Nb and Cu material principal 

axes produce opposing trends. The present work also includes an investigation of the 

effectiveness of introducing auxiliary holes to decrease the stress concentration for the 

problem of a bicrystal plate with a circular hole. This is carried out for a range of 

geometrical parameters. It is demonstrated in this study that a significant decrca.se 

in the maximum principal stress at the edge of the hole can be achieved. 
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Chapter 1 

Introduction 

Understanding the mechanical interactions of a bicrystal interface is of great im

portance in determining the performance of materials. Misorientation of the crys-

tallographic axes and the orientation of the grain boundary plane affect the stress 

fields and create stress concentrations at and near the interface. The large stress 

gradients near the interface free edges have implications in the strength and fracture 

of these junctions. Bicrystal interfaces appear in applications such as metal-matrix 

composites, smart materials, thin-film coatings of turbine blades and machine tools, 

microelectronics packaging of solid state devices, SQUID magnetometers, bio-medical 

prostheses, and high pressure sodium lamps. They are also intrinsic to research of 

grain boundary defects, dislocation nucleation, and superconducting experiments; of

ten involving crystal plasticity theory, cohesive interface modelling, fracture mechan

ics or molecular dynamics. Without a full understanding and ability to predict the 

mechanical interactions of these interfaces, design methodology in industry follows a 

costly and time consuming trial-and-error process when choosing suitable materials 

with satisfactory performance. The present work focuses on a linear elastic stress 

analysis of the stress concentrations at a bicrystal interface involving different geo

metric discontinuities in three dimensions, for changing orientation of the material 

principal axes. The efficacy of the addition of auxiliary holes to one of the bicrystal 

1 



2 

problems is also studied. 

1.1 Review of Literature 

Much of the research into stress concentrations and the stress field at the interface of 

anisotropic bicrystals has been conducted for simple prismatic bicrystals in tension 

with the grain boundary perpendicular to the tensile axis. For example, Gagorik, 

Queeney & McKinstry (1971) studied misorientations of plane Al20:i bicrystals using 

direct stiffness calculations and the finite element method (FEM). Qamar & Husain 

(1989) investigated the shear stress in the grain boundary plane for cubic bicrystal 

misorientations by iteratively calculating elastic strains at the interface until com

patibility was achieved. Per alt a, Schober & Laird (1993) examined the stress fields 

at and away from the interface of a 3-D Cu bicrystal using the FEM, noting the 

high stress gradients characterized by the stress singularity at the free edges of the 

interface. Chen, Li & Wang (1998) also examined various misorientations of a 3-D 

Cu bicrystal using the FEM to examine the general trends of the strains and resolved 

shear stresses. Shiah, Tan & Chen (2009) performed a preliminary study of the in

terface stress concentrations in a 3-D Nb-A^O^ bicrystal through rotations of the 

crystallographic axes. No particular attention has been devoted to the calculation 

of the stress "participation" factor at the free edges of the material interface in any 

studies thus far; focus has been on the general elevation of stresses at the free edges 

and the stresses at the interior of the materials. 

Gemperlova, Paidar & Kroupa (1989) calculated the theoretical compatibility 

stresses within a cubic bicrystal composed of two semi-infinite crystals for elastic and 

plastic anisotropy of deformation, for various misorientations under tensile or com

pressive loads. Also, using analytical techniques, Tvergaard & Hutchinson (1988) 

analysed the elastic stress fields of 2-D triple-grain junctions within the context of 
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crack analysis of grain boundary defects. The strengths of the stress singularities 

were found to vary with the anisotropic properties and crystallographic orientations 

of the materials. High stress gradients near grain boundaries were observed by Wan 

& Yue (2004) in 3-D bicrystal FEM analysis, and a redistribution of stresses was 

noted when examining similar crystallographic orientations in a tricrystal. Heinzel-

mann & Kalamkarov (2010) calculated the stress concentration factors and weight 

functions for equi-biaxial anisotropic materials, specifically, within a thin flat plate 

in tension containing a central hole — one of few studies involving geometric stress 

concentrations in the anisotropic domain that have been reported in the literature. 

As for the stress singularity at the free edges of a bimaterial interface, Bogy 

(1968) has determined the asymptotic stress fields in the vicinity of two bonded plane, 

material wedges under general loading conditions with different shear moduli and 

Poisson's ratio. Reedy (1990) examined a thin elastic layer under plane strain bonded 

to a rigid material and subjected to either transverse tension or a uniform temperature 

change and determined the stress intensity factor. Delale (1984) investigated plane, 

anisotropic material wedge geometries, finding again that the power of singularity is 

dependent on the elastic properties of the materials. Although the existence of these 

stress singularities will preclude the determination of the true stress values at the 

interface free edges in the present study, the values obtained retain their relevance 

when examined in relation to each other and are useful for qualitative interpretation. 

Furthermore, the stress results at a very short distance into the interface are expected 

to be valid as the singularities are of weak power. 

The current work investigates the stress concentrations at bicrystal interfaces 

caused by common geometric discontinuities, such as circular holes and U-notches, 

through a parametric study of the crystallographic misorientations of the material 
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principal axes of the crystals. The technique of adding auxiliary holes within a struc

ture to reduce stress concentrations is introduced in a preliminary study to investi

gate its effectiveness with anisotropic media. There have been a number of studies 

related to the addition of auxiliary holes and other geometries to reduce stress con

centrations. Many of the studies have focused on uniaxial loading. Haddon (1967) 

solved the boundary-value problem of two non-intersecting circles within an infinite 

isotropic region in plane elastostatics. Erickson & Riley (1978) and Jindal (1983) 

investigated the effect of auxiliary holes, circular and elliptical, respectively, on the 

stress concentration in the main circular hole of a thin uniaxially loaded plate using 

the photoelastic method, accompanied by 2-D FEM analysis in the latter. More re

cently, Akour, Nayfeh & Nicholson (2003) investigated a similar plane problem under 

shear loading using the FEM and photoelasticity, and obtained significant reductions 

in stress concentrations with the auxiliary holes. 

1.2 Proposed Method of Solution 

Numerical techniques such as the boundary element method (BEM) and FEM are 

well suited to parametric studies where variables, specifically, the orientation of the 

crystallographic axes of the bicrystal, are modified incrementally through their re

spective ranges. The BEM is well established as an efficient numerical tool, and is 

particularly well suited for problems involving rapidly varying stress fields. The BEM 

requires only the boundary of the domain to be discretized, as opposed to the full 

domain in the commonly used FEM. Thus, the numerical model and data preparation 

are significantly reduced, in turn reducing the solution times and memory required. 

In this study, the 3-D anisotropic BEM code used is that of which the veracity and ef

ficiency has been tested and demonstrated, see, e.g. Tan, Shiah & Lin (2009). Where 

appropriate, the FEM commercial code, Abaqus/Standard (6.8 — 2), is also employed 
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to provide some verification of the numerical results obtained in the BEM analysis. 

1.3 Outline 

Chapter 2 provides a review of the BEM, including its analytical and numerical 

formulation in 3-D elastic anisotropy. Example problems are also presented with cor

responding isotropic and anisotropic analyses to demonstrate the modelling strategies 

and the veracity of the BEM as a numerical tool. In Chapter 3, the stresses at the in

terface of a bicrystal plate with a circular hole in tension are investigated. Nb-A^Os 

and Cu-AliOz bicrystals are chosen throughout this study. The material principal 

axes of the crystals are rotated independently and the largest stress concentrations 

and general trends of the normal and von Mises equivalent stresses are reported. A 

similar investigation follows in Chapter 4, involving a double U-notch bar in tension. 

The common characteristics, with respect to the material axis rotations, observed 

throughout these two chapters are also considered. Chapter 5 returns to the physical 

problem outlined in Chapter 3 and studies the effects of adding auxiliary holes to the 

surrounding low stress regions to reduce the stress concentration at the main hole. 

A parametric study is employed to determine the auxiliary hole sizes and locations 

able to achieve significant stress concentration reductions, and the magnitude of these 

reductions. Lastly, in Chapter 6, the work undertaken in this study and the main 

findings axe summarized. 



Chapter 2 

Review of the Boundary Element Method 

The analytical and numerical formulation of the boundary element method (BEM) is 

briefly reviewed in this chapter. Numerical examples of familiar stress concentration 

problems, as well as a bicrystal problem, follow. The results are compared with those 

obtained using the more established finite element method (FEM), and analytical 

solutions where available. The BEM will be shown here to be an efficient and ac

curate tool for solving linear elastostatic anisotropic problems, just as has been well 

recognized for isotropic cases. 

2.1 Analytical Formulation of the BEM 

In the BEM, the governing linear partial differential equation (PDE) of elastostatics is 

transformed into an integral over the surface of the solution domain. The fundamental 

solution to the PDE and a reciprocal theorem are required to formulate the boundary 

integral equation (BIE). In elastostatics, the Navier-Cauchy equilibrium equations 

and Green's identities are used to construct the integral equation. The fundamental 

solutions employed are the displacement and traction solutions to Kelvin's problem 

of a point force in an infinite body. They are used in conjunction with the Betti-

Rayleigh reciprocal work theorem to transform the equation into the BIE. Details of 
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this process can be found in, e.g. Cruse (1969). In the absence of body forces, the 

BIE has the form (Cruse 1969), 

Cii(PK(P)+ f  u i(Q)T j i(P,Q)dS(Q)= [  t i(Q)U j i(P,Q)dS(Q),  (2.1) 
Js Js 

where Ui are the boundary displacements; fj are the boundary tractions; Uj t  and Tji 

are the fundamental  solutions for the displacements and tractions,  respectively;  S 

is the boundary of the domain V\ and i,j = 1,2,3 in three dimensions. Also, in 

equation 2.1, P and Q are the source and field points on the boundary, and Cji is a 

function of the local surface geometry at P. In isotropy, the fundamental solutions 

are given as (Cruse 1969), 

Uji{p'q) = 16tt/x(1 - u)r [ ( 3  ~ 4 u ) 6 i j  +  V , i  r , j  1'  ( 2 '2 )  

Tji(p,q) 
• ( 1 - 2 v) (dr to) { 

u)r2  11 hj + j _ 2;y
r'1 r'i rij  + r,j  ri i  }, (2.3) 

87r(l  — v)r2  I  dn 

where v is the Poisson's ratio, /z is the shear modulus of the material, r is the distance 

between the field point  q and source point  p, 

r  = ~ Zpi)(x<r ~ J i«)  (2.4) 

Thus, 

dr -  l< \  
V , i  ~ dxq i  ~ r q i  X p i  

(2.5) 

and if is defined as the unit outward normal vector, 

dr dr 1 .  .  
~7C~ ~ TJ ~ ~\%qi XpijTli 
dn OXi r  

(2.6) 
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The fundamental solutions for general three dimensional anisotropic elasticity are 

significantly more complex than those for isotropy. That for displacements, also 

commonly termed the Green's function, was first derived by Lifshitz & Rozentsveig 

(1947), but it is not in explicit, algebraic form. Its implementation for BEM analysis 

of three dimensional anisotropic bodies was first carried out by Wilson & Cruse (1978). 

It was, however, computationally quite demanding and over the years, a number of 

researchers have built on this work to increase the efficiency, accuracy, and stability 

of the numerical algorithm to compute the Green's function (see e.g. Sales & Gray 

(1998), Phan, Gray & Kaplan (2004), Wang (1997), and Wang & Denda (2007)). 

A fully explicit, algebraic form of the displacement fundamental solutions for three 

dimensional anisotropy and its derivatives has been obtained by Ting & Lee (1997) 

and Lee (2003), respectively. Although mathematically quite involved, they were 

shown by Shiah et al. (2008) and Shiah, Tan & Lee (2008) that they can be numeri

cally evaluated in a relatively straight-forward manner. These solutions were subse

quently implemented into an existing BEM code which had originally been developed 

for three-dimensional isotropy (Tan et al. 2009). As the fundamental solutions are 

fairly elaborate, notwithstanding their relatively simpler numerical implementation 

compared to previous formulations mentioned above, they are presented in Appendix 

A instead. The successful implementation by Tan et al. (2009) makes available an 

efficient and accurate numerical tool for the stress analysis of three dimensional, 

anisotropic, elastic bodies. It is the BEM code employed in this study. 

2.2 Numerical Formulation of the BEM 

An exact analytical solution of the governing BIE is not usually obtainable for practi

cal engineering problems. Thus the surface of the domain is discretized into boundary 

elements. Eight-node quadrilateral and six-node triangular elements, based on the 
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quadratic isoparametric formulation, as shown in Figures 2.1 and 2.2, are used to 

discretize the boundary of the three dimensional solution domain. The global co

ordinates, displacements, and tractions at any point in the elements, are related to 

the corresponding nodal values through the shape functions, Nc((), in terms of the 

intrinsic coordinates ((1,(2): 

*,(C) = H'KK, 

«i(C) = Nc( CK, (2.7) 

U K )  =  N ' ( O t l  

where c = 1,2, ...,8 for quadrilateral elements and c = 1,2, ...,6 for triangular 

elements. The expressions for the quadratic shape functions are given in Appendix 

B. 

Substitution of equation 2.7 into 2.1 gives the discretized form of the BIE, as 

follows: 

m k •  
c,,(P')"i(n+'£Tl

ui<-pdM'> / rij(/~,Q(c))iv<:(c)./(c)rfc 
6=1 c=l Js 

m k « 
= EE t>(p J < M)  /  Vii(P°,Q(0)N e«m)d(,  (2.8) 

6=1 e=l Js 

where m is the total number of elements, k is the number of nodes in the bth.  element, 

Pa represents the ath node of the set of all nodes 1,2 Pd^ represents the 

dth node determined as the cth node of the 6th element, and ./((") is the Jacobian of 

transformation. Equation 2.8 represents a set of linear algebraic equations in terms 

of the known and unknown displacements and tractions. In three dimensions, there 

are 6q nodal displacements and tractions, half of which are prescribed, the other half 

of which are to be calculated. Gaussian quadrature is used to evaluate the integrals 
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of the fundamental solutions over each element. Substitution of the known boundary 

conditions results in a set of 3q algebraic equations for the unknown displacements 

or tractions at the nodes on the surface of the solution domain. 

2.3 Numerical Examples 

A boundary element analysis (BEA), as well as a finite element analysis (FEA), has 

been performed for the following linear elastic problems. These analyses are intended 

to gain familiarity, and confirm the veracity and efficiency of the BEM through com

parison to the more familiar FEM for anisotropic elasticity. The results from the 

BEM program are compared to those from Abaqus/Standard (6.8 - 2) and analytical 

solutions where available. Isotropic cases have been run to highlight the differences 

and complexity which anisotropy introduces. The anisotropic runs require more el

ements because the stress fields produced have greater variations when compared to 

the corresponding isotropic problem. Also in anisotropy, geometric symmetry cannot 

necessarily be used to reduce the modelling domain of a problem. 

2.3.1 Example (A) 

The first case studied was a plate with a circular hole subjected to remote uniaxial 

stress, (To- As shown in Figure 2.3, the dimensions of the radius, half thickness, and 

half  width are represented by r,  h,  and a, respectively.  The values of r/a and h/a 

were both set to 1/10. This model geometry is used through all similar subsequent 

cases. 

Isotropy 

The isotropic model material properties were arbitrarily set: Young's modulus was 

set to 1000 GPa, and Poisson's ratio to 0.3. The physical problem has three planes 
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of symmetry. It follows that the numerical problem can be reduced to Va t h  the size of 

the original. Figures 2.4a and 2.4b illustrate the differences in mesh refinement and 

discretizations used with the BEM and FEM. The BEM mesh contains 56 quadratic 

surface elements and 168 nodes; the FEM mesh contains 2706 quadratic volume 

elements (C3D20R) and 14,219 nodes. 

A mesh refinement study was first performed to further validate the results. Be

tween subsequent mesh refinements, the BEM and FEM results for the normal stress 

in the load direction along CA were found to vary no more than 1% and 2%, respec

tively. This implies that the results from both methods have converged to an accurate 

solution. 

The isotropic case of this problem is well understood in the literature. Looking at 

Figure 2.3, the largest stress concentration is expected to occur at point C on the edge 

of the hole in the mid-thickness plane (ie. at x3 = 0) and drop off towards the free 

surface, point A. Hence, this is an area of interest and was chosen for the comparison 

of results between the BEM and FEM analyses. Normal stress, cr22, along CA from 

BEM and FEM has been normalized with respect to cr0 and plotted in Figure 2.5. 

It can be seen that there is very good agreement between the two sets of results; 

the difference between the two data sets is less than 2%. The BEM also shows a 

better correlation to the analytical solution given by Folias & Wang (1990) than that 

obtained by FEM. 

The veracity of the BEM code used has been demonstrated by its ability to pro

vide an accurate solution, as checked with the FEM analysis, and analytical solution 

in literature. The relative efficiency of the code is evidenced by only requiring 56 

elements to obtain an accurate solution. 
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Anisotropy 

A homogeneous anisotropic model was tested using the material properties of single 

crystal copper (Cu), which is a cubic material with three independent elastic stiffness 

coefficients: 

Cu = 168.4 GPa,C12 = 121.4 GPa,C44 = 75.4 GPa. 

Although advantage can still be taken of the symmetry of the cubic material axes 

to model only a fraction of the physical problem, the full model was employed here 

as the same mesh could be used later on for more general anisotropy. The BEM and 

FEM mesh designs are shown in Figure 2.6. The model was loaded along one surface 

of the plate, and fully constrained on the opposite surface. The BEM mesh contained 

468 quadratic surface elements and 1368 nodes, and the FEM mesh contained 21,648 

elements (C3D20R) and 102,428 nodes. 

Similar to the isotropic case, the stresses along AB are of the highest interest. 

Figure 2.7 shows the variation of the normalized direct stress, 022/00, obtained from 

the BEM and FEM analyses. The stress distribution is symmetric about the mid-

thickness (£3 = 0) plane, as expected because of the symmetry of the geometry and 

material properties when aligned with the global Cartesian axes. The maximum stress 

concentration was found to be 2.68, in the BEM analysis, and 2.79, in the FEM anal

ysis, as compared to 3.18 and 3.19, in the respective BEM and FEM analyses for the 

corresponding isotropic problem. In general, there are relatively greater discrepancies 

between the BEM and FEM results as can be seen in Figure 2.7, but they are still 

generally well within 5% of each other. 

2.3.2 Example (B) 

The second example studied was a prismatic bar with opposite U-shaped notches, as 

shown in Figure 2.8. An axial unit load, an = ctq, was applied at the remote ends of 
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the bar. Referring to Figure 2.8, the specific case examined was for t , /H = r/H = 0.2, 

w/H = 1, and L/w = 4. This geometry is also used throughout all similar subsequent 

analyses. 

Isotropy 

The same isotropic material properties from the previous model were applied here. 

Taking advantage of symmetry, only 2/8th of the problem was modelled. Figures 2.9a 

and 2.9b illustrate the differences of the mesh designs; the BEM mesh has 55 elements 

and 165 nodes, while the FEM mesh has 7048 elements (C3D20R) and 32,828 nodes. 

The BEM and FEM meshes were tested for validity through another convergence 

study with finer meshes. Both meshes satisfied the convergence criteria with less 

than 2% difference in normal stresses in the loading direction along AD, where the 

stress, o"n, is the largest. 

Stress concentrations of the plane problem of this case have been compiled in 

Pilkey (1997). It was expected that the highest stress concentration would be located 

at point C, in the centre of the model, due to material constraint. The normal stress, 

(Tn, in the load direction along C A has been normalized with respect to rr0 and plotted 

in Figure 2.10. There is a good correlation between the BEM and FEM results where 

the maximum difference between results is less than 5%, and this difference drops to 

2% in the region of the largest stress concentration at the mid-thickness plane. The 

corresponding stress concentration factors at these points, C and A, are 4.20 and 3.46, 

respectively from the BEM analysis versus 4.29 and 3.43, from the FEM analysis. 

Anisotropy 

A homogeneous anisotropic case of the U-notch bar was run using the material prop

erties of single crystal alumina (Al203). Alumina is a trigonal material, with six 
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independent elastic stiffness coefficients: 

Cn  = 465GPa,Ci2 = 124GPa,C13 = 117 GPa, 

C33 = 563 GPa, C1 4  = 101 GPa, C4 4  = 233 GPa. 

The full model of the problem was required to perform the anisotropic analysis 

here, with the load applied at one end while the other was fully constrained. The 

BEM mesh has 380 quadratic surface elements and 1108 nodes, while the FEM mesh 

has 52,860 elements (C3D20R) and 236,424 nodes; they are shown in Figure 2.11. 

Due to anisotropy, there are other stress components present along AB, besides 

<Tn, caused by the loading. Hence, it is more appropriate to examine the von Mises 

equivalent stress, aeq, here; it is often used for yield criterion and it is defined as 

<*eq = a2)2 + -  °z)2  + to -  Vi)2 ,  (2.9) 

where a i }  i  = 1,2,3,  are the principal stresses. 

The von Mises equivalent stresses along AB were compared and plotted in Figure 

2.12. The differences in the values of (XEQ/A0 along AB from the BEM and FEM 

analyses are all less than 4% and within 1% in the vicinity of the largest stress 

concentration. This is very good agreement between results and demonstrates the 

validity of the BEM solution. 

Unlike the anisotropic model in Example (A), the stress distribution along AB 

is no longer symmetric about the mid-thickness plane, as single crystal alumina is a 

more anisotropic material than copper crystal. The effects of anisotropy are evident 

even for this simple homogeneous body. In the next example, a bicrystal is analysed 

which introduces additional complexities of anisotropy. 
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2.3.3 Example (C) 

Figure 2.13 shows a long, square Nb-Al203  bicrystal bar constrained at one end, and 

subjected to remote uniaxial tension, a0, at the other end. With reference to the 

figure, the length to width ratio (L/w) considered was L/w — 6. Results of the 

stresses at the interface between the two single crystals are of particular interest due 

to the differences in their material properties. The material properties of AI2O3 are 

the same as those used in the previous example. Single crystal niobium is a cubic 

material with three elastic stiffness coefficients: 

Cu  = 246 GPa, C12 = 134GPa,C44 = 28.7 GPa. 

Results were obtained for rotations of the Nb crystal material principal axes about 

the xj-axis from 0° to 90°, beginning with the material axes aligned with the global 

Cartesian axes. 

The BEM and FEM meshes used, are shown in Figures 2.14a and 2.14b, respec

tively. The BEM mesh, with 472 elements and 1340 nodes, is significantly less refined 

than the FEM mesh, with 54,000 elements (C3D20R) and 232,562 nodes. 

During mesh refinements in both analyses, the stresses at the interface free edges 

continued to increase; there is a singularity of type r6, S < 0, (Bogy 1968) in the stress 

field at the free edges of dissimilar bonded material wedges. Considering anisotropic 

wedges, as shown in Figure 2.15, and taking the case of wedge angles a = 90° and 0 = 

90°, it is known that the power of singularity is real, but relatively weak (Delale 1984). 

The stresses return to finite values at very short distances away from the point of the 

free edge singularity. For the present purpose, only the results at the interior of the 

interface are examined, namely, at point C. 

Point C is located at the centre of the bicrystal interface (x\  = 0, x2  = 0). The 

normalised von Mises equivalent stress, (Teq/a0, at this point, in both the niobium and 
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alumina material, have been plotted in Figure 2.16, for the rotation of the Nb xr 

material axis. There is excellent agreement between the BEA and FEA results with 

less than 0.2% difference. The largest stress concentration at point C occurs for a 45° 

rotation of the material axis. This stress concentration, 1.51, is in the AI2O3 crystal, 

a ceramic material which is considerably stiffer than metallic niobium. The effects of 

the different material properties at the interface have created a stress concentration 

in the higher stiffness crystal and a stress reduction in the crystal of lower stiffness. 

The largest stress concentration in the bicrystal will occur at the corners of the in

terface. However, quantitative results cannot be obtained without implicitly treating 

the singularity in the analytical formulations of both the BEM and FEM analyses. 

This issue will be discussed further in the chapters that follow. 

A significantly coarser mesh was used in the BEM analysis versus the FEM analy

sis. This greatly reduced the memory required in the former case. The BEM computer 

run required less than half the real-time than the FEM run while giving the same 

general accuracy. It is also noted that the BEM code used has not yet been configured 

to run on multiple computational threads. On the specific system used, four BEM 

analyses could be run concurrently on the same geometry. 

2.4 Concluding Remarks 

The analytical and numerical formulations of the BEM have been briefly reviewed in 

this chapter. Numerical examples have been presented that demonstrate the BEM 

as both an efficient and accurate tool for solving anisotropic problems in elasticity. 

The BEM results obtained have been compared with those obtained using the FEM, 

as well as available analytical solutions. One of the examples presented involved a 

bicrystal problem; stress concentrations in bicrystals with holes and notches are the 

focus of the study in the next few chapters. 
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Figure 2.1: BEM quadratic isoparametric quadrilateral eight-node surface element 

(2 

Figure 2.2: BEM quadratic isoparametric triangular six-node surface element 
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Figure 2.3: Plate in tension with a circular hole — Example (A) 
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(b) FEM Mesh 

Figure 2.4: Three-dimensional meshes of a plate with a circular hole for isotropic 
analysis 
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(a) BEM Mesh 

(b) FEM Mesh 

Figure 2.6: Three-dimensional meshes of a plate with circular hole for anisotropic 
analysis 
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Figure 2.8: Bar in tension with double U-notch — Example (B) 
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(a) BEM Mesh 

(b) FEM Mesh 

Figure 2.9: Three-dimensional meshes of a bar with double U-notch for isotropic 
analysis 
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Figure 2.10: Variation of stress concentration along the notch at CA, through the thickness of an isotropic double 
U-notch bar 
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(a) BEM Mesh 

fill:;;::::* 

(b) FEM Mesh 

Figure 2.U: Thre.di—a> rceshes of a tar with double U-notch for —p,c 

analysis 
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^0 

Figure 2.13: Bicrystal bar in tension — Example (C) 



(a) BEM Mesh (b) FEM Mesh 

Figure 2.14: Three-dimensional meshes of a bicrystal bar in tension 
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Figure 2.15: Two dissimilar anisotropic wedges perfectly bonded along the xi axis 
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Chapter 3 

Bicrystal Plate with a Circular Hole 

The stress concentration of a bicrystal plate with a circular hole in tension is inves

tigated in this chapter. The physical problem is first defined and sample BEM and 

FEM numerical models of the problem are then introduced. A brief discussion follows 

of the properties and implications of the stress singularity which occurs at the inter

face between two crystals. The FEM is employed to verify the accuracy of the BEM 

results, especially around the singularity, and to compare the anisotropic results to 

those from a simpler isotropic analysis. Finally, the various trends and notable values 

of the different material combinations and orientations of the bicrystal problem are 

presented. 

3.1 Problem Definition 

The physical problem treated has a similar geometry and loading condition to Ex

ample (A) from the previous chapter, re-presented in Figure 3.1. However, there are 

now two homogeneous material regions which are perfectly bonded at an interfacial 

plane located where the highest stress concentration occurs, as shown in Figure 3.2. 

Stresses are analysed along ACB, the interface edge; and DFE, 0.5 units away from 

the edge of the hole, noting that the half width of the plate, a, is 10 units. Material 

32 
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combinations of niobium and alumina, and copper and alumina, were investigated 

for both isotropic and anisotropic cases. The mechanical properties of these crystals 

have been given in the previous chapter, but are again reproduced here in Table 3.1 

with the corresponding isotropic properties. In anisotropy, all three material principal 

axes — xi, X2, and X3 for each crystal — are rotated counter-clockwise individually 

though 15° increments until the material symmetry planes realigned. 

3.2 Numerical Models 

Two BEM meshes were used to analyse the different material combinations. The first 

mesh, containing 284 quadratic surface elements and 828 nodes, is shown in Figure 

3.3; it was used to analyse rotations of the Nb-A^O^ bicrystal. The second mesh, first 

shown in Figure 2.6, was used for rotations of the Cu-AL203 bicrystal and contains 

468 elements and 1368 nodes; the interface discretization is shown in Figure 3.4. Two 

FEM meshes were also used, they contained 33,300 elements (C3D20R) and 148,360 

nodes, and 70,000 elements and 302,304 nodes, as shown in Figures 3.5 and 3.6, 

respectively. These meshes were used in the corresponding isotropic analyses as well. 

In the models, one end of the plate was fully constrained, and a load, <t0, was applied 

at the opposite end. The material interface was treated as being perfectly bonded, 

allowing no relative movement between two points with the same position on opposite 

sides of the interface. A comparative study was performed using all meshes for the 

isotropic and the non-rotated anisotropic bicrystal analyses, with the exception of 

the CU-A1203 bicrystal which produced some unreliable results with the less refined 

BEM mesh. 
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3.3 Results 

3.3.1 Effects of the Free Edge Singularity — Some Prelimi

nary Results and Remarks 

In a homogeneous plate with a circular hole of the same geometry as that shown 

in Figure 3.1, the elastic stresses at the edge ACB are finite and are the largest 

in magnitude, from which the concept of stress concentration applies. In the case of 

edge-bonded dissimilar orthogonal wedges under normal (and shear) loading, it is well-

known that the stress field along the interface free edges is singular, the asymptotic 

solution for which is of the form (Bogy 1968, Delale 1984): 

aij(r,  0)  = rA-% (r, 6 , A) (3.1) 

where A is the eigenvalue, 6 = (A — 1) is the order of the stress singularity, (r,0) 

is the polar coordinate system with the origin at the edge and in the plane normal 

to the edge, and fa is the eigenfunction. The value of A depends on the material 

combination of the two adjoining wedges. However, it was determined in Delale 

(1984), for example, that for two bonded 90° fully anisotropic wedges, the order of 

the stress singularity 6 remains relatively small, typically of the order of —0.05 to 

—0.1, compared to that of —0.5 at a crack-tip. This implies that its influence on the 

stresses in its immediate vicinity is relatively small. 

Notwithstanding the relatively weak stress singularity at the edge of the plane 

between the bonded regions, the stresses there are still theoretically infinite. This 

has implications for numerical stress analysis of such problems using BEM or FEM. 

Unless the order of singularity is incorporated in the numerical formulation with the 

use of special elements, such as in Pageau & Biggers Jr. (1996) and Barroso, Mantic & 
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Paris (2003), the computed values of the stresses at this free edge are, strictly speak

ing, not meaningful and will vary significantly with the mesh refinement there. Thus, 

they should be treated with caution. In this regard, it would be more appropriate 

to deal with the stress intensity or "participation" factor, as in fracture mechanics 

analysis of cracks (see, e.g. Benthem (1977)). This is outside the scope of the present 

investigation. Nevertheless, because of the weak singularity and the assumed varia

tions of the tractions and displacements over each element in the numerical analysis, 

the computed values at the free edge may be treated as "extrapolated" values of the 

stresses from its vicinity. They are useful for qualitative comparisons only. 

A mesh refinement study was performed with the BEM and FEM meshes for both 

anisotropic cases of the problem with no material principal axis rotation. When the 

singular stress data are excluded there is good correlation in the cr22 and equivalent 

stress results with mesh refinement in the respective analyses: the BEM results agree 

to within 2%, the FEM results agree to within 1%, and the deviations of the BEM 

and FEM are less than 4%. These data are presented in Tables 3.2 and 3.3 in which 

the stresses at points D and E are singular and included for reference only. The 

BEM results from the less refined mesh for the CU-AI2O3 bicrystal were not included 

because the mesh produced unreliable results for other material axis orientations; 

nevertheless,  the mesh yielded good results  for the same orientations of the Nb-Al2Oz 

bicrystal demonstrating that material properties have an effect on the mesh refinement 

required.  Sample stress profi les from BEM and FEM results  along ACB and DFE 

are compared in Figures 3.7 and 3.8. 

For a given geometry, changing the material properties affects the order of the 

stress singularity. The material properties of isotropic Nb and Cu are quite similar, 

but they differ much in anisotropic crystals. The degree of anisotropy of a cubic 

material can be represented by the anisotropic factor given as (Qamar & Husain 1989), 
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A = 2(Sn - S12)/S44, (3.2) 

where Sij are coefficients of the material compliance matrix. Factors of 0.512 and 

3.21 were obtained for Nb and G'u, respectively — 1 for an isotropic material. Sam

ple results of normal, shear, and equivalent stresses along ACB for isotropic and 

anisotropic analyses are presented in Tables 3.4 and 3.5 for Nb-A^Oz and Cu-A^O^ 

bimaterials, respectively; they demonstrate the increased shear stresses and variation 

of stress components of the anisotropic problem over that of isotropy. Figures 3.9 

and 3.10 compare the isotropic results with the anisotropic results of the Nb-Al^O^ 

and C11-AI2O3 material pairings, respectively. The isotropic equivalent stress results 

show symmetric profiles with significantly less variation through the thickness than 

the anisotropic results. The stress variation between isotropic and anisotropic Cu-

AI2O3 differs much more than the results from Nb-A^O^. Single crystal Cu is more 

anisotropic than Nb crystal. 

It is also useful to know if the stresses in the anisotropic problem approach those 

of a corresponding isotropic plate at the interior of the interface. Table 3.6 shows 

the normalized normal, shear, and equivalent stresses at point F for isotropic ho

mogeneous, isotropic bimaterial, and anisotropic bimaterial variants of the problem. 

Notably, the normalized normal stress in the loading direction, cr22/c0, changes very 

little through all analyses. However, the magnitude of all other stress components 

increases with material property complexity. This has significance for yielding as the 

values of the von Mises equivalent stress will change. 

3.3.2 Anisotropic Results 

As mentioned earlier, a 3-D BEM stress analysis was carried out for each increment 

of angular rotation of the material principal axes of each crystal in the plate, starting 
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with the axes being taken to coincide with the global Cartesian axes. The material 

principal axes of one of the crystals were fixed while one of the axes of the other set 

was rotated in 15° increments counter-clockwise. The complete set of stress results, 

for each of these axis rotations, along ACB and DFE are contained in the digital 

medium (compact disc) in Appendix C. Only the main findings and representative 

features of these numerical results are discussed here. 

At the interface of the bicrystal plate, the von Mises equivalent stress is analysed 

because its magnitude differs significantly from the direct stress component in the 

direction of loading, oyi- This is due to the increased transverse normal and shear 

stresses caused by the material interface incompatibility of the anisotropic properties. 

The highest normal stresses are nevertheless also important for studying crack tip 

opening displacements in fracture mechanics analyses of cracks which are likely to 

emanate in this plane. All stresses presented are normalized with respect to the 

applied stress, rr0. 

Niobium-Alumina Bicrystal Results 

Material principal axis rotations of the Nb-Al^Oz bicrystal were performed first. Ro

tating the Nb xi-rnaterial axis increased the equivalent stress in AI2O3 while de

creasing it in Nb; the highest equivalent stress occurred for 45° of rotation as shown 

in Figure 3.11. However, 022/00 remained relatively unchanged. Rotation of the 

Nb x3-material axis lowered 022/^0 in both Nb and Al2Oa crystals along the edge 

ACB, as shown in Figure 3.12, and subsequently produced low equivalent stress in 

both crystals with a minimum between 45° and 60° of rotation as shown in Figure 

3.13. A varying discrepancy of the equivalent stresses arises due to the tensile load 

causing contracting transverse strain at the interface. The less stiff material, Nb or 

Cit, induces transverse compressive normal stresses which, combined with the tensile 

stress in the loading direction and the shear stresses, increases the equivalent stress 
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in the stiffer material. The opposite effect occurs in the less stiff material reducing 

the equivalent stress as shown in Figures 3.14 and 3.15. However, the anisotropy of 

the materials may alter the effect. Interestingly, rotation of the Al2Oz Xi-material 

axis produced both low and high values of 022/00 at 45° and 135°, respectively, in 

the Al2Oz crystal and in the Nb crystal to a lesser extent, as shown in Figure 3.16. 

Combined with the variation of the transverse normal and shear stresses, this led 

to low and high equivalent stresses along ACB at 30° and 150°, respectively, in the 

AI2O3 crystal, with very little variation in the Nb crystal, as shown in Figure 3.17. 

Along DFE, the variation of equivalent stress was significantly reduced. The results 

from the rotation of the AI2O3 x3-material axis were expected to repeat every 120° 

since Al2O3 is trigonal, however due to geometric symmetry the results repeat every 

60° of rotation. For all material axis rotations studied, 022/00 changes an insignif

icant amount at point F which indicates that variation of the von Mises equivalent 

stress, shown in Figures 3.18 and 3.19 for all of these rotations, is caused only by the 

variation of the transverse normal and shear stresses. Rotation of the other material 

axes produced no other significant stress variations. 

The highest normal and von Mises equivalent stresses occur along ACB in the 

Al2Ch crystal for a 150° xrmaterial axis rotation of the AI2O3 crystal, as shown in 

Figures 3.20 and 3.21, respectively. At point F, the highest equivalent stress, 2.36 — 

an increase of 71% over the corresponding homogeneous isotropic case and 28% over 

the corresponding isotropic bimaterial problem — occurs in the Al203 crystal for a 

45° rotation of the Nb xi-material axis, of which the normalized equivalent stress 

profile along DFE is shown in Figure 3.22. 
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Copper-Alumina Bicrystal Results 

Material principal axis rotations of the Cu-Al^O^ bicrystal were also performed. Ro

tating the Cu xi-material axis decreased the equivalent stress in Al20:i while increas

ing it in Cu, reaching a maximum at a 45° rotation as shown in Figure 3.23, an effect 

opposite that of the Nb Xi-material axis rotation in the Nb-Al20^ bicrystal. Rotation 

of the Cu x3-material axis also caused an opposite effect to that of the previous bicrys

tal; (722/(To increased in both Cu and AI2O3, reaching a maximum for a 45° rotation as 

shown in Figure 3.24, but significantly increased the equivalent stress only in the Cu 

crystal, shown in Figure 3.25, an example of the anisotropy of the material altering 

the general trend of increasing and decreasing equivalent stress on opposite sides of 

the bicrystal interface. Rotation of the AI2O3 xi-material axis had a similar effect to 

the rotation of the same axis in the Nb-Al20^ bicrystal. However, the discrepancy 

between equivalent stresses in each crystal at the interface is larger for the Cu-Al203 

bicrystal, a trend which was observed in all Cu-Al^Oz results; an example of which is 

shown in Figure 3.26. 022/00 at point F does not change significantly for any material 

axis rotation and the equivalent stress for all rotations is shown in Figures 3.27 and 

3.28. The rotation of the x2-material axis of both Nb and Cu in their respectively 

bicrystals, has little effect on the stress results which may be related to the x2-axis 

also being the load axis. This will be further investigated in the next chapter. 

Along ACB, the highest normal stress occurs in the AI2O3 crystal for a 60° x3-

material axis rotation of the Cu crystal, as shown in Figure 3.29, and the highest 

normalized von Mises equivalent stress occurs in the AI2O3 crystal for a 150° xr 

material axis rotation of the AI2O3 crystal, as shown in Figure 3.30. At point F, the 

highest equivalent stress, 2.61 — an increase of 89% over the corresponding homo

geneous isotropic case and 50% over the corresponding isotropic bimaterial problem 

— occurs in the AI2O3 crystal for a 60° rotation of the X}-material axis of AI2O3, for 
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which the normalized equivalent stress profile along DFE is shown in Figure 3.31. 

3.4 Concluding Remarks 

Two cubic materials, Nb and Cu, were each paired with a trigonal material, AI2O3, 

for multiple material principal axis orientations of a bicrystal plate with a circular hole 

and studied using the BEM. The stresses at the free edges of the interface are weakly 

singular. The numerical results there should be treated with caution and useful only 

for qualitative discussions; they represent extrapolated values relating to the stress 

"participation" factor. At the interface, a short distance away from the free edge, 

the stress results from the BEM analysis agree with those of a supplementary FEM 

analysis, and the normal stress in the loading direction converges to that of isotropy, 

but the other stress components differ significantly. Rotations of the various axes of 

the cubic materials produced very different results, relating to the different anisotropic 

factor of the two materials. Rotation of the Nb xi-material axis increased equivalent 

stress in the AI2O3 crystal and decreased it in the Nb crystal, where the same axial 

rotation of Cu decreased equivalent stress in AI2O3 and increased it in Cu. Rotation 

of the Nb X3-material axis decreased the highest normal stress component, 022/00, and 

the equivalent stress in both materials, where these stresses increased for x3-material 

axis rotations of Cu. Alternatively, rotations of the AI2O3 crystal Xj-material axis 

produced similar results in both bicrystals, an increase and decrease of 022/00 and 

equivalent stresses in both materials depending on amount of rotation. The material 

orientations producing the highest normal and von Mises equivalent stresses were 

found. A reduction of equivalent stress in the less stiff material generally included 

an increase of equivalent stress in the stiffer material. This discrepancy is larger in 

the Cu-A^Oz bicrystal. However, the anisotropy of the materials can greatly change 

both the normal stresses perpendicular to the load direction and the shear stresses, 
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affecting the resulting equivalent stress. The rotation of the cubic material axes in 

the load direction, X2 here, may have a reduced effect on the stresses. This will be 

further investigated in the next chapter in which a double U-notch bar in tension is 

investigated with the same material combinations. 



Material Young's Modulus [GPa] Poisson's Ratio 

Niobium 103 0.38 

Copper 110 0.35 

Alumina 370 0.22 

(a) Isotropy 

Material Crystal System Stiffness Coefficients, C tJ  [GPa] 

Niobium Cubic Cn = 246 C l2  = 134 C44 = 28.7 

Copper Cubic Cu = 168.4 C12 = 121.4 C44 = 75.4 

Alumina Trigonal 
Cn = 465 Cxi = 124 C l3  = 117 

C33 = 563 C14 = 101 C44 = 233 

(b) Anisotropy 

Table 3.1: Mechanical properties of Nb, Cu, and AI2O3 
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BEM FEM 

Material 
Point xz/h 

# of elements # of elements 

Region 
Point xz/h 

284 468 33300 70000 

E -1.00 1.49E+00 1.55E+00 1.59E+00 1.69E+00 

-0.25 N/A 1.53E+00 1.50E+00 1.50E+00 

Niobium F 0.00 1.51E+00 1.53E+00 1.50E+00 1.50E+00 

0.25 N/A 1.52E+00 1.50E+00 1.50E+00 

D 1.00 1.40E+00 1.45E+00 1.53E+00 1.60E+00 

E -1.00 1.82E+00 1.85E+00 1.84E+00 1.94E+00 

-0.25 N/A 1.53E+00 1.50E+00 1.50E+00 

Alumina F 0.00 1.51E+00 1.53E+00 1.50E+00 1.51E+00 

0.25 N/A 1.52E+00 1.49E+00 1.50E+00 

D 1.00 1.61E+00 1.67E+00 1.72E+00 1.80E+00 

(a) 022 / "O 

BEM FEM 

Material 
Point xz/h 

# of elements # of elements 

Region 
Point xz/h 

284 468 33300 70000 

E -1.00 1.15E+00 1.18E+00 1.23E+00 1.30E+00 

-0.25 N/A 9.79E-01 1.00E+00 9.97E-01 

Niobium F 0.00 9.67E-01 9.73E-01 9.92E-01 9.88E-01 

0.25 N/A 9.68E-01 9.91E-01 9.86E-01 

D 1.00 1.10E+00 1.13E+00 1.19E+00 1.24E+00 

E -1.00 1.78E+00 1.81E+00 2.00E+00 2.11E+00 

-0.25 N/A 1.75E+00 1.76E+00 1.76E+00 

Alumina F 0.00 1.75E+00 1.75E+00 1.76E+00 1.76E+00 

0.25 N/A 1.76E+00 1.76E+00 1.77E+00 

D 1.00 1.73E+00 1.77E+00 1.89E+00 1.98E+00 

(b) (Teq j (T0 

Table 3.2: Comparison of stresses at various points from BEM and FEM analyses 
of the Nb-Al^Oz bicrystal plate with a circular hole; X\/a = 0.15 and x2 = 0 
for all points 
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BEM FEM 

Material 
Point x3/h 

# of elements # of elements 

Region 
Point x3/h 

468 33300 70000 

E -1.00 1.72E+00 1.97E+00 2.17E+00 

-0.25 1.47E+00 1.45E+00 1.45E+00 

Copper F 0.00 1.50E+00 1.46E+00 1.46E+00 

0.25 1.47E+00 1.45E+00 1.45E+00 

D 1.00 1.59E+00 1.79E+00 1.94E+00 

E -1.00 2.54E+00 2.65E+00 2.87E+00 

-0.25 1.47E+00 1.45E+00 1.46E+00 

Alumina F 0.00 1.50E+00 1.46E+00 1.47E+00 

0.25 1.47E+00 1.44E+00 1.46E+00 

D 1.00 2.18E+00 2.30E+00 2.48E+00 

(a) <722 / <70 

BEM FEM 

Material 
Point xz/h 

# of elements # of elements 

Region 
Point xz/h 

468 33300 70000 

E -1.00 1.36E+00 1.52E+00 1.64E+00 

-0.25 7.12E-01 7.32E-01 7.34E-01 

Copper F 0.00 6.63E-01 6.72E-01 6.78E-01 

0.25 6.84E-01 6.93E-01 6.95E-01 

D 1.00 1.29E+00 1.35E+00 1.44E+00 

E -1.00 2.80E+00 3.36E+00 3.64E+00 

-0.25 2.39E+00 2.37E+00 2.38E+00 

Alumina F 0.00 2.38E+00 2.36E+00 2.36E+00 

0.25 2.41E+00 2.38E+00 2.40E+00 

D 1.00 2.65E+00 2.95E+00 3.16E+00 

(b) (Teq / (To 

Table 3.3: Comparison of stresses at various points from BEM and FEM analyses 
of the CU-AI2O3 bicrystal plate with a circular hole; x\/a = 0.15 and x2 = 0 
for all points 



x3 / h Cn / 0"o <j22 / 00 C33 / c0 0*12 / Co 023 / Co 031 / C0 Ceq / Co 

-1.00 6.63E-01 2.70E+00 6.13E-01 1.98E-01 4.23E-01 -5.35E-03 2.22E+00 

-0.75 6.13E-01 2.81E+00 9.33E-01 3.77E-01 3.05E-01 -6.18E-04 2.22E+00 

-0.50 6.66E-01 2.88E+00 1.03E+00 3.72E-01 2.52E-01 1.71E-03 2.20E+00 

0.00 6.75E-01 2.90E+00 1.06E+00 4.02E-01 -1.79E-06 -1.64E-06 2.17E+00 

0.50 6.66E-01 2.88E+00 1.03E+00 3.72E-01 -2.52E-01 -1.71E-03 2.20E+00 

0.75 6.13E-01 2.81E+00 9.33E-01 3.77E-01 -3.05E-01 6.10E-04 2.22E+00 

1.00 6.63E-01 2.70E+00 6.13E-01 1.98E-01 -4.23E-01 5.34E-03 2.22E+00 

(a) Isotropic 

x3 / h cll / °o (722 / C0 033 / ao c12 / oq °"23 / Co C31 / Co Ceqr / Co 

-1.00 4.95E-01 3.27E+00 6.36E-01 5.20E-02 3.57E-01 -1.30E-02 2.78E+00 

-0.75 4.50E-01 3.32E+00 9.74E-01 1.74E-01 1.94E-01 -1.96E-02 2.68E+00 

-0.50 5.09E-01 3.36E+00 1.07E+00 1.75E-01 1.24E-01 -2.25E-02 2.64E+00 

0.00 5.37E-01 3.38E+00 1.11E+00 2.03E-01 -6.01E-02 -2.35E-02 2.63E+00 

0.50 5.43E-01 3.36E+00 1.07E+00 1.97E-01 -2.44E-01 -2.51E-02 2.65E+00 

0.75 5.12E-01 3.23E+00 9.51E-01 1.98E-01 -2.69E-01 -1.67E-02 2.59E+00 

1.00 4.91E-01 2.89E+00 5.37E-01 4.15E-02 -3.27E-01 -2.81E-03 2.45E+00 

(b) Anisotropic 

Table 3.4: Stress components along ACB in the Nb material of a Nb-Al2Oz bimaterial plate with a circular hole at the 
interface 



x3 / h 0"ll / 0"o CT22 / <T0 C33 / Co <J \2 / (To 0"23 / 0'O C31 / 0"o &eq / 00 

-1.00 5.63E-01 2.80E+00 5.08E-01 1.66E-01 3.66E-01 -4.80E-03 2.37E+00 

-0.75 4.98E-01 2.87E+00 7.85E-01 2.95E-01 2.77E-01 -3.03E-04 2.35E+00 

-0.50 5.35E-01 2.89E+00 8.48E-01 2.91E-01 2.23E-01 1.75E-03 2.31E+00 

-0.25 5.39E-01 2.91E+00 8.84E-01 3.09E-01 8.96E-02 7.43E-04 2.28E+00 

0.00 5.43E-01 2.92E+00 9.06E-01 3.06E-01 1.41E-06 1.61E-06 2.28E+00 

0.25 5.39E-01 2.91E+00 8.84E-01 3.09E-01 -8.96E-02 -7.37E-04 2.28E+00 

0.50 5.35E-01 2.89E+00 8.48E-01 2.91E-01 -2.23E-01 -1.74E-03 2.31E+00 

0.75 4.98E-01 2.87E+00 7.85E-01 2.95E-01 -2.77E-01 3.07E-04 2.35E+00 

1.00 5.63E-01 2.80E+00 5.08E-01 1.66E-01 -3.66E-01 4.81E-03 2.37E+00 

(a) Isotropic 

X3 / h 0"ll / <Tf> 022 / O"0 °33 / 0o cr 12 / cr0 0'23 / 0"O ^31 / 00 &eq / 00 

-1.00 6.88E-01 2.61E+00 8.40E-01 2.97E-01 8.46E-01 -3.61E-02 2.42E+00 

-0.75 5.50E-01 2.31E+00 9.55E-01 5.39E-01 5.72E-01 -4.10E-02 2.10E+00 

-0.50 6.47E-01 2.25E+00 9.78E-01 5.06 E-01 3.46E-01 -4.15E-02 1.81E+00 

-0.25 6.63E-01 2.27E+00 1.01E+00 5.62E-01 5.43E-02 -5.75E-02 1.77E+00 

0.00 7.03E-01 2.33E+00 1.06E+00 5.71E-01 -1.53E-01 -6.19E-02 1.80E+00 

0.25 7.14E-01 2.33E+00 1.06E+00 6.00E-01 -3.51E-01 -6.50E-02 1.91E+00 

0.50 7.37E-01 2.35E+00 1.06E+00 5.75E-01 -6.61E-01 -7.19E-02 2.12E+00 

0.75 6.91E-01 2.40E+00 1.04E+00 6.16E-01 -7.42E-01 -6.00E-02 2.29E+00 

1.00 7.74E-01 2.47E+00 8.08E-01 3.82E-01 -8.03E-01 -2.39E-02 2.28E+00 

(b) Anisotropic 

Table 3.5: Stress components along ACB in the Cu material of a CU-AI2O3 bimaterial plate with a circular hole at the 
interface 



<*11 022 C33 cr 12 <723 C31 &eq 

Isotropic 

Homogeneous 

E = lOOOGPa 

u = 0.3 
4.65E-01 1.59E+00 5.15E-02 4.63E-03 0.00E+00 1.05E-03 1.38E+00 

Isotropic 

Bimaterial 

Cu 6.67E-01 1.51E+00 4.90E-01 9.93E-03 5.73E-06 -2.75E-06 9.42E-01 Isotropic 

Bimaterial AI2O3 1.89E-01 1.51E+00 -4.66E-01 9.93E-03 5.73E-06 -1.02E-05 1.74E+00 

Anisotropic 

Bimaterial 

Cu 8.82E-01 1.50E+00 7.98E-01 -2.73E-02 1.94E-02 -1.16E-02 6.63E-01 Anisotropic 

Bimaterial Al203 -2.19E-02 1.50E+00 -1.25E+00 -2.73E-02 1.94E-02 -4.27E-02 2.38E+00 

Table 3.6: Stress components at point F for various material combinations of a plate with a circular hole at the interface 
all stresses have been normalized with respect to the applied load, cr0 
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Figure 3.1: Plate in tension with a circular hole; the values of r/a and h/a are both 
set to 1/10 
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Nb or Cu 

AI2O3 

Figure 3.2: Materials regions of a bimaterial plate with a circular hole 



(a) F,JU Mesh 

(b) Interfacial Mesh 
Figure 3.3: BEM mesh of the Nb~Al20: 

elements and 828 nor! 
nodes) hie. 

ryStAl ">»"• with 
" cire«'ar hoIe (284 



Figure 3,4: BEM interfacial mesh of the Cu-Al203 bicrystal plate with circular hole 
(full mesh contains 468 elements and 1368 nodes) 
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Figure 3.5: FEM mesh of a bimaterial plate with a circular hole (33,300 elements 
and 148,360) 

Figure 3.6: FEM refined mesh of a bimaterial plate with a circular hole (70,000 
elements and 302,304) 
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Figure 3.12: Variation of 022/^0 through the thickness along ACB at the interface of a Nb-Al203 bicrystal plate with 
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Figure 3.13: Variation of <Jeq/crQ at point C of a Nb-A^O-s bicrystal plate with a circular hole for x3-material axis 
rotations of the AI2O3 crystal 

cn 
CO 



2.50 i 

2.00 

g 1.50 

6 1.00 

0.50 

ANb 

# AI2O3 

0.00 —I— 

75 0 15 30 45 60 75 90 

Rotation of Nb material axis about xi axis [degrees] 
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Figure 3.18: Variation of aeq/aQ at point F in the Nb crystal of a Nb-Al203 bicrystal 
plate with a circular hole for xi, £2, and ^-material axis rotations 
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Figure 3.19: Variation of aeq/a0 at point F in the AI2O3 crystal of a Nb-Al20^ 
bicrystal plate with a circular hole for x\, x2, and x3-material axis rotations 
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Figure 3.28: Variation of cxe(?/<70 at point F in the Al203 crystal of a CU-A120-a 

bicrystal plate with a circular hole for x\, and x3-material axis rotations 
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Chapter 4 

Bicrystal Double U-Notch Bar 

In this chapter, the stresses are investigated of another bicrystal problem, namely, 

a double U-notch bar in tension. First, the physical problem is defined along with 

the BEM and FEM numerical models used to treat the problem. The FEM results 

confirm the veracity and efficiency of the BEM results and the stresses arc briefly 

compared to those from the corresponding isotropic case of the problem. The ma

terial principal axes of the crystals were independently rotated and the noteworthy 

trends and values of stresses in the region of the stress concentration are reported 

and compared with those of the same axis rotations and materials from the previous 

chapter where possible. 

4.1 Problem Definition 

The physical problem is similar to that encountered in Example (B) from Chapter 2 

in both geometry and loading condition, re-presented in Figure 4.1. The geometry is 

split into two material regions with the interfacial plane located at xi = 0, bisecting 

the model at the stress concentration of the double U-notch, as shown in Figure 4.2. 

Stresses are analysed along the U-notch interface edge, ACB, and 0.5 units away 

from the edge, where the half-height of the bar, H, is 5 units. Material combinations 
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identical to those used in the previous chapter; niobium and alumina, and copper and 

alumina; were used in the analysis. Again in anisotropy, all three material principal 

axes, xi, x2, and x3 for each crystal, were rotated counter-clockwise individually 

through 15° increments until the material symmetry planes realigned. The crystals 

are bonded together along the xi = 0 plane, instead of the x2 = 0 plane as in the 

previous chapter. 

4.2 Numerical Models 

Two BEM and two FEM meshes were used to analyse the differing material combina

tions. The first BEM mesh, used to analyse material axis rotations of the Nb-Al2Oz 

bicrystal, contains 380 quadratic surface elements and 1108 nodes, and is shown in 

Figure 4.3. The second mesh, being more refined, was used to analyse the Cu-Al2Oz 

bicrystal as the less refined BEM mesh produced less reliable results for certain mate

rial axis orientations as mentioned in the previous chapter. The second mesh contains 

500 elements and 1468 nodes, and is shown in Figure 4.4. The two FEM meshes con

tain 36,998 elements (C3D20R) and 162,707 nodes, and 51,930 elements and 225,704 

nodes; they are shown in Figures 4.5 and 4.6, respectively. The meshes were also used 

in the corresponding isotropic problem. In the model, one remote end of the bar was 

fully constrained while a load, a0, was applied at the opposing end. Similar to the 

plate with a circular hole problem in the previous chapter, the materials were treated 

as perfectly bonded along the interfacial plane. 
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4.3 Results 

4.3.1 Preliminary Remarks 

Along the free edges of the material interface in the double U-notch bar, the same 

type of relatively weak stress singularity exists, as has been discussed in the previous 

chapter. The stress results along these edges must again be taken with caution. A 

mesh refinement study performed with the BEM and FEM meshes, shows the results 

converging along DFE, a very short distance into the material interface plane. The 

study was performed with both anisotropic bicrystals, with no rotation of the mate

rial principal axes. The normal stress in the loading direction, an, and the von Mises 

equivalent stress correlated well between mesh refinements: the BEM results agreed 

within 2% discrepancy, and the FEM results agreed to within 5% discrepancy, while 

BEM and FEM results of the refined meshes agreed to within 5% discrepancy. These 

data are given in Tables 4.1 — 4.4, noting that the stresses at points D and E are 

singular and included for reference only. As in the previous chapter, the less refined 

BEM mesh produced unreliable results of lesser accuracy for certain material orien

tations of the CU-AI2O3 bicrystal and are not included. It reinforces the notion that 

material properties must be taken into account along with geometry when creating a 

suitable mesh in anisotropic stress analyses. 

Comparison of the results from the isotropic and anisotropic material combina

tions highlights the changes that occur when a problem is considered to be anisotropic. 

Figure 4.7 shows o-n/a0 on one side of the interface, Nb or Cu, along ACB and DFE; 

anisotropic results from the Cu-Al^O-^ bar diverge from the corresponding isotropic 

results more than the Nb-Al^Oz results. The effect is much more pronounced in the 

normalized equivalent stress on the opposite side of the interface in the AI2O3 ma

terial, as shown in Figure 4.8. The stresses at the free edge, related to the stress 



81 

participation factor, and the stresses at the interior of the interface increase signifi

cantly in the anisotropic problem. The normal, shear, and equivalent stresses at point 

F, of these bimaterial analyses have been compared with those from a corresponding 

homogeneous isotropic analysis, shown in Table 4.5. As observed in the previous 

chapter, throughout the analyses, the stress in the loading direction, cru, changes 

very little along DFE, a short distance into the interfacial plane. Nevertheless, the 

other stress components, including the equivalent stress, increase in magnitude with 

increasing material complexity and diverge from the homogeneous isotropic analysis. 

4.3.2 Anisotropic Results 

The 3-D BEM stress investigation of the bicrystal bar with double U-notch followed 

the same procedure described in the previous chapter where all material principal 

axes of each crystal were rotated counter-clockwise in 15° increments, independently 

of each other. The complete set of stress results, for each axis rotation, along ACB 

and DFE are contained in the digital medium (compact disc) in Appendix C. Only 

the main findings and representative features of these numerical results are discussed 

here. The stress results reported here have been normalized with respect to the 

applied stress, a0. 

Niobium-Alumina Bicrystal Results 

Material principal axis rotations were performed first with the Nb-A^Oi bicrystal 

bar. Rotation of the Nb x2-material axis produced insignificant change of o\\fao 

and a small increase in von Mises equivalent stress in the Al203 crystal, as shown in 

Figure 4.9, and produced very little change in the Nb crystal. Rotation of the Nb x3-

material axis decreased an/cr0 and the equivalent stresses in Nb at 30° and increased 

the stresses in AI2O3 at 60°, as shown in Figures 4.10 and 4.11. Rotation of the 

AI2O3 xi-material axis lowered (Tn/vo near 60°, and increased it, reaching a maximum 
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between 120° and 135°, in Al203, and Nb to a lesser extent, as shown in Figure 4.12. 

The equivalent stress behaves similarly, however, a local maximum exists near 30° of 

rotation, shown in Figure 4.13a, since the transverse normal and shear stresses do not 

follow the same trend as the stress component in the direction of loading, an/ao, as 

can be seen at point F in Figure 4.13b. Rotation of the AI2O3 x2-material axis causes a 

small increase in an/aa and the equivalent stresses which remains relatively uniform 

from 60° to 120°. Interestingly, o\\/oq along ACB reaches a maximum value at 

different locations through the thickness depending on the orientation of the material 

axes; Figure; 4.14 shows two profiles with maximum values in different locations. As 

with the previous bicrystal geometry, for all rotations, the normal stress coinciding 

with the direction of loading, <7ii/o"o, changes an insignificant amount at the interior 

of the interface. Thus, the von Mises equivalent stress at point F, shown in Figures 

4.15 and 4.16, demonstrate the general combined effects of the transverse normal and 

shear stresses. Results from 0° to 180° of rotation of the Al203 x2-material axis are 

symmetric about 90° of rotation. Rotation of the other material axes produced no 

other significant stress variations. 

The highest normalized von Mises equivalent stress along ACB occurred for a 45° 

rotation of the Nb crystal x2-material axis, shown in Figure 4.17, and the highest 

normal stress occurred at 60° rotation of the same axis, shown in Figure 4.18. Along 

DFE, the highest normalized equivalent stress, not affected by the singularity, is 3.08; 

it occurs for a 45° rotation of the Nb crystal x2-material axis, shown in Figure 4.19. 

This value is 82% larger than that found in the corresponding homogeneous isotropic 

problem and 33% larger than that found in the corresponding isotropic bimaterial 

problem. 



83 

Copper-Alumina Bicrystal Results 

Material principal axis rotations of the Cu-A^Oz bicrystal were also performed. Ro

tation of the Cu x2-material axis produced no significant change in Ou/oq while 

reducing equivalent stress in the AI2O3 crystal and increasing it in the Cu crystal, 

as shown in Figure 4.20. This is an effect opposite to that of the same axis rota

tion of Nb in the previous bicrystal, which is part of the overall pattern governed 

by the differing anisotropic factors of Nb and Cu. Rotation of the Cu x3-material 

axis decreased owjoQ and equivalent stresses in Cu at 75° and increased them in 

AI2O3 at 15°, as shown in Figures 4.21 and 4.22; 45° out of phase with respect to the 

corresponding Nb material axis rotations in the previous bicrystal. The discrepancies 

in the behaviour of the two cubic materials are explained by the changing stiffness 

coefficients. The C44, C55, and C66 stiffness coefficients of the non-rotated Cu crys

tal are nearly 3 times larger than those of the non-rotated Nb crystal. When, for 

example, the x3-material axis is rotated in both crystals, the C66 coefficient in Cu 

is lowered and the material becomes more comparable in value with AI2O3 crystal 

since the corresponding coefficient in AI2O3 is lower to begin with. Alternatively, 

the Cf56 coefficient of Nb is initially comparable with that in AI2O3, but the rotation 

causes the Cq$ coefficient to increase. This in turn results in higher shear stresses at 

the interface. It is expected that the anisotropic factors of the cubic materials can 

be used to determine how the coefficients change with rotation of the material axes. 

Rotations of the AI2O3 crystal yielded similar trends to those of the AI2O3 rotations 

in the previous bicrystal, an effect similar to that found in the two bicrystals analysed 

in the previous chapter. Again, <Tn/cr0 does not change significantly at the interior 

of the bicrystal interface for any material axis rotation, and the equivalent stress at 

point F, for all rotations, is included in Figures 4.23 and 4.24. Furthermore, results 

are symmetric about 90° of rotation of the AI2O3 x2-material axis; demonstrated in 
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Figure 4.25. As noted in the previous chapter for the x2-axis, it is again observed that 

rotation of the material principal axis, of Nb or Cu, which coincides with the load 

axis, Xj in this case, yields significantly reduced stress variation. No other significant 

stress variations were produced by other material axis rotations. 

For both a 60° and 120° rotation of the AI2O3 x2-material principal axis, the 

highest an/(To and normalized von Mises equivalent stresses occur along ACB in the 

Al2Oz crystal, as shown in Figures 4.26 and 4.27, respectively. The highest normal

ized equivalent stress, not affected by the singularity, was found along DFE and has 

a value of 3.95 in the AI2O3 crystal for an AI2O3 xi-material axis rotation of 75°; this 

is shown in Figure 4.28 and is 134% larger than the stress in the corresponding ho

mogenous isotropic case and 82% larger than the stress in the corresponding isotropic 

bimaterial case. Overall, the discrepancy between crn and equivalent stresses on ei

ther side of the interface of the CU-AI2O3 bicrystal are higher than in the Nb-A^Oz 

bicrystal. Although isotropic Nb and Cu are very similar in material properties, the 

stiffness coefficients linked to normal stresses in anisotropic Nb crystal are higher rel

ative to those linked to shear stresses; the converse is true for anisotropic Cu crystal. 

Since the problem investigated was subject to a normal stress loading condition, and 

AI2O3 is stiffer than Nb and Cu with respect to stiffness in the normal direction, 

there is generally greater incompatibility of normal stresses, notably the transverse 

normal stresses, at the interface of the CU-AI2O3 bicrystal. 

4.4 Concluding Remarks 

Two cubic materials, Nb and Cu, were each paired with a trigonal material, AI2O3, 

for multiple material principal axis orientations of a bicrystal bar with double U-notch 

in tension and analysed using the BEM. As before, the stresses at the free edges of 

the interface are weakly singular; thus, the numerical results there should be taken 
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with caution. A short distance into the bicrystal interface, the stresses from the 

BEM and FEM analysis agree very well with each other, and the normal stress in the 

direction of loading, crn/ero, approaches that of the corresponding case in isotropy; 

however, the other stress components differ significantly. The differing anisotropic 

factor of Nb and Cu produces significantly different results for similar material axis 

rotations of these materials. The material orientations producing the highest normal 

and von Mises equivalent stresses were found. Rotation of the Nb x2-material axis 

increased equivalent stress in the AI2O3 crystal and slightly lowered it in the Nb 

crystal, whereas rotation of the same axis of the Cu crystal lowered equivalent stress 

in AhOz crystal and increased it in Cu. Rotation of the Nb x3-material axis increased 

a 11 and equivalent stresses in AI2O3 and lowered them in Nb, and rotation of the same 

material axis of Cu produced similar results 45° out of phase with those of the Nb 

crystal rotations. Rather, rotation of the AI2O3 xi-material axis produced similar 

trends for both bicrystals, increasing and decreasing the an and equivalent stresses 

depending on rotation. This effect was also observed for AI2O3 material axis rotations 

in the previous chapter. Stress variation with rotation of the cubic material axis which 

coincides with the load axis seems to be significantly reduced — as observed in the 

previous chapter. Both of these effects may be helpful in understanding anisotropic 

bicrystal problems and require further study. The following chapter returns to the 

problem of a bicrystal plate with a circular hole. However, the investigation shifts 

from the study of material orientations to a brief look at the effects of introducing 

additional holes to reduce the stress concentration. 
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BEM FEM 

Material 
Point x3/w 

# of elements # of elements 

Region 
Point x3/w 

380 500 36998 51930 

E -1.00 1.93E+00 2.03E+00 1.92E+00 1.96E+00 

-0.40 N/A 2.07E+00 2.06E+00 2.02E+00 

-0.30 2.07E+00 2.08E+00 2.07E+00 2.03E+00 

-0.20 N/A 2.08E+00 2.07E+00 2.03E+00 

Niobium F 0.00 2.11E+00 2.10E+00 2.08E+00 2.04E+00 

0.20 N/A 2.09E+00 2.08E+00 2.04E+00 

0.30 2.08E+00 2.09E+00 2.08E+00 2.04E+00 

0.40 N/A 2.09E+00 2.07E+00 2.03E+00 

D 1.00 2.01E+00 2.10E+00 1.98E+00 2.01E+00 

E -1.00 2.22E+00 2.40E+00 2.31E+00 2.32E+00 

-0.40 N/A 2.07E+00 2.04E+00 2.04E+00 

-0.30 2.07E+00 2.08E+00 2.05E+00 2.05E+00 

-0.20 N/A 2.08E+00 2.06E+00 2.06E+00 

Alumina F 0.00 2.11E+00 2.10E+00 2.07E+00 2.07E+00 

0.20 N/A 2.09E+00 2.07E+00 2.07E+00 

0.30 2.08E+00 2.09E+00 2.06E+00 2.06E+00 

0.40 N/A 2.09E+00 2.06E+00 2.06E+00 

D 1.00 2.22E+00 2.43E+00 2.32E+00 2.35E+00 

Table 4.1: Comparison of an / at various points from BEM and FEM analyses 
of the Nb-Al2Oz bicrystal bar with double U-notch; x\ = 0 and x2/H — 0.5 for 
all points 
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BEM FEM 

Material 
Point x3/w 

# of elements # of elements 

Region 
Point x3/w 

380 500 36998 51930 

E -1.00 1.54E+00 1.61E+00 1.56E+00 1.59E+00 

-0.40 N/A 1.21E+00 1.29E+00 1.27E+00 

-0.30 1.21E+00 1.20E+00 1.28E+00 1.26E+00 

-0.20 N/A 1.20E+00 1.28E+00 1.26E+00 

Niobium F 0.00 1.22E+00 1.20E+00 1.28E+00 1.26E+00 

0.20 N/A 1.22E+00 1.30E+00 1.27E+00 

0.30 1.24E+00 1.23E+00 1.31E+00 1.28E+00 

0.40 N/A 1.25E+00 1.32E+00 1.30E+00 

D 1.00 1.50E+00 1.57E+00 1.53E+00 1.54E+00 

E -1.00 2.35E+00 2.49E+00 2.51E+00 2.58E+00 

-0.40 N/A 2.33E+00 2.28E+00 2.29E+00 

-0.30 2.32E+00 2.32E+00 2.27E+00 2.28E+00 

-0.20 N/A 2.32E+00 2.26E+00 2.27E+00 

Alumina F 0.00 2.34E+00 2.32E+00 2.27E+00 2.28E+00 

0.20 N/A 2.35E+00 2.30E+00 2.30E+00 

0.30 2.38E+00 2.38E+00 2.33E+00 2.33E+00 

0.40 N/A 2.41E+00 2.35E+00 2.36E+00 

D 1.00 2.27E+00 2.44E+00 2.46E+00 2.56E+00 

Table 4.2: Comparison of aeq / a0 at various points from BEM and FEM analyses 
of the Nb-A^Os bicrystal bar with double U-notch; X\ = 0 and x2/H = 0.5 for 
all points 
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BEM FEM 

Material 
Point x3/w 

# of elements # of elements 

Region 
Point x3/w 

500 36998 51930 

E -1.00 2.37E+00 2.29E+00 2.37E+00 

-0.40 2.26E+00 2.27E+00 2.18E+00 

-0.30 2.28E+00 2.29E+00 2.19E+00 

-0.20 2.29E+00 2.30E+00 2.20E+00 

Copper F 0.00 2.30E+00 2.31E+00 2.21E+00 

0.20 2.30E+00 2.31E+00 2.21E+00 

0.30 2.30E+00 2.30E+00 2.21E+00 

0.40 2.29E+00 2.29E+00 2.20E+00 

D 1.00 2.41E+00 2.34E+00 2.39E+00 

E -1.00 3.34E+00 3.28E+00 3.36E+00 

-0.40 2.26E+00 2.23E+00 2.25E+00 

-0.30 2.28E+00 2.24E+00 2.27E+00 

-0.20 2.29E+00 2.25E+00 2.28E+00 

Alumina F 0.00 2.30E+00 2.27E+00 2.29E+00 

0.20 2.30E+00 2.26E+00 2.29E+00 

0.30 2.30E+00 2.26E+00 2.28E+00 

0.40 2.29E+00 2.25E+00 2.28E+00 

D 1.00 3.43E+00 3.32E+00 3.39E+00 

Table 4.3: Comparison of au / a0 at various points from BEM and FEM analyses 
of the CU-AI2O3 bicrystal bar with double U-notch; x\ = 0 and x2/H — 0.5 for 
all points 
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BEM FEM 

Material 
Point x3 jw 

# of elements # of elements 

Region 
Point x3 jw 

500 36998 51930 

E -1.00 2.01E+00 1.98E+00 2.05E+00 

-0.40 9.32E-01 9.43E-01 9.27E-01 

-0.30 9.02E-01 9.07E-01 8.92E-01 

-0.20 8.84E-01 8.87E-01 8.71E-01 

Copper F 0.00 8.83E-01 8.83E-01 8.68E-01 

0.20 9.31E-01 9.22E-01 9.06E-01 

0.30 9.73E-01 9.57E-01 9.42E-01 

0.40 1.03E+00 1.01E+00 9.89E-01 

D 1.00 2.05E+00 1.92E+00 1.92E+00 

E -1.00 3.97E+00 4.13E+00 4.36E+00 

-0.40 3.26E+00 3.15E+00 3.20E+00 

-0.30 3.25E+00 3.12E+00 3.17E+00 

-0.20 3.24E+00 3.11E+00 3.15E+00 

Alumina F 0.00 3.22E+00 3.12E+00 3.16E+00 

0.20 3.29E+00 3.18E+00 3.21E+00 

0.30 3.34E+00 3.23E+00 3.26E+00 

0.40 3.39E+00 3.29E+00 3.33E+00 

D 1.00 4.03E+00 4.09E+00 4.32E+00 

Table 4.4: Comparison of aeq / er0 at various points from BEM and FEM analyses 
of the CU-AI2O3 bicrystal bar with double U-notch ; x\ = 0 and ,x2/H — 0.5 
for all points 



<711 a22 033 cr12 023 ^31 ®eq 

Isotropic 

Homogeneous 

E = lOOOGPa 

u = 0.3 
2.17E+00 7.84E-01 2.89E-01 4.47E-03 1.22E-03 0.00E+00 1.69E+00 

Isotropic 

Bimaterial 

Cu 2.14E+00 1.03E+00 8.14E-01 4.05E-02 1.81E-05 3.65E-05 1.24E+00 Isotropic 

Bimaterial AI2O3 2.14E+00 4.78E-01 -3.12E-01 4.05E-02 6.68E-05 3.65E-05 2.17E+00 

Anisotropic 

Bimaterial 

Cu 2.30E+00 1.48E+00 1.38E+00 3.27E-02 -2.33E-02 -5.58E-02 8.83E-01 Anisotropic 

Bimaterial AI2O3 2.30E+00 -2.22E-02 -1.12E+00 3.27E-02 6.34E-01 -5.58E-02 3.22E+00 

Table 4.5: Stress components at point F for various material combinations of a bar with a double U-notch at the interfgice 
all stresses have been normalized with respect to the applied load, a0 
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Figure 4.1: Bar with double U-notch in tension; the case analysed has t / H  =  r / H  =  
0.2, w/H = 1, and L/w = 4 
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Figure 4.2: Materials regions of a bimaterial bar with double U-notch 
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Figure 4.3: BEM mesh of the Nb-Al20^ bicrystal bar with double U-notch (380 
elements and 1108 nodes) 
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Figure 4.4: BEM mesh of the 
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Figure 4.5: FEM mesh of a bimaterial bar with double U-notch (36,998 elements 
and 162,707 nodes) 
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Figure 4.6: FEM mesh of a bimaterial bar with double U-notch (51,930 elements 
and 225,704 nodes) 
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Figure 4.7: Variations of crn/cr0 through the thickness at the interface of a bimaterial 
bar with double U-notch — Isotropic (Iso) and Anisotropic (Ani) 
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Figure 4.8: Variations of oeq/ao through the thickness at the interface of a bimaterial 
bar with double U-notch — Isotropic (Iso) and Anisotropic (Ani) 
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Figure 4.9: Variation of oeq/oQ of a Nb-Al20^ bicrystal bar with double U-notch 
for x2-material axis rotations of the Nb crystal 
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Figure 4.11: Variation of cre9/(j0 of a Nb-A^Oz bicrystal bar with double U-notch 
for x3-material axis rotations of the Nb crystal 
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Figure 4.13: Variation of aeq/cro of a Nb-A^Oz bicrystal bar with double U-notch 
for xi-material axis rotations of the AI2O3 crystal 
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Figure 4.15: Variation of oeqlaQ at point F in the Nb crystal of a Nb-Al^O^ bicrystal 
bar with a double U-notch for x\, x2, and ^-material axis rotations 
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Figure 4.16: Variation of creq/oQ at point F in the AI2O3 crystal of a Nb-A^Os 
bicrystal bar with a double U-notch for x\, 22, and ^-material axis rotations 
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Figure 4.18: Variation of On/co through the thickness along ACB at the interface of a Nb-A^O^ bicrystal bar with 
double U-notch for a Nb x2-material axis rotation of 60° 
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Figure 4.20: Variation of <req/aQ of a Cu-Al203 bicrystal bar with double U-notch 
for z'2-niaterial axis rotations of the Cu crystal 
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Figure 4.21: Variation of <7n/cr0 at point C of a Cu-Al20>, bicrystal bar with double U-notch for ^-material axis 
rotations of the Cu crystal 
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Figure 4.22: Variation of aeq/aQ of a Cu-Al2Oz bicrystal bar with double U-notch 
for X3-material axis rotations of the Cu crystal 
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Figure 4.23: Variation of aeq/a0 at point F in the Cu crystal of a Cu-Al^O^ bicrystal 
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Figure 4.24: Variation of cre9/cr0 at point F in the AI2O3 crystal of a C11-AI2O3 

bicrystal bar with a double U-notch for x\, x2, and ^-material axis rotations 
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Chapter 5 

On the Influence of Auxiliary Holes in a 

Bicrystal Plate with a Primary Circular 

Hole 

The focus of this chapter returns to the physical problem described in Chapter 3 of 

a plate with a circular hole in tension and adds a defence hole system (DHS), as de

scribed in Meguid (1986) for example, which uses auxiliary holes in the surrounding 

low stress area to reduce the stress at the main hole. The parametric study employed 

to investigate the effect of auxiliary hole size and location on the first principal stress, 

Oi, within the structure is first described alongside the physical problem. The nu

merical models used are then presented. In order to gain a better understanding of 

the results from the bimaterial bicrystal analysis, the problem is first studied through 

increasing complexity from the corresponding homogeneous isotropic and anisotropic 

problems, and bimaterial isotropic problem. The stress concentrations in the main 

and auxiliary holes from the parametric study are presented, and hole placement, 

anisotropic effects, and the material interface are discussed. 
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5.1 Problem Review and Definition 

120 

A DHS is designed around a geometrical discontinuity to reduce the maximum stress 

in the structure, specifically the stress concentration. Auxiliary holes are introduced 

in the areas of low stress near the main hole to smooth the flow of the tensile principal 

stress trajectories past the main hole. Haddon (1967) was the first with an explicit 

solution for two unequal holes in an infinite medium with stress boundary conditions. 

From this, a clearer understanding of the problem was obtained, including how the 

position of maximum stress changes about the inner face of the smaller hole depending 

on its relative size and distance from the main hole, when tension is applied in the di

rection of the line of holes. It also became apparent that substantial stress reductions 

could be obtained with these auxiliary holes, spurring further investigation. 

The problem in question is an extension to that encountered in Chapter 3 of a 

plate with a circular hole in tension, beginning with the same initial physical problem, 

as shown in Figure 3.1, with a uniaxial tensile load, a0, applied at the ends of the 

plate. Circular auxiliary holes are added, similar to the study by Erickson & Riley 

(1978), and their radii, b/r = 0.3,0.5,0.7,0.9, and centre-to-centre distances from the 

main hole, d/r — 2.0,2.5,3.0, as shown in Figure 5.1 (23 dimension not shown), are 

varied in a parametric study, where r is the radius of the main hole and 9 is the angle 

along the inner surface of the auxiliary holes where the largest first principal stress 

occurs, where 6 — 0° coincides with the x-i = 0 plane. To differentiate the anisotropic 

effects in the bicrystal problem from those of the corresponding homogeneous isotropic 

problem, parametric studies were performed in increasing order of complexity: a 

homogeneous isotropic problem; homogeneous anisotropic problems with Nb, Cu, and 

AI2O3 crystals; bimaterial isotropic problems with Nb-A^Oz and Cu-Al2Oz material 

combinations; and finally the anisotropic Nb-A^Oz and Cu-Al2Oz bicrystal problems. 

The X-2 = 0 plane splits the bimaterial problem geometry into two material regions, 
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as shown in Figure 5.2; also shown are the lines containing the largest first principal 

stress in the main, top, and bottom auxiliary holes, ACB, A'C'B', and A"C"B", 

respectively. The material principal axes of the anisotropic materials have been taken 

to coincide with the Cartesian axes. The material properties have previously been 

presented in Table 3.1. 

5.2 Numerical Models 

A separate BEM mesh was required for each case in the parametric study. For 

consistency, a base mesh, containing 488 quadratic surface elements and 1416 nodes, 

was used for most models by relocating nodes to their respective locations based on 

the d/r and bjr parameters, an example of which is presented in Figure 5.3. However, 

a number of cases required more elements as summarized in Table 5.1. Thus, three 

new base meshes with 480 elements and 1384 nodes; 488 elements and 1424 nodes; 

and 496 elements and 1456 nodes were used; examples of which are shown in Figures 

5.4, 5.5 and 5.6, respectively. All models were fully constrained at one end of the plate 

while a uniform stress of unity, a0, was applied at the opposite end. Each mesh was 

used for all material cases investigated, while the bimaterial problems were treated 

as perfectly bonded along the interfacial plane. 

5.3 Defence Hole System 

The objective of a DHS is to reduce the stress concentrations in a structure to achieve 

a more efficient design and to retard the initiation of fatigue cracks under cyclic 

loading conditions. Small auxiliary holes, added in the low stress regions of the plate 

problem in question, contain lower stress concentrations than the main hole. The 

addition of these holes helps to smooth the flow of the principal stress trajectories past 
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the main hole, thereby lowering the stress concentration at the main hole. However, 

inappropriate size and location parameters may result in transferring the largest stress 

concentration from the main to the auxiliary holes. It is, therefore, desirable to obtain 

the auxiliary hole parameters which result in the lowest stress concentration in the 

entire structure. Since the position where the largest stress occurs is known to vary 

around the face of the auxiliary holes depending on the parameters of the design, only 

the largest value of the first principal stress on the surface of each hole, as denoted 

by <7i, is examined. The "optimal" parameters discussed herein are those which 

produce the lowest stress concentrations within the range of parameters studied, and 

not necessarily the lowest attainable values. 

5.3.1 Homogeneous Plate with a Circular Hole 

Isotropic Results 

A parametric study identifying the optimal DHS for a homogeneous isotropic plate 

was carried out first. A typical trend of through the thickness of the plate at 

both main and auxiliary holes is presented in Figure 5.7; (J\/oq occurs at the mid-

thickness, at 6 = 0°. Examination of the changing stress concentration with respect 

to d/r does not prove to be a satisfactory method in determining the parameters 

producing the lowest value. Figure 5.8 demonstrates this, as the stress concentration 

changes very little with d/r in the main hole, and increases with d/r in the auxiliary 

holes as expected, since the further the auxiliary hole is from the main hole, the 

less it will be located in the low stress region created by the main hole. The lowest 

stress concentration observed was for d/r = 2.0 and b/r = 0.850, a value of 2.55, an 

18.7% reduction from the case with no DHS. These stress results from the study are 

presented in Figure 5.9. It was also observed that in the auxiliary holes of small size, 

b/r < 0.5, close to the main hole, d/r = 2.0, the largest stress concentration was 
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shifted to the next node, ie. 9 = 15°, as expected from the results of Haddon (1967). 

Anisotropic Results 

The generic isotropic material was substituted for anisotropic Nb, Cu, and Al2Os-

As with the previous case, very little variation of stress concentration is witnessed 

in the main hole for changing d/r, as shown in Figure 5.10 for Nb and Al203. The 

typical variation of <7i/<xo through the thickness at the holes in the Nb plate, shown in 

Figure 5.11, follows a similar trend to the corresponding isotropic problem, but with 

a larger stress concentration. The lowest stress concentration, 2.93, was also observed 

for d/r = 2.0 and at b/r = 0.843, a 19.8% reduction with respect to the case of no 

DHS. These results are shown in Figure 5.12. All the nodes with the highest stress 

concentration were located at 8 = 0°. The values of <J\/oq in the Cu crystal plate 

followed somewhat different trends. The largest stress concentrations in the auxiliary 

holes were all located at 9 = 30°, and it decreases by a larger amount towards the 

free surface, as shown in Figure 5.13 which depicts the variation of o\/oq through 

the plate thickness at the holes. The lowest stress concentration, 2.58, occurred for 

d/r = 2.0 at b/r = 0.558 which was a 13.3% reduction, as shown in Figure 5.14. The 

small increase in gi/oq with respect to d/r in Cu previously shown in Figure 5.10b 

suggests that a smaller d/r parameter may produce a lower stress concentration. The 

effect of the location of the largest stress concentration changing position about the 

face of the auxiliary hole is also related to the anisotropic factor. Nb crystal has a 

low anisotropic factor; the shear stiffness coefficients are lower, relative to those from 

an isotropic material, and the position of the largest stress concentration location 

changes very little about the face of the hole. Cu crystal, on the other hand, has a high 

anisotropic factor and its shear coefficients arc, relatively, much higher, causing the 

largest stress concentration location to occur at 9 = 30° along the face of the auxiliary 

hole. Finally, a DHS parametric study of the Al20^ crystal plate was conducted. As 
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expected, the typical (T\ / (Tq profile through the plate thickness, shown in Figure 5.15, 

was not symmetrical about the mid-thickness, since AI2O3 is a trigonal material. The 

lowest stress concentration observed in the parametric study, 2.78, occurred again for 

d/r = 2.0 and at b/r = 0.800, a reduction of 18.1%; the results are shown in Figure 

5.16. The value of &\/cr0 in the auxiliary holes was consistently located at 0 = 15°. 

5.3.2 Bimaterial Plate with a Circular Hole 

As noted in the problem of a bimaterial plate with a circular hole in Chapter 3, there 

is a relatively weak stress singularity, along ACB and along the other free edges 

at the interface. Thus, again, the stress results along these edges must be taken 

with caution. It is not possible here to determine the exact optimal hole parameters 

without implicitly treating the singularity in the BEM formulation, and developing 

further understanding for the relationship between the associated stress participation 

factor and possible crack initiation. Nevertheless, the changes in the numerical values 

of d\ /a0 at these locations with changing values of b/r and d/r could still provide 

useful information as to the likely optimal combination of these parameters to reduce 

the stress concentration factor. 

Isotropic Results 

The DHS parametric study was carried out first with the isotropic Nb-Al203 material 

pairing. A typical variation of o\/oq through the thickness at the largest stress con

centrations in the main and auxiliary holes for the Nb material is shown in Figure 5.17; 

(Tx/tro occurring at the mid-thickness. The stress concentrations are nearly constant 

with d/r within the range studied, as shown in Figure 5.18. The case producing the 

lowest stress concentration, 2.44, in Nb was found for d/r = 2.0 and at b/r — 0.898, 

a 17.7% reduction, as shown in Figure 5.19. The through-thickness o\/cr0 variation 

for the AI2O3 material, presented in Figure 5.20, shows b\/o§ occurring in the main 
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hole at the free surface, instead of the mid-thickness, due to the localized transverse 

tensile stress which arises due to the incompatibility of the material properties at the 

interface, AI2O3 being the stiffer material. The stress results in the AI2O3 material 

from the parametric study, shown in Figure 5.21, suggest that the optimal hole size 

where the stress concentration in both main and auxiliary holes are equal, was not 

attained for the range of b/r considered. However, for d/r = 2.0 and b/r — 0.9, the 

stress concentration in the main hole has been reduced to 2.86, a reduction of 17.1%. 

This result suggests that the optimal auxiliary hole in the AI2O3 material has to be 

larger than the corresponding hole in the Nb region. 

The stress results from the isotropic CU-AI2O3 material pairing are very similar 

to those of the Nb-Al2Oz bimaterial plate. The through-thickness values of a\/<jQ in 

Cu at the stress concentration in the main and auxiliary holes, shown in Figure 5.22, 

illustrate the same trend seen in the Nb-A^Oz plate, including the insensitivity of 

the stress concentration to d/r within the range studied, as shown in Figure 5.23. 

The stress concentrations in the Cu material, presented in Figure 5.24, are lowest 

for d/r = 2.0 and b/r = 0.884, signifying a reduction of 17.4% to 2.44. Similarly, in 

the AI2O3 material, <J\/(Jq occurs at the free surface, as shown in Figure 5.25. And 

the stress concentration results of the parametric study, shown in Figure 5.26, do not 

reach a minimum for the range of b/r investigated, although the stress in the main 

hole is reduced by 17.2% to 2.74 for d/r = 2.0 and b/r = 0.9. 

Anisotropic Results 

The final DHS parametric studies were performed for the anisotropic Nb-A^O^ and 

Cu-AfaOz bimaterial bicrystal plates. For the Nb region of the first plate, the typical 

variation of (T\/(Tq through the thickness at the holes is plotted in Figure 5.27, showing 

expected trends: an unsymmetrical stress profile at the main hole caused by the 

interaction with anisotropic AI2O3, the largest stress occurring at the mid-thickness, 
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and the weak variation of stress concentration with d / r , as shown in Figure 5.28. 

The lowest stress concentration observed in Nb, 2.81, occurred for d/r = 2.0 and 

b/r — 0.816, a 17.3% reduction, as shown in Figure 5.29. The location of b\/o§ 

through the thickness of Al20^ is not constant for all cases. Shown in Figure 5.30 

is the through the thickness o\fo§ variation for d/r — 2.5 and b/r = 0.7, where the 

maximum stress occurs at 9 = 0° and is at the free edge of the main hole and at the 

mid-thickness of the auxiliary hole. In Figure 5.31, it is observed that <7i/<t0 in the 

auxiliary hole occurs at 6 = 15° and at the free surface. The lowest attainable stress 

concentration in the Al203 region is, strictly speaking, not determined, as shown 

in Figure 5.32. Nevertheless, at the main hole the stress concentration of 2.91, a 

reduction of 21.0%, occurring for d/r — 2.0 and b/r — 0.9, is arguably within the 

numerical error of the stress in the auxiliary hole, a 3.4% discrepancy, recalling that 

the stress at the edge in the main hole should be treated with caution. 

Examining the Cu region in the anisotropic C'u-Al203 plate, it is again observed, 

as with the homogeneous Cu plate, that 6\/o§ in the auxiliary hole occurs at 9 = 30° 

throughout the parametric study. The main and auxiliary hole through the thickness 

values of (J\/oq are plotted in Figure 5.33, showing a typical profile. The stress 

concentration varies very little with d/r in the Cu crystal, as shown in Figure 5.34a, 

but the stress concentration in AI2O3 is shown to decrease, only marginally, by 2.3%, 

relative to that of the case with no DHS, from d/r — 2.0 to d/r = 2.5, for b/r = 0.9. 

The variation of stress concentration with b/r in Cu is presented in Figure 5.35, 

showing the lowest value, 2.59, for d/r = 2.0 and b/r = 0.686, a 13.2% reduction. 

Interestingly, b\ /ctq at the main hole in the Al203 does not occur at the interface, it 

is located 15° from the x2 = 0 plane. The effect is caused by the trigonal symmetry 

and properties of Al203 crystal, together with the interaction of the stress fields of 

the holes. The values of 0\/a^ are plotted through the thickness for d/r = 2.5 and 

b/r = 0.7, and d/r — 2.0 and b/r — 0.3 cases in Figures 5.36 and 5.37, respectively. 
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in the auxiliary hole occurs at the free surface when it coincides with the 

largest eri/er0 occurring along 8 — 15°, similar to the AI2O3 region in the previous 

Nb-Al203 plate. The results of the parametric study are unable to determine the 

optimal auxiliary hole parameters for the range considered, as shown in Figure 5.38. 

A stress reduction of 11.7% is achieved at the main hole, with a stress concentration 

of 3.42 for d/r = 2.5 and b/r = 0.9. There is still a large discrepancy between 

the stress concentrations in the main and auxiliary holes, 22.5% with respect to the 

former, which can likely be reduced with a larger auxiliary hole in the AI2O3 material. 

Although, <7i/<xo occurs away from the material interface in AI2O3 crystal, (J\/oq at 

the interface is still within 10% and should not be disregarded since the interface is 

a probable site for crack development. 

From interpolation of the results obtained in this parametric study, the lowest 

stress concentration factors that can be achieved are summarized in Table 5.2 with 

their corresponding b/r ratio. As indicated previously, they would also occur at the 

smallest value of d/r ratio considered, namely, d/r = 2.0, with the exception of the 

C11-AI2O3 bicrystal. The percentage reduction of the stress concentration factor when 

compared to the problem of a plate with a single hole is also shown for each case. 

5.4 Concluding Remarks 

A DHS to reduce the stress concentration factor in a plate with a circular hole in 

tension using circular auxiliary holes was investigated in a parametric study. This 

involved altering the size and location of the auxiliary holes to find the lowest stress 

concentration attainable. Multiple materials and material combinations have been 

analysed: a homogeneous isotropic plate; homogeneous anisotropic Cu, Nb, and 

AI2O3 crystal plates; bimaterial isotropic Nb-A^Oz and Cu-Al2Oz plates; and bi-

material anisotropic Nb-Al20$ and Cu-Al20$ bicrystal plates. Stress concentration 
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reductions of 17% and greater have been obtained in all cases, except those involving 

anisotropic Cu crystal where 13% reductions are attained. The large relative shear 

stiffness coefficients of Cu crystal cause the material to have a lower stress concen

tration within the structure before the introduction of the DHS, possibly reducing its 

effectiveness. The location where the largest stress concentration occurred was found 

to change around the face of the holes, depending on the relative size and position of 

the main and auxiliary holes. It has also been observed that the location shifts from 

the 6 = 0° position as the shear stiffness properties increase relative to the anisotropic 

coefficients responsible for normal stiffness properties. Also, similar percentage stress 

reductions have been attained across cases using the same material for homogeneous 

and bimaterial system. 

Stress concentration factors were found to be lowest for the range of geometric 

parameters investigated, when the auxiliary holes axe positioned at d/r — 2.0. It is 

worthwhile to consider smaller values of d/r in future studies, since this is at the edge 

of the parametric range investigated. Different auxiliary hole parameters for each 

material in a bimaterial system may need to be investigated as well to find the lowest 

attainable stress concentration. The exact auxiliary hole parameters for the AI2O3 

material in all bimaterial cases were also not found since they lie outside of the range 

of parameters investigated. However, significant stress concentration reductions were 

still attained, except for Al203 in the Cu-Al^O^ bicrystal where the results suggest a 

larger hole than those analysed is needed to further reduce the stress concentration. 
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Mesh Nodes Elements 

A 1384 480 

B 1416 488 

C 1424 488 

D 1456 496 

(a) BEM mesh properties 

d/r 

2.0 2.5 3.0 

0.3 B C D 

b/r 
0.5 B B C 

b/r 
0.7 B B C 

0.9 A B B 

(b) Meshes used with varying 
auxiliary hole geometry 

Table 5.1: Reference of the various base meshes used to analyse all cases in the 
parametric study 
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d / r  b / r  £1/00 Reduction [%] 

Isotropic 
E = lOOOGPa 

v = 0.3 
2.0 0.850 2.55 18.7 

Anisotropic 

Nb 2.0 0.843 2.93 19.8 

Anisotropic Cu 2.0 0.558 2.58 13.3 Anisotropic 

AI2O3 2.0 0.800 2.78 18.1 

(a) Homogeneous Plate 

d / r  b / r  Reduction [%) 

Isotropic 

Nb 

AI2O3 

2.0 

2.0 

0.898 

0.9 

2.44* 

2.86* 

17.7 

17.1** 
Isotropic 

Cu 

AI2O3 

2.0 

2.0 

0.884 

0.9 

2.44* 

2.74* 

17.4 

17.2** 

Anisotropic 

Nb 

AI2O3 

2.0 

2.0 

0.816 

0.9 

2.81* 

2.91* 

17.3 

21.0** 
Anisotropic 

Cu 

AI2O3 

2.0 

2.5 

0.686 

0.9 

2.59* 

3.42* 

13.2 

11.7** 

(b) Bimaterial Plate 

Table 5.2: Lowest stress concentrations and the corresponding auxiliary hole pa
rameters 

* Stress values affected by weak singularity 
** Larger stress concentration reductions may be possible with further investigation 
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Figure 5.1: DHS of a plate with a circular hole in tension (x3 dimension not illus
trated) 
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Figure 5.2: Bimaterial regioning of a plate with a circular hole at the interface with 
aDHS 
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Figure 5.7: Variation of eri/cro in a homogeneous isotropic plate with a circular hole and DHS, through the thickness 
along the main, ACB, and auxiliary, A'C'B' and A"C"B", holes for d/r = 2.5 and b / r  = 0.7 
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Figure 5.8: Variation of stress concentration with d / r  in a homogeneous isotropic 
plate with a circular hole and DHS, along the main, ACB, and auxiliary, A'C'B' 
and A"C"B", holes 

"Highest stress concentration located at 9 = 15° 
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Figure 5.9: Variation of stress concentration in a homogeneous isotropic plate with 

a circular hole and DHS, along the main, ACB, and auxiliary, A'C'B' and 

A"C"B", holes 

"Highest stress concentration located at 8 = 15° 
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Figure 5.10: Variation of stress concentration with d/r  in homogeneous anisotropic 
plates, each with a circular hole and DHS, along the main hole, ACD 

*Highest stress concentration located at 6 = 15° 
** Highest stress concentration located at 6 = 30° 
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Figure 5.11: Variation of <J\/a0 in a homogeneous anisotropic Nb plate with a circular hole and DHS, through the 
thickness along the main, ACB, and auxiliary, A'C'B' and A"C"B", holes for d/r = 2.5 and b / r  = 0.7 
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Figure 5.12: Variation of stress concentration in a homogeneous anisotropic Nb plate 
with a circular hole and DHS, along the main, ACB, and auxiliary, A'C'D' and 
A"C"B", holes 
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Figure 5.13: Variation of <J\/<JQ in a homogeneous anisotropic Cu plate with a circular hole and DHS, through the 
thickness along the main, ACB,  and auxiliary, A'C'B' and A"C"B", holes for d/r = 2.0 and b / r  — 0.7 

** Highest stress concentration located at 9 = 30° 
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Figure 5.14: Variation of stress concentration in a homogeneous anisotropic Cu 
plate with a circular hole and DHS, along the main, ACB, and auxiliary, A'C'B' 
and A"C"B", holes 

'Highest stress concentration located at 9 — 15° 
** Highest stress concentration located at 6 = 30° 
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Figure 5.15: Variation of <J\/CFQ in a homogeneous anisotropic Al203 plate with a circular hole and DHS, through the 
thickness along the main, ACB, and auxiliary, A'C'B' and A"C"B", holes for d/r = 2.5 and b / r  = 0.7 

* Highest stress concentration located at 6 — 15° 
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Figure 5.16: Variation of stress concentration in a homogeneous anisotropic AI2O3 
plate with a circular hole and DHS, along the main, ACB, and auxiliary, A'C'B' 
and A'C'B", holes 

"Highest stress concentration located at 0 — 15° 
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Figure 5.17: Variation of cri/cr0 in the Nb material of an isotropic bimaterial Nb-Al2Oi plate with a circular hole at 
the interface and DHS, through the thickness along the main, ACB,  and auxiliary, A'C'B', holes for d/r = 2.5 and 
b / r  =  0.7 
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Figure 5.18: Variation of stress concentration with d/r  in a Nb-A^Os bimaterial 
isotropic plate with a circular hole and DHS, along the main hole, ACB 
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Figure 5.19: Variation of stress concentration in the Nb material of an isotropic 
bimaterial Nb-A^O^ plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A'C'B', holes 

* Highest stress concentration located at 9 — 15° 
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Figure 5.20: Variation of U\/cr0 in the A12OA material of an isotropic bimaterial NB-AL^O^ plate with a circular hole at 
the interface and DHS, through the thickness along the main, ACB, and auxiliary, A"C"B", holes for d / r  = 2.5 and 
b / r  - 0.7 
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Figure 5.21: Variation of stress concentration in the AI2O3 material of an isotropic 
bimaterial Nh-Al2(h plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A"C"B", holes 
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Figure 5.22: Variation of <7i/cr0 in the Cu material of an isotropic bimaterial Cu-Al2Oi plate with a circular hole at 
the interface and DHS, through the thickness along the main, ACB,  and auxiliary, A'C'B\ holes for d/r = 2.5 and 
b / r  =  0.7 
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Figure 5.23: Variation of stress concentration with d / r  in a CU-AI2O3 bimaterial 
isotropic plate with a circular hole and DHS, along the main hole, ACD 
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Figure 5.24: Variation of stress concentration in the Cu material of an isotropic 
bimaterial Cu-Al^O^ plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A'C'Bholes 

"Highest stress concentration located at 9  =  15° 
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Figure 5.25: Variation of in the Al20-s material of an isotropic bimaterial Cu-Al2Os plate with a circular hole at 
the interface and DHS, through the thickness along the main, ACB, and auxiliary, A"C"B", holes for d/r — 2.5 and 
b j r  - 0.7 
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Figure 5.26: Variation of stress concentration in the AI2O3 material of an isotropic 
bimaterial Cu-Al^Os plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A"C"B", holes 
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Figure 5.27: Variation of <7i/o"o in the Nb material of an anisotropic bimaterial Nb-A^Oj, plate with a circular hole at 
the interface and DHS, through the thickness along the main, ACB, and auxiliary, A'C'B', holes for d/r = 2.5 and 
bjr = 0.7 



157 

4.00 

0 O 
3.50 0 O 
3.00 

2.50 

2.00 

r 1 

2.0 2.5 3.0 

Ratio of Auxiliary-to-Main Hole Distance to Main 
Hole Radius [d/r] 

—No DHS 

O b/r = 0.3 

• b/r 0.5 

• b/r 0.7 

• b/r = 0.9 

(a) N b  Plate 

<e 

4.00 

3.50 

3.00 

2.50 

2.00 

h 1 

2.0 2.5 3.0 

Ratio of Auxiliary-to-Main Hole Distance to Main 
Hole Radius [d/r] 

—No DHS 

O b/r = 0.3 

• b/r = 0.5 

• b/r = 0.7 

• b/r = 0.9 

(b) AI2O3 Plate 

Figure 5.28: Variation of stress concentration with d / r  in a Nb-A^Os bimaterial 
anisotropic plate with a circular hole and DHS, along the main hole, ACB 
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Figure 5.29: Variation of stress concentration in the N b  material of an anisotropic 
bimaterial Nb-Al203 plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A'C'B', holes 
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Figure 5.30: Variation of <7i/cro in the Al^Oj, material of an anisotropic bimaterial Nb-Al2Os plate with a circular hole 
at the interface and DHS, through the thickness along the main, ACB, and auxiliary, A"C"B", holes for d/r = 2.5 
and b / r  =  0.7 
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Figure 5.31: Variation of <Ji/gq in the Al203 material of an anisotropic bimaterial Nb-Al203 plate with a circular hole 
at the interface and DHS, through the thickness along the main, ACB, and auxiliary, A"C"B", holes for djr = 2.0 
and b/r = 0.3 

* Highest stress concentration located at 9 — 15° 



161 

o 3.00 

0.3 0.5 0.7 

Auxiliary to Main Hole Radius Ratio [b/r] 

(a) d / r  = 2.0 

—No DHS 

• Main 

• Auxiliary 

0.9 

4.00 

o 3.00 

0.3 0.5 0.7 0.9 
Auxiliary to Main Hole Radius Ratio [b/r] 

(b) d / r  —  2.5 

—No DHS 

• Main 

• Auxiliary 

4.00 

o 3.00 -
—No DHS 

• Main 

# Auxiliary 
• i > i 

0.3 0.5 0.7 0.9 

Auxiliary to Main Hole Radius Ratio [b/r] 

(c) d / r  = 3.0 

Figure 5.32: Variation of stress concentration in the Al20-i material of an anisotropic 
bimaterial Nb-Al203 plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A"C"B", holes 

* Highest stress concentration located at 6 = 15° 
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Figure 5.33: Variation of cri/<T0 in the Cu material of an anisotropic bimaterial Cu-Al203 plate with a circular hole at 
the interface and DHS, through the thickness along the main, ACB, and auxiliary, A'C'B', holes for d/r = 2.5 and 
b/r = 0.7 

"Highest stress concentration located at 0 = 30° 
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Figure 5.34: Variation of stress concentration with d/r in a Cu-A^Oz bimaterial 
isotropic plate with a circular hole and DHS, along the main hole, ACB 

* Highest stress concentration located at 6 = 15° 
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Figure 5.35: Variation of stress concentration in the Cu material of an anisotropic 
bimaterial Cu-Al^Oz plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A'C'B', holes 

** Highest stress concentration located at 9 = 30° 
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Figure 5.36: Variation of o\/(Ja in the Al203 material of an anisotropic bimaterial Cu-Al203 plate with a circular hole 
at the interface and DHS, through the thickness along the main, ACB, and auxiliary, A"C"Bholes for d/r = 2.5 
and b/r = 0.7 

* Highest stress concentration located at 9 = 15° 
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Figure 5.37: Variation of cri/cro in the Al2Oz material of an anisotropic bimaterial Cu-Al2Oz plate with a circular hole 
at the interface and DHS, through the thickness along the main, ACB, and auxiliary, A"C"B", holes for d/r = 2.0 
and b/r = 0.3 

* Highest stress concentration located at 6 = 15° 
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Figure 5.38: Variation of stress concentration in the Al203 material of an anisotropic 
bimaterial Cu-Al2Oz plate with a circular hole at the interface and DHS, along 
the main, ACB, and auxiliary, A"C"B", holes 

* Highest stress concentration located at 6 — 15° 



Chapter 6 

Conclusions 

The stress concentrations within multiple bicrystal geometries have been investigated 

using the BEM in this study; Nb-Al203 and Cu-Al20^ bicrystals were chosen for anal

ysis. The material principal axes of each crystal, beginning as aligned with the global 

Cartesian axes, were rotated independently through their full range until a symmet

rical state was reached. The change in the stress concentrations at the interface was 

analysed. A separate investigation into the reduction of the stress concentrations by 

adding auxiliary holes was also performed. 

The first bicrystal geometry studied was that of a plate with a circular hole at 

the interface in tension along the x2-axis. The weak stress singularity at the mate

rial interface free edges was observed. Generally, reduction in the equivalent stress 

within the less stiff material was accompanied by an increase of equivalent stress in 

the stiffer material. This effect is more pronounced in the Cu-A^Oz bicrystal, as 

the differences in the relevant stiffness coefficients between the Cu crystal and the 

Al203 crystal are greater in comparison to those between Nb and AI2O3. From the 

crystallographic rotations of the cubic materials, Nb and Cu, it was found that they 

follow opposite trends; equivalent stress increased in AI2O3 and decreased in Nb for 

rotation of the Nb xi-material axis, and the stress decreased in AI2O3 and increased 

in Cu for the Cu xi-material axis rotation. This opposing effect is a recurring trend 
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for all Nb and Cu material axis rotation comparisons. It is explained by the differ

ence in the anisotropic factor of the two materials, where Cu crystal has a higher 

anisotropic factor, indicating larger relative shear stress to normal stress coefficients. 

The material orientations producing the largest normal and von Mises equivalent 

stresses were found to produce stress concentrations up to 89% and 50% higher than 

the corresponding isotropic homogeneous and bimaterial problems, respectively. 

The next bicrystal problem studied was a double U-notch bar in tension along the 

xi-axis, with the notch at the bicrystal interface. The study followed the same steps 

throughout the analysis and many observations of the stress interactions at the inter

face were quite similar to the first problem, such as the stress singularity, the effect 

caused by interaction of the stiffer and less stiff materials, and the opposing trends 

from Nb and Cu crystallographic rotations. Stress concentrations up to 134% and 

82% larger than the corresponding isotropic homogeneous and bimaterial problems, 

respectively, were observed. Other interesting characteristics, common to the two 

bicrystals with different geometries and grain boundary orientations, are as follows: 

a) the normal stress in the loading direction, a short distance into the materials at the 

interface, is similar to that of the corresponding isotropic cases, although the other 

stress components differ significantly; b) the rotation of the cubic material axis which 

coincides with the load axis causes very little stress variation in relation to other ma

terial axis rotations; c) the equivalent stress changes significantly as the anisotropy 

of the materials cause large changes in normal and shear stresses; and d) rotation of 

the trigonal AI2O3 material axes, namely the Xi-material axis, generally causes both 

increases and decreases of equivalent and normal stresses in the direction of loading 

depending on rotation. 

The introduction of auxiliary holes in a bicrystal plate with a circular hole in 

tension was successful in significantly reducing the largest stress concentrations by at 

least 17% in all cases, except those involving Cu crystal which initially contained a 
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lower stress concentration. The reductions in the latter are still at least 13%. The 

percent reductions attained for each material are similar for both a bimaterial and 

homogenous structure. The auxiliary hole parameters investigated were auxiliary-to-

main hole radius ratio, b/r = 0.3,0.5,0.7,0.9, and the auxiliary-to-main hole distance 

to main hole radius ratio, d/r = 2.0,2.5,3.0. The lowest stress concentrations were 

produced when the auxiliary holes were positioned at d/r = 2.0 for all cases, except 

within the Al2Os material of the Cu-Al2(h bicrystal where the results favour a hole 

located at d/r — 2.5 and suggest a larger hole outside the range studied will further 

reduce the stress concentration. Moreover, the stress results, from the Al^Ch regions 

of all bimaterial cases investigated, suggest larger holes are necessary to attain the 

lowest possible stress concentrations. The location of the largest stress concentration 

was found to change position around the face of the holes depending on the relative 

size and position of the main and auxiliary holes. The location also occurs further 

away from the plane normal to the tensile axis, 6 = 0°, for materials with relatively 

larger shear stiffness coefficients in relation to the normal stiffness coefficients such as 

Cu crystal. 

6.1 Suggestions for Future Work 

This study has found qualitative trends of the stress concentrations located at the 

bicrystal interface for changing crystallographic orientations. However, exact details 

describing the stress field at the free edges, such as the stress participation factor, are 

outside the scope of this analysis. To this end, further research into modifying the 

formulation of a numerical method to capture the singular nature of the stress field 

at the interface free edges would be of great value. 

It was observed that the rotation of the material principal axis coinciding with 

the tensile load axis of the cubic materials, paired with AI2O3, yielded significantly 
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reduced variation of stress. This effect was maintained for different orientations of 

the grain boundary plane. An investigation into the parameters responsible would 

help explain the cause of this effect. 

The DHS parametric study did not resolve all optimal auxiliary hole values within 

the ranges examined. Increased resolution of the auxiliary-to-main hole distance pa

rameter is justified in all studies, as well as expanding the upper range of the auxiliary 

hole size parameter for bimaterial cases when there exists a significant discrepancy 

in material stiffness across the interface. With these modifications, further studies 

would provide the largest attainable stress concentration reductions. 
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Appendix A 

Fundamental Solutions of Three 

Dimensional Anisotropic Elasticity 

Only the final forms of the fundamental solutions for three dimensional anisotropic 

elasticity are presented here. For more details about their derivation, refer to Ting 

&; Lee (1997), Lee (2003), and Lee (2009); and for more details on their numerical 

evaluation refer to Shiah, Tan & Lee (2008), Tan et al. (2009), and Shiah, Tan, Sun 

& Chen (2010). 

Recall the boundary integral equation (BIE) which relates nodal displacements, 

Uj, and tractions, tj, over the boundary, S, of a homogeneous elastic domain 

Cji(P)«,(P)+ / «,W)75(P,Q)<tS(Q) = f ti(Q)Uji(P, Q) dS(Q), (A.l) 
J s  J s  

where body forces have been omitted. 

Uij(P,Q) = U(x) and T-*(P,Q) = T*(x) represent the fundamental solutions 

of displacements and tractions, respectively; these are also known as the Green's 

functions. Now consider a source point, P, at the local origin x = 0 where a unit 

load is applied in an infinite anisotropic elastic body. The field point, Q, is at x = 

(xi, x2,x3) and is a distance r away from P. For a unit circle |n*| = 1 on an oblique 
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plane normal to xq, the unit vector, n*, can be written in terms of an arbitrary 

parameter, ijj, as 

n* = ncos?/> + msin^, (A.2) 

where the vectors n and m, along with x/r, form a right-handed triad [n, m, x/r], 

see Figure A.l. The Green's displacements can be expressed as (Ting & Lee 1997) 

1 1 n=0 

(A.3) 

where f, with components is the adjoint of T and 

r(p) = q+p(r + rt)+p
2t. (A.4) 

In equation A.4, 

Q — Qik — 

R — Rik CijksTl 'j TTls ? 

T — Cijks^j^s') 

(A.5) 

where is the material stiffness matrix, and p — tan tp. A sextic equation in p 

is obtained by equating the determinant, |r(p)|, to zero. The six independent roots 

are the Stroh's eigenvalues. The roots of this equation are complex conjugate pairs, 

Pv = <*v + tPv, Pv > 0, (v = 1,2,3). Also, qn is given as 

Qn = 

Pt 
(Pt -Pt+l)(Pt ~Pt+2) 

Pt~2Pt+lPt+2 
(Pt ~ Pt+l)(Pt ~ Pt+2) 

M2 for n = 0,1,2 

, (A.6) 

for n = 3,4 
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where pt denotes the complex conjugate, is the Kronecker delta, and the subscript 

t follows the cyclic rule, t = (t-3) if t > 3. The Green's function for tractions, T*(x), 

is obtained from the first derivative of equation A.3, the displacements function, and 

utilizing Hooke's law and the relationship between the stress tensor and traction 

vector. The displacements derivative of U(x) is 

Ulhi — 
1 

47r2r2 Hij ~l~ Cpqrs(jJsMlqiprj "f" fjq ̂ sliprj ) (A.7) 

where y* are the components of the unit position vector y = * in a spherical coordinate 

system. Mijkimn is given explicitly in terms of the Stroh's eigenvalues, pt, as 

,, _ 27TZ 
Mijkimn |rp|2 / ,, 

1 
T I 2  ^  ( P t  ~  p t + i ) 2 ( p t  ~  Pt+2)2 

^ijklmniPt) — 2$ijklmn{Pt) x 
1 

K p t - p t + i  +  p t - p t + 2 ,  
(A.8) 

where &ijkimn(p) can be shown to be 

ijklmnip) 
[riiTij + (niTUj + mlnj)p + m^p1} [fm(p)fmw(p)] 

{ p  ~ Pl) 2 ( p  ~  p 2 ) 2 ( p  -  P z ) 2  
(A.9) 

In equation A.8, pt+1 and pt+2 follow the cyclic rule for t > 2 as discussed earlier. 

It is also not necessary to provide the explicit expression of $ijkimn(Pt) since it is 

relatively simple to program the constituent functions of $ijkimn and their derivatives 

and subsequently apply the chain rule in the differentiation. 
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rn 
Field,'Pt 

Source Pt 

Xi 

Figure A.l: Definition of the unit vectors n and m 



Appendix B 

Quadratic Shape Functions of BEM 

Elements 

B.l Quadrilateral Elements 

= — - (1  — £i)( l  — ^2)( l  +  £l  +  £2) 

JV2«„«2) = 5(1 - £)(i- 6) 
= — ^(1 + £l) ( l  ~  &)(!  ~  £l + £2) 

Jv5(?1,6) = 5(i + ?i)(i-«22) 

~ fl)(l + &)(1 + £l - £2) 

w7(6,6) = ~£i)(l + 6) 

W 8«„&) = -  j( i  + 6)( l  +  6)( i  -  Ci -  6)  (B. l )  
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B.2 Triangular Elements 
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J V ' K i , 6 )  =  ( i - « i - 6 ) ( i - % - % )  

JV 2 (6 ,6)  =  4? 1 ( l - f , -&) 

N3(S i,6) = 6(26-1) 

N*((i,Z2) =466 

JV 5 (e„&) =  6(26-1)  

w e (6 ,6)  = 46(i-6-6)  (B.2)  



Appendix C 

Numerical Results 

Because of the voluminous amount of numerical results obtained in this study, a 

digital medium (CD) is included here in this thesis. It contains the complete set 

of all the processed results of the numerical analyses carried out. Instructions and 

details of each case considered are described in the files on the CD. 
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