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Abstract 

As designers integrate an ever-increasing diversity of on-board optical components, 

analog circuits, digital blocks, and Micro-Electro-Mechanical (MEM) devices in each 

product, ensuring the signal integrity of modern electronic devices has become a chal

lenging task. Coupled with higher operating speeds, sharper excitations, and denser 

circuit layouts, signal degradation from effects such as reflection, crosstalk, delays, at

tenuation and Electro-Magnetic Interference (EMI) can no longer be neglected in the 

modeling and simulation stage of the design cycle. For many components, it is not al

ways possible to find analytical models that accurately capture all of these effects. In 

such cases, the behavior of these modules is generally characterized by sampled/tab

ulated data (in the admittance, impedance, scattering, or hybrid domains), obtained 

either directly from measurements or from a 3D Electro-Magnetic (EM) field solver. 

Including tabulated data of electrically long networks in SPICE simulators has been 

a topic of intense research in the past few years. Recently, novel compact macromod-

eling algorithms for electrically long tabulated data networks were proposed based on 

approximating the data using Delayed Rational Functions (DRFs). However, DRF-

based techniques do not guarantee the passivity of the resulting model, which is neces

sary for performing stable and accurate transient analysis. In addition, conventional 

DRF models approximate each delayed response using a separate delayed rational 

term. For tabulated data networks with multiple delayed responses corresponding to 
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periodic reflections, a large number of delayed rational terms may be needed resulting 

in a high-order model and slow transient analysis. Also, due to the increasing number 

and diversity of devices in modern designs, global transient analysis of large systems 

of delay differential network equations has become a computationally expensive task. 

Recently, model-order reduction algorithms were introduced for efficient unified simu

lation of these large time-delay systems. However, these algorithms do not guarantee 

the passivity of the resulting reduced-order macromodel. 

In this thesis, efficient passivity verification and compensation techniques are de

veloped for macromodels based on DRFs obtained from tabulated scattering or ad

mittance parameter data. For passivity verification, the necessary search region is 

reduced from the entire right-half of the complex plane to a single finite interval 

along the imaginary axis. For passivity compensation, the residues of the DRFs are 

iteratively perturbed until the model becomes passive. In addition, an innovative 

macromodeling technique is presented for tabulated data networks with multiple de

lays that correspond to periodic reflections. The proposed algorithm is based on a 

novel DRF formulation that captures multiple delays using only a single delayed ratio

nal term. Furthermore, a new passive model-order reduction algorithm is introduced 

for efficient unified transient analysis of large circuits with embedded delay-based 

macromodels. The proposed algorithms enable an efficient analysis of long delay 

interconnects in SPICE-like analog circuit simulators. 
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CHAPTER 1 

Introduction 

1.1 Background and Motivation 

With the continuing demand for more functionality, electronic designs require an 

ever-increasing integration of diverse devices such as optical components, analog cir

cuits, digital blocks, and Micro-Electro-Mechanical (MEM) systems. Coupled with 

higher operating speeds, sharper excitations, and denser circuit layouts, ensuring sig

nal integrity of electronic modules has become a challenging task. High-frequency 

effects such as reflection, crosstalk, delays, attenuation and Electro-Magnetic Inter

ference (EMI) are critically effecting the signal propagation behavior [1]—[5]. Fig. 

1.1 illustrates some of these issues. If inaccurately predicted, these effects can cause 

unexpected switching or logic glitches, which in turn can cause final products to mal

function or even fail. Therefore, due to the high cost of fabrication and product 

recalls, identification of signal integrity issues prior to manufacturing is essential. For 

this purpose, designers rely primarily on Computer-Aided Design (CAD) tools to ac

curately emulate signal performance at the modeling and simulation stage of design. 

1 
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-V 

- Ground Bounce 

FIGURE 1.1: Illustration of signal integrity issues (PCB: Printed Circuit 
Board; IC: Interconnect Circuit). 

This is achieved through rigorous time-domain analysis of each module, as well as the 

final overall design, using state-of-the-art SPICE simulators [5]-[8]. 

For the purpose of accurate time-domain simulation and analysis, each device re

quires a model that effectively characterizes its response over the desired operating 

bandwidth. In the past, low-order analytical approximations provided an acceptable 

level of detail to ensure proper functionality of the final product. However, the accu

racy of these approximate models degrades at higher frequencies as the distributed 

nature of components becomes more prominent. A true analytical model requires 

a full solution to the partial differential equations (i.e. Maxwell's equations) that 

characterize the physical behavior of the device. With increasingly complex signal 

propagation paths and irregular structures, a full analytical solution to these par

tial differential equations is not always possible. For instance, interconnects in chip 

packages are usually nonuniform due to high circuit density, complex shapes and 
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geometrical constraints at the edges of the chip. Numerous similar situations can 

be found, such as vias, nonuniform transmission lines, on-chip passive components 

and microwave devices, where analytical modeling becomes a difficult task. In such 

cases, the behavior of these modules is generally characterized by sampled/tabulated 

data, which can be in the admittance, impedance, scattering, or hybrid domains. 

The tabulated data can be obtained either directly from measurements or from rig

orous full-wave 3D Electro-Magnetic (EM) field simulations [9]-[25]. Several advan

tages of tabulated data-based techniques are as follows. First, they have general and 

widespread applicability with the modeling of numerous electronic and microwave 

components such as Printed Circuit Boards (PCBs), nonuniform transmission lines, 

power systems, package structures, Multi-Chip Modules (MCMs), backplanes, cables, 

VLSI circuits, etc. Second, using tabulated data for modeling purposes does not re

quire details of every internal component and circuit interconnection, which can be 

cumbersome to include in circuit simulators (or proprietary and may not be provided 

by the manufacturer). Third, the models can provide a high degree of accuracy over 

a large frequency bandwidth compared to low-order analytical approximations. 

Integrating tabulated data models in standard SPICE simulators is a challeng

ing task and has been a topic of intense research in recent years [9]—[25]. Standard 

circuit simulators are based on efficient time-domain solution techniques of Ordi

nary Differential Equations (ODEs), while tabulated data is typically provided in 

the frequency-domain [17]. Initial methodologies take a direct approach and convert 

the bandlimited tabulated frequency-domain data to time-domain data via an Inverse 

Fast Fourier Transform (IFFT). Subsequently, time-domain convolution is applied us

ing the input excitations [9]—[11]. These techniques can be computationally expensive 

since a large number of data points is required to accurately capture high-frequency 
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effects in the time-domain. In addition, if aliasing from the IFFT is not properly 

addressed, the overall time-domain results may be inaccurate. Recently, several tech

niques have been developed for the specific purpose of performing fast, accurate, and 

stable transient analysis of tabulated data networks. These new methodologies obtain 

an approximation for the tabulated data as a set of differential equations or macro-

model. A key advantage of macromodels is that, they can easily be integrated in 

standard circuit simulators either directly as ODEs or by conversion to an equivalent 

circuit representation [5]. In addition, they can make use of the fast, accurate, and 

robust ODE solvers in a SPICE engine. 

Conventional macromodeling approaches approximate the tabulated data using a 

set of rational functions (in the frequency-domain), which correspond to a set of 

ODEs in the time-domain. There are several algorithms available in the literature 

to obtain rational functions from either tabulated time-domain or frequency-domain 

data [13]-[25]. The most prominent of these techniques is vector fitting [17], which 

employs least squares methods to iteratively update the poles and residues of a ra

tional approximation. Attempts to improve these rational fitting algorithms were 

focussed on increasing the accuracy and convergence of the related fitting algorithms, 

but have done little to reduce the size and efficiency of the resulting macromodels in 

transient simulators [18]-[24]. On the other hand, higher operating frequencies and 

longer system delays are resulting in extremely high-order rational approximations 

and subsequently, prohibitively large macromodels for transient simulation. 

To illustrate the difficulties associated with long delay lines, consider the time-

domain response of an electrically long interconnect in Fig. 1.2(a) [26]. The corre

sponding frequency-domain response is shown in Fig. 1.2(b). When this response is 

approximated using a direct rational approximation [17], the number of poles required 
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(a) Sample time-domain response. (b) Magnitude of the frequency-domain response. 

FIGURE 1.2: Illustration of sample time and frequency-domain responses 
for a long delay line. 

is very high (700 poles to fit up to 8 GHz). This is mainly because the waveform under 

consideration consists of a long delay. Consequently, the size of the macromodel is 

very high (typically given by the product of the number of ports and poles), leading 

to slow transient analysis using standard circuit simulators. 

In order to overcome this issue, Delayed Rational Function (DRF) based ap

proaches were introduced for electrically long networks characterized by tabulated 

data [26]—[34]. In [31] [34] Hilbert transform based delay estimation techniques were 

proposed for general networks characterized by tabulated frequency-domain data. 

These methods extract only one dominant delay and neglect higher order reflections. 

Hence, the corresponding macromodel may not be efficient in the practical case of 

data with multiple delays. In [26], [27], general DRF-based macromodeling techniques 

were developed for networks characterized by tabulated time-domain data with multi

ple delays. In [28], a Gabor transform based macromodeling technique was proposed 

and [29], [30] coupled this technique with a delayed version of the vector fitting algo

rithm. These methods were developed for networks with multiple delays characterized 

0.2029 

0.2029 

0.2028 
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liSi11 

0.2027 
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by tabulated frequency-domain data. Conceptually, algorithms in [26]-[30] are sim

ilar. Delays are first identified using time-frequency analysis and subsequently, a 

vector fitting type iterative least squares process is applied to obtain an accurate 

estimation of the poles and residues in the delayed rational terms. 

A major drawback of the above type of DRF approximation techniques is that, 

they do not guarantee passivity. Macromodel passivity is critical to the stability of 

the transient simulation of the tabulated data network along with the rest of the cir

cuitry. A stable, nonpassive model terminated with passive components can produce 

an overall unstable network. Consequently, the development of algorithms for macro-

model passivity verification and enforcement is a topic of intense research [35]—[53]-

It is to be noted that passivity verification is a computationally expensive step. Con

ventional verification requires a fine frequency-sweep of the entire right-half of the 

complex plane, and in many cases passivity violations may be missed if the sweep 

is too coarse. Widely adopted passivity enforcement methods may require numerous 

iterations, requiring at each iteration passivity verification and enforcement. In the 

case of rational function based macromodels, the above process is well established in 

the literature [35]—[49]. For passivity verification of rational function based macro-

models, efficient and robust techniques based on evaluation of full-size and half-size 

Hamiltonian matrix eigenvalues can be found [35]-[39]. If the macromodels are found 

to be nonpassive, then several efficient compensation algorithms have been developed 

based on linear matrix inequalities and first-order perturbation theory [39]—[49]. 

For macromodels with time-delays, passivity verification and compensation has 

only been addressed for the specific case of transmission line models derived via 

the method of characteristics [50]—[53]. In these types of methods, passivity verifica

tion was formulated as a quasi-periodic Frequency-Dependent Generalized Eigenvalue 
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Problem (FDGEP), which reduced the necessary search region from the entire right-

half of the complex plane to a single finite interval along the imaginary axis [50], [51]. 

For passivity compensation, techniques based on first-order perturbation theory have 

been developed that iteratively perturb the residues until the ma£romodel becomes 

passive [52], [53]. However, there are currently no passivity verification or compen

sation techniques available in the literature for DRF-based macromodels that are 

derived from tabulated data, characterizing general networks. 

In addition to the above passivity issues, current DRF-based techniques may not 

provide optimal macromodels for systems that contain periodic reflections. Con

ceptually, algorithms in [26]—[30] approximate each reflection in the response using a 

separate delayed rational term. An illustration of this is shown in Fig. 1.3. As seen in 

the figure, in many cases the impulses corresponding to reflections will not attenuate 

rapidly and require dozens of delayed rational terms, with each term needing another 

set of poles and residues. For the specific case of transmission lines characterized by 

tabulated data, several approaches tackling this issue have been developed [54]-[60]. 

The work in [54], [55] incorporates delay estimation into the vector fitting algorithm 

using optimization. Multiple delays are taken into account via the modal decompo

sition of the propagation function matrix. In [56], [57], a transmission line specific 

delay embedded passive compact macromodel was developed to handle infinite re

flections in tabulated data. In [59], [60], a formulation tackling a similar problem 

was presented. However, it is limited to the specific case of transmission lines and 

does not guarantee the stability of the resulting macromodel. For general tabulated 

data networks with periodic delays corresponding to internal reflections, an efficient 

compact macromodeling approach has not been developed and is still a challenging 

and open problem. 
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FIGURE 1.3: Illustration of periodic delays in the transient response and 
the corresponding requirements for a DRF approximation. 

With increasing design complexity, unified global simulation and analysis has be

come a computationally expensive task that requires solving massive systems of dif

ferential equations. To accelerate the overall circuit analysis, model-order reduction 

techniques were introduced [7], [8], [61]—[64]. These techniques generate a reduced-

order macromodel by projecting the large original system of equations into a lower-

dimensional subspace that accurately retains the input-to-output relation of the orig

inal network. For large RLC circuit networks, Asymptotic Waveform Evaluation 

(AWE) was the first such reduction technique [7]. The reduced-order model is ob

tained such that the coefficients of the Taylor series expansion for its transfer func

tion, or moments, match the moments of the original system. In [61], a Complex 
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Frequency Hopping (CFH) algorithm was introduced for multi-point moment match

ing, which improved accuracy of the reduced-order macromodel over larger frequency 

bandwidths. A major drawback of the AWE and CFH algorithms is that, they do not 

guarantee the passivity of the reduced-order model. This issue was resolved in [8], for 

the specific case of RLC circuits, with the introduction of the Passive Reduced-Order 

Interconnect Macromodeling Algorithm (PRIMA). For general networks described by 

state-space equations, a passive reduction algorithm based on truncated balanced re

alization has also been developed [62]. However, these techniques are only applicable 

to systems of ordinary differential equations without time-delays. 

As delay-based macromodels become a prominent tool for analyzing complex high

speed structures, they are increasingly incorporated in large modern circuit designs 

containing lumped RLC subnetworks, distributed interconnects, and general macro-

models described in state-space form (without delays). Such networks are character

ized by massive systems of delay differential equations and consequently, the above 

model-order reduction algorithms cannot be directly applied. Recently, for efficient 

unified transient analysis of large circuit networks with time-delays, two model-order 

reduction algorithms have been introduced [65], [66]. However in general, the pas

sivity of these reduced-order macromodels is not guaranteed. Consequently, for RLC 

systems with embedded Time-Delay Descriptor (TDD) systems, passive model-order 

reduction remains a challenging task. 

The goal of this thesis is to develop new algorithms for generating passive, compact, 

efficient, and accurate macromodels of electrically long high-speed networks. Specific 

contributions of this thesis are given in the next section. 
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1.2 Contributions 

The subject of this thesis is the passive macromodeling of high-speed networks with 

embedded time-delays. The algorithms presented here provide a means to guarantee 

accurate and efficient results from industry-grade circuit simulators using delay-based 

macromodels. The main contributions of this thesis are as follows. 

1) New methods are developed for passivity verification of general DRF-based 

macromodels obtained from tabulated scattering and admittance parameter 

data [67]-[71]. Passivity verification is formulated as a quasi-periodic FDGEP, 

which only needs to be solved over a finite interval along the imaginary axis. 

The proposed approach allows for efficient and accurate identification and quan

tification of passivity violation regions for DRF-based macromodels. 

2) A new passivity compensation algorithm is presented for general DRF-based 

macromodels obtained from tabulated scattering parameter data [68]-[70]. The 

proposed algorithm uses first-order perturbation theory to iteratively perturb 

the residues of the DRF macromodels. Necessary constraints are also enforced 

during the compensation process to minimize the error introduced in the re

sponse. 

3) A new passivity compensation algorithm based on linear matrix inequalities is 

presented for general DRF-based macromodels obtained from tabulated admit

tance parameter data [67]. The proposed formulation can be solved efficiently 

using interior point methods. 

4) A novel formulation is developed for macromodeling general networks character

ized by tabulated data with long delays and periodic reflections [72]. The delays 
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corresponding to periodic reflections are identified via time-frequency analysis 

and subsequently, the poles and residues are obtained using an iterative least 

squares process. 

5) A new theorem is introduced for passivity verification of TDD systems [73]. 

The proposed theorem formulates passivity verification as a set of linear matrix 

inequalities. 

6) A novel algorithm is developed for passive model-order reduction of RLC net

works with embedded subnetworks described by TDD systems [73]. The pro

posed method formulates a unified system of equations describing the overall 

network such that, reduced-order models obtained via congruence transform-

based model-order reduction techniques are guaranteed to be passive. 

1.3 Organization of the Thesis 

The remainder of this thesis is organized as follows. Chapter 2 presents a review 

of conventional passive macromodeling techniques for tabulated data. Chapter 3 

reviews delay-based macromodeling techniques for tabulated data networks. Chapter 

4 provides details of the new passivity verification and compensation techniques for 

DRF macromodels in the scattering domain. Next, Chapter 5 introduces techniques 

for passive DRF-based macromodeling in the admittance domain. In Chapter 6, a 

new and more efficient delay-extraction based macromodeling technique is developed 

for tabulated data networks with periodic delays. This is followed by Chapter 7, 

which presents a novel passive model-order reduction algorithm for RLC circuits 

with embedded subnetworks described by TDD systems. Chapter 8 summarizes the 
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proposed work and outlines the direction of future research. 



CHAPTER 2 

Review of Modeling Techniques for 

Tabulated Data Networks 

Various approaches for modeling and simulating tabulated data networks are available 

in the literature. Selecting the correct approach for a specific application and network 

type is key for efficient analysis. This chapter provides an overview of some of the 

relevant methods for analysis of tabulated data networks. The chapter is organized 

as follows. Section 2.1 provides a review of conventional modeling and simulation 

techniques for tabulated data. Next, Section 2.2 discusses rational fitting techniques 

for tabulated data networks. Section 2.3 discusses stability, causality, and passivity 

issues with respect to macromodeling. This is followed by Section 2.4, that reviews 

passivity verification and compensation techniques for rational function based macro-

models [42]. 

13 
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2.1 Review of Simulation and Modeling for Tabu

lated Data Networks 

As it becomes increasingly difficult to obtain analytical models for high-speed mod

ules, networks characterized by tabulated data are fast becoming an integral part 

of accurate signal integrity analysis in high-speed designs. The tabulated multi-port 

data for an L-port network is typically given at N points in the frequency-domain as 

H(s)  =  H i k {s )  =  H i k ( s i ) , . . . ,  H i k ( s N ) } -  (2.1) 

where s n  = j2-Kf n ,  { f x ,  /2,..., f x }  are the frequencies, and (z, k )  G (1,2 

For the purpose of transient analysis, it is necessary to integrate these networks into 

standard SPICE simulators. However, SPICE simulators are based on solving systems 

of differential equations in the time-domain, while the tabulated data is given in the 

frequency-domain. Initial methods converted the tabulated data into the time-domain 

via IFFT and subsequently, convolved the time-domain impulse response data (from 

the IFFT) with the input excitation to perform transient analysis [9]—[11]. However, 

direct convolution-based approaches suffer from several drawbacks. First, they are 

based on the IFFT, which suffers from aliasing and is not always accurate. Second, for 

higher frequencies the IFFT produces an increasing number of time-domain samples. 

Consequently, the transient analysis can become very slow. 

In order to overcome the above issues, techniques based on obtaining a set of differ

ential equations or macromodel that accurately characterize the tabulated data over 

the operating bandwidth were introduced. Using these approaches, the tabulated data 

is approximated with a rational function in the frequency-domain [13]—[25]. Subse
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quently, the rational functions are integrated in SPICE simulators either directly (for 

example, HSPICE has the Laplace-element [74]) or by converting the rational func

tions to an equivalent circuit [5]. Transient analysis can then be performed efficiently 

in SPICE via recursive convolution [12] or using standard numerical techniques for 

differential equations (such as Euler's method) [75]. 

A major requirement to obtaining accurate results from the rational models in the 

time-domain is that, the rational approximations in the frequency-domain accurately 

match the tabulated data. These approaches are based on either least squares fit

ting techniques [13]—[24] or interpolation [25]. A review of rational approximation 

techniques relevant to this thesis is provided in the following section. 

To obtain a macromodel from a set of tabulated transfer function data given at 

N frequency points, {/(si), /(-S2), • • •, /(s^)}, the data is first fit in the frequency-

domain using a rational function of the form 

Here, the coefficients ao ,a \ , . . .  , a p  and bi ,62, • • -, b q  are the unknowns that need to 

be determined. Solving for the coefficients in (2.2) directly is a nonlinear problem. 

However, this formulation can be linearized by multiplying both sides with the de

nominator term to give 

2.2 Rational Fitting Techniques 

(2.2) 

ao  +  a i s 1  + a 2 s 2  + . . .  +  a p sP  -  f ( s )b i s l  -  f(s )b 2 s 2  -  . . .  -  f(s )b q s q  = f(s ) .  (2.3) 
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Then, to determine the unknown coefficients {a*} and {&*}, a standard least squares 

problem in the form Ax — b is constructed. The expanded system is given by 

A 

1 Si sf • • • Sj — 

1 S2 So 4 

/(si)sx 

f  (82)82  - f {s 2 ) s l  

1  S N  s% • • •  s? N  - f {s N ) s N  - f ( s N ) s j  

with x containing the unknown coefficients 

-/(*)«! 

-f(s2)sq
2 

-f(8N)sq
N 

/(«1) 

/(s2) 
X  =  

; 

_  f ( s N )  _  

(2.4) 

X  =  do ai a-i ap bi t>2 (2.5) 

Several fitting methods have been proposed based on solving this least squares formu

lation [13]-[16]. However, for high-order rational approximations and large frequency 

bandwidths, the least squares problem can become ill-conditioned. To overcome this 

issue, numerous methods have been developed. In [13], an iterative scheme was in

troduced, in which the solution of (2.4) is used in the first iteration to determine 

an approximation for all the coefficients. Subsequent iterations use the denominator 

from the previous iteration to improve the scaling and convergence of the fitting pro

cess (a detailed analysis this asymptotic behavior can be found in [76]). The methods 

in [14], [15] attempt to improve the conditioning by applying various scaling schemes. 

In [16], techniques based on a scaled iterative least squares problem and nonlinear 

optimization were developed. While these methods all provide improvements over 

directly solving the least squares problem in (2.4), they are not capable of handling 

high-order rational functions. 
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Recently, a major breakthrough in rational approximation methods was made with 

the introduction of the vector fitting algorithm [17]. Instead of (2.2), the rational 

approximation is formulated as 

M  

where r m  and p m  axe real or come in complex conjugate pairs representing the residues 

and poles, respectively. The values d and h are both real, and M is the number of 

poles. The first step in this technique is to make an initial guess at the poles. Next, 

the residues are determined via a least squares problem. Subsequently, the process 

in [13] is applied to iteratively update the poles and residues. Since (2.6) is linear in 

s (i.e. does not contain sp and sq terms) the least squares problem is well-conditioned 

and accurate solutions can be obtained for high-order rational functions and large 

frequency-bandwidths. 

Numerous modifications and improvements to the vector fitting procedure have 

been introduced [18]—[24]. A detailed review of the vector fitting algorithm and some 

of these modifications is presented in the following section. 

The vector fitting algorithm [17] begins with a set of N tabulated data points, 

{/(si)?/(s2)> • • • ,/(sjv)} and builds a rational function approximation in the form 

of (2.6). The goal of the algorithm is to estimate all the coefficients in (2.6) so that 

the rational function, f{s), provides an accurate approximation to the data. To this 

end, (2.6) is solved through a linear formulation using two stages. Stage one makes 

an initial guess at the poles over the frequency interval of interest. Next, it iterates 

(2.6) 

2.2.1 The Vector Fitting Algorithm 
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on the initial guess of the poles by solving a least squares problem for an unknown 

function, cr(s), whose zeros become the new poles of the system. Stage two then 

calculates the residues of (2.6) using the final set of poles from stage one. 

First, the details of the algorithm using real poles are reviewed. Following this, a 

robust choice of starting poles are defined and modifications for complex poles and 

multi-port networks are examined. Subsequently, details for improving the conver

gence of vector fitting when using noisy data sets are reviewed. 

Stage 1: Pole Identification 

The algorithm begins by choosing a set of starting poles, { p m } .  Following this, a 

scaling function, er(s), is defined such that 

where fm are the residues of <r(s). Next, a scaled function is defined such that 

M 

(2.7) 

M 

(2.8) 

Equations (2.7) and (2.8) are combined to obtain 

r m r m 
(2.9) 

or 
F M r m 

(2.10) 
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Writing (2.10) at N > (2M + 2) frequency points (where 2M + 2 is the number of 

unknowns) gives 

x 

s i - p i  

1 
«2-Pl 

. Sjv—Pi 

A 

Sl-PM 

1 
S 2 ~ V M  

S N ~ P M  

1 S1 1 Sl-Pl 
- f M  
«2~Pl 1 S2 

1 Sn - f ( S N )  
SN—Pl  

- f ( s i )  
8 1 — P M  

S2—PM 

~ f ( a N )  
S J V  ~ P M  .  

h  

b  

r M  fM 

d  /(«2) 

h  • 

-

h  _ J( S N )  _ 

(2.11) 

where all the unknowns r m ,  d ,  h ,  and fm are real provided the poles are real. This 

is an overdetermined least squares problem that can be solved efficiently using the 

standard Householder algorithm [77]. 

Equation (2.10) is now used to iteratively obtain a rational function approximation 

for j(s). Let {zm} and {zm} be the zeros of f(s) and <7(5), respectively. Then the 

partial fraction expansion of a(s) and f(s) can be written as 

M+L M 
J I  (S  ~  Z m )  I I ( -

/» = hnw ' *(s) ro=1 
M (2.12) 

n<«-pm^ 
m= 1 m=l 
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Substituting (2.12) into (2.8) yields 

(M+1 \  / M \  /M+L n ) / (n ~ ) (n ~ *»») 
' w = ^ = >»-rw (—7^ ^ f • (2-13) 

o{s )  M 

n _ ) / n ~ n<-
\m=1 im=l Vm=l 

Therefore, the zeros of a(s )  represent a refined set of poles for the function f( s ) .  This 

stage is repeated with the zeros of a(s) taken as the new set of starting poles until 

the desired convergence criteria is obtained. 

In some instances, the poles determined using (2.13) will lie in the right-half plane, 

meaning they are unstable. This problem is overcome by inverting the signs of the 

real parts for the unstable poles and performing another iteration. 

Calculation of Zeros: The zeros of the function, a(s )  can also be obtained by 

determining the eigenvalues of the matrix [17] 

H = * - g<f) (2.14) 

where 

V = 

p i  0 •  •  •  0 1 

0  p 2  :  1 

II 

: •• 0 : 

i o
 

o
 

tS
i s:
 

• 1 
t-H 

« 

XF i 9 

Afxl  

n  r 2  R  M 
l x M  

(2.15) 

The matrix ^ is a diagonal matrix containing the starting poles, g is a vector of ones, 
» J 

and <j> is a row vector containing the residues of a(s ) .  
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Stage 2: Residue Identification 

In this stage, the residues of f ( s ) are calculated using the final set of poles, {p i } ,  

found in stage one. For this purpose, an overdetermined least squares problem is 

constructed that solves for the residues in (2.6) at N frequency points. Expanding 

this in the form Ax = b gives 

x  
A  N  b  

1 I 1  S i  
r \  

f ( s  l )  
Sl-Pl s i  ~ P M  

1  S i  : 
f ( s  l )  

1  1  1  s 2  f ( s  2) 
S2-pi S 2 ~ P M  

1  s 2  

TM 
= 

f ( s  2) 

1  1  1  SN 
d  

_ f ( s N)  
. SAT—Pi SJV— P M  

1  SN 
h  

_ f ( s N)  

(2.16) 

Selection of Starting Poles 

Functions with distinct resonance peaks should be modeled using complex poles. In 

this case, the initial set of poles for the algorithm consists of imaginary parts, /?, 

linearly distributed over the frequency range of interest. These poles are chosen [17] 

in complex conjugate pairs such that 

Pi = -a. + jP ,  Pi+i = -a -  jP ,  (2.17) 

where 

a = f3 /100 (2.18) 

is chosen to be small to avoid ill-conditioning in the least squares problems [17]. 

Smooth functions are best modeled using real poles linearly or logarithmically 
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spaced as a function of frequency. 

Modifications for Complex Poles 

In order to ensure that the residues from the least squares computations in (2.11) and 

(2.16) come in exact complex conjugate pairs, the matrix formulations are modified. 

If the partial fractions i and i + \ correspond to complex pole pairs, then we have y 

complex pairs where 

P i  =  V \ t { P i )  +  p i + 1  =  S H c ( p i )  -  j 3 m ( p i ) ,  

U = JRefo) + pm(fci), ri+l = JRefa) - pmfa). 

(2.19) 

(2.20) 

Also, the overdetermined least squares problem Ax = b in (2.11) becomes 

A = Ai A? AM 1 S 
2 

b = f ( s i) /(s2) I( S N )  

X  9te(ri) 3m(fi) JHe(fi) Jtu(fi) ••• 9tz ( rM. )  3m( fu )  £He(fM) Jm(rM) d  h  

(2.21) 

with the submatrices of A defined by 

Ai = 

(  1  +  1  )  ( — i  
\Sl-Pi Sl-P* J  \Sl-Pi Si-pj J  

( 1 I 1 ^ ( .7 j ^ 
\ S 2 - P i  '  S 2 ~ p *  )  \ S 2 - P i  S 2 - p ' i  )  

\ S 1 - P i  S i -Pi J  
(iifal _i_ lifal) 

\ S 2 - P i  S 2 - P 1  )  

( j f ( s i )  _  
ysi-pj si-PI j 
( j } ( s 2 )  _  j f ( s 2 )  \  
\ S 2 - p i  8 2  ~ P i  )  

(  l  I  l  ^  ( _ j f  i _ \  —  (  f ( s x )  _ ) _  f ( * N )  ^  _  ( i f { s N )  _  j J ( s N ) \  
. \ S N - P i  S N-PL )  \ S N -Pi S N - p '  )  \ S N -Pi 8 N - P 1  J  \ 8 N ~ P i  S N ~ P l )  

1 T =  f 1 1 1 1 , S T = \  „  s 2  s N  }  •  (2.22) 
1  x N  
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Similarly, the terms A, x, and b from the residue identification problem in (2.16) 

become 

A = Ax Ai 

x = 

AM 1 S 

£He(ri) 3m(rx) 

, b = fM f(s 2 )  

iHe(r|) 3m(r*d)  d  h  

/(sn) 

T 
(2.23) 

with 

Ai 

( _J_ + -J—\ ( _J \si-pi si-pr J \si-pi si-pt* J 

( 1 H i—) 
\S2-Pi 8 2  P* J \S2~Pi S2~P* J  

( —1 I 1 ^ ( —2 i ^ 
.  \ S N -pi S/V-P* J  \ S N -Pi SjV~P* J _ 

1 Si 

, 1 = 
1 

, s = S2 

1 
N x l  SN 

(2.24) 

To ensure poles and residues occur in exact complex conjugate pairings, the least 

squares problems in (2.21) and (2.23) are formulated in terms of real quantities as 

<He(6) 

3m(b) 
(2.25) 

Calculation of Zeros for Complex Poles: In the case of complex poles, the 

calculation of zeros from (2.14) needs to be modified as well. The zeros are now the 

eigenvalues of the system 

H = - gj? (2.26) 
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where 

* 

0 

0 ^2 

0 

0 
2 J 

, *i = 
fne(pi) 3m(p i )  

-am(pi) SHe(pi) 
,  i - (  1 , 2 . . .„f ) ,  

4>T = 9tte(fi) Jm(fi) £He(f2) 3m(f2) ••• SRt(rM.) 3m(rM) 

_T . 
lxM 

2 0 2 0 2 0 (2.27) 
lxM 

This modifies to become a real matrix with eigenvalues corresponding to the real 

and imaginary parts of the complex zeros in cr(s). 

Common Pole Sets for Multiport Networks 

The vector fitting algorithm detailed in the previous sections was for a scalar function 

(single port network). However for multiport networks, a separate set of tabulated 

data is given for each element in the matrix transfer function. If the data for each 

matrix element is fit separately, then a large number of redundant poles could result, 

leading to inefficient transient simulations [39]. Therefore, in order to minimize the 

number of poles in the matrix-transfer functions, the following two propositions are 

used [78]. 

1) In general, the pole set corresponding to any individual admittance element is 

a subset of the union of all driving point admittances [79]. 

2) Generally, in a system with a large number of dominant poles, pole sets belong

ing to different driving point admittances contain mostly identical poles and 
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only a very small percentage of poles differ among these sets. 

A common pole set for a multiport network is obtained by performing the pole iden

tification process described above on driving point admittances. The initial set of 

poles is found by first running the pole finding iterations on a single driving point ad

mittance, resulting in faster convergence for the pole finding algorithm of the driving 

point functions [42]. 

It should be noted that while a common pole set can be found for admittance 

parameters, it has not been shown to be possible on scattering parameters. 

Relaxed Vector Fitting 

In some cases, the tabulated data may be noisy and conventional vector fitting may 

fail to converge due to the asymptotic requirement that the scaling function in (2.7) 

approaches 1 as s —)• oo. To improve convergence, a more general scalar function is 

introduced in the form [18] 

where f0 is real. To ensure this does not result in the null solution for the least squares 

problem in (2.11), the following additional constraint is used 

This modification is introduced by adding an extra row to the least squares problem 

in (2.11). 

M  

(2.28) 

(2.29) 
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2.3 Macromodeling Issues: Stability, Causality, 

and Passivity 

Rational function approximation based macromodeling techniques for networks char

acterized by tabulated data have been very successful in obtaining accurate transient 

simulations [14]—[22]. However, it is also important that macromodels preserve the 

system properties of the original network. For linear systems characterized by tab

ulated data in the frequency-domain, the macromodel must be stable, causal, and 

passive [80]. Since these issues can seriously affect the accuracy of transient SPICE 

simulations, they are discussed in detail below. 

2.3.1 Stability 

Recall that a macromodel is a set of differential equations characterizing the func

tionality of a physical device. For time-domain analysis of a system of differential 

equations, stability is important to guarantee that for any given bounded input, the 

output converges to some bounded equilibrium state [81]. An unstable system may 

produce an output of either continuously increasing magnitude (as shown in Fig. 2.1) 

or growing oscillations (as shown in Fig. 2.2). Neither of these results is an accu

rate representation of the behavior of the real, physical device. Consequently, all 

macromodels of stable devices must also be stable. 

Numerous stability criteria for differential systems exist, and the selection of ap

propriate criteria depends on both the type of differential equations and their corre

sponding application [81]. This thesis is concerned with the asymptotic stability of 

macromodels in the form of linear time-invariant systems. For these systems, sta-
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FIGURE 2.1: Unstable transient response monotonically and exponen
tially increasing in magnitude. 

bility is more easily analyzed in the Laplace-domain. In particular, in this thesis a 

macromodel is considered asymptotically stable if and only if the poles of its transfer 

function lie in the left-half of the complex plane [82]. 

2.3.2 Causality 

For any physical system, the corresponding output at any instant cannot depend on 

any future input, but only on past inputs. This natural physical property, known as 

causality, is stated more formally in the following definition [83]. 

Definition 2.1: A sys tem i s  causa l  i f  f or  any  two  arb i t rary  inpu t s  U\ { i )  and ,  U2( t )  

tha t  sa t i s f y  

U\ ( t )  =  u i ( t ) ,  for  t  <  to  (2.30) 
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FIGURE 2.2: Unstable transient response with spurious oscillations. 

the corresponding outputs y1( t )  and  y2 ( t )  sa t i s f y  

V i ( t )  =  f o r  *  <  *0-  (2-33.) 

For the case of linear time-invariant systems, causality can be defined more simply 

in terms of its time-domain impulse response through the following theorem [83]. 

Theorem 2.1: A linear time-invariant system is causal if and only if its correspond

ing time-domain impulse response, h(t), satisfies 

h( t )  =  0, for  t  <  0. (2.32) 

To obtain accurate time-domain simulation results, it is important that the macro-

model of a causal device is also causal [80]. 
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Stable Nonpassive Macromodel 
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FIGURE 2.3: Illustration of a stable, but nonpassive macromodel con
nected with passive terminations. The overall network is unstable. 

2.3.3 Passivity 

A passive device is one that cannot generate more energy than it absorbs [84], In 

this thesis, in addition to being stable and causal, the physical devices considered are 

also passive. When macromodeling tabulated data networks, direct fitting algorithms 

do not guarantee that the resulting macromodel is passive. Passivity is important 

because a stable, but nonpassive system can become unstable when connected to 

other passive devices [80]. 

In order to illustrate this concept, consider the single port network shown in Fig. 

2.3. The poles of the stable, nonpassive macromodel are clearly in the left-half plane. 

When passive terminations are connected to this macromodel, the poles of the transfer 

function for the overall network, Ytotal(s), now lie in the right-half plane. Thus, 

the complete system is unstable, even though each separate network is stable. The 

unstable time-domain response from the overall network is shown in Fig. 2.2. 
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The above problem can be overcome by creating macromodels that are passive 

since all passive components connected to other passive components axe (collectively) 

passive [85]. In addition, although a stable system is not necessarily passive, all linear 

passive systems are stable. For linear time-invariant systems it was also shown that, 

if the system is passive, then it is also causal [83], [84]. Consequently, to ensure a 

macromodel for a linear time-invariant network is stable, causal, and passive, it is 

sufficient to only verify and enforce passivity. For this purpose, a review of the math

ematical conditions for passivity in the immitance (either admittance or impedance) 

and scattering domain is given in the following sections. 

Passivity of Immitance Domain Systems 

For immitance domain systems, passivity is defined in the time-domain as follows [83]: 

Definition 2.2: An n-port network in the immitance domain is passive if 

for  a l l  t .  v( t )  and  i ( t )  are  the  por t  vo l tages  and  curren t s ,  respec t i ve ly .  

Although the above definition provides a means to verify if a macromodel is passive, 

it is only practical for small systems where the integral may be solved analytically. To 

address this issue, the passivity of linear time-invariant systems is typically considered 

in the Laplace-domain. The following theorem provides the necessary and sufficient 

conditions for a linear n-port immitance matrix, H(s), to be passive in the Laplace-

domain [86]. 

Theorem 2.2: A system defined by an n x n immitance matrix H(s) is passive if 

and only if 

(2.33) 
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a)  H(s ) is analytic for all values of s with IKe(s) > 0; 

b)  H(s*)  =  H*(s ) ,  where  the  superscr ip t  ' * '  i s  the  complex  con juga te  opera tor ;  

c) [U"H(s) + i?(s)] is nonnegative definite for £He(s) > 0. That is 

for 9cte(s) > 0 and for any arbitrary vector z £ Rn. Here, the superscript 'H' 

represents the Hermitian conjugate operator. 

A transfer function, H(s) ,  that satisfies the above 3 conditions is referred to as 

positive real. For the purpose of macromodeling, conditions a) and b) are generally 

easy to verify and enforce. Condition c) is equivalent to requiring that the real part 

of the eigenvalues of [Hh(S) + H(s)} are nonnegative for !He(s) > 0. In general, 

ensuring condition c) is a challenging task. 

Passivity of Scattering Domain Systems 

In many cases, macromodels are generated in the scattering domain. For this purpose, 

time-domain passivity criteria for scattering domain networks are given as follows [83]: 

Definition 2.3: An n-port network in the scattering domain is passive if 

for all t. a( t )  and  b( t )  are  the  inc iden t  and  re f l ec ted  power  waves ,  respec t i ve ly .  

Equivalently, in the necessary and sufficient conditions for a scattering matrix to 

be passive in the Laplace-domain are given by the following theorem [86]. 

z H  [ H h ( s)  +  H ( s ) ]  z >  0 (2.34) 

(2.35) 
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Theorem 2.3: A system defined by annxn scattering matrix S(s) is passive if and 

only if 

a )  S ( s )  i s  ana ly t i c  for  a l l  va lues  o f  s  wi th  fHc(s) > 0; 

b)  S ( s* )  =  S*(s ) ;  

c )  [ I  — S H ( s )S ( s ) ]  i s  nonnega t ive  de f in i t e  for  £fte(s) > 0. That is 

z H  [ I  -  S H ( s )S ( s ) ]  z>  0 (2.36) 

for 9te(s) > 0 and for any arbitrary vector z € M". 

A transfer function, S(s ) ,  that satisfies the above 3 conditions is said to be bounded 

real Condition c) is equivalent to requiring that the 2-norm of the scattering param

eters is less than or equal to 1 for £He(s) > 0 (i.e. ||S|| < 1 for 9(le(s) > 0). As in the 

case of the immitance parameters, ensuring condition c) is the primary challenge to 

constructing passive macromodels. 

2.4 Passive Rational Function based Macromodel

ing 

A major advantage of rational function based macromodeling techniques is that, 

passivity verification and compensation has been well addressed in the literature 

[36]—[49]. For passivity verification, prominent methodologies are based on solving 

full-size and half-size Hamiltonian matrices [35]—[41]- A primary advantage of Hamil-

tonian based passivity verification techniques is that, they accurately identify and 
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quantify regions of passivity violation by solving a single algebraic eigenvalue prob

lem [35], [39]—[41], For passivity compensation, several different methodologies have 

been proposed [39]—[47]. The main idea behind these techniques is to iteratively 

perturb the residues or poles of the macromodei until it becomes passive. 

The following sections outline the passive rational function based macromodeling 

techniques most relevant to this thesis. First, Hamiltonian based passivity verification 

techniques [41] are reviewed. Subsequently, passivity enforcement approaches based 

on first-order perturbation theory and linear matrix inequalities [42] are discussed. 

Details are provided in the scattering domain, however, similar techniques have also 

been developed in the admittance domain [39], [40]. 

2.4.1 Passivity Verification 

Let the scattering equations of an L-port network be in the form b ( s )  =  S ( s ) a ( s ) ,  

where a(s) and b(s) are the incident and reflected waves in the Laplace-domain, 

respectively. Also, let S(s) = [S^s)], i,k € {1,2,..., L} represent the scattering 

matrix. Then each of the entries in the scattering matrix is defined as 

(2.37) 

where for each Sik(s): N(t'k\ R^,k\ and p(nk) are the total number of poles, the 

residues, and the poles, respectively. The equivalent time-domain state-space formu
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lation is given by 

x( t )  =  Ax( t )  -f- JBa( t )  (2.38a) 

b( t )  =  Cx( t )  +  Da( t )  (2.38b) 

where x( t ) represents the state variables, a( t )  and b( t )  are the time-domain represen

tations of the incident and reflected waves (o(s) and b(s)), respectively. A € RPxP, 

B G RPxL, C € R£,xP, D € RLxL, and P is the order of the approximation. The 

corresponding Laplace-domain transfer function is 

S(s )  =  C(s l  -  A) ' l B + D (2.39) 

where I  e M P x P  is the identity matrix. 

Recall from Section 2.3.3 that the necessary and sufficient conditions for a scattering 

matrix to be passive are given by Theorem, 2.3. Conditions a) and b) are generally 

easy to verify by direct inspection. In the case of rational functions, they simply 

require the poles to be in the left-half plane and for the poles/zeros to be either 

real or come in complex conjugate pairs. For condition c) at s — oo, it is easy to 

verify that ||Z)|| < 1. These conditions are also all easily ensured during the fitting 

process [15], [17], [42]. 

However, direct verification of the remainder of condition c) is a computationally 

intensive task. It requires checking that the 2-norm of S(s) is less than or equal to 

1 for all values of s in the right-half of the complex plane. In many cases passivity 

violations may be missed if the search grid is chosen too coarse. Since this is not 

practical, macromodel passivity verification algorithms focus on reducing this search 
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region (for example, to just the imaginary axis), re-formulating passivity conditions 

as linear matrix inequalities, and re-formulating passivity verification as an algebraic 

eigenvalue problem. For this purpose, for the specific case of rational function based 

macromodels, the following theorem was introduced [86]. 

Theorem 2.4: The scattering matrix, S(s), described by rational functions is passive 

if and only if 

a )  S ( s )  i s  ana ly t i c  for  a l l  va lues  o f  s  wi th  9 \e ( s )  >  0; 

b)  S ( s*)  =  S*(s ) ,  where  the  superscr ip t  i s  the  complex  con juga te  opera tor ;  

c) The norm of S(ju>) is less than 1 for lj € K. That is 

z H  [ I  -  S H ( ju )S ( ju>) \  z>  0 (2.40) 

for  a l l  rea l  va lues  o f  u  and  for  any  arb i t rary  vec tor  z .  Here ,  the  superscr ip t  'H '  

represents the Hermitian conjugate operator. 

The above theorem reduces condition c) in Theorem 2.3, from the entire right-half 

plane to just the imaginary axis. However, direct verification of ||S(j'u;)|| < 1 over all 

values of oj 6 R is still a challenging task, and requires a fine frequency-sweep along 

the entire imaginary axis. To address this issue, an algebraic test was introduced via 

the following theorem [42], [87]. 

Theorem 2.5: The state-space system in (2.38) with DTD < I is bounded real if 

and only if the following Hamiltonian matrix, M, has no pure imaginary eigenvalues 

M 
A  + B( I  -  D T D) 1 D T C B( I  -  D T D) X B T  

-C T ( I  -  DD T )  l C -A T  -  C T D(I  -  D T D) X B T  
(2.41) 
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Theorem 2.5 can be used to verify if a rational function based macromodel is 

bounded real and hence, passive. A primary advantage of using this theorem is that, 

it is independent of frequency and only a single eigenvalue calculation needs to be 

performed on the Hamiltonian M. If there are no pure imaginary eigenvalues, then 

the model is passive. However, if the model is found to be nonpassive, then Theorem 

2.5 does not provide a means to identify and quantify the regions of passivity violation. 

In this case, a frequency-sweep is still required. To address this issue, the following 

theorem was introduced [35], [42], [88]. 

Theorem 2.6: S( ju j 0 )  has  a  maximum s ingular  value  equal  to  one  (or  equivalent ly ,  

a norm equal to one) if and only if juio is an imaginary eigenvalue of M, provided 

A has no imaginary eigenvalues and D does not have a singular value equal to one. 

Prom Theorem 2.6, it is clear that the pure imaginary eigenvalues of M correspond 

to the frequencies at which the norm of S(s) becomes equal to 1. For a nonpassive 

macromodel, this means that the pure imaginary eigenvalues, u;0, correspond to cross

ing points where the singular values become equal to 1. Using this information and 

the slopes of the function SH(juj)S(ju), the regions of passivity violation can be 

found with the technique summarized in Algorithm 1 [42]. 

Once the regions of passivity violation are obtained, the location of maximum 

violation in each region is identified. For this purpose, a frequency-sweep of ||<S(ju>)|| 

is performed over each region of passivity violation {UJI,UJu). The frequency at which 

the maximum norm occurs, u;max, is taken as the maximum violation in each region. 

It is to be noted that only an estimate of the maximum violation point is necessary 

for the passivity compensation process. 
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Algorithm 1 Pseudocode for determining passivity violation regions 
Step 1: Calculate the eigenvalues of the Hamiltonian matrix M in (2.41). If there 

are no pure imaginary eigenvalues, then the model is passive and we are done. 
Otherwise, proceed to step 2. 

Step 2: Consider the pure imaginary eigenvalues with positive coefficient given by 
the set (UI < cu2 < ... < U>T)- Then, this set of coefficients corresponds to the 
frequencies at which the singular values of SH(jui)S(jui) become equal to one. 
Evaluate the slopes of SH(ju)S(juj) at each of these frequency points. 

Step 3: Let US = U>T- Since ||D|| < 1 the model is passive at U = oo and so U>S 
corresponds to the boundary point of the first passivity violation region and its 
corresponding slope is negative. 

Step 4: Count the number of positive and negative slopes starting with uis and 
working backwards through the set (u>i < U>2 < • • • < WT)- When the number of 
positive and negative slopes become equal, then this point corresponds to the other 
boundary point of the passivity violation region. Let u>k be this point. 

Step 5: Reset the slope counts to zero and let ojs = Wk-i -  Repeat Steps 4 and 5 
until all the crossing points have been used up. 

2.4.2 Passivity Compensation 

In this section, two passivity compensation approaches based on perturbing the 

residues of the rational functions are presented [42]. First, a method that uses first-

order perturbation theory is reviewed. Second, an algorithm based on solving linear 

matrix inequalities is described. 

First-Order Perturbation Theory Approach 

In this approach, the residues are iteratively perturbed such that at each iteration, the 

eigenvalues of [J — SH(juj)S(ju)] become less negative. The compensation process 

is completed when the eigenvalues are all positive and hence, the macromodel is 

passive. An illustration of the perturbation process is given in Fig. 2.4. Details of 

the algorithm are as follows. 

For simplicity, assume there is only a single passivity violation in the macromodel 
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Original Nonpassive Model 

Passive Model After Iterative Compensation 

- h 

Effect of 2nd Perturbation 
o> 

Passivity 
Violation Effect of 1st Perturbation 

FIGURE 2.4: Illustration of iterative perturbation process. 

between (uji,uh) and the maximum violation in the region occurs at ujmax. Recall 

that C in (2.39) corresponds to the residues of the rational function [5]. Then, let 

AC be the desired perturbation of the residues and let 

C = C + AC (2.42) 

be the residues of the perturbed model. The scattering parameters of the perturbed 

macromodel are then given by 

S( ju)  = S( ju)  + A S( j tu)  (2.43) 

where 

S( ju j )  =  C( ju l  -  A)~ l B + D,  AS( ju; )  =  AC(ju l  -  A)~ l B.  (2.44) 
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It is desired to perturb the eigenvalues of the matrix [I  — S H ( ju>)S( ju j ) \  at u = 

umax such that the added perturbation AS makes the eigenvalues less negative (for 

simplicity, the (ju>) is dropped in the following derivations). For this purpose, recall 

from first-order perturbation theory [89] that if a given matrix T is perturbed by 

AT, then each eigenvalue is perturbed by 

^ (2.45) 
yTX 

where y and x are the corresponding left and right eigenvectors of T, respectively. 

Now compare the bounded real condition for the perturbed model given by 

S H S = 1-  S H S -  S H AS -  AS H S -  AS H AS > 0 (2.46) 

with the bounded real condition for the original model 

I  -  S H S > 0. (2.47) 

It is clear that the perturbation introduced in the original model is given by 

-  S h AS -  AS H S -  AS h AS.  (2.48) 

Neglecting the second order term AS H  AS and using (2.45), the contribution to the 

negative eigenvalue from the perturbation is given by 
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where v  and u are the left and right eigenvectors of [J — S H  ( ju} m a x )S( ju m a x ) ) .  The 

goal of the perturbation process is for [—SHAS — ASHS] to cancel — AA from the 

negative eigenvalue of [J — SHS] for the original system. 

Using the fact that vTu = 1 and substituting (2.44) for S and AS into (2.49) 

yields 

AA = v T  [D T AC(sI  -  A)~ l B + B T (s H I  -  A T ) - l C T AC(sI  -  A)~1B+ 

B T (s H I  -  A T )~ 1 AC T C (s I  -  A)~ X B +  B t( s hI  -  A T )~ 1 AC T D] u  (2.50) 

where s = jut. Next, (2.50) is rearranged using the property of Kronecker products 

[90] as 

AA = [( (s i  -  A)~ l Bu) T  ® v tD t + ( (s i  -  A)~ l Bu) T  ® B T (s H I  -  A T )~ 1 C T + 

((s i  — A )~ l Bv) T  ® u tB t( s hI  — A T Y 1 C t + ( (s i  — A )~ l Bv) T  ® u T D T ]  x  

(2.51) 

where <g> represents the Kronecker product operator and x  = vec(AC)  corresponds 

to the rows of AC stacked in vector format. This can be written as a least squares 

problem in the form 

Wx = AA (2.52) 

where x  = vec(AC)  are the desired residue perturbations of the matrix AC and W 

is the remaining term between the square brackets in (2.51). For multiple regions of 

passivity violation, (2.52) is solved at each of the frequencies of maximum violation. 

With the perturbation AC added to the original macromodel, it is inevitable that 

AS(juj) introduces error in the overall transfer function. In order to minimize this 
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error, constraints are imposed during the perturbation process as follows. 

First, note that the L2-norm of the response can be written as [91] 

/

OO 
\\AS(ju})\\2

Fdui = trace(AC.PACT) (2.53) 
•oo 

where || • H2 and || • \\p are the L2-norm and Probenius norm of the argument. The 

matrix P is the controllability Grammian obtained from solving the Lyapunov equa

tion 

AP + PA H  + BB h  = 0. (2.54) 

Since (2.54) is independent of C,  P is calculated once at the beginning of the passivity 

compensation process. Incorporating error control in the compensation procedure, the 

problem to solve is 

min(trace(ACPACT)) subject to 

Wx = AX (2.55) 

where W and x  are defined in (2.52). 

Linear Matrix Inequality Approach 

In this section, an approach to passivity compensation based on linear matrix inequal

ities is reviewed [41]. The goal of passivity compensation is to obtain a perturbed 

model S(s) that satisfies passivity condition c) of Theorem 2.4 and is bounded real. 

Using condition c) and (2.46) (neglecting the second order term), note that the per
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turbed model needs to satisfy the linear matrix inequality given by 

I  -  S H S -  S H AS -  AS H S > 0 .  (2.56) 

Substituting in (2.44) and using F = ( ju l  — A)  l B gives 

I  -  S H S -  S H ACF -  AC h F h S > 0 .  (2.57) 

This problem is linear in terms of the unknown matrix AC and can be solved using 

interior point methods [87]. 

In many cases, all the terms in (2.57) are not necessarily pure real matrices (this is 

typically the case for unsymmetrical macromodels). In practice, this can be a problem 

since many linear matrix inequality solvers cannot directly handle complex functions. 

For this purpose, the following lemma is used. 

Lemma 2.7: A complex Hermitian matrix, Y, is positive semi-definite if and only if 

Proof of Lemma 2.7: To prove necessity, the process given in [42] (pg. 84) for 

positive definiteness is followed with '>' replaced with '>'. Sufficiency can be proven 

9te(T) 3m(Y) 
> 0. 

-3m(T) !Re(T) 
(2.58) 

working in the reverse manner. • 
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Using Lemma 2.7 and defining S = S R + jSj  and F = F R + jFi ,  (2.57) becomes 

- t  - - - - t  

S r  S j  S r  SJ 
+ 

S r  SJ 

-SR S R  -S j  S r  -sT S r  

AC 0 

0 AC 

+ 
AC 0 

t  

F r  Fr 
t  

Sr  Sr 

0 AC -Fr  F r  -Sr SR 

F r Fi 

—F i FR 

<1. (2.59) 

To minimize the error introduced during this perturbation process, the techniques 

developed in the previous section can be applied here as well. Combining (2.53) with 

(2.59), the passivity compensation process is to iteratively solve 

min(trace(ACPAC,r)) subject to (2.59) 
AC 

(2.60) 

until the macromodel becomes passive. 



CHAPTER 3 

Review of Macromodeling 

Networks with Time-Delays 

The previous chapter provided a review of passive macromodeling techniques based 

on rational functions. However, rational function based approaches are not always 

optimum for tabulated data networks with time-delays. To address this, Delayed 

Rational Function (DRF) macromodeling techniques were developed for networks 

with time-delays characterized by tabulated data. This chapter provides an overview 

DRF macromodeling techniques for tabulated data. The chapter is organized as 

follows. Section 3.1 provides a review of issues that arise from applying rational 

macromodeling techniques to networks with time-delays. Section 3.2 reviews DRF 

macromodeling for tabulated data networks. Next, Section 3.3 reviews DRF fitting 

using Hilbert transform based delay estimation [31]—[34]. It is followed by Section 3.4, 

that reviews the Gabor transform based DRF macromodeling technique [28]. Section 

3.5 presents the delayed vector fitting algorithm for DRF macromodeling [29], [30]. 

44 
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3.1 Long Delay Networks: Macromodeling Issues 

As discussed in the Chapter 2, passive macromodeling based on rational functions has 

become a prominent tool for integrating tabulated data networks into standard SPICE 

simulators. However, for tabulated networks with long delays, there are several major 

drawbacks with rational function approximations. 

1) Long delays require high-order rational approximations. 

2) Rational models produce an unnatural ringing in the time-domain response. 

3) Rational models produce unnatural rise time degradation and in turn, inaccu

rate timing analysis. 

Further details are given in the following sections. 

3.1.1 High-Order Rational Approximations 

Delays are characterized in the frequency-domain by the exponential function e-ST, 

where r is the delay in the network. However, conventional macromodeling techniques 

[17]—[22] approximate this exponential function using rational functions in the form 

where rn and p n  are real or come in complex conjugate pairs representing the residues 

and poles, respectively. The value d is real and N is the number of poles. The 

exponential function has an infinite number of poles and zeros, while rational ap

proximations contain only a finite number of each. Therefore, for high frequencies 

and/or long delays, an accurate rational function approximation of a single delay 

N 

(3.1) 
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Lossless Transmission Line 

FIGURE 3.1: Two-port lossless transmission line network. 

element can require hundreds of poles. Consequently, the corresponding equivalent 

circuit will require a large number of circuit elements and yield slow transient anal

ysis. Furthermore, an unnatural ringing effect will be observed in the time-domain 

response. 

3.1.2 Ringing in the Response 

Consider an ideal, lossless two-port transmission line network shown in Fig. 3.1. A 

signal applied at port 1 takes a finite amount of time, r, to travel to port 2. Then, 

there is no output response at port 2 until time r (i.e. the voltage and current values 

are both 0 until time r). This phenomenon is illustrated by the flat portion of the 

response in Fig. 3.2, where here r = 8 ns. 

Assuming the line is perfectly matched and there are no reflections at port 2, the 

output response at port 2 can be described mathematically as 

y( t )  =  F hi2( t  — x )v{x)dx  = F S( t  — x  — r )v{x)dx  =  v( t  — r )u( t  — r). (3.2) 
Jo Jo 

Here, hi2( t )  =  S( t  — r) represents the time-domain impulse response at port 2 due to 

an input at port 1 and v(t) is the input signal at port 1. u(t) is the unit step function 
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FIGURE 3.2: Illustration of port-to-port delay from a lossless transmission 
line. 

defined by 

u{t )  
1 for t  >  t  

0 for  t  <  t  

(3.3) 

In the Laplace-domain, the transfer function for the response at port 2 due to an 

input at port 1 is given by 

H l 2 (s )  =  2(h n ( t ) )  =  £(6( t  -  r)) -  e" (3.4) 

where s is the independent variable of the Laplace-domain. Rational macromodeling 
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techniques approximate the transfer function using a rational function such that 

N rn Hn(s)  = e-"  « Y) -ft- + d. (3.5) 
„_i  s  Pn n=l 

In the time-domain, this approximation of the impulse response, h i 2 ( t ) ,  can be written 

as 
N 

hu(t) = ^2 rn&tPn + dS(t). (3.6) 
n—\ 

Then, using (3.6) with (3.2), the approximate time-domain output response for the 

model, y(t), becomes 

y ( t )  =  i^ n  J  8( t  — x )v (x )dx  

e t P n v (x )dx^  +  dv ( t )  — dv (  0). (3.7) 

It is clear that in general, the output from the rational model is nonzero for time t ,  

0 < t < T. Specifically, let the input be a unit step function (i.e. v(t) = u(t)). Then 

(3.7) becomes 

y ( f )  =  ( e < P n  ~ : )  •  ( 3 - 8 )  
71=1 

The flat or zero portion of the response is now approximated as a sum of exponential 

terms. Consequently, there is a non-physical nonzero response for 0 < t < r, which 

gives the ringing effect in the transient response for rational function based macro-

models. This effect becomes more pronounced as the delays become longer and the 

order of the rational function approximations increase. 

To illustrate the ringing in the response, consider the lossless transmission line 
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network in Fig. 3.1. The transfer function for the transmission line was approximated 

with a set of rational functions. Using the vector fitting algorithm [17], it required 

80 poles to accurately approximate the tabulated data up to 2.5 GHz. The model 

was excited using a 2V step function with a rise time of 0.15 ns. The time-domain 

response using the rational function model is shown in Fig. 3.3. As seen, there is a 

nonzero ringing in the response between 0 and 8 ns while the analytical delay-based 

lossless transmission line model produces a zero output. 

The error from this ringing can actually be seen throughout the time-domain re

sponse, and is also prominent around rising/falling clock edges. Fig. 3.4 shows the 

ringing effect after the rising edge of the unit step function reaches port 2. This 

ringing is a significant source of error from macromodels based on rational functions. 

3.1.3 Inaccurate Timing Analysis 

Consider the ideal lossless transmission line from the previous section along with 

its corresponding rational and analytical macromodels. Fig. 3.5 gives an expanded 

view of the rising edge of the clock in response to a 0.15 ns rise time input signal. 

The rational macromodel shows the switching response begins at 7.94 ns while the 

analytical delay-based model begins switching at 7.99 ns, a discrepancy of 0.05 ns. 

In relation to the delay of 8 ns this error may seem acceptable, however, the effect of 

this error in relation to the rise time can be considerable. 

The rise times (10% to 90% of total rising edge) for the rational and analytical 

macromodels were 0.194 ns and 0.121 ns, respectively. A discrepancy of 0.073 ns or 

equivalently, an error of 60% from the rational macromodel. This unnatural rise time 

degradation leads to overly conservative estimates for the maximum and minimum 
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FIGURE 3.3: Illustration of spurious ringing effect from approximating 
an exponential delay function using a rational function. 
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FIGURE 3.5: Illustration of rise time error. 

switching speeds of a given device. For a designer, this error manifests itself in 

the timing analysis as unnecessarily large setup and hold times. To accommodate 

the wider timing constraints from the hundreds or thousands of components (each 

requiring a separate macromodel), it will force the designer to devise a slower overall 

product. 

3.2 Macromodeling Techniques for Time-Delay 

Networks 

As discussed in the previous section, macromodeling electrically long tabulated data 

networks using rational functions can yield high-order approximations and inaccu

rate time-domain analysis. To address this issue, efficient delay-extraction based 

techniques have been developed for tabulated data networks with long time-delays 

[26]—[34]. Each of these methods approximates the tabulated data using Delayed 
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Rational Functions (DRFs) in the form 

M 
H(s) = ^Qm(s)e-ST- (3.9) 

771=0 

where Q m (s )  are rational functions, M is the total number of delays in the network, 

and rm is the mth delay with r0 = 0. Expanding each of the Qm(s) in its rational 

form gives 

where for Q m (s ): iVm, rmjTl, and pm>n are the total number of poles, the residues, 

and the poles, respectively. After approximating the tabulated data using DRFs, 

they are converted into an equivalent circuit for implementation in standard SPICE 

simulators. 

Several techniques axe available in the literature to obtain DRF approximations 

of general networks from tabulated data [26]—[34]. In [31]—[34] Hilbert transform 

based delay estimation was proposed for general networks characterized by tabulated 

frequency-domain data. These methods extract only one dominant delay and neglect 

higher order reflections. Hence, the corresponding macromodel may not be efficient 

in the practical case of data with multiple delays. In [26], [27], general DRF-based 

macromodeling techniques were developed for networks characterized by tabulated 

time-domain data with multiple delays. In [28], a Gabor transform based macromod

eling technique was proposed and [29], [30] extended this technique to be formulated 

via delayed vector fitting. These methods were developed for networks with multiple 

delays characterized by tabulated frequency-domain data. Conceptually, algorithms 

Qm(s)  

(3.10) 



3.3. Delay-based Macromodeling via Hilbert Transforms 54 

in [26]—[30] are similar. Delays are first identified using time-frequency analysis and 

subsequently, an iterative least squares technique is applied to obtain an accurate 

estimation of the poles and residues for the delayed rational function. 

The following sections provide details of the DRF approximation techniques for 

tabulated frequency-domain data relevant to this thesis. For a thorough review of 

time-domain DRF approximation algorithms, the interested reader is referred to [92]. 

3.3 Delay-based Macromodeling via Hilbert 

Transforms 

In this section, the Hilbert transform based macromodeling technique for tabulated 

frequency-domain networks is reviewed [31]—[34]. In this technique, using the prop

erties of minimum phase for passive structures, the Hilbert transform is applied to 

obtain an estimate for the port-to-port delays in the network. 

To begin, recall that a function is a minimum phase function if all its poles and 

zeros lie in the left-half plane. In multi-port stable networks, this property is only 

exhibited by the self-responses (or diagonal elements) of the system. Now consider 

the two-port network with a transfer function given by 

H (s )  =  
Hn(s)  H n (s )  

H 2 1 (s )  H 2 2 (S)  
(3.11) 

The off diagonal elements, which represent port-to-port functionality of the system, 

are not minimum phase functions, unlike the self-response Hn(s) and H22{s). Next, 

recall that an all-pass function is defined as a function with magnitude of 1 over the 
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entire frequency range. Using the fact that any stable system function can be written 

as a product of a minimum phase function and an all-pass function, #12(5) is written 

as 

H 1 2 (S)  = H m i n (s )H A P (s )  (3.12) 

where HMI N {S)  is the minimum phase function and HAP(S)  is the all-pass function. If 

r is the delay between port 1 and 2 in the system, then Hn(s) can also be written as 

H 1 2 (s )  = Hn{s)e- S r .  (3.13) 

Note that e~ST has magnitude of unity for s — jui over the entire frequency range 

UJ € K.  Therefore ,  i t  i s  se lec ted  as  the  a l l -pass  funct ion .  This  leaves  / / 1 2 (s )  =  H m i n (s )  

as the minimum phase function. Combining (3.12), (3.13) and the fact that Hu(s) = 

Hmin(s) yields 

"AP(M = = **"•  (3-14) 
•" min \3^J 

Rearranging (3.14) to obtain an expression for the delay gives 

arg (H A p( ju>))  a r §(£S)  
u  u  

(3.15) 

It remains to find and expression for the minimum phase function H m i n ( jo j )  in terms 

of  the  or ig ina l  funct ion  Hu(ju j ) .  

It is known that the magnitude and the phase of a minimum phase function are 

related by the Hilbert transform. This is given mathematically as 

arg[H m i n ( ju j )]  =j log\H m i n ( ju) \  co t  d & ( 3 - 1 6 )  
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where V represents the Cauchy Principal value [93]. Next, recall that 

= \H m i n ( ju>) \  =  \H l 2 ( ju j ) \  (3.17) 

where | • | is the absolute value of the argument. Substituting (3.17), (3.16), and 

Hmin(ju) = \Hmin{juj)\e^ar&lHTnin(ju)] jn^0 (3.15), the delay can be expressed in terms 

of Hi2(ju) as 

Once the delay has been estimated, transient simulation is carried out using signal 

flow graph techniques [34]. 

3.4 Delay-based Macromodeling via Gabor Trans-

In this section, the Gabor transform based macromodeling technique for networks 

characterized by tabulated frequency-domain data is reviewed [28]. In this algorithm, 

the delays are first estimated using time-frequency analysis. Next, the frequency-

domain transfer function data is converted into separate subsets via time-frequency 

transforms such that, each subset contains the frequency-domain data for a single 

delayed impulse function. Then, each subset of data is fit separately using the vector 

fitting algorithm coupled with an optimization process to identify the optimal time-

delay. Combining the approximations obtained for each of the separate subsets gives 

|^i2(^)|e^7?^log|H'2(^)|cot(^)dg 

(3.18) 

forms 
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a Delayed Rational Function (DRF) approximation for the original data. 

In this section, first, details of the delay estimation process are given. Next, the 

methodology for constructing DRF approximations using the Gabor transform is 

reviewed. For simplicity, the analysis provided in this section is based on continuous-

time transformations. However, in practice the equivalent discrete-time transforma

tions are used to handle bandlimited tabulated data. 

3.4.1 Delay Estimation using Time-Frequency Analysis 

Consider the scalar frequency-domain transfer function H (OJ ). Its corresponding time-

domain impulse response can be considered a series of attenuated impulse functions, 

each of which is delayed in time. The delays in the network correspond to the time-

domain locations of these impulses. Therefore, identification of the time-delays re

duces to finding the locations of the impulses. 

Recall that impulses in the time-domain correspond to localized regions of high-

frequency or energy content. Prominent methodologies to localize frequency content 

in time are based on windowed Fourier transforms [94]. Here, since the original 

function is given in the frequency-domain, a windowed inverse Fourier transform is 

used. For H(u), this inverse transform is given by 

/

+oo 

H(e)W m (e-w)e>«de (3.19) 
-OO 

where t  is the time variable and W (e) is the windowing function. One such windowing 

function is the Gaussian defined by 

W(e)  = 7r- 1 / 4 e- £ 2 / 2 .  (3.20) 
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A windowed Fourier transform using this Gaussian windowing function is sometimes 

referred to as the Gabor transform [28], The energy density function or spectrogram 

corresponding to the Gabor transform is given by 

The function Ps(u>,t) gives the energy content of H(u)  in the neighborhood of (a;, t ) .  

From this energy function, it is desired to identify the locations in time with the 

highest energy or frequency content. For this purpose, the average of the energy 

density function over all frequencies is calculated as 

Then, the location of the maxima in the average energy density function, £(t), provide 

an  es t imat ion  for  the  t ime-delays  ( f j ,  f 2 , . . . ,  FX) in  the  response  H(UJ) .  

3.4.2 Construction of Delayed Rational Functions (DRFs) 

Recall, the original function H(e)  can be recovered from the Gabor transform using 

the inversion formula given by 

H(e)W*(e  -  u)e j € t de 
2 

(3.21) 

i r+oo i r+oo 

m = 2^ =^J \QM\2CLJ. (3.22) 

i r+oo r-roo 

H { £ )  =  ~ 1  /  G ( u , t ) W { e - u ; ) e - j e t d u j d t  (3.23) 
27T ./_™ J —oo J— oo 
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where Q(uj,t) is Gabor transform defined in (3.19) - (3.20). An important property of 

the inversion formula is that, it can be partitioned into separate integrals such that 

^ 1 r+oo rTk+i 
H(e)  =  Y ,  Me) ,  H k (e)  =  — /  /  G(u ,  t )W(e  -  u>)e~ i e i dudt  (3.24) 

J—oo JTk 

where 7\ = — oo, TK+I  = oo, and the remaining {Tfc} correspond to partition points 

along the time axis. The partition points axe chosen as the minima between each pair 

of maxima, {ffc}, found during the delay estimation process. By splitting the integral 

in this manner, each frequency-domain transfer function, Hk(s), corresponding to the 

time interval (Tk,Tk+i) contains a single impulse function. 

Next, consider the delay-free transfer function for each interval 

H k (e)  =  H k (e)e+»* (3.25) 

where rfc is the true delay on (T k ,  T k + i ) .  Hk(e)  is approximated with a rational 

function using the vector fitting algorithm. The fitting is coupled with an optimization 

process to identify the true delay on (Tk, Tk+1) [54], [55], with the optimization region 

chosen as a small interval centered at ffc. Since the Hk{e) do not contain delay, the 

vector fitting algorithm yields low-order rational function approximations in the form 

where for the kth function H k (s ) :  is the number of poles, {r m , k )  are the residues, 
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and {pm,k} are the poles. Combining the results in (3.26) with (3.24) gives 

K K ( Mk T \  
H{e)  =  V H k {e)e~^  V . m'fc ) e~^ .  (3.27) 

From (3.27), it is clear that the original transfer function is now approximated with 

a DRF. 

3.5 The Delayed Vector Fitting Algorithm 

In [29], [30], two fitting techniques were presented extending the Gabor transform-

based methods [28] presented in the previous section. These algorithms modify the 

iterative global least squares techniques known as the Sanathanan-Koerner iteration 

[13] and vector fitting [17] (presented in Section 2.2.1) for the case of delayed rational 

functions. In this section, the more robust and stable extension based on vector 

fitting, termed delayed vector fitting is reviewed. 

The delayed vector fitting algorithm begins with a function represented by a set 

of N data points, {/(s)} = {/(si), /(s2),... ,/(SN)}, and builds a Delayed Rational 

Function (DRF) approximation of the form 

K  

f ( s )  =  

k= 1  

M  ,  \  

W-^ + 4) e-*Tk (3.28) 

where M is the total number of poles, {p m }  is the set of poles, and K is the total 

number of delays. For the kth delay, r^: rmjfc are real or come in complex conjugate 

pairs representing the residues (corresponding to the poles pm) and the values dk are 

real. The goal of the delayed vector fitting algorithm is to estimate all the delays, 
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residues, and poles such that (3.28) provides an accurate approximation (in the least 

squares sense) of the given tabulated data. 

The delayed vector fitting algorithm first obtains an estimate for the delays using 

the Gabor transform and time-frequency analysis [28] (discussed in Section 3.4). Next, 

it follows the same two-stage process as vector fitting (discussed in Section 2.2.1) to 

determine the remaining unknown poles and residues in (3.28). Stage one makes an 

initial guess at the poles over the frequency interval of interest. Next, it solves a least 

squares problem for the scaling function, cr(s), whose zeros become the new initial 

set of poles for the system. This process is repeated iteratively until convergence is 

achieved. Stage two then calculates the residues of (3.28) using the final set of poles 

obtained in stage one. Further details are given in the following sections. 

3.5.1 Stage 1: Pole Identification 

The algorithm begins by choosing a set of starting poles, { p m }  (for details see Section 

2.2.1). Following this, a scaling function, er(s), is defined such that 

where rm are the residues of cr(s). Next, a scaled function is defined such that 

M 

(3.29) 

K M 

(3.30) 

Equations (3.29) and (3.30) are combined to obtain 

(3.31) 
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or 
K M ,  X  

££(-^+<0 
r f  ̂ \ S ~ P m  J  

,-STfc 

_fc=l m=l 

r M 

E m=l 8 ~Pm 
f (s )  =  f (s ) .  (3.32) 

Writing (3.32) at N frequency points, where N > (K xM + M + 1) (the number of 

unknowns) ,  g ives  an  overdetermined l inear  leas t  squares  problem of  the  form Ax = b  

where the unknowns fm^, dk, and rm are contained in the solution vector x. In 

expanded form, this is written as 

A 

A x  • • •  A k  A 

x  b  

X i  f ( s  l )  

] /(«2) 

x K  

X  _ fM _ 

(3.33) 

where 

Ak = 

e~°! Tfc 
si-Pi 
e~'2 T k  
S2-p l  

e~ 'N r k  

.  SN—Pl 

1 e~'i Tk 
Sl -pM 

e~'2 T k  ^  
»2  -pM 

e~ s N T k  

SN-PM 1 

,A = 

- fM 
si—Pi 
-/(«2) 
92 Pi 

—I(*N)  

. S/V-P1 

Sl-PM 
- / («  2)  

82—PM 

- f ( s N )  
SN—PM . 

" 

, Xk — 
: 

?M,k 

1 

a; = 

7*1 

T M 

(3.34) 

This system can be solved using the standard Householder algorithm [77]. 

Equation (3.32) is now used to obtain a delayed rational function approximation 

for the function f(s). Let {zm,k} and {zm} be the zeros of f(s) and <r(s), respectively. 
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Then, note that the partial fraction expansion of cr(s) and f ( s )  can be written as 

/(«) 

K / M 

(n ( s  ~ ̂ ) ) e  s T h  
k=1 \m=l 

M 

M 

J"J (s Zm) 

a ( s )  -
M  

(3.35) 

n (s ~ P™) n<«-pm^ 
m=l m=1 

Substituting (3.35) into (3.30) and rearranging for f ( s )  gives 

/(«) = /(«) 

'  K  /  M  \  

m ) e~ sTk 

,k=1 \m=l / 
/ 

"  M  

n( s ~ p ™ )  
rn— 1 

a ( s )  "  M  

n<-
jn= 1 

/ 
"  M  

_m= 1 
K / M 

yi  n e' •ST k  

,fc=l \m=l 
M 

( s  Z m )  

,m= 1 

(3.36) 

Therefore, the zeros of a ( s )  represent a refined set of poles for the function f ( s ) .  This 

stage is repeated with the zeros of <r(s) taken as the new set of starting poles until 

the desired convergence criteria is obtained. In some instances, the poles determined 

using (3.36) will lie in the right-half plane, meaning they are unstable. This problem is 

overcome by inverting the signs of the real parts for the unstable poles and performing 

another iteration. 

The determination of zeros is found using the same method as the rational func

tion case, described in Section 2.2.1. In addition, to improve convergence the delayed 

vector fitting algorithm is typically implemented using the relaxed vector fitting con

dition introduced in [18] and described in Section 2.2.1. 
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3.5.2 Stage 2: Residue Identification 

In this stage, the residues of f(s) are calculated using the final set of poles, {pm}, 

found in stage one. For this purpose, an overdetermined least squares problem is 

constructed that solves for the residues in (3.28) at N frequency points. In expanded 

form this is given as 

b 
x 

/ 

ai ak  

A /(«i) 

/(« 2) 
(3.37) 

xK 
/ ( s n )  

where Ak and Xk are defined in (3.34). 

To ensure exact complex pole pairs, modifications analogous to those given in 

Section 2.2.1 can be applied. 



CHAPTER 4 

Proposed Passive Macromodeling 

Algorithm for Scattering 

Parameter Based Delayed Rational 

Functions 

In this chapter, passivity verification and compensation algorithms axe developed 

for macromodels described by Delayed Rational Functions (DRFs), obtained from 

tabulated scattering parameters. Section 4.1 introduces the topic and describes the 

motivation for the proposed algorithms. Section 4.2 reviews DRF-based macromodel

ing techniques and passivity issues. Next, Section 4.3 develops theoretical foundations 

and proofs for the proposed passivity verification algorithm. Section 4.4 develops a 

half-size Frequency-Dependent Generalized Eigenvalue Problem (FDGEP) for effi

cient passivity verification and is followed by Section 4.5, which describes the pro

65 
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cess for identification of passivity violation regions. Section 4.6 introduces the new 

passivity compensation algorithm for DRF-based macromodels. Numerical results 

validating the accuracy and efficiency of the proposed algorithms are given in Section 

4.7. 

This chapter provides the first contribution of the thesis. The work in this chapter 

first appeared in [68]—[71]. 

4.1 Introduction 

As discussed in the previous chapter, in the case of high-speed modules containing 

long delays (such as modules containing cables, printed circuit board traces, high

speed links, etc.), DRF-based macromodeling techniques have recently been developed 

[26]—[30]. For macromodel construction, the delays are initially found by performing 

a time-frequency analysis of the given tabulated data. Subsequently, a least squares 

fitting algorithm is used to obtain an accurate DRF model for the tabulated data. 

However, DRF approximation algorithms do not guarantee the passivity of the final 

macromodel. Passivity of such macromodels is critical to the stability of the transient 

simulation of the tabulated data network along with the rest of the circuitry. Widely 

adopted passivity enforcement methods based on first-order perturbation may require 

numerous iterations, requiring at each iteration passivity verification and enforcement. 

In the case of simple rational function based macromodels, the above process is well 

established in the literature [36]—[49]. It is to be noted that the passivity verification 

is a computationally expensive step and it may not be robust if frequency-sweep 

based techniques are used. For passivity verification of simple rational function based 

macromodels, efficient and robust techniques based on evaluation of full and half-size 
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Hamiltonian matrices can be found [35]—[41]. In the specific case of transmission line 

models, passivity verification and compensation algorithms have also been developed 

[50]—[53]. However, passivity verification and compensation involving DRF-based 

macromodels derived for general networks that are represented by tabulated data is 

still an open research topic. 

In this chapter, passivity verification and compensation algorithms for DRF-based 

macromodels obtained from tabulated data in the scattering domain are developed. 

For this purpose, a new theorem is introduced for fast identification of regions of 

passivity violation based on the solution of a quasi-periodic Frequency-Dependent 

Generalized Eigenvalue Problem (FDGEP). The proposed theorem reduces the nec

essary passivity verification search region from the entire right-half of the complex 

plane to just a single finite interval along the imaginary axis. In addition, a new 

passivity compensation algorithm is developed to iteratively perturb the residues of 

nonpassive delayed rational macromodels using first-order perturbation theory. 

4.2 Problem Formulation 

Tabulated data characterizing a multi-port network can be in the form of admittance, 

impedance, hybrid, or scattering parameters. In this chapter, the tabulated data is 

considered to be given in the form of scattering parameters. Consider an L-port 

network with the scattering parameters described by 

Sll Sl2 • •• S1L ax <
3
-

• 

5xi Sl2 • • Sll 1 > 1 S
T

-

1 
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where {af} are the incident power waves, {6J are the reflective power waves, and Sik 

is the (i,k) element of the scattering matrix. For macromodeling networks with long 

delays, the data for each matrix entry, Sik(s), is approximated by a DRF [26]—[30] in 

the form 
M 

s«(s) = Q?(s) + £ oif We"""- (4-2) 
m=l 

where (i,k) € (1,2,..., L) are the indices referring to the corresponding matrix ele

ment, M is the total number of delays in the network, and rm is the mth delay. Each 

of the Ql£(s), m = (0,1,..., M), is given by a rational function in the form 

nmk  7yi,k 
Qif (») = Kto + £ (4.3) 

n=l S ~ Pm>n 

where for each Q l*(s): N^, R l^n, and p]£n are the total number of poles, the residues, 

and the poles, respectively. To obtain (4.3) using techniques such as those in [26]—[30], 

the delays are initially found by performing a time-frequency analysis of the given 

tabulated data. Subsequently, a least squares fitting algorithm is used to obtain an 

accurate approximation of the tabulated data in the time or frequency-domain. 

Stability of the DRFs can easily be ensured by forcing the poles to be in the left-

half of the complex plane during the fitting process [17]. However, in order for the 

scattering model to be passive, a more complex set of conditions must be satisfied. 

Specifically, a network described by its scattering matrix, S(s), is known to be passive 

if and only if the following conditions are satisfied [95]. 

a) S(s) is analytic for all values of s with 5He(s) > 0; 

b) S(s*) = S*(s), where the superscript is the complex conjugate operator; 
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c) The norm of S(s) is less than 1 for all values of s with fHe(s) > 0. That is 

zH [/-SH(s)S(s)] z > 0 (4.4) 

for all complex values of s with 91 e(s) > 0 and for any arbitrary vector z. Here, 

the superscript 'if' represents the Hermitian conjugate operator. 

Using (4.2)-(4.3) an equivalent state-space formulation in the time-domain can be 

constructed [27] as 

x(t) = Ax(t) + Ba(t) (4.5a) 

M M 

= 53 CmX^ ~ r™) + 53 D"'a(t ~ Tm) (4.5b) 
m=0 m=0 

where x(t) G Rp represents the state variables, A € RFxP, B E RPxL, Cm € RLxP, 

Dm e RLxL, P = (N x M) x L, and N = Ei,k,m Nm-

As discussed in the Section 4.1, the above conditions can be computationally in

tensive to verify. A direct approach would require a frequency-sweep of the entire 

right-half plane. For the case of rational function based macromodels, passivity can 

be verified in closed-form by checking that a Hamiltonian matrix (derived from the 

state-space formulation of the rational macromodel) does not have any pure imag

inary eigenvalues [41]. However, for DRF macromodels, the presence of the delay 

terms (in the form of exponential functions in the frequency-domain) makes this task 

more difficult. 

Recently, in [50], for the specific case of 2-port DRF macromodels of per-unit-length 

RLCG parameter based transmission line interconnects, obtained via the method of 

characteristics with certain constraints, it was shown that the necessary search region 
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for passivity verification could be reduced to only a finite interval along the imaginary 

axis (instead of the entire right-half plane). In [51], this work was advanced for 

multi-port transmission line interconnects with multiple delays, reducing passivity 

verification to solving a quasi-periodic FDGEP over a common period corresponding 

to a finite interval along the imaginary axis. However, a robust passivity verification 

in the case of DRF macromodels of tabulated data still remains a challenging task. 

In order to address this issue, in the following sections, computationally efficient 

algorithms for passivity verification for DRF macromodels of tabulated scattering 

parameter based networks are given. 

4.3 Proposed Passivity Verification Algorithm 

Conventional passivity verification approaches for DRF macromodels derived from 

tabulated scattering parameter data require a robust sweep of the entire right-half 

plane. In order to reduce the necessary search region and related computational 

efforts, the following algorithm is proposed. 

To begin, it is shown that by imposing certain constraints on the DRFs generated 

from tabulated data networks, the necessary search region for passivity verification 

is reduced from the entire right-half plane to just the imaginary axis. Subsequently, 

a quasi-periodic FDGEP is developed such that, its solutions correspond to passivity 

violations in the DRF macromodel over a single finite period along the imaginary axis 

(rather than the entire imaginary axis). Details are given below. 
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4.3.1 Reduction of the Search Region to the Imaginary Axis 

In order to reduce the necessary seaxch region for passivity violations from the entire 

right-half complex plane to just the imaginary axis, the following Lemma is intro

duced. 

Lemma 4.1: If Q^(s) is asymptotically stable for all (z , fc )  €  {1 ,2 ,  . . . ,L} ,  m € 

(0,1,..., M) and 

lim Q]£(s) = 0, for m ̂  0 (4.6) 

then S(s) defined by (4.2) satisfies the passivity conditions a) and b). In addition, 

condition c) is satisfied for all £fte(s) > 0 if it is satisfied on the imaginary axis. That 

is, (4.4) can be replaced by the equivalent condition 

zH [I - SH(ju)S(juj)] z > 0, Vo; G R and Vz G CL. (4.7) 

In order to prove Lemma 4-1, the following results are needed [50], [96]. 

Proposition 4.2: The exponential function, e~ST satisfies the Cauchy-Riemann equa

tions. 

Proposition 4.3: If two functions, Q(s) and'H{s), each satisfy the Cauchy-Riemann 

equations, then 

i) 0(8) + H(s) satisfies the Cauchy-Riemann equations; 

a) Q(s) • U{s) satisfies the Cauchy-Riemann equations. 

Theorem 4.4 (Maximum/Minimum modulus theorem): If a nonconstant fun

ction is analytic, continuous, and nonvanishing in a bounded domain Q and continu



4.3. Proposed Passivity Verification Algorithm 72 

ous along its contour C, then the real part of this function attains its maximum and 

minimum values on the contour C. 

Proof of Lemma ̂ .1: It is required to prove, under the assumptions of Lemma 

4-1, that S(s) satisfies the passivity conditions a), b), and c). 

To begin, note that the condition b) is obviously satisfied for a DRF with real 

coefficients (as all the complex poles axe considered along with their conjugates). For 

condition a), we need to show that S(s) satisfies the Cauchy-Riemann equations [96] 

and has continuous partial derivatives in the right-half plane. For this purpose, we 

make use of propositions 4and 4-3-

Under the assumptions given in the Lemma, each of the rational functions Ql£(s) 

is asymptotically stable (i.e. does not have any poles in the right-half plane). Conse

quently, each Qm(s) is analytic and satisfies the Cauchy-Riemann equations. From 

Proposition 4- 2, e~STm also satisfies the Cauchy-Riemann equations. Then, noting 

that each scattering matrix element, Sik(s), is a sum of products of functions that 

satisfy the Cauchy-Riemann equations, it is obvious from Proposition 4-3 that S(s) 

described by (4.2) satisfies the Cauchy-Riemann equations. Therefore, since S(s) 

also has no singular points in the right-half plane, it is analytic for JRe(s) > 0 and 

condition a) is satisfied. 

The remainder of this section focuses on proving condition c) of Lemma 4-1• Specif

ically, we seek to prove that if [I — SH(s)S(s)] is nonnegative definite on the ju-axis, 

then it must be nonnegative definite Vs € fHe(s) > 0. In order to accomplish this, we 

make use of the maximum/minimum modulus principles (Theorem 4-4)• 

For the purpose of this proof, let Q represent a semicircular area with its bounding 

contour C centered at the origin, its circular arc extending into the right-half of the 

complex plane, and its axis extending along the juj-axis. An illustration of this is 
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shown in Fig. 4.1 for s = a + ju>. It is obvious that as the radius of C becomes 

arbitrarily large, Q will extend to cover the right-half plane. Since S(s) is analytic in 

Q, then so is [J — 5H(s)5(s)] (this can easily be shown using the Cauchy-Riemann 

equations and Propositions 4.2 and 4-3). Consequently, zH[I — SH(s)S(s)]z is also 

analytic for any arbitrary vector z € CL. In addition, note that 

me {zH[I - SH(s)S(s)]z} = zHIz - zHSH{s)S{s)z (4.8) 

and z*TSH(s)S(s)z is a sum of magnitudes squared. Then, by the maximum/mini

mum modulus principle, the minimum value of z*T[I — SH(s)S(s)]z in s 6 occurs 

on s G C. Hence, if [I — SH(s)S(s)] is nonnegative definite for s 6 C, then it must 

be nonnegative definite for all s 6 f2. To summarize, it is possible to check that 

z*T[I — SH(s)S(s)]z is nonnegative definite in Q by verifying it is nonnegative def

inite on the bounding contour C. Next, we show that as the radius of C approaches 

oo, it is only necessary to check the part of C that extends on the juj-axis. 

We note that if each of the Qm(s) is strict rational for m > 0 (i.e. for Q)£{s) 

corresponding to non-zero delays rm), then 

5<fc(a)Uoo = Qo'*(«)Uoo. (4.9) 

Therefore, as the radius of the contour C approaches oo, the behavior of each of the 

Sik{s) becomes asymptotically similar to the stable rational function Ql
0'h(s). Con

sequently, the scattering matrix S(s) becomes asymptotically independent of JHe(s). 

This leads to the result 

[J - S"(.?)S(s)] 1,^ = [/ - Sw(s)S(s)] (4.10) 
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Re(s) 

V 

FIGURE 4.1: Semicircular arc in the right-half of the complex plane. 

Equivalently, [I — SH(s)S(s)] on the semi-circular arc of C approaches a limiting 

value equivalent to the limiting value obtained as s —»• joo. Since the minimum value 

occurs on C, then z*T[I — SH (s)S(s)]z > 0 Vs|lHe(s) = 0 implies that z*T[I — 

SH(s)S(s)\z > 0 Vs|9le(s) > 0. This completes the proof of Lemma 4-1- D 

Lemma 4-1 requires that = 0, Vrn > 0 (i.e. all the direct coupling constants 

associated with delays greater than 0 vanish). Equivalently, imposing these conditions 

on (4.5) gives Dm = 0, Vm > 0. If we let D = D0 and convert the set of state-space 

equations to the Laplace-domain, the scattering matrix becomes 

Cme-ST^j (si - Ar1 B + D. (4.11) 

In addition, condition (4.7) at a; = c» yields the constraint ||D|| < 1 (as in the case 

of conventional rational macromodels). 

( m E  m=0 
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4.3.2 Reduction of the Search Region to a Single Finite Pe

riod on the Imaginary Axis 

It is to be noted that Lemma 4-1 reduces the search task substantially by restricting 

the search region from the entire right-half plane to just the imaginary axis. However, 

this is still a computationally expensive task. In order to further reduce the compu

tational efforts, a quasi-periodic FDGEP is derived from the state-space formulation 

in (4.11). Subsequently, the FDGEP is solved over a single finite region to locate any 

passivity violations in the DRF macromodel. For this purpose, the following Theorem 

is developed. 

Theorem 4.5: A DRF macromodel constructed from tabulated scattering parame

ter based data is passive if and only if there does not exist any purely imaginary 

eigenvalues for s that satisfy the following frequency-dependent generalized eigenvalue 

problem 

sc = h(s)c (4.12) 

where 

m m m 

h (s) = v + £ wme~ST™ + £ wmeST™ + £ Wmnes^~^ (4.13) 
m=0 m—0 m,n—0 

and 

-a t  0 0 0 0 -Ct
mdrdTCn 0 0 

brb t  a 0 brb t  0 0 0 0 
) mn — 

brb t  0 a brb t  0 0 0 0 

0 0 0 -a t  0 0 -CT
mCn 0 
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Wm = 

0 0 0 0 -CT
mDRBT 0 0 -CT

mDRBT 

0 BRDTCm 0 0 0 0 0 0 BRDTCm w = j rr m — 
0 BRDTCm 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

r =  ( i -  d t d )  1 .  (4.14) 

Proof of Theorem 4-5: Lemma 4-1 shows that macromodels described by (4.11) 

become nonpassive when one (or more) of the eigenvalues of [I — SH(s)S(s)] becomes 

negative for some value of s  on the ja;-axis. Let the set of eigenvalues for [I — 

SH(s)S(s)] be denoted by {Xk(jui)}. In the remainder of this section, we give the 

proof that the necessary and sufficient conditions to have Xk(j^o) = 0 for some u>0 is 

that so = jwo satisfies (4.12). 

The necessity part implies that at s0 = jojo, ^k(j^o) = 0 and therefore, the matrix 

[.I — SH(s)S(s)] is singular. Equivalently 

[/ - S"(s)S(»)fo = 0 (4.15) 

where tj is the corresponding eigenvector. Substituting (4.11) in (4.15) and noting 

Sq = -So for So = JU0 yields 

n = r [d tC( s 0 ) ( s 0I -  a)~1B - B t( s 0I + aT)- lCT (s*0)d 

—B T(s0I + A t)~1CT( sq )C( so ) ( sqI -  A)~ lB] rj (4.16) 
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with R defined in (4.14) and 

m 

c(s0) = y,c^"°""- (4-17) 
ro=0 

Performing some simple mathematical manipulations yields 

rj = RB tS + RDTC(so)*y + RBTa (4.18) 

where 

<5 = ~(s0I + AT)~ lCT (s*Q)Dri (4.19a) 

7 = (sQI — A)~ lBr) (4.19b) 

a = -(sol + AT)- lCT (s*0)C (sQ)0 (4.19c) 

and 

0 = 7. (4.20) 

Rearranging (4.19a) - (4.19c), respectively, (for example, for (4.19a) multiplying 

both sides by the (si + AT) and moving ATS to the right hand side) we obtain the 

set of equations 

s0S = -A tS - CT( s* 0)D t j  

s07 = Ay + BTJ 

s0ac = -A toc  - C T( s* q)C( s 0)0. 

(4.21a) 

(4.21b) 

(4.21c) 
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Substituting (4.18) into (4.21a) - (4.21c), respectively, we obtain 

s06 = —A t6 - CT( s* 0)DRB t6 - CT( s* )DRD tC{ s 0) j  ~  C T(s*Q)DRBTa 

(4.22a) 

soT = A*y + BRB t6 + BRDTC (s0)~f + BRBTct (4.22b) 

s0a = ~ATa - CT{ s* q)C( s 0 )O .  (4.22C) 

Using (4.17) and sq = —s0 for s0 = 3^*0 we obtain 

m mm 

s0S = - A tS - ]T Cl lDRB T8eSoTm - C^DRDT ]T Cn^e
So{Tm~Tn)  

m=0 m=0 n=0 

m 

-  ̂  Cl lDRBToteS0Tm (4.23a) 
m=0 

m 

s07 =A-i + BRB tS + BRD t  Cm7e"Sorm + BRBTot (4.23b) 
m—0 

m m 

sqol = - ATa - cm Cn0eSo{T">-Tn). (4.23c) 
m=0 n=0 

Writing this system in the matrix form with 

c = ST 
7
r eT aT 

t  

(4.24) 

gives (4.12). The above analysis proves the necessity condition. 

The sufficiency of Theorem 4-5 can be proven by assuming that s0 = jujo satisfies 

(4.12) and working in the reverse manner to show that [J — SH(s)S(s)) is singular. 

From the above analysis, it is obvious that if there are no imaginary eigenvalues satis

fying (4.12), then there are no imaginary eigenvalues that satisfy [I — SH(s)S(s)] = 0 
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(i.e. {\k(jui) 7^ 0 Vcj € R}). This implies that if the eigenvalues, {Afc(jw)}, are 

positive for some values of w, then they are positive for all values of u>. Therefore, 

[I — SH(s)S(s)] has only positive eigenvalues, S(s) is bounded real, and consequently, 

S(s) is passive. This completes the proof. • 

Solving the above FDGEP requires performing matrix calculations using a 4P x AP 

matrix, where P x P is the size of the square state-space matrix A. Consequently, this 

becomes an extremely CPU intensive task. In order to address this issue, the next 

section develops a reduced FDGEP which is half the size of the FDGEP in Theorem 

4.5. 

4.4 Development of a Half-Size FDGEP for Pas

sivity Verification 

To further minimize the computational effort in the passivity verification process, the 

following theorem for a half-size FDGEP is developed [70], [71]. 

Theorem 4.6: A DRF macromodel is passive if and only if there does not exist 

any purely imaginary eigenvalues for s that satisfy the following modified frequency-

dependent generalized eigenvalue problem 

s\ = M{s)x (4.25) 

where 

m m m 

M{s) = M q + Y1 Mne-STn + MmeSTm + Mmnes{T-~Tn)  (4.26) 
n=0 m=0 m,n=0 
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and 

mo = 

•A'l m — 

a brb t  

m -n = 
brd tcn  0 

1 m -n = 

0 1 

I 

0 0 

0 0 0 0 
i mn — 

-clrcn 0 -c t
mdrb t  -clrcn 0 

R =  ( I -  D T D )  1 ,  R = (I - DDT) 1. (4.27) 

Proof of Theorem ̂ .6: To begin, the necessity part of Theorem 4-6is proven. Let 

S be the transfer function such that 

b = Sa (4.28) 

where b is the output (reflected power waves) and a is the unit input (incident power 

waves). Then, in order to be passive, we need [36] 

bHb < 1 (4.29) 

or 

Let 

aHSH(Sa) < 1. (4.30) 

b = SHSa = SHb. (4.31) 

Substituting the definition of b from (4.28) into (4.29), and using the fact that the 
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necessity condition for Theorem 4-6 implies equality in (4.29), we get 

aHSHSa - 1 = aH(SHS - I)a = 0. (4.32) 

For the nontrivial solution (i.e. |a| 0), (4.32) implies 

{ S H S  -  I ) a  =  0. (4.33) 

Then, noting that b = SHSa, (4.33) is written as 

b - a = 0. (4.34) 

Writing the state-space form of b = Sa in the Laplace-domain and applying Lemma 

4-1 (i.e. with s = ju) gives 

jujxi = Axi -(- Ba (4.35a) 

m 

b = J2 Cne-STnxx + Da. (4.35b) 
n=0 

Subsequently, define the output b of the transfer function SH operating on b (i.e. 

b = SHb) in state-space form as 

m 

-jux2 = A hX2 + CmeSTmb (4.36a) 
m=0 

b = BHx2 + DHb. (4.36b) 

Substituting (4.35b) into (4.36a), and combining (4.35b) with (4.36b) in (4.34) gives 
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the following equations 

jojx2 = -Ahx 2 - CmeSTm (£ Cne~ a t n x i  + Da) (4.37) 
m=0 n=0 

m 

0 = BHx2 + PH( Cne_ST"a;i + Da) — a. (4.38) 

M m 

n=0 

Substituting a from (4.38) into each of (4.37) and (4.35a), and using R = (I — 

D H D ) 1  

m 

jux 1 =Ax 1 + BRDh Cne~STnx 1 + BRBHx2 (4.39a) 
n=0 

m m 
jux2 = - Ahx 2 - Ys C^T--T-)C„aj1 - ̂  C^es^Tm~Tn^DRDHCn x i  

m,n=0 m,n=0 

af 

— J] CgeSTmDRBHx2 (4.39b) 
m=0 

Next, we define R =  ( I  —  D D H )  1  =  I  —  D ( D H D  —  I )  l D H  and write the above 

system in matrix form to give 

j" 
Xi J  
x2 I  

m 

771=0 

A BRBH 

0 -AH 

0 0 

0 C"DRBH 

m 

+ £ •  
n=0 

,-ST„ 

m 

E *  
m,n=0 

s(Tm-Tn) 

BRDHCn  0 

0 0 

0 0 

CgRCn  0 
1  x x  

J  x 2  

(4.40) 

Note that since each of the matrices contains only real values the Hermitian conjugate 

is equal to the matrix transpose. Then, defining x — \xi X
2]H and using the matrix 

definitions in (4.27), it is clear that (4.40) is equivalent to the FDGEP in (4.25). 
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The sufficiency of Theorem 4-6 can be proven by assuming that so = JOJq sat

isfies (4.25) and working in the reverse manner to show that [I — SH(s)5>(s)] is 

singular. From the above analysis, it is obvious that if there axe no imaginary 

eigenvalues satisfying (4.25), then there are no imaginary eigenvalues that satisfy 

[I — SH(s)S(s)] = 0 (i.e. {Xk(ju>) 0 Vu/ G R}). This implies that if the eigenval

ues of [I — SH(s)S(s)] = 0 are positive for some values of u, then they are positive 

for all values of u. Therefore, [I — SH(s)S(s)] has only positive eigenvalues, S(s) is 

bounded real, and consequently, S(s) is passive. This completes the proof. • 

Illustrative Example: In order to demonstrate the relation between the eigenval

ues in Theorem 4-5 and Theorem 4-6, consider a two-port network described by an 

illustrative state-space system as follows 

A = 

-50 0 0 0 1 0 

0 -30 0 0 
, B = 

0 1 
, Ci = 

10 0 0 0 

0 0 -30 0 1 0 0 0 0 10 

0 0 0 -50 0 1 

0 2 0 0 0.74 0 
c2 = , D = 

0 0 2 0 0 0.74 
Ti = 0 ns, t2 = 1 ns. (4.41) 

The eigenvalues at a specific frequency (0.1905 GHz) for H(ju) and Awere 

calculated and are shown in Table 4.1. It is clear from the table that the eigenvalues 

Ad(ju>) are identical to a subset of eigenvalues in the full-size matrix H(juj). It can 

also be seen that the full-size matrix contains additional eigenvalues that are sim

ply equal to ± eigenvalues of A (i.e. poles of the macromodel). It should be noted 

that since the poles in the macromodel are selected such that they are never pure 
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TABLE 4.1: A comparison of eigenvalues from the full-size and half-size 
FDGEP at 0.1905 GHz. 

Full-Size FDGEP Half-Size FDGEP 
(16 x 16 Hamiltonian) ( 8 x 8  H a m i l t o n i a n )  

35.2586 - 6.6584j 35.2586 - 6.6584j 
-35.2586 - 6.6584j -35.2586 - 6.6584j 
-22.6977 + 9.7037j -22.6977 + 9.7037j 
22.6977 + 9.7037j 22.6977 + 9.7037j 
35.8330 + 4.2602j 35.8330 + 4.2602j 
-35.8330 + 4.2602j -35.8330 + 4.2602j 
14.1190 - 7.3055j 14.1190 - 7.3055j 
-14.1190 - 7.3055j -14.1190 - 7.3055j 

50 -

50 -

-50 -

-50 -

30 -

30 -

-30 -

-30 -

imaginary values, they do not lead to any passivity violations and can be removed 

from consideration without effecting the passivity verification results. This is essen

tially exploited in the approach based on the half-size Hamiltonian matrix to avoid 

redundant computations. This result is summarized as a corollary to Theorem 4-6. 

Corollary 4.7 (for Theorem 4-6)'- The eigenvalues of the FDGEP described, by 

(4.12) contain all the eigenvalues of the FDGEP in (4.25). In addition, the only other 

eigenvalues in (4.12) correspond to ± the poles of the network (i.e. ± the eigenvalues 

of  A). 

Proof of Corollary ^.7; In order to see the relation between the full and half-size 
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FDGEPs, (4.12) is first re-formulated. Note that (4.22a) plus (4.22e) gives 

s „(6 + a) = - A t(S +  a )  -  CT ( s '0)DRBT(S + a) -  CT(4)DRDTC( s „)f 

-  CT ( s "0)C( s 0)O. (4.42) 

In addition, using (4.22b) and (4.20) gives 

s0(7 - 0 )  =  A ( 7 - 0). (4-43) 

Next, define the variables ip = 7 — 0 and (3 = <5 + a. Then, note that from the 

definitions in (4.19b) and (4.20) that 7 = 0. Combining these definitions in the 

above equations along with (4.22b) and (4.22c) gives the following system 

s0/3 = ~A t(3 -  CT{sl)DRBT!3 -  CT { s *0)(DRDT + I)C(s0)7 (4.44) 

SQtp = Aip (4.45) 

s07 = A7 + BRBT (3 + BRDTC{s0)~f (4.46) 

SqCX. = -ATa - Cr(s*)C(s0)7- (4-47) 

Writing this in matrix form and using R = [DRDT + /] = (/ — DDT) 1 gives the 

equivalent formulation for (4.12) as 

< = H( s )  C ,  C  =  7r f <pT o? 

t  

m m m 

H(s) = V + £ Wme~T" + yi V- + y. w^Tm~ r"'1 (4.48) 
m=0 m=0 m,n=0 
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where 

a brb t  0 0 brd TCm 0 0 0 

0 -a t  0 0 
Wrr, 5 r r  ttl 

0 0 0 0 
v = Wrr, 5 r r  ttl 

0 0 a 0 0 0 0 0 

0 0 0 -a t  0 0 0 0 

0 0 0 0 0 0 0 0 

Wm = 
0 -Ct

mdrbt 0 0 
w — 5 rr mn — 

—cjnrcn  0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 -ClCn 0 0 0 

(4.49) 

Next, it will be shown through simple manipulations that the bottom left term in 

wmn, —CmCn, does not contribute to the eigenvalues of h(s). It will also become 

clear that the eigenvalues of (4.48) contain the eigenvalues of (4.26), and that the 

remaining eigenvalues of h(s) in (4.48) are the eigenvalues of a and —a t .  

Note that Ai.(s) from (4.26) can be written in the form 

M{s) = 

ta t6 

tc yd 
(4.50) 

where Ya, Yb, Yc, and Yd represent the matrix functions in (4.26) (for example, 

Ya = a + brdtcne~ST"). Let am be the matrix of eigenvalues of A/l(s). 

Recall that the eigenvalues of a matrix occur when its determinant or characteristic 

polynomial become equal to zero. For Al(s), the characteristic matrix polynomial 
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defining the eigenvalues is given by 

V ( M )  =  (am - t0)(am - td) - tbtc = 0. (4.51) 

Next, H ( s )  from (4.48) is written in the form 

H ( s )  =  

ra rb o 

rc rd o 

o o a 

re  o o 

o 

o 

o 

-Ar  

(4.52) 

where ye = ^2mn=0 c„cnes(Tm"Tn'. Let ah be the eigenvalues for the full-size 

FDGEP, H(s). The characteristic matrix polynomial defining these eigenvalues is 

given by 

V ( H )  

ah - ra rb o o 

tc \H - rd o o 

o  o  a  h - a  o  

te 0 0 a h "i-

Ah - Td 0 0 

(ah ya) o a ij — A 0 

0 

Yb 

(aa - t.) (ah - td) 

0 a h + at 

ajf — A 0 

0 Ah  + AT 

rc o 

O A  H -A 

0 

0 

t6t£ 

0 a h + A1  

A H -A 0 

0 a h "i- ^ 

= {(ah - ta) (ah - td) - ybtc} • {(a« - A) (a« + AT)} = 0. (4.53) 
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It is clear that the zeros of the characteristic matrix polynomial (4.53) contain the 

zeros of (4.51), while the remaining zeros correspond to the eigenvalues of A and — AT 

(which are nothing but the poles of the macromodel). Since the zeros of (4.53) and 

(4.51) correspond to the eigenvalues of H(s) and A4(s), respectively, this completes 

the proof. • 

Computational Complexity: For an n x n matrix, the number of floating point 

operations of typical eigenvalue calculation is 0(n3) [77]. Consequently, solving the 

half-size FDGEP of Theorem 4-6 over the full-size FDGEP of Theorem 4-5 will typi

cally yield a speedup by a factor of 8. 

4.5 Identification of Passivity Verification Regions 

It is to be noted that Theorem 4-6 specifies the necessary and sufficient conditions 

for the DRF-based macromodel to become nonpassive. Currently the only relation 

between the eigenvalues of the FDGEP described by (4.25) and the eigenvalues of 

[I — S,H(s0)S(so)] is that, the generalized eigenvalues of (4.25) (or (4.12)) become 

purely imaginary when those of [I — SH(s0)S(s0)] change their signs. However, for 

the purpose of passivity compensation, it is also necessary to locate the regions of 

passivity violation in the DRF macromodel. For this purpose, the following theorem 

is developed. 

Theorem 4.8: The eigenvalue(s) of [I — SH (so)S (so)] for a nonpassive DRF macro-

model vanish at the point(s) Sq = ju on the imaginary axis that satisfy (4.25). 

Proof of Theorem 4.8: From Theorem 4-6, if so is an imaginary value satisfy

ing (4.25), then the matrix [I — SH(so)S(sq)} is singular and the system becomes 
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nonpassive. • 

It can be concluded from Theorem 4-6 and Theorem 4-8 that the regions of passivity 

violation in the DRF macromodel are delimited by the purely imaginary eigenvalues 

that satisfy (4.25). 

Several techniques for solving quasi-periodic FDGEPs are available in the litera

ture [50]-[52]. If a passivity violation is found, then it is necessary to apply a passivity 

compensation algorithm to iteratively perturb the macromodel until it becomes pas

sive. For this purpose, in the next section a new passivity compensation algorithm is 

developed for DRF-based macromodels obtained from tabulated scattering parameter 

data. 

4.6 Proposed Passivity Compensation Algorithm 

Consider a macromodel described by the Laplace-domain transfer function given in 

(4.11). For the purpose of illustration, assume that the nonpassive macromodel con

tains one passivity violation. Let u)\ and ui2 be the upper and lower bounds of the 

passivity violation region and let Ami„ be the minimum eigenvalue of [I — S(s)HS(s)] 

occurring at cu = oj\. The goal of passivity compensation is to perturb the scattering 

matrix, S(s), until Amin becomes positive and the final macromodel is passive. This 

is achieved by perturbing each of the residue matrices, {Cm}, m € (0,1,..., M), to 

obtain 

(4.54) 
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as the new residue matrices. This will yield a new macromodel with a scattering 

matrix given by 
m 

S(ju) = S(juj) + ]T ASm(juj) (4.55) 
m=0 

where ASm(ju) is the perturbing effect of ACm. 

Recall that, for a macromodel to be passive, it must satisfy the following condition 

I - SH(ju)S(ju}) > 0. (4.56) 

Using the definition of (4.55) for S (and neglecting the jui) gives 

m m 

I-SHS- £(AS%S - SHASm) - Sn > 0. (4.57) 
m=0 m,n—0 

To determine the ACm, let A A be the required perturbation to make A min positive 

and the macromodel passive. This gives 

AA + Amin > 0. (4.58) 

Then, neglecting the second order terms AS^A.Sn, first-order perturbation theory 

[89] can be used to relate AA to each of the ASm 

W  A S m _ £ M  A S „ S ) ?  

A A  «  — ^ ( 4 . 5 9 )  

where •& and £ are the left and right eigenvectors of [I — SHS], respectively, at a) = oj\ 

corresponding to the eigenvalue Amin. 

Substituting (4.59) into (4.58) and after some simple mathematical manipulations 
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we obtain 

*x > -Amin (4.60) 

where the matrix ^ is a function of t?, £, and S(ju) at u = uj\ and a; is a column 

vector corresponding to the entries in the matrices {ACm}. 

In order to minimize the error introduced in the system we minimize the Frobenius 

norm of the total perturbation, AS, and we show that this in turn minimizes the 

upper bound on the L2-norm of AS. To illustrate this, note that the L2-norm of AS 

can be written as follows [53] 

m m  m  ~ o o  

||AS||1 = || £ ASm| < £ IIA«™ll! = £ / l|ASml|f<iw (4.61) 
m=0 m=0 m=0 00 

where || • ||2 and || • ||f are the L2-norm and the Frobenius norm of the argument, 

respectively. Substituting in ASm = e"JWTmACm(ja/I — A)~1B gives 

m poo  m  

II ASi <-£ \\e-*""ACm(ju,I - A)-'B\\%dw = £ fraee(ACmPAC£). 
m=0 —00 m=0 

(4.62) 

The matrix P is the controllability Grammian obtained by solving the following 

Lyapunov equation [91] 

AP + PAh + BBh = 0. (4.63) 

Note P is only calculated once since it is independent of each of the ACm and the 

matrices A and B are constant. It is clear from (4.62) that minimizing the sum of 

the traces ACmPAC^ ensures that the error introduced in the time and frequency-

domain responses is kept as small as possible. With the addition of error control, the 

passivity enforcement scheme for nonpassive DRF macromodels amounts to solving 
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the following problem for the {ACm}: 

m 
min S~]trace(ACmPAC^n), subject to (4.60). (4.64) 

{ACm} 
m=o 

For the above discussion, it was assumed that passivity was enforced in a single step. 

However, since we are using techniques based on first-order perturbation theory, in 

practice only a relatively small amount of passivity compensation can be done at once. 

Consequently, the above method is applied iteratively, where after each iteration, 

passivity verification is repeated to check for any additional passivity violations that 

have been introduced. If additional violations are found, then they are compensated 

in the subsequent iteration. While the derivations in this section were developed for 

a single passivity violation point, they are easily applied to multiple frequency points 

at once. 

4.7 Numerical Results 

In this section, three industrial examples are presented to demonstrate the accuracy 

and efficiency of the proposed method for passivity verification of delayed rational 

function based macromodels. In addition, the examples demonstrate the improved 

efficiency of the proposed half-size Hamiltonian based FDGEP formulation over the 

full-size FDGEP formulation. All the examples are run on an Intel i7 — 920 2.67 GHz 

processor with 12 Gb of RAM. 
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FIGURE 4.2: Eigenvalue spectrum of the full-size FDGEP for example 1. 

4.7.1 Example 1 

In this example, the proposed algorithm was tested on a practical two-port network 

(a cascade of a microstrip and a coaxial-tomicrostrip coupler) described by tabulated 

scattering parameters up to 9 GHz (provided by CST Gmbh, Germany). A delayed 

rational function based macromodel was obtained by approximating the data using 

the delayed vector fitting algorithm [29]. A total of 6 delay terms and 40 poles were 

required (each parameter was fit separately). 

Next, we discuss the passivity verification based on the proposed reduced search 

region algorithms of Section 4.3. Using the proposed search reduction algorithms 

based on the FDGEP and full-size Hamiltonian formulation, and efficient FDGEP 

techniques [50]—[52], the maximum positive imaginary eigenvalue was found to be 

18.76 x 109 rad/s (which corresponds to the maximum frequency for passivity violation 
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search (i.e. fmax = 18.76 x 109/(27r) = 2.99 GHz)). The corresponding eigenvalue 

spectrum (on the imaginary axis) is given in Fig. 4.2. Next, using Theorem 4-8, 

the nonpassive regions are determined to be [0.5877,1.0712] GHz and [2.2531,2.3576] 

GHz. 

The above results are cross-verified by plotting a fine frequency-sweep of the mag

nitude spectrum of the scattering matrix and are given in Fig. 4.3(a) (shown in solid 

line). Also, an expanded view of the passivity violations between 0 and 3 GHz is 

shown in Fig. 4.3(b). As seen from Fig. 4.3(b), the above theoretically computed 

passivity violation regions match with the frequency-sweep based analysis, thus vali

dating the proposed theory. 

Next, the experiments are repeated with the proposed half-size Hamiltonian for

mulation of Section 4.4, and identical results are obtained (i.e. passivity violation 

regions of [0.5877,1.0712] GHz and [2.2531,2.3576] GHz), thus validating the accu

racy of the half-Hamiltonian based approach. Table 4.2 gives a comparison of the 

CPU performance for obtaining an upper bound on the passivity verification region 

using the both the full-size and half-size FDGEP. 

Next, the proposed first-order based passivity compensation process was applied 

and the macromodel was corrected for passivity violations. As seen from the scatter

ing matrix norm frequency-sweep in Fig. 4.3(a) and 4.3(b) (given in dotted lines), 

the passivity violations were compensated in the new macromodel. Fig. 4.4 shows 

a sample accuracy comparison and as seen, the compensated macromodel is in good 

agreement with the original response. 
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FIGURE 4.3: Passivity violations of the DRFs for example 1. 
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TABLE 4.2: A comparison of CPU time for obtaining an upper bound 

Full-Size FDGEP (sec) Half-Size FDGEP (sec) Speed-up 
Example 1 0.0209 0.0078 2.7 
Example 2 0.1266 0.0260 4.9 
Example 3 661.4376 52.9528 12.5 

4.7.2 Example 2 

In this example, the proposed algorithm was tested on a practical four-port microstrip 

coupler described by tabulated scattering parameters up to 1 GHz (provided by CST 

Gmbh, Germany). The delayed vector fitting algorithm [29] was applied to the data 

to obtain a delayed rational function based macromodel. The macromodel required 

a total of 3 delay terms and 88 poles (each parameter was fit separately). 

Next, the proposed passivity verification based on the reduced search region algo

rithms of Section 4.3 is applied. Using the proposed search reduction algorithms based 

on the FDGEP and full-size Hamiltonian formulation, the maximum positive imagi

nary eigenvalue was found to be 7.96 x 109 rad/s (which corresponds to the maximum 

frequency for passivity violation search (i.e. fmax = 7.96 x 109/(2ir) = 1.27 GHz)). 

The corresponding eigenvalue spectrum for the full-size FDGEP is given in Fig. 4.5. 

Next, a single region of passivity violations is found on the interval [0.0510,0.0513] 

GHz (using Theorem 4-8). 

In order to cross-verify the above results, a fine frequency-sweep of the magnitude 

spectrum of the scattering matrix is given in Fig. 4.6(a) (shown in solid line). An 

expanded view of the spectrum between 0.0508 and 0.0517 GHz is shown in Fig. 

4.6(b). As seen from Fig. 4.6(b), the above theoretically computed passivity violation 

region matches accurately with the frequency-sweep based analysis, thus validating 

the proposed theory. 
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FIGURE 4.4: Accuracy comparison of the scattering parameters for exam
ple 1 (the Original Tabulated Data, Nonpassive Macromodel, and Passive 
Macromodel are all overlapping). 

Next, the above passivity verification process is repeated with the proposed half-

size FDGEP developed in Section 4.4. The results obtained were identical to the 

full-size FDGEP (i.e. a single passivity violation region of [0.0510,0.0513] GHz was 

found), thus validating the accuracy of the half-size Hamiltonian based approach. 

Table 4.2 gives a comparison of the CPU performance for obtaining an upper bound 

on the passivity verification region using the both the full-size and half-size FDGEP. 

In order to construct a final, passive macromodel, the proposed first-order passivity 

compensation technique is applied to the macromodel to correct the passivity viola

tions. As seen from the scattering-matrix norm frequency-sweep in Fig. 4.6(a) and 

4.6(b) (given in dotted lines), the new compensated macromodel does not contain 

any passivity violations. Fig. 4.7 shows a sample accuracy comparison and as seen, 

Original Tabulated Data 
• Nonpassive Macromodel 
Passive Macromodel 
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FIGURE 4.5: Eigenvalue spectrum of the full-size FDGEP for example 2. 

the compensated macromodel is in good agreement with the original response. 

4.7.3 Example 3 

In this example, the proposed algorithm was tested on an industrial four-port net

work corresponding to a daughtercard-connector-backplane-connector-daughtercard 

system illustrated in Fig. 4.8 (provided by Tyco Electronics Inc.). Each connector 

is the Tyco Z-Pack TINMAN connector. The backplane is a 24 inch transmission 

line with trace geometry shown in Fig. 4.9. The device is characterized by mea

sured scattering parameters given up to 8 GHz. A delayed rational function based 

macromodel was obtained by approximating the data using the delayed vector fitting 

algorithm [29]. A total of 7 delay terms and 1184 poles were required (each parameter 

was fit separately). A sample of the scattering parameters is shown in Fig. 4.10. 
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FIGURE 4.6: Passivity violations of the DRFs for example 2. 
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FIGURE 4.8: Electrical system for example 3. 

FIGURE 4.9: Differential trace geometry for example 3. 
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FIGURE 4.10: Scattering parameters for example 3. 

Next, we discuss the passivity verification based on the proposed reduced search 

region algorithms of Section 4.3. Using the proposed search reduction algorithms 

based on the FDGEP and full-size Hamiltonian formulation, the maximum positive 

imaginary eigenvalue was found to be 26.64 x 109 rad/s (which corresponds to the 

maximum frequency for passivity violation search (i.e. fmaX = 26.64 x 109/(27r) = 4.24 

GHz)). The corresponding eigenvalue spectrum (on the imaginary axis) is given in 

Fig. 4.11. Next, using Theorem 4-8, the model was found to be passive. 

The above results are cross-verified by plotting a fine frequency-sweep of the mag

nitude spectrum of the scattering matrix and are given in Fig. 4.12(a) (shown in solid 

line). Also, an expanded view of the magnitude spectrum is shown in Fig. 4.12(b). 

As seen from Fig. 4.12(b), the macromodel is indeed passive, thus validating the 

proposed theory. 
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Next, the accuracy of the half-size FDGEP based approach is validated. The 

above experiments are repeated with the proposed half-size Hamiltonian formulation 

of Section 4.4, and identical results are obtained (i.e. the macromodel was found to 

be passive). 

Table 4.2 gives a compaxison of the CPU performance for obtaining an upper bound 

on the passivity verification region using the both the full-size and half-size FDGEP. 

It is clear from the table that a significant speed-up is obtained while performing 

passivity verification during each iteration of the passivity compensation process by 

using the proposed half-size FDGEP approach. 

4.8 Summary 

In this chapter, novel passivity verification and compensation algorithms for DRF-

based macromodels obtained from tabulated scattering parameter data were intro

duced. For passivity verification, a FDGEP was developed that reduced the necessary 

passivity search region from the entire right-half plane to a single finite interval along 

the imaginary axis. In addition, a robust and fast half-size FDGEP was introduced 

that further reduced the passivity verification time over existing techniques. Detailed 

proofs of all Lemmas and Theorems were also presented. For the case of nonpas-

sive macromodels, a passivity compensation scheme was introduced that iteratively 

perturbs the residues of the macromodel until it becomes passive. Several practical 

examples were also presented demonstrating the robustness of the proposed algo

rithms. 



CHAPTER 5 

Passive Macromodeling Algorithm 

for Admittance Parameter 

Based Delayed Rational Functions 

In this chapter, passivity verification and compensation techniques are developed for 

DRF-based macromodels obtained in the admittance domain. The chapter is orga

nized as follows. Section 5.1 provides motivation for the proposed work. Section 5.2 

reviews DRF-based macromodeling techniques and passivity issues in the admittance 

domain. Next, section 5.3 presents necessary theorems and proofs for the proposed 

passivity verification algorithm. Section 5.4 provides the details of the passivity com

pensation algorithm. Section 5.5 presents numerical results that validate the proposed 

methods. 

The work in this chapter first appeared in [67]. 

104 
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5.1 Motivation 

In the previous chapter, passivity verification and compensation techniques were in

troduced for DRF-based macromodels of tabulated scattering parameter data. In the 

scattering domain, a well-matched line will have fewer reflective impulses in the time-

domain impulse response. In turn, the tabulated data requires fewer DRF terms to 

obtain an accurate approximation and leads to a lower-order DRF macromodel. For 

this reason, it is preferable to perform DRF-based macromodeling in the scattering 

domain. 

However, there are several scenarios where DRF macromodels are obtained in the 

admittance domain. Small errors from perturbations in the scattering domain can 

correspond to large errors in the admittance domain. Consequently, an accurate 

DRF approximation in the scattering domain may correspond to an inaccurate ap

proximation in the admittance domain. Since transient analysis in SPICE simulators 

is typically performed in the admittance domain, this can lead to large errors in the 

simulated response. In addition, many EM solvers generate admittance domain data. 

Since it is more efficient and less prone to numerical errors from domain conversion, 

it is desirable to construct passive DRF-based macromodels directly in the domain of 

the given tabulated parameters. 

Illustrative Example: In order to demonstrate the above issues, consider the net

work described by a single rational term in the scattering domain as 

S(s)  = (5.1) 
s — p 

where c and p are the residue and pole, respectively. Recall, that the admittance 
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parameters are related to the scattering parameters (for the scalar case) as [48] 

Y ( s )  = Z0"1/2(/ - S ( s ) ) ( I  + S(s))-%-1/2 = (1/Z„)(/ - S ( s ) ) ( I  + (5.2) 

where ZQ is the characteristic impedance. Then, the admittance parameters for the 

example in (5.1) are 

Y ( s )  = (1 /2b) (S - P ~ C )  = \ / Z Q - 2C/Z° . (5.3) 
\ s — p  +  c )  s — p  +  c  

Next, note that 

9 V  =  - 1  ( s - p - c )  =  - 2  

5c Z0(s-p + c) Z0(s-p + c)2 Z0(l + j^)(s -p + c)' 

Prom (5.4) it becomes clear that large changes in the admittance parameters may oc

cur as a result of small perturbations in the residue, c, corresponding to the scattering 

parameter based macromodel (i.e. for c/(s — p) ~ —1). 

Next, consider the effect of perturbing the residue, c, on a numerical example. 

Let the original system have c = —1.001, p = —1, and s = 2jnf where / are the 

frequencies (scaled by 1 x 109). A plot of the norm of the scattering parameters is 

given in Figs. 5.1(a) and 5.1(b). It is clear from Fig. 5.1(b) that the original system 

is slightly nonpassive axound s = 0. Prominent passivity compensation techniques 

perturb the residue c such that the model becomes passive. In this case, such a 

perturbation yields a passive model with c = —0.999 and \dc\ = 0.002. It is clear 

from Figs. 5.1(a) and 5.1(b) that the perturbed model is indeed passive. Next, plots 

of the real part of the scattering parameters for the original model and passive model 

are given in Figs. 5.2(a) and 5.2(b). It is clear that little error is introduced in the 
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FIGURE 5.1: Comparison of the norm of the scattering parameters in the 
frequency-domain. 

scattering domain from the perturbation process. 

Now consider the effect of the perturbation on the admittance parameters with 

Zq = 50. Figs. 5.3(a) and 5.3(b) show the admittance parameters for the original 

and passive models. It is clear from the expanded view in Fig. 5.3(b) that a large 

amount of error is introduced in the frequency-domain from the small perturbation 

to the scattering model. 

To illustrate the effects of this small perturbation on the transient analysis, the 

original and passive models are connected in the circuit shown in Fig. 5.4. Transient 

analysis is performed using a step response with rise time of 0.5 ns. Fig. 5.5 shows 

the output voltage from the original and passive models. It is clear, due to the small 

perturbation of the residue in the scattering domain, a significant amount of error is 

introduced in the time-domain response. 

To address the above issues, the techniques developed in the previous chapter for 

passivity verification and compensation of scattering parameter based DRF macro-

models are modified for admittance-domain based DRF macromodels [67]. For this 
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purpose, a new theorem is developed for fast identification of regions of passivity 

violation based on the solution of a quasi-periodic Frequency-Dependent General

ized Eigenvalue Problem (FDGEP), which reduces the necessary passivity verification 

search region from the entire right-half plane to just a single finite interval along the 

imaginary axis. In addition, a new passivity enforcement technique is presented that 

formulates the compensation process as a solution of linear matrix inequalities [87]. 

To minimize the error introduced in the perturbed macromodel, constraints are also 

imposed during the compensation process. 

5.2 Problem Formulation 

As discussed in Chapter 4, tabulated data has become a prominent technique for 

characterizing high-speed networks. In this chapter, networks characterized by ad

mittance parameters are discussed. 

To begin, consider an /i-port network with port input voltages and currents {V;} 

and {7j}, respectively (for i = (1,2,..., h)). Then its admittance parameters are 

given by 

Yu Yu • • •  Kifc 

l ^
 

•• 

i 1 i 

Yhi Yh2 ••• Vh 

1 i 

where corresponds to the ( i , k )  admittance element. For networks with long 

delays, macromodels are constructed by approximating each matrix entry, Yik(s), 

using a DRF in the form [26] 

M 

= £ «.*(*>""" (5-6) 
m=0 
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where (i, k) E {1,2,..., h} refer to the corresponding matrix element, M is the total 

number of delays in the network, and rm is the mth delay with r0 = 0. Each of the 

Ql*(s) are rational functions in the form 

Wmfc Tfi,k 

Qikk(s) = + V —2%- (5.7) 
n=1 S Pm,n 

where for each Q ) £ ( s ) :  N ^ ,  and p]£n are the total number of poles, the residues, 

and the poles, respectively. In time-domain state-space form, the DRFs become [27] 

x ( t )  =  A x ( t )  +  B v ( t ) (5.8a) 

M M 

* ( * )  =  C m x ( t  -  rm) + J3 Dmv(t - Tm) (5.8b) 
m=0 m=0 

where x ( t )  € MF represents the state variables, A  E RPxF, B  € MPx/\ CTO G M/lxP, 

Dm € R/lxh, P = (AT x m) x /i, and n = yli,k,m ^m • Then, the Laplace-domain 

transfer function for DRF-based macromodels is 

M M 

Y ( s )  =  ] T  C m ( s l  -  A ) ~ 1 B  +  ̂  D m .  (5.9) 
m=0 m=0 

To obtain DRFs from tabulated data, several techniques are available in the lit

erature [26], [27], [30]. In each case, the delays are obtained by performing a time-

frequency analysis on the data. Subsequently, a least squares fitting technique is 

applied to determine the remaining unknown poles and residues. To ensure the state-

space Jordan canonical form has a direct meaning in the time-domain [5], the complex 

poles are forced to occur in conjugate pairs [26], [27], [30]. 

Stability in DRF-based macromodels is easily guaranteed during the fitting process. 
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Poles are simply forced to the left-half of the complex plane prior to determining the 

residues. On the other hand, guaranteeing passivity is significantly more difficult. 

For a macromodel to be passive, it must satisfy the following 3 conditions in the 

frequency-domain [86]. 

a) Y ( s )  is analytic for all values of s  with 9te(s) > 0; 

b) Y ( s * )  = y*(s), where the superscript is the complex conjugate operator; 

c) \ Y » { a )  + Y (s)] is nonnegative definite for £He(s) > 0. That is 

zH [FH(s) + Y(s)] z> 0 (5.10) 

for all complex values of s with 9te(s) > 0 and for any arbitrary vector z. The 

superscript '/T represents the Hermitian conjugate operator. 

Condition a) and b) are always satisfied since the poles and residues are both real or 

come in complex conjugate pairs. However, direct verification of condition c) requires 

a robust frequency-sweep of the entire right-half of the complex plane. In many 

cases, this technique will miss passivity violations when the search grid is chosen too 

coarse. To address this issue for the case of rational functions without delays, passivity 

verification was formulated as an algebraic eigenvalue problem via a Hamiltonian 

matrix [97]. If the Hamiltonian matrix is not found to possess any pure imaginary 

eigenvalues, then the rational macromodel is passive. If the macromodel is found 

to be nonpassive, then passivity needs to be enforced to ensure accurate transient 

results. For rational functions without delays, passivity is enforced by perturbing 

the residues of the rational function [42]. However, for delayed rational functions, 
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passivity verification and compensation becomes significantly more complex due to 

the exponential terms corresponding to delays. 

Passivity verification and compensation of macromodels with time-delays was first 

addressed for the specific case of method of characteristics based transmission line 

macromodels with certain constraints [50]—[53]. For passivity verification, it was 

shown that the necessary search region could be reduced from the entire right-half 

plane to just the imaginary axis, provided the macromodel satisfied certain con

straints. Next, passivity verification was formulated as a quasi-periodic FDGEP, 

which only needs to be solved over a single finite period [50], [51]. Consequently, the 

necessary search region for passivity verification was reduced from the entire right-half 

plane to only a finite interval along the imaginary axis. For nonpassive macromod

els, passivity compensation techniques based on perturbation of the residues in the 

macromodel were developed [52], [53]. However, for admittance parameter based DRF 

macromodels, robust passivity verification and compensation remains a challenging 

task. To address this issue, the following sections develop passivity verification and 

compensation algorithms for DRF-based macromodels obtained in the admittance 

domain. 

5.3 Proposed Passivity Verification Algorithm 

Conventional passivity verification techniques perform a robust frequency-sweep of 

the eigenvalues of [Y(s)-t-lrH(s)] in the entire right-half plane. For practical purposes, 

this is computationally expensive and passivity violations may be missed if the search 

grid is chosen too coarse. To address this issue, the following passivity verification 

algorithm is proposed. 
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First, the required search region is reduced from the entire right-half of the com

plex plane to only the imaginary axis. This is achieved by imposing a constraint 

on the DRF. Next, passivity verification is formulated as a frequency-dependent 

quasi-periodic eigenvalue problem. Consequently, the required search region is fur

ther reduced from the entire imaginary axis to only a single finite interval along the 

imaginary axis. Details are given in the following sections. 

5.3.1 Reduction of the Search Region to the Imaginary Axis 

To reduce the search region from the entire right-half of the complex plane to just 

the imaginary axis, the following lemma is proposed. 

Lemma 5.1: If Q]£(s) is asymptotically stable for all (i,k) £ {1,2, . . .  , h } ,  m  €  

(0,1,...,M), then Y(s) defined by (5.6)-(5.7) satisfies the passivity conditions a) 

and b). In addition, if 

lim Q™ (s) = 0, for m^O (5-11) 
8-> oo 

is satisfied, then condition c) need only be checked along the imaginary axis. That is, 

(5.10) can be replaced by the condition 

ZH [YH ( j u )  + Y{ j w ) ]  z > 0 (5.12) 

f o r u  £  R  a n d  f o r  a n y  a r b i t r a r y  v e c t o r  z. 

Proof of Lemma 5.1: It is required to prove that under the assumptions of Lemma 

5.1, passivity conditions a), b), and c) are satisfied. 

To begin, consider condition a). For the transfer function, Y(s), to be analytic 

for me(s) > 0 it is necessary that it satisfies the Cauchy-Riemann equations and has 
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continuous partial derivatives in the right-half plane. Under the assumptions given 

in the Lemma, each of the Q\£(s) is asymptotically stable and has no poles in the 

right-half plane. Consequently, each Ql£(s) is analytic and satisfies the Cauchy-

Riemann equations. In addition, from Proposition J^.2 the exponential functions 

e~~STm are analytic for fRe(s) > 0 and satisfy the Cauchy-Riemann equations. Then, 

Y(s) defined by (5.6)-(5.7) is a sum of products of functions that each satisfy the 

Cauchy-Riemann equations and therefore, from Proposition 4-3 it must also satisfy 

the Cauchy-Riemann equations. As a result, Y(s) as defined in the proposed lemma 

is analytic for £He(s) > 0. 

Next, consider condition b). To see that this condition is satisfied, recall that during 

the fitting the complex poles are forced to occur as conjugate pairs [26], [27], [30]. 

Consequently, each of the rational functions in (5.7) can be written as a ratio of 

polynomials with real coefficients and it is clear that condition b) is satisfied. 

The remainder of this section focuses on proving that condition c) reduces to the 

equivalent condition in (5.12). Specifically, it is desired to prove that if [Y"/f(s)+y (s)] 

is positive real along the imaginary axis, then it is positive real for all s with D\e(s) > 0. 

To begin, let 0 be a semicircular area in the complex plane. Let the semicircular 

arc extend into the right-half plane with its bounding contour centered at the origin 

along the ju>-axis. An illustration of this is shown in Fig. 4.1 for s = a + jcu. It is 

obvious that Q, will extend to cover the entire right-half plane as the radius of the 

contour C becomes arbitrarily large. 

Next, using Proposition 4-3 note that since Y ( s )  satisfies the Cauchy-Riemann 

equations, zH[YH(s) + Y{s)\z also satisfies the Cauchy-Riemann equations and is 

analytic in Q (since it is analytic for £He(s) > 0). Prom the maximum/minimum 

modulus theorem (Theorem 4-4)-, the minimum value for zH[YH(s) + Y(s)]z occurs 
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on s G C. Therefore, if [yH(s) + Y"(s)] is positive definite for s G C, then it must 

be positive definite for s G Q. Consequently, verification of positive definiteness in 

Q reduces to verifying positive definiteness along the contour C. Next, it is shown 

that as the radius of C approaches oo, for DRFs that satisfy the assumptions in the 

Lemma it is only necessary to check the part of C that occurs along the jai-axis. 

Note that if each Ql£(s) is strict rational for m > 0 (i.e. all the rational functions 

Ql£(s) corresponding to nonzero delay rm), then for each of the admittance matrix 

elements we get 

Vifc(s)Uoo = Qb k (s) \s- t  00- (5.13) 

Therefore, the behavior of each Yjk(s) becomes asymptotically similar to the behavior 

of the stable rational function Qok(s) as the radius of the contour C approaches oo. 

Consequently, the admittance matrix Y(s) becomes asymptotically independent of 

IHe(s) and behaves as a stable rational function. This leads to the result 

[Yh(S) + Y ( s ) ]  Uoc= [F"(s) + Y ( s ) ]  \ „ j o o  . (5.14) 

This means that, [r"(s) + Y(s)] approaches a limiting value that is equal to the 

limit as s -4 joo. Prom Theorem 4-4-, since the minimum value of [y//(s) + Y(s)] 

occurs on C, this last statement implies the same minimum value must also occur on 

the jcv-axis. Then, the condition zH[YH(s) + Y(s)]z > 0, Vs|5Re(s) — 0 implies that 

zH[Y"(s) + Y(s)]z > 0, Vs|£He(s) > 0 and this completes the proof. • 

Imposing the condition (5.11) of Lemma 5.1 requires that all direct coupling con

stants corresponding to delays vanish (i.e. = 0 for m > 0). Then, all the matrices 

corresponding to these coupling constants vanish as well (i.e. Dm = 0 for m > 0) 
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and the Laplace-domain transfer function for the system given in (5.9) becomes 

M 

Y ( s )  =  J 2 C m ( s I - A ) ~ 1 B  +  D  (5.15) 
m=0 

where D = D0 corresponds to To = 0. In addition, for passivity at w = oo it is also 

necessary that [D + D"] > 0. Both of these conditions can easily be enforced using 

any of the DRF approximation algorithms [68]. 

5.3.2 Reduction to a Finite Search Region 

Although the above proposed lemma reduces the passivity verification region firom 

the right-half of the complex plane to just the imaginary axis, this is still an infinite 

search region (from —joo to joo). To further reduce the computational challenge, it 

is desired to reduce the search region from the entire imaginary axis to just a single 

finite interval along the imaginary axis. For this purpose, the following theorem is 

introduced, which formulates passivity verification as a quasi-periodic FDGEP. 

Theorem 5.2: A delayed rational function based macromodel that satisfies the con

straints imposed in Lemma 5.1 is passive if and only if there does not exist any purely 

imaginary eigenvalues for s that satisfy the follotving frequency-dependent generalized 

eigenvalue problem 

s (  = H ( s ) t  (5.16) 

where 

M M M 

H ( s )  =  M  +  M ^ e S T r n  + M™nes{TTn~Tn) (5.17) 
m=0 m=0 m,n=0 
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and 

a -brbh  

, — 
brcm  0 

m = , — 
0 -ah  0 0 

aa. M — 

0 0 

0 -CLRB" 

\h\-1 

0 0 

C"RCn 0 

(5.18) 

R=-(£> + £>")' 

Proof of Theorem 5.2: Lemma 5.1 shows that for a DRF macromodel, passivity 

violations occur when a negative eigenvalue of [Y(s) + Y^s)] is obtained on the 

jfu;-axis. Let {(jcu)} be the set of eigenvalues for [y(s) + Fff(s)]. Then it will be 

shown that the necessary and sufficient condition to have \k(ju)0) = 0 for some u>0 is 

that s = juo satisfies (5.16). 

To begin, assume that at some So = JOJQ, Xk(JUJO) = 0. This implies that [Y(SQ) + 

Yh(S0)} is singular such that 

(r(.So) + y"(«0)]r, = o (5.19) 

where rj is the corresponding eigenvector. Substituting (5.15) into (5.19) and rear

ranging gives 

TJ = -R I Cme~STm ] r + RBTC (5.20) 
\m=0 
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where R is defined in (5.18), I is the identity matrix, and r, £ are defined as 

r = — (s0I — A) 1 B t j  (5.21a) 

M 

C = ( ~ s 0 I  ~ A H )  1  ^  C£eS0T™ r j .  (5.21b) 
\m=0 / 

Rearranging (5.21a)-(5.21b) gives 

s0r = Ar — Brj (5.22a) 

s„C = -A"C - r, (5.22b) 
\m=0 / 

Substituting (5.20) into (5.22) gives 

s0r =Ar + Br [Y^ Cme~STmJ r - BRBHC (5.23a) 
\m=0 / 

(A/ \ / M \ / M \ 
£ cHe„rm U Cne-r„ r- £ C£e«'» ) HB"C. 
m=0 / \n=0 / \m=0 / 

(5.23b) 

Defining 
H 

i= rH CH (5.24) 

we obtain the desired result in (5.16) - (5.18). This proves the necessity condition. 

In order to prove the sufficiency of the proposed theorem, assume that s0 = joj0 

satisfies 

so£ = H(s0)S (5.25) 

and then proceed in the reverse manner to show that [V(sq) + Y"H(so)] is singular. 
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From the above analysis, it is obvious that if there are no imaginary eigenvalues satis

fying (5.16), then there are no imaginary eigenvalues that satisfy [y(s) + yH(s)] = 0 

(i.e. {Xk(ju) ^ 0 Vu; € R}). This implies that if the eigenvalues, {A^{ju>)}, are 

positive for some values of u, then they are positive for all values of u>. Therefore, 

[K(s) + lr//(s)] has only positive eigenvalues, Y(s) is positive real, and consequently, 

Y(s) is passive. This completes the proof. • 

As previously mentioned, the FDGEP described by (5.16) is quasi-periodic. This 

property arises because H(s) is composed of a summation of constant matrices that 

are independent of s, while the summation coefficients axe scalar functions of s de

scribed by the exponentials e±STm and es(-Tm~Tn\ for m, n = (0,1,..., M). The restric

tion that s = jui means the exponentials are all periodic in u> with different periods 

and consequently, H(s) is a quasi-periodic function of oo. It follows that the eigenval

ues of H(s) are also all quasi-periodic along the imaginary axis [51]. It is clear then 

that, we need only search along a single period of the frequency-dependent eigenvalue 

problem to detect all passivity violations. 

The above theorem provides a theoretical framework that reduces the search region 

from the imaginary axis to a single, finite interval along the imaginary axis. However, 

it does not provide details on locating regions of passivity violation. The following 

section addresses this issue. 

5.3.3 Identification of Passivity Violation Regions 

In the previous section, Theorem 5.2 presented the necessary and sufficient condi

tions for a DRF macromodel to become nonpassive. Specifically, it was shown that 

the eigenvalues of the FDGEP in (5.16) become pure imaginary values when the 
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eigenvalues of [Y(s) + Y"H(s)] change sign. However, for passivity compensation it 

also necessary to identify and quantify the regions of passivity violations. For this 

purpose, the following theorem is introduced. 

Theorem 5.3: The eigenvalue(s) of[YH(so) + Y(s0)]  fo r  a nonpassive delayed ra

tional function based macromodel vanish at the point(s) Sq = juo that satisfy (5.16) 

along the imaginary axis. 

Proof of Theorem 5.3: From Theorem 5.2, if s0 is an imaginary value satisfying 

(5.16), then the matrix [Y'^(so) + Y(s0)] is singular and the system becomes non-

passive. • 

From Theorem 5.2 and Theorem 5.3 it is clear that the regions of passivity violation 

for DRF macromodels are delimited by the pure imaginary eigenvalues that satisfy 

the FDGEP in (5.16). To solve the frequency-dependent generalized eigenvalue in 

(5.16), several techniques are available in the literature [50]-[52]. 

5.4 Proposed Passivity Compensation Algorithm 

If the macromodel is found to be nonpassive, then the next step is to enforce passivity. 

In this section, the theoretical framework and necessary implementation details are 

presented to compensate for passivity violations in DRF macromodels. 

5.4.1 Perturbation of Residues 

To compensate for the passivity violations in the DRF macromodel, the residues are 

perturbed such that negative eigenvalues of [VH(s) + Y(s)] become positive. The 
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desired residue perturbation is obtained via the solution of linear matrix inequalities. 

Details are as follows. 

To simplify the following analysis, assume there is a single passivity violation region 

in the DRF macromodel. Let u>i and uu be the lower and upper bounds of this region, 

respectively. Furthermore, assume that the maximum violation (corresponding to the 

most negative eigenvalue of [YH(ju>) + Y(ju)\ on (jui, juu)) has been found and 

occurs at frequency co = Umax. The goal of passivity compensation is to perturb the 

residue matrices, Cm, such that (jo;) + V(j<^)] becomes positive real on (,ju)i,juu) 

and the model becomes passive. Let Cm correspond to the mth residue matrix in the 

perturbed model such that 

Cm = Cm + ACm (5.26) 

where ACm  is the desired perturbation of the m t h  matrix. Then, the transfer function 

for the perturbed model is given by 

Y{ju) = Y{ju) + A Y(ju) (5.27) 

where 
M 

AY(ju) = e- j U T mACm{jujI  -  A)~ lB (5.28) 
m=0 

and Y(ju>) is defined in (5.15). It is desired to perturb the model at the frequency 

of maximum passivity violation, ujmax. This leads to the linear matrix inequality 

YH( ju)max)  + Y(jUmax) > 0. (5.29) 
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Original Model 

Passivity Compensated Model 
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Effect of Perturbation AY(j co) 

FIGURE 5.6: Illustration of the passivity compensation process. 

Equivalently, 

where f m( jujm a x)  = e~ j u , m a x T m( jum a x i  —  a ) ~ [ b  and the Hermitian conjugate oper

ator on ACm reduces to the transpose operator, T', since the ACm are all real. 

The formulation in (5.30) is linear in each of the ACm and consequently, can easily 

be solved using standard linear matrix inequality techniques [87]. The resulting model 

described by (5.27) now satisfies the necessary and sufficient conditions to be passive. 

An illustration of the passivity compensation is shown in Fig. 5.6. 

In many cases, [Y"H(s) 4- Y(s)] is not necessarily a purely real matrix (this is 

typically the case for unsymmetrical macromodels). In practice, this can be a problem 

since many linear matrix inequality solvers cannot always directly handle complex 

M M 
) "t" Yi^ju}max) "I" ^ ^ ACrn.Fm(,3^max) > 0 (5.30) 

m—0 m=0 
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functions. To address this issue, we make use of Lemma 2.7, re-stated here for 

convenience. 

Lemma 5.4: A complex Hermitian matrix, T, is positive semi-definite if  and only if  

<Ke(Y) 3m(T) 

-3m(Y) <Hc(T) 
> 0. (5.31) 

Using Lemma 5.4, noting that each of the ACm axe real, and dropping the ( j  to max) 

terms, the linear matrix inequality in (5.30) becomes equivalent to 

M 

£ 
m=0 

A Cm  0 

0 A Cm  

F R,m F i t T n  

FI tm FR tm 

+ 
F R,m  F im  

F T m. F 

+ 
Y r  Y f  

-Y t  Yr 

I ,m *• R,m 

T 

Yr 

A Ci 0 

0 ACl 

+ 
Yt 

Yr Y r  

>0 (5.32) 

where Fm  = FR t m  + jF^m  and Y = YR- \- jY I .  

The above analysis assumed that only a single perturbation is necessary to remove 

all the passivity violations in the region (juji,juju). However, in practice this process 

may cause new passivity violation regions to occur in the model. Consequently, pas

sivity enforcement may require several iterations, where at each iteration the regions 

of passivity violation are calculated using the technique described in Section 5.3. 

The proposed passivity compensation algorithm can easily be modified to compen

sate DRF macromodels with multiple regions of passivity violation. The linear matrix 

inequality in (5.32) is formulated at the frequency point of maximum violation for 

each region with a passivity violation. Subsequently, all the linear matrix inequalities 
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axe solved at once. 

5.4.2 Error Control 

In the previous section, a passivity compensation algorithm was developed that per

turbed the residues in the DRF macromodel. However, it did not provide restrictions 

on the error introduced in the response. For this purpose, the perturbation matrices 

{A Cm} are related to the L2-norm of error introduced in the response AY(ju). To 

see this note that the L2-norm of AY (dropping the (ju>)) can be written as [53] 

M M M FOQ 

||Al-||i = II £ Ay„||l < £ IIAyjl! = £ / \^Ym\\%dw (5.33) 
m=0 m=0 m=0 ^_0° 

where || • ||2 and || • ||f  are the I/2-norm and the Frobenius norm of the argument, 

respectively. Substituting in AVm = e~^mACrn(ju}I — A)~lB gives 

M ROO M 
I I I I 2  <  E  /  1 1 e ~ i U 3 T m  A C m ( j u l  -  A ) - l B f F d w  =  ̂  t r a c e ( A C m P A C l ) .  

m-QJ -OO m = Q  

(5.34) 

Here, P is the controllability Grammian obtained from solving the Lyapunov equation 

given by [91] 

AP + PA t  + BB t  = 0. (5.35) 

It is clear then that, minimizing the sum of traces of (ACmPAC^) will in turn min

imize the error introduced in the time-domain and frequency-domain responses of the 

perturbed DRF macromodels. Combining this result with the passivity compensation 

algorithm developed in the previous section, passivity enforcement with error control 
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reduces to solving for the ACm in the following problem 

M 

min trace(AC r nPAC1 jn) ,  subject to (5.32). (5.36) 
{ACm} 

m=o 

Pseudocode summarizing the passive macromodeling scheme for DRF macromodels 

from tabulated admittance data is given in Algorithm 2. 

Algorithm 2 Pseudocode for passive macromodeling scheme 
Step 1: Formulate the matrices of the quasi-periodic frequency-dependent general

ized eigenvalue in (5.16). 
Step 2: Check if the macromodel is passive using the technique presented in Section 

5.3.3. If it is nonpassive go to Step 3, otherwise, the DRF macromodel is passive 
and we are done. 

Step 3: Identify the regions of passivity violation using the techniques discussed in 
Section 5.3.3. 

Step 4: Apply passivity enforcement using the constrained linear matrix inequality 
formulated in (5.36) to solve for the perturbations in the residue matrices, {ACm}. 

Step 5: Check if the macromodel is passive using the technique presented in Section 
5.3.3. If it is nonpassive go back to Step 3, otherwise, the DRF macromodel is 
passive and we are done. 

5.5 Numerical Results 

In this section, the proposed passivity verification and compensation algorithms are 

validated on 3 industrial examples. All testing is performed on an Intel il — 920 2.67 

GHz processor with 12 Gb of RAM. The constrained linear matrix inequalities are 

solved using SeDuMi [98] with Yalmip [99]. 
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5.5.1 Example 1 

In order to validate the proposed algorithm, it was tested on a 2-port frequency-

dependent transmission line network characterized by tabulated admittance data. 

The tabulated data was fit accurately up to 1.5 GHz using DRFs [30]. Fitting each 

matrix element separately, it required 44 poles and 8 delay terms to accurately match 

the frequency-domain response data. 

Next, the proposed passivity verification algorithm was validated. Using the FD

GEP in (5.16) and efficient FDGEP solution techniques [50]—[52] the maximum pure 

imaginary eigenvalue was found to be 5.8874 x 109 rad/s [which corresponds to 

the maximum frequency of the passivity verification search region (i.e. fmax = 

5.8874/27T = 0.9370 GHz) ]. Fig. 5.7 shows the corresponding eigenvalue spectrum 

for the FDGEP. Then, using Theorem 5.3 the model was found to be nonpassive on 

the intervals [0.5819,2.4927] x 10~3 and [3.1844,5.9676] x 10~3 GHz. 

To cross-verify the above results, a robust frequency-sweep of the eigenvalues of 

[YH(juj) + Y(jui)} was performed along the imaginary axis. Fig. 5.8 shows a plot of 

the resulting eigenvalues of [YH(ju) + Y(jcu)\. It is clear from Fig. 5.8(b) that the 

eigenvalues of [YH(joj) + Y(joj)] become negative (corresponding to passivity viola

tions) over the above intervals, in agreement with the passivity violations obtained 

from the proposed algorithm. 

Since the macromodel was found to be nonpassive, the proposed passivity compen

sation algorithm is applied. From Fig. 5.8, it can be seen that the proposed com

pensation process was successful and the compensated macromodel is passive. This 

was cross-verified using the proposed passivity verification algorithm, which found 

no passivity violations in the compensated macromodel. In addition, comparisons 



5.5. Numerical Results 128 

- 3 - 2 - 1  0  1  2  3  
Real Part of Eigenvalues of H(joo) x 10 

FIGURE 5.7: Eigenvalue spectrum of the FDGEP for example 1. 

of the admittance parameters between the original and compensated macromodels 

are given in Fig. 5.9. It is clear from the figure that the error introduced in the 

frequency-domain responses of the compensated macromodel is negligible. 

Next, the accuracy of the proposed algorithm is validated in the time-domain. The 

macromodel was connected to passive terminations as shown in Fig. 5.10. It was 

excited with a 20 ns wide pulse with 0.1 ns rise/fall times. It required 7.40 and 

7.41 seconds to simulate the original and passive macromodels, respectively. A plot 

of the voltage at the output port is given in Fig. 5.11. As seen, the original and 

compensated DRF macromodels are in good agreement. 

5.5.2 Example 2 

In this example, a four-port interconnect network characterized by tabulated admit

tance data provided up to 10 GHz is considered. The data was approximated using 

a DRF [30]. The macromodel required a total of 144 poles and 11 delay terms (each 
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(a) Eigenvalue spectrum of the macromodels between 0 and 1.5 GHz (the 
graphs of the Original Nonpassive Model and Passive Model are overlap
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FIGURE 5.8: Real eigenvalues of [ Y H  ( j u j )  +  Y ( j u j ) ]  for example 1. 
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FIGURE 5.9: Accuracy of the DRF macromodel for example 1 (the Orig
inal Tabulated Data, Original Nonpassive Model, and Passive Model are 
overlapping). 
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FIGURE 5.10: Circuit for transient analysis in example 1. 

parameter was fit separately). A sample illustration showing the accuracy of the 

approximation is given in Fig. 5.12. 

Next, the passivity of the DRF macromodel was checked. Solving the FDGEP in 

(5.16) the maximum pure imaginary eigenvalue was found to be 70.7851 x 109 rad/s 

[which corresponds to the maximum frequency of the passivity verification search 

region (i.e. fmax = 70.7851/27T = 11.2658 GHz) ]. Fig. 5.13 shows the corresponding 

eigenvalue spectrum for the FDGEP. Using Theorem 5.3, the macromodel was found 

to be passive. 

The above results were cross-verified by performing a robust search of the eigen

values of [YH (jui) +- Y(jw)] along the imaginary axis. No negative eigenvalues of 

[YH(ju) + Y(jui)] were found, confirming that the macromodel is passive. Fig. 5.14 

shows a plot of the eigenvalues for [YH(jw) + Y(ju)] between 0 and 11.3 GHz. It is 

clear from the figure that this model is indeed passive. 

5.5.3 Example 3 

In this example, the proposed algorithm was applied to a four-port telecommunication 

switching circuit link shown in Fig. 5.15 (example provided by Celestica Inc., Ottawa, 

ON, Canada). The interconnecting link extends across a backplane connecting the 
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FIGURE 5.11: Transient response for V^^t) in example 1 (the Original 
and Passive Model are overlapping). 

fabric manager on the line card and the switching devices on the fabric card. Using 

the delayed vector fitting algorithm [30], a total of 320 poles and 11 delays were 

required (each parameter was fit separately) to obtain an accurate approximation of 

the data up to 2.5 GHz. 

Next, passivity verification of the DRF macromodel was performed. Solving the 

FDGEP in (5.16) the maximum pure imaginary eigenvalue was found to be 23.4991 x 

109 rad/s [which corresponds to the maximum frequency of the passivity verifica

tion search region (i.e. fmax = 23.4991/2tt = 3.7400 GHz) ]. Fig. 5.16 shows 

the corresponding eigenvalue spectrum of the FDGEP. Then, using Theorem 5.3 the 

macromodel was found to be nonpassive along the imaginary axis on the intervals 

[0,0.7870] x 10-9 GHz and [0.32283,2.5543] x 10~3 GHz. 
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FIGURE 5.12: Accuracy of the DRF macromodel for example 2 (the 
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FIGURE 5.15: Telecommunication switching circuit link for example 3. 
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FIGURE 5.16: Eigenvalue spectrum of the FDGEP for example 3. 

To cross-verify the accuracy of the above results, a robust frequency-sweep of the 

eigenvalues of [YH(ju) + Y{juj)\ was performed. Fig. 5.17 plots the results of the 

eigenvalues. It is clear from Fig. 5.17(b) that the macromodel is nonpassive on 

the interval [0.32283,2.5543] x 10~3 GHz. The expanded view given in Fig. 5.18(a) 

verifies the macromodel is also nonpassive on the interval [0,0.7870] x 10~9 GHz, in 

agreement with the proposed algorithm. 

To enforce passivity in the DRF macromodel, the proposed passivity compensation 

algorithm is applied. From Fig. 5.17(b) and 5.18(b), it is clear that the eigenvalues 
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FIGURE 5.19: An illustration of the DRF approximation for example 3 
(the Original Tabulated Data, Original Nonpassive Model, and Passive 
Model are all overlapping). 

of \Y n { ju j )  + Y( ju) \  for the compensated model are no longer negative. Applying 

the proposed passivity verification algorithm to the compensated macromodel, it was 

verified to be passive. In addition, a sample comparison of the admittance parameters 

for the original and compensated DRF macromodels is given in Fig. 5.19. It is clear 

from the figure that the frequency-domain responses for both models are in agreement. 

Next, the accuracy of the passive, compensated DRF macromodel is cross-verified 

in the time-domain. The original and compensated DRF macromodels were con

nected to the terminations shown in Fig. 5.20. Then, each circuit was excited using 

a trapezoidal input signal with a 15 ns wide pulse and 0.1 ns rise/fall times. A com

parison of the transient responses at the output node K>ut(£) is given in Fig. 5.21. As 

expected, the original and compensated DRF macromodels are in good agreement. 
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FIGURE 5.21: Transient response for V< m t{t) in example 3. 
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5.6 Summary 

In this chapter, robust and efficient passivity verification and compensation algo

rithms were developed for DRF macromodels obtained from tabulated admittance 

data. Passivity verification was formulated as a quasi-periodic FDGEP, which re

duced the necessary search region from the entire right-half of the complex plane 

to a single, finite interval along the imaginary axis. For passivity compensation, a 

scheme based on perturbing the residue matrices using linear matrix inequalities was 

presented. Detailed proofs of all necessary lemmas and theorems were given. Several 

practical examples validating the effectiveness and accuracy of the proposed passivity 

verification and enforcement techniques were also presented. 



CHAPTER 6 

Stable Periodic Delayed Rational 

Function Based Macromodels for 

Tabulated Data Networks 

In this chapter, a new efficient and stable macromodeling formulation for electrically 

long high-speed modules characterized by tabulated data is presented. The chapter 

is organized as follows. Section 6.1 introduces the topic and provides motivation 

for the new method. Section 6.2 discusses delayed rational function formulations 

for networks with periodic reflections. Section 6.3 provides details of the proposed 

macromodeling algorithm and is followed by Section 6.4, which develops a framework 

for stability verification and enforcement. Numerical results validating the efficiency 

of the proposed technique are presented in Section 6.5. 

The work in this chapter first appeared in [72]. 

141 
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6.1 Introduction 

As discussed in Chapter 1, several compact and efficient macromodeling algorithms for 

tabulated networks with long delays have recently been introduced [26]-[34], [54]—[60]. 

In [31]—[34], Hilbert transform based delay estimation was proposed for networks 

characterized by tabulated frequency-domain data. In [28], a Gabor transform based 

macromodeling technique was proposed and [29], [30] extended this technique to be 

formulated via delayed vector fitting. The work in [55] (applicable to transmission 

line type modules) incorporates delay estimation into the vector fitting algorithm 

using optimization. Multiple delays are taken into account via the modal decom

position of the propagation function matrix. In [26], [27], general delayed rational 

function based macromodeling techniques were developed for networks characterized 

by tabulated time-domain data. Conceptually, algorithms in [26]-[30] approximate 

each reflection in the response using a separate delayed rational term. Although the 

above approaches provide a reduction in the approximation order for networks with 

long delays, they are not optimal for systems that contain periodic reflections. To 

address this issue, in [56], [57] a transmission line specific delay embedded passive 

compact macromodel was developed to handle infinite reflections in tabulated data. 

In [59], [60], a formulation tackling a similar problem was presented. However, it is 

also limited to transmission lines and does not provide a method to guarantee the 

stability of the overall macromodel. 

In this chapter, a generalized formulation of [59], [60] is developed for general high

speed modules characterized by tabulated data with multiple delays. The proposed 

algorithm more efficiently handles dominant periodic delays. Consequently, the re

sulting system of delay differential equations contains a reduced number of delayed 
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rational terms leading to faster transient simulations. In addition, stability verifica

tion and enforcement methods for the proposed model are developed. 

6.2 Problem Formulation and Review 

Let the scattering equations of a 2-port network be in the form b = Sa, where a 

and b are the incident  and reflected waves,  respectively,  and S(s) = [Sifc(s)],  i ,k £ 

{1,2} represents the scattering matrix. For macromodeling networks with long delays, 

Sik(s) is approximated with a delayed rational function in the form 

M 
Sik(s) = + Y, (6.1) 

m= 1 

where {Tm} are the time-delays and are the rational functions expressed in 

terms of poles and residues. 

However, for networks with a large number of reflections, the above formulation 

can still be inefficient (requiring large order due to the summation of many delayed 

rational approximations). For the purpose of illustration, consider the two-port net

work shown in Fig. 6.1(a) with a port-to-port delay rj2. The response at port 1, 

due to an input excitation at port 1 can be represented by the closed-loop feedback 

control system in Fig. 6.1(b). The complete transfer function at port 1, containing 

all reflections for an input at port 1 is then given by 

•Sii(s) =[<3o(s) + Qi{s)e sr] + [<5o(s) + Qi( s)e S T]Qi(s)Q2{s)e (-  8 T^ 

+ [<?oM + Q, Me-ICJjMCJlMe'-2") +... (6.2) 
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FIGURE 6.1: Example of a system with multiple periodic delayed re
sponses from an internal reflection. 

where Qi ( s )  are the transfer functions of the signal as it travels through the net

work. As seen from (6.2), the above network requires a new term in summation for 

each reflected response if it were described by (6.1), leading to a large order for the 

macromodel. Therefore, it is desired to find a more compact representation of (6.2). 

Noting that (6.2) is equivalent to a Taylor series expansion of the function 1/(1 — 

x) « 1 + x + x2 + x3 + ..., at x = 0, it can be expressed as 

Si i (s)  
Qo(s )  +  e  S T Qi ( s )  

l -Q i (s )Q 2 ( s )e ( -"r  
(6.3) 

The transfer functions Qo(s ) ,  Q \ ( s ) .  and Q2('S) can now be approximated by low-

order pole/residue approximations (since the delay has already been extracted). A 

similar result can be obtained for other entries in the S matrix. 
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6.3 Construction of Periodic Delayed Rational 

Functions 

The formulation in (6.3) is limited to transmission lines with only a single delay 

considered. However, circuits in general will contain more than a single periodic 

delayed response. In order to overcome this issue, the numerator in (6.3) is replaced 

with (6.1) to obtain a general form 

v ' 1 + <&o(s)e~ST v ; 

where $j(s), ( i  = 0,1,..., M) ,  are  approximated with low-order  ra t ional  funct ions.  

Here, r corresponds to the dominant periodic reflective delay in the network, while 

the delays {/tj} correspond to each of the unique delayed responses. In the following 

section, details of the proposed algorithm are given. 

Determination of r and {«i} 

For determination of the periodic delay r and the delays {«,}, the following algorithm 

is developed. First, a time-frequency analysis [26], [28] of an off diagonal element (say 

(612(5)) is performed and the set of all the corresponding delays, {T^1'2*} = {J1/1'2* < 

T^1'2^ < ... < is identified. The dominant reflective delay, r, is chosen as 2 

times the port-to-port delay, J1/1'2*. Subsequently, the delays {k ^1'2*} are found by 

peeling all delays from the set {T^1,2^} that occur at [jf/1'2^ +6i2t], where bi2 > 0 is an 

integer (for example, consider the set of delays (1.2,3.6,4.1,6); here r — 1.2 * 2 = 2.4; 

consequently, the delays (3.6,6) are removed, thereby giving {k^1'2^} = (1.2,4.1)). 

Next, for the diagonal elements (say Sn(s)), the set of delays is found by 
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peeling all delays from the set {T^1,1*} that occur at + bur], where fen > 1 is 

an integer. 

Computation of Poles and Residues of (6.4) 

For the purpose of calculating the poles and residues in (6.4), we assume that the 

delays r and {/Cj} are already computed. Note that S(s) in (6.4) can be written as 

M 
S ( s )  =  $ ! (* )  +  $m(5)e-SK-" -  S(s )$o ( s ) e - S T .  (6.5) 

m=2 

Next, a rational approximation of the form 

o , Rm,n 
timfi + > 

*m(s) = ;= 1"  ^  (6.6) 
, Vs r« 

r o + y .  — 

for each of the <3>m(s) is substituted into (6.5). Subsequently, following the steps 

outlined in [59], [60], (6.6) can be solved iteratively as a linear least squares problem 

for the residues {r„}, {Rm,n} and the poles {p„}. 

The above formulated macromodel is more compact than macromodels characteriz

ing equations in the form of (6.1) in cases where a dominant internal reflection results 

in multiple periodic delayed responses. The next section discusses the stability of the 

proposed macromodel. 
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6.4 Verification and Enforcement of Stability 

For stable rational approximations it is required that all poles lie in the left-half plane. 

For stability verification of (6.4), the following Lemma is developed. 

Lemma 6.1: I f  A(s), B(s), C(s), D(s) are real polynomials (contain only real coef

ficients), then any unstable pole in the following function 

occurs when |T(s)| = )D(s)/C(s)| = 1 provided the rational function T(s) is bounded 

real. 

Proof of Lemma 6.1: To begin, we assume T(s) = D(s)/C(s) is a bounded real 

rational function. Then, the roots of C(s) are all in the left-half plane. Consequently, 

the poles that arise from the numerator terms A(s)/C(s) and B(s)/C(s)e~ST axe all 

stable. 

Next, consider the term in the denominator, [1 + e~STT(s)], where the poles occur 

when e~STT{s) = — 1. Applying the Cauchy-Schwarz inequality to the left hand side, 

noting that for £He(s) > 0, |e~ST| < 1, and using the fact that for a bounded real 

function ^(s), [I — ^^(5)^(5)] > 0, we get 

(6.7) 

|e"STT(s)| < |e""||T(S)| < |r«| = v/r»(»)T(«) < 1. (6.8) 

It is clear that |e STT(s)| = 1 only if |X*(s)| = 1 and this completes the proof. • 

Lemma 6.1 is extended to the form of (6.4) (i.e. for cases with multiple delays in 

the numerator) by noting that the additional numerator terms are all stable since the 
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roots of C(s ) lie in the left-half plane while the denominator remains unaffected. 

Based on Lemma 6.1, if C(s) has all its roots in the left-half plane, then H(s )  has 

only unstable poles where TH(s)T(s) = 1. These locations can be easily found using 

the bounded real property and Hamiltonian based techniques [41]. 

Using the above properties, stability can be enforced by adding the following ad

ditional steps to the proposed algorithm. First, if the roots of C(s) axe found to 

lie in the right-half plane, they are flipped to the left-half plane and a new set of 

residues is calculated. Next, we apply first-order perturbation based compensation 

techniques [41] to the function D(s)/C(s) to ensure that it is a bounded real rational 

function. 

It is to be noted that the above algorithm can be extended by combining it with the 

technique presented in [50] to develop an efficient method for passivity verification 

and enforcement of the resulting macromodels. 

6.5 Numerical Results 

In this section, two examples are presented to demonstrate the accuracy and efficiency 

of transient analysis using the proposed delayed rational function macromodels for 

tabulated data networks with periodic reflections. All the examples are run on an 

Intel i7 — 920 2.67 GHz processor with 12 Gb of RAM. 

6.5.1 Example 1 

In this example, the proposed algorithm is tested using a set of tabulated admittance 

parameters characterizing a two-port network with multiple internal reflections. First, 

the proposed algorithm was applied to the tabulated data. Using the technique in [28], 
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a time-frequency analysis was performed and based on the obtained results and the 

algorithm described in Section 6.3, the dominant reflective delay was found to be 15.74 

ns (2 times the port-to-port delay of 7.87 ns). Then, extracting the periodic delays 

the entire model required 36 poles and a total of 12 unique delays. To validate the 

proposed technique, it is compared to the conventional vector fitting algorithm [17] 

and the state-of-the-art delayed vector fitting algorithm [30]. Applying conventional 

vector fitting a total of 640 poles were required to accurately fit the entire data 

set. Applying the delayed vector fitting algorithm, a total of 49 poles and 16 delays 

were required to obtain an accurate approximation. A sample comparison for the 

frequency-domain fitting of Y2i(s) using the proposed, delayed vector fitting [29], and 

conventional vector fitting against the original data is shown in Fig. 6.2(a). As seen, 

all 3 models provide a comparable approximation of the tabulated data. In addition, 

the corresponding absolute fitting error of Y"2i(s) for the proposed and delayed vector 

fitting is shown in Fig. 6.2(b). A comparison of the macromodel properties in terms 

of the number of required delay segments and poles, total number of pole/residue 

combinations used to fit each parameter, and Root Mean Squared Error (RMSE) 

from each approximation is given in Table 6.1. 

Next, the accuracy and efficiency of the proposed macromodel is validated in the 

time-domain using HSPICE. For each macromodel, the circuit shown in Fig. 6.3 

is stimulated with a 20 ns wide pulse that has rise/fall times of 0.1 ns. A sample 

comparison of the transient responses for all three models is shown in Fig. 6.4. As 

seen, all the waveforms are in agreement. However, the proposed macromodel only 

required 0.92 seconds to simulate while the conventional vector fitting and delayed 

vector fitting macromodels required 11.01 and 1.74 seconds, respectively. The CPU 

times for each of the transient simulations were recorded and are shown in Table 
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FIGURE 6.2: A sample comparison of the scattering parameters, Y 2 i ( j u j ) ,  
for example 1. 
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TABLE 6.1: A comparison of macromodel accuracy for example 1 (DRF: 
Delayed Rational Function; RMSE: Root Mean Squared Error). 

Vector Fit DRF ( [29]) Proposed 

VuW; Ms); 160 11 DRF terms 6 DRF terms 
y21W; poles with 9 and 12 with 9 poles 

for each poles each for each for 
parameter Yn and V22; Yn, ̂ 22; 
in the Y 10 DRF terms 7 DRF terms 
matrix with 14 poles with 9 poles 

each for K2i, Y\i each for 
Total Number of 

640 511 234 
Pole/Residue Terms 

640 511 234 

RMSE 7.1747 x 10~5 6.2726 x 10~4 2.7675 x 10-4 

Transient CPU Time (sec) 11.01 1.74 0.92 

50 n Admittance Domain v out  
1  V  v v v  Macromodel 

25 1 pF^ 1 pF^ 

FIGURE 6.3: Circuit for transient analysis of example 1. 

6.1. As seen, the proposed macromodel provides a speedup of 12 and 2 over the 

conventional vector fitting and delayed vector fitting macromodels, respectively. 

6.5.2 Example 2 

In this example, the proposed algorithm is applied to a set of tabulated scatter

ing parameters characterizing a cascade of two 2-port networks (one containing a 

frequency-dependent stripline and the other a frequency-independent stripline with 

mismatched internal terminations) with multiple internal reflections. Using the tech-



6.5. Numerical Results 152 

0.2 
Conventional Vector Fitting Model 
Delayed Rational Functions Model 
Proposed Model 

0.15 

o > 
0.1 

13 O 
> 

0.05 

0 

0 10 20 30 40 50 
Time (ns) 

FIGURE 6.4: Comparison of transient responses for example 1 (all the 
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nique in [28], a time-frequency analysis was performed and based on the obtained 

results and the algorithm described in Section 6.3, the dominant reflective delay was 

found to be 21 ns (2 times the port-to-port delay of 10.5 ns). A sample comparison for 

the frequency-domain fitting of S22(3) using the proposed, delayed vector fitting [29], 

and conventional vector fitting against the original data is shown in Fig. 6.5(a). In 

addition, the corresponding absolute fitting error of 822(3) for the proposed and de

layed vector fitting is shown in Fig. 6.5(b). During the macromodel creation process, 

the original fitting was found to be unstable and the proposed stability enforcement 

technique was successfully applied to stabilize the macromodel. A comparison of the 

macromodel properties in terms of the number of required delay segments and poles, 

total number of pole/residue combinations used in the fit, and Root Mean Squared 

Error (RMSE) from each approximation is given in Table 6.2. 
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FIGURE 6.5: A sample comparison of the scattering parameters, S22{ju), 
for example 2. 
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TABLE 6.2: A comparison of macromodel accuracy for example 2 (DRF: 
Delayed Rational Function; RMSE: Root Mean Squared Error). 

Vector Fit DRF ( [29]) Proposed 

Sn( s ) ;  S 1 2 ( s ) ;  220 12 DRF terms 7 DRF terms 
S 2 1 ( s ) ;  S 2 2 ( s )  poles with 9 poles with 9 poles 

for each each for each for 
parameter Sn,  S12 ,  S21; S11, S12, S2u 
in the S 16 DRF terms 9 DRF terms 
matrix with 9 poles with 9 poles 

each for S22 each for S22 
Total Number of 

880 468 270 
Pole/Residue Terms 

880 468 270 

RMSE 0.0006 0.0134 0.0057 
Transient CPU Time (sec) 29.97 8.30 4.09 

Eye Diagram Opening (Volts) 0.961 0.974 0.979 
Eye Diagram CPU Time (sec) 3195.10 1249.64 486.82 

Next, the accuracy of the proposed algorithm was cross-verified in the time-domain. 

Each macromodel was connected in the circuit as shown in Fig. 6.6. Subsequently, 

the circuit was excited using trapezoidal pulse with 0.1 ns rise/fall times and 20 ns 

pulse width. A sample comparison of transient results is given in Fig. 6.7. As seen, 

the responses of all three macromodels are in agreement. In addition, the CPU times 

for each of the transient simulations were recorded and are shown in Table 6.2. The 

proposed macromodel provided a speedup by a factor of 2 and 13 compared to the 

delayed vector fitting and conventional vector fitting macromodels, respectively. 

In order to illustrate the benefits of the proposed macromodel in a real practical 

setting, eye diagrams for each macromodel were generated. For this purpose, each 

macromodel was connected to a random bit source with 0.1 ns rise/fall times and 

a bit rate of 1 Gbits/second. The analysis is run over 9000 cycles and the output 

signal over each period (2 ns) of the response was superimposed. The eye diagrams 

for the proposed, delayed vector fitting, and conventional vector fitting macromodels 
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(b) Delayed vector fitting macromodel. 

Time (ns) 

(c) Conventional vector fitting macromodel. 

FIGURE 6.8: Eye diagrams for example 2. 

axe shown in Fig. 6.8. As seen, the eye diagrams from all three macromodels are in 

agreement. The size of the openings for all three macromodels are nearly identical 

and the results are summarized in Table 6.2. In addition, a savings of about 760 

seconds or 12.5 minutes is achieved using the proposed macromodel over delayed 

vector fitting. The transient simulations in this example were performed using linear 

terminations. For the case of nonlineax terminations, further computational savings 

would be achieved. 
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6.6 Summary 

In this chapter, a general formulation for macromodeling tabulated networks with long 

periodic delays was presented. The proposed macromodel leads to a reduction in the 

order of the macromodel compared to conventional delayed rational approximations. 

Also, an algorithm for stability verification and enforcement was presented. 



CHAPTER 7 

Passive Model-Order Reduction of 

RLC Circuits with Embedded 

Time-Delay Descriptor (TDD) 

Systems 

In this chapter, a new algorithm for passive model-order reduction of RLC networks 

with embedded general Time-Delay Descriptor (TDD) systems is presented. In ad

dition, a new passivity verification algorithm for TDD systems is developed. The 

chapter is organized as follows. Section 7.1 introduces the topic and provides moti

vation for the new method. Section 7.2 reviews model-order reduction and passivity 

verification techniques for TDD systems. Next, Section 7.3 develops the new passive 

model-order reduction algorithm for RLC circuits with embedded TDD systems. Nu

merical results validating the accuracy and efficiency of the proposed techniques are 

158 
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presented in Section 7.4. 

The work in this chapter first appeared in [73]. 

7.1 Introduction 

Modern high-speed designs contain a massive number of submodules, each of which 

is characterized as a lumped RLC circuit, distributed interconnect, state-space sys

tem, or using a general Time-Delay Descriptor (TDD) system. For the purpose of 

global transient analysis, all of these subnetworks are combined to yield an enor

mous system of equations describing the overall network. Prominent methodologies 

for fast signal integrity analysis of large-order systems are based on model-order re

duction [7], [8], [62], [64]—[66]. These techniques generate a reduced-order model that 

accurately characterizes the input/output port responses of the original large network. 

In addition to accuracy, it is important that the reduced-order model retains the 

physical properties of stability and passivity from the original network. Passive model-

order reduction of RLC circuits has been successfully addressed using Krylov-subspace 

based techniques (such as PRIMA [8]). For RLC networks that contain embedded 

high-speed modules described by passive linear state-space and descriptor systems, 

several passive model-order reduction techniques have been developed [62], [64]. How

ever, these passive reduction techniques cannot directly handle embedded networks 

described by Time-Delay Descriptor (TDD) systems (such as the DRF macromodels 

developed in [26]—[34], [54]-[60], [100], [101]). 

Recently, several model-order reduction algorithms targeted at large circuit net

works with embedded TDD systems have been developed [65], [66]. In [66], Poor 

Man's Truncated Balanced Realization (PMTBR) [62] was extended to TDD sys
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tems. In [65], the exponential terms corresponding to time-delays are expanded in 

the frequency-domain using a Taylor series and subsequently, the moments of the 

network are obtained via Krylov-subspace techniques. Furthermore, for the specific 

case of RLC networks embedded with lossless transmission lines with time-delays, 

such congruence transform-based reduction techniques were shown to guarantee the 

passivity of the reduced-order network. However, for general TDD networks, neither 

PMTBR nor Krylov-subspace based techniques guarantee that the resulting reduced-

order macromodel is passive. Consequently, passive model-order reduction of RLC 

networks with embedded TDD systems remains an open problem. 

Since the reduced-order macromodels obtained from [65], [66] are not guaranteed 

to be passive, it is necessary to verify their passivity prior to transient analysis. 

In the previous chapters, efficient passivity verification techniques were introduced 

for DRF macromodels. However, these techniques are not directly applicable to 

general TDD systems. In [102] and [103], a set of sufficient conditions for passivity 

verification of general time-delay state-space systems were presented in the form of 

linear matrix inequalities. Recently, in [104] these results were extended to the case 

of TDD systems with one time-delay. However, for general descriptor systems with 

multiple time-delays, passivity verification criteria are not available. 

In order to address the above issues, this chapter presents a novel passive model-

order reduction algorithm for RLC networks with embedded general TDD systems. 

In addition, a new set of sufficient passivity conditions for passivity verification of 

general TDD systems with multiple time-delays is introduced. Numerical results 

validating the accuracy and efficiency of the proposed algorithms are provided. 
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7.2 Problem Formulation 

A brief review of network formulations for RLC circuits with embedded TDD systems 

and delay-based model-order reduction is provided in this section. Passivity criteria 

for TDD systems are also discussed. 

7.2.1 Formulat ion of Network Equat ions 

Consider an n^-port network, <f>, of RLC elements described using Modified Nodal 

Analysis (MNA) as [105] 

where > 0, (G^+G^) > 0 € R^*^ are the matrices of memory and memoryless 

elements, respectively, b$ E RN*xn<i> is a selector matrix mapping the port voltages 

to the node space of the RLC network. Vectors vp(t) and ip(t) € M"* define the port 

voltages and currents, respectively, x</>(£) G R^ is the vector of waveforms for the 

node voltages, inductor currents, and voltage source currents. 

Next, consider that the above RLC network 4> is connected to an n^-port sub

network, ip, with K time-delays modeled using any of the delay-based techniques 

in [26]—[34], [54]—[60], [100], [101]. An illustration of the overall network is given in 

Fig. 7.1. The general form for any of these embedded time-delay systems is 

C^x^t )  +  G^x^t )  =  b<t , v p ( t )  

ir{t) = I>Jav(t) 

(7.1a) 

(7.1b) 

K 
Ex^t )  =  Ax^i t )  +  A k x^( t  - Tfc) + Bv^pit) (7.2a) 

k=1  

i^ t )  =  Cx^t )  +  Dv^( t )  (7.2b) 
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where E € could be either a singular or nonsingular matrix, A,  e  

B C T G RiV*xn^ D € R^xn#i ^  Vectors i^ fyv^t )  G Rn* 

represent the output currents and input voltages, respectively. Time-delay systems in 

the form of (7.2) are referred to as regular systems if the matrix E is nonsingular (or 

state-space if E is the identity matrix) and singular or descriptor systems if E is sin

gular [106]. The work in this chapter is developed for Time-Delay Descriptor (TDD) 

systems, however, it is also applicable to time-delay state-space systems. Embedding 

this subnetwork into the MNA equations in (7.1) yields the descriptor system 

K 

Hx( t )  +  Gx( t )  +  Gkx( t  — Tfc )  =  bv p ( t )  (7.3a) 
k=  1  

i p ( t )  =  b T x( t )  (7.3b) 

where 

v^t) C+ 0 0 G, 0 L 

x( t )  =  x^ t )  ,  H = 0 E 0 , G = 0 1 1 to
 

-g- l 0 0 0 -LT C D 

0 0 0 b  

Gk  = 0 -Ak 0 ,  b  =  0 

0 0 0 0 

L € RJv^xnV' is a selector matrix that maps the port output current of i^ ( t )  into the 

node space of the RLC network <f>. The port voltages of the embedded module are 

also related to the node voltages by v^{t) = LTv^,(t). Following the above process, 

it is clear that any number of embedded modules can be accommodated. 
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Port 1 Large surrounding RLC network 
Port 2 

I ( Port 1 /"Embedded subnetwork^ 
qppp_ described by a time-delay 

.—*—\ descriptor system 
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Port n^-1 
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V J 

FIGURE 7.1: RLC circuit with an embedded subnetwork described by a 
time-delay descriptor system. 

7.2.2 Model-Order Reduction of Time-Delay Systems 

Several algorithms can be found in the literature for model-order reduction of RLC 

networks with embedded TDD systems [65], [66]. In each technique, the first step is to 

obtain left and right orthonormal projection matrices U, V G ]RiVx9 (for congruence 

transform-based reduction algorithms U = V), where N and q are the sizes of the 

original system in (7.3) and reduced system in (7.5). respectively. Next, the reduced-

order system is found by mapping the vector x(t) € KjV to a smaller vector x(t) E W. 

Equation (7.3a) is also multiplied by UT to give the reduced system 

K 
Hx( t )  +  Gx( t )  +  ̂ 2  Gkx( t  -  T f c )  =  bv p ( t )  (7.5a) 

i p ( t )  =  b  x ( t )  (7.5b) 

where x( t )  =  Vx( t )  and 

H = U t HV, G = U t GV, G k  = U T G k V , b  = U T b .  (7.6) 
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For the specific case of RLC networks with embedded TDD systems derived from 

lossless transmission lines, [65] presents an algorithm for passive model-order reduc

tion of such a system. However, for RLC networks with embedded subnetworks 

described by general TDD systems in the form of (7.2), the passivity of the reduced-

order model is not guaranteed. 

7.2.3 Passivity Criteria for Time-Delay Systems 

For a system in the form of (7.2), the following definition for passivity in the time-

domain is adopted [87], [102], [104]. 

Definition 7.1: The network in (7.2) is passive if 

for all t > 0 and zero initial conditions. Here, v (t)  =  v$( t )  and  i (t) = i^{t) are the 

voltages and currents, respectively, of the network in (7.2). 

Equivalently, in the Laplace-domain it is necessary that the transfer function of 

(7.2) given by 

satisfies the following 3 conditions [86]: 

a) Y"(s) is analytic for all values of s with JHe(s) > 0; 

b) Y(s* )  =  Y*(s ) ,  where the superscript is the complex conjugate operator; 

(7.7) 

(7.8) 
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c) [y"(s) + r(s)] is nonnegative definite for £He(s) > 0. That is 

z H  [Y"(s) + Y  (5)] z>0  (7.9) 

for all complex values of s with fHe(s) > 0 and for any arbitrary vector z. The 

superscript 'if' represents the Hermitian conjugate operator. 

Direct verification of these criteria is computationally infeasible since it requires a 

frequency-sweep of the entire right-half plane. 

In [71], for the case of delayed rational function based macromodels, the above 

issue was addressed wherein the passivity verification region described by condition 

c) was reduced from the entire right-half plane to just the imaginary axis. However, in 

this technique, an assumption was made that the rational functions corresponding to 

nonzero delays are all strict rational. Consequently, for general time-delay systems in 

the form of (7.2) (which may not be in strict rational form), these techniques cannot 

be applied. 

In [102] and [103], a set of sufficient conditions for passivity verification of general 

time-delay state-space systems were presented in the form of linear matrix inequali

ties. Recently, in [104] these results were extended to the case of TDD systems with 

one time-delay. However, for general descriptor systems with multiple time-delays, 

passivity verification criteria is still an open problem. 

7.3 Proposed Passive Reduction Algorithm 

In this section, a passive model-order reduction algorithm is developed for RLC cir

cuits with embedded subnetworks described by general TDD systems. The new algo
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rithm is based on extending the Passive Reduction algorithm for RLC interconnect 

circuits with Embedded State-space Systems (PRESS) [64] to handle embedded TDD 

systems. Also, the passivity verification technique from [104] is extended to handle 

TDD systems with multiple delays. 

7.3.1 Passivity Verification of TDD Systems 

As a first step in the proposed reduction algorithm, it is essential to verify the passivity 

of the embedded TDD system. The following theorem introduces sufficient passivity 

criteria based on linear matrix inequalities. 

Theorem 7.1: The TDD system in the form of (7.2) is passive if there exists a matrix 

P and symmetric positive semi-definite matrices Pi > 0, P2 > 0,..., P k > 0, such 

that the following linear matrix inequalities hold: 

n = 

A T P T +PA+Y:Li p k p Ai 

-Pi  A?Pr 

At
kPT 

— (C — B T P T )  

0 

0 

PAK 

0 

-PK 

0 

E t P t  = PE> 0 (7.10a) 

~(C T  -  PB) 

0 

0 

- (D  +  D T )  

< 0 .  (7.10b) 

Proof of Theorem 7.1: Define the positive semi-definite Lyapunov-Krasovskii fu

nction 
*  f t  

V (x t )  =  x T ( t )EPx ( t )  +  ̂ 2  x { s ) T P k x ( s )ds  >  0 (7.11) 
k=1 ^-Tfc 



7.3. Proposed Passive Reduction Algorithm 167 

where 

X t  = x( t  +  /3) ,  P€ ( -Tmax ,  0] (7.12) 

and Tmax = max{0, Ti , . . . ,  t k}- Taking the time derivative of (7.11) along the solution 

of (7.2) gives 

K 
V(x t )  — x T ( t )E T P T x( t )+x T ( t )PEx( t )  +  y^ j [x T ( t )P k x( t ) -x T ( t -T k )P k x( t -T k ) } .  

k=1 
(7.13) 

Then using Ex( t )  from (7.2a), with x{ t )  =  x^( t )  and input v ( t )  — v^( t ) ,  yields 

V(x t )  =x T ( t ) [A T P T  + PA]x( t )  +  v T ( t )B T P T x( t )  +  x T ( t )PBv( t )  

+  5Z[* T (*  ~  n)A T
k P T x{ t )  + x T ( t )PA k x( t  -  r k ) ]  / 7 > 1 4 x  

k=1 
K  

+  Y^l x T ( t ) P kX( t )  ~  X T ( t  ~  T k )P k x( t  -  t fc ) ] .  

fe=l 

Define the Hamiltonian 

H(x t ,  t )  =  -V(x t )  +  2 i T ( t ) v ( t )  (7.15) 

where i ( t )  =  i^( t )  is the output of the system in (7.2b). Substituting i { t )  from (7.2b) 

and V(xt) from (7.14) in (7.15) gives 

K 
H(x t , t )  =  -  xT ( t ) [A T P T  + PA]x( t )  - J~2[xT ( t )P kx( t )  -  xT ( t  -  r k )P kx( t  -  Tfc)] 

fc=i 
K 

~  ~  r k )A lP Tx{ t )  + xT ( t )PA kx( t  -  T k ) ]  + v T ( t ) [D  +  D T ] v ( t )  
k=1 

-  v T ( t ) [B T P T  -  C)x( t )  -  x T { t ) [PB -  C T ] v ( t ) .  (7.16) 
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This can be written as 

H(x t ,  t )  =  - XT(t) XT(t — T\) • • • xT(t — tk) vT(t) f l  

x(t) 

x(t - Ti) 

x(t -  T K )  

v(t) 

(7.17) 

where O is defined as (7.10b). Prom (7.10b), f t  <  0 and the Hamiltonian in (7.17) 

satisfies 

H(x t ,  t )  =  —V(x t )  +  2i T ( t ) v ( t )  >  0. (7-18) 

Rearranging the equation and integrating both sides gives 

[  [ i T { t ) v ( t ) ]d t  >  l/2[V(®tl) - V(x t 0 ) ] .  
J to 

(7.19) 

For passivity in the immitance domain, recall from Definition 7.1 that the system is 

passive if the integral on the left is positive semi-definite for t0 = 0. Since V(xt) > 0 

for xt ^ 0, V(xt) = 0 for xt = 0, and cc(to=0) = 0 (for zero initial conditions), this 

gives 

/ J o 
[ i T ( t ) v ( t ) ]d t  >  1  /2 [V(x h ) }  >  0. 

Comparing (7.20) and Definition 7.1, is clear that (7.2) is passive. 

(7.20) 

• 

Using Theorem 7.1, if a matrix P and positive semi-definite matrices Pi, P2,  • • 

PK can be found that satisfy (7.10), then the TDD subnetwork is passive. 



7.3. Proposed Passive Reduction Algorithm 169 

7.3.2 Formulation of Unified Network Equations 

In this section, a unified formulation involving RLC networks with embedded TDD 

systems is given. The new formulation guarantees passive reduced-order models 

are obtained using congruence transform-based model-order reduction techniques. 

A proof of this fact is provided below in Section 7.3.4. 

First, (7.2a) is multiplied by the transformation matrix P G obtained 

from solving (7.10). This yields 

K 
PEx^( t )  =  PAx^i t )  -h PA k x^( t  - r k )  + PBi^ t ) .  (7.21) 

Jk=l 

Next, embedding the transformed network described by (7.21) and (7.2b) in the MNA 

formulation of the RLC network 0 in (7.1) gives 

H w{ t )  G  w( t )  

C t  0 0 x <t, { t )  G^  0 L 

1 

0 PE 0 x^( t )  + 0 -PA -PB x^{i^j 

0 0 0 L T  C D i>( t )  

Gk  

K 
+ E  

i 

W ( t -  T k )  

0 0 0 

1 
H 1 n) b(p 

0 -PA k  0 X^pit  n)  = 0 

0 0 0 t ip( t  Tk\ 0 

v
P(t) (7.22a) 

i p ( t )  = b T w( t ) .  (7.22b) 

In the resulting system (7.22), H,  G,  G k  €  R N x N ,  w ( t )  € is the state-vector, 

b € RNxn*, and N — (N^ + + n$) is the size of the overall network. 
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Although pre-multiplying by a matrix P will lead to a dense formulation for the 

embedded subnetwork (while the MNA formulation for the original RLC network is 

sparse), it does not have a significant impact on the overall reduction time. This 

is because the embedded networks are typically quite small (on the order of a few 

hundred) relative to the sparse RLC network (on the order of several thousand). In 

addition, model-order reduction results in dense reduced-order models regardless of 

the sparsity of the original network. 

7.3.3 Passive Model-Order Reduction 

In the proposed passive model-order reduction procedure, the original network in 

(7.22) is reduced using a congruence transform to give 

K 
Hw{ t )  +  Gw( t )  +  ̂  Gkw( t  — Tfc )  =  bv p ( t )  (7.23a) 

k=1 

i p ( t )  =  i> T  w( t )  (7.23b) 

where w( t )  =  Qw( t )  relates the original to the reduced states and 

H = Q t HQ, G = Q t GQ, G k  — Q T G k Q, b  =  Q T b .  (7.24) 

The reduction matrix Q £  is an orthonormal basis obtained applying the 

Krylov-subspace techniques in [65] on the system in (7.22). The size of the reduced-

order model is q « N. A proof that the reduced model represented by (7.23) is 

passive is given in the following section. 
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7.3.4 Proof of Preservation of Passivity 

First, note that (7.23) is a descriptor system in the form of (7.2) with E = H,  

A — —G, AK = — Gfc, B — 6, C = 6 , and D = 0. It is desired to prove that the 

reduced system in (7.23) satisfies linear matrix inequalities in the form of (7.10a) and 

(7.10b). Equivalently, it is desired to show that there exists a matrix P and positive 

semi-definite matrices PI > 0, P2 >0, ..., PK > 0 such that the following linear 

matrix inequalities are satisfied: 

T - X 
G P -PG + Ylk=i p k ~PGi 

-Pi  
~ T - T 

- G , P  

~ X - T -G K P 0 
, T T T T~T.  

—(b  — b  P  )  0 

FL -TpT = PH > 0 (7.25a) 

-PG k - (b -Pb)  

0 0 

PK 

0 

0 

0 

< 0. (7.25b) 

To achieve this, it will be shown that for P = I Q ,  where I Q  is the q x q identity 

matrix, there exists {Pk > 0} such that each of the above conditions hold. 

To begin, consider condition (7.25a). Expanding H and using P = I Q  gives 

PH = H = Q T HQ = Q 1  

Of 0 0 

0 PE 0 

0 0 0 

Q (7.26) 

From (7.10a), PE = EP > 0. In addition, using the MNA formulation for RLC 
A A y 

circuits C$ — Cj > 0 [8]. Therefore, it is clear that H = H >0 and the condition 
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in (7.25a) holds. 

Next, it is desired to prove that the reduced system in (7.23) satisfies the second 

condition described in (7.25b). Let 

Pk =  Q T PkQ =  Q 1  

o o o  

0  Pk  0  

0 0 0 

Q > o (7.27) 

where P\ > 0, P2 > 0, ..., Pk > 0 are matrices that satisfy (7.10b) for the 

embedded system. Then using P = IQ, the matrix in (7.25b) can be written as 

Q1 

G 1  -  G + J2K=I PK -GA 

-GF -JP,  

-GT
K 

•(b T  -  b T )  

with 

0 

0 

Q 0 

0 . 

0 • 

G K  

0 

PK 

0 

- ( 6 - 6 )  

0 

0 

0 

Q (7.28) 

0 

Q 0 

0 I , 

(7.29) 

Here, Q. is a diagonal matrix of (K+1) vectors Q and an x n#  identity matrix, I N < J > .  

Recall that a congruence transform does not effect the signature of the matrix (i.e. 

positive or negative realness). Then, it is desired to prove that the sandwiched matrix 
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in (7.28) is negative real. Expanding this sandwiched matrix using the definitions in 

(7.22) and (7.27) gives 

-G+ - G <P 0 0 

0 T ~(C T  -  PB) 

0 - (C - B T P T )  - (£> +  D T )  

0 

0 

0 

0 

A\PT 

0 

0 

0 

0 

0 

0 

0 

0 

AT
KPT 

0 

0 

0 

0 

0 0 0 

0 0 0 

0 PA! 0  

0 0 0 

0 0 0 

0 -PI 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 PA K  0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 -P K  0 

0 0 0 

0 0 0 

(7.30) 

where T = PA + ATPT + J2k=i Pk Recall that interchanging row i with row j, and 

subsequently interchanging column i with column j can be achieved via a congruence 

transform. Repeatedly interchanging rows and columns in this manner yields 

7^ 

1 
1 •&- 1 Gl 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 T PA l  PA k  ~(C T  -  PB) 

0 0 A\Pt  -Pi  . . .  o  0 

0 0 \ : I  

0 0 A\PT 0 -PK 0 

0 0 ~{C-B t P t )  0 . . .  o ~{D + D t )  

r (7.3i) 
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where T is the overall row/column transformation matrix. Prom the original MNA 

formulation for the RLC network, (G<p + G^) > 0 and — (G^ + G^) < 0. Next, note 

that the bottom quadrant of (7.31) is equivalent to the matrix ft < 0 in (7.10b), 

which the embedded descriptor system satisfies by construction. Therefore, it is clear 

that (7.25b) is satisfied and this completes the proof. 

7.4 Numerical Results 

In this section, two examples are presented to demonstrate the accuracy and efficiency 

of performing unified transient analysis using the proposed passive model-order re

duction algorithm. All the examples are run on an Intel il — 920 2.67 GHz processor 

with 12 Gb of RAM. 

7.4.1 Example 1 

To validate the accuracy and efficiency of the proposed algorithm, it is tested on a 

large RLC circuit containing an embedded subnetwork described by a TDD system. 

The overall system consists of a large two-port RLC circuit with 7200 resistors, 2400 

capacitors, and 2400 inductors connected with a two-port tabulated data subnetwork 

modeled using delayed rational functions [30] (as shown in Fig. 7.2). The embedded 

subnetwork was found to be passive using the proposed passivity verification technique 

in Section 7.3.1 and is of size 48 with 6 unique delays. The overall size of the original 

system, consisting of the RLC network and the embedded tabulated data subnetwork, 

is 4857. Since the original network is an interconnection of passive components, it is 

passive. 

Next, a conventional congruence transform-based Krylov-subspace model-order re-
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Port 2 Port 1 Subnetwork 
described by a 

time-delay system 
7200 Resistors 

-rrm-
2400 Inductors 

H(— 
2400 Capacitors 

RLC network 

FIGURE 7.2: Original network for example 1. 

duction procedure is applied directly to the overall original network to obtain a re

duced model of size 33 (referred to as the conventional model). Fig. 7.3 shows a 

sample accuracy comparison of the admittance parameters, Y22(5), between 0 and 

1.5 GHz. It is clear that the original system and the reduced model are in good 

agreement. An application of Theorem 7.1 on the reduced model failed to meet the 

sufficient passivity conditions as given by the linear matrix inequalities in (7.10). The 

passivity of the reduced model was also cross-verified by performing a frequency-sweep 

and found to be nonpassive. Fig. 7.4 shows the resulting eigenvalues for the original 

and conventional reduced models along the imaginary axis. As seen, the conventional 

reduced model has negative eigenvalues after 3 GHz indicating that it is not passive. 

Next, the proposed passive model-order reduction algorithm is applied on the orig

inal network. First, the transformation matrix P was found by solving the linear 

matrix inequalities in (7.10). Then, the network was transformed following the pro

cess detailed in Section 7.3.2 and subsequently, embedded in the RLC network. Next, 

following the proposed reduction procedure as outlined in Section 7.3.3, the overall 

network was reduced to a system of size 33. As seen from Fig. 7.3, the admittance 

parameters of the proposed model accurately match the original network. A solu

tion to the linear matrix inequalities in Theorem 7.1 was found, indicating that the 
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reduced-order model is passive. In addition, this result is cross-verified by perform

ing a robust frequency-sweep of the eigenvalues. As can be seen from Fig. 7.4, the 

proposed model does not contain any negative eigenvalues, implying that it is passive. 

The transient performance of the original and proposed reduced model was also 

compared in HSPICE. Each model was excited by a trapezoidal pulse with 0.5 ns 

rise/fall times and a 3 ns pulse width. As seen in Fig. 7.5, the transient responses 

from the original and proposed models are in good agreement. For transient analysis, 

the original and proposed models required 10.65 and 1.84 seconds, respectively. 

7.4.2 Example 2 

In this example, the proposed algorithm is tested on a large four-port RLC circuit 

containing a embedded subnetworks described by TDD systems. An illustration of 

-

Original Network 
Proposed Reduced Model 
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this network is shown in Fig. 7.6. The overall system consists of a cascade of a 

large RLC circuit, 2 four-port transmission line networks, and another large RLC 

circuit. The transmission lines are each modeled using the method of characteristics 

[101]. The size of the original system is 3330 with 3 unique delays. The embedded 

subnetwork is found to be passive using the proposed passivity verification technique. 

Consequently, the original network is passive. 

Next, the conventional and proposed congruence transform-based model-order re

duction algorithms are applied to the original network. Both the conventional and 

proposed reduced-order models obtained are of size 38. Fig. 7.7 shows a sample ac

curacy comparison of the admittance parameters, K42(s), between 0 and 3.5 GHz. It 

is clear that the responses of the original, conventional, and proposed systems are all 

in good agreement. 

Next, the passivity of the reduced-order macromodels is verified. An application 

of Theorem 7.1 on the conventional reduced-order model failed to meet the sufficient 

passivity conditions as given by the linear matrix inequalities in (7.10). The passivity 

of the conventional model is also cross-verified by performing a frequency-sweep and 

found to be nonpassive. Fig. 7.8 shows the resulting eigenvalues for the original and 

conventional reduced models along the imaginary axis. As seen, the conventional 
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reduced model has negative eigenvalues after 8 GHz indicating that it is not pas

sive. On the other hand, the proposed reduced-order model is found to be passive 

using Theorem 1.1. In addition, this result is cross-verified by performing a robust 

frequency-sweep of the eigenvalues. As can be seen from Fig. 7.8, the proposed model 

does not contain any negative eigenvalues, implying that it is passive. 

To verify the accuracy of the proposed model in the time-domain, the original and 

proposed model are simulated in HSPICE. Each model is excited by a trapezoidal 

pulse with 0.15 ns rise/fall times and a 3 ns pulse width. As seen in Fig. 7.9, the 

transient responses from the original and proposed models are in good agreement. 

The transient simulation times for the original and proposed models were 12.98 and 

2.77 seconds, respectively. 
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7.5 Summary 

In this chapter, a new passive model-order reduction methodology has been presented 

for RLC circuits with embedded subnetworks described by general TDD systems. The 

proposed algorithm enables global and passive reduction of the entire RLC network 

along with its embedded subnetworks in a single step. In addition, a new passivity 

verification algorithm has been presented for general TDD systems with multiple 

time-delays. Numerical results demonstrating efficient and accurate analysis using 

the proposed algorithms were also presented. 



CHAPTER 8 

Conclusions and Future Research 

8.1 Summary 

In this thesis, new algorithms for incorporating electrically long networks character

ized by tabulated data into standard circuit simulators have been presented. The 

proposed algorithms address various issues such as delay-extraction techniques, De

layed Rational Function (DRF) approximations, macromodel stability, macromodel 

passivity verification and quantification of passivity violation regions, passivity en

forcement of DRF macromodels, and passive delay-based model-order reduction. A 

brief summary of these algorithms and their practical benefits is presented below. 

1) Passivity verification algorithms are developed for DRF-based macromodels ob

tained from tabulated scattering [68]-[71] and admittance [67] parameter data. 

In this thesis, passivity verification was formulated as a Frequency-Dependent 

Generalized Eigenvalue Problem (FDGEP). The proposed FDGEPs are quasi-

periodic and consequently, need only be solved over a single period correspond

182 
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ing to a finite interval along the imaginary axis, yielding significant speed-up 

compared to conventional (direct) passivity verification techniques. 

2) Passivity enforcement algorithms have been developed for nonpassive DRF-

based macromodels in the scattering and admittance domains. The proposed 

algorithms iteratively perturb the residues of a nonpassive macromodel until it 

becomes passive [67], [68]. 

3) The proposed DRF passivity verification and compensation algorithms [67]-[71] 

are the first methods available addressing passive DRF macromodeling. Numer

ous publications relying on the proposed DRF passivity verification schemes, 

and building on the results of the proposed DRF passivity enforcement scheme 

can be found in the literature. 

4) The proposed passivity verification and compensation techniques can easily be 

automated, providing a methodology to implement passive DRF macromodels 

in software packages for commercial distribution. 

5) For DRF-based macromodels with long delays and dominant periodic reflec

tions, a new DRF-based formulation is developed that uses only a single delay 

term in the denominator to accurately capture all the delayed rational terms 

corresponding to a single, dominant periodic reflection [72]. The delays are iden

tified using time-frequency analysis and subsequently, an iterative least squares 

technique is used to obtain the poles and residues in the approximation. For 

stability of DRF formulations with a single time-delay in the denominator, a 

new theorem was presented. Using the proposed theorem, an efficient method

ology was developed to guarantee the stability of the DRF approximation. For 
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transient analysis, the proposed DRF-based macromodel (with delays in the de

nominator) is shown to provide considerable speed-up compared to conventional 

DRF-based macromodeling techniques with all the delays in the numerators. 

6) For passivity verification of TDD systems, a new theorem was presented. The 

proposed theorem formulates passivity verification of TDD systems as a solution 

of linear matrix inequalities, which can be solved efficiently using interior point 

methods. 

7) A passive model-order reduction algorithm is developed for RLC networks with 

embedded subnetworks described by TDD systems. The proposed algorithm 

formulates a unified set of equations for the overall circuit such that, reduced-

order models obtained via congruence transform-based model-order reduction 

techniques preserve the passivity of the original network. The new method is 

capable of incorporating multiple embedded subnetworks described by TDD 

systems. 

8.2 Future Research 

As discussed in the previous section, this thesis presented novel contributions ad

dressing passivity issues for the specific case of DRF-based macromodels obtained 

from tabulated data in the scattering and admittance domain. The proposed algo

rithms address various issues such as delay-extraction techniques, DRF approxima

tions, macromodel stability, macromodel passivity verification and quantification of 

passivity violation regions, passivity enforcement of DRF macromodels, and passive 

delay-based model-order reduction. This thesis not only led to numerous publications, 
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but has also laid the seed for several current graduate thesis projects. In addition, it 

has the potential for further investigation into several open research problems, a few 

of them are listed below. 

1) Stable, Efficient DRF Macromodels for Networks with Multiple Pe

riodic Delays: In Chapter 6, preliminary results for stable macromodeling 

tabulated data networks with a single dominant periodic delay was presented. 

In many cases, high-speed modules may contain several periodic delays. Further 

research is required to investigate the extension of the proposed algorithms to 

tabulated networks with multiple dominant periodic delays. This has immediate 

applications in optoelectronic circuits and metamaterial based designs. 

2) Passivity Compensation of DRF Macromodels with Delays in the 

Denominator: In Chapter 6, a new macromodeling technique was presented 

for tabulated data networks with periodic reflections. However, these DRF 

macromodels are not guaranteed to be passive. In addition, since there are 

delays in the denominator as well as the numerator, the passivity verification 

and compensation techniques presented in Chapter 4 and 5 are not directly 

applicable. 

3) Delay-Dependent Passivity Verification of TDD Systems: In chapter 7, 

a passivity verification technique was developed for general TDD systems based 

on linear matrix inequalities. However, the proposed linear matrix inequalities 

only provide sufficient passivity conditions that are independent of the value of 

the time-delays. Further research can be explored to develop less conservative 

delay-dependent passivity criteria for TDD systems. 
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4) Passive Model-Order Reduction of TDD Systems via Poor Man's 

Truncated Balanced Realization (PMTBR): In chapter 7, a new con

gruence transform based model-order reduction algorithm was introduced that 

guaranteed the passivity of the resulting reduced-order macromodel. Further 

approaches such as PMTBR can be explored for achieving the same goal. 
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