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Abstract

Space debris in low-Earth Orbit is increasing year-on-year, with inaction threaten-

ing Kessler Syndrome, a point where debris collisions are self-sustaining and space

launches are impossible. Conservative estimates suggest removing at least 10 pieces of

large debris per year [1], with each piece of debris having different unknown mass prop-

erties. Conventional control techniques make it infeasible to manage the rendezvous,

docking, and deorbit multiple pieces of debris every year. Advanced controllers, such

as adaptive controllers which can sense and correct for deviations in systems with

unknown or time-varying characteristics, are able to manage debris uncertainty with-

out requiring costly or time-intensive design reformulations upon contact with each

target. Simple adaptive control offers the ability to manage unknown or time-varying

systems with guaranteed performance, and without intervention.

Simple adaptive control varies linear control gains until adequate system perfor-

mance is achieved. The current work improves implementation of simple adaptive

control through novel design heuristics, application of optimization, and disturbance

accommodation. Techniques are experimentally verified, and tested on a multiple-

input-multiple-output simulation of a spacecraft’s attitude and position during space-

craft rendezvous, docking, and post-docking control.

Experimental results show that optimization is able to decrease the convergence

time of a simple adaptive controller, and that disturbance compensation increases the

model tracking of a simple adaptive controller. Design heuristics are able to provide

a tangible method for determining simple adaptive control parameters. Furthermore,

simulations show that simple adaptive control can uncouple unknown system dynam-

ics, while improving the response. The provided work provides several methods and

techniques to help designers implement simple adaptive control in physical systems,

and improving those designs once they are implemented. Finally, several avenues for

further research are proposed.
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Chapter 1

Introduction

The exploitation of space is a stunning human accomplishment in its own right; not

only is our planet uniquely suited to life, it just so happens that the chemical and

electrical potential on it are sufficient to exit the atmosphere and accelerate objects

into orbit. Orbit itself can seem magical, objects speed over the surface of the planet

fast enough for the horizon to fall away; spacecraft manage to miss the ground.

Behind the weird quirks of physics that enable spaceflight lies hidden potential.

Scientific observation, communication, and exploration are all possible by placing just

the right hardware in just the right spot: rovers have allowed humanity to glimpse the

surfaces of other planets; radar has penetrated the thick veil of Venus; and commercial

spacecraft have brought accessible internet to every reach of the Earth. Even more

is soon to come: the James Webb space telescope will see beyond space dust and

deep into the universe’s past; sample return missions from Mars will uncover the

secrets of Earth’s barren cousin; and the development of space infrastructure will

expand in-orbit operations and further lower launch costs, opening space to a wider

audience.

Behind all the hopes of advancements is one reality: humans cannot control each

of these space systems individually. It is expensive and dangerous to send humans on

space missions. Future advances demand a significant presence in space. Megacon-

stellations, such as Starlink, require hundreds or thousands of spacecraft to be useful1.

In-orbit assembly or servicing increases the number of spacecraft to be managed with

the number of spacecraft being built or serviced. Any form of sample-return mission,

1https://spacenews.com/air-force-laying-groundwork-for-future-military-use-of-
commercial-megaconstellations/

1

https://spacenews.com/air-force-laying-groundwork-for-future-military-use-of-commercial-megaconstellations/
https://spacenews.com/air-force-laying-groundwork-for-future-military-use-of-commercial-megaconstellations/
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such as the European Space Agency’s (ESA) upcoming mission2, requires more au-

tonomous spacecraft as the amount of material being returned increases. Several key

technologies rely on the ability to increase autonomy as operations expand.

This work is to tackles the issue of spacecraft autonomy, through design analy-

sis and validation of a specific adaptive control technique: simple adaptive control.

Adaptive control is a key candidate for improving spacecraft autonomy, since large

distances and slow communication make it difficult to service or modify space sys-

tems after they have been deployed. It is important that adaptive control is well

understood to allow for spacecraft autonomy to be increased in lock step with the

capabilities that we require from our space systems.

1.1 Motivation

The future of spacecraft operations lies in the ability to remotely and autonomously

adapt control systems to ensure they achieve the required performance despite vary-

ing operating conditions. Spacecraft operations include activities of high scientific

and economic value that also require a high degree of autonomy or self-reliance. Cur-

rently, performance of these systems is maximized through human supervision, slow

operation, or extensive a priori knowledge of the individual operation.

Remote vehicle operations on other bodies such as the curiosity rover [3], space-

craft repair missions such as the Hubble telescope servicing mission [4] and active

debris de-orbiting missions such as ESA’s proposed ClearSpace-1 [5] involve human

presence or significant active oversight from ground crews. Each of these tasks re-

quires additional effort to manage a simple underlying problem: remote systems are

not sufficiently autonomous for them to be able to manage problems without inter-

vention.

The curiosity rover must perform operations slowly on the surface of Mars, partly

due to communication lag, and partly because it cannot be trusted to complete ac-

tivities safely without observation. For ESA’s ClearSpace-1 system, variability in the

debris being deorbited will require ground crews to determine how to manage that
2https://www.esa.int/Science_Exploration/Human_and_Robotic_Exploration/

Exploration/Mars_sample_return

https://www.esa.int/Science_Exploration/Human_and_Robotic_Exploration/Exploration/Mars_sample_return
https://www.esa.int/Science_Exploration/Human_and_Robotic_Exploration/Exploration/Mars_sample_return
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debris, slowing down operations. To service the Hubble telescope astronauts had to

be put at risk because robotic systems could not complete the repairs themselves. In

each of these operations efficiency, success, and sometimes human safety is affected

by the need for consistent human interaction.

The need for autonomous systems is only growing in the space industry. Debris

deorbiting, sample-return missions, and spacecraft repair are just three examples of

tasks with inherent variability that must be done repetitively to be of value. These

repetitive and variable tasks must furthermore be completed in the high-risk environ-

ment of spaceflight, where a single error can and has resulted in millions of dollars

of losses3. Even worse, though, it is becoming clear that improper debris manage-

ment in Low-Earth Orbit (LEO) is threatening catastrophe, and must be immediately

managed.

Spacecraft can be present in LEO for decades after they leave service [6]. Figure 1.1

demonstrates how long a single spacecraft might take to deorbit from a given altitude

above the Earth. The time to deorbit increases drastically with small increases in

altitude, and it is not unusual for a spacecraft to take decades to deorbit.

Many pieces of debris are present in LEO, each going at several kilometers per

second relative to one another. Collisions between uncontrolled objects are high-

energy affairs producing a shower of additional particles all travelling at similar speeds

and inundating the LEO environment with debris like the break shot in a game of

pool. Collisions produces debris that are ready to create more collisions, making the

process more like runaway nuclear fission than snooker. With enough debris in orbit

a runaway reaction occurs, covering the LEO environment with tiny pieces of high-

speed junk that leaves space inaccessible to ground launches, which has been dubbed

Kessler syndrome [7]. What lies on the other side of Kessler syndrome is the inability

to access space for possibly decades due to an impenetrable cloud of high-velocity

debris, making a successful space ascent comparable to dodging a hailstorm made of

bullets. Kessler syndrome is by no means an impossibility.

An example of how quickly debris can be made was unceremoniously created by

the Chinese government, which intentionally destroyed the decomissioned Fengyun-1C

3https://priceonomics.com/the-typo-that-destroyed-a-space-shuttle/

https://priceonomics.com/the-typo-that-destroyed-a-space-shuttle/


4

Figure 1.1: Infographic on LEO Deorbit Time. Courtesy ESA.4

spacecraft in 2007 to produce over 2000 pieces of new debris over 10 cm in diameter.

The incident accounted for an immediate increase of 30% in the number of previously

catalogued LEO debris; Fengyun-1C did in one instant 30% of what took 50 years

previously to produce. Almost all of the debris created by the Fengyun-1C event is

still in orbit to this day. Projections suggest that it will take between 15 and 40 years

for half of the Fengyun-1C debris to deorbit, and likely over a century for less than
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10% of the original debris to remain [8]. During the entirety of each piece of debris’

lifetime there is opportunity to collide with other pieces of debris, and create more

pollution in the LEO environment.

But debris events are not always as abrupt or notable as the Fengyun-1C event,

and the rate of collisions is already increasing. In early June 2021, the Canadarm-2

aboard the International Space Station (ISS) was hit by a piece of debris leaving a

5 mm hole shown in Fig. 1.2. The debris that hit Canadarm-2 may have been as

small as a piece of dust, with the large relative velocities between the ISS enough to

create the hole.

Figure 1.2: Hole on Canadarm Due to Debris. Image courtesy Canadian Space
Agency.5

The amount of spacecraft in orbit is only increasing. Figure 1.3 shows the amount

of spacecraft in LEO, with the number of commercial spacecraft dramatically increas-

ing in 2020 and 2021. Commercial launches have not been without incident, either.

In April 2021 a OneWeb and Space-X spacecraft in LEO had a “conjunction event”,

in which both spacecraft were at close separation to one another6. What counts as a

“conjunction event”, the separation of the spacecraft, and the measures taken by each

company are still in discussion, however it is clear that such an event would not have

4https://www.esa.int/var/esa/storage/images/esa_multimedia/images/2021/02/
falling_to_earth_takes_a_long_time/23161085-4-eng-GB/Falling_to_Earth_takes_a_
long_time_pillars.jpg

5https://www.asc-csa.gc.ca/eng/iss/news.asp
6https://docs.fcc.gov/public/attachments/FCC-21-48A1.pdf

https://www.esa.int/var/esa/storage/images/esa_multimedia/images/2021/02/falling_to_earth_takes_a_long_time/23161085-4-eng-GB/Falling_to_Earth_takes_a_long_time_pillars.jpg
https://www.esa.int/var/esa/storage/images/esa_multimedia/images/2021/02/falling_to_earth_takes_a_long_time/23161085-4-eng-GB/Falling_to_Earth_takes_a_long_time_pillars.jpg
https://www.esa.int/var/esa/storage/images/esa_multimedia/images/2021/02/falling_to_earth_takes_a_long_time/23161085-4-eng-GB/Falling_to_Earth_takes_a_long_time_pillars.jpg
https://www.asc-csa.gc.ca/eng/iss/news.asp
https://docs.fcc.gov/public/attachments/FCC-21-48A1.pdf
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occurred without the increase in commercial spacecraft in LEO. Furthermore, such

“conjunction events” will only become more common as greater volumes of traffic are

present in the LEO environment.

Figure 1.3: LEO Spacecraft Launches Over Time. Image courtesy ESA.7

Several space agencies such as the ESA and The National Aeronautics and Space

Association (NASA), have already realized the severity of this problem and have made

calls for technology to de-orbiting problematic debris. The most promising of these

technologies are active techniques [9], which require a chaser spacecraft that identifies,

rendezvous, and then manipulates a target in order to remove it from orbit. Analyses

of orbital debris cleanup scenarios also favour scenarios where active deorbiting is done

on few large objects as opposed to many small objects [1], with cleanup of as few as

five to twenty pieces of large debris every year resulting in severely improved outcomes

for LEO pollution. To make space safe, it will be necessary to deorbit multiple pieces

of debris each year. Each piece of debris will be of uncertain size, mass, orientation,

and angular velocity, all of which will need to be managed repeatedly and successfully.

The increase in autonomy necessary to manage these systems with unknown or poorly

defined properties necessitates an increase in spacecraft autonomy.
7http://www.esa.int/Safety_Security/Space_Debris/ESA_s_Space_Environment_Report_

2021

http://www.esa.int/Safety_Security/Space_Debris/ESA_s_Space_Environment_Report_2021
http://www.esa.int/Safety_Security/Space_Debris/ESA_s_Space_Environment_Report_2021
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Figure 1.4: Operations Required to Land the Curiosity Rover On Mars. Significant
Modelling Effort Was Necessary to Characterize All Outcomes. Courtesy NASA/JPL-
Caltech 8.

The ability for systems to adapt themselves automatically allows for fundamental

problems of spacecraft control to be sidestepped. Spacecraft capable of adaptation

can be designed for a given control problem without strict knowledge of the dynamic

or control parameters involved, but can be shown to be effective for a range of situa-

tions, thereby compensating for unavoidable uncertainty in the system. By increasing

autonomy, adaptive control systems can improve the efficiency and dramatically re-

duce the cost of performing several impactful multi-body spacecraft operations by

adapting to a range of control problems instead of designing for one scenario.

Spacecraft system designers are well aware of the limitations of classical control

and are already applying adaptive control techniques to spacecraft missions. For

example, an overwhelming amount of modelling, testing, and simulation was present

8https://www.jpl.nasa.gov/infographics/curiosity-7-minutes-of-terror

https://www.jpl.nasa.gov/infographics/curiosity-7-minutes-of-terror
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on the Curiosity rover mission. To survive Mars entry, dubbed “the seven minutes of

terror” and demonstrated in Fig. 1.4, every detail of the entry, descent, and release

had to be meticulously calculated and planned; if any element of the descent was

misunderstood, the whole mission would be lost. And yet, despite the available

resources, an unexpected event on the surface of Mars led to the Curiosity rover

becoming trapped in small sand dunes that rendered its wheels ineffective. The

only solution available was to implement adaptive wheel speed control to improve

Curiosity’s autonomy, helping it traverse the unpredictable dunes of the red planet

[10]. The long delay present in Mars-Earth communications means that there is no

method to ensure Curiosity does not become stuck during terrain traversal other than

Curiosity itself ensuring it cannot become stuck.

As it becomes mandatory for either a large number of space missions to occur

concurrently, for spacecraft to make decisions before they can be relayed to a ground-

station, or to maximize performance of uncertain systems, adaptive control strategies

will be crucial in ensuring missions can continue to occur despite minimal interaction.

The application of adaptability to spacecraft operations is more than a theoretical

desire, rather, it is a justifiable necessity.

1.2 Problem Statement

The development of the space sector is strongly contingent on the achievable guid-

ance, navigation, and control objectives. As control improves, the cost of individual

missions decreases, the amount of missions that can be safely done increases, and the

scope of missions that can be performed increases. On the contrary, the ramifications

for not improving efficiency and accuracy rapidly enough may lead to irreparable

consequences, ranging from the loss of any single vehicle, to the loss of accessibility

to space travel altogether. In order to meet and exceed the required pace of progress

it will be necessary to develop and mature novel methods of autonomous spacecraft

operation.

To complete a mission autonomously a spacecraft must be able to transition be-

tween an initial state, to the final completed state. What that transition looks like

varies from system to system, and it is the controller that synthesizes the actions
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necessary to reach the final objective. Control systems are therefore directly respon-

sible for a spacecraft’s ability to meet the accuracy and efficiency requirements of

the mission. The control system design onboard a spacecraft is the direct interface

between the mission objectives, and the actions that meet those objectives.

Control architectures must operate under disturbances, measurement noise, and

the system response. An example of a system response can be felt when the acceler-

ator is pushed in a car; the placement of the accelerator affects the fuel flow to the

engine, which accelerates the vehicle. The time it takes for changes in the accelerator

placement to manifest as acceleration of the vehicle is the system response of the

acceleration to the accelerator input. A controller manages the output of that sys-

tem. You, as a driver, make use of the accelerator to control the vehicle acceleration,

and thereby control the position of the car. Control of the car position can then be

used to quickly and effectively change the position of the passenger, which is done

whenever the driver decides to transition their position from one location to another.

The human driver is naturally autonomous, managing to control the car accurately

despite changes in its mass, the friction of the tires, the condition of the road, and

any other unavoidable variability.

The foundation of automatic control systems are linear feedback controllers, which

are used in a wide variety of systems [11]. Linear feedback controllers take a measure-

ment of the system state at every available instant then use a combination of linear

operations to produce a final control to be used by the system to achieve the desired

response. Returning to the analogy of a car, a driver might monitor their velocity,

depressing the vehicle accelerator if they are going too slow, and letting go of the

accelerator if they are going too fast.

Since the controller is responsible for the ability of a spacecraft to achieve a com-

mand, improvements to controller formulations are the best method to improve the

autonomy of spacecraft more generally. One prominent candidate to improve the

autonomy and performance of controllers in the face of uncertainty are the class of

control architectures known as adaptive controllers. Among these, one of the archi-

tectures with the most promise for minimizing the amount of onboard computation

while achieving a high-level of performance and generality, is the Simple Adaptive
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Controller, or SAC.

The SAC is a direct adaptive control architecture that can be easily implemented

in a wide variety of systems. The controller is made up of an ideal model, control

gains, and adaptation mechanism that all work together to ensure that the required

system performance can be achieved and maintained despite significant uncertainty

in the system. The ideal model dictates to the controller what performance is desired,

and the adaptation mechanism changes the control gains to make the actual system

response approach the ideal response. The major benefit of SAC is the simplicity

of the adaptation mechanism, along with the large variety of systems for which it is

applicable. Many questions still remain on how to best design such controllers, such as

what parameters are necessary to ensure optimal performance in a given environment

and to mitigate adverse effects.

This thesis aims to improve existing knowledge on the design, implementation,

and performance of the SAC architecture. In particular, the applicability of adaptive

control in improving autonomy of spacecraft proximity operations is explored. This

text will also act as a collection and summary of existing knowledge on the design

of SACs for any system, while improving knowledge on design and implementation

wherever possible. In particular, heuristics and design tools are presented to allow

the designer to aim for reliable operation, optimal performance, and/or compensate

for disturbances. Where possible, performance of the techniques are compared and

contrasted with linear design techniques for reference.

1.3 Previous Work

The control of systems has been an important topic for any designer who wishes to

ensure a particular system acts in the way the designer intends it to. In the right

light, everything from shoes to submarines can be considered a control system, mostly

due to the abstract applicability of system analysis. Simple systems allow for simple

designs to achieve simple goals. Many complex systems also require control, however,

and control theory has expanded to consider systems of arbitrary size and complexity.

Linear control theory, optimal control theory, robust control theory, nonlinear

control theory, and many more branches and subbranches of control theory exist to
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tackle any and all aspects of the control problem. How do you design a system that

can go from A to B, and how can it be done well, reliably, or repeatedly?

The current research on adaptive control techniques relies on the accomplishments

of linear control analysis, nonlinear control analysis, and optimal control all in turn.

In order to improve adaptive control formulations for spacecraft control it is therefore

necessary to thoroughly understand linear and nonlinear control theory, as well as

optimization techniques.

1.3.1 Early Control Systems Research and Linear Analysis

One of the first examples of a control system was the use of governors for the regulation

of engine speed in 1868 by James Clark Maxwell [12]. Further research led to the

development of the Routh-Hurwitz stability criterion [13], which when paired with the

Laplace transform provided a simple way to show if a given linear system was stable.

Control theory development stagnated until it was required once more to improve

the reliability of flight controls in aircraft during World War II [14], where inherent

stability of aircraft began to be traded for increased manoeuverability in combat.

In the late 1950s and early 1960s research into control theory began to explode;

countless small advancements, such as the development of discrete control theory for

implementation in computers [15] and descriptions of the dynamics of servomechanical

systems [14] had handily made it into textbooks on the subject of control [16] just

in time for use in the space-race. Since then, control theory has entered every aspect

of modern life: even simple mechanical thermostats employ a hysteresis controller

in the form of a circuit that is closed when it is too cold and open when it is too

hot [17]. Discrete control is present in modern automobiles not only to control the fuel

flow to the engine [18] but as disturbance rejection when climbing hills, speed control

when activating cruise, and in upcoming attempts for automated driving [19]. Most

pressingly is the requirement for control systems in space hardware, where human

oversight is difficult to impossible, resource efficiency is paramount, system dynamics

are unfamiliar or unstable, and failure can mean millions of dollars in damages to

hardware or irreperable loss of human life.

The theory of linear systems has matured significantly and produced many insights
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into the solutions and trajectories of certain classes of control system, particularly

linear time-invariant (LTI) systems. The work of early pioneers is now collected in

textbooks on the subject of linear analysis [20], from which we are able to quantify

almost every behaviour of a linear system.

The wealth of information on the behaviour of linear systems allows for strong

understanding of controller designs that keep the system linear. One common example

of a linear controller is the Proportional-Integral-Derivative (PID) controller. The

controller error, its derivative, and its integral are multiplied by values chosen by the

designer and supplemented by ample design tools to achieve desirable system response

characteristics. A plurality of control systems are managed by PID controllers or some

small modification thereupon. So ubiquitous is the PID controller that Dr. Tariq

Samad, who participated in a survey of the use of control techniques in industry,

when asked said “98% of loops are controlled by PID controllers” and found that 100%

of surveyed control engineers agree that PID controllers have had a high-impact on

control theory [11]. Due to their ubiquity and ease of use, PID controllers have been

analysed and built upon for decades.

The maturation of various optimization theories alongside linear system analy-

sis lead to the development of the first optimal linear controller, namely, the Linear

Quadratic Regulator (LQR) controller. By weighing the importance of error min-

imization and control activation, controllers can be produced that strike a balance

between both.

1.3.2 Nonlinear Control Theory

Nonlinear control is a broad term used to characterize any system that does not meet

the linear conditions. The term “nonlinear” itself is unnecessarily obtuse; Stanislaw

Ulam, a nonlinear scientist once said9:

Using a term like nonlinear science is like referring to the bulk of zoology

as the study of non-elephant animals

Almost nothing is linear. In fact, all physical systems will eventually encounter

nonlinearities, either in the form of saturation values, slew rates, delays, or other
9https://physics.sciences.ncsu.edu/research/nonlinear-dynamics/

https://physics.sciences.ncsu.edu/research/nonlinear-dynamics/
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physical constraints. Even rigid body kinematics become nonlinear when approaching

the speed of light.

Linear analysis tools allowed designers to create controllers with good performance

for some nonlinear systems. Linear approximations necessitated that controllers were

only applied to situations where those approximations were valid. In some cases,

the applicable linear regions were very small. For example, aircraft control depends

nonlinearly on the velocity of the aircraft, the angle of attack, the thrust of the

engines, and the angle of sideslip, all of which vary the aerodynamic properties of

the aircraft [21]. Linear controller design could create controllers that functioned well

for small variations of these design variables, such as in trim and level flight, while

performing poorly or unstably for other variations. Early attempts to increase the

control envelope involved creating multiple linear controllers that would change their

gains depending on the current state of the aircraft, called gain-scheduled control [22].

Gain-scheduled control requires significant knowledge of the system dynamics in order

to identify different linear regions, design controllers for those regions, and change

controllers during operation.

Other classes of nonlinear control problem involve measurable or well-defined non-

linearities that can be quantified. Attitude dynamics in rotating systems are nonlin-

ear, however those dynamics are well understood through theoretical analysis and

depend on measurable properties such as moment of inertia and angular velocity.

Additionally, the dynamics created by these nonlinearities act as their own separate

terms in the equations of motion, and as such are not coupled with other system

dynamics. Well understood, uncoupled, and observable nonlinear dynamics such as

these can be actively compensated through a technique known as feedback lineariza-

tion which treats them as known disturbances. If the disturbance can be counteracted

then the control system reverts to a linear control problem. Feedback linearization is

commonly added to aircraft control formulations to compensate for nonlinear rotation

dynamics and the nonlinear aerodynamic coefficients where possible [23].

The seminal work on nonlinear control theory would come in 1890s Soviet Russia,

undertaken by A. M. Lyapunov, although his work would not be properly understood
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by Western academia until the 1960s. Lyapunov gave valuable insights into the sta-

bility of nonlinear systems, an incredible accomplishment. Lyapunov’s use of precise

notions of stability and trajectories of “energies” in nonlinear system gave rise to Lya-

punov stability theorem [24]. The introduction of Lyapunov’s stability theorem was

revolutionary; it was now possible to prove that some classes of nonlinear controller

are stable.

The usefulness of Lyapunov’s stability theorem to prove the stability of nonlin-

ear systems cannot be understated. Use of the theorem allowed for the creation of

innumerable nonlinear control laws for a wide variety of systems. Backstepping and

sliding mode controllers are two popular examples [25], but the diversity and variety

of controllers made using Lyapunov’s stability theorem are legion, each with their

own small variations for the control problem at hand. The vast amount of nonlinear

controller designs present are therefore too numerous to cover here.

1.3.3 Adaptive Control Theory

Adaptive control theory sprang from the need to manage systems with time-varying

or unknown processes, or where a priori information on the system evolution or initial

state is scarce. Gain-scheduled controllers can be considered an early example of an

adaptive controllers, but are characterized by their reliance on a priori information.

Other styles of adaptive controller emerged to combat scenarios where operating

conditions could not be explicitly predicted or where variability between controlled

systems within the design space was unpredictable.

Adaptive control theory is broadly split into two classes. The first class consists

of changes applied to the controller in response to measurable variations in the plant.

When certain parameters, such as the mass of the control system, can be determined

through measurement or sensing techniques the controller architecture can be indi-

rectly changed through those measurements to produce a new controller. Controllers

that adapted their architecture based on these indirect measurement of plant charac-

teristics are classified as indirect adaptive controllers. Indirect adaptive control can

be simple for some systems and complex for others. For example, aircraft control

power depends on the airspeed over the wings. The ability for an aircraft to measure
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the airspeed is an example of a simple indirect adaptation mechanism. Since the air-

speed is known, the control power of each surface can be deduced, and the deflection

commanded by the controller can be changed with measurements of the airspeed.

For many systems, however, measurements of the system parameters are not avail-

able. In order to control linear systems with unknown or time-varying characteristics

an adaptive control system must be able to change itself directly from how the system

responds, without any parameter measurements or estimates. Such systems are called

direct adaptive controllers since their architecture is adapted directly from measure-

ments of the system outputs, and not indirectly through observations of the system

parameters.

One of the most prominent direct adaptive techniques is the Model-Reference

Adaptive Controller (MRAC) which allows for designers to ensure that the unknown

plant approaches a known reference response given that the plant and model are of the

same order [26]. Further development of adaptive control techniques allowed for the

creation of the SAC architecture that not only ensured stability for all cases in which

MRAC was applicable, but also extended to a wider variety of systems. Significant

work by Barkana and other throughout the 1980s to the present day has expanded

the number and type of system that can be controlled by SAC [27].

Since then, SAC has been used to improve or match the performance of previous

control methodologies while also allowing for the inclusion of adaptation to systems

that previously lacked it. Ulrich and deLafontaine [28] showed that the technique

was able to outperform previous control models for an uncertain descent through

the atmosphere of Mars, even under the presence of large variations in the re-entry

conditions through Monte Carlo simulation. Prabhakar et al. [29] applies SAC to a

quadcopter, and shows that the SAC formulation can also be used to manage linear

disturbances. Rusnak et al. [30] was able to show that SAC could be applied to a

missile autopilot system to improve performance.

1.3.4 Optimal Control and Optimization Techniques

The cost of space travel places a large emphasis on minimizing resource usage since

every gram of fuel necessary to complete a mission can contribute significantly to
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launch costs. Since minimizing resource usage is important for lowering mission

costs, and minimizing error is one of the explicit goals of control, engineers have

turned to optimization techniques to get the best of both worlds. Control engineers

have incorporated traditional optimization analysis and techniques, along with more

approximate methods to optimize their controller formulations.

The study of optimality comprises its own mathematical field, for which various

techniques, theories, and definitions have been used to determine optimal controllers

for specific classes of problems. The major advantage of the class of convex opti-

mization problems is the presence of a single global minimum, that is to say there

is only one optimal solution across the entire parameter space which can be easily

found. Solutions to convex problems are guaranteed to be the ideal solution for the

system [31].

Non-convex problems can be much harder to manage. In non-convex problems it

may be possible to show that any algorithmically determined solutions are better than

the surrounding solutions, however it can be substantially more difficult to determine

if the combination of parameters found are the global minimum or if it is simply the

smallest value found so far, called a local minimum, without exploring the entirety of

the search space.

It remains difficult to optimize control for nonlinear plants or for nonlinear con-

trollers [32]. Nonlinear optimization problems, much like nonlinear control systems,

are a large and unwavering body of problems that cannot be easily solved using stan-

dard methods. Nonlinear optimization techniques attempt to tackle these problems.

The Sequential Quadratic Programming (SQP) technique [31], can be leveraged in

nonlinear optimization problems to identify local minima.

Problems for which the shape of the cost function throughout the search space

is not well defined, or where significant nonlinearities are present cannot be easily

solved by standard optimization techniques. Problems for which normal optimization

techniques perform poorly are known as hard optimization problems. Techniques

known as metaheuristics are used to solve hard optimization problems which provide

valuable estimates of optimal solutions while minimizing computational requirements

and broadly searching the design space [33].
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When very little information is available, or a wide search space must be parsed,

population-based metaheuristics are able to determine solutions using numerous “agents”

that test and wander the search space. Each agent is composed of a vector of the

design parameters to be varied. The target design vectors are then tested using a cost

function to determine the cost of that set of parameters. Information is exchanged

between the agents to determine the next locations to test. Metaheuristic searches

counter the complexity of the problem through stochastic sampling. By tasking mul-

tiple agents with finding strong solutions instead of trying to solve for a single optimal

solution, the complexity of the problem is sidestepped at the cost of uncertainty of

the solution optimality.

A large variety of population based metaheuristcs have been developed, with many

of them doing so in analogy to natural systems. It can be difficult to quantify the

efficacy of a given metaheuristic, since each technique uses a different method to

strike a balance between exploration and exploitation of the problem. Standard test

batteries exist to determine how a new metaheuristic can be compared to previously

established metaheuristics [34]. Of the common metaheuristics, particle swarm opti-

mization (PSO) developed by Kennedy and Ebberhart in 1995 [35], and differential

evolution (DE) developed by Storn and Price in 1997 [36] are among the most popular.

Further modifications of these techniques also exist, such as Strategy-adaptive Differ-

ential Evolution (SaDE) [37] and Selection Particle Swarm Optimization (SPSO) [34].

Metaheuristics have seen widespread adoption in fields where hard optimization

problems exist. Particle swarm optimization has been used for controller tuning,

vehicle routing, and mechanism design [38] and many more applications. Similarly,

DE has seen wide adoption in the field of electrical engineering [39], and has been

used for model identification [40].

In addition to the development of the linearly optimal LQR controller, a great deal

of work has been placed into leveraging mathematical optimization for controllers [41].

Convex optimization, nonlinear optimization, and metaheuristic optimization have all

been leveraged in the past to create some notion of optimal controller. The most well-

developed of these are the various classes of finite-horizon optimal control techniques,
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in which a model of the system dynamics is used in tandem with optimization meth-

ods to produce a control power time-history that minimizes the cost over a set time

period, the finite-horizon. These techniques tend to require computational power and

substantial a priori knowledge on the system dynamics which reduce their applicabil-

ity to space systems with limited on-board computation that contend with unknown

dynamic variability. Furthermore, very little has been done to optimize adaptive

controllers. Takagi et al. [36] applied metaheuristic optimization to SAC, with the

optimized SAC improving on the performance of manually tuned efforts.

1.4 Thesis Objectives

This thesis aims to test and refine SAC design techniques more generally, which

are then applied specifically to proximity spacecraft operations. Design techniques

are validated in simulation, as well as through experiments in Carleton’s spacecraft

robotics and control laboratory (SRCL).

Theoretical results are collected and expanded to determine useful SAC design

heuristics. By collecting, understanding, and developing the various existing design

elements for SAC it will be possible for designers to quickly and easily create SAC

formulations that result in improved system performance and safety.

Design optimization of SAC is considered for the spacecraft trajectory tracking

problem, and tested using the spacecraft robotics and control laboratory’s three-

degree-of-freedom (3DOF) laboratory, called the Spacecraft Proximity Operations

Testbed (SPOT). Figure 1.5 shows the SRCL SPOT in operation. Nonlinear opti-

mization tools are applied alongside a linear system approximation to develop optimal

control parameters for SAC, which are then compared and contrasted with parame-

ters developed by metaheuristic optimization techniques with the SRCL’s nonlinear

simulation. The performance of both nonlinear and metaheuristic optimization tech-

niques are compared and contrasted. Control of a spacecraft in proximity operations

is verified through experiments for each of the controller designs. The performance

of SAC under disturbance is also compared alongside disturbance compensation.

Finally, the performance of a SAC is explored for the rendezvous, docking, and

post-dock transport of an uncontrolled target in simulation. The control problem
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Figure 1.5: Spacecraft Robotics and Control Laboratory

includes six degrees of freedom (6DOF), namely control of the 3D position and orien-

tation of the spacecraft throughout the three phases of flight. Adaptive control is able

to improve on linear controller performance while compensating for unknown system

cross coupling.

1.5 Contributions

Several contributions to the design workflow, implementation, and optimality of sim-

ple adaptive controllers are presented.

• Previously discovered elements of simple adaptive controller design have been

collected for easy reference.

• Novel SAC design heuristics are presented to simplify selection of design pa-

rameters and bound output gains.
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• Novel SAC design heuristics are used to develop a SAC design for the SPOT,

which is then experimentally verified.

• The development of optimization scripts for SAC design, namely sequential

quadratic programming, particle swarm optimization, selection particle swarm

optimization, differential evolution, and strategy-adaptive differential evolution

optimization scripts. The performance of each of these optimization techniques

for determining optimal SAC designs is experimentally verified and compared

on a 3DOF spacecraft testbed.

• An adaptive disturbance compensation component utilizing the SAC adaptation

mechanism is developed for the spacecraft trajectory problem and experimen-

tally verified.

• The development of a simulation environment that models LEO spacecraft mo-

tion, as well as rendezvous, docking, and post-dock control of an uncontrolled

target. The simulation includes unavoidable cross-coupling between the orien-

tation and position response.

• The design of a SAC architecture for rendezvous, docking, and transportation

of an uncontrolled target spacecraft tumbling about a single axis.

1.6 Organization

This work is divided into multiple chapters for ease of reading. The concepts required

to understand the later chapters of the text are presented early and developed until the

final chapter, which presents a fully designed and implemented SAC for a spacecraft

entrusted with autonomous completion of the rendezvous, docking, and post-dock

transport of an uncontrolled spacecraft.

Chapter 2 presents background theory for all of the SAC design topics covered in

the text. First, the equations of relative and inertial motion of spacecraft in orbit are

presented. Linear control theory and nonlinear control theory are developed before

describing the update equations for a SAC design. Previously understood design el-

ements of SAC are collected, including stability proofs, augmentation of non-ASPR
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systems, and ideal matching conditions. The equations for linear and optimal con-

trollers are presented to be compared and contrasted with the adaptive control efforts.

The equations for linear disturbance compensation in SAC are presented. Finally, the

elements of optimization theory used for trajectory generation and optimal controller

design are outlined.

Chapter 3 relates the various theoretical developements in SAC design. Optimal

parameter selections for a SAC are found through several search techniques. Novel

design heuristics are developed and demonstrated for SAC, alongside considerations of

performance of SAC under linear disturbances. Finally, design best-practices for the

implementation of a SAC in simulation and real systems are summarized for future

design efforts.

Chapter 4 experimentally verifies SAC optimal design techniques and disturbance

compensation using the SRCL’s SPOT. The performance of three optimization tech-

niques and their determined controllers are compared and contrasted. The perfor-

mance of the SAC disturbance compensation component under disturbances of known

frequency is compared to the performance without compensation. The results of op-

timization and disturbance compensation are discussed.

Chapter 5 presents a possible future implementation of SAC through the example

of a 6DOF simulation of the rendezvous, docking, and post-dock transport of an

uncontrolled target spacecraft of unknown mass and moment of inertia. A sufficient

linear controller is created to control the system. Design principles outlined in Chapter

3 are used to develop a SAC that is able to manage strong uncertainty in the plant.

Performance of the linear and adaptive control efforts are compared.

Chapter 6 presents a summary of the work done, and a discussion of the final

results. Areas of future research are suggested to not only improve the current design

principles of SAC, but to generally improve the performance of adaptive controllers

and minimize negative aspects of their implementation.



Chapter 2

Problem Statement and Underlying Theory

The research presented here depends on linear, nonlinear, and adaptive control theo-

ries alongside optimization techniques. This chapter presents the relevant background

theory necessary to improve SAC formulations in physical implementations, thereby

increasing spacecraft autonomy. Due to the wide range of theoretical topics covered,

readers are invited to return to each section when deeper knowledge of a topic is

required. Each section is a thorough overview of the background material, and as

such may be overwhelming for readers that are not interested in the entirety of the

design methodologies presented throughout the text.

2.1 Introduction

Spacecraft assemblies include multiple subsystems that must communicate and oper-

ate in unison to produce a desired outcome. The subsystem that drastically improves

spacecraft autonomy is the attitude determination and control subsystem (ADCS),

which uses guidance, navigation, and control (GNC) techniques to manage the posi-

tion and orientation of the spacecraft. Any additional systems that include motion

will also require the guidance and control provided by ADCS. Improving spacecraft

autonomy requires expanding the capabilities of ADCS, whose performance is heavily

impacted by the presence and efficacy of GNC processing. Proper implementation

of GNC techniques allow for effective measurements of current system states using

onboard sensors and the generation of actuator commands that manage those states.

Guidance and navigation, although vital to proper operation, is of little use without

the controller that implements the actions necessary to ensure mission objectives are

met.

However, each gramme of mass in a spacecraft contributes exponentially towards

22
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increasing launch costs. As such the computational, sensing, and actuation capabili-

ties that GNC relies upon are deliberately kept as low as feasible in order to minimize

cost. The only way to verify if capabilities are sufficient is to test the performance of

GNC.

Due to the prohibitive cost of spacecraft flight hardware and the inaccesibility of

true 6DOF microgravity test environments, simulations of hardware performance are

often used for evaluation. Implementations can be explored and tested in simulation

before being applied to one of the limited 3DOF testbeds such as Carleton’s SPOT, or

true 6DOF microgravity test environments, such as the ISS or NASA’s Microgravity

Test Facility (MGTF)1. In this text simulations are used to develop and explore

implementations of SAC that are then tested in Carleton’s SPOT to determine if

simulation is able to successfully consider and compensate for the response of the

real system. Since it is possible for elements to be missed in simulation that are

present in hardware, it is critical to have a strong understanding of the equations of

motion of the uncontrolled spacecraft problem. Without a strong understanding of

the background elements of spacecraft system dynamics, linear and nonlinear control

theory, or optimization techniques, hardware implementations may succumb to fatal

flaws that are not apparent in simulation.

The following sections will present the background necessary to understand the

uncontrolled spacecraft problem, as well as the theory underlying adaptive control,

and optimization techniques that are leveraged to improve existing controller formu-

lations.

First, the uncontrolled spacecraft rendezvous, docking, and control problem will be

introduced and the relevant dynamics considered; second, the theory behind linear

dynamic systems, linear controllers, nonlinear dynamics, and adaptive controllers

will be introduced, alongside stability proofs and performance considerations where

possible; finally, optimization methods and techniques are presented and explained

to determine how adaptive controller implementations can maximize their strengths

while mitigating their weaknesses.

1https://www.nasa.gov/centers/ames/research/technology-onepagers/microgravity_
test_facility.html

https://www.nasa.gov/centers/ames/research/technology-onepagers/microgravity_test_facility.html
https://www.nasa.gov/centers/ames/research/technology-onepagers/microgravity_test_facility.html
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2.2 Uncontrolled Target Acquisition and Control

Whether it be spacecraft repair, sample return missions, or debris deorbiting, the

problem of docking with and then controlling a target of unknown mass properties

must be mastered if spacecraft autonomy is to be increased. The general uncontrolled

spacecraft problem will be developed and understood before tackling the control the-

ory that allows it to be solved by adaptive control systems. Active debris deorbiting

will be taken as the example scenario for this problem.

To deorbit debris, an uncontrolled object must be placed on a trajectory that

ensures it deorbits and cannot harm currently active spacecraft. Such an operation

would require an actively controlled spacecraft, hereafter called the chaser, to dock

with and then control the previously uncontrolled object, called the target. Knowledge

of the target’s position can be leveraged to approach the target, rigidly connect to

it, and then control both the target and chaser together to deorbit the target. The

problem of ascertaining the position of an uncontrolled target, followed by rendezvous,

docking, and then changing the path of the target is called the uncontrolled spacecraft

problem.

The above example can be quickly generalized: it is desirable to determine how

to make a chaser spacecraft rendezvous, dock, and control a target spacecraft that

is not controlled. The dynamics of the uncontrolled target, as well as the dynamics

of spacecraft trajectories have been well studied [42]. The reference frames of this

problem, and the equations of motion before and after docking are covered in the

following subsections. The dynamics presented in this section are leveraged in future

sections to determine control formulations and to optimize trajectories.

2.2.1 Frames of Reference

The lack of static features in orbit necessitates precise and accurate definitions of

frames of reference; a spacecraft orbiting the Earth, which is orbiting the Sun, which

is speeding through the Milky Way galaxy, must use precise notions of position and

orientation to ensure that it is in the right place at the right time. Reference frames

ensure positions and orientations of a spacecraft in orbit are well-defined. The Earth-

Centered Inertial (ECI) frame, as well as the Local-Vertical-Local-Horizontal (LVLH)
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Figure 2.1: Earth Centered Inertial Reference Frame

frame are used in order to quickly and accurately describe the motion of a body

around the Earth (ECI) or around a spacecraft of interest (LVLH). Reference frames

are denoted using vectrix notation, that is to say vectors in ECI are denoted by

premultiplication of the vectrix F⃗T
I , while vectors in LVLH are premultiplied by F⃗T

L .

For convenience, a brief overview of standard vectrix notation is available in Appendix

A, alongside other fundamentals of linear algebra and typical notation for the field.

The ECI reference frame is an inertial frame centred on the Earth that simplifies

calculation of the accelerations on near-Earth spacecraft. The direction of the unit

z-vector I⃗z is aligned with the Earth’s rotational axis, while the unit x-vector I⃗x is

aligned with the vernal equinox, also called the first point of Aries. Finally, the unit

y-vector I⃗y completes the triad of orthonormal basis vectors. An example of the ECI

reference frame unit vector is shown in Fig. 2.1. Note that the ECI frame does not

rotate with the Earth while the origin is fixed to the center of the planet.
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A second non-inertial reference frame is used to simplify relative motion dynamics,

called the Local-Vertical-Local-Horizontal reference frame of the target spacecraft.

The LVLH reference frame has its origin at the center of mass of the target spacecraft.

The unit x-vector in LVLH L⃗x, called the radial direction, is aligned with the center

of the Earth and is found using the target position vector r⃗t in any reference frame.

The unit z-vector L⃗z is in the direction of the orbital angular momentum vector, and

is called the cross-track direction. The unit y-vector L⃗y completes the orthonormal

triad, and represents some notion of a local horizontal vector. The equations for

determining the LVLH unitary orthonormal bases from the target inertial position r⃗t
and velocity v⃗t are given by

L⃗x =
r⃗t
rt

L⃗y = L⃗z × L⃗x L⃗z =
r⃗t × v⃗t
|r⃗t × v⃗t|

(2.1)

Note that normally L⃗z does not vary, while L⃗x and L⃗y rotate throughout the

orbit, with the origin of the LVLH reference frame as seen from other reference frames

varying in time following the orbit of the target.

An example of the LVLH basis vectors are shown in Fig. 2.2, where ρ⃗ is the

relative position vector in the LVLH frame, developed later.

2.2.2 Orbital Dynamics

The developed reference frames can be used to describe the motion of spacecraft

around a parent body, called the two-body problem. The two body problem has

been studied for centuries, with the first model of orbital motion being developed

in the 1600s following dedicated research efforts by Tycho Brahe. The first detailed

descriptions of orbital motion were constructed by Johannes Kepler, followed by the

time-varying analytical equations constructed by Sir Isaac Newton and the description

of large-scale behaviour by Albert Einstein as part of his theory of general relativity.

In all of the dynamic scenarios considered in this text, the chaser spacecraft will be

in a near-Earth orbit, with a large part of the spacecraft motion unable to be directly

controlled due to the large inertial velocities and accelerations present during orbital
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Figure 2.2: Local-Vertical-Local-Horizontal Reference Frame

motion. All relevant gravitational effects are captured through the use of Newtonian

dynamics, the relevant results of which are developed and discussed here.

Classical Orbital Dynamics

In 1621 Kepler described three laws of planetary motion for each planet around the

sun, and by extension the motion of any body around the Earth. Kepler’s laws of

elliptical orbits, law of equal area, and law of periods are represented in Fig. 2.3.

Figure 2.3: Kepler’s Laws
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Stuck home during the bubonic plague outbreak of 1665, Sir Isaac Newton devel-

oped the first notions of the law of universal gravitation.2 Once mature, Newton’s law

of gravitation would describe gravity as acting proportionally to the mass of both ob-

jects, and inversely to the square of the distance between both objects. Newton’s law

of gravitation for a target spacecraft outside a massive body is formulated following

F⃗t = −Gmbmt

|r⃗t|3
r⃗t (2.2)

where F⃗t is the force acting on the target, in N, mb is the mass of the primary body

in kg, mt is the mass of the target in kg, and r⃗t is the distance vector from the

massive body to the target. The experimentally determined universal gravitational

constant is denoted by the letter G and identifies the fundamental strength of the

gravitational field permeating space, which has been determined to hold a value of

G = 6.67408 × 10−11 Nm2/kg2 [43]. Equation 2.2 is often simplified to include the

mass of both objects and the universal gravitational constant as a single term in the

numerator. Analysis has yielded analytical time-varying solutions to the two body

problem when both objects are under no other forces.

Newton’s law of universal gravitation provides a simple formula to determine the

propagation of accelerations throughout a gravitational system. If it can be assumed

that the parent body is much larger than the spacecraft, that is to say mb ≫ mt,

then the target’s mass has a negligible effect on the acceleration of the parent body.

If only the acceleration of the target is desired, the orbital motion equation can be

simplified to

¨⃗rt = −µC

r⃗t
|r⃗t|3

(2.3)

where now r⃗t is the position of the target in an inertial reference frame and µC = Gmb

denotes a constant for the Earth-spacecraft two body system. NASA’s DE440 docu-

ment publishes a list of these parameters, where µC is called the standard gravitational

constant for Earth, and has a value of 398 600.435436 km3/s2 [43]. Equation 2.3 is a

second order differential equation for the acceleration of the spacecraft in the inertial

2https://www.nationaltrust.org.uk/woolsthorpe-manor/features/year-of-wonders

https://www.nationaltrust.org.uk/woolsthorpe-manor/features/year-of-wonders
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reference frame which can be propagated through time to produce the position, ve-

locity, and acceleration of the spacecraft at any point in time for a given set of initial

conditions.

A large range of intuitive and unintuitive dynamics arise from the application of

the orbital equation of motion to spacecraft. When a spacecraft is going a sufficiently

large speed at a sufficiently large distance, the spacecraft can orbit the parent body.

Any set of initial positions and velocities corresponds to an orbit, which can be defined

using a set of values called the classical orbital elements. The set of classical orbital

elements {a, e, i,Ω, ω, θ} are described in more detail in Appendix A.

Figure 2.4: Orbital Elements {a, e, i,Ω, ω, θ} Describe an Individual Orbit

The result is that all orbits are made up of an ellipse fixed to a single plane which

crosses the equatorial plane at some longitude and at some angle. The orbit must

have a point of closest approach to the Earth that occurs at some angle along the

orbital plane. Furthermore, the orbital plane is required to pass through the center

of mass of the planet, and any attempts to change the orbital path of the spacecraft
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will eventually, once acceleration is stopped, revert to an orbital plane that passes

through the center of mass of the planet.

2.2.3 Formation Flying Dynamics

In order to rendezvous with a target, it is necessary that the target’s orbital path

overlaps with the chaser’s, and that both spacecraft are at the overlapping point at

similar times and with similar velocities. If these requirements are not met, the two

spacecraft will not rendezvous, either arriving at the same point at different times, or

speeding past one another.

The orbital trajectories of a spacecraft can be determined by propagating Eq. (2.3)

through time to determine the positions and velocities of the spacecraft. For a given

spacecraft with initial position r⃗0, initial velocity v⃗0, then its time-varying position r⃗(t)

and velocity v⃗(t) for the gravitation acceleration ¨⃗r(t) given by Eq. (2.3) is governed

by

v⃗(t) = v⃗0 +

∫ t

0

¨⃗r(τ)dτ (2.4)

r⃗(t) = r⃗0 +

∫ t

0

v⃗(τ)dτ (2.5)

Propagation is repeated for both the target and chaser spacecraft to determine

both the target’s time varying position r⃗t(t) and velocity v⃗t(t) as well as the chaser’s

time varying position r⃗c(t) and velocity v⃗c(t) in the ECI reference frame. The relative

position of the spacecraft can then be found in the ECI reference frame through vector

difference to yield the relative position vector ρ⃗ in ECI

ρ⃗ = r⃗c − r⃗t = F⃗T
I (rc − rt) = F⃗T

I ρρρ (2.6)

˙⃗ρ = v⃗c − v⃗t = F⃗T
I (vc − vt) = F⃗T

I ρ̇ρρI (2.7)

where ρρρI ∈ R3 are the elements of the relative position vector in ECI. Throughout this

text bolded variables will be used to denote matrix elements, such as the components
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of a vector.

Formation flying dynamics can be more easily understood in the LVLH reference

frame, which is specifically constructed to have the target and chaser overlap at

ρρρI = 0. The distance vector ρ⃗ can be transformed from ECI to LVLH using standard

operations.

In order to determine the distance vector in the LVLH reference frame the dif-

ference must be rotated. The rotation sequence from ECI to LVLH can be found

using the reference frame vector presented previously, namely that the rotation ma-

trix CLI ∈ R3×3 which rotates from the ECI to LVLH reference frames is given by

CLI = F⃗L · F⃗T
I (2.8)

which, when applied to the vector difference yields the difference vector in the LVLH

reference frame

F⃗T
Lρρρ = CLIF⃗T

I ρρρI (2.9)

with ρρρ ∈ R3 denoting the components of the relative position vector in LVLH.

Due to their ubiquity in aerospace applications, many alternative methods exist

to determine the rotation vectors between the ECI and LVLH reference frames.

Due to the angular velocity of the LVLH frame relative to the ECI frame, the

relative velocity in the LVLH reference frame F⃗T
L ρ̇ρρ is subject to an additional velocity

component. Namely, for the relative angular velocity vector ωωωLI ∈ R3 between the

ECI and LVLH reference frame, the velocity of the chaser spacecraft in the LVLH

reference frame is given by

F⃗T
L ρ̇ρρ = CLIF⃗T

I
(
ρ̇ρρ−ωωω×

LIρρρ
)

(2.10)

where the superscript × on the relative angular velocity ωωωLI denotes the skew sym-

metric matrix corresponding to the relative angular velocity column matrix, and cor-

responds to the matrix equivalent of the cross product. The relative angular velocity

itself can be determined through a simple cross product



32

ωωωLI =
r×t vt

||rt||2
(2.11)

Given the above transformations from the ECI to the LVLH reference frame,

Alfriend and Terry [44] provide a full derivation of the equations of motion for each

of the three directions in the LVLH reference frame. Only the results are reproduced

here.

First, the LVLH distance vector is deconstructed into its components, namely that

ρρρ =


xL

yL

zL

 (2.12)

for the LVLH displacements xL, yL, zL ∈ R in the LVLH x, y, and z axes, respectively.

The relative dynamics are significantly affected by the target spacecraft’s orbit, and

as such the dynamics require calculation of the difference equations for the target

spacecraft’s true anomaly θ ∈ R and radius value rt ∈ R which are determined

through the two differential equations

r̈t = θ̇2rt −
µC

r2t
(2.13)

θ̈ = −2
ṙt
rt
θ̇ (2.14)

and integrated through time to determine their evolution. If the forces acting on the

chaser are defined as

Fc =


Fx

Fy

Fz

 (2.15)

and the additional variable simplification

rc =
√

(rt + xL)2 + y2L + z2L (2.16)
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is made, then the equations of motion in the LVLH x, y, and z directions are

ẍL − θ̇2xL − 2θ̇

(
ẏL − yL

ṙt
rt

)
− µC

r2t
= −µC

r3c
(rt + xL) +

Fx

mc

(2.17)

ÿL − θ̇2yL + 2θ̇

(
ẋL − xL

ṙt
rt

)
= −µC

r3c
yL +

Fy

mc

(2.18)

z̈L = − µ

r3c
zL +

Fz

mc

(2.19)

The formation flying equations include coupling between the x and y axes. Sim-

ilarly, the rate of change of the true anomaly has an effect on the dynamics. All

nonlinear effects, however, diminish as the distance between spacecraft decrease, and

the relative velocities decrease. That is to say the nonlinear effects of formation flying

dynamics are lessened if both target and chaser share similar orbits. The nonlinear-

ities in the equation diminish even further if a circular orbit is considered, in which

case θ̈ goes to zero, and θ̇ stays constant. Finally, at sufficiently small distances

and relative velocities, dynamics return to the familiar Newtonian double-integrator

dynamics, F = ma.

Control of spacecraft relative motion will be performed in future chapters. The

greatest challenges inherent in controlling relative spacecraft motion occurs when at-

tempting to manage rendezvous opportunities, fuel consumption, and determining

trajectories. Many papers have been dedicated to these topics, which fall broadly

under the Guidance, Navigation, and Control (GNC) umbrella. For the current exer-

cise, optimization of spacecraft trajectory commands will be performed to determine

rendezvous opportunities. By managing major nonlinearities through trajectory op-

timization the adaptive controller implementation no longer needs to consider and

manage the nonlinearities in Eq. (2.17) through (2.19), but instead only needs to en-

sure that it is able to achieve the trajectory commands demanded of it. If trajectory

commands are near the spacecraft position, then only the double-integrator dynam-

ics in Eqs. (2.17) through (2.19) need to be managed by the control law, while the

nonlinearities are managed by guidance methods through determining a rendezvous

opportunity. The control task, therefore, is simplified dramatically by introducing
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appropriate guidance.

2.2.4 Orientation and Position Dynamics for Controlled and Combined

Spacecraft

The uncontrolled spacecraft problem can be broken into two distinct phases: first,

the target must be ascertained, approached, and then docked with; subsequently, the

chaser must control a new system composed of itself and the uncontrolled target. The

dynamics of both systems are similar, however a large change in parameters occurs at

the moment of rigid attachment. The dynamics of both systems, as well as the change

in properties at the moment of docking are developed here. The disjoint dynamics

presented will be tested in future chapters by a linear and adaptive controller in

simulation to determine performance of both techniques when presented with a target

of unknown mass and moment of inertia.

Chaser Only System

Control of the chaser spacecraft before docking with the target follows familiar dy-

namic formulations. The chaser will have a mass denoted by mc ∈ R, and moment

of inertia Jc ∈ R3×3. The position dynamics of the chaser follow the relative motion

dynamics presented in Eq. (2.17), with the chaser accelerations in the LVLH reference

frame ẍL, ÿL, and z̈L well approximated for small displacements by Newton’s second

law

ρ̈ρρ = Fc/mc (2.20)

for the vector of forces acting on the chaser Fc ∈ R3 in N, and LVLH position vector

ρρρ ∈ R3 in m. The position dynamics in ECI can also be described the classical

gravitation dynamics in Eq. (2.3) for position rc ∈ R3. The only control forces

considered here are the control thrusts provided by the chaser. The attitude dynamics

of the chaser in the body fixed reference frame follows the standard attitude dynamic

equation
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(a) Chaser System (b) Combined Target-Chaser System

Figure 2.5: Control Systems Before and After Docking

Jcω̇ωωc = −ωωω×
c Jcωωωc +Tc (2.21)

with the angular velocity of the chaser in rad/s being denoted by ωωωc ∈ R3, and the

control torques acting on the chaser in Nm being given by Tc ∈ R3.

These dynamics are identical for the target system before docking, with mass

mt ∈ R, and inertia Jt ∈ R3×3, target position rt ∈ R3, and angular velocity ωωωt ∈ R3.

Notably, due to energy dissipation during elastic deformation, if the target spacecraft

has been left for sufficiently long without control its rotation will likely be about its

major inertial axis [45].

2.2.5 Combined Target-Chaser System

The combined target-chaser system, called the combined system for brevity, is the sys-

tem to be controlled once the target and chaser are docked. First, the transition from

chaser-only to the combined system will be briefly considered before the dynamics of

the combined system are derived.

After docking, the spacecraft transitions to a combined system that includes both

the chaser and target that can only be controlled by the actuators of the chaser. The

combined system is modeled as a single rigid body with new moment of inertia, mass,

center of mass location, and offset thrusters. The dynamics of the new rigid body

system can be determined from previous parameters. An example schematic of the

chaser-only and combined system is demonstrated in Fig. 2.5
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Effects that occur during the moment that rigid docking occurs, such as conserva-

tion of linear and angular momentum, as well as collision dynamics, are not considered

at present. Effects that occur at the moment of docking do not help to clarify the

benefits and drawbacks of adaptive control in spacecraft operations. Instead, the

role of adaptive control post-dock is emphasized to determine the suitability of adap-

tive control when the target parameters are unknown. Docking will be considered

to occur instantaneously once the relative position and velocities of the target and

chaser docking ports are sufficiently small. The boundary conditions of the chaser-

only and combined system will need to be determined, as well as the combined system

dynamics.

The chaser body-fixed reference frame is introduced, and denoted as F⃗c, with its

origin at the Center of Mass (COM) of the chaser, and orthonormal axes dependant on

spacecraft construction. The measured chaser position is unchanged before and after

docking occurs. Where td is the instant of docking, t+d is the instant after docking,

and t−d is the instant before docking, then

rc(t
−
d ) = rc(t

+
d ) (2.22)

The distance between the COM of the chaser and the chaser docking point is denoted

by ra,c ∈ R3. The corresponding distance between the COM of the target and its

docking point is given by ra,t ∈ R3. A demonstration of the docking point vectors is

shown in Fig. 2.6.

Figure 2.6: Docking Point Vectors For Target and Chaser Spacecraft

The docking points, as defined through ra,t and ra,c, are coincident at the moment
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of docking. For all examples in this text, the docking point displacements vectors

will also be taken to align with the docking axis, and as such ra,c and ra,t will also

be collinear at the time of docking. Following the requirement for coincidence and

collinearity, the distance between the target and chaser COMs in the combined system

is

F⃗T
c ra,cmb = F⃗T

c (ra,c − ra,t) (2.23)

Due to the docking constraints, the position of the combined system COM location

must occur some distance along ra,cmb, and corresponds to the weighted sum of the

masses of the target and chaser spacecraft. The dimensionless distance of the COM

along the combined docking axis vector, beginning from the initial chaser position, is

thus

x̄frac =
mc

mc +mt

(2.24)

The distance in meters from the chaser COM to the new COM location in the chaser

body fixed frame, for use in dynamics calculations, is thus

x̄ = x̄fracra,cmb (2.25)

The combined system therefore has an initial COM location of

rcmb(t
+
d ) = rc(t

+
d ) + x̄ = rc(t

−
d ) + x̄ (2.26)

which provides the initial position condition of the combined system. At the moment

of docking, the target and chaser will be forced to share similar velocities, and as such

the initial condition for the combined system velocity vcmb(t
+
d ) is simply taken as

vcmb(t
+
d ) = vc(t

−
d ) (2.27)

The combined system will have a different moment of inertia from the chaser-only

system, due to the sudden addition of the target’s mass to the chaser. The moment of

inertia in the combined system body-fixed reference frame F⃗cmb, which is aligned with
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the chaser body fixed reference frame but is centered at the combined system center

of mass, is calculated through parallel axis theorem about the new COM location.

The moment of inertia contribution to the combined system due to the chaser inertia

Jcmb,c is [46]

Jcmb,c = Jc +mc[x̄
T x̄I3 − x̄x̄T ] (2.28)

where I3 is simply the identity matrix in R3×3. The target’s moment of inertia contri-

bution to the combined system must be rotated 180o about the body z-axis to align

its contributions to the combined system body-fixed reference frame. If the reference

frame F⃗t is related to a second reference frame F⃗cmb by a rotation matrix R ∈ R3×3

by
F⃗cmb = RF⃗t (2.29)

the transformation of a moment of inertia vector J in reference frame F⃗t, to the same
moment of inertia in the second reference frame F⃗cmb is given by

F⃗cmbJ = RF⃗tJR
T (2.30)

Equation (2.30) is used to transform the target inertia Jt into the combined body

reference frame by rotation R. The contribution to the combined system moment of

inertia from the target is given by

Jcmb,t = RJtR
T +mt[(x̄− ra,cmb)

T (x̄− ra,cmb)I3 − (x̄− ra,cmb)(x̄− ra,cmb)
T ] (2.31)

where the parallel axis distance is now (x̄ − ra,cmb). Finally the combined system
moment of inertia is the sum of the two contributions

Jcmb = Jcmb,c + Jcmb,t (2.32)

Using the mass of the combined system mcmb = mc +mt and moment of inertia Jcmb

the dynamics of the combined system can now be found using the previous dynamics

system in Eqs. (2.13) through (2.19) for the position and Eq. (2.21) for the rotation.



39

In the combined system no forces or torques can be provided by the target space-

craft, and position measurements occur at the COM of the chaser. Cross-coupling

occurs between the position and orientation responses due to offset thrusts and offset

position measurements.

The moments due to thrusts Fc are dictated by the offset between the original

chaser COM and the new combined system COM. The additional torques created by

the new COM location is given by

Td = x̄×Fc (2.33)

where Fc is the output thrust of the control system and actuation on the combined

system.

The position measurement of the control system still occurs at

rc = rcmb − x̄ (2.34)

Since rc is no longer the COM, rotations of the combined system will result in

velocities of the point rc. From rigid body kinematics the derivative of rc given the

combined system velocity vcmb ∈ R3 and angular velocity ωωωcmb ∈ R3 will be

vc = vcmb −ωωω×
cmbx̄ (2.35)

The first term of which is simply the velocity found through the equations of

motion. The second term is the motion of the chaser COM due to rotation. The

linear approximation for velocity change due to rotation can be used for linear system

analysis, and is given through linear approximation of Eq. (2.21) as

d(ωωω×
cmbx̄)

dt
= ω̇ωω×

cmbx̄ ≈
(
J−1
cmbTc

)×
x̄ (2.36)

Leveraging the properties of skew symmetric matrices allows for the form

d(ωωω×
cmbx̄)

dt
≈

(
J−1
cmbTc

)×
x̄ =

(
x̄×)T J−1

cmbTc (2.37)

Now the linear approximation for the combined system response can be established
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using Eqs. (2.20) and (2.21), alongside Eqs. (2.33) through (2.36). The linear

approximation of the effects of control thrusts and torques on position and angular

velocity is found to be

[
r̈cmb

ω̇ωωcmb

]
=

[
1/(mcmb)I3 −x̄×J−1

cmb

J−1
cmbx̄

× J−1
cmb

][
Fc

Tc

]
(2.38)

As a final consideration, in a real system it is likely that any docked configura-

tion would have limitations on which thrusters could fire from the chaser without

interfering with the target, unless the design was made specifically to consider this

eventuality. For the current mission this would restrict linear accelerations in the

body negative x direction, as well as reduce the maximum available torque. The

problem of designing a control system that can eliminate negative x direction thrusts

is not considered here, and so the requirement for thruster output to not intersect

with the target body is dropped.

The target, chaser, and combined system dynamic equations developed here will

be used in Chapter 5 to develop a simulation of spacecraft rendezvous, docking, and

post-docking control under linear and adaptive control.

2.3 Linear Dynamics and Controller Design

The purpose of placing spacecraft in orbit is to enact some meaningful work, ob-

servations, or change that can only be achieved from space. It can be difficult, for

example, to monitor worldwide weather patterns from the ground without imple-

menting numerous ground stations all across the planet and in the water. However,

the same mission can be completed almost trivially with a spacecraft. The Japanese

Himawari-9 spacecraft is currently in a geosynchronous orbit, with its orbital trajec-

tory matching the rotation of the Earth perfectly. Himawari-9 is able to continuously

monitor the weather of almost an entire hemisphere simultaneously. Furthermore,

by making use of multiple cameras, lenses, and other sensors it is able to treat each

pixel of each of its sensors as though it were a single ground station on the Earth’s

surface. The first photo taken from Himawari-9, showcasing its observation potential,

is shown in Fig. 2.7.
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Figure 2.7: The First Photo From Himawari 9, Courtesy JAXA3.

However, in order to maintain its geosynchronous orbit, the spacecraft must be

able to stay in one place and reject any orbital perturbations that might cause it

to drift. In many situations, such as the one above, a knowledge of linear dynamics

and linear control theory allow designers to create simple controllers with guaran-

teed performance that ensure manoeuvres can be performed and disturbances are

rejected. Without linear control systems, the Himawari-9 spacecraft would have to

be continuously monitored by ground crews, its position and orientation considered,

and corrected when disturbances grew too large. By introducing linear control law,

repeated and simple control actions like stationkeeping can be offloaded to an au-

tomatic system, allowing ground crews to consider higher level and more impactful

problems surrounding operations. Linear control law that can handle these types of

control problems are described and developed here.

2.3.1 Continuous Linear Dynamics

A great deal of linear control theory is covered in textbooks on the subject that are

covered in undergraduate and post-graduate courses. In particular, Antsaklis and

3http://www.jma.go.jp/jma/jma-eng/satellite/news/himawari89/20170124_himawari9_
first_images.html

http://www.jma.go.jp/jma/jma-eng/satellite/news/himawari89/20170124_himawari9_first_images.html
http://www.jma.go.jp/jma/jma-eng/satellite/news/himawari89/20170124_himawari9_first_images.html
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Michel’s Linear Systems Primer [20] covers a great deal of linear system theory in

great depth. What is covered here is a review of the fundamental results that will

be useful for improving adaptive control implementations covered in future chapters.

The use of Laplace space representation of linear differential systems, the associated

state-space realizations of those systems, and the discrete update equations will be

used interchangeably, with the understanding that under the right conditions these

descriptions are identical. Similarly, a knowledge of block scheme diagrams of systems

will be leveraged in Chapter 3. A review of the pertinent details of linear systems are

reviewed in Appendix B, and for those inclined, in reference [20].

State-space systems will be used extensively in future sections, so it is useful to

define them briefly here.

A wide variety of systems can be represented as, or are well approximated by,

linear difference equations, such as Newtonian acceleration, harmonic oscillators, or

spring damper systems. Linear difference equations can also be placed into linear

state-space form.

Definition 1 (Linear Time-Invariant State-Space Representation) A lin-

ear time-invariant (LTI) state-space system is the collection of matrices of order

n ∈ Z+, inputs p ∈ Z+, outputs m ∈ Z+, associated matrices A ∈ Rn×n,B ∈
Rn×p,C ∈ Rm×n, and D ∈ Rp×m, such that

ẋ(t) = Ax(t) +Bu(t) (2.39)

y(t) = Cx(t) +Du(t) (2.40)

for inputs column matrix u(t) ∈ Rp×1, state column matrix x(t) ∈ Rn×1, and system

output column matrix y(t) ∈ Rm×1, all time-varying. The collection of matrices that

represent a linear state-space system are denoted as {A,B,C,D}

Remark The LTI state-space representation is so called because its transition ma-

trices {A,B,C,D} do not vary in time, and are linear with respect to the inputs,

states, and output. Properties of this system are discussed in Appendix B.
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Two classes of linear system, the Strictly Positive Real (SPR) and Almost Strictly

Positive Real (ASPR) system, have properties that are useful for adaptive controllers.

Definition 2 (Almost Strictly Positive Real System [47]) A system

{A,B,C,D} is almost strictly positive real if by some constant feedback error gain

the system becomes strictly positive real. That is to say that for the constant feedback

gain K̃e ∈ Rm×p, and transition matrix

Ac = A−BK̃eC (2.41)

a second system {Ac,B,C,D} is strictly positive real, satisfying the Kalman-Yakubovich-

Popov conditions

PAc +AT
c P = −Q (2.42)

PB = CT (2.43)

for some positive definite matrices P ∈ Rn×n and Q ∈ Rn×n.

Corollary 2.3.0.1 ( [48]) The transfer function of any system meeting the SPR

condition must have a relative order of -1, 0, or 1. That is to say that the difference

between the number of poles and zeros in the transfer function must be -1, 0, or 1.

Likewise, the difference in phase between any input frequency and output frequency

must be within ±90oof the frequency input.

All SPR systems are Hurwitz stable. Finally, all ASPR system remains stable as

the feedback gain approaches infinity.

The tools and definitions available in linear system analysis allow for a wide variety

of system to be accurately controlled, and their performance measured. An overview

of the techniques available in linear system analysis is briefly touched on in Appendix

B, and will be useful when designing SAC with the recommendations made in Chapter

3.
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2.3.2 Discrete Linear System Analysis

The rise and ubiquity of digital computation devices means that the vast majority

of modern control systems are discrete. Measurement devices on control systems can

only provide data at discrete intervals and computations necessarily takes some time

to complete. The devices that turn controller outputs into control actions can only

accept input at fixed intervals, and so, systems that update in discrete steps must be

considered. Discrete system analysis provides the tools to ensure that even systems

that update at discrete intervals can be accurately described.

Similar to continuous linear system theory, it is assumed that the reader has a

grasp of discrete linear system theory. Of particular note is the existence of discrete

counterparts to the ASPR condition mentioned in Sec. 2.3.1, and described in Ap-

pendix B. The ASPR condition is briefly developed insofar as it applies to direct

adaptive control.

The discrete version of a linear state-space system shares many similarities with

its continuous counterpart.

Definition 3 (Discrete Linear State-Space System [20]) The discrete linear

state-space realization of a system at any timestep k ∈ Z is described by the system

matrices {Ad,Bd,Cd,Dd} following the update equations

xd(k + 1) = Adxd(k) +Bdud(k) (2.44)

yd(k) = Cdxd(k) +Ddud(k) (2.45)

for order n ∈ Z, input size p ∈ Z, output size m ∈ Z, and the associated matrices

Ad ∈ Rn×n,Bd ∈ Rn×p,Cd ∈ Rm×n, and Dd ∈ Rp×m, that translate the time-

varying inputs column matrix ud(k) ∈ Rp×1, into time-varying state column matrix

xd(k) ∈ Rn×1, and system output column matrix yd(k) ∈ Rm×1.

Remark Although the discrete state-space descriptor system is similar to its contin-

uous counterpart in form, it should be noted that the state update Eq. (2.44) outputs

the state at the next iteration, instead of its derivative to be integrated. As such, for



45

small timesteps, Ad approaches the identity matrix, and Bd becomes a matrix of zero

elements.

The method for converting a continuous linear state-space system into its discrete

counterpart is discussed in Appendix B.

The discrete analogue of the SPR and ASPR conditions is also useful when consid-

ering adaptive control in discrete systems. A summary by Hoagg et al. [49] provides

the equivalent conditions for a discrete SPR system, and by extension the conditions

for a discrete ASPR system.

Definition 4 (Discrete Almost Strictly Positive Real System [49]) A dis-

crete state-space system {Ad,Bd,Cd,Dd} is discrete almost strictly positive real if

by some constant feedback error gain the system becomes strictly positive real. That

is to say that there exists a constant feedback gain K̃e ∈ Rm×p, and transition matrix

Ac,d = Ad −BdK̃eCd (2.46)

such that a second system {Ac,d,Bd,Cd,Dd} is discrete strictly positive real. A

discrete state-space system is strictly positive real if there exists a positive definite

matrix Pd ∈ Rn×n, matrices L ∈ Rm×n, W ∈ Rm×m, and scalar δ > 0 ∈ R+ such that

Pd − δPd −AT
c,dPdAc,d = LTL (2.47)

Cd −AT
c,dPdBd = LTW (2.48)

DT
d +Dd −BT

dPdB = WTW (2.49)

Similarly, the system is positive real in the case of δ = 0, in which case

Pd −AT
c,dPdAc,d = LTL (2.50)

Cd −AT
c,dPdBd = LTW (2.51)

DT
d +Dd −BT

dPdBd = WTW (2.52)
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Corollary 2.3.0.2 In general it is not true that a continuous time system with the

SPR property has a discrete counterpart that is SPR.

An additional consequence of the definition is that a discrete system cannot be

ASPR if it has direct passthrough gain Dd = 0 [49].

The discrete analogues of continuous time systems allow for many of the same

techniques used for analysis of continuous systems to apply to discrete systems. How-

ever, care must always be taken when applying continuous time principles to discrete

systems. Although discrete systems approach the continuous systems for sufficiently

small timesteps, there are a variety of unexpected behaviours that can occur when

the timestep is insufficiently small.

2.3.3 Example of Linear Analysis of Spacecraft Systems

Linear system analysis makes it simple to create complex and accurate descriptions

of system behaviour from simple linear approximations of the systems involved. For

example, a flowchart for the signal processing of a spacecraft might be similar to the

one represented in Fig. 2.8.

Figure 2.8: Example of Spacecraft Guidance, Navigation, and Control Processing

If, for control purposes, the measured signal is similar to the actual state of a

system, and actuator dynamics are adequately described by a linear model, then the
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entire system might be simplified to the block diagram seen in Fig. 2.9.

Figure 2.9: Simplified Spacecraft Processing

If all the blocks in the diagram are filled in with reasonably linear approximations

of the real systems, the response of the system can be interpreted using linear design

tools. A single-input-single-output (SISO) control loop for the position response of

a spacecraft might resemble the diagram in Fig. 2.10. The position command uc(s)

becomes the output y(s) after it passes through the controller, actuators, and system

dynamics.

Figure 2.10: Simplified Spacecraft Processing

The frequency response of the system, its stability, and its response to a step

command can all be probed to determine if the system reaches requirements. Notice,

however, that the controller C(s) has yet to be decided for the system. The system

in Fig. 2.10 can be simplified to the transfer function

Htot(s) =
C(s)1/m

s3 + s2 + C(s)1/m
(2.53)

where the controller C(s) for the system can still be chosen to achieve the desired

performance. The selection of the controller C(s) is the subject of linear controller

design.

2.3.4 Linear Controller Design and Implementation

Once a system has been modelled to create a transfer function, state-space repre-

sentation, or any other representation, it is up to the designer to determine what
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controller designs are able to manage the relevant control signals to reach the desired

performance. For linear systems it will be desirable to keep the final system linear in

order to use the same linear design tools that are able to determine the performance

of the uncontrolled system. Figure 2.10 and Eq. (2.53) show that the feedback con-

troller C(s) can be chosen to reach the desired performance of the final system, and

could be composed of any number of transfer functions.

Practical limitations often reduce which controllers can be feasibly implemented.

The current text aims to highlight the problems of implementation as they relate to

adaptive controllers, so it will be helpful to touch on the implementation issues of

linear controllers here to more easily highlight their solutions for adaptive systems

later.

One method, called full-state feedback control, suggests it can achieve almost any

performance desired by the designer for any linear system [20]. Each of the con-

trollable poles and zeros of a full-state feedback controlled system can be moved to

any location along the complex plane in Laplace space, allowing for any number of

responses to be achieved. In practice, this is not the case. Linear system representa-

tions do not include common nonlinearities, such as random noise, signal saturation,

derivative noise, or signal delay, which all hamper performance of full-state feedback

controllers drastically.

The design of any linear controller C(s) falls prey to similar issues as full-state

feedback; any number of rational polynomials could be chosen as the controller trans-

fer function to stabilize the plant, however the complex variable “s” represents a

derivative of the input or output. In effect, the addition of each pole or zero in the

controller to change the response of the original plant necessitates the introduction

of a derivative or integral when calculating the desired control power. Since system

measurements necessarily introduce noise into the controller, often only one or two

derivatives of a signal can be taken before the noise on a signal’s derivative overpowers

the information of that derivative. Similarly, without proper consideration, it is also

possible for the introduction of integrators into calculations to continue integrating

when control cannot be achieved, called integrator windup, which may degrade per-

formance or cause instability. Due to these drawbacks, linear control designers have
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settled on a simple and versatile controller design that uses minimal signal manipula-

tion to allow for the production of a variety of controller designs and system responses

for various applications.

The fundamental linear controller is known as the Proportional-Integral-Derivative

(PID) controller, so called due to its control equations, which are given by

e(t) = uc(t)− yp(t) (2.54)

up(t) = Kpe(t) +KI

∫ t

0

e(t)dt+Kdė(t) (2.55)

for the output signal yp ∈ Rp to be controlled, the input command uc ∈ Rp to be

tracked, system control power up ∈ Rm, and the constant proportional, integral, and

derivative gains Kp,Ki,Kd ∈ Rm×p, respectively. The Laplace transform of these

equations lead to the transfer function, before feedback and creation of the signal

e(t) of

C(s) =
Uc(s)

E(s)
=

Kds
2 +Kps+Ki

s
(2.56)

Which has the ability to create two zeros to directly affect the plant response, and

a gain by which to manage the placement of the poles and zeros through feedback.

This controller is useful in physical system implementations, since it only requires a

single derivative and integral, mitigating the effects of integral windup and derivative

noise. The designer can choose the values of the three gain terms Kp, Ki, and Kd

which act as simple conversions from the error values to control activations. Although

trying to quantify the meaning of the gains, such as translating from position offsets

to engine voltages, may seem nonsensical, the trajectories followed by PID controllers

manage to outperform humans in some applications [21].

The PID controller effectively manages a large variety of physical systems; both

Newtonian double integrator dynamics and rotational dynamics can be managed by

PID control. Most systems can be adequately controlled by a well-tuned PID [11].

While designing a PID controller for some system, its natural to ask “is there a

best controller for this system?” Linear Quadratic Regulators, or LQRs, are a class
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of linear controller that are provably optimal for linear systems and the cost function

O =

∫ t

0

xT
p (t)Qxp(t) + uT

p (t)Rup(t)dt (2.57)

where O ∈ R denotes the final cost of the system, Q ∈ Rn×n is the error weight

matrix, and R ∈ Rp×p is the control activation weight matrix. It should be noted

that sometimes a cross-coupling term N is included in the cost function, however this

is usually omitted. Equation (2.57) is known as the linear quadratic cost function, and

the controller that optimizes its value attempts to lower the magnitude of the system

states as fast as possible while also minimizing the control activations required to

reach those states. It should be mentioned that LQR formulations originally required

that the controller drive the system to a zero-state xp = 0, hence the inclusion of the

term “regulator” and not “controller”, however the controller formulation equations

are equally applicable to a system where the the error is driven to zero instead of the

state and varies with the input control command.

Theorem 2.3.1 (Linear Quadratic Regulator [50]) For a system {A,B,C,D}
and the associated cost function

O =

∫ t

0

xT
p (t)Qxp(t) + uT

p (t)Rup(t)dt (2.58)

the matrix of constant feedback gains KLQR ∈ Rp×n in the control action

up = −KLQRxp (2.59)

that minimizes the objective function is found through the solution to the equations

KLQR = R−1BTPLQR (2.60)

ATPLQR +PLQRA+Q = PLQRBR−1BTPLQR (2.61)

The solution for KLQR depends on PLQR, which is found through the solution of

the algebraic Riccati equation in Eq. (2.61) [51].
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Remark The fact that Eq. (2.60) and (2.61) correspond to the solution to the

LQR system is a fundamental result of control system theory that took many years

to achieve. The proofs underlying this result are long, however the most accessible

paper on proving Theorem 2.3.1 is given in J. Willem’s Least Squares Stationary

Optimal Control and the Algebraic Riccati Equation [52]. Other useful texts for deeper

dives into this subject are V. Mehrmenn’s The Autonomous Linear Quadratic Control

Problem: Theory and Numerical Solution [50], and any linear analysis textbook, such

as A Linear System’s Primer [20].

The solutions to the algebraic Riccati equation, Eq. (2.61), still need to be deter-

mined in order for an LQR to be found.

Theorem 2.3.2 (Schur Method for Solving Algebraic Riccati Equations [53])

The solution to the algebraic Riccati equation

ATPLQR +PLQRA+Q = PLQRBR−1BTPLQR (2.62)

for matrix PLQR can be found using the eigenvalue decomposition of a related Hermi-

tian matrix

Z =

[
A BR−1BT

−Q −AT

]
(2.63)

The Schur decomposition of Z is given by

Z = UλλλUT (2.64)

for the upper-triangular matrix λλλ ∈ R2n×2n and matrix of basis vectors U ∈ R2n×2n.

The matrix U corresponds to the basis vectors of Z, and can be broken down into the

blocks

U =

[
U1,1 U1,2

U2,1 U2,2

]
(2.65)

Each of dimension n × n. The algebraic Riccati equation corresponding to Eq.

(2.62) and therefore Z is solved by the composition of basis vectors
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PLQR = U2,1U
−1
1,1 (2.66)

Remark Other methods of solving the algebraic Riccati equation exist, such as finite

time optimization methods and iterative solution techniques. These methods are not

of particular note to typical control systems, but have been leveraged in infinite

dimension control problems [54] and other complex control systems [55].

Numerical methods to solve the algebraic Riccati equation have been implemented

into popular mathematical software, and solutions to this equation can be easily

accessed. Once the PLQR matrix is found through the Riccati equation solution,

the state-feedback matrix KLQR can be solved through Eq. (2.60)to determine the

optimal gains for the system.

The solution to the LQR problem may require feedback of states, however in many

cases these states are accessible directly from measurements. For example, the use of

the cost weighing matrices

Q =

[
1 0

0 1

]
R =

[
1 0

0 1

]
(2.67)

to determine an LQR for the double integrator state-space system modelled by the

second-order state space model

[
ẋp

ẍp

]
=

[
0 1

0 0

][
xp

ẋp

]
+

[
0

1
m

]
F (2.68)

y =
[
1 0

] [xp
ẋp

]
+ [0]F (2.69)

of input force F , mass m, states xp and ẋp with output position y only requires

knowledge of the position and velocity, which are both available from position mea-

surements and their derivatives. Furthermore, only the ratio of the weighing matrices

Q and R affect the output gains of the LQR design equations.
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Implementations of LQR have some drawback; improper selection of the weighing

matrices may suggest gains that are drastically too large for the final system in the

presence of noise and nonlinearities, or gains with an unacceptably slow response. Al-

though the optimality of the controller is guaranteed for linear control formulations,

nothing is guaranteed in terms of the system robustness. Indeed, by attempting to

maximize regulation of the control signal and minimize perturbations due to distur-

bances, the gains recommended by LQR formulations tend to be larger than designers

would normally recommend for a system. Additionally, the robustness of LQR de-

signs to plant uncertainty is usually worse than other techniques are able to achieve,

again, due to the somewhat larger gains.

Nevertheless, LQR formulations allow for a quick way to produce optimal con-

trollers that can be changed if necessary to meet other design requirements.

2.4 Nonlinear System Analysis

Although many systems are well approximated by linear state-space formulations,

almost no systems is fully linear. It might be possible to say a car is well approximated

by a state-space system, but attempting to accelerate it from 0 to 60 km/h in one

second will demand an incredible acceleration that cannot possibly be achieved by

the physical system. In practice, all physical systems have this limitation.

The name of the field itself is unhelpfully broad and obtuse. Systems with pre-

dictable and regular dynamics, like

ẋ = −x · |x| (2.70)

are placed alongside much more complex systems such as the Duffing equation

ẍ+ dẋ+ ax+ bx3 = c cos(ωt) (2.71)

with radically different and chaotic behaviour, both of which are demonstrated in

Fig. 2.11.

Without a specific dynamic system in mind and tools that are able to characterize

the response of that nonlinear system, very little can be said about nonlinear systems
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(a) Negative Quadratic Response (b) Duffing Equation with a = −b =
−1, c = 0.5, d = 0.3, ω = 1.2

Figure 2.11: Examples of Nonlinear Systems

in general.

Nevertheless, dynamicists and control engineers have spent a great deal of time

characterizing and analyzing nonlinearities in order to understand their impact on

dynamic systems and their responses.

There is one tool that is widely applicable to nonlinear systems and allows for

stability analyses to be performed on even the most obtuse dynamic system.

Lyapunov stability theorem was pioneered by Aleksandr Mikhailovich Lyapunov

in 1892, however it did not see active usage until the cold war, when it was used for

stability analysis of guidance systems in the Soviet Union. Lyapunov’s work made its

way to North American academic circles in the late 1900s, where it was embraced for

its amazing ability to describe the behaviour of a wide array of nonlinear systems. It

is Lyapunov stability theory that will prove that adaptive systems are stable.

Fundamentally, Lyapunov stability theorem asks questions about the trajectories

of some notion of “energy” in a system, called the Lyapunov function.

Theorem 2.4.1 (Lyapunov Stability Theorem [24]) A function V : D → R is

a positive definite function in D when [24]:

• V (0) = 0, 0 ∈ D

• V (x) > 0, ∀x ∈ D − {0}

• |x| → ∞ =⇒ V (x) → ∞
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That is to say that the function is greater than 0 for all points that are not the

origin in D, and 0 at the origin. If more points than just the origin in D are mapped

to a value of 0 then the function is said to be positive semi-definite.

For the system ẋ = f(x), D ⊂ Rn, f : D → Rn, and equilibrium point xe = 0, ẋ =

f(xe) = 0, if there exists a continuous Lyapunov function V : D → R such that

• V (0) = 0, 0 ∈ D

• V (x) > 0, ∀x ∈ D − {0}

• |x| → ∞ =⇒ V (x) → ∞

• d
dtV (x) < 0, ∀x ∈ D − {0}

then the system must be asymptotically stable and the system must approach the

equilibrium xe.

Remark Lyapunov described his theorem in terms of system “energies”, which pro-

vides an intuitive method of understanding the theorem. The Lyapunov function

takes as inputs all of the system states, and is greater than zero at all points ex-

cepting the origin. Similar to energy in classical dynamic systems, the Lyapunov

function maps any one set of states to a single scalar value. It must also be true that

larger system states create larger Lyapunov function values, approaching infinity as

the states approach infinity. Since the Lyapunov function is at its minimum at the

origin, if it can be shown that the value of the Lyapunov function through time is

always decreasing, then it follows that the system states must reach the lowest point

on the Lyapunov function, which is uniquely the origin.

Similar to proving that the energy of a classic system is always decreasing implies

that the system will reach its lowest energy state, Lyapunov’s notion of stability says

that declaring a system energy, then proving that energy is always decreasing with

time implies the system must reach its lowest energy state.

Corollary 2.4.1.1 In order for a system to be stable in the sense of Lyapunov, it is

required that the time derivative of the Lyapunov function be dependant on all system

states. If a state is not represented in the Lyapunov function or its derivative, the

Lyapunov stability theorem cannot show that state must reach equilibrium.
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Amazingly, the Lyapunov function V (x) of the system only needs to be dependant

on the system states, and does not need to be any representations of what those states

are, how they interact, or how they propogate. The information of how the dynamics

of the system change is contained in the value d
dtV (x). Stability of the equilibrium

point at the origin is sufficiently proven by monitoring the output of the positive

definite Lyapunov function, and showing that its output must always be decreasing

in time.

An example application of Lyapunov’s stability theorem is completed here. The

example system ẋ = f(x) has update equations for states x1 and x2 of

ẋ1 = x2 (2.72)

ẋ2 = −x1 − 0.1 · x32 (2.73)

The Lyapunov function for this system might be chosen as

V (x) = x21 + x22 (2.74)

then the derivative of the Lyapunov function would be

V̇ (x) = 2x1ẋ1 + 2x2ẋ2 (2.75)

= 2x1x2 − 2x2x1 − 2 · 0.1 · x42 (2.76)

= −2 · 0.1 · x42 (2.77)

which is negative for all values of x2. The system response to the initial condition of

[x1, x2]
T = [10, 0]T is shown in Fig. 2.12a.

Notably, in this case all that has been proven is that the Lyapunov function

decreases for all values of x2, following corollary 2.4.1.1, nothing can be said about

x1. For the situations where Lyapunov is not sufficient, Lasalle’s invariance theorem

can also be used.

Theorem 2.4.2 (Lasalle’s Invariance Principle [56]) For V : Rn → R, and f :
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D → Rn both C1 continuous functions, suppose that V̇ (x) = ⟨∇V (x), f(x)⟩ ≤ 0 for

all x ∈ U ⊂ Rn. We define E = {x ∈ U : V̇ = 0} to be the invariant set of V . If the

largest invariant set in E is called G, then every solution of ẋ = f(x) that is bounded

and in U must converge to G for t ≥ 0 and as t→ +∞.

Remark The set E in Lasalle’s invariance principle is the set of points where the

value of V̇ is zero. The set E , then, is all the points along the Lyapunov function

where Lyapunov’s stability theorem cannot tell us how the system propogates, since

the Lyapunov function derivative does not change its value.

What Lasalle proposes is to look at the set E , where nothing can be ascertained

from the Lyapunov function, and consider how states that begin in E must evolve.

Considering all the states in E , there must be some set that, once entered, states no

longer exit. The largest such set, where states do not exit once they entered, is called

G. It does not matter what the states do once they are in G, whether they approach

a limit cycle, stay static, or chaotically vary, so long as they do not exit G once it has

been entered. The set G, furthermore, must be a subset of E , since if the set G had

elements with nonzero Lyapunov function derivatives, then they would no longer be

invariant or a member of G. What Lasalle was able to show is that if the set G can

be determined, then all members of the set E must eventually enter and stay in G.

By determining the size of the set G the set of final system values can also be

determined. The terminology can be confusing, so application of LaSalle’s invariance

principle will be clarified through continuing the nonlinear system example.

Theorem 2.4.3 The example system in Eq. (2.72) and (2.73) is stable to the state

x1 = x2 = 0.

Proof The invariant set of the Lyapunov function is the set of states such that

V̇ (x) = 0 (2.78)

which implies by Eq. (2.77) that

x2 = 0 (2.79)
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There are two cases then

Case 1 x1 ̸= 0 implies that ẋ2 ̸= 0 in Eq. (2.73), therefore the system leaves the

invariant set.

Case 2 x1 = 0, then the system is stable to the point x1 = x2 = 0.

Since the system either leaves the set of V̇ = 0 when x1 ̸= 0, or stays at the point

x1 = x2 = 0, the largest stable invariant set is the origin of phase space, therefore

the system must be stable to the point x1 = x2 = 0 following Lasalle’s invariance

principle. ■

The results of the above proof can also be seen in Fig. 2.12, where the system

trajectory oscillates, while approaching zero position and velocity. Although the

system approaches zero position and velocity more and more slowly with each second

of simulation, Lyapunov stability theory and Lasalle’s invariance principle ensures us

that the system must reach equilibrium as time approaches infinity.

The final tool in the nonlinear analysis arsenal is Barbalat’s lemma, which states

that

Theorem 2.4.4 (Barbalat’s Lemma [57]) For the function f : R → Rn, and

where lim
t→∞

f(t) is finite for ḟ(t) uniformly continuous (or, equivalently, f̈(t) bounded),

then ḟ(t) → 0 as t→ ∞.

Barbalat’s lemma can be useful when determining if a system is stable when other

assumptions about the form of the dynamic equations cannot be made.

Lyapunov’s stability theorem can also be applied to discrete systems, with a sim-

ilar formulation and justification.

Theorem 2.4.5 (Discrete Lyapunov Stability Theorem [56]) For the discrete

autonomous system of iteration k ∈ Z and update equation

x(k + 1) = f(x(k)) (2.80)

for f : D → Rn, then for a positive definite function V : D → R such that



59

(a) Timeseries

(b) Lyapunov Function (c) Overhead View

Figure 2.12: Nonlinear Spring Example, with x0 = [10, 0]T

V (f(x(k)))− V (x(k)) = ∆V ≤ 0, ∀x ∈ D (2.81)

then x = 0 is stable. And if the further condition

V (f(x(k)))− V (x(k)) = ∆V < 0, ∀x ∈ D = {0} (2.82)

is met, then the system is asymptotically stable.

Remark Similar to the continuous Lyapunov stability theorem, proving that the
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discrete energy of the system is always decreasing for a positive definite Lyapunov

function implies the system reaches the origin.

Lyapunov’s stability theorem, Lasalle’s invariance principle, and Barballat’s lemma

together are able to provide powerful insights into the behaviour of systems with non-

linear dynamics.

2.5 Adaptive Control Design

The advances to nonlinear system analysis made in the wake of Lyapunov’s stability

theorem enabled control systems engineers to develop controller architectures that

departed from the standard linear control design. Now that the stability of a system

could be guaranteed even when nonlinear controller formulations were present, a large

number of controllers could be dreamt up, their stability proved through Lyapunov’s

method, and their performance probed.

Some popular examples of these nonlinear controllers include the sliding mode

controller, backstepping controllers, and most importantly for our purposes, adaptive

controllers.

Adaptive controllers are a class of controller that change in time to achieve per-

formance objectives despite variable or uncertain system dynamics. The knowledge a

designer has about the system he is controlling is known as a priori knowledge, and

in adaptive controllers the primary objective is to develop a controller architecture or

design that is able to reach strong performance while minimizing a priori knowledge.

Adaptive control objectives differ somewhat subtly from robust control objectives, in

that both deal with uncertainty in the plant response: robust control aims to manage

uncertainty in a predefined range through a single versatile time-invariant controller,

whereas adaptive control aims to reach the desired performance by varying the con-

troller parameters in time. One possibility of adaptive control, for example, is to

reach the designed performance exactly for all configurations of the plant, whereas

robust control must accept some degradation whenever the plant is not nominal.

Adaptive controllers come in two major varieties, indirect and direct adaptive con-

trollers. Indirect adaptive control updates from measurements of system parameters
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that affect the control response, effectively adapting the controller through inference

or measurement of the system states. Indirect adaptive control evolves naturally from

situations in which changes in plant dynamics can be directly or indirectly measured.

In aircraft, for example, the control surfaces can produce more force or torque at

higher airspeeds; as the aircraft reaches larger velocities, the achievable aerodynamic

forces of each control surface is increased proportionally to the square of the velocity.

Since the velocity of the aircraft can, and usually is, measured during flight, it is simple

to include velocity in the aircraft control formulation to ensure that the commanded

control deflection corresponds to the desired torques or forces on the aircraft. The

control law adapts its commanded output to compensate for variability in the response

of the plant to measurable variations in airspeed. More complicated arrangements of

measurements and prediction can be used to determine other major or minor effects

on the control response of the plant to varying parameters, however all of these are

rooted in a very simple algorithm: using a priori knowledge of the plant dynamics,

measure, predict, or synthesize knowledge of those properties that affect the plant

dynamics, then compensate for those effects.

Indirect adaptive control includes industry standard techniques such as feedback

linearization and gain scheduling. Indirect adaptive control efforts may also rely

on more complex techniques, such as Kalman filtering, signal fusion, or nonlinear

dynamics observers, to measure or predict values of the relevant parameters when

they cannot be directly measured.

Indirect adaptive control relies fundamentally on knowledge of the structure of

the plant. Although control engineers typically deal with systems whose dynamics

have been rigorously analyzed, measured, or tested, there are yet other situations

where the properties of a system cannot be directly measured and must instead be

managed.

Direct adaptive control methodologies seek to minimize a priori knowledge of a

system while still maintaining adequate control performance. Control is achieved by

knowledge of the form of the system dynamics only, and proving that the dynamics

of the controller are stable in transitioning from the initial controller to a final system

which matches a desired response.
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2.5.1 Simple Adaptive Control Formulation

Direct adaptive control methodologies have one simple goal: given a linear state-space

system and some adaptive controller, make the response of the linear plant approach

an ideal response. The simple adaptive control (SAC) architecture will be developed

here, and it will be shown how a linear plant response can be made to approach an

ideal response.

The state-space model {Ap,Bp,Cp,0} of the plant is represented by

ẋp(t) = Apxp(t) +Bpup(t) (2.83)

yp(t) = Cpxp(t) (2.84)

For plant order n ∈ Z, inputs m ∈ Z, and identical size of outputs m, to yield

system matrices of sizes Ap ∈ Rn×n, Bp ∈ Rn×m, and Cp ∈ Rm×n. The desired

system that the adaptive controller will attempt to match is called the ideal model

{Am,Bm,Cm,0}, with update equation

ẋm(t) = Amxm(t) +Bmuc(t) (2.85)

ym(t) = Cmxm(t) (2.86)

model order q ∈ Z alongside input and output of sizes of m. The signal dimensions

for the reference model are thus xm ∈ Rq states, um ∈ Rm inputs, and ym ∈ Rm

outputs, as well as Am ∈ Rq×q, Bm ∈ Rq×m, and Cm ∈ Rm×q.

The error between the real-system response and the ideal response is given by

ey(t) = ym(t)− yp(t) (2.87)

called the tracking error. The tracking error is the primary signal that will help

determine how the adaptive control gains should be modified to approach the ideal

model.

Since the ideal model is known either from precomputation or during onboard
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computation, the reference model states xm and the reference model output ym are

available to be used by the controller. The available signals are thus the tracking

error ey, model states xm, and model command input uc. These three signals can be

used alongside adaptive gains to produce a time-varying command to be sent to the

plant. Such an example control signal would be constructed following

up(t) = Ke(t)ey(t) +Kx(t)xm(t) +Ku(t)uc(t) (2.88)

with time-varying gains Ke ∈ Rp×m,Kx ∈ Rp×q, and Ku ∈ Rp×m. Now that each

of the relevant control signals is being multiplied by an appropriately sized gain to

produce a control signal, all that remains is to leverage knowledge of the system

response to create a stable command.

First, the gain is split two portions, one of which will perform adaptation to

adapt the gains to match the ideal model, while the other will be used to improve

convergence only. By analogy, these two portions of the adaptive gain are called

the proportional adaptive part, given by the subscript “P ”, and the integral adaptive

part given by the subscript “I” . The proportional and integral adaptive gains are

summed to produce the total gain for either the tracking error, model states, or input

command signals, following

Ke(t) = KeP (t) +KeI(t) (2.89)

Kx(t) = KxP (t) +KxI(t) (2.90)

Ku(t) = KuP (t) +KuI(t) (2.91)

where the proportional gains follow the adaptation rule of

KeP (t) = ey(t)e
T
y (t)ΓΓΓeP (2.92)

KxP (t) = ey(t)x
T
m(t)ΓΓΓxP (2.93)

KuP (t) = ey(t)u
T
c (t)ΓΓΓuP (2.94)
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for some proportional adaptation parameters to be chosen by the designer ΓΓΓeP ∈
Rm×m,ΓΓΓxP ∈ Rq×q, and ΓΓΓuP ∈ Rm×m.

Notice that the inclusion of ey(t) and uc(t) in the adaptation for KeP , KxP , and

KuP requires that the number of SAC outputs up match the number of inputs yp.

To clarify why the plant must be square, consider the case where only proportional

adaptation is used, the equation must expand to become

up(t) = ey(t)e
T
y (t)ΓΓΓePey(t) + ey(t)x

T
c (t)ΓΓΓxPxm(t) + ey(t)u

T
c (t)ΓΓΓuPuc(t) (2.95)

where the dimensions of up must now match the dimensions of each of the terms on

the right, which can only be true if in all cases the tracking error ey has the same size

as the output command up. Similar reasoning also holds for the integral adaptations

that follow.

The integral portion follows similar adaptation rules

K̇eI(t) = ey(t)e
T
y (t)ΓΓΓeI (2.96)

K̇xI(t) = ey(t)x
T
c (t)ΓΓΓxI (2.97)

K̇uI(t) = ey(t)u
T
c (t)ΓΓΓuI (2.98)

for some integral adaptation parameters to be chosen by the designerΓΓΓeI ∈ Rm×m,ΓΓΓxI ∈
Rq×q, and ΓΓΓuI ∈ Rm×m. Both the adaptive portion of the gain and the integral portion

of the gain have the same sizes.

Some simplifications can be made to the system to clarify its operation. The

tracking error, ideal model states, and ideal model input can be compacted together

to create a single signal called the reference signal r(t) following

r(t) =


ey(t)

xm(t)

uc(t)

 (2.99)

which simplifies the SAC design equations to
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Figure 2.13: Block Scheme Diagram for a SAC

up(t) = K(t)r(t) (2.100)

K(t) = KP (t) +KI(t) (2.101)

ΓΓΓP =


ΓΓΓeP 0 0

0 ΓΓΓxP 0

0 0 ΓΓΓuP

 (2.102)

ΓΓΓI =


ΓΓΓeI 0 0

0 ΓΓΓxI 0

0 0 ΓΓΓuI

 (2.103)

KP (t) = ey(t)r
T (t)ΓΓΓP (2.104)

K̇I(t) = ey(t)r
T (t)ΓΓΓI (2.105)

All that remains is for the designer to choose values of the individual proportional

and integral adaptation parameters ΓΓΓP and ΓΓΓI , and initial gain values.

The SAC architecture can be difficult to parse in equations alone. An example of

the block scheme diagram for a SAC is presented in Fig. 2.13. The arrows overlapping

the gains Ke,Kx, and Ku refer to the adaptation of each gain in time using the

adaptation mechanism, Eqs. (2.100) through (2.105).

On the surface, the SAC scheme appears to be a sensible way to determine the
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relationship between the tracking error and a reference signal r(t). However, it is not

clear by inspection if the SAC equations are stable. Significant work by Barkana [58]

[59] [27] [47] [26] has been undertaken to show that this is indeed the case.

Theorem 2.5.1 (Continuous SAC Stability [47]) For a linear time-invariant

plant {Ap,Bp,Cp,0} that is ASPR, the SAC control Eqs. (2.100) through (2.105)

stabilize the system and result in perfect tracking

Proof The proof for stability in SAC is reproduced in full from [47] in Appendix C.

After defining the ideal system state error

ex = xm − xp (2.106)

and given ideal system gains K∗ it is shown that the Lyapunov function

V = eTx (t)Pex(t) + Trace[(K(t)−K∗)TΓΓΓI(K(t)−K∗)] (2.107)

results in the Lyapunov function derivative

V̇ = −eTx (t)Qex(t) (2.108)
■

when using the ASPR system conditions, resulting in the positive-definite matrix Q,

which also implies V̇ is negative for all |ex(t)| > 0.

Remark Following the previous discussion on Lyapunov stability proofs, the contin-

uous time SAC stability proof is invariant under SAC gain K(t), ideal gain K∗, and

adaptation parameter ΓΓΓI . The stability result implies that any selection of ΓΓΓI that

is positive definite will result in a stable system, and that the system will be stable

regardless of the gains K(t). Similarly, work by Barkana [47] has shown that ideal

model following can occur even when the SAC gains do not reach the ideal gains.

The stability proof has also been done in previous works for the proportional

adaptation, which does not affect the stability result, and does not clarify the stability

analysis. The textbook Direct Adaptive Control Algorithms: Theory and Applications
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[60] covers the development of fundamental proofs and theorems of SAC in great

detail.

A discrete system proof of SAC stability is also available and reproduced in Ap-

pendix C. The proof shows that the system is boundedly stable in the discrete case.

The conditions for discrete SAC stability are equivalent to their continuous counter-

part. In order to be stable, a discrete SAC implementation must be controlling a

discrete ASPR system.

The use of ASPR system properties in the stability proof means that it is necessary

for the plant to be ASPR in order for the stability conditions to be met. The need

for the plant to be ASPR can also be understood through how Eq. (2.105) makes

adaptation possible at all.

Each of the terms for the gain adaptation in Eq. (2.105) make use of the outer

product between the tracking error ey and an associated signal. Consider the form of

a cross covariance matrix for two sets of data X and Y . The cross-covariance KX,Y

is given by

KX,Y = cov(X, Y ) = E[XY T ]−K (2.109)

where K is a constant due to the mean of the cross-covariance. Notice that the

calculation of the cross-covariance is dependant on the expected value of the outer

product E[XY T ]. It is computationally expensive to calculate the cross-covariance

for two signals in a system at every timestep, however. The outer product used in

the SAC gain adaptations behaves similarly to a rough approximation of the cross-

covariance; if two signals are positively correlated the associated entry in the outer

product will be positive, if two entries are negatively correlated their associated entry

in the outer product will likewise be negative. Signals that are uncorrelated may have

momentary spikes in the outer product but the integral of the outer product should

nonetheless go to zero over time, since they are uncorrelated. By increasing the gain

for each signal that has a correlation with the tracking error, the tracking error will

decrease and the set of control gains that allow for zero tracking reference error will

be approached.

However, it is not always true that the outer product of two correlated signals will
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be in the same direction as the correlation. When two correlated signals are delayed

from one another, it is possible for the outer product to return the wrong direction for

the correlation. Figure 2.14 considers a system supplied with an input sinusoid that

has a 1:1 correlated output sinusoid phase shifted by some amount ϕ. When the input

and output sinusoid are only somewhat phase shifted, as in Fig. 2.14a, the overlap

between both ensures that the integral of the outer product in Eq. (2.105) is in the

same direction as the correlation; positive correlation leads to positive adaptation. In

the case of the SAC, the correlation between these two signals will be used to modify

the gain and decrease the tracking error. However, if the output sinusoid is sufficiently

phase shifted, the value of the outer product throughout the period of one sinusoid

decreases until at ±90o the integral of the outer product becomes zero. Figure 2.14b

shows how the integral of the outer product goes to 0 when phase shifted by π/2 rad,

and that further phase shifting leads to negative outer product integrals in Fig. 2.14c

despite both signals being positively correlated.

There is one type of system ensures that there is overlap between an input signal

and its resulting output. The frequency condition of ASPR systems from Corollary

2.3.0.1 ensures that no input frequency can be shifted in phase in the output by more

or less than 90o, ensuring the SAC adaptation in Eq. (2.105) remains stable.

2.5.2 Negative Adaptation of Simple Adaptive Controllers

While SAC relies on correlating signals to the system response error, there remains

a quirk to be addressed for imperfect systems. The tracking error gain adaptation

following

K̇eI(t) = ey(t)e
T
y (t)ΓΓΓeI (2.110)

incorporates the outer product of a signal with itself. Notably, the outer-product

ey(t)e
T
y (t), much like the error covariance that it represents, must always be positive.

Any input values for ey are effectively squared and must therefore always be positive.

An unfortunate side-effect of implementation in real systems is the presence of noise,

disturbances, mechanical errors, and any number of other factors that will mean that

true reference model following such that ey = 0 cannot be achieved.
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(a) ϕ = 0.5 rad

(b) ϕ = π/2 rad (c) ϕ = π + 0.5 rad

Figure 2.14: Correlated Signals Phase Shifted by ϕ. The Outer Product Integral
Over a Wavelength is Small or Negative if Correlated Signals are Sufficiently Phase
Shifted.

Unbounded adaptation of the tracking error gain Ke is countered by a σ-modification.

Fradkov [61] provided one of the first descriptions of this modification for SAC sys-

tems.

To combat the progressive accumulation of errors to this gain a regression term is

added that causes a decrease in the gain value over time. The adaptation for each gain

is then updated to include a regression term which produces the new gain adaptation

equation

K̇I(t) = ey(t)r
T (t)ΓΓΓI −KI(t)σσσ (2.111)
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for some regression term σσσ ∈ Rm×m. The inclusion of the regression term ensures

that dynamics can maintain stability in the presence of noise, at the cost of causing

the error tracking to be boundedly stable.

2.5.3 Model Matching Conditions

In order for SAC to achieve ideal model tracking, there must exist gains that allow

for ideal model following to occur. Barkana [47] has derived matching conditions that

must be satisfied in order for a known plant to be perfectly tracked by a known ideal

model.

Theorem 2.5.2 (Simple Adaptive Control Matching Conditions [47]) For the

plant {Ap,Bp,Cp,0} and model reference system {Am,Bm,Cm,0}, composite matri-

ces N and M are constructed following

M =

[
Ap Bp

Cp 0

]
(2.112)

N = M−1 =

[
N11 N12

N21 N22

]
(2.113)

with M provably nonsingular for an ASPR system [47]. Ideal model following occurs

when the ideal model gains K∗
x and K∗

u satisfy the matching condition

[
S11 S12

K∗
x K∗

u

]
=

[
N11 N12

N21 N22

][
S11Am S11Bm

Cm 0n

]
(2.114)

equivalently given by the set of equations

N11S11 − S11A
−1
m = −N12CmA

−1
m (2.115)

S12 = N11S11Bm (2.116)

K∗
x = N21S11Am +N22Cm (2.117)

K∗
u = N21S11Bm (2.118)
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Proof From [47]. For ideal output following to occur the plant output y∗
p must

match the model output ym. From the SAC architecture Eqs. (2.83) through (2.105),

y∗
p(t) = Cpx

∗
p(t) = Cmxm(t) = ym(t) (2.119)

for the ideal plant state trajectories x∗
p. The time solution to continuous LTI system

states is linear to inputs, which implies that the ideal model states are linear to the

inputs. The ideal model gains, similarly, are constant, and take both the model states

and model inputs to produce the input to the plant. It follows then that the ideal

model states must be linear with respect to the model input and model states, which

for linear matrices S11 ∈ Rn×q and S12 ∈ Rn×m are described as

x∗
p(t) = S11xm(t) + S12uc(t) (2.120)

Taking the derivative of Eq. (2.119), yields

ẏ∗
p(t) = Cpẋ

∗
p(t) = Cmẋm(t) = ẏm(t) (2.121)

which implies that ẋ∗
p must be linear with respect to ẋm. The matrix of proportionality

constants between x∗
p and xm has already been defined as S11, and it follows that

ẋ∗
p = S11ẋm (2.122)

ẋ∗
p = S11Amxm + S11Bmuc (2.123)

ẋ∗
p =

[
S11Am S11Bm

] [xm

uc

]
(2.124)

This provides one equation for the state derivative from the perspective of its

relationship to the model input and states during perfect following. The same plant

state update can now be considered from the commands of the SAC.

Since ideal model following only occurs when the tracking error is zero, we have

that the ideal command output of the controller u∗
p ∈ Rm is
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u∗
p(t) = K∗

xxm(t) +K∗
uuc(t) (2.125)

which is applied to the plant update equation. Equation (2.120) is leveraged to

produce the new state update equation

ẋ∗
p(t) = ApS11xm(t) +ApS12uc(t) +BpK

∗
xxm(t) +BpK

∗
uuc(t) (2.126)

ẋ∗
p(t) =

[
Ap Bp

] [S11 S12

K∗
x K∗

u

][
xm(t)

uc(t)

]
=

[
S11Am S11Bm

] [xm(t)

uc(t)

]
(2.127)

The requirement to match output values is included in the matrix equality in

Eq. (2.127), before the identical vectors on both sides of the equation are dropped to

yield the matching conditions

[
Ap Bp

Cp 0

][
S11 S12

K∗
x K∗

u

]
=

[
S11Am S11Bm

Cm 0

]
(2.128)

which must be met for model tracking to occur. The composite matrix M is created

for the system plant

M =

[
Ap Bp

Cp 0

]
(2.129)

which is provably nonsingular for an ASPR system [47]. The inverse of the composite

matrix is now defined as

N = M−1 =

[
N11 N12

N21 N22

]
(2.130)

and updates the matching conditions to become

[
S11 S12

K∗
x K∗

u

]
=

[
N11 N12

N21 N22

][
S11Am S11Bm

Cm 0

]
(2.131)

which provides a set of solvable equations for the ideal gains.
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N11S11 − S11A
−1
m = −N12CmA

−1
m (2.132)

S12 = N11S11Bm (2.133)

K∗
x = N21S11Am +N22Cm (2.134)

K∗
u = N21S11Bm (2.135)

■

Remark Equation (2.115) is a Sylvester equation, while the others are linear com-

binations of the known conditions or the previous solutions.

Sylvester equations are iteratively solved using the Bartels-Stewart algorithm [62],

which is available in most mathematical computation software. The remaining equa-

tions are solved analytically using the value for S11. The system of equations will not

have a solution when either the plant is not ASPR, in which case the inversion of the

matching matrix M may fail, or if the eigenvalue of N11 are not distinct from the

eigenvalues of A−1
m , in which case no solution exists for the Sylvester equation.

Knowing not only that a set of ideal gains exists for any given plant, but also

what those values are is an incredibly useful tool in SAC design.

2.5.4 Disturbance Accommodating SAC

Like any controller, SAC is able to compensate for disturbances present in systems

using feedback control. The SAC adaptation equations are useful for determining

the magnitude of gains for minimizing the tracking error, so it is natural to ask if

SAC adaptation might be useful for determining the gains for other system compo-

nents as well. Following this same train of thought, Prabhakar et al. [29] leverages

SAC to create a disturbance accommodating controller for the management of linear

disturbances applied to a SAC.

Although any standard disturbance estimation or compensation scheme, such as

nonlinear dynamic inversion, can be used in parallel with SAC to combat disturbances,

none makes use of the adaptation mechanisms present in SAC directly. The hope is
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to use the SAC adaptation mechanism to identify the magnitude of a disturbance

using a linear model.

Assume that the disturbance can be modelled using a linear disturbance generator

of the form

żd(t) = Fdzd(t) (2.136)

ud(t) = ΘΘΘdzd(t) (2.137)

for disturbance model order v ∈ Z+, disturbance model states zd ∈ Rv, state update

matrix Fd ∈ Rv×v, output transition ΘΘΘd ∈ Rm×v, and output disturbance ud ∈ Rm.

The similar estimated linear disturbance generator is given by

˙̂zd(t) = F̂dẑd(t) (2.138)

ûd(t) = Θ̂ΘΘdẑd(t) (2.139)

with the “ ·̂ ” symbol denoting the estimate of each of the values of Fd, zd, ud, and ΘΘΘd

with identical sizes. The adaptation for the disturbance accommodating gain follows

from the previous adaptive gain formulations as

uz(t) = Kz(t)ẑd(t) = KzP (t) +KzI(t) (2.140)

KzP (t) = ey(t)ẑ
T
d (t)ΓΓΓzP (2.141)

K̇zI(t) = ey(t)ẑ
T
d (t)ΓΓΓzI −KzI(t)σσσz (2.142)

with uz ∈ Rm being the output SAC control due to disturbance compensation, and

Kz ∈ Rm×v the matrix of disturbance state gains. The addition of disturbance

accommodation increases the size of the reference signal, making the new full SAC

equations
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r(t) =


ey(t)

xm(t)

um(t)

ẑd(t)

 (2.143)

up(t) = K(t)r(t) (2.144)

K(t) = KP (t) +KI(t) (2.145)

ΓΓΓP =


ΓΓΓeP 0 0 0

0 ΓΓΓxP 0 0

0 0 ΓΓΓuP 0

0 0 0 ΓΓΓzP

 (2.146)

ΓΓΓI =


ΓΓΓeI 0 0 0

0 ΓΓΓxI 0 0

0 0 ΓΓΓuI 0

0 0 0 ΓΓΓzI

 (2.147)

σσσ =


σσσe 0 0 0

0 σσσx 0 0

0 0 σσσu 0

0 0 0 σσσz

 (2.148)

KP (t) = ey(t)r
T (t)ΓΓΓP (2.149)

K̇I(t) = ey(t)r
T (t)ΓΓΓI −KIσσσ (2.150)

The UAV simulation results presented in Prabhakar [29] are promising for man-

aging disturbances of known frequency and unknown amplitude.
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2.5.5 System Augmentation: SAC for Non-ASPR Systems

Very few systems are ASPR, and previous sections have directly discussed methods

of SAC parameter selection that maintain the ASPR assumptions. Necessary for the

application of these techniques, however, is the control of an ASPR or almost ASPR

system. Most systems are not ASPR, and as such SAC cannot be directly applied to

these systems. For example, the simple double integrator system

F = ma (2.151)

fails at the go to meet the ASPR requirements, since it has a double pole at the

origin. Nonetheless, controlling the position of a system is a useful control task that

would benefit from the application of adaptation. What has been done to apply direct

adaptive control to non-ASPR systems is called augmentation, where an augmented

plant that is ASPR and similar to the real plant is controlled by the adaptive system.

Due to the nature of the control systems field, techniques to improve and modify

controllers are constantly being added, changed, or rejected from widespread appeal.

Despite having determined a method to create a discrete ASPR plant in 1986 [59],

Barkana is still developing methods to apply SAC to non-ASPR systems while pre-

serving performance, having released a paper on discrete-time SAC implementation in

non-ASPR systems as recently as 2014 [63]. Due to the rapid and constant change in

the field while chasing the “best” controller formulations, two methods of augmenting

a plant have been developed, with no clear distinction between them as to which is

the superior technique. The methods of augmenting a non-ASPR plant to comply

with SAC requirements are discussed and illustrated briefly here, however no method

can be broadly classified as the “correct” method of augmenting a plant.

When designers are creating a SAC implementation, they should choose one of the

below methods to augment their system. Without augmentation, application of SAC

to control a non-ASPR system will result in odd choices of adaptation parameters

being stable, necessarily large proportional adaptations to maintain stability, and

overall poor performance.
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Feedforward Parallelization

Barkana [27] presented the first method for allowing a non-ASPR plant to be aug-

mented to resemble a similar ASPR plant, called feedforward parallelization.

The general case is that some non-ASPR system G(s) is desired to be controlled

by a SAC. In order to control the system, it must be converted into an “augmented

plant” Ga(s) which is ASPR.

Theorem 2.5.3 [58]

Consider the system G(s) not necessarily stable or minimum phase. Let H(s) be

a proper output feedback transfer system with number of zeros z ∈ Z+ and number of

poles p ∈ Z+ such that p ≤ n. If the closed loop transfer function

Gc(s) = [I+G(s)H(s)]−1G(s) (2.152)

is asymptotically stable, then the augmented open loop transfer function

Ga(s) = G(s) +H−1(s) (2.153)

has z + p poles and z + p zeros and is therefore ASPR.

Remark Barkana also proves this is the case for discrete systems in [59]. Intuition

behind why any stabilizing controller H(s) must also create an ASPR augmented

system when placed as a parallel feedforward component of the plant is developed in

Appendix C.

The use of a stabilizing controller to render any plant ASPR proves a powerful tool

for ensuring that SAC can be applied to any system while maintaining stability of that

system. All that a designer need do to create an ASPR system is to find a stabilizing

controller of that system. Furthermore, due to the inverse of the stabilizing controller

being taken, any stable high-gain controller for a system will suffice to render the

system ASPR.

An example of a system with feedforward parallelization is shown in Fig. 2.15. The

stabilizing controller H(s) is placed in parallel with the plant to create the augmented

system output ya
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Figure 2.15: SAC with Feedforward Parallelization

ya(s) = (G(s) +H−1(s))up(s) (2.154)

Signal Fusion

Another method of rendering a plant ASPR is to take some combination of the mea-

sured signals to produce an augmented plant which is ASPR. Sensor blending for the

purposes of augmenting a non-ASPR plant was explored in the context of aircraft by

Balas and Frost [64].

By taking the original signal

yp(t) = Cpxp(t) (2.155)

and taking the new output

ya(t) = C∆xp(t) = (C+∆C)xp(t) (2.156)

for an appropriate selection of ∆C, Balas and Frost were able to show that the aug-

mented plant could be used with direct adaptive control by proving that finite unstable

transmission zeros could be converted to stable transmission zeros. Furthermore they

provide a systematic method to do so.

Augmentation of Feedback

A rarely-seen modification to SAC can be made that mitigates the negative aspects of

feedforward parallelization. Instead of taking the full SAC output up as the input to
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the stabilizing controller in feedforward parallelization H−1(s), if the ASPR property

need only be preserved for feedback control of the system, then perhaps only the

feedback control Ke(t)ey(t) of the system needs to be passed to the augmentations.

The augmented output is now

ya(s) = G(s)up(s) +H−1(s)(Ke(s)ey(s)) (2.157)

The first written record of this method occurs in Shibata et al. [65], where a sta-

bility proof of the method is included. The stability proof of the method is compared

to the stability proof for other discrete ASPR SAC implementations in Appendix C.

It is unclear how prevalent this method has become, since the original paper has

not been cited in other works, however the technique resurfaces in Takagi et al. [66]

without accreditation. Since the modification does not have a name, it is difficult to

track.

2.5.6 SAC Drawbacks

Simple adaptive control in particular suffers from some drawbacks that are not present

for linear controllers.

The biggest benefit of using direct adaptive control in any application is the min-

imal amount of a priori knowledge required to design a useful controller. If the plant

is ASPR, then just the baseline SAC formulation is sufficient to ensure stability. The

lack of adaptation rates ΓΓΓI in the continuous time SAC stability proof suggests that

the choice of adaptation rates does not affect the stability of the final controller, so

long as the matrix of adaptation rates is positive definite. Nevertheless, it is triv-

ial to show that a system can be rendered unstable by sufficiently large choices of

adaptation rates.

There are additional control effects that are present when SAC is being employed.

The most prominent of the observed phenomena is an effect known as bursting. Burst-

ing is a phenomena where the command forces, tracking error, or adaptive gains sud-

denly increase while oscillating, before reaching a limit and returning to the original

behaviour. Bursting may occur in small or large scales, reach a bounded limit, or go

unstable. Bursting also only occurs occasionally for some SAC designs, and may not
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Figure 2.16: Exaggerated example of Bursting Phenomena

include any significant change in the command, state, or error signal that would be

an obvious cause of the phenomena. Bursting occurs more frequently for higher val-

ues of the adaptation parameters. Until the bursting phenomena can be adequately

explained many designers will feel uncomfortable with adaptive control, as they will

be unsure if bursting might occur in their system at an inopportune time and cause

damage. An exaggerated example of what significant SAC bursting looks like in a

simulation is shown in Fig. 2.16.

The purpose of this thesis is to mitigate the drawbacks and increase the benefits

of SAC in physical implementations of adaptive controllers. The problem of choosing

stable adaptation parameters, mitigating bursting, and improving the response of

adaptive controllers will be tackled in Chapter 3. For now, the most apparent way to

improve SAC performance is to determine how optimization can be leveraged.

2.6 Optimization and Metaheuristics

Simple adaptive control offers the possibility of creating a control system that is

not only robust to disturbances and uncertainties, but also guarantees performance
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and stability. In practice, a surprisingly large amount of the SAC design relies on

the ability of the designer to choose parameters that provide “good” control of the

system. The obvious next step, then, would be to determine if the task of adaptive

controller design can be simplified through the use of optimality search techniques.

The field of mathematical optimization is composed of many problems that can

all be linked to one fundamental question: given an objective function f : V → R
that is dependant on values x ∈ V following

O = f(x) (2.158)

what is the minimum value of O and the parameters of x that achieve that minimum?

Conversely, what parameters x achieve a maximum value of O?

If certain forms of the objective function and its constraints are present then

different techniques can be used to solve the problem. The various branches of op-

timization theory pertain to the forms, and therefore the assumptions that can be

made about the objective O, and the constraints placed on the parameter space.

Convex optimization, nonlinear optimization, and metaheuristic optimization are

three sets of techniques that have been used in the presented SAC research to simplify

the task of designing controllers. The field of mathematical optimization is broad and

complex, however. The best that can be accomplished here is a reflection of the main

results of mathematical optimization theory as they apply to adaptive controller de-

sign. One of the great features of optimization techniques is that the algorithms and

methods used to solve optimization problems can be used without intimate knowl-

edge of their operations. Most useful optimization techniques now come bundled in

mathematical software, such as MATLAB®, to allow for solutions to any problem

that can be stated as an optimization problem. It is not necessary to understand the

fundamentals of optimization theory to query fmincon(·), however a review of the

fundamental concepts will be useful in understanding the results and limitations of

each technique.

Resources for further reading are provided for both convex and nonlinear opti-

mization, as the bulk of mathematical optimization theory is beyond the scope of

this work.
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Figure 2.17: Example Convex Function, With Convexity Constraint Highlighted

2.6.1 Convex Optimization

The most well developed of the optimization fields is the branch of convex optimiza-

tion. Convexity is a property of a function that is highly beneficial to the solution of

optimization problems.

Definition 5 (Convex Function [31]) A function is convex if it is true that for

any parameters xc, yc ∈ V and mixing parameter 0 ≤ λc ≤ 1 that the function

f : V → R satisfies

f (xcλc + yc(1− λc)) ≤ λcf(xc) + (1− λc)f(yc) (2.159)

Remark In effect, given two test points any intermediary test point is guaranteed

to be equal to, or of lesser value than, the linear combination of the test points. An

example of the convexity condition can be seen in Fig. 2.17.

A set is said to be convex if it follows a similar property, namely that the linear

combination of any two elements of the set are always a member of the set.

The convexity condition has been leveraged to quickly and accurately determine

the optimum value of a function. Moreover, if an optimization problem is provably
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convex, it can be guaranteed that only a single optimum point exists and the in-

put that corresponds to that optimum can be found using computationally efficient

methods [31]. Constraints, such as maximum and minimum parameter values, equal-

ity conditions, and any other design factors in place while solving an optimization

problem are included in optimality searches and limit the parameter space. For convex

optimization problems the constraints placed on such problems must also be convex.

Definition 6 (Convex Optimization Problem [31]) A convex optimization prob-

lem is any problem that can be defined as

minimize
x∈V

O = f(x) (2.160)

subject to gi(x) ≤ 0, i = 1, . . . ,mc (2.161)

hi(x) = 0, i = 1, . . . , pc (2.162)

for the objective O ∈ R, objective function f : V → R which is convex in V , and

where each of gi : V → R are convex, and each of hi : V → R are affine for mc ∈ Z
and pc ∈ Z maximum constraints.

The goal of convex optimization as described in this paper is to create a single

homogenous function that can be stepped through using Newton’s method to deter-

mine the solution. Along the way, it will be shown that inequality constraints are

equivalent to equality constraints with additional slack variables that can be varied,

that a second-order cone problem can be restated as a dual problem, and that the

cone constraints can be restated as a homogenous equality constraint between the

primal and dual problem. The original second order cone problem is then restated as

an equivalent problem that is self-dual and homogeneous, and whose central path can

be determined and followed using a Newton’s method search to find the solution that

minimizes the objective function while meeting the constraints. The final equation,

Eq. (2.188), embodies all of these properties, where the convex problem has been

restated as a homogenous problem, and a central path can be followed to end up at

the problem’s solution.
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A significant amount of the theory and theorems behind these results must neces-

sarily be overlooked in constructing a rudimentary overview of convex optimization

theory. The standout textbook in the field is Boyd’s Convex Optimization [31] which

covers in detail and clarity the method to solve convex second-order cone problems

that is only summarized in this section. The results of convex optimization theory

are accessible in all pieces of major mathematical software, and will be leveraged in

future chapters to simplify solutions to the uncontrolled spacecraft problem.

Inequality Constraints

An inequality constraint can be formulated as an equality constraint with an addi-

tional parameter that does not affect the objective, called a slack variable. For the

inequality constraint

Fcxc ≤ bc (2.163)

the introduction of the slack variable ys allows for the inequality constraint to be

converted to the equality constraint

Fcxc + ys = bc (2.164)

where the value of the slack variable ys given the parameter xc indicates that a

candidate solution is infeasible if negative, and feasible if positive. The problem

definition given in Eq. (2.160) now allows any inequality constraints to be converted

to equality constraints with an additional parameter whose value tells us information

about the state of the solution.

Additionally, if the slack variables are included as part of the parameter column

matrix xc, then the equality constraint simplifies to

Fcxc = bc (2.165)

A convex optimization problem can now be placed into the form
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minimize
x∈V

fTc x (2.166)

subject to Fcxc = bc, (2.167)

x ∈ C (2.168)

where nc is the order of the optimization space including slack variables, mc + pc is

the order of the constraints, xc ∈ Rn
c is the parameter vector including slack variables,

fc ∈ Rnc is a linear objective, Fc ∈ R(mc+pc)×nc is the linear constraint vector, bc ∈
R(mc+pc) is the column matrix of equality constraints, and C is the set of convex cone

constraints for the system. Like the inequality constraints, the second-order cone

constraints can also be converted to a set of linear constraints, but must be done by

making use of the dual problem.

Self-Dual and Homogeneous Problem

Convex optimization techniques also make use of a clever problem redefinition to

determine the solution to a problem faster and more accurately. The objective and

constraint of a problem represent two distinct parts of an optimization problem:

the objective is the value to minimize, while the constraints are the relationships to

maintain. It just so happens that convex problems also have what is called a dual

problem. The dual of a problem has an objective function that is similar to the

constraints of the primal problem, and constraints that are similar to the objective

of the primal problem.

Theorem 2.6.1 [67] The dual of a second-order cone problem is given by

maximize
yc∈V∗

bT
c yc (2.169)

subject to FT
c yc + s = fc, (2.170)

s ∈ C∗ (2.171)
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where V∗ is the equivalent convex space of the dual parameter, and C∗ is the set of

cones for the dual problem such that

C∗ = {s : sTx ≥ 0 ∀x ∈ C} (2.172)

Remark The dual of a problem includes the constraints of the primal problem as

its objective, and the objective of the primal problem as its constraints. By reusing

computations of the objective and constraints between the primal and dual problems,

computation is drastically reduced. Furthermore, if a dual does not exist for the

problem, then it is infeasible and cannot be solved.

What is incredible about second-order cone problems, is that they can be formu-

lated as self-dual problems, meaning that for every second-order conic optimization

problem, there also exists a related problem that is its own dual. Calculating the con-

straints of the problem acts as a computation of the system objective, and vice-versa.

Computation is drastically reduced for a self-dual problem. Anderson [67] provides

the method to convert a second-order conic optimization problem to a homogeneous

and self-dual problem through the addition of two variables τττ ∈ R+ and κκκ ∈ R+ that

now also determine if a problem is unbounded or infeasible.

Theorem 2.6.2 [67]

A primal second-order cone problem and its dual can be formulated as a Goldman-

Tucker homogeneous and self-dual system

Fcxc − bcτττ = 0 (2.173)

FT
c yc + s− fcτττ = 0 (2.174)

−fTc xc + bT
c yc − κκκ = 0 (2.175)

with additional parameters τττ ∈ R+ and κκκ ∈ R+. Solutions to the system must satisfy

τττ + κκκ > 0 (2.176)
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Remark The homogeneous and self-dual system have properties that are conducive

to iterative searches of the design space. However, the second-order cone constraints

are not yet included in the system.

Second-Order Cone Constraints

A second-order cone is a cone that begins at some point and extends out in a direction,

increasing in radius linearly with distance. The second-order cone constraint is also

sometimes referred to as the “Lorentz cone” or the “Ice-cream cone” [67] due to its

shape. An optimization problem can include second-order cone constraints, that is to

say some number of parameters must fall inside of a designated cone, without losing

convexity.

Theorem 2.6.3 [67] A second order cone constraint can always be defined through

||Asc(i)xc − bsc(i)|| ≤ dT
c (i)x− g(i) (2.177)

for i ∈ Z+ second order cone constraints, q(i) ∈ Z ∀i dimension of each cone-

constraint, constraint matrices Asc(i) ∈ Rq(i)×n, bsc(i) ∈ Rq(i), and dT (i) ∈ R1×n

alongside constant g(i) ∈ R.

Then, for the arrowhead matrices of X in x1 and S in s1, defined for the x =

[x1, x2, . . . , xn]
T and s = [s1, s2, . . . , sn]

T as

X =

[
x1 xT2:n

x2:n x1I(n−1)

]
(2.178)

S =

[
s1 sT2:n

s2:n s1I(n−1)

]
(2.179)

(2.180)

any second order cone constraint can be converted to an equivalent constraint

XSec = 0 (2.181)



88

where ec ∈ Rn is the unit vector corresponding to the cone dimension of the center

of the cone constraint. If multiple cone constraints are present, blocks of arrowhead

matrices X and S and cone unit vectors ec can be included as block diagonals to the

constraint in Eq. (2.181), and additional unit vectors vertically concatenated for ec.

Remark The equality constraint created in Eq. (2.181) is only met if the cone

constraints are met. The equality constraint can also be repeated for as many cones

as are present in the system, and can be used alongside the previous system to search

for the solution.

Any second order cone constraints can now be formulated as an equality constraint

for a homogeneous and self-dual problem. With that, any second-order cone problem

can be redefined as a homogeneous and self-dual problem.

The full set of equations for the problem is now

Fcxc − bcτττ = 0 (2.182)

FT
c yc + s− fcτττ = 0 (2.183)

−fTc xc + bT
c yc − κκκ = 0 (2.184)

XSec = 0 (2.185)

τττκκκ = 0 (2.186)

Central Path Method: The Solution to Homogeneous and Self-Dual Prob-

lems

What is interesting about homogeneous and self-dual systems is that their solution

can be synthesized from the system constraints. There is a method to create a central

path for the problem, and all that is needed to find the system solution is to follow

the central path to the optimal solution.

The initial variables, denoted by the subscript “0”, are constructed using the struc-

ture of the problem. The parameters x0 are set to 1 for each nonnegative variable, 1

for the first variable in each cone, and 0 otherwise. Each value of y0 is set to 0, while

each value of τττ 0 and κκκ0 is set to 1. Each value of s0 is set to 1 if it is a nonnegative



89

variable, otherwise the first variable of each cone is set to 1 while the rest are set to

0.

Then, where j ∈ Z is the number of nonzero elements in x0, µµµ0 is created following

µµµ0 =
xT
0 s0 + τττ 0κκκ0
j + 1

(2.187)

The central path for the solution can be constructed from these initial conditions.

The central path is the set of conditions for 0 ≤ γ ≤ 1 that leads to a feasible and

optimal solution at γ = 0. The central path of the homogeneous and self-dual problem

is found to be [67]

Fcxc − bcτττ = γ(Fcx0 − bcτττ 0) (2.188)

FT
c yc + s− fcτττ = γ(FT

c y0 + s0 − fcτττ 0) (2.189)

−fTc xc + bT
c yc − κκκ = γ(−fTc x0 + bTy0 − κκκ0) (2.190)

XSec = γµµµ0ec (2.191)

τττκκκ = γµµµ0 (2.192)

Theorem 2.6.4 [67] Given the central path for the homogeneous and self-dual sys-

tem in Eqs. (2.188) through (2.192), the Monteiro-Zhang search direction for the

system is

Fcdx − bcdτ = (γ − 1)(Fcx0 − bcτττ 0) (2.193)

FT
c dy + ds − fcdτ = (γ − 1)(FT

c y0 + s0 − fcτττ 0) (2.194)

−fTc dx + bT
c dy − dκ = (γ − 1)(−fTc x0 + bTy0 − κκκ0) (2.195)

X0ds + S0dx = −X0S0ec + γµµµ0ec (2.196)

τττ 0dκ = τττ 0κκκ0 + γµµµ0 (2.197)

which is a linear set of equations that can be solved for the step sizes with respect to

the input variables (dx,dτ ,dy,ds,dκ). For step sizes of α ∈ (0, 1] the update equation
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for solutions of the system along the central path are found using



x(k + 1)

τττ(k + 1)

y(k + 1)

s(k + 1)

κκκ(k + 1)


=



x(k)

τττ(k)

y(k)

s(k)

κκκ(k)


+ α



dx(k)

dτ (k)

dy(k)

ds(k)

dκ(k)


(2.198)

and the initial conditions



x(1)

τττ(1)

y(1)

s(1)

κκκ(1)


=



x0

τττ 0

y0

s0

κκκ0


(2.199)

Remark By employing Newton’s method to the homogeneous and self-dual system,

a set of linear equations can be solved to find the step size of each variable. The system

is provably convergent on the solution, which must satisfy the equality constraints

of the self-dual system, the second-order cone constraints of the primal system, the

feasibility and boundedness constraints, while also being the optimal solution.

What the theorem above provides, which is truly remarkable, is a repeatable set of

steps that take an optimization problem and determine the solution to that problem.

While there are a lot of individual steps involved, the ability to find the solution to any

set of inequality constraints or second-order cone constraints cannot be understated.

The process may seem long and convoluted, but the individual steps are repeatable

and powerful.

The formulation of a general and computationally efficient method of solving

second-order cone problems has allowed a wide variety of solutions to be found for

linear cost functions. The above method for solving convex optimization problems,

provided by Andersen and Roos [67], is also the method employed by MATLAB®’s
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internal convex solver4. Convex optimization techniques are used in this text to de-

termine optimal trajectories of the chaser spacecraft that result in rendezvous with

the target spacecraft.

Finding the optimal trajectory for a spacecraft through convex optimization is

done in the following section to serve as both an example and clarification of how

convex optimization is implemented.

2.6.2 Example Convex Optimization through Successive Approximation

Although few systems can be formulated to be convex, there are several motivating

examples that provide ample incentive to employ convex optimization where possible.

Convex optimization can be used, for example, to minimize fuel cost during trajectory

planning of spacecraft rendezvous and docking manoeuvres.

The nonlinear formation flying Eqs.(2.13) through (2.17) make it difficult to de-

termine a trajectory between two relative points in orbit while also minimizing fuel

consumption. Optimization techniques can be used to drastically reduce the difficulty

of finding such trajectories.

The formation flying equations do not initially satisfy the convexity condition,

however Lu and Liu [68] use a method of successive approximation of the nonlinear

terms to quickly and accurately determine an optimal docking trajectory. The au-

thors’ technique is used to construct the trajectory command used for rendezvous and

docking, and is briefly summarized here.

The system dynamics for the chaser spacecraft are formulated in the optimization

problem as the dimensionless equations

ṙc,n = Vc,n (2.200)

V̇c,n = − 1

||rc||3
rc + τττ c (2.201)

żc =
−1

vex
σc (2.202)

where τττ c = Tc/mc ∈ R3 is the nondimensionalized thrust of the chaser, rc,n =

4https://www.mathworks.com/help/optim/ug/cone-programming-algorithm.html

https://www.mathworks.com/help/optim/ug/cone-programming-algorithm.html
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rc/RC ∈ R3 is the position of the chaser spacecraft around the parent body, nondi-

mensionalized by the parent body radius RC ∈ R, in an inertial reference frame, while

zc = ln(mc) ∈ R is a change of variables of the spacecraft mass, and σc = ||T||/m ∈ R
is a nondimensionalized thrust magnitude. The state matrix of the target is also con-

structed, however the target is uncontrolled, and as such does not have a control

matrix. The chaser state vector yc, chaser control vector uc, and target state vector

yt of the system are used to create the state and control matrices

Xc =


rc,n

Vc,n

zc

 , uc =

[
τττ c

σc

]
(2.203)

Xt =


rt,n

Vt,n

zt

 (2.204)

Equations (2.200) through (2.202) are used with

Xtot =

[
Xc

Xt

]
(2.205)

and

u = uc (2.206)

to construct a state-space system.

In order to preserve convexity and allow for use of standard optimization tech-

niques, a linear approximation of the state-space system must be constructed. Call

Aff (Xtot(k)) the linear approximation of Eqs. (2.200) through (2.202) given Xtot at

iteration k ∈ Z. The dynamic equations of motion can be converted to the form

Ẋtot(k) = Aff (Xtot(k))Xtot(k) +Bffu(k) (2.207)

which is linear with respect to Xtot and u. The thrust constraints to ensure the chaser

does not thrust above the value Tmax, are determined to be
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0 ≤ σc ≤ Tmaxe
−zc(t) ≈ Tmaxe

−z0(t)[1− (zc(t)− z0(t))] (2.208)

||τττ || ≤ σc (2.209)

with Eq. (2.208) making use of the Taylor expansion of ex to maintain linearity.

The uncontrolled target thrust is constrained to zero. The objective function of the

problem, dependant only on the total system thrust, is defined as

O =

∫ tf

0

σcdt (2.210)

where tf is the final time, and Lu [68] shows that σc does indeed converge to ||τττ || in

the solution.

The system dynamics are encoded in the optimization problem through equality

constraints of the state space update equations. For iteration k and timestep interval

h [68](
I14 −

h

2
Aff (Xtot(k))

)
Xtot(k) =

(
I14 +

h

2
Atot(Xtot(k − 1))

)
Xtot(k − 1) (2.211)

+
h

2
Bffu(k) +

h

2
Bffu(k − 1)

is an equality constraint for the state space dynamics given the state transition matrix
at timestep k of Aff (Xtot(k)), time varying states Xtot(k) and Xtot(k − 1), time

varying commands u(k) and u(k − 1), and identity matrix I14 ∈ R14×14 under Euler

integration. The dynamics equality constraint is repeated for each timestep, made

to match the initial conditions, as well as the final system conditions. If a certain

system state is desired, such as zero velocity and zero displacement from the target

at the final time, it is met using the constraint

Cff (k)Xtot(k) = dff (k) (2.212)

where Cff (k) is a matrix that selects elements of the states Xtot(k) which must be

equal to the desired states dff (k). If the docking axis is given by the unit vector ra,

then an approach cone constraint is added using half angle α following
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||rc(k)− rt(k)|| cos(α) ≤ rTa (rc(k)− rt(k)) (2.213)

Similarly, if a thrust decontamination half-angle β must be maintained, the constraint

rTa τττ(k) ≤ σc(k) cos(β) (2.214)

is applied. Together the system constraints in Eqs. (2.208) through (2.214) are con-

sistent with a second-order conic optimization problem. As was seen in Sec. 2.6.1,

the second-order conic optimization problem here can be converted to a self-dual

and homogeneous system that can be quickly, efficiently, and accurately solved. This

second-order cone problem for path planning can be coded into mathematical opti-

mization software, solved, and the solution used to determine a new time-history of

the radius vector rc, with successive solutions approaching the true solution.

The authors comment on the nature of successive iteration for solving such prob-

lems [68], noting that the viability of successive iterations of convex approximations

can be obtuse; determining if successive iteration will converge to the true value of

a given problem is akin to solving the problem using successive iteration itself. As

such, the applicability of successive iteration of convex optimization to non-convex

problems may be limited.

2.6.3 Nonlinear Optimization

Although some problems can be converted to similar convex problems, such as in

Lu and Liu [68], other problems resist convexification. Moreover, there is currently

no way to guarantee that any given non-convex problem can or cannot be converted

into a similar convex one. Problems that cannot be solved using traditional convex

methods are known as nonlinear optimization problems.

Similar to convex problems, nonlinear optimization problems are defined as
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minimize
x∈V

O = f(x) (2.215)

subject to gi(x) ≤ 0, i = 1, . . . ,mn (2.216)

hi(x) = 0, i = 1, . . . , pn (2.217)

with no limitations on the properties of f(x), or the constraints gi and hi. Due

to their generality, few methods of direct analysis exist for determining solutions

to nonlinear problems. Furthermore, since nothing can be said about the structure

of the solution, it is possible for nonlinear optimization problems to contain multiple

optimum solutions. At each optima the constraints of the problem may be met in some

region around the solution but not outside that region. The optimal point for some

neighbourhood is called the local optimum for that neighbourhood. It is currently

very difficult to determine if an optimum is local, or for what values of the parameter

space that value is optimal. There are furthermore very few methods to determine

the solution to a nonlinear optimization problem, and methods that are typically

useful for other classes of optimization problem become unreliable or unstable when

tasked with a nonlinear problems. Several classes of nonlinear solver exist, with each

method attempting to determine solutions to similar optimization problems with

good behaviour, then determining if the nonlinear optimization problem has similar

behaviour.

The nonlinear programming method used in MATLAB® is the Sequential Quadratic

Programming (SQP) method, which has quick convergence behaviour on a wide class

of problems5, and is inspired by the method implemented by Schittkowski [69]. A

wonderful overview of SQP problems, their solutions, and the many considerations

that need to be made when creating a solver for SQP problems is available in the 17th

chapter of Nocedal and Wright’s Numerical Optimization [70]. Nocedal and Wright

tackle all of the numerical considerations, edge cases, and best-practices of the field

of nonlinear programming within their text.

5https://www.mathworks.com/help/optim/ug/constrained-nonlinear-optimization-
algorithms.html

https://www.mathworks.com/help/optim/ug/constrained-nonlinear-optimization-algorithms.html
https://www.mathworks.com/help/optim/ug/constrained-nonlinear-optimization-algorithms.html
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In order to solve nonlinear optimization problems, the original nonlinear problem

will be approximated as a subproblem whose solution can be quickly determined.

The solution to the subproblem can be used to update the search, determine a new

subproblem and solve that subproblem. The process repeats until the determined

solution is found to be an optimal point.

To determine if an optimal point has been found, the properties of optimal points

need to be understood. The Karush-Kuhn-Tucker equations describe the form that

optimal solutions to constrained nonlinear optimization problems must take.

Theorem 2.6.5 (Karush-Kuhn-Tucker Equations [31]) For objective function

O = f(x) and mc ∈ Z+ constraints

gi(x) = 0 ∀i = 1, . . . ,mc (2.218)

then for me constraints that do not affect the cost, and remaining constraints affecting

the cost, it must be true at any optimal point x∗ that

∇f(x∗) +
m∑
i=1

λi∇gi(x∗) = 0 (2.219)

λigi(x
∗) = 0, i = 1, . . . ,me (2.220)

λi ≥ 0, i = me + 1, . . . ,mc (2.221)

(2.222)

for the lagrangian multipliers λi ∈ R,∀i = 1, . . . ,mc that satisfy the equation

∇xf(x) = ∇x

m∑
i=1

λigi(x) (2.223)

Furthermore, the optimal point to the constrained optimization problem occurs when

the Lagrangian function

L(x, λ) = f(x)−
m∑
i=1

λigi(x) (2.224)

is at a stationary value. That is to say it must be true that
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∇x,λL(x∗, λ) = 0 (2.225)

Remark The Lagrangian multipliers represent a conversion from a constraint to

the effects of the constraint on the objective function. It can be shown that unique

Lagrangian multipliers exist at an optimum. Locations for which the gradient of the

Lagrangian are zero represent points where the gradient of the objective is balanced

by the effects of the constraints. If the objective has no gradient at the solution, then

it is a local optimum, but if the objective has a gradient at the optimal point, then

that gradient must be caused by the constraints of the system. The solution closest to

the local optimum and meeting the constraints conditions will have a Lagrangian with

zero gradient, and Lagrangian multipliers that balance the gradient of the objective.

What SQP does is attempt to meet the Karesh-Kuhn-Tucker (KKT) conditions by

solving Quadratic Programming (QP) subproblems. First, the nonlinear equations

are evaluated at the initial point to produce the initial cost. The gradient of the

objective at the initial point is numerically calculated, alongside numerical estimates

of the Lagrangian, the Hessian of the Lagrangian, and various merit functions used

to approximate the Karesh-Kuhn-Tucker equations and update search parameters.

The detailed inner workings of this technique are outside the scope of this paper,

and represent only one of the myriad ways that nonlinear programming problems are

tackled within the optimization community.

The Hessian is the second derivative of the Lagrangian function, and its value

at iteration k is called Hk, found through numerical estimation. The Hessian and

the gradient of the objective at point xk are used together to create a quadratic

programming subproblem of the form

minimize
dn∈Rn

1

2
dTnHkdn +∇fT (xk)dn (2.226)

∇gTi (xk)dn + gi(xk) = 0, i = 1, . . . ,me (2.227)

∇gTi (xk)dn + gi(xk) ≤ 0, i = (me + 1), . . . ,m (2.228)
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using the gradients at xk of ∇gTi (xk) and ∇fT (xk) over minimization parameter dn.

The QP problem can then be solved using normal techniques, such as those outlined in

Schittkowski [69]. The equality constraints in Eq. (2.227) can be used to determine

optimal solutions using the family of optimization techniques known as active set

methods.

Definition 7 (Active Set [31]) A constraint

gi(xk) ≥ 0 (2.229)

is called active if

gi(xk) = 0 (2.230)

and inactive if

gi(xk) > 0 (2.231)

Remark If a constraint is part of the active set it is likely the solution stays within

the active set. Inactive constraints likely affect the objective value. Estimates of the

active set reduce the complexity of searches in QP problems.

Schittkowski’s method involves determining directions orthogonal to the active

set to increase convergence. The set of active constraints Ak,set found from ∇gTi (xk)
is horizontally concatenated for each equality constraint and each sufficiently small

inequality constraint. The active set is then put through QR decomposition to de-

termine the nullspace of Ak,set. By evaluating parameters in the direction of the

nullspace of Ak,set, updated parameter estimates remains in the active set. The sub-

space that is within the nullspace of the active set is notated Zk. The solution to the

QP problem within the subspace Zk is found through determining the optimum point

for the quadratic problem within the null-space of the active set, which is found to

be

ZT
k HkZkpn = −ZT

k ∇fT (xk) (2.232)
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optimizing over the variable pn. Now the direction of the step d̂k that stays within

the nullspace of the active set is

d̂k = Zkp (2.233)

The step to be taken that minimizes the QP problem, and should minimize the

nonlinear objective function, is taken to be

xk+1 = xk + αnd̂k (2.234)

where the selection of step size αn can further be refined based on its improvement

to a merit function of the QP problem. The new step location is then taken to be

the center of a new QP problem and the process is repeated.

Several modifications and numerical stability considerations are taken when solv-

ing a SQP problem. The varied and numerous minutiae of nonlinear programming

design cannot be covered here, and do not help to clarify the role of optimization for

adaptive controller design. Nonetheless, nonlinear optimization techniques offer the

possibility to determine powerful solutions to problems that cannot be solved using

convex methods.

Nonlinear solvers have been implemented in many modern pieces of software. Of

particular note is MATLAB®’s SQP solver, which is used further in this text to

determine solutions to the nonlinear SAC design equations. The ability to deter-

mine optimal solutions to even nonlinear optimization problems can be invaluable to

problems in which linear or convex functions cannot approximate the fundamental

behaviour that must be optimized.

2.6.4 Metaheuristics

Beyond convex and nonlinear optimization problems, there exists a further class of

optimization problem, called hard optimization problems. Hard optimization prob-

lems resist traditional methods of solution through either their strong nonlinearity,

presence of many local optima, large complexity, or highly limited ability to make

function evaluations.
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A large variety of metaheuristics exist for optimization, and it is not immedi-

ately apparent which of these is most applicable for any given problem. Wahab [34]

performed a thorough review of metaheuristic techniques on several standardized

datasets of hard optimization problems. Of the metaheuristics sampled, several tech-

niques performed consistently well across datasets.

Differential Evolution (DE), makes use of genetic mutation to create candidate

solutions, while a similar variant, Strategy-adaptive Differential Evolution (SaDE),

chooses between various mutation strategies to improve convergence. Particle Swarm

Optimization (PSO) gives each agent a velocity through the parameter space, and

attraction to other members of the population to ensure convergence. The further

addition of selection pressure to PSO creates Selection Particle Swarm Optimization

(SPSO) to further increase convergence. Each of these metaheuristics will be outlined,

and used in future chapters to improve SAC parameter selection. Of these techniques,

Takagi [36] has previously used DE to determine SAC parameters that improve SAC

formulations, where it was found that the DE search technique was able to improve

convergence of the designed SAC’s response.

Each of the four metaheuristic techniques mentioned here will be used in future

efforts to determine their usefulness for improving SAC designs, and are described

individually in the following sections. The term position is used to refer to a single

combination of parameters within the search space as an analogy. The subscript i is

used to refer to a parameter specific to an individual agent within the swarm, while

the subscript dd is used to refer to a given dimension within one of the agent’s values.

Particle Swarm Optimization

The PSO metaheuristic uses the analogy of position and velocity in order to determine

agent updates. The update to each agent’s position, described in Eq. (2.235), is

dependant on that agent’s previous velocity, the position of the agent’s best known

position pp, and the swarm’s best known position pg. The designer chooses the

parameters ωp, ϕp, and ϕg. The parameter ω indicates how quickly an agent loses its

previous velocity, while ϕp affects each agent’s attraction to the agent’s best known

position, and ϕg affects the agent’s attraction to the swarm’s best known position.
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To begin a PSO search [35] with designed velocity dampening factor ωp, agent

optimum attraction ϕp, and global optimum attraction ϕg:

1. Randomly assign an initial position xi for each agent in the search space.

2. Set the best position pi for each agent to xi.

3. Determine the cost for each agent’s position, called O, and set the swarm’s

minimum cost g to the lowest cost (g = min(O(pi))∀i), with an associated best

position q. Call the current best known minimum value for each agent ji.

4. Determine the initial velocity vi of each agent as a random vector.

5. Repeat iteratively until the completion criteria are met, for each agent i:

(a) Pick random values rp and rg between 0 and 1.

(b) Update the agent’s velocity as:

v′
i = ωpvi + ϕprp(pi − xi) + ϕgrg(q− xi) (2.235)

(c) Update the agent’s position following:

x′
i = xi + v′

i (2.236)

(d) Check the cost of the new position O(x′
i).

(e) If the new cost is lower than the agent’s best cost ji, make the agent’s new

best position pi equal to the current position and update the agent’s best

cost ji.

(f) If the agent’s new cost is lower than the swarm’s best cost g, make the

swarm’s best position q the current agent’s position and make the new

best cost g equal to the current agent’s cost ji.
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Differential Evolution:

The DE search makes use of mutation to produce randomized test points to decrease

the cost. Test positions are created through combination of a mutation vector with

the agent’s best known position. The mutation vector itself is a random combination

of the best known positions of two other members of the swarm. If an agent’s test

position is better than that agent’s current position, then the test position becomes

the agent’s new position. Unlike PSO, which is constantly changing the test position

of each agent, DE agents are always located at their best known location and several

test points can be tested before the agent moves to a lower cost position. By producing

test points using combinations of the swarm’s best known positions the swarm tends

to approach the best performing members of the swarm. Two variables are available

to the designer. The crossover rate δd affects the chance that elements of the mutation

vector will be used in the next test vector, while the scaling factor F affects the spread

of mutation vector positions.

To perform a DE search [36] with designed crossover rate δd and scaling factor F :

1. Initialize each agent with a random position pi within the search space.

2. Determine the cost of each agent ji at position pi.

3. Determine which agent’s position has the lowest cost, marking it as q, and

saving the lowest cost as g.

4. Repeat iteratively until the completion criteria are met, for each agent i:

(a) Pick two random integers from 1 to the size of the swarm population that

are not identical and not i, calling them a1 and a2.

(b) Produce a mutated vector M from the ath
1 and ath

2 agent following:

M = q+ F (pa1 − pa2) (2.237)

(c) Choose an integer bd at random from 1 to the dimensionality of the prob-

lem.
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(d) Create a trial vector by checking the following for each dimension dd using

the design parameter δd:

i. Pick a random value ρd from 0 to 1.

ii. The trial vector ui is defined for each dimension dd as:

udd =

Mdd , dd = bd or ρd < δd

pdd , otherwise
(2.238)

Each dimension udd is collected to form the trial vector ui.

(e) Determine the current cost of the trial vector ui.

(f) If the cost of ui is lower than the current position cost ji, the agent’s best

known position pi becomes equal to the trial vector ui.

(g) If the cost of ui is lower than the best global cost g, the global best known

position q becomes the trial vector ui.

Selection Particle Swarm Optimization:

The SPSO search increases the convergence of the PSO algorithm by adding selection

pressure to each of the agents. Directly before the update step, the half of the swarm

with the highest cost is randomly given a position from the half of the swarm with the

lowest cost. The PSO velocity update and position update steps are then performed

normally.

To begin an SPSO search [71]:

1. Initialize similarly to PSO steps (1) through (4)

2. Iteratively until the completion criteria are met:

(a) Sort the population by cost and mark the half of the agents with the highest

cost for selection. Replace the current positions xi of each agent marked for

selection randomly with one of the agents not marked for selection. Replace

the current velocity vi of each agent marked for selection randomly with

one of the agents not marked for selection. Keep the best known position

pi of each agent unchanged.
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(b) Proceed with the optimization identically to the iterative steps in the PSO

search from step (5a) through (5f).

Strategy-Adaptive Differential Evolution

The SaDE strategy leverages the many varied mutation strategies that have been de-

veloped for DE searches into one cohesive metaheuristic. A pool of mutation strategies

is kept by SaDE and used to improve the search. Strategies that are more likely to

result in success are more likely to be chosen in future. A success is recorded as any

time a strategy produces a trial vector that decreases the best cost of an agent, with

the total success of the mth strategy during the current iteration k being denoted by

sk,m. When the cost does not decreased it is recorded as a failure, denoted by fk,m.

Pooling mutation strategies and recording which are most effective for the current op-

timization problem increases the exploitation of discovered minima, while decreasing

the exploration of the SaDE technique when compared with DE.

To begin a SaDE search with M trial vector generation function strategies, and

learning period LP [37]:

Initialize similarly to DE steps (1) through (3), then repeat iteratively, calling the

iteration number k, until the completion criteria are met:

1. If the current iteration number k is greater than the designed learning period

LP then:

(a) Calculate the success fraction S of each strategy throughout the learning

period following:

Sk,m =
Σk

t=k−LP sk,t

Σk
t=k−LP sk,t + Σk

t=k−LPfk,t
+ ϵ (2.239)

Values for sk,t and fk,t are recorded later. A small number ϵ is added for

numerical stability.

(b) Determine the probability of choosing the mth strategy Pk,m following

Pk,m =
Sk,m

ΣM
t=1Sk,t

(2.240)
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(c) Determine the new crossover ratio median δm as the average of crossover

ratios δi that resulted in successful trial vectors over the last LP iterations.

The record of successful crossover ratios is made in a later step.

2. If k < LP , set the probability for each trial vector generation function Pk,m to

be equal, such that each function has an equal likelihood of being chosen.

3. For each agent i:

(a) Use probabilities Pk,m that sum to 1, and a random variable from 0 to 1

to choose a strategy index m.

(b) Choose Fi and Gi as normal random values with a standard deviation of

0.3 and median of 0.5.

(c) Choose δi as a normally distributed random value with median of δm and

standard deviation of 0.1, ensuring 0 < δi < 1.

(d) Use the mth strategy to create the trial vector ui. Example trial vector

generation strategies are compiled later.

(e) Determine the current cost of the trial vector ui.

(f) If the cost of ui is lower than ji, set ji to the current cost, and set pi = ui.

Increase the number of successes sk,m for the chosen strategy m by one and

add the crossover ratio δi used to the list of successful crossover ratios. If

the cost of ui was not lower than the current cost ji, increase the number

of failures fk,m for the strategy m by one.

(g) If the cost of the trial vector ui is lower than the best global cost g, the

global best known position q becomes the trial vector ui.

The four strategies used are outlined in Eqs. (2.241) through (2.244) and are taken

from Qin and Huang [37]. When used in parallel the methods require five random

distinct integers a1, a2, a3, a4, a5 with values from 1 to the swarm population that

correspond to indices of members of the population that are not the agent being con-

sidered. These strategies also require an integer bd between 1 and the dimensionality

of the problem, a random value ρd between 0 and 1, the previously determined Fi,
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Gi, and δi values, the value of any ith agent’s position in the dth
d dimension pi,dd and

the best known position in that dimension qdd . The strategies and their names are

listed below.

1. DE/rand/1/bin: For each dimension dd:

ui,dd =

pa1,dd + Fi(pa2,dd − pa3,dd), ρd < δi or dd = bd

pi,dd , otherwise
(2.241)

2. DE/rand-to-best/2/bin: For each dimension dd:

ui,dd =


pi,dd +Fi(qdd − pi,dd) + Fi(pa1,dd − pa2,dd)

+Fi(pa3,dd − pa4,dd), ρd < δi or dd = bd

pi,dd , otherwise

(2.242)

3. DE/rand/2/bin: For each dimension dd:

ui,dd =


pa1,dd +Fi(pa2,dd − pa3,dd)

+Fi(pa4,dd − pa5,dd), ρd < δi or dd = bd

pi,dd , otherwise

(2.243)

4. DE/current-to-rand/1:

ui = pi +Gi(pa1 − pi) + Fi(pa2 − pa3) (2.244)

2.7 Chapter Summary

The uncooperative spacecraft problem involves very many areas of active research.

This chapter served to introduce the dynamics of spacecraft flight, of spacecraft rel-

ative motion, linear and nonlinear dynamical systems, linear and adaptive control,

and the state of mathematical optimization theory. All of these fields are necessary

in order to determine what can be done to improve adaptive control formulations,
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and thereby ensure that spacecraft autonomy can be improved.

The foundation presented in this section will be used to develop adaptive control

techniques. Where possible improvements to SAC design methodologies and tech-

niques will be made. A thorough understanding of each of these domains will be

leveraged to improve the performance and autonomy of space systems.

The equations of motion for spacecraft are used to determine how to manage

position and orientation in the uncontrolled spacecraft problem. The dynamics of

relative spacecraft motion are leveraged to ensure that a chaser spacecraft can suc-

cessfully rendezvous with the target. Approximations of the system dynamics can be

made using linear dynamics systems, with the full system dynamics being described

by nonlinear system dynamics. Linear controllers provide sufficient control when the

linear approximation of a system is known, and ample tools exist to ensure that con-

trol system designers can develop good linear controllers. Optimal linear controllers

have been developed to maximize performance in a known linear system, or the linear

approximation of a nonlinear system. Adaptive controllers have been developed to

ensure flexibility when there is a large amount of system uncertainty. Simple adap-

tive control is a direct adaptive controller methodology that has been tested and is

well suited to the uncontrolled spacecraft problem. Various changes have been made

to the SAC architecture to ensure that it can be used with a large variety of control

system. However, a number of questions still remain around implementations of SAC.

Optimization techniques have been used previously to determine optimal con-

trollers such as the linear quadratic regulator. In order to determine how SAC can

be optimized, mathematical optimization techniques must be understood. Optimiza-

tion problems can be broadly divided into three classes: convex problems, nonlinear

problems, and hard problems. Convex problems are the easiest to solve, but have

the most restrictive definition. Nonlinear optimization techniques cover a larger va-

riety of systems, but may not be able to solve all nonlinear problems. The solutions

provided by nonlinear optimization techniques are not necessarily globally optimal.

Candidate solutions to nonlinear and hard optimization problems can be found us-

ing metaheuristics, which trade solution optimality for computational efficiency using

stochastic methods. Metaheuristics make use of multiple agents that semi-randomly
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wander the parameter space to determine good solutions to the optimization problem.

There is no guarantee that a metaheuristic search will find the global optima, however

they are more suited to multimodal problems than nonlinear search techniques.

In the following chapters, knowledge of spacecraft dynamics, nonlinear system

dynamics, and optimization techniques will be leveraged to improve implementations

and performance of SAC.



Chapter 3

Simple Adaptive Controller Implementations

3.1 Introduction

This work will present the many efforts undertaken to determine how Simple Adaptive

Controller (SAC) implementations can be improved. The continuous SAC stability

proof shown in Theorem 2.5.1 shows that for any ASPR system SAC can match the

system response to the ideal model response. Furthermore, Sec. 2.5.5 showed that

any stabilizable continuous-time non-ASPR plant can be rendered ASPR through

feedforward parallelization, meaning that any system with existing linear control can

be modified to include adaptive control. The goal of this work is to determine how

implementations of SAC can be improved.

The analysis techniques, theories, and outcomes of research into the formula-

tion and performance of SACs are discussed and developed here. Nonlinear and

metaheuristic optimization techniques are used to determine improved SAC designs

for spacecraft proximity operations, which are experimentally verified in Chapter 4.

Heuristics and design techniques are developed for selection of the ideal model, in-

tegral adaptation parameters, and proportional adaptation parameters. The effects

of disturbances on a feedforward parallelized SAC are explored, and previously de-

scribed disturbance accommodation techniques are leveraged to minimize tracking

error. Finally, accumulated knowledge on the design and implementation of SACs is

collected for quick reference at the end of the chapter.

3.2 Nonlinear Optimization and Metaheuristics in SAC Design

It is rare for researchers to present reasoning for the selection of SAC design parame-

ters. Manual “trial-and-error” determination of parameters is fraught with frustration,

as the nonlinear system response changes nonlinearly with the design parameters. The

109
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design space of acceptable parameters for any one SAC is also extremely large; it is

not uncommon for stable choices of design parameter for a SAC implementation to

range from 10−6 to 1010, a huge parameter space to manually search. Even worse,

a SAC can appear to have poor performance when a design parameter is either too

small or if that design parameter is too large, with no clear indication of when a

parameter is one or the other. It is apparent that optimal SAC parameter selection

is not a trivial problem.

Attempts to determine optimal SAC formulation were previously made by Takagi

et al. [66] through the use of DE on a single-input-single-output (SISO) SAC simula-

tion. Many metaheuristic optimization techniques exist apart from DE, however. A

review of metaheuristic techniques by Ab Wahab et al. [34] highlights that DE, SaDE,

PSO, and SPSO searches are also useful for multimodal optimization problems. Each

of these optimization techniques is probed in a simulation of spacecraft trajectory

tracking in Predmyrskyy and Ulrich [72], the results of which are summarized here.

Although metaheuristics were shown by Takagi et al. [66] to be useful for lowering

the cost of a SAC design, it was still unclear if other optimization techniques could

also be used to improve SAC design. The SAC design equations are not convex, and

as such convex techniques cannot be used. Nonlinear optimization techniques are

tested for solutions to the design problem.

The metaheuristic and nonlinear optimization techniques developed here for space-

craft trajectory tracking in simulation are repeated for the SRCL SPOT hardware and

experimentally verified later in Chapter 4.

3.2.1 Preliminary Metaheuristic Optimization of a SAC

To begin, a simulation of a spacecraft position controller is made to evaluate the

applicability of various metaheuristic searches to SAC design. Metaheuristic opti-

mization was used to minimize the value O of a linear quadratic cost function over

the simulation period. The cost to be minimized is given by the equation

O(tf ) =

∫ tf

0

eTy (t)Qey(t) + uT
p (t)Rup(t) dt (3.1)

The weighing matrices Q and R determine the relative importance of minimizing
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the tracking error or control inputs, respectively. The linear-least-squares cost func-

tion is used specifically to simplify comparison between the optimized SAC designs

and a reference LQR controller for the same system.

Each of the DE, SaDE, PSO, and SPSO searches are implemented to determine

SAC design parameters ΓΓΓI , ΓΓΓP and σσσ for a nonlinear simulation of a spacecraft with

thruster saturation of 0.425 N, and mass of 16.95 kg.

The LQR controller was designed using a linear approximation of the system, with

LTI state-space matrices {ALQR,BLQR,CLQR,0}, of

ALQR =

[
0 1

0 0

]
,BLQR =

[
0

1/16.95

]
,CLQR =

[
1 0

0 1

]
(3.2)

for the state vector

x =

[
xp

ẋp

]
(3.3)

being the position and velocity of the spacecraft. Since there is no difference between

the x and y position axes, the controller is repeated for both directions.

The weighing matrices

Q =

[
1000 0

0 1000

]
,R =

[
10 0

0 10

]
(3.4)

were used for both the SAC and LQR optimizations. From the LQR system equations

described in Eqs. (2.60) and (2.61) the gain for the LQR system can be determined

as

KLQR =
[
31.6 45.5

]
(3.5)

which multiplies measurements of the state vector x to determine the thruster control

power.

The SAC ideal model is a second order transfer function with a damping ratio ζ

of 1 and a large natural frequency ωn of 40 rad/s, which corresponds to a 2% settling

time of ts = 0.15 seconds. The ideal model used is particularly fast to simplify

comparison between the SAC, which follows the ideal model, and the LQR, which
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tracks the input command. The ideal model state-space matrices are given by

Am =

[
−0.25 −0.0156

1 0

]
, Bm =

[
1

0

]
(3.6)

Cm =
[
0 0.0156

]
, Dm =

[
0
]

(3.7)

Since a second order model was used, two adaptation parameter ΓΓΓ values are

present for the state adaptation parameter values. The final adaptation parameter

matrices are in the form

ΓΓΓxP = diag(I2ΓxP1, I2ΓxP2) (3.8)

ΓΓΓxI = diag(I2ΓxI1, I2ΓxI2) (3.9)

The remaining adaptation parameters follow the formulation in Eqs. (2.100)

through (2.105), with the sigma modification as described in Eq. (2.111) being applied

to only the tracking error adaptation Ke.

Each metaheuristic search was implemented in MATLAB®, with Simulink®calls

to the controller simulation determining the cost of any given set of design param-

eters. The metaheuristic search would determine a set of parameters to test, these

parameters would then be used to run a simulation of the system that returned the

tracking error ey and control activation up that then determined the cost of that

SAC design. At the end of the search the final solution would be the controller de-

sign determined by the metaheuristic search to yield the lowest cost. A manually

designed SAC was created for comparison to the metaheuristic optimized controllers,

with each controller being tested and optimized for a reference circular trajectory of

angular velocity 0.035 rad/s and radius of 1 m.

The true plant dynamics in the simulation are identical to the LQR dynamics,

that is to say

Ap = ALQR, Bp = BLQR, Cp = CLQR, Dp = DLQR = 0 (3.10)
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Table 3.1: Metaheuristic Optimized SAC Parameters

Variable Designed DE PSO SaDE SPSO
SAC

ΓeP 100 4.394×105 7.007×104 4.938×105 1.225×105

ΓeI 1×105 0 1.277×105 0 4.513×105

ΓuP 100 614.5712 1.582×105 0 5.345×105

ΓuI 1 0 0 0 0
ΓxP1 100 0 2.079×104 867.9 2.580×105

ΓxP2 100 1.000×106 1.672×104 4.851×105 3.833×105

ΓxI1 1 0 0 0 0
ΓxI2 1 1.000×106 5.827×104 2.421×105 9.998×105

σ 0.4 0.93 0.21 0.54 0.02
Cost 3338.6 1283.5 3337.6 1405.9 3184.0

All four metaheuristic optimization algorithms were run for 100 iterations with

100 agents. Values of ωp = 0.2, ϕg = 0.1, and ϕr = 1.0 were chosen for the PSO

search. The DE search was performed using values of 0.9 and 0.8 for the crossover

rate and scaling factor, respectively. For SPSO, 50% of the agents were used to

provide updated positions of the other 50% of agents. The designed SAC controller

gains and their optimized counterparts are found in Table 3.1, along with the final

cost of each controller in the tested circular simulation.

Each of these controllers was then verified on a cycloid trajectory of the form

xcmd(t) = 1.428 cos(0.035t) + 1 sin(3 · 0.035t) (3.11)

ycmd(t) = 1.428 sin(0.035t) + 1 cos(3 · 0.035t) (3.12)

The trajectory tracking results for the designed LQR and SAC controllers are

shown in Figs. 3.1 through 3.3.

In all cases the SAC controller was able to improve on the command trajectory

tracking of the LQR controller. The DE and SaDE metaheuristics were able to

determine lower cost than the PSO and SPSO controllers. The lack of disturbances

or noise in the simulation environment likely affected the final parameters chosen by

metaheuristic optimization.
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Figure 3.1: LQR and Manually Tuned SAC Performance
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Figure 3.2: DE and SaDE Optimized SAC Performance

The designed LQR controller achieved similar transient behaviour as the manually

designed SAC, but was unable to reach zero error.

It can be seen that all optimization methods were able to find parameters that

improve the response when compared with a manually designed SAC. The DE and

SaDE searches were able to determine significantly lower cost controllers than the

PSO and SPSO searches. While the designed controller contains mostly feedback

error adaptation, The DE determined controller contains mostly state adaptation.

The DE controller converges on the model response very quickly, which is reflected

in the cost. Optimization significantly improved the controller cost. It is likely
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Figure 3.3: PSO and SPSO Optimized SAC Performance

that the absence of disturbances and measurement noise caused the optimization

to ignore error adaptation ΓΓΓeI since adequate control could be achieved with only

state adaptation. The SPSO search produced very similar results to the PSO search,

using high error and state adaptations to improve the tracking of the hand-designed

controller. The use of selection in SPSO likely increased convergence by moving high

cost agents closer to the lower cost agents and more quickly refining the determined

control parameters. The faster convergence of PSO and SPSO techniques compared

to DE and SaDE may have contributed to the higher final cost of their designs, due

to lower exploration of the design space. Generally it was found that convergence

and exploration behaviour of the techniques matched those presented in Wahab et

al. [34], with SPSO having the fastest convergence time, at the expense of exploration,

followed by PSO, SaDE, and finally DE which more thoroughly explored the search

space at the expense of convergence. The explicit attraction of PSO to the determined

minimum increases convergence when compared to DE, with selection pressure further

increasing convergence in SPSO. The mutations present in DE encourage exploration

but reduce convergence behaviour, and the use of multiple strategies in SaDE increase

the convergence behaviour of DE somewhat. The simulation used in this survey did

not include any measurement noise or disturbances. It is possible that due to the

lack of complicating factors in simulation that some of the determined controller

parameters may not be useful in practice. For example, although the DE controller



116

has the lowest cost, it does not make use of error adaptation at all, and may have

a higher cost response than a controller including these terms when implemented in

hardware. Similarly, all controllers used very large values for many of the adaptation

terms, which may cause instability in slower hardware implementations.

Finally, since several parameter configurations were able to produce similar costs

for the controller, it is likely that even for quadratic cost functions there exists a

complex cost landscape for parameter selection in SACs. Wahab et al. [34] suggests

that DE has the best performance of swarm-based techniques for multimodal cost

functions, which may be the case for many SAC designs.

It is clear from simulation that application of metaheuristics to SAC design can

yield controllers that improve on the performance of traditional linear controllers, as

well as improving the performance of manually tuned SACs.

Metaheuristics are applied and experimentally verified on SRCL’s SPOT platform

in Chapter 4, after several critical elements of SAC implementation are clarified in

the following sections.

3.3 Simple Adaptive Control Design and Heuristics

The aim of this section is to simplify the process of SAC design by presenting clari-

fications and design heuristics on the development of SAC architectures for physical

control systems.

First, the role of the ideal model in SAC implementations is explored and clarified.

The ideal model is developed to ensure that limitations of physical systems do not

affect SAC’s ability to adapt and match the ideal response. Then, information on

the control gains and adaptation parameters are leveraged to simplify selection of

design parameters. Heuristics are developed to determine appropriate values of the

integral and proportional adaptations of a system. The effect of disturbances and

disturbance compensation for a typical SAC is discussed. Finally, a short summary of

the recommended SAC design process is included to simplify future implementations.
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3.3.1 Ideal Model as Guidance

The ideal model used in SAC provides the template that the adaptation scheme will

attempt to match. The SAC stability proof provided in previous sections ensures

that, when sufficient control power is present in an ASPR system, SAC will always

match the model. Furthermore, it is possible for SAC to match the ideal model even

when ideal gains do not exist, which is discussed in Barkana [73]. When ideal gains

are present, they can be determined using the matching conditions detailed in Sec.

2.5.3 Eqs. (2.115) through (2.118).

When implementing a SAC into a control system, the designer has the choice of

ideal model for the adaptive controller. The theoretical framework for SAC suggests

that any choice of ideal model, even a very simple or very fast one, is correct. A great

deal of effort has been put into verifying and reverifying that it is indeed true that,

with sufficient adaptation time and a truly ASPR system, that SAC will converge to

the ideal response.

When designing an ideal model the designer must decide what constitutes an

appropriate model, instead. The model matching conditions in Eqs. (2.115) through

(2.118) clarify that only the form of the model determines if ideal gains exist; if a

SAC can match the plant response to a second-order reference model, then it does not

matter if that model has a response time of two seconds or two hundred seconds. The

only difference that model selection has on SAC response is to affect the magnitude

of the final gains, and in effect the final control output.

For example, the ASPR plant characterized by the transfer function

G(s) =
1

s+ 1
(3.13)

can be made to match a second-order model with transfer function and state-space

representation

M(s) =
1

s2 + s+ 1
(3.14)
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Am =

[
−2 −1

1 0

]
, Bm =

[
1

0

]
, (3.15)

Cm =
[
0 1

]
, Dm =

[
0
]

(3.16)

with ideal gains

K∗
x =

[
1 1

]
(3.17)

K∗
u =

[
0
]

(3.18)

from the matching conditions in Eqs. (2.115) through (2.118).

For the same plant, but ideal model of

M(s) =
4

s2 + 2s+ 4
(3.19)

Am =

[
−4 −4

1 0

]
, Bm =

[
1

0

]
, (3.20)

Cm =
[
0 2

]
, Dm =

[
0
]

(3.21)

the matching conditions now provide the gains

K∗
x =

[
2 2

]
(3.22)

K∗
u =

[
0
]

(3.23)

In effect, the gains have doubled because the ideal model is faster, but the ideal

gains still exist. A step command to the faster ideal model produces larger control

activations for the same command. A physical system, however, will always have a

maximum control activation that must be taken into account when choosing the ideal

model. The choice of system commands and system responses that ensure control

activations stay under a maximum is one of the fundamental guidance problems.
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The role of the ideal model, then, should be understood as choosing the guidance

of the adaptive system. If a control system has a maximum control output, then it is

unwise to choose an ideal model that would require more than the maximum control

effort to track the model. Further efforts should be made to determine what elements

of guidance theory can be leveraged to improve SAC formulations.

3.3.2 Ideal Models for Nonlinear Systems; Feasible Models

The development of SAC so far has focused completely on linear systems. For SAC

to be useful it must be able to control systems with nonlinearities, similarly to how

linear control techniques can still control some classes of nonlinear systems. If SAC

cannot be applied to systems with small nonlinearities, then it will be impossible to

apply it to any real system without fear of the system going unstable whenever the

nonlinearity is encountered. Therefore some time will be taken to understand how

nonlinearities in the plant can affect the performance of SAC when applied to these

systems.

Nonlinearities that are managed in implementation of linear controllers can still

be managed in implementations of SAC. For example, in attitude control, the system

dynamics in the body reference frame are governed by the nonlinear equation

Jω̇ωω = T−ωωω×(Jωωω) (3.24)

for the angular velocity ωωω, Torque T, and moment of inertia J. Typically the nonlin-

ear term ωωω×(Jωωω) is compensated through measurement of the angular velocity and

measurements of the nominal moment of inertia. For systems where these values

are already known, the rotational nonlinearity can be addressed through dynamic

inversion in SAC the same way it is addressed in linear controllers.

Adaptive control can expand the control envelope outside the traditional linear

control envelope, though. By expanding the control envelope to systems with un-

known moments of inertia, adaptive control introduces a new control problem. The

issue for adaptive controller implementations in this case, then, is that their expan-

sion of the linear control envelope cannot be met with a similar expansion of the

nonlinear control envelope, which cannot be managed by linear controllers to begin
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Figure 3.4: Ideal Model Requires More Thrust Than System Can Deliver

with. When SAC cannot inherently compensate for additional nonlinearities, ad-

ditional disturbance compensation techniques such as nonlinear dynamic observers

or real-time estimation techniques, to name but two, may be necessary to maintain

performance or ensure stability.

Two techniques are recommended for the designer to avoid unwanted behaviour

around nonlinearities: adaptation should be halted when no additional control can

take place and/or the ideal model presented to the SAC should always represent an

achievable response.

An example of nonlinearities creating an unachievable ideal model response is

demonstrated in Fig. 3.4, where a control saturation makes it impossible for a high

gain controller to match the ideal model response. When the ideal model is unachiev-

able, there is an unavoidable amount of tracking error, which results in unavoidable

adaptation. Stability of the system may be compromised as the system attempts to

match an ideal model that cannot be matched.

Whenever the SAC outputs commands beyond the control saturation of the sys-

tem, if it can be measured, then adaptation should be halted. Unfortunately, halting
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adaptation can also be undesirable; if a SAC is poorly tuned when a sustained sat-

urated command is required, especially if disturbances or changes in the plant occur

during this saturation, then it is possible that poor tracking will occur during com-

mand saturation, and that sudden adaptation will occur once the saturation ends.

Halting adaptation during command saturation may be a safer alternative, to ensure

adaptation does not “wind up” similar to linear integrator control, however stopping

adaptation altogether may be undesirable in systems where fast adaptation is always

required, or if commands are frequently saturated.

An alternative to stopping gain adaptation outside of the linear region is the

introduction of a feasible model. One of the fundamental assumptions of the SAC

architecture is that the ideal model represents an achievable system response. When

nonlinearities are present it is important that the model continues to represent an

achievable response. The concept of a feasible model follows naturally from attempt-

ing to provide an achievable system response.

Consider the example of an ideal model that gives a position command under

limited thrust. The ideal response given to the SAC must be achievable even under

thrust saturation. When the saturation is known, an achievable response might be

constructed as in the first block diagram of Fig. 3.5.

By limiting the ideal response to an achievable response, the adaptive controller

does not attempt to adapt when the thrust is limited. The initial block diagram

shown in Fig. 3.5 serves to present an achievable response, however, the output will

not match the position command input into the model. The achievable response

does not match the command because the limiting nonlinearity stops the achievable

response from reaching the command.

Unavoidably, by ensuring that a feasible model output is used to adapt the SAC, a

new control problem is created. The feasible model output should approach the ideal

model output when there is no saturation. It is therefore necessary to develop a new

controller to ensure that the feasible model output matches the ideal model output

when the nonlinearity is not present, while minimizing the effect on command tracking

of the conversion from ideal to feasible model. The second and third diagrams in Fig.

3.5 shows how the limiting nonlinearity is now managed by a new controller.
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Figure 3.5: Origin of the Feasible Model Architecture. A Satisfying Controller
Ensures the Feasible Response Approaches the Ideal Response.

An example of the new control problem is shown in Fig. 3.6, where a satisfying

controller has been added to the feasible model to ensure the feasible model output

matches the ideal model output as much as possible.

Even if the feasible model matches the system nonlinearity perfectly, only a SAC

with ideal gains will be able to match the feasible response. Any additional error

between the SAC gains and the ideal gains will lead to more unavoidable tracking

error and adaptation. One final consideration might be to ensure the SAC always

has sufficient control power to match the feasible response. Increasing the available

control power might be done by slowing down the feasible model even further, so that

the SAC might be able to continue adapting even if it does not have the ideal gains

at the beginning of the response. This final act, of increasing the available control

power to the SAC, is the same as decreasing the system bandwidth. Managing system

bandwidth is a fundamental guidance problem, and it once again becomes clear that

the problem of providing a feasible model for the SAC corresponds to a nonlinear

guidance problem. In effect, the issue of developing a model response for SAC, in

nonlinear and linear systems, corresponds to a guidance problem for the system.
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Figure 3.6: Feasible Model and Satisfying Controller for Example Thruster Satura-
tion

An example of the concept of a feasible model can also be seen in Ulrich and

deLafontaine [28] where nonlinear guidance techniques are used to create a nonlinear

ideal model for a Mars atmospheric re-entry vehicle. In order to manage system non-

linearities it is required that some characterization of the nonlinearities be available

to the designer.

Additional research should be made into the applicability of nonlinear guidance

techniques to the SAC architecture.

3.3.3 Adaptation Parameter Selection and Design Heuristics

Thorough analysis of the SAC design equations has clarified that no choice of pro-

portional or integral adaptation will lead to instability for linear and discrete ASPR

systems [63]. Furthermore, the stability equations suggest that larger values of the

integral and proportional adaptation will always lead to faster convergence or smaller

tracking errors.

The development of these theoretical results rest on three critical assumptions

that follow from the ASPR condition, and are mentioned in Corollary 2.3.0.1:

1. The controlled system is linear, and therefore any desired control input can be

achieved. A doubling of the input doubles the output response,

2. The controlled system is stable for all feedback gain values Ke such that

Kmin ≤ Ke ≤ ∞ = Kmax (3.25)
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3. The controlled system, with feedback, has frequency response such that for any

input, the output is never shifted more than ±90o.

Although these assumptions are correct for ASPR systems, it is nonetheless true

that very few examples of physical ASPR systems exist. Augmentation of a plant

through feedforward parallelization and signal fusion are discussed in Sec. 2.5.5, how-

ever plant augmentations and signal synthesis will never be able to address the con-

tradiction at the heart of SAC design; any system, no matter how idealized, will

eventually fail to be accurately described by an ASPR plant.

There are numerous ways that any of the three ASPR assumptions above can be

broken by implementations of SAC: system noise is amplified by the control gains, re-

ducing stability at higher gain values; measurement dynamics introduce delay, break-

ing the ASPR phase requirement at higher frequencies; all systems have some form

of control limiting, breaking the linear system requirement; no system is perfectly

linear, even without control saturation; and discrete implementations will eventually

face numerical issues. Any one of these or various other nonlinear effects are a reality

of physical systems and threaten instability in implementations of SAC.

The same way linear control law can be applied to nonlinear systems, SAC can still

be applied to systems that are not perfectly ASPR, so long as control can stay within

an approximately ASPR region. That is to say, the system may be stable in operation

even if the analytical stability proof no longer holds. For example, when designing a

linear control system that is theoretically stable for all gain values, instability at large

gains does not suggest that the linear system analysis was incorrect, simply that the

linear approximation no longer holds for the current gains. Similarly, instability in

SAC for large adaptation parameters should not be understood as a failure of analysis,

simply that any one of the critical ASPR requirements is failing to be met for the large

adaptations in use. In linear design, gains are reduced to ensure that linear system

approximations holds, SAC designs must similarly determine what constitutes stable

gain selection and choose adaptation parameters that keep the ASPR approximation

applicable.

Within this and the following sections, an example default system will be used

to elaborate design principles relevant to parameter selection when implementing a
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SAC. First, a default SAC system is created. A plant with transfer function

G(s) =
1

s+ 1
(3.26)

is created, and converted to a discrete state space system with timestep 0.01 seconds,

or 100 Hz. The ideal model is a second-order system with transfer function

M(s) =
1

s2 + s+ 1
(3.27)

that is also converted to a discrete state-space model with the same timestep. The

ideal gains for the SAC are found using the algorithm in Eqs. (2.115) through (2.118).

The ideal gains are found to be

K∗ =
[
K∗

e K∗
x1 K∗

x2 K∗
u

]
=

[
0 1 1 0

]
(3.28)

where K∗
x1 and K∗

x2 can also be defined as elements of the ideal state gain vector

K∗
x =

[
K∗

x1

K∗
x2

]
(3.29)

The test SAC attempts to find these ideal gains throughout simulation. The test

SAC will begin with initial gains

K0 =
[
0 0 0 0

]
(3.30)

The SAC described here, called the “default SAC design”, is used in future discus-

sions to outline different behaviours of the SAC architecture.

The command to the default SAC is composed of four step commands, each sep-

arated by 10 seconds, and beginning with an initial step. The final simulation is

tf = 40 seconds long, and its Simulink® diagram is demonstrated in Fig. 3.7.

Linear Output and Maximum Acceptable Gains

When adaptation is omitted, the SAC output equation is a form of linear control law.
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Figure 3.7: Default SAC Simulation

uc(t) = Keey(t) +Kxxm(t) +Kuum(t) (3.31)

Designers can use linear and nonlinear design tools to determine performance of

their system for different outputs of SAC gains. Designers could, if desired, make a

linear controller with this architecture, and find the set of gains that deliver good

performance. Instead, it is more likely that a linear controller has already been

designed for their system, and the gains of that linear controller inform the magnitudes

of SAC output gains that deliver acceptable performance for a given system.

For example, the presence of noise in system measurements typically affects the

magnitude of feedback gain that can be used before noise appears in the command

response. Pre-existing linear controller formulations provide an estimate of the mag-

nitude of feedback gain that is acceptable for the noise in that system. If a set of

feedforward gains exists for the system, the signals used in those feedforward gains

should correspond to the states in the ideal model. Similarly, the magnitude of pre-

existing feedforward gains informs acceptable magnitudes of SAC feedforward gains.

If the ideal gain matching conditions Eqs. (2.115) through (2.118) have a solution for

the system, these can be used as a baseline linear controller for the system.

The existence of linear analysis techniques allows a designer to determine what

values of SAC gains are acceptable for their system, as well as allowing them to
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determine an acceptable upper-bound. Acceptable upper bounds for the gains will

be leveraged to determine sets of appropriate adaptation parameters for the system.

Call

Km = [Kmax,e,Kmax,x,Kmax,u] (3.32)

the matrix of acceptable maximum gains for Eq. (3.31). The values of these maximum

gains are chosen by the designer, and can be determined through experiment, analysis

or according to design specifications. The choice of these maximum values is a design

decision, and will vary with the system in consideration. The maximum gains Km

represent the highest linear gains that a designer would implement in their system,

and will be leveraged in future sections to determine how the design parameters ΓΓΓI ,

ΓΓΓP and σσσ should be chosen to ensure that adaptation stays beneath this value.

The default SAC presented in Sec. 3.3.3 is directly implemented and the values of

its parameters are chosen to ensure stability. Note that the default plant is continuous

time ASPR, since it meets the order and phase requirements, however the discrete

time system corresponding to the continuous time plant is not ASPR. A stability

analysis of the discrete system yields that the system becomes unstable for feedback

gains above a value of

Kmax,e = 200 (3.33)

and as such cannot be ASPR. The implementation of a continuous time ASPR plant

into a non-ASPR discrete plant occurs frequently. However, this naive implementa-

tion is useful for discussions of adaptation parameter selection, where the maximum

feedback gain in the example system may correspond to a gain limitation that a de-

signer wishes to avoid in their SAC implementation. At present it is useful to show

that proper selection of design parameters can avoid instability in the discrete system

even though it is not ASPR for all values of feedback gain.

For now, a set of maximum values for the default SAC are chosen by the designer

from the available knowledge of the system. The maximum allowable SAC gains for

the default system are chosen as
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Km = [0.75Kmax,e, 10K
∗
x, 10K

∗
u + 1] = [150, 10, 10, 1]; (3.34)

Since the ideal gains are known for the feedforward terms, a multiple of those

terms are used for the maximum gains. The ideal gain for the command input is

0, and an additional unit is added to create a positive maximum gain value. The

maximum feedback gain is decreased to 75% of the unstable value to ensure that

adaptation parameter estimates do not approach the maximum values of the system.

Integral Adaptation Parameter Selection

In order to choose good values of integral adaptation parameters, effort is made to

understand how the magnitude of the output SAC gains are affected by the choice

of integral adaptation parameter. By choosing appropriate values of ΓΓΓI it can be

ensured that the output SAC gains do not increase outside of the ASPR region.

A design heuristic will be developed here that ensures that the designer determined

maximum values of the SAC gains are not exceeded during operation.

The value of the SAC integral gain at any time t ∈ R+ follows the equation

KI(t) =

∫ t

0

ey(τ)r
T (τ)ΓΓΓIdτ +K0 (3.35)

for an initial gain K0. Notice that the adaptation parameter is constant throughout

the integration, and as such can be extracted from the integral. The integral of the

tracking error with the reference signal, effectively the contribution of the system

response to the gain adaptation, is shortened to the variable

KF =

∫ t

0

ey(τ)r
T (τ)dτ =

∫ t

0

IKdτ (3.36)

Where KF is called the forcing gain, and IK the gain impulse, due to their resem-

blance to impulses and forces in classical mechanics.

If a gain impulse or forcing gain can be determined, then the remaining equation

for the maximum acceptable adaptation parameter becomes
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KI = KFΓΓΓI +K0 (3.37)

Km ≥ KFΓΓΓI +K0 (3.38)

At equality, Eq. (3.38) is a matrix equation for ΓΓΓI . The gains Km and KI are of

dimension m× (2m+ q) and as such Eq. (3.38) is a set of m× (2m+ q) equations. If

ΓΓΓI is taken to be a positive semi-definite diagonal matrix of unknowns, then ΓΓΓI must

be a square matrix of (2m + q) variables. Equation (3.38) thus corresponds to a set

of m× (2m+ q) equations and (2m+ q) unknowns. In the SISO case this is a set of

(2 + q) equations and (2 + q) unknowns, which can always be solved. If ΓΓΓI is instead

a symmetric positive semi-definite matrix, the number of unknowns can be increased

to ((2m+q)×(2m+q+1))/2, which is always greater than the m×(2m+q) outputs.

Further analysis should be undertaken for adaptation parameter estimates in MIMO

systems. For now only the SISO case is considered.

The estimate for the magnitude of the adaptation parameter through the solutions

of Eq. (3.38) for the SISO case is called Γ̂ΓΓI ∈ R(2m+q)×(2m+q).

Several increasingly accurate estimations of the gain impulse will be used to de-

termine what values of the integral adaptation parameters ΓΓΓI ensure that KI remains

smaller in magnitude, component-wise, than the matrix of maximum acceptable gains

Km.

Bounding the Gain Impulse

To ensure that Γ̂ΓΓI estimates do not result in responses that exceed Km, estimates

of the forcing gain must be larger than the true forcing gain. To ensure that the

maximum gains are not exceeded, the magnitude of the forcing gain estimates will

be taken to be larger than the forcing gain that is expected during operations. To do

so, all adaptation are assumed to work towards increasing the gains. The real forcing

gain must be bounded, and the estimate taken as the higher bound.

First, it is noted that the integral of a signal must be less than or equal to the

integral of the absolute value of that signal
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∫ t

0

ey(τ)r
T (τ)dτ ≤

∫ t

0

|ey(τ)| |rT (τ)|dτ (3.39)

The forcing gain estimate is defined to be

K̂F (t) =

∫ t

0

|êy(τ)| |r̂T (τ)|dτ ≥
∫ t

0

|ey(τ)| |rT (τ)|dτ (3.40)

for estimated tracking error êy and estimated reference signal r̂. By ensuring the

forcing gain estimate is greater than or equal to the true forcing gain, the maximum

gain reached in operation by the adaptation parameter estimate is guaranteed to be

lower than the designed maximum gain value.

Uninformed Estimate

First, an initial uninformed estimate of the gain impulse is made, from which initial

parameters can be selected and used in future estimates.

The worst-case system response is assumed over the course of a representative sim-

ulation to determine the worst case adaptation parameters. It should be noted that

the SAC control response is magnitude dependant, and as such the largest expected

commands and errors should be used for this estimate. The length of the simula-

tion will affect the magnitude of the adaptation parameter estimate, however longer

simulations will simply scale down the adaptation parameter. Future estimates will

greatly decrease the effect of the simulation time on parameter estimation. The incor-

poration of σσσ in future estimates will further mitigate the effect of the representative

simulation on the choice of suitable adaptation parameters.

Assuming that a unit step command is the largest command that will be sent to

the system. The largest gain impulse that can occur is if no control occurs at all and

all elements of the reference signal are at their largest magnitude for the entirety of

the simulation time. The maximum error is the value of the input command, and the

maximum value of the states can be determined from the response of the ideal model.

For the default SAC, the maximum value of each signal is



131

êy = max(|ey(t)|) = |uc| = 1

r̂ =


max(|ey(t)|)
max(|xm(t)|)
max(|um(t)|)

 =


1

0.37

1

1


The bounded forcing gain estimate is therefore

K̂F =

∫ t

0

|êy(τ)| |r̂T (τ)|dτ (3.41)

K̂F = tf êyr̂
T (3.42)

which, when used in conjunction with Eq. (3.38) yields an adaptation parameter

estimate of

Γ̂ΓΓI =


1.5939 0 0 0

0 0.0295 0 0

0 0 0.0797 0

0 0 0 0.008

 (3.43)

The system output and gain response for this parameter estimate are shown in

Fig. 3.8.

The system response is somewhat slow, however adaptation is still occurring. The

significant overestimate of the gain impulse has also ensured that the actual gain

response stays very small. Over the simulation, the feedback gain stays well below

the maximum of 150, and none of the other gains increase above 0.5. More refined

estimates of the forcing gain will increase the ultimate gain and improve on the

performance seen with this worst-case estimate. The gain impulse estimate and SISO

adaptation parameter equation has been able to determine a set of parameters that

stay well below the maximum value in simulation.
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(a) Command, Model, and System Response (b) Gain Response

Figure 3.8: Uninformed Estimate Results

Maximum Reference Estimate

If a simulation is available to verify the response of the system under SAC architecture,

a slightly less conservative estimate can be used.

The values of êy and r̂ in the previous section are large overestimates of the

true maximum values of these parameters. If a simulation is available, then the

magnitudes of these signals during simulation can be used to update the gain impulse

estimate. We now call ey(t,ΓΓΓI) the tracking error during a simulation for a SAC

using parameters ΓΓΓI , and r(t,ΓΓΓI) the reference signal under the same parameters. An

estimate for the new maximum signals can be found as

êy(ΓΓΓI) = max(|ey(t,ΓΓΓI)|) (3.44)

r̂(ΓΓΓI) =


max(|ey(t,ΓΓΓI)|)
max(|xm(t,ΓΓΓI)|)
max(|um(t,ΓΓΓI)|)

 (3.45)

which yields a new forcing gain K̂f through

K̂F = tf ê(ΓΓΓI)r̂
T (ΓΓΓI) (3.46)
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A simulation of the new SAC parameters can then be done, and the maximum

value estimate repeated until satisfactory convergence in the forcing gain has been

achieved.

Stability of the maximum value estimate over successive simulations and reevalu-

ations of K̂F is likely, however difficult to prove.

Each estimate of Γ̂ΓΓI is guaranteed to have a set of final gains lower than Km,

by nature of forcing the estimated forcing gain to be larger than the true forcing

gain. If the simulated system is stable for all gain values lower than Km, then the

use of stable maximum gains Km implies that adaptation parameter estimates are

also stable. Since the time response of a SAC design is still unknown, it is unlikely

that a closed-form proof of the existence of a stable set of parameters for this method

can be determined; if a method of proving the stability of this method existed, then

information on the magnitude of ey(t,ΓΓΓI) could be determined without a simulation,

and the form of the SAC response for changing ΓΓΓI would be known. Very little can

be said about the stability of this estimation technique without additional methods

to estimate the nonlinear system response.

However, the inverse relationship between the forcing gain and adaptation pa-

rameter estimate work antagonistically to help the parameter estimate converge on

a result. If the forcing gain is increased by the adaptation parameter estimate, then

the updated adaptation parameter estimate must decrease. If the gain impulse is

decreased by the adaptation parameter estimate, then the updated adaptation pa-

rameter estimate will increase. The relationship between the gain impulse and the

adaptation parameter estimate therefore constitutes a negative feedback response for

the adaptation parameter estimate.

The maximum value estimate is applied to the default system and repeated for

thirty iterations to ensure convergence. The final controller determined by the esti-

mate is shown in Fig. 3.9, alongside its gain response.

The final response determined by this estimate is still somewhat slower to converge

than a manual design might achieve, however each of the gains continue to stay

well below their maximum values. The evolution of the forcing gain and adaptation

parameter estimates over subsequent iterations are shown in Fig. 3.10. The estimate
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(a) Command, Model, and System Response (b) Gain Response

Figure 3.9: Maximum Value Estimate Results

(a) Forcing Gain Norm (b) Estimated Adaptation Parameters

Figure 3.10: Maximum Value Estimate Iteration Results

converges after ten iterations. The final adaptation parameter estimate given by the

maximum value technique is found to be

Γ̂ΓΓI =


66.1 0 0 0

0 2.85 0 0

0 0 1.05 0

0 0 0 0.105

 (3.47)
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Simulated Forcing Gain

If an accurate simulation is available, a reasonable estimate of the forcing may be

found by simply simulating the system and determining the bounded gain impulse.

After completing a simulation, the forcing gain estimate for that simulation is

found through direct evaluation of

K̂F =

∫ t

0

|ey(τ,ΓΓΓI)| |rT (τ,ΓΓΓI)|dτ (3.48)

The gain impulse estimate is then used to find a new set of adaptation parameters

through Eq. (3.38). This process can then be iterated to determine a new gain impulse

estimate and maximum adaptation parameters.

Similar to the maximum value estimate, the convergence of this estimate through

multiple iterations cannot be easily proven, however the nature of the relationship

between the gain impulse estimate and the adaptation parameter estimate works to

close in on a stable result.

The simulated gain impulse estimate is demonstrated on the default system, and

repeated for thirty iterations. Figure 3.11 shows the final system response and the

final gain response. The system response converges quickly on the ideal model, with

the signals for the ideal model output and the system response overlapping in Fig.

3.11. The model state and model command gains stay small over the course of the

simulation. A zoom in on the final adapted gain values is shown in Fig. 3.11c. Due to

the structure of the simulated forcing gain estimate, the final feedback error response

approaches the maximum value Kmax,e exactly. Since the forcing gain estimate is

equal to the true forcing gain for the term for the feedback error, that is to say

|ey(t)| |eTy (t)| = ey(t)e
T
y (t) (3.49)

it is clear that the simulated forcing gain estimate must cause the feedback error to

approach the maximum allowable value at the end of the simulation. Figure 3.12

shows the behaviour of the estimate over thirty iterations. The forcing gain norm

decreases quickly over the first five iterations. The adaptation parameter estimates

similarly do not stabilize until the 20th iteration, with small variations continuing
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(a) Command, Model, and System Response

(b) Gain Response (c) Gain Response, Cropped

Figure 3.11: Simulated Forcing Gain Estimate Results

throughout. The small value of the forcing gain results in large variations in the final

adaptation parameter between iterations. A zoom in of the adaptation parameter

response over subsequent iterations is demonstrated in Fig. 3.12c, where it can be

seen that all of the adaptation parameter estimates respond similarly to the feedback

error adaptation estimate.

The simulated gain impulse estimate is able to drastically increase the system

response when compared with similar estimates. Furthermore, the estimate is able to

demonstrate that stability can be maintained for adaptation parameters on the order

of 1× 104 for this system.

The final adaptation parameters determined by the estimate are found to be
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(a) Forcing Gain Norm

(b) Adaptation Parameter Estimates (c) Cropped Adaptation Parameter Esti-
mates

Figure 3.12: Simulated Forcing Gain Estimate Iteration Results

Γ̂ΓΓI =


2.1× 107 0 0 0

0 1.7× 104 0 0

0 0 5.3× 103 0

0 0 0 325

 (3.50)

3.3.4 Steady State Gains Under Noise and Signal Covariance

Knowledge of the previous forcing gain estimates, and system noise can be used to

determine appropriate values of the forgetting factor σσσ for the integral adaptation.

The forgetting factor can be applied to the gain update in Eq. (3.38) to yield a

new set of conditions
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Km ≥
∫ t

0

(
ey(τ)r

T (τ)ΓΓΓI −KI(τ)σσσ
)
dτ +K0 (3.51)

The equation for the feedback gain derivative is similarly useful

K̇I = ey(t)r
T (t)ΓΓΓI −KI(t)σσσ (3.52)

Both of these equations can be leveraged to determine values of σσσ that ensure that

Km is not exceeded. For example, if a gain impulse estimate ÎK is certain to be larger

than the gain impulse experienced in normal operations, then all that is required is

to find the degradation parameter that ensures no gain adaptation for that impulse.

With the inclusion of an additional safety factor ς > 1, the condition becomes

ÎKΓΓΓI = Kmσσσς (3.53)

which has similar properties to the integral adaptation estimate. The estimate of the

gain impulse can be found through any of the techniques presented in the previous

section. Furthermore, if degradation is only necessary to negate a forcing gain over

some period of time ∆t, then setting the integral in Eq. (3.52) to zero and solving

over ∆t gives an equation for σσσ. For starting and ending gains K0

K0 =

∫ ∆t

0

(
ey(τ)r

T (τ)ΓΓΓI −KI(τ)σσσ
)
dτ +K0 (3.54)∫ ∆t

0

ey(τ)r
T (τ)ΓΓΓIdτ =

∫ ∆t

0

KI(τ)σσσdτ (3.55)

If an estimate for the forcing gain can be made, and if values of the integral

adaptations have already been chosen, then an approximation for the value of sigma,

called σ̂σσ, that cancels the forcing gain over time ∆t is given by

K̂FΓΓΓI = ∆tK0σ̂σσς (3.56)

Notice as well that the safety factor ς is the same as decreasing the maximum
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gain that the degradation factor affects. Similar to the integral adaptation parameter

estimate, σ̂σσ is of size (2m+q)×(2m+q), and has only (2m+q) parameters if diagonal.

The degradation parameter estimate σ̂σσ is always uniquely defined if diagonal and in

the SISO case.

Knowledge of the system noise can also be leveraged by the designer to specify a

steady state value for the tracking error gain Kss through the use of the degradation

parameter σσσ.

Consider that the measured signal yp includes uncorrelated zero-mean noise with

variance

Var(yp) = E[(yp − yavg)
2] = δδδ2 (3.57)

where the random variable following the variance δδδ is called w. Assuming either a

steady state system or a converged and zero error system, the tracking error gain

adaptation due to the noise is found to be

en(t) = ey(t) +w(t) ≈ w(t) (3.58)

rn(t) =
[
eTn (t) xT

m(t) uT
m(t)

]T
(3.59)

K̇ss(t) = 0 = en(t)r
T (t)ΓΓΓI −Kssσ̂σσ (3.60)

≈ w(t)wT (t)ΓΓΓI −Kssσ̂σσ (3.61)

Kssσ̂σσ = δδδ2ΓΓΓI (3.62)

allowing the designer to choose a value of σσσ that corresponds to the tracking error

gain that they would like to achieve at steady state. It quickly becomes apparent

that unless there is correlation between the noise on the tracking error and the other

reference signals that no additional adaptation will be present due to noise on either

the tracking error or the other reference signals. If correlation exists between the

system measurement noise and any of the signals, steady state values of those gains

can be similarly calculated to the steady state model gain Kss in Eq. (3.62).

Noise of variance δ = 1 was applied to the default system, and the effects observed.
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Figure 3.13: Gains Under Noise and Appropriate σσσ Selection

For a desired steady-state feedback gain of Kss = 5 with the adaptation parameters

ΓΓΓI =


1.5939 0 0 0

0 0.0295 0 0

0 0 0.0797 0

0 0 0 0.008

 (3.63)

Eq. (3.62) suggests a value of σe = 0.2391. The gain impulse imparted by the

noise in this system is also larger than any other major sources of forcing gain or

gain impulse, and as such the degradation suggested by Eq. (3.62) is taken to be

the parameter during implementation. The resultant gain response under noise is

demonstrated in Fig. 3.13. It can be seen that the estimate of the degradation

parameter does indeed cause the feedback gain to converge on the designed steady-

state value.

Notice that the assumption in Eq. (3.58) does not hold if the steady state feedback

gain chosen amplifies noise sufficiently to introduce additional tracking error due to

noise feedback. If noise is being sufficiently amplified the assumption in Eq. (3.58)

will underestimate the expectation of eneTn and therefore underestimate the steady

state gain.
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3.3.5 Proportional Adaptation as Quadratic or Boundary Control

The integral adaptation and the proportional adaptation equations have several sim-

ilarities. Their structure is almost identical, save for the presence of a derivative

between the two. The presence of design tools for the integral adaptations might

suggest that similar design tools are present for the proportional adaptations.

The use of the proportional adaptations ΓeP , ΓxP , and ΓuP can also be simply

leveraged in two other ways. Assuming a SAC with only proportional adaptations

yields a control equation of

up(t) = ey(t)e
T
y (t)ΓΓΓePey(t) + ey(t)x

T
m(t)ΓΓΓxPxm(t) + ey(t)u

T
m(t)ΓΓΓuP (t)um (3.64)

up(t) = ey(t)r
T (t)ΓΓΓP r(t) (3.65)

which resembles a negative feedback controller with adaptive gains of rTΓΓΓP r, which

must be quadratic due to the choice of a positive definite ΓΓΓP . In this sense, Eq. (3.64)

represents a controller that follows a quadratic activation in the signal r, and ad-

ditional linear activation in the signal ey. When considering the full controller, the

output up increases cubicly with ey. The structure of this control law can be lever-

aged.

By choosing appropriate values of the proportional adaptations ΓΓΓP , a design gain

at a predetermined tracking error can be chosen. For tracking errors above the design

value, gains will be larger and the proportional adaptations will force the controller

back towards zero tracking error. For tracking errors smaller than the design value,

smaller proportional adaptations will have less impact, and integral adaptation can

take control in these regions.

The designer simply determines appropriate solutions to the equation

ey,br
T
b ΓΓΓP rb = up,b (3.66)

such that rb and ey,b are the reference signal and tracking error that result in a

given control input at the boundary up,b. Through appropriate selection, proportional

adaptation can be used to ensure the tracking error does not increase beyond a certain
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value, creating a boundary within which the integral adaptation is free to control the

system, and beyond which proportional adaptation ensures the system is able to

maintain stability.

An example of the use of proportional adaptation as boundary control is briefly

highlighted with the default system. The default system is given a set of poorly

chosen, yet stable integral adaptations of

ΓΓΓI =


10 0 0 0

0 1000 0 0

0 0 1000 0

0 0 0 0

 (3.67)

with no degradation σσσ or proportional control ΓΓΓP . The results of the control are seen

in Fig. 3.14a, where significant bursting is present in the system due to inappropriate

selection of the state adaptations. The magnitude of the bursts can be decreased by

direct application of Eq. (3.66). Boundary conditions of

ey,b = 0.1 (3.68)

up,b = 3 (3.69)

rb =
[
ey,b 0 0 0

]T
(3.70)

yield a proportional adaptation of ΓeP = 3000. Note that different selections of ey,b
and up,b will scale the quadratic activation of the gain. Since the gain activation

is quadratic, solutions of Eq. (3.66) only guarantee accuracy of the force output

at the boundary condition, and does not suggest that the system will not exceed

that boundary during operation, or that a sufficient restoring force will not occur

within the boundary condition. Nevertheless, the ability to choose a force at a given

plant condition is useful for system design. The effect of including the proportional

adaptation ΓeP = 3000 on the default system is illustrated in Fig. 3.14b, where

the choice of proportional adaptation has successfully limited the bursting to occur

between ±0.1 units of the ideal model response.
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(a) Without Proportional Adaptation (b) With Boundary Heuristic Proportional
Adaptation

Figure 3.14: Poorly Tuned System With and Without Proportional Adaptation

This concept can also be used to understand how a system will behave under only

proportional adaptations.

Consider the default system under only proportional adaptation, solving for the

equilibrium of the system in the SISO case yields:

up = eyr
TΓΓΓP r (3.71)

ey = ym − yp (3.72)

Since the plant P (s) is a unitary gain system, under steady-state input the output

value is stable to the input value. At equilibrium the system response becomes

ey = ym − eyr
TΓΓΓP r (3.73)

rearranging for the tracking error yields
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ey(Im + rTΓΓΓP r) = ym (3.74)

ey = ym(Im + rTΓΓΓP r)
−1 (3.75)

The equilibrium tracking error, therefore, is related to a cubic polynomial of the

ideal model output for the default system.

The default system is given proportional adaptation of magnitude

ΓΓΓeP =
[
1000

]
(3.76)

ΓΓΓxP =

[
0 0

0 0

]
(3.77)

ΓΓΓuP =
[
0
]

(3.78)

Solving Eq. (3.75) for the steady-state tracking error under unit step commands

for the given proportional adaptations becomes

ey = 1(1 + eyΓΓΓeP ey)
−1 (3.79)

0 = e3yΓeP + ey − 1 (3.80)

which is a cubic equation with solution of ey = 0.0967 (and two imaginary roots). The

final system response should therefore reach a value of 0.9033 for a unit step command.

The results of the system response and tracking error are shown in Fig. 3.15.

The system response in Fig. 3.15a does meet the steady state tracking value sug-

gested in Eq. (3.80).

By understanding the proportional adaptation as a form of boundary control or a

quadratic gain control, designers can leverage their choice of proportional adaptation

to ensure stability, keep the benefits of integral adaptation, and make meaningful

predictions about the outputs of proportional adaptation.
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(a) System Response (b) Tracking Error

Figure 3.15: Default System Under Only Proportional Adaptation

3.4 SAC Disturbance Compensation in Feedforward Parallelized Plants

The design of SAC allows for quick numerical solutions to questions of magnitude.

By varying the magnitude of the gains associated with signals that affect the error

SAC is able to meaningfully determine the relationships between the tracking error

and the signals that affect it.

Prabhakar et al. [29] provides a setup for a disturbance compensation component

for the standard SAC architecture. The disturbance compensating SAC component

was presented in Sec. 2.5.4. Prabhakar et al. augment their system to be ASPR using

sensor blending, and shows that a SAC with the additional disturbance compensation

component is able to control an UAV in simulation when presented with a linear

disturbance, specifically an oscillation with known frequency content.

Prabhakar’s results are herein extended in three notable ways. Firstly, the ef-

fects of linear disturbance adaptive compensation are considered for a system with

feedforward parallelization, phase uncertainty of the disturbance is included, and the

disturbance compensation is experimentally verified in Carleton’s SRCL SPOT, the

results of which are discussed in Chapter 4. For now, the theory behind implementing

linear disturbance compensation in a feedforward parallelized system will be summa-

rized.

Consider a disturbance that is characterized by the linear disturbance generator
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model

żd(t) = Fdzd(t) (3.81)

ud(t) = ΘΘΘdzd(t) (3.82)

Notably, due to the solutions to linear systems presented previously, it is known

that the only dynamic behaviour such a system can provide without an external input

is of the form

ud(t) = ΘΘΘde
Ftt (3.83)

which means that the solutions must either be exponential or sinusoidal in nature.

The original proposal considered that the disturbance model would be well known,

that is to say that the disturbance model F̂d, Θ̂ΘΘd, and ẑd approximate Fd,ΘΘΘd, and

zd, respectively. Luckily, the requirements for frequency information can be relaxed

somewhat due to trigonometric identities and the ability for SAC to quickly and

accurately determine relevant signal magnitudes. The phase of a sinusoid can be

described through the superposition of a sin and cos wave through the identity

sin(ωt+ ϕ) = a sin(ωt) + b cos(ωt) (3.84)

for the angular frequency ω in rad/s, phase shift ϕ in rad, and superposition magni-

tudes a and b. So long as the angular frequency of the sinusoid is known the phase

information can be determined by the disturbance accommodating SAC. Additionally,

since the derivative of sin is d
dt
sin(ωt) = ω cos(ωt), simply ensuring the disturbance

accommodating SAC has access to all the states when adapting will ensure that it

can compensate for the phase shift in the signal on its own, the final gains will simply

compensate for the scaling in the derivative.

Some additional consideration must be taken when using feedforward paralleliza-

tion to stabilize a non-ASPR plant under disturbances. If a SAC encounters a dis-

turbance while controlling a plant that is naturally ASPR, the block diagram for the

system would resemble the diagram in Fig. 3.16 and the SAC would manage the
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disturbance through observations of its effects on the tracking error ey. Disturbances

can be rejected so long as additional gain adaptation can be used to manage the

disturbance. Ideally, in the case of a non-ASPR plant the disturbance rejection of

the system would be similarly strong. The block scheme diagram of a feedforward

parallelized plant under ideal disturbance is shown in Fig. 3.17.

Figure 3.16: Disturbance Acting on ASPR Plant

Figure 3.17: Disturbance Acting on Augmented ASPR Plant

However, in practice the disturbance being applied to the system is unknown.

Since the disturbance is unknown it is not applied to the system augmentation. If

the disturbance were known, it could also be applied to the system augmentation,

and the disturbance would be countered as in Fig. 3.17. Instead, the block scheme

diagram for a real disturbance is similar to Fig. 3.18.

The disturbance that the SAC attempts to control is equivalent to the one in Fig.

3.19.

The outcome is that the SAC successfully manages the disturbance on the aug-

mented plant by increasing the output of the stabilizing controller. This is the same
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Figure 3.18: Disturbance Acting on non-ASPR Plant

Figure 3.19: Disturbance Managed by SAC with Feedforward Parallelization

as decreasing the augmented system’s tracking error by increasing the tracking error

of the true system. The additional tracking error added to the system follows

ys(s)

ud(s)
= −H−1(s) (3.85)

The disturbance rejection of a SAC with feedforward parallelization is dependant

on the quality of the stabilizing controller, and should motivate research into the

benefits and drawbacks of different schemas to stabilize non-ASPR plants for use

with SAC. The effects of uncompensated disturbances on SAC tracking accuracy will

be experimentally verified in chapter 4.

Although using feedforward parallelization with SAC must lead to additional

tracking error when a disturbance is introduced, there are still methods to mitigate

the effects of disturbances. Disturbance accomodation can be introduced, and the
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Figure 3.20: Equivalent Disturbance Compensation SAC Block Diagrams. To Im-
prove Tracking, Disturbance Compensation Cannot be Passed to the Stabilizing Con-
troller

additional commands passed directly to the plant without presenting it to the stabi-

lizing controller. Allowing the disturbance compensation to bypass the feedforward

parallelization allows the system with disturbance and compensation to resemble the

one in Fig. 3.20. Now, the more the disturbance is managed by the disturbance

compensation, the smaller the effect on the true system tracking.

3.5 SAC Design Summary

Despite its apparent complexity, it can be simple to design a SAC that matches or

improves on linear controller performance under nominal conditions, and improves on

control performance under uncertainty. The following section acts as a summary and

overview of the design principles discussed in this chapter, as well as a guide to the
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method of creating a SAC for a given physical system. By taking a few precautions

SAC implementation becomes simple, while ensuring that stability and performance

of the system are maintained when compared to an equivalent linear control system.

1. Determine if the system G(s) to be controlled is ASPR. The properties and

requirements of ASPR systems in continuous and discrete time are discussed in

Secs. 2.3.1 and 2.3.2.

If the system is ASPR, SAC can be implemented directly using Eqs. (2.100)

through (2.105).

If the system is not ASPR, determine if sensor blending or feedforward paral-

lelization is preferred to augment the system to an ASPR one. Discussion of

ASPR system augmentation techniques is found in Sec. 2.5.5.

• If feedforward parallelization will be used to augment the system, deter-

mine if a stabilizing controller H(s) already exists for the system. If a

controller exists, determine if its inverse can be computed. If the inverse

of a stabilizing controller exists for the system, then the system can be

converted into a similar ASPR system through the use of the inverse of

the stabilizing controller H−1(s). The augmented plant output ya will now

be

ya(s) = (G(s) +H−1(s))up(s) (3.86)

The stabilizing controller must stabilize the plant across the entire design

space. When implemented with the SAC equations, the new system will

have the block diagram seen in Fig. 3.21. Consider using the augmentation

of feedback system, where the equation for augmentation is instead

ya(s) = G(s)up(s) +H−1(s)(Ke(s)ey(s)) (3.87)

• If sensor blending is used instead, determine if there exists a matrix of the
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Figure 3.21: SAC Design with Feedforward Parallelization Using Stabilizing Con-
troller H(s).

system output measurements C∆ such that

ya = C∆yp (3.88)

is the output of an ASPR system. If so, implement C∆ to create the

augmented output for your system. Further discussion of sensor blending

techniques is found in Balas and Frost [64].

2. Once the (augmented) plant is ASPR, determine the ideal model for the system.

The ideal model can be a transfer function of any form, however a transfer func-

tion with sufficiently large degree will be able to meet the matching conditions

seen in Eqs. (2.115) through (2.118), ensuring that a set of ideal gains exist

when the plant structure is known. Selection of the ideal model should follow

from guidance considerations, and the performance that must be achieved by

the controller. If possible, ensure that ideal gains exist across the design space.

3. After the ideal model has been chosen, identify all possible nonlinearities in the

system, and determine if they can be compensated. If the nonlinearities can

be compensated through traditional techniques such as feedback linearization,

incorporate that compensation. If not, ensure that nonlinear guidance can be

created for the SAC such that the model output now represents an achievable

system output. The nonlinear guidance may be in the form of the feasible model

developed in Fig. 3.5, or any other nonlinear guidance. If ideal gains exist

under the matching conditions, ensure that the states and ideal gains together
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still correspond to a system with zero tracking error. If the nonlinear guidance

provided can not be tracked by constant gains, then the SAC will continue

adapting during the system response, which may reduce tracking during these

periods. Ensure that at no point across the envelope does the feasible model

corresponds to an unachievable system response. Further discussion of ideal

model and feasible model development is done in Secs. 3.3.1 and 3.3.2.

4. The normal SAC equations can now be implemented for the system with ASPR

plant and feasible model reference. When running, each signal in r represents

a value that can be correlated to the tracking error ey. Ensure that no sources

of uncorrelated error exist in the signal ey. Introducing uncorrelated tracking

error will cause adaptation windup, and will affect the response.

5. Once the SAC architecture has been implemented, values for the design parame-

ters can be determined. If the adaptive response does not need to be optimized,

heuristics can be used to find an appropriate set of gains. Since heuristics rely

on some amount of knowledge of the system response, the designer must first

decide on suitable maximum linear gains Km through linear system analysis,

from which suitable adaptation parameters can be determined. The heuristics

provided in Sec. 3.3 can be used to determine sets of integral adaptation param-

eters that remain below predefined maximum gain values for a SISO system. If

a reference simulation can be made, that simulation can be further used with

the heuristics in Sec. 3.3.3 to determine accurate values for the integral adap-

tation parameters that remain within the selected maximum gains. Since the

SAC adaptation equations are magnitude dependant use the largest expected

commands. The value of the degradation parameter can be found based on

estimates of the forcing gain or gain impulse of the system during operation,

and is discussed in Sec. 3.3.4. The proportional adaptation parameters can also

be chosen to provide guaranteed control power for some boundary values, and

is discussed in Sec. 3.3.5.

6. If performance of the system must be optimized to reduce convergence time

or control activation, metaheuristic searches of a representative simulation can



153

be used to determine appropriate design parameters for the simulation. Due

to the robustness of direct adaptive methods, results for reasonably accurate

simulations will transfer to real systems. Nonetheless, ensure that the nonlinear

simulation used for optimization includes all representative behaviours of the

plant, including delay, noise, and any other nonlinearities. The applicability

of optimizing nonlinear simulations for selection of SAC design parameters is

further explored through experimental verification in Chapter 4.

7. If known linear disturbances are present in the system, consider incorporating

a disturbance compensator as seen in Prabhakar et al. [29].

8. Attempt to eliminate all sources of uncorrelated error. Many unexpected sources

of uncorrelated error may be present and degrade the final system response.

A common example is initializing the ideal model to a set of states that do

not match the current system. It will take time for the erroneous adaptation

caused by the initial mismatch to dissipate, and as such it is highly beneficial

to eliminate sources of uncorrelated error before they occur.

9. The first design iteration has been completed. With the feasible model deter-

mined, an ASPR plant, and a set of designed adaptation parameters, adaptive

control can be tested for performance. If design parameters are not sufficient,

determine whether the cause is due to effects of the system architecture, the

signal inputs, the design parameters, or other conflicting elements. Once the

cause has been found, iterate the design process until system requirements can

be met.

3.6 Chapter Summary

The body of knowledge on SAC design has been collected and developed to determine

the aspects that can be used to improve the design and implementation of SACs in

real world systems. Simple matching conditions allow for ideal gains for a given SAC

to be determined. Heuristics for integral adaptation, degradation parameter, and

proportional adaptation have been developed to simplify parameter selection. The

problem of determining optimal SAC design parameters is formulated for nonlinear
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and metaheuristic optimization searches. The performance of the output of these

optimization searches is experimentally verified in the following Chapter. The design

of a disturbance compensating SAC component is extended to a non-ASPR system

stabilized through feedforward parallelization, with the consequences of disturbances

on the system explained. The concept of a feasible model is created to ensure that

adaptation windup does not occur for adaptive control of nonlinear systems, and

more generally the problem of ideal model selection is understood to be a guidance

problem. Design concepts and heuristics are collected into a short description of the

process of completing an iteration of SAC design.

By collecting and analyzing the elements of SAC design, the autonomy of systems

can be easily improved through the implementation of adaptation.



Chapter 4

Simple Adaptive Controller Design Experimental Verification

4.1 Introduction

The current chapter details the methods by which accumulated knowledge on the

design of SAC is used to develop an implementation of a SAC for position control

of the Spacecraft Robotics Control Laboratory’s (SRCL) three degree of freedom

frictionless testbed, called SPOT.

Nonlinear and metaheuristic optimization of SAC designs for the position con-

trol of a spacecraft are found for a representative simulation, and experimentally

verified in Carleton’s SRCL SPOT. A linear disturbance compensator is developed

and tested for two virtual sinusoidal disturbances. The performance of a feedforward

parallelized SAC is compared with and without adaptive disturbance compensation

when the amplitude and phase are unknown but the frequency is known. The code

and other resources used in designing and creating the experiments in this chap-

ter are in a public GitHub repository at https://github.com/AndriyPredmyrskyy/

PredmyrskyyThesisCode2021, or by contacting the author at AndriyPredmyrskyy@

cmail.carleton.ca.

Nonlinear optimization was unable to improve SAC design to a noticeable degree.

Metaheuristic searches are able to drastically improve selection of SAC design param-

eters. Virtual disturbances cause noticeable tracking error that is not detected in the

SAC, as was predicted in Sec. 3.4. The inclusion of adaptive disturbance compensa-

tion is able to eliminate the tracking error due to the unknown virtual disturbance.

4.2 System Formulation

The SRCL’s 3DOF frictionless laboratory, named the Spacecraft Proximity Opera-

tions Testbed or SPOT, is used to determine the control accuracy and viability for
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the adaptive control techniques described in Chapter 2 and 3. An image of the SRLC

is available in Fig. 4.1. The performance of metaheuristic and nonlinearly optimized

SAC is tested for and compared to linear control for managing the position of a space-

craft. The performance of SAC disturbance compensation for linear disturbances is

also tested.

4.2.1 Experimental Apparatus

The SPOT makes use of platforms which act as representative small spacecraft with

onboard computation, measurement, and control capabilities to test various guidance,

navigation, and control systems. Each platform is cubic with edges 1 ft long, and

holding a compressed air system alongside onboard computation. Only the “Black”

platform, so called because it typically is covered by black acrylic panelling, is used in

these experiments. All modelling was done for the “Red” platform, typically covered

in red acrylic panelling, which has a different mass and moment of inertia from the

Black platform. The Red and Black platforms can be seen during operation in Fig.

4.2.

The platforms make use of three bottom-mounted air-bearings for frictionless con-

tact between it and the level test surface. The test surface is an almost perfectly

planar and level granite slab with surface dimensions 2.4 m by 3.7 m. The platforms

are actuated by eight air nozzles, two on the bottom of each side of the platform.

Each nozzle expels compressed air that is downregulated to 550 kPa to allow for ac-

celeration in two directions. Nozzles can also be opened to create a torque around

its one rotational axis. Each nozzle is opened and closed at a frequency of 500 Hz

by pulsewidth modulated solenoid valves. Independently the thrusters are able to

produce approximately 0.2 N of thrust, allowing a maximum planar force of 0.4 N

in any one body-axis direction. Compressed air is used to provide the air-bearings

and thrusters with the pressurized air that is required. A compressed air tank is

filled between and 7 MPa and 27 MPa, which is then downregulated to provide the

thrusters and air-bearing with the required pressure during experiments.

The platform structure is composed of an aluminum frame that holds three decks
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Figure 4.1: Three-Degree-Of-Freedom Frictionless Testbed, the SPOT.

for storage of the various digital computation and pneumatic components. The plat-

form is typically covered with semi-transparent acrylic panelling. The nominal mass

of the Black platform with panelling installed is 13.6 Kg.

The position and rotation information of the platform is measured through the use

of Light Emitting Diodes (LED) on the top corners of the platform. The PhaseSpace©

motion capture system installed in the laboratory makes use of eight stereoscopic

cameras to determine the position of each LED, which are then used to determine

the position and rotation of the platform. The measurements of the PhaseSpace©

system are highly accurate, with standard deviations of approximately 1e-7 m during

experiments, suggesting an average noise of less than 1 mm per measurement being

common.

The PhaseSpace© measurements are processed by a server in the lab and are sent

to the platform to be used for processing using the onboard Raspberry Pi-3 system.
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Figure 4.2: The “Red” Test Platform, Beside “Black” Test Platform

Guidance, navigation, and control algorithms for the platforms are deployed in C++

and run during experiments. The deployed C++ code is automatically generated

from MATLAB®Simulink ®.slx block diagrams, which allows for analysis of system

performance in the MATLAB®Simulink®environment.

During experiments, measurements of the system’s position and attitude are sent

to the onboard computers which pass the measurements to code running the onboard

control procedures, which then produce thrusts to be used by the onboard pneumatic

actuation system to provide positional and attitude control of the platform.

4.2.2 Software Implementation and Simulation

Previous experimental efforts have created a detailed and accurate simulation of the

platform dynamics. The available SPOT simulation was used to prototype and de-

velop experiments without the need to undergo lengthy setup and teardown of the
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Figure 4.3: Top Level of the SPOT Software

experimental environment. The SRCL simulation of the SPOT is known as the “SPOT

software”. The SPOT software is able to use automatic code generation to convert

the SPOT simulation Simulink®diagram into C++ code that is then deployed to the

platform onboard computers. In 2020, the third version of this software, SPOT 3.0,

was used to simulate experiments, deploy code, and ultimately run experiments. The

SPOT software manages the complex series of sensors, servers, and computers neces-

sary to relay information from the lab sensors to the platforms, ensure that tests are

run when desired, stopped when necessary, and that relevant test signals are logged

throughout. The top level of the SPOT simulation environment is shown in Fig. 4.3.

The SPOT 3.0 software provides seven experimental phases that can be used by

the test designer. The first phase is used to begin measurements while ensuring

that all systems are online and operating as expected. The second phase moves the

platform into the position required by the experiment. The third phase allows the

platform to coast before the experiment begins. The fourth phase comprises the

experiment, and is broken into subphases that can be used by the designer to ensure
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that the experiment occurs as desired. Once the experiment is complete the platform

continues on to the fifth phase, where the platform is once again moved into a final

position, the platform is allowed to float in the sixth phase, and finally systems are

stopped and data is logged in the seventh phase. If at any time the experiment is

deemed unsafe, if for example a control system goes unstable, measurements are not

reaching the platform, or low-air is detected, the platforms can be made to cease

all thruster actuations and simply float on the table whenever the emergency stop

button, seen in the bottom right of Fig. 4.1, is pressed.

The SPOT 3.0 software was able to simulate measurement noise that was accurate

to the real system performance, as well as control allocation that was sufficiently

accurate to the real system control allocation. The experiments crafted to test the

positional tracking of SAC for various control formulations, as well as the disturbance

compensation of SAC to a linear disturbance generator are developed in simulation

before being experimentally verified.

4.2.3 Nonlinear SAC Parameter Search

Although it can be shown that metaheuristic search techniques can determine SAC

design parameters that lower the linear quadratic cost of the design, metaheuristic

searches can be time and computationally intensive. Additionally, the use of a sim-

ulation in metaheuristic searches guarantees that a search must be rerun whenever

the simulation changes. An attempt is made to determine if nonlinear search tech-

niques can determine candidate SAC designs that lower the linear-quadratic cost of a

SISO simulation of spacecraft proximity operations, and if those designs can compete

with the outputs of metaheuristic searches. The nonlinearly optimized SAC design

determined in this subsection is compared to metaheuristic designs and tested in the

SPOT.

The SAC design equations outlined in Eqs. (2.96) through (2.100) are imple-

mented into a nonlinear optimizer and optimized using the SQP method outlined

in Sec. 2.6.3. Since both position axes have identical behaviour, only the nonlinear

optimization of a SISO controller for position is performed.

A linear model approximation of the SPOT hardware is used during optimization.
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The LTI state-space approximation {ASPOT ,BSPOT ,CSPOT ,0} of the SPOT “Red”

platform of mass mr = 16.45 kg is formulated as

ASPOT =

[
0 1

0 0

]
,BSPOT =

[
0

1/16.95

]
,CSPOT =

[
1 0

]
(4.1)

Although the Black platform is used for experiments, by optimizing the SAC

design for the Red platform the robustness of the design technique can also be probed.

Metaheuristic optimization of the SAC design are also conducted for the Red platform

and tested on the Black platform.

The system plant {ASPOT ,BSPOT ,CSPOT ,0} is not ASPR, and is augmented

through feedforward parallelization by a stabilizing controller. A PD controller with

proportional gain Kp = 0.1 and derivative gain Kd = 0.1 stabilizes the system.

The augmented plant output is then created following the feedforward parallelization

technique

H−1(s) =
1

Kds+Kp

(4.2)

ya(s) = yp(s) + ys(s) (4.3)

ys(s) = H−1(s)up(s) (4.4)

From which a state-space system can be determined. The final discrete system is

characterized by {ASPOTd,BSPOTd,CSPOTd,DSPOTd} with
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ASPOTd =


−1 0 0

1 0 0

0 1 0

 , (4.5)

BSPOTd =


1

0

0

 , (4.6)

CSPOTd =
[
0.1 0.0811 0.0811

]
, (4.7)

DSPOTd =
[
0
]

(4.8)

A timestep of h = 0.1 s was chosen to match the SPOT hardware update rate of

10 Hz.

Each of the SAC design equations represents an equality constraint for either a

system variable or its derivative over time. Similar to the creation of system dynamics

constraints through equality constraints in Liu and Lu [68], the gain adaptations are

constructed through Euler integration of the nonlinear update equations. For timestep

k ∈ Z+, the equality constraint for the gain updates are

KI(k) = KI(k − 1) +
h

2
ey(k)r

T (k)ΓΓΓI +
h

2
ey(k − 1)rT (k − 1)ΓΓΓI (4.9)

The discrete plant update equations can then be included in the equality con-

straints following the method outlined by Lu and Liu [68]. Now it is true for all

timesteps k that

(
I3 −

h

2
ASPOTd(k)

)
xp(k) =

(
I3 +

h

2
ASPOTd(k − 1)

)
xp(k − 1)

+
h

2
BSPOTdup(k) +

h

2
BSPOTdup(k − 1) (4.10)

Since the ideal model outputs and states do not depend on the SAC design pa-

rameters, they can be calculated beforehand and do not need to be incorporated as
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constraints. For a second-order ideal model of natural frequency ωn = 1 rad/s and

damping coefficient ζ = 1, the ideal model output signals is given by ym ∈ R and

state signals xm ∈ R2 for model inputs uc ∈ R. The specific ideal model used during

optimization is given by

Am =

[
0 1

−11.11 −4

]
, Bm =

[
0

11.11

]
(4.11)

Cm =
[
1 0

]
, Dm =

[
0
]

(4.12)

The remainder of the SAC design equations are implemented as equality con-

straints across each of the timesteps k.

up(k) = K(k)r(k) (4.13)

K(k) = KP (k) +KI(k) (4.14)

KP (k) = ey(k)r
T (k)ΓΓΓP (4.15)

r(k) =


ym(k)− (CSPOTdxp(k) +DSPOTduc(k))

xm

uc

 (4.16)

The final nonlinear optimization problem is written as
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minimize
x∈V

O =

∫ T

0

eTy (k)Qey(k) + uTp (k)Rup(k) dk (4.17)

subject to
k=1,...,tf

(
I3 −

h

2
ASPOTd(k)

)
x(k) =

(
I3 +

h

2
ASPOTd(k − 1)

)
x(k − 1)

+
h

2
BSPOTdup(k)

+
h

2
BSPOTdup(k − 1)

(4.18)

KI(k) = KI(k − 1) +
h

2
ey(k)r

T (k)ΓΓΓI +
h

2
ey(k − 1)rT (k − 1)ΓΓΓI (4.19)

up(k) = K(k)r(k) (4.20)

K(k) = KP (k) +KI(k) (4.21)

KP (k) = ey(k)r
T (k)ΓΓΓP (4.22)

r(k) =


ym(k)− (CSPOTdx(k) +DSPOTduc(k))

xm(k)

uc(k)

 (4.23)

where tf simply represents the final iteration instead of the final time in seconds. The

nonlinear update in Eq. (4.9) is not compatible with convex optimization techniques,

and so nonlinear optimization techniques must be used. The nonlinear SQP optimizer

available in MATLAB®’s optimization toolbox is used alongside the YALMIP toolbox

to solve the nonlinear optimization problem. Nonlinear SQP determined an improved

SAC design for a step input of 1 meter over a command time of 100 seconds.

In all cases tested, nonlinear optimization was able to determine adaptation pa-

rameters that decreased the initial system cost, however decreases to the cost of the

final solutions were never as drastic as those that occurred in metaheuristic searches.

The most reliable method to improve the result of a nonlinear search was to decrease

the cost of the initial design parameters.

The output controller determined by nonlinear optimization of the SAC design

equations for a linear approximation of the SPOT hardware is summarized in Table

4.1. The performance of the nonlinearly optimized SAC will be compared to the

metaheuristic optimized controllers during experiments.
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Table 4.1: Nonlinearly Optimized SAC Parameters

Variable Nonlinearly
Optimized SAC

ΓeP 12.8
ΓeI 6.63
ΓuP 3.25
ΓuI 2.63×10−4

Γx1P 1.8×10−5

Γx2P 0.8120
Γx1I 4.77×10−5

Γx2I 160
σ 0

4.2.4 SAC Positional Tracking Experimental Setup and Controller De-

velopment

Previous work by Ulrich et al. [74] has determined that SAC can be implemented

to successfully control the position of a spacecraft during spacecraft proximity op-

erations under significant mass uncertainty. The goal of current positional tracking

experiments are to determine if nonlinear optimization and/or metaheuristics are able

to determine improved controller formulations for SAC in the SPOT.

For the SPOT no orbital perturbations or primary gravitational body affects the

planar translational or rotational dynamics. Additionally, to simplify results, only

positional tracking is considered. Rotational tracking of the system is managed by

a PD control scheme that keeps the platform’s rotation fixed. As such, the system

dynamics are simply described by a double-integrator form

F = ma = mẍ (4.24)

which is not an ASPR system.

The SAC response will be compared to the response and tracking of an LQR

controller for the same system as a baseline. To allow for comparison of system

responses, the same weighing matrices Q and R will be used for both the LQR and

metaheuristic evaluation of the optimal control parameters, with values of
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Q =

[
1 0

0 1

]
(4.25)

R =

[
10 0

0 10

]
(4.26)

The LQR controller formulation for this system suggests the following proportional

and derivative gains

e(t) = ycmd(t)− yp(t) (4.27)

up(t) = ė(t)2.8108 + e(t)0.3162 (4.28)

For the adaptive controller, feedforward parallelization by a stabilizing controller

is added to the system to create an ASPR augmented plant. The stabilizing controller

is chosen to minimize differences between the augmented and true plant. The PD

position controller used for the stabilizing controller H(s) is found to be

H(s) = KdSACs+KpSAC = 1s+ 0.1 (4.29)

The inverse of this stabilizing controller is found and used to create an augmented

plant following

H−1(s) =
1

KdSACs+KpSAC

= I2
1

KdSACs+KpSAC

(4.30)

ys(s) = up(s)H
−1(s) (4.31)

ya(s) = yp(s) + ys(s) (4.32)

with conversion of the Laplace space stabilizing controller inverse H−1(s) being

done through MATLAB®’s tf2ss function to create the state-space equivalent system

for the filter and c2d to convert that filter into a discrete form that can be used by
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the onboard calculations to determine the augmented system tracking error

eya(t) = ym(t)− ya(t) (4.33)

The ideal model used by the SAC to determine the ideal response was defined by

the second-order system and associated state-space model

ym(s)

uc(s)
=

11.1

s2 + 4s+ 11.1
(4.34)

Am =

[
0 1I2

−11.1I2 −4I2

]
, Bm =

[
0

11.1I2

]
, (4.35)

Cm =
[
I2 0

]
, Dm = 0 (4.36)

A second-order system with dampening of only 0.6 was intentionally chosen to

provide an ideal response that was comparable, yet somewhat faster than the LQR

response for the same system.

The corresponding system design parameters were thus encoded as

ΓΓΓP =


ΓeP I2 0 0 0

0 Γx1P I2 0 0

0 0 Γx2P I2 0

0 0 0 ΓuP I2

 (4.37)

ΓΓΓI =


ΓeII2 0 0 0

0 Γx1II2 0 0

0 0 Γx2II2 0

0 0 0 ΓuII2

 (4.38)
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Figure 4.4: Feasible Model and Satisfying Controller for Example Thruster Satura-
tion

σσσ =


σI2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

 (4.39)

In order to manage system nonlinearities and ensure performance despite the

possibility of adaptation windup, the ideal model was converted to a feasible model

through the process described in Sec. 3.3.2. The Black platform has a maximum thrust

of 0.4 N, and due to the memoryless nature of the LQR controller, it is not possible

for a SAC implementation to match or surpass the saturated LQR response without

also being capable of reaching thruster saturation without compromising the stability

of the system. As such, the feasible model was constructed using the knowledge of

the thrust saturation, alongside a satisfying controller which was used to ensure that,

for commands that did not meet saturation, the feasible model closely matched the

ideal model. Figure 4.4 is a reminder of the satisfying controller structure to produce

a feasible model output, with Fig.4.5 demonstrating the satisfying controller used in

the SPOT simulation, and subsequently the experiments run using that simulation.

The satisfying controller used in the SPOT simulation had gains of Kp,sat = 3.1623

and Kd,sat = 10. The states used for the SAC xm signal were also pulled from the

feasible model.

Finally, SAC was implemented using the original SAC described in Eqs. (2.88)

through (2.96). The forgetting factor term was included due to the presence of noise in

the system position measurements. The system was initialized with zero initial gains.

The SAC gains therefore developed without any knowledge of the system structure.
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Figure 4.5: Satisfying Controller in SPOT Simulation and Experimental Verification

Different sets of adaptation rates, proportional and integral, were determined by the

nonlinear optimization and metaheuristic searches.

A manual SAC design was created using the heuristics outlined in Sec. 3.3. A

proportional adaptation was chosen to ensure the platform would not deviate more

than 0.1 m from the ideal model, and the forcing gain was computed directly from

the SPOT nonlinear simulation to determine good integral adaptation parameters.

The forgetting factor was chosen using a steady-state feedback gain of 100 for the

known noise variance of δ2 = 1× 10−7.

Nonlinear optimization for the SAC gains was done using the nonlinear optimiza-

tion equations outlined in Sec. 4.2.3. The optimization trajectory was composed of

a step command for 100 seconds and an update rate of 100 Hz. The system con-

straints were encoded in the YALMIP open-source optimization toolbox for use with

MATLAB®2021a. The nonlinear equations were solved using the SQP technique

described in Sec. 2.6.3.

Metaheuristic searches for SAC design parameters were done using calls to the

SPOT 3.0 software directly, thereby incorporating any nonlinearities and system be-

haviours into the search. Of the four metaheuristic techniques, (DE, SaDE, PSO,

and SPSO) all four were used to determine optimized designs, but only two were

used for experiments. The SAC designs determined by SaDE and SPSO were used

for experiments not only because they determined lower cost controllers than the DE

and PSO techniques, but also because the output SaDE controller relies on large ΓΓΓxI ,

while the SPSO controller lowered its cost through ΓΓΓeI , highlighting that multiple
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Name ΓeP Γx1P Γx2P ΓuP ΓeI Γx1I Γx2I ΓuI σ

Heuristic Design 200 0 0 0 5.64×104 6.66 679.9 6.66 0.0011
Nonlinear 12.8 1.8× 10−5 0.8120 3.25 6.63 4.77× 10−5 160 2.63× 10−4 0
Optimization
SaDE 0 0 0 0 7.04× 103 0 4.43× 103 9.18 0
SPSO 0 0 0 0 1× 104 0 0.183× 103 0 0.02

Table 4.2: Nonlinear Search and Metaheuristic Optimized SAC Parameters

SAC controller formulations can achieve similar cost using different approaches.

The manually designed, nonlinearly optimized, SaDE optimized, and SPSO opti-

mized SAC designs are shown in Table 4.2. Metaheuristic optimization was conducted

in only the integral adaptation parameters, while nonlinear optimization could not

determine good controllers for the system without proportional adaptation.

Optimization searches were conducted on a circular test trajectory with angular

velocity 0.03 rad/s and radius 1 m. The experimental test trajectory is different from

the optimization trajectory to ensure that optimization does not overfit for trajectory.

The experimental test trajectory is composed of two frequency components, and is

governed by the equation

xcmd(t) = 0.5 cos(0.03t) + 0.35 sin(0.09t) (4.40)

ycmd(t) = 0.5 sin(0.03t) + 0.35 cos(0.09t) (4.41)

Experiments are conducted to determine the trajectory tracking performance of

each of the LQR linear controller, nonlinearly optimized SAC design, SaDE optimized

SAC design, and SPSO optimized SAC design. Each controller is commanded to fol-

low the experimental trajectory through one full rotation of the command trajectory,

corresponding to a 200 second experiment. Trajectories are repeated for each of the

tested controllers 10 times to ensure that performance is repeatable for each of the

controllers.

4.2.5 SAC Disturbance Compensation Experimental Setup

Disturbance compensation for a linear disturbance is tested on the SPOT to deter-

mine the applicability of linear disturbance compensation to SAC implementations.
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Figure 4.6: Virtual Disturbances Act Similarly to Real Disturbances.

Tests are performed for two controllers: one controller with manually chosen SAC

parameters, without disturbance compensation, and under virtual linear disturbance;

and another controller using the same SAC design under the same virtual linear dis-

turbance, but now including adaptive disturbance compensation. The disturbance

compensation follows the linear disturbance generator model shown in Sec. 2.5.4 and

3.4, where the frequency of the disturbances, but not the phase or amplitude, are

known.

The disturbance is provided to the system virtually. No easily accessible and linear

disturbances could be generated on the system directly, so a virtual disturbance was

created for the SAC disturbance accommodation to combat. A virtual disturbance

was created by including an unknown force command to the thruster output. The

disturbance command is passed to the thrusters which creates the force disturbance.

If the SAC is able to compensate for the force disturbance perfectly then the final

thruster output will be the same as though the disturbance were not there, however,

if the SAC is not able to compensate for the virtual disturbance the platform will

include additional uncompensated thrusts in its command to the thruster actuation

system. The inclusion of virtual disturbances is similar to a true disturbance, with the

only difference being that the disturbance occurs before nonlinear system effects, such

as control allocation and thruster saturation. The virtual disturbance is visualised

in Fig. 4.6, where the virtual disturbance appears identical to the real disturbance

present in Fig. 3.18.

Despite being produced internally, the virtual disturbance still constitutes a real
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Name ΓzI ΓΓΓP ΓeI Γx1I Γx2I ΓuI σ

SAC without DA 0 0 1× 104 1× 10−1 1× 10−1 1× 10−2 0.001
SAC with DA 1 0 1× 104 1× 10−1 1× 10−1 1× 10−2 0.001

Table 4.3: Disturbance Compensation Testing Gains

signal in the system that must be combated by the SAC in order to achieve ideal

model following.

The SAC architecture used during these tests and the position tracking experi-

ments, with the addition of Prabhakar et al.’s disturbance compensation component

for two sinusoidal disturbances of known frequency. The new form of the design

parameters is

ΓΓΓP =



ΓeP I2 0 0 0 0

0 Γx1P I2 0 0 0

0 0 Γx2P I2 0 0

0 0 0 ΓuP I2 0

0 0 0 0 ΓzP I2


(4.42)

ΓΓΓI =



ΓeII2 0 0 0 0

0 Γx1II2 0 0 0

0 0 Γx2II2 0 0

0 0 0 ΓuII2 0

0 0 0 0 ΓzII4


(4.43)

σσσ =



σI2 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


(4.44)

A manually designed SAC position controller is used to clarify the effects of linear

disturbances on a typical SAC implementation. The manual SAC design parameters

with and without disturbance accommodation are outlined in Table 4.3.
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The virtual disturbance used to negatively affect SAC performance was composed

of two sinusoids of random phase and amplitude less than the thruster saturation. The

choice of disturbance included one large-amplitude lower-frequency disturbance, and

one low-amplitude higher-frequency disturbance. The frequency of these disturbances

are known by the SAC linear disturbance compensator, while the amplitude and phase

are unknown.

The disturbances are provided by the signals

ud1(t) = 0.2 sin(0.03t+ 2.06) (4.45)

ud2(t) = 0.1 sin(0.06t+ 5.87) (4.46)

which create the disturbance force vector

ud(t) =

[
ud1(t)

ud2(t)

]
(4.47)

The SAC disturbance accommodation is composed of the linear disturbance model

described by

ẑd(t) =


sin(0.03t)

cos(0.03t)

sin(0.06t)

cos(0.06t)

 (4.48)

The disturbance generator is implemented in Simulink® using sinusoid sources for

simplicity. The disturbance generator is used alongside the disturbance accommo-

dation adaptation Eqs. (2.138) through (2.142) to produce the force to be made to

compensate for the measured disturbance.

As was discussed in Sec. 3.4, to remove tracking error in a feedforward parallelized

non-ASPR SAC implementation, the force commanded by the disturbance compen-

sation component does not pass to the feedforward parallelization, instead passing
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directly to the final output command.

Both the compensated and uncompensated controllers are made to track the two-

frequency cycloid used in the SAC positional tracking experiment described in Sec.

4.2.4 under the virtual disturbance. Five experiments were performed for both the

uncompensated and compensated cases.

4.3 SAC Position Tracking Experimental Results

The experiment described in Sec. 4.2.4 is performed in SRCL’s SPOT. Each of the

nonlinearly optimized, SaDE optimized, and SPSO optimized SAC formulations were

compared with a baseline LQR controller.

The position response, force output, tracking error, and position command er-

ror are compared for each controller. The graphs for each of the pertinent system

responses is demonstrated in Figs. 4.7 through 4.25.

The cycloid standard deviations used in Figs. 4.7, 4.10, 4.18, 4.22, 4.26, and 4.30

are calculated using the cross-track error of each controller during the command.

Since position deviations in the on-track direction align with the cycloid command,

representing the on-track deviations in the cycloid figures would unfairly represent

the system response.

The on-track direction for a given sample is found through the change in the

position command rc. That is to say, at iteration k the difference of the position (the

on-track difference vector) is given by

vc(k) = rc(k)− rc(k − 1) =

[
vc1(k)

vc2(k)

]
(4.49)

A unit vector that is perpendicular to the velocity is then found and is called the

cross-track direction v⊥(k)

v⊥(k) =

[
vc2(k)

−vc1(k)

]
· 1

||vc(k)||
(4.50)

The projection of the standard deviation at iteration k is then taken in the cross-

track direction v⊥(k) to determine the cross-track standard deviation.
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LQR Manually Nonlinearly SaDE SPSO
Designed Optimized Optimized Optimized

Cost 7.51 29.60 41.11 27.07 19.94

Table 4.4: Linear-Quadratic Cost of SAC Designs

The final cost of each controller, according to the linear-quadratic cost function, is

presented in Tab. 4.4. The cost displayed is the average of the costs of each individual

run.

Figure 4.7: LQR Controller Position Graph and 3σ Standard Deviation
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Figure 4.8: LQR Controller Force Output, with 3σ Standard Deviation

Figure 4.9: LQR Controller Position Error to the Command, with 3σ Standard
Deviation
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Figure 4.10: Manually Designed Controller Position Graph and 3σ Standard Devi-
ation

Figure 4.11: Manually Designed Controller Force Output, with 3σ Standard Devi-
ation
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Figure 4.12: Manually Designed Controller Tracking Error, with 3σ Standard De-
viation

Figure 4.13: Manually Designed Controller Position Error to the Command, with
3σ Standard Deviation
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Figure 4.14: Nonlinearly Optimized Controller Position Graph and 3σ Standard
Deviation

Figure 4.15: Nonlinearly Optimized Controller Force Output, with 3σ Standard
Deviation
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Figure 4.16: Nonlinearly Optimized Controller Tracking Error, with 3σ Standard
Deviation

Figure 4.17: Nonlinearly Optimized Controller Position Error to the Command,
with 3σ Standard Deviation
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Figure 4.18: SaDE Optimized Controller Position Graph and 3σ Standard Deviation

Figure 4.19: SaDE Optimized Controller Force Output, with 3σ Standard Deviation
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Figure 4.20: SaDE Optimized Controller Tracking Error, with 3σ Standard Devia-
tion

Figure 4.21: SaDE Optimized Controller Position Error to the Command, with 3σ
Standard Deviation
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Figure 4.22: SPSO Optimized Controller Position Graph and 3σ Standard Devia-
tion

Figure 4.23: SPSO Optimized Controller Force Output, with 3σ Standard Deviation



184

Figure 4.24: SPSO Optimized Controller Tracking Error, with 3σ Standard Devia-
tion

Figure 4.25: SPSO Optimized Controller Position Error to the Command, with 3σ
Standard Deviation
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4.4 SAC Disturbance Compensation Experimental Results

Disturbance compensation of a SAC with feedforward parallelization was compared

to a similar SAC with disturbance compensation. The graphs for each of the pertinent

system responses is demonstrated in Figs. 4.26 through 4.33.

Figure 4.26: SAC Position Response Graph and 3σ Standard Deviation Under
Linear Disturbance
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Figure 4.27: SAC Force Output, with 3σ Standard Deviation Under Linear Distur-
bance

Figure 4.28: SAC Tracking Error, with 3σ Standard Deviation Under Linear Dis-
turbance
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Figure 4.29: SAC Position Error to the Command, with 3σ Standard Deviation
Under Linear Disturbance

Figure 4.30: SAC Position Response Graph and 3σ Standard Deviation Under
Linear Disturbance with Compensation
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Figure 4.31: SAC Force Output, with 3σ Standard Deviation Under Linear Distur-
bance With Compensation

Figure 4.32: SAC Tracking Error to the Command, with 3σ Standard Deviation
Under Linear Disturbance with Compensation
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Figure 4.33: SAC Position Error, with 3σ Standard Deviation Under Linear Dis-
turbance with Compensation

4.5 Discussion of Optimized SAC Results

The results of position tracking between LQR, manual SAC design, and optimized

SAC controllers helps to quickly and clearly clarify the advantages and drawbacks of

both LQR and SAC in the context of spacecraft proximity operations.

The positional tracking in Fig. 4.7 appears to be very close to the position com-

mand, alongside very tight 3σ position deviations along the track. In general the

crosstrack error of the LQR controller appears very small. The force outputs of the

LQR controller in Fig. 4.8 is small, between ±0.05N, with very few deviations. Small

spikes in the force are present, likely due to noise and occasional position processing

difficulties in the measurement apparatus. The command tracking of the LQR con-

troller in Fig. 4.9 is quite small, but consistent. The command tracking is never less

than 10 cm, but is sometimes as large as 22.5 cm. The LQR controller is consistently

behind the cycloid command.

The manually designed SAC converges on the ideal response the fastest of any of

the presented controllers. Its response in Fig. 4.10 shows that it stays close to the
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command trajectory, even while adapting its gains. Its fast convergence is obvious in

the system force output, shown in Fig. 4.11, which settles before 60 seconds. Small

bursts are also visible in Fig. 4.11, which mirror the locations of increased deviation

in Fig. 4.10. The tracking error in Fig. 4.12 stays small throughout. The error to

the command, shown in Fig. 4.13, is considerably smaller than the LQR, and stays

between ±2 cm on average, with consistent deviation from that value due to bursts.

In all runs, bursting increased the command tracking error by no more than 5 mm.

The force commanded by the system is larger than in the optimized controllers,

discussed below, which is likely the cause of the slightly higher cost of the manual

design. It is possible that the decreased convergence time of the manual design may

be similar to metaheuristic designs for cost functions that emphasize minimizing the

command error over the control activation. The presented heuristics allow for the

rapid development of an adaptive controller with desirable characteristics.

The cycloid position response of the nonlinearly optimized controller is visible in

Fig. 4.14. Similar to what was observed in Sec. 2.6.3, nonlinear optimization was not

able to determine SAC parameters that perform well compared to other controller

designs. The use of the 3σ deviation on a set of 10 test runs means that the 96th

percentile of runs must be included in the deviation. The red band in Fig. 4.14

coincides with the cross-track error of the worst run in the experiment. The response

of the worst run was somewhat more oscillatory than other runs, which may have been

caused by excessive noise, or delayed measurements. Convergence of the system to the

ideal parameters was slow, and noise disproportionately affected the system response.

Since the nonlinear parameter optimization was done without noise, it is likely that

large gain adaptations were found for the system, resulting in the susceptibility to

noise.

The slow convergence of the nonlinearly optimized SAC design is clear in the

thrust response in Fig. 4.15, where oscillations in both the average and 3σ standard

deviation thrust response take until 80 seconds to reach some sort of convergence. The

nonlinearly optimized SAC design commands larger thrusts than the LQR controller,

likely due to the ideal model chosen specifically to closely track the command input.

The tracking error of the nonlinearly optimized SAC in Fig. 4.16 remains between
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±2 cm once converged, suggesting a small error in the final signal. The command

error is seen in Fig. 4.17, which is slightly larger than ±2 cm once converged, however

the difference is slight. More concerning is the increase in deviation up to ±5 cm

when approaching the lobes of the cycloid, denoted by maximal values of the x and

y command error. Even the slow cycloid being performed by the system, taking a

full three minutes to complete, the nonlinearly optimized controller is not able to

consistently maintain small errors. An error of 10 cm can be enough to cause a

collision during spacecraft proximity operations.

The SaDE and SPSO optimized controllers behave much better when compared

to the nonlinearly optimized SAC. In all cases the metaheuristic optimized controllers

had less deviation than the other SAC designs. The SaDE optimized SAC design cy-

cloid performance is shown in Fig. 4.18. The SaDE optimized controller has a consis-

tent response, with the typical performance often overlapping the command position.

The SaDE response is still, however, rarely as consistent as the LQR response. The

convergence time of the SaDE optimized SAC is much shorter than the convergence

time for the nonlinearly optimized SAC, having fully converged by 75 seconds. Noise,

however, is still increasing the deviation of the output force somewhat. The tracking

error of the SaDE optimized SAC is never more than ±2 cm, with deviations often

less than ±1 cm. The position command error of the SaDE optimized SAC shown

in Fig. 4.21 is similar in magnitude to the nonlinearly optimized SAC response, with

the significantly shorter convergence time and tighter deviation being distinct. The

SaDE position error from the command is never more than ±2.5 cm.

The SPSO optimized SAC achieves similar performance to the SaDE optimized

SAC using different adaptation rates. Where SaDE prioritized the model state gains,

SPSO prioritizes the tracking error feedback gain. The difference in control style

is clear in the control responses. Figure 4.22 shows that the SPSO optimized SAC

has larger cross-track deviations than the SaDE optimized SAC, however converges

faster than the SaDE design. The reason for the performance becomes clear when

observing the force graph in Fig. 4.23; SPSO maintains similar output thrusts to the

SaDE design while also decreasing the magnitude of oscillations during convergence,

alongside a minor decrease in convergence time. The SPSO optimized SAC takes
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slightly shorter to converge, with oscillations ending after approximately 70 seconds.

The force output of the SPSO optimized SAC is the most consistent of the SAC

designs, with the lowest activations. The tracking error response in Fig. 4.24 has much

lower deviations than the SaDE ones in Fig. 4.20, however this does not correspond

to lower position error in the SPSO command tracking in Fig. 4.25. Slightly larger

deviations are present in the SPSO command tracking. The SPSO metaheuristic

optimization has designed a controller that has larger tracking error with lower control

activations when compared with its SaDE optimized counterpart.

All of the optimized controllers made use of larger command forces than the LQR

design, and consistently had larger deviations for both the command force and po-

sition error. The increase in force of the adaptive controllers is consistent with the

increased command following demanded by the ideal model. All of the adaptive con-

troller designs were able to achieve smaller command errors than the LQR controller.

The LQR controller has the lowest cost of any of the controllers, as presented in Tab.

4.4, since it is the optimal linear controller for this system, and the SAC targets a

different system response from the LQR response. Both of the metaheuristic opti-

mization techniques were able to decrease the linear-quadratic cost, while nonlinear

optimization was unable to do so.

4.6 Discussion of Disturbance Compensation Results

The results of the disturbance compensation experiments help to reinforce the theo-

retical results of disturbance rejection of a feedforward parallelized SAC.

The frequencies of the virtual disturbances used during experiments were explic-

itly chosen to be multiples of the cycloid angular frequency, so as to demonstrate

the effects of the disturbance on the scale of the position command. Figure 4.26

clearly demonstrates the effect that the virtual disturbances have had on the trajec-

tory tracking of the uncompensated SAC. The virtual disturbances have caused the

position response of the uncompensated SAC to consistently miss the top left and

bottom right cycloid lobe by a visible and significant margin. Other small deviations

throughout the trajectory are visible where the disturbance has directly affected the

ability of the SAC to track the command. The virtual disturbance has created a
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visible and consistent effect on the trajectory tracking.

The 3σ deviations of the uncompensated SAC response are significantly smaller

than the SPSO, SaDE, or nonlinearly optimized SAC designs. The effects of the

virtual disturbance on the SAC response are almost invisible in the other graphs.

Figure 4.27 appears similar to the force graphs for any of the other tests, and Fig. 4.28

appears similar to the other tracking error graphs, albeit with a slightly different shape

but similar behaviour and lower deviations. It is not until observing the commanded

position error in Fig. 4.29 that it becomes clear that the disturbance has had an

effect on the response. As described in Sec. 3.4, the presence of a disturbance on

an uncompensated SAC with feedforward parallelization has created a noticeable and

consistent disturbance on the command tracking.

The deviations seen on the uncompensated SAC response are much smaller than

the optimized SAC responses of the previous experiment. The smaller deviations are

consistent with smaller gain adaptations, as well as longer adaptation times. During

the 90 seconds it takes the uncompensated SAC to converge, it uses larger force

commands and has larger tracking errors than the optimized controllers presented in

the previous experiments. One of the side-effects of optimizing the SAC response is

the larger deviations that come with larger SAC adaptation parameters, and similarly,

with larger gains.

Disturbance compensation was included in the SAC design seen in Figs. 4.30

through 4.33. The position tracking seen in Fig. 4.30 is noticeably improved from the

uncompensated case. Small deviations from the commanded path still exist, however

it is clear that no systematic deviations in the position response exist once the con-

troller gains have converged. Notably, the gain convergence time has increased, with

the position response in Fig. 4.30 remaining oscillatory until the top left lobe is en-

tered at almost 100 seconds. In the previous experiment, and in Fig. 4.26 oscillations

had settled before entering the top left lobe. The force output of the compensated

controller in Fig. 4.31 supports that gains take a longer time to converge in the dis-

turbance compensated controller, with the force oscillations taking 100 seconds to

converge. Once again the tracking error of the compensated case, demonstrated in

Fig. 4.32, stays low. The disturbance compensated SAC has a somewhat smaller
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tracking error than the uncompensated case.

The experiments of disturbance compensation for a SAC under feedforward par-

allelization have been able to show that disturbances acting on a compensated non-

ASPR SAC lead directly to disturbances in the command tracking without similarly

affecting the model tracking error. Uncompensated disturbances on a non-ASPR

feedforward parallelized SAC will affect system performance in a way that cannot

be managed by the adaptive controller. Disturbance compensation in SAC allows

for disturbances to continue to be compensated by the SAC without loss of perfor-

mance, even without amplitude or phase information of the disturbance, so long as

the frequency information of the disturbance is known.

4.7 Summary of Experimental Results

The SAC design techniques inherited from previous research and described in Chap-

ter 2, alongside the design techniques developed in Chapter 3 were implemented into

two experimental setups to show the advantages and capabilities of SAC design tech-

niques when compared to other controller designs. The ability of SAC to improve

on command tracking using feedforward gain adaptation is demonstrated in contrast

to traditional feedback control systems. The variability of SAC performance when

large adaptation rates are implemented are also highlighted, alongside the tradeoffs an

optimization method will make when attempting to maximize performance in a rep-

resentative nonlinear simulation model. Disturbance rejection of a compensated and

uncompensated non-ASPR SAC is also explored, where it is found that disturbances

acting on a non-ASPR SAC design creates consistent command tracking performance

loss, while disturbance compensation is able to successfully reject a disturbance of

known frequency and unknown magnitude and phase without any loss of command

tracking at the expense of longer convergence time.



Chapter 5

Implementation of SAC for Uncontrolled Spacecraft Capture

and Control

Having been reviewed, developed, and experimentally verified, the various methods

of SAC implementation are collected to present one cohesive motivating example;

the uncontrolled spacecraft problem for a target of unknown mass properties is man-

aged by a linear controller, and its performance compared to a SAC for the same

system. The SAC is able to dramatically decrease cross-coupled disturbances due to

the unknown system dynamics that cannot be compensated with traditional design

techniques.

5.1 Introduction

Previous sections have outlined the theory behind simple adaptive controllers, ap-

plied that theory to improve implementations of SAC, and experimentally verified

theoretical results in Carleton’s SRCL SPOT. The presented research has been able

to show that not only can adaptive control offer a more flexible controller formulation

that can operate in the presence of plant uncertainty and variation, but also that

the available tools allow adaptive controllers to outperform traditional linear design

techniques while doing so.

The strong design foundations presented previously clarify many of the elements

that are necessary for a designer to move from a theoretical adaptive controller for

their system to an implemented adaptive controller with demonstrable performance.

The developed SAC design techniques are leveraged in a presentation of their appli-

cability through a simulation of a full six-degree-of-freedom uncooperative spacecraft

rendezvous, docking, and post-docking control scenario.

A simulation of active control of an uncooperative and unknown spacecraft is un-

dertaken here to demonstrate the possible future uses of adaptive controllers. The

195
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uncontrolled spacecraft problem, fully outlined in Chapter 2, is made up of a con-

trolled chaser and uncontrolled target spacecraft that are commanded to rendezvous

and dock. After rigidly docking, the combined target-chaser system is controlled to

change its position or orientation. In a future scenario, control of this system might be

leveraged to actively deorbit debris without knowledge of the debris mass properties.

A linear controller tuned for the problem is compared to a SAC optimized with meta-

heuristics to determine if one is more suited to the task than the other. Along the way,

several areas of interest for adaptive control research and performance optimization

of adaptive control are highlighted.

5.2 Problem Formulation

The equations of motion for the problem are described and detailed from Sec. 2.2

onwards. Section 2.2.3 describes the the formation flying equations that govern how

two spacecraft orbit with respect to each other, Sec. 2.2.4 describes the equations of

motion of the chaser spacecraft, and Sec. 2.2.5 derives and characterizes the equations

of motion for the combined target-chaser system.

The primary purpose of simulating a debris deorbiting mission is to identify the

strengths, weaknesses, and points of improvement of the SAC architectures and de-

signs to a test mission profile. Several of the parameters used may be inaccurate for

a mission profile with currently available spacecraft, however they are still represen-

tative of the challenges that will face a future active debris deorbit mission, as well

as many other future missions that will rely on the ability to control time-varying

systems with great accuracy using adaptive controllers.

5.2.1 Physical Parameters

The physical parameters of the target and chaser spacecraft are modelled on the

SPHERES (Synchronized Position Hold Engage Reorient Experiment Satellites) space-

craft, which are used in the Massachusetts Institute of Technology space systems lab-

oratory. The SPHERES spacecraft were successfully deployed to the ISS for use in

spacecraft proximity operations testing and formation flying research and have also

been used to test post-docking manoeuvres in experiments by James [75]. A reference
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Figure 5.1: SPHERES Platforms on the ISS, Courtesy NASA1

image of the SPHERES spacecraft is shown in Fig. 5.1.

The target and chaser have similar masses and moments of inertia. The target

spacecraft has mass mt = 5.8450 kg and moment of inertia

Jt =


0.0289 −0.0003 0.0011

−0.0003 0.0560 0.0002

0.0011 0.0002 0.0588

 kg m2 (5.1)

measured from the target center of mass. The outer shape of the target is roughly an

18-sided polyhedra that fits withing a cube of edges 0.2m long. The docking port of

the target is centered on one of the faces of that cube, and some additional hardware is

included to allow for docking of the two SPHERES spacecraft, extending the docking

port farther than 0.2m from the center of mass. The docking point of the SPHERES

spacecraft measured relative to its center of mass in the body-fixed reference frame

1https://www.nasa.gov/spheres/the-history-of-spheres

https://www.nasa.gov/spheres/the-history-of-spheres
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is given by James to be

ra,t = [−0.2097, 0.0062, 0.0178]Tm (5.2)

The chaser spacecraft is identical to the target, with mass mc = 5.8450 kg and

moment of inertia

Jc =


0.0289 −0.0003 0.0011

−0.0003 0.0560 0.0002

0.0011 0.0002 0.0588

 kg m2 (5.3)

measured from the chaser center of mass and identical docking point of

bora,c = [−0.2097, 0.0062, 0.0178]Tm (5.4)

The target spacecraft is uncontrolled, and begins with an angular velocity about

one of its body frame axes. Many possible scenarios exist for the evolution of angular

velocity of a spacecraft, the most common of which are well covered in Seweryn and

Sasiadek [76]. For this scenario, only the simplest and most common scenario is used,

where a target has been tumbling for some time without significant perturbation

torques. The initial angular velocity of the target is

ωωωt0 =


0

0.01

0

 (5.5)

whereas the initial angular velocity of the chaser is ωωωc0 = 0. The target begins in a

370 km altitude circular LEO, as such its initial position is

rt0 =


6347000 + 370000

0

0

 (5.6)

in meters in the ECI reference frame, whereas its initial velocity corresponds to the

circular orbit velocity at that altitude, as
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vt0 =


0

7685.7

0

 (5.7)

in meters per second. The chaser begins with the same velocity at a separation of

15 km in the inertial z direction, and 30 km in the inertial y direction, given by the

initial positions of

rc0 =


6347000 + 100000

−30000

−15000

 (5.8)

in meters in the ECI reference frame. The initial velocity of the chaser is identical

to the target velocity, given by

vc0 =


0

7685.7

0

 (5.9)

in meters per second in the ECI frame.

The orbit of the target is kept in the inertial x-y plane in order to simplify analysis.

The LVLH cross-track direction thus corresponds to the inertial z direction, and the

LVLH reference frame is a simple z rotation by the angular difference between the

target velocity and the inertial x axis.

5.2.2 Combined Target-Chaser System Parameters

The change in system properties due to docking of a controlled target and uncontrolled

chaser spacecraft are discussed in Sec. 2.2.5. In the derivations of Sec. 2.2.5 it is

shown that the combined system has different mass and moment of inertia properties

from the chaser-only system, as well as cross coupling between the torque and position

responses for the combined system.

The mass of the combined system is equal to the sum of the individual target and

chaser mass, while the combined moment of inertia is found through application of
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the parallel axis theorem and moment of inertia rotation found in Eqs. (2.28) through

(2.32). The moment of inertia of the combined system is found to be

mcmb = 11.69kg, Jcmb =


0.0620 −0.0158 −0.0414

−0.0158 0.6298 −0.0009

−0.0414 −0.0009 0.6321

 kg m2 (5.10)

which are consistent with the value quoted in James [75].

Additionally, the cross-coupling between axes is due to the offset from the center

of mass location and the original chaser center of mass. The position offset after

docking is found through Eq. (2.34) to be

x̄ =


−0.2097

0.0062

0.0178

 = ra,t = ra,c (5.11)

The relevant torque due to positional force commands being the cross product of

the COM offset detailed above with the force command. Similarly the acceleration

disturbance due to torque commands is a product of the angular acceleration with the

COM offset. The linear transfer function approximation of the cross-coupling effects

is given in Sec. 2.2.5 by Eq. (2.38).

Thrust and torque saturations are present on the system. Although James [75]

cites lower values, a thrust saturation of ± 0.76 N will be used in this simulation to

allow for reasonable rendezvous of the spacecraft, for which the original SPHERES

platforms were not intended. A saturation of 0.0736 Nm is used for the maximum

torque.

5.3 Measurement and Command Signals

A linear controller is implemented for the rendezvous and docking of the chaser with

the target. Once the target and chaser are docked, the performance of the linear

controller to various positional and attitude commands can then be observed. An
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adaptive controller using the SAC architecture will also be created to handle ren-

dezvous and docking of the target and chaser. Since adaptive control is able to

improve performance through time, a series of “convergence commands” are given

to the controller to allow the adaptive system to converge. Once the controller has

converged on a final controller, the adaptive controller will then be provided the same

commands that were provided to the linear controller to compare the performance of

both.

Both the linear and adaptive controller make use of the LVLH reference frame

to manage relative position errors. All orientation commands are given in terms of

quaternions representing a rotation between the ECI and desired body-fixed orienta-

tion. Any user-generated commands are input in terms of Euler angles between the

ECI and body-fixed reference frame, then converted to their equivalent quaternion.

The error quaternion is used to determine the smallest angular arc in terms of Euler

angles between the current spacecraft rotation and the desired rotation. The values

of the Euler angle errors can then be used to generate body-frame torques to control

orientation. For the desired quaternion qcmd and current measured quaternion qm,

the difference quaternion qe is determined through

qe(t) = qcmd(t)q
−1
m (t) (5.12)

where quaternion multiplication is used, and the superscript “−1" denotes the quater-

nion inverse. The error quaternion can be converted into a set of Euler angles for use

in determining angular error. The Euler angular errors are called ϕe for roll error, θe
for pitch error, and ψe for yaw error, all in rad. Rotational rates are determined from

a quaternion through


0

ωx

ωy

ωz

 = 2q̇m(t)q
∗
m(t) (5.13)

where dot notation is used to denote an elementwise derivative, and the superscript

∗ denotes the quaternion conjugate.
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It is assumed that guidance and navigation are able to measure the LVLH position

of the chaser, along with the rotation of the target, inertial Euler angles of the chaser,

and location of the target docking point.

5.4 Path Planning

The mission begins with the target in a circular orbit at an altitude of 370 km, while

the chaser begins with a separation of -15 km in the off-track direction and -30 km

in the on-track direction. A position command is generated for the spacecraft to

follow to rendezvous with the target. Once the chaser has reached a separation of less

than 200m from the target, the docking phase will begin. During the docking phase

the chaser will approach the target, eventually matching its rotation and meeting

the docking point. Once the docking point of the target and chaser spacecraft are

within 1 mm of separation, and have relative velocities of less than 5 mm/s, the two

spacecraft are considered docked and the dynamics will shift to the combined rigid

body system, with mass mcmb, moment of inertia Jcmb, disturbance torques described

in Eq. (2.33), and acceleration due to angular accelerations described in Eq. (2.36).

After docking, position and orientation commands can now be sent to the system

to determine the controller performance in the presence of large uncertainty in the

target mass properties.

5.4.1 Rendezvous Path-Planning

Commands that result in efficient rendezvous are produced using the path optimiza-

tion described by Lu and Liu [68], and detailed in Sec. 2.6.2. The trajectory optimiza-

tion script determines thrust profiles to move a chaser towards a target spacecraft with

maximum thrust limitations for a given rendezvous time and approach cone. The out-

put optimized LVLH trajectory is used as the command for the rendezvous sequence

of the simulation.

Optimal trajectory planning is used to reduce the control problem under the

nonlinear formation flying Eqs. (2.17) through (2.19) to simple double-integrator

position control.

The YALMIP optimizer was used in MATLAB®2021a to solve the rendezvous
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and docking problem through the second-order conic optimization problem presented

in Sec. 2.6.2 for the proposed mission. The final inertial trajectories are used as

rendezvous and docking commands.

The spacecraft dock at 3000 seconds, during which the chaser reaches a target

separation of 200 m after 2000 seconds under thruster saturation of 0.1 N. During

docking, the chaser approaches the target at a maximum velocity of 0.3 m/s, in an

approach cone of 10 degrees, and thruster contamination cone of 10 degrees. The

final optimized LVLH position trajectory is shown in Fig. 5.2. Rotations of the

target are not considered during optimization, and are instead managed by command

mixing during the docking phase. The trajectory solution of this optimization is

called rcmd,r(t), the time-varying position command during rendezvous.

Figure 5.2: LVLH Optimized
Rendezvous Trajectory

Figure 5.3: Docking Command
Mixing

5.4.2 Docking Phase

At the moment of docking the chaser docking axis must be collinear with the target

docking axis. If the rotation of the target is given by the quaternion qt, then the

chaser orientation quaternion qc at the moment of docking is found to be

qcmd,d(t) = (0 + 0iq + 1jq + 0kq)qt(t) (5.14)

where iq, jq, and kq are the three basic quaternions, and where qcmd,d now points the

chaser docking axis in the opposite direction of the target docking axis. The chaser
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COM will also need to be positioned along the target docking axis to ensure that the

chaser docking point approaches the target docking point. In the case of a rotating

target, call ϕ, θ, and ψ the Euler angles for the roll, pitch, and yaw of the target

body-fixed reference frame relative to the LVLH reference frame. That is to say

F⃗t = R(ϕ, θ, ψ)F⃗L (5.15)

For the rotation matrix R(ϕ, θ, ψ) ∈ R3×3 between the LVLH and target body-

fixed reference frame. For the target docking point displacement in LVLH of ra,t, and

chaser docking point displacement ra,c, the chaser position command during docking

rcmd corresponds to

rcmd,d(t) = ra,t − ra,c +R(ϕ, θ, ψ)rcmd,r(t) (5.16)

which is simply a rotation of the original docking command rcmd to match the current

rotation of the target, given by R, and shifted by the docking axis displacements to

ensure that the docking points, and not the spacecraft COMs, meet at the final time.

Finally, the rendezvous orientation command qcmd,r and position commands rcmd,r

are transitioned between the rendezvous and docking behaviours qcmd,d and rcmd,r

using a linear mixing function that goes from a value of 0 at 10 m separation, and

1 at 1 m separation. The mixing variable and mixed commands are found using the

equation

zm(t) = max
(

min
(
||ρρρ(t)||

9
+

8

9
, 1

)
, 0

)
(5.17)

qcmd(t) = zm(t)qcmd,d(t) + (1− zm(t))qcmd,r(t) (5.18)

rcmd(t) = zm(t)rcmd,d(t) + (1− zm(t))rcmd,r(t) (5.19)

The graph for the transition variable zm as a function of distance is demonstrated

in Fig. 5.3



205

(a) Position Commands (b) Orientation Commands

Figure 5.4: Position and Orientation Commands After Docking

5.4.3 Post-Docked Behaviour

After docking has occurred, simple sinusoidal commands are sent to each of the control

channels to allow for SAC gains to update. An oscillation of frequency 0.1 rad/s and

amplitude 0.5 m is sent to each of the position controllers, and a sinusoid of frequency

0.03 rad/s and amplitude π/6 rad is sent to each of the orientation controllers. Once

gains have converged, step commands of 0.05 m and π/6 rad are sent to the position

and orientation controllers, followed by a cycloid position command governed by the

equations

rcmd(t) =


0

0.5 cos(0.03t) + 0.35 sin(3 · 0.03t)
0.5 sin(0.03t) + 0.35 cos(3 · 0.03t)

 (5.20)

The command timeseries sent to both the position and orientation controllers are

demonstrated in Fig. 5.4.

5.5 Linear Controller Design

To maintain performance through the critical docking phase of flight, and since mass

properties of the target are unknown, linear controller design must emphasize the
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chaser-only system. In particular, larger gains that might correspond to improved

performance in the combined system will also degrade performance during rendezvous

and docking. Independent controllers are designed for the position and orientation

control of the chaser, with any performance degradation of the combined system being

unavoidable due to the unknown combined system properties.

Position control is achieved through a PD controller with gain matrices

Kp,p = 9.4869I3,Kd,p = 19.3548I3 (5.21)

such that

up,p(t) = Kp,pep(t) +Kd,pėp(t) (5.22)

where ep is the positional error in the LVLH reference frame, and up,p is the thrust

command for each of the three linear directions in the LVLH reference frame.

A PD controller is designed for orientation control. The error quaternion is cal-

culated following Eq. (5.12). The quaternion error is then converted to Euler angles

to provide a linear representation of the orientation error. A proportional gain of

Kp,θ = 0.5 Nm/rad is used alongside a derivative gain of Kd,θ = 1 Nms/rad.

Formatted as a three-degree-of-freedom controller for the orientation, the gains

on the linear angular error controller become the matrices

Kp,θ = 0.5I3,Kd,θ = I3 (5.23)

such that

eθ(t) =


ϕe(t)

θe(t)

ψe(t)

 (5.24)

up,θ(t) = Kp,θeθ(t) +Kd,θėθ(t) (5.25)

The linear controller design separates the position and orientation errors, and as
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such the linear controller design corresponds to a diagonal MIMO system with inputs

of the position and angular errors, and outputs of the body forces and moments to

be actuated by the thrusters.

5.6 SAC Design

The recommendations for SAC design described in Chapter 3 will be followed here

to produce a SAC design that is able to significantly improve on the performance

of the linear controller when managing the unknown combined system. Not only

can SAC determine feedforward terms to compensate for command responses before

they happen, SAC can also determine gains for cross-coupled system responses. By

implementing the SAC as a MIMO controller for both position and orientation, the

adaptation mechanism can be used to determine the cross-coupling between the po-

sition and orientation response of the combined system automatically. The SAC can

determine which set of gains minimize the disturbance from position to orientation

and vice-versa without any additional knowledge of the system.

5.6.1 Feedforward Parallelization

To begin the design, it is noted that neither the position nor orientation response

is ASPR. The inverse of a stabilizing linear controller for position and orientation is

placed diagonally into state-space form to create

H−1(s) =

[
1

38.71s+18.97
I3 03

03
1

s+0.5
I3

]
(5.26)

which renders the augmented system ASPR. With the inclusion of the feedforward

parallelization the augmented plant will be ASPR and a SAC can be used to stabilize

the system.
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5.6.2 Feasible Model Development

An ideal model is created for the system, which is then modified to produce a feasible

model for the SAC to match. Since independent position and orientation responses

are desired, the two models will be run independently, corresponding to a diagonal

MIMO system for inputs of position and orientation command, alongside outputs of

desired position response and desired orientation response.

The ideal model for the position response will correspond to a second-order system

response. The ideal model used for the position response is characterized by the

second-order transfer function, and equivalent state-space system

Mp(s) =
26.62

s2 + 2 · 0.6 · 26.6s+ 26.62
I3 (5.27)

Am,p =

[
03 I3

−711.1I3 −32I3

]
, Bm,p =

[
03

711.1I3

]
, (5.28)

Cm,p =
[
I3 03

]
, Dm,p = 03 (5.29)

Since the ideal model is a linear system, it follows that for large position displace-

ment commands large thrust commands would be required. To minimize the tracking

error a feasible model is created using knowledge of the system nonlinearities.

The chaser system maximum thrust is 0.76 N. It follows then that a feasible model

reference should have a maximum acceleration of 0.76 N divided by the maximum

system mass, which at worst case is rounded up to be 15 kg. A satisfying controller

is created following the suggestion in Sec. 3.3.2 to create a simple nonlinear guidance

that incorporates the maximum chaser acceleration.

The satisfying controller that ensures the feasible model approaches the ideal

model is a simple PD controller with Kp,s,p = 12.5I3 and Kd,s,p = 20I3. The position

satisfying controller is shown in Fig. 5.5.

Construction of an ideal and feasible model must then be repeated for the orienta-

tion system response. Similar to the position model, a second-order response is used

for the orientation ideal model. The parameters used for the orientation response
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Figure 5.5: Position Satisfying Controller

ideal model are an angular frequency of ω = 4 rad/s, and a damping coefficient of

ζ = 1. There are, however, some issues in implementing the orientation ideal model.

For the controller to work, it is necessary that the ideal model be composed of a

linear state-space system, which in turn must be composed of linear inputs, outputs,

and states. That is to say, we require an ideal model that is M : R6 → R6. However,

orientations occur in the circular 3-space, denoted S3. Similar to the orientation

PD controller, the measured signal for the adaptive orientation controller will be

the angular errors θe, ϕe, and ψe, which will be made to follow the ideal model

angular errors. By making the output of the ideal model angular errors, the tracking

error calculation stays linear and always corresponds to the shortest arc between the

orientation measurement and the command. The input of the ideal model must also

be linear, however. The ideal model will provide a conversion from angular rate

commands (which are linear) to the ideal angular error.

To create the ideal model from angular rates to angular errors, a second-order

linear transfer function of “linear angle command to desired linear angle” will be

converted into a linear transfer function of “angular rate commands to desired angular

error”.

First, a second order function from linear angle commands Θc(s) to desired angular

response Θm(s) is created.

Θm(s)

Θc(s)
=

ω2
n

s2 + 2ζωns+ ω2
n

(5.30)

The second-order feedback system is then rearranged such that the error signal

is now the output, to create the transfer function from angle commands Θc(s) to
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angular error Θe,m(s)

Θe,m(s)

Θc(s)
=

s2 + 2ζωns

s2 + 2ζωns+ ω2
n

(5.31)

and finally, the angle command is substituted with an angular rate command Ωc(s),

to create a transfer function M(s) : R → R of

Θe,m(s)

Ωc(s)
=

s+ 2ζωn

s2 + 2ζωns+ ω2
n

(5.32)

The state-space system corresponding to this model, repeated for each axis of

rotation, is given by

Am,θ =


−8I3 −16I3 03

I3 03 03

03 I3 03

 , Bm,θ =


I3

03

03

 , (5.33)

Cm,θ =
[
I3 8I3 03

]
, Dm,θ = 03 (5.34)

A feasible model is constructed for the orientation response similarly to the feasible

model for position response. The nonlinearity for this response is the maximum

spacecraft torque of 0.0736 Nm. A maximum angular acceleration for the system was

calculated using the worst case inertia

Jworstcase = I3 (5.35)

The satisfying controller for the feasible model is a PD controller with proportional

gain of Kp,s,θ = 10I3 and derivative gain Kd,s,θ = 20I3. The orientation satisfying

controller is shown in Fig. 5.6

The final full linear model is constructed from the independent position and rota-

tion ideal models as
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Figure 5.6: Orientation Satisfying Controller

Am =

[
Am,p 0

0 Am,θ

]
, Bm =

[
Bm,p 0

0 Bm,θ

]
, (5.36)

Cm =

[
Cm,p 0

0 Cm,θ

]
, Dm = 0 (5.37)

5.6.3 MIMO SAC Design

With the feedforward parallelization and feasible controller models for both the posi-

tion and orientation response implemented, it remains to choose the adaptation rates

for the SAC implementation. The final SAC is a MIMO system that controls the

6DOF system using three degrees of position control and three degrees of orientation

control.

When implemented as a controller for a mission, there is no reason not to improve

performance by using good initial gains when they are available. The gains used at

the beginning of the simulation are
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KeI0 =



58.1124 −0.0388 0.0811 −0.7189 −0.0303 −3.0966

−0.0388 58.2002 −0.0232 −1.0205 −0.0454 −2.5112

0.0811 −0.0232 58.3125 1.3434 0.5394 0.1538

−0.0070 −0.0099 0.0130 10.8446 −0.0239 0.1018

−0.0003 −0.0004 0.0052 −0.0239 10.9315 −0.1335

−0.0300 −0.0243 0.0015 0.1018 −0.1335 11.0765



KxI0 =



0 −0.0195 0.0003 −0.3084 0.0416 0.0287 8.9853 −0.0021 0.0019 0.3123 0.5365 −0.2771 0 0 0

0 0.0249 −0.0004 0.2796 −0.1297 0.0238 −0.0168 −0.0064 −0.0062 −0.1630 −0.3922 −0.3723 0 0 0

0 0.0472 −0.0004 0.3982 0.0825 −0.2265 0.0338 0.0100 0.0153 0.3891 0.6437 0.7615 0 0 0

0 1.6761 −0.0141 −0.0075 0.0035 0.0015 0.0001 0 −0.0001 0.0008 0.0128 −0.0058 0 0 −0.0001

0 −0.9652 0.0082 0.0035 −0.0012 −0.0009 0 0 0 0.0006 0.0012 −0.0021 0 0 0.0001

0 0.3306 −0.0028 −0.0013 −0.0002 0.0005 −0.0002 0 0 0 −0.0085 0.0032 0 0 0



KuI0 =



0 0 0 −0.0337 0.0141 −0.0046

0 0 0 −0.0561 −0.0372 −0.0334

0 0 0 0.1212 0.0608 0.0718

0.0002 0 0 −0.0028 0.0003 −0.0001

−0.0002 0 0 −0.0003 0 0

0 0 0 −0.0004 −0.0004 −0.0002
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which were found by running the rendezvous portion of the scenario with a hand-tuned

SAC until the control response converges. In this way, artefacts of the adaptation

process that might be present in a real mission are also preserved.

Tuning of the SAC parameters is done through metaheuristic search, as described

in Sec. 2.6.4. Only a single metaheuristic search was done on this simulation, for

simplicity. A DE search was done using the cost function

J =

∫ t

0

eTy (t)Qey(t) + uT
p (t)Rup(t)dt (5.38)

with values of Q = 1000I6 and R = diag([0.1, 0.1, 0.1, 1, 1, 1]). The metaheuristic

search used simulations of the full mission profile with a dummy target mass and

moment of inertia of

mcmb,d = 6kg, Jcmb,d =


0.0588 −0.0044 −0.0087

−0.0044 0.2414 0.0001

−0.0087 0.0001 0.2462

 kg m2 (5.39)

The optimized plant, therefore, had approximately half of the mass of the full

plant, and significantly smaller moments of inertia, and therefore, smaller cross-

coupled disturbances according to Eq. (2.38). The resulting adaptation rates output

by the DE search are found to be

ΓΓΓP =


3.1157I3 0 0 0 0 0 0 0 0

0 2.0829I3 0 0 0 0 0 0 0
0 0 1.19×109I3 0 0 0 0 0 0
0 0 0 3.8572×109I3 0 0 0 0 0
0 0 0 0 5.739I3 0 0 0 0
0 0 0 0 0 8.3457I3 0 0 0
0 0 0 0 0 0 0.1541I3 0 0
0 0 0 0 0 0 0 1.0086I3 0
0 0 0 0 0 0 0 0 1.6649I3

 (5.40)
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ΓΓΓI =


1.6157×109I3 0 0 0 0 0 0 0 0

0 5.6154×108I3 0 0 0 0 0 0 0
0 0 1.0728×103I3 0 0 0 0 0 0
0 0 0 1.9287×105I3 0 0 0 0 0
0 0 0 0 580I3 0 0 0 0
0 0 0 0 0 10I3 0 0 0
0 0 0 0 0 0 0.3918I3 0 0
0 0 0 0 0 0 0 1.07×104I3 0
0 0 0 0 0 0 0 0 2.0×104I3


(5.41)

σσσ =
[
021 0
0 121.4834I6

]
(5.42)

These adaptation rates are then used to control the chaser and combined system

during the mission. The SAC is run at the same update rate as the simulation, at

400 Hz, or one update every 0.0025 s.
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(a) Rendezvous (b) Docking

Figure 5.7: PID Position Response During Rendezvous and Docking

(a) Rendezvous (b) Docking

Figure 5.8: SAC Position Response During Rendezvous and Docking
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Figure 5.9: PID Position Responses Post-Dock
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Figure 5.10: PID Orientation Responses Post-Dock
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Figure 5.11: SAC Position Responses Post-Dock
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Figure 5.12: SAC Orientation Responses Post-Dock
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5.7 Simulation and Results

The performance of the linear and adaptive controllers during rendezvous and docking

are demonstrated in Figs. 5.7 and 5.8. It should be noted that for most of each

response the command and the response overlap. The largest trajectory errors occur

during the transition to the docking phase of flight, which occurs at a separation of

200 m, or at about 2450 seconds into the mission.

The response of the linear feedback controller to position and orientation com-

mands in the combined system is shown in Fig. 5.9 and Fig. 5.10. Since the nature

of the control problem requires an uncertain combined system, it is not possible for a

linear control design to compensate for the cross-coupling of the position and orienta-

tion response. Any attempt to compensate for cross-coupling in the combined system

would affect the chaser response during rendezvous and docking, a critical phase of

flight. Severe position disturbances are present during orientation commands, and

orientation disturbances are present during position commands.

The adaptive controller response for the same commands in the combined sys-

tem are shown in Fig. 5.11 and 5.12. The adaptive controller is able to identify

and separate the cross-coupled position and orientation dynamics, whereas the linear

controller cannot. Orientation disturbances due to position commands are negligible

during step commands, and invisible during the cycloid command. The combined

position-orientation SAC controller is able to identify and eliminate cross coupling

between the position and orientation response, while also maintaining the accuracy

necessary for rendezvous and docking.

5.8 Discussion of Simulation

Both controllers are able to achieve adequate performance during the rendezvous stage

of flight to meet with the target. Similarly, both the linear and adaptive controller

are able to align themselves with the rotating target, approach within the rendezvous

cone, and meet the successful docking requirement of 1 mm and 5 mm/s relative

velocity between the two docking points despite rotation of the target, as well as

bringing the combined system to a halt before beginning post-dock manoeuvres.
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The linear controller position step responses seen in Fig. 5.9 are slightly under-

damped, with a time constant of 2 seconds in all three axes. The y and z step

responses are slightly underdamped compared to the x axis. The steady-state posi-

tion error during the y-z cycloid oscillates between ±0.005 m. Very notable are the

large disturbances to the position during orientation commands. as much as 0.01 m

of displacement occurs in the x and y positions during pitch and yaw step commands.

The linear controller orientation step response becomes underdamped in the pitch

and yaw axes after docking, overshooting to 0.56 rad. Significant orientation errors

are present during position responses of up to 0.02 rad (1.15o), whereas the orien-

tation error oscillates between ±0.02 rad during the entirety of the cycloid position

command.

The adaptive control implementation is able to maintain a critically damped po-

sition response despite the large increase in mass in the combined system. The SAC

step command reaches 2% settling in 8 seconds, while the PD does not meet the 2%

settling requirement during the 15s command. Although disturbances are present in

the SAC position due to orientation commands, the magnitude of the largest of these

disturbances are half the magnitude of the same linear disturbances, reaching ± 0.005

m at most, and are not easily visible in Fig. 5.11. Similarly, orientation disturbances

due to position commands are an order of magnitude smaller than the linear case,

with disturbances only reaching ± 0.003 rad during position commands. The orien-

tation step response for the SAC is underdamped as well in the y and z axes, however

a smaller overshoot of 0.55 rad is reached. Additionally, the steady-state orientation

tracking during the y-z cycloid command are an order of magnitude smaller than in

the linear case, never reaching more than ±0.001 rad.

Adaptive control, by merging the previously independent position and orientation

control, is able to identify and mitigate the presence of disturbances due to cross-

coupling of the position and orientation response. Post-docking performance, despite

the presence of large uncertainty in the final system, is similar to the chaser-only

performance.



Chapter 6

Conclusions

6.1 Thesis Summary

There is great opportunity in space activities: NASA and ESA are partnering on

sample-return missions from Mars to teach us more about the geology of Earth’s

cousin than could ever be done before, all without risking a single human life1;

spacecraft repair is opening up the possibility of permanent communication, observa-

tion, or infrastructure benefits from spacecraft in orbit; and megaconstellations being

launched now will be able to provide services to people anywhere on the surface of

the Earth. If done right, space activities have the ability to improve the quality of

life of everyone on the planet, and they can only do so by improving spacecraft au-

tonomy. The consequences of failing to increase spacecraft autonomy, however, could

be catastrophic; tens of pieces of massive debris will need to be removed from the

LEO environment every year to maintain access to the scientific knowledge of our

solar system, our spacecraft, or even our telecommunications. In order to keep access

to space, control systems will need to decrease their dependence on fixed design, and

evolve to compensate for unknown or unforeseeable consequences of their mission.

Adaptive control is one prominent avenue for increasing spacecraft autonomy, and

that is why even older systems like the Curiosity rover have incorporated adaptive

controller designs; the simplest way to make a system autonomous without risking

human life or wasting valuable mission time is to create a system that can adapt to

its mission.

The work presented here addresses the need for improving spacecraft autonomy

through research into direct adaptive control technologies and their application in

1https://www.esa.int/Science_Exploration/Human_and_Robotic_Exploration/
Exploration/Mars_sample_return
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spacecraft. Surveys of debris deorbiting techniques have determined that active tech-

niques, in which physical contact is made with the target, are the best candidate for

safe, fast, and efficient debris removal [1]. Research has been done on the dynamics

for both this system, as well as alternative methods of spacecraft capture and con-

trol [77]. Previous work had already identified SAC as a good candidate for adaptive

control in spacecraft proximity operations [74], further suggesting that proper im-

plementation of SAC in space systems could increase the reliability and autonomy

of space systems. However, the high-performance, high-risk environment of space

activities does not pair well with the relatively undertested direct adaptive control

concept. This work has endeavoured to increase confidence in direct adaptive tech-

niques, while countering elements of the design that lead to uncertainty in operation,

since spacecraft require anything but.

Although theoretical results suggested stability in any stabilizable system, exper-

imental and simulation results suggested this was not always the case. In order to

learn more about SAC, countless simulations, SAC designs, and days worth of pa-

rameter selection were undertaken and could not be included in this text. The result

of experimentation is ample knowledge of the effects of the SAC architecture and how

the various signals relate to one another even under adaptation and feedback. Most

importantly, relationships that underpin the design of a SAC have been determined

and generalized.

The performance of the ideal model in a SAC is understood to be a guidance task

first and foremost. The new understanding of the ideal model as a guidance task

should spur research into the selection of the ideal model, as well as increasing its

scope to systems with large nonlinearities.

The issue of SAC stability in implementations is addressed by bounding the max-

imum system gain. A heuristic is designed that allows the maximum gain reached by

the SAC to be bounded by appropriate and algorithmic selection of the adaptation

parameters, ensuring that so long as a set of maximum gains exists that a set of

acceptable parameters can also be determined.

The proportional adaptation of SAC is similarly reinterpreted as a feedback con-

troller with a gain that grows quadratically with the reference signal, explaining at
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once why it improves system convergence, decreases integral adaptation, and main-

tains stability. The reimagining of the proportional adaptation as a “quadratic con-

troller” allows designers to craft a control boundary for the system within which

adaptation can occur, and beyond which stability is guaranteed. The choice of this

boundary can be made, and the effects of a set of proportional adaptation parameters

can be both qualitatively and quantitatively determined with the technique.

A disturbance accommodating adaptation scheme, first proposed by Prabhakar

et al. [29] is extended to include a feedforward parallelized system, and the effects of

disturbance on that system are described. It is found that systems that are stabilized

through feedforward parallelization, if the disturbance is not also augmented, will

increase the real tracking error to minimize the tracking error seen by the SAC. The

disturbance accommodating adaptation is experimentally verified for a set of virtual

disturbances with known frequency, unknown phase, and unknown amplitude, where

it is found that the technique is able to significantly counter the disturbances.

Principles of mathematical optimization, in the form of nonlinear and metaheuris-

tic optimization, are applied to the design of SAC. Nonlinear optimization is unable

to determine good controller designs for SAC, likely due to the strong nonlinearity

present in the controller response. Metaheuristic searches are able to determine good

SAC designs if they are supplied with a simulation that captures those effects. The

application of metaheuristic searches to the control of spacecraft position through

SAC is verified experimentally, in which metaheuristic searches are able to tightly

control the position of a spacecraft.

Finally, the techniques for implementation of SAC in physical systems are applied

to a simulation of the rendezvous, docking, and post-docking control of a target in

orbit; the full uncontrolled spacecraft problem can be solved by SAC design alone,

which is able to not only control the spacecraft during and throughout rendezvous and

docking, but is also able to significantly compensate for unknown and unavoidable

cross-coupling in the final system. A linear controller designed for the system is

unable to compensate for the new system dynamics.

The work presented here has successfully demonstrated a myriad of methods and
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techniques to implement SAC into any physical system, addressing several of the ma-

jor concerns of SAC implementation along the way, and verifying their suitability for

use in space activities. Whether it be determining a set of stable adaptation parame-

ters, compensating for disturbances, or optimizing the adaptive control response, the

presented work ensures that there remains few reasons not to include adaptation in

systems with uncertainty.

6.2 Significance of Work

The work presented here is the most comprehensive review available for SAC design

techniques, but also represents the most complete collection of considerations for SAC

implementation in physical systems. Any control engineer who hopes to include adap-

tation in their system can skim the contents of this reference, whether in the design

summary of Chapter 3 to see a broad overview of the process of SAC implementation,

or any element of SAC theory in Chapter 2, to get a quick and useful grasp of direct

adaptive control with links for further reading. The work has benefitted the author’s

grasp of multivariable systems immensely, and the results of the research have been

shared with the wider control systems community as both conference proceedings and

a journal publication. Below is the list of published and submitted papers.

6.2.1 Conference Proceedings

Predmyrskyy, A. and Ulrich S., “Swarm Optimized Simple Adaptive Controller for

Spacecraft Proximity Operations Trajectory Tracking,” 21st IFAC World Congress,

Berlin, Germany, 12-17 July 2020, pp. 3851-3856

Predmyrskyy, A. and Ulrich S., “Spacecraft Rendezvous, Docking, and Post-Docking

Maneuvers Under Large Uncertainties Via Swarm Optimized Simple Adaptive Con-

trol,” AAS/AIAA Astrodynamics Specialist Conference, Virtual, 9-12 August 2021,

Accepted for Publication
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6.2.2 Journal Articles

Predmyrskyy, A. and Ulrich S., “Design Methodologies for Simple Adaptive Con-

trollers with Applications to Spacecraft Proximity Operations,” IEEE transactions

on control systems technologies, under review

6.3 Recommendations for Future Work

Despite what has already been written on the topic in this work alone, the most

exciting work on adaptive control and spacecraft autonomy has yet to come. During

the course of conducting this work a tidal wave of research avenues became apparent.

At its most fundamental, tools for analysing SAC design, and nonlinear controller

design more generally, are desperately needed. The SAC response changes nonlin-

early with design parameters, and the response itself can vary wildly with parameter

selection, signal content, and samplerate. The most immediate benefit to adaptive

controller designs is determining methods to increase the samplerate of these systems,

minimize noise, and improve stability; although this is an objective of GNC research

more generally. There are, however, a few more specific and possibly impactful areas

of research that deserve their own description in the sections that follow.

6.3.1 Spacecraft Implementation

The currently developed docking simulation does not incorporate all aspects of the

docking phase of target control. Having understood the role of adaptive control in

post-dock performance, the accuracy of the docking portion of simulation should be

expanded upon. In general confidence of SAC in spacecraft applications should be

increased by higher fidelity modelling and implementation.

6.3.2 Bursting Phenomena

The bursting phenomena is a poorly characterized and highly-impactful part of adap-

tive controller design. Some work has already been taken to understand the bursting

phenomena, although it is typically in relation to neural networks. Masaud and Mac-

nab [78] consider some of the effects of bursting in direct adaptive control systems and



227

suggests counteracting them with an introspective neural network. Masaud and Mac-

nab mention the common methods of combatting bursting, namely techniques called

leakage, e-modification, dead-zones, and weight projection, and notices that they all

reduce performance in order to minimize bursting. More recently Macnab [79] has

recommended a technique to minimize bursting using weight smoothing. Some de-

scriptions of how bursting might occur have been posited by Inoue and Kaneko [80],

although their description is for multicellular and networked systems, noting that

bursting appears as some sort of oscillation between system states, adaptation, and

tracking.

Some of what the author has seen to cause bursting are encompassed in part or

in whole by the descriptions above. There is a sense, in the discrete SAC update

equations, in which bursting manifests as a literal tradeoff between ideal gain error

and tracking error.

Research into how bursting behaviour occurs to begin with, and how it gener-

alizes to other systems will be invaluable for any and all systems that make use of

adaptation.

6.3.3 Comparison or Equivalence of Augmentation Techniques

In the original development of SAC theory, augmentation of SAC for non-ASPR

systems was completed with the description of feedforward parallelization, sometimes

called a shunt. Since then, sensor blending has also been developed as a method to

augment SAC and other direct adaptive control methodologies for use in non-ASPR

systems.

Research into the effects of different augmentation techniques should be further

explored. It may also be that unexpected similarities or differences exist between

several classes of ASPR augmentation techniques. Regardless of the outcome, a sur-

vey of augmentation techniques should be undertaken to clarify which methods are

suitable for real-time applications.
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6.3.4 Guidance for Linear and Nonlinear Ideal Models

Section 3.3.1 covered the paradigm shift of considering the ideal model in SAC less as

a control decision, and more as a guidance decision. Numerous guidance techniques

and methodologies already exist in the world of linear system guidance, before taking

into consideration nonlinear guidance, and adaptive guidance. The applicability of

currently existing guidance techniques in improving SAC should be explored.

6.3.5 Extended Disturbance Accommodation

The linear disturbance accommodation presented by Prabhakar [29] that was ex-

perimentally verified in Chapter 4 suggests incredible applications in the world of

disturbance accommodation, and perhaps even control.

The first necessity is a proof of the stability of the disturbance accomodation

control. Prabhakar and the author have not provided a proof of stability for the

given controller in an ASPR system. Time should be taken to derive this proof, and

supplement the experimental verification with theoretical understanding.

The ability for adaptive disturbance accommodation to determine the magnitude

and phase of a signal makes it resemble a clumsy real-time Fourier transform. The

relationship between frequency identification techniques and SAC should be explored.

6.3.6 Kalman Filters: Incorporating Navigation Techniques

Following from the discussion of ideal models as guidance and the understanding of

SAC adaptation as covariance identifications, elements of navigation theory should

be implemented into the SAC architecture. Kalman filters, for example, already de-

duce statistical information about incoming datastreams and synthesize ideal output

signals. It may be possible to link the statistical elements of the SAC design with

other techniques, improving both.

6.3.7 Real-Time Correlation Engines

Direct adaptive controllers in general aim to identify system responses and determine

what actions need to be taken to improve that response. What is clear from this work
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is that SAC determines the linear correlation between a gain and the tracking error.

It may be that other direct adaptive control techniques attempt to create a “real-time

correlation engine” and that some aspects are shared between them.

If the SAC represents a first order “correlation engine”, research should be made

to determine what higher orders of such an engine might resemble. It may further be

possible to borrow techniques from system identification and modelling to improve

adaptive controllers. The effects of including too many signals, not enough signals,

or uncorrelated signals to this system should be observed and characterized. It may

be possible to leverage elements of all GNC techniques in bulk to develop what is

essentially a machine for relating signals to one another.
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Appendix A

Essential Operations and Notation

Several dependencies are assumed of the reader in the area of matrix notation, oper-

ations, and reference frame transformations. The relevant background to understand

mathematical concepts relevant to the thesis material and astrodynamics are pre-

sented here for the reader’s convenience.

A.1 Matrix Operations

Several common matrix operations are used that should be understood by the reader.

For the column matrix

x =


a

b

c

 (A.1)

the skew symmetric form of that matrix is given by

x× ≜


0 −c b

c 0 −a
−b a 0

 (A.2)

The skew symmetric operation here produces a skew-symmetrix matrix from the

input. Notice that

(x×)T = −x× (A.3)

and furthermore the product of the skew symmetric matrix with another column

matrix y ∈ R3×1 gives
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x×y = (y×)Tx = −y×x (A.4)

which is similar to identities of the cross product. In this way the skew-symmetric

operation resembles a cross product of column matrices.

The two norm of a column matrix is given by

||x|| ≜
√
xTx =

√
a2 + b2 + c2 (A.5)

And finally, the trace is used in Lyapunov stability equations. For a square matrix

of size n called A ∈ Rn×n with ith row element and jth column element called ai,j

A =


a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

 (A.6)

then the trace of that matrix is defined as

Tr(A) ≜
n∑

k=1

ak,k (A.7)

The trace has several properties that are useful for Lyapunov stability analysis.

Firstly, it is a linear mapping, namely that for a second similar matrix B, and mul-

tiplier b

Tr(A+B) = Tr(A) + Tr(B) (A.8)

Tr(bA) = bTr(A) (A.9)

Second, the contents of a trace can be transposed or cycled without affecting the

result. With a third matrix C now, it is also true that

Tr(A) = Tr(AT ) (A.10)

Tr(ABC) = Tr(CAB) (A.11)
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The requirement for the trace to be taken for square matrices ensures that cycling

the elements of a trace keeps the argument square.

A.2 Reference Frame Construction and Conversion

Matrices necessarily represent physical quantities. It will be important to identify

how we relate the matrices used in mathematical representations to the physical

quantities they represent. Consider the three-dimensional Cartesian space R3. In

order to quantify an element of this space, it must have a representation denoting one

of each of the individual dimensions of that space. Each dimension is independant

of the other dimensions, and as such any element of that set can be described as an

independent combination of the unit lengths of each dimension.

Call the unit vectors in R3: x̂, ŷ, and ẑ. Then the coefficients a, b, c ∈ R can be

used alongside the unit vectors to construct a vector in that space.

x⃗ = ax̂+ bŷ + cẑ =
[
x̂ ŷ ẑ

]
a

b

c

 (A.12)

It is now plain to see that the vector x⃗ is composed of the unit vectors of the

space, alongside the magnitude of each of those components. We can formalize this

relationship through the definitions

F⃗R ≜


x̂

ŷ

ẑ

 (A.13)

x =


a

b

c

 (A.14)

where now the unit vectors of the reference frame are denoted by F⃗R, called the

vectrix and the components of the vector in the reference frame, called x. Together
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the relationship between the vector x⃗ and the column matrix of components of x⃗ is

succinctly described through

x⃗ = F⃗T
Rx (A.15)

A more thorough overview of vectrix notation is present in de Ruiter’s Spacecraft

Dynamics and Control [81]. Notice that the vector representing a quantity can now

be described independent of its reference frame. The vector r⃗ can describe a length

in ECI, LVLH, or any other reference frame, and the vector still exists despite those

transformations. If operations are being done within a reference frame, the vectrix

notation can be dropped and only the components need to be used.

Other useful vector operations can be reimagined in vectrix notation. A dot

product between vectors x⃗ and y⃗ is given by

x⃗ · y⃗ = F⃗T
Rx

Ty (A.16)

Cross products are given by

x⃗× y⃗ = F⃗T
Rx

×y (A.17)

Consider now that vectors x⃗ and y⃗ are in two different reference frames F⃗T
x and

F⃗T
y , respectively. The rotation matrix from reference frame F⃗T

y to reference frame

F⃗T
x is now succinctly written as

Rxy = F⃗xF⃗T
y (A.18)

and is called the direction cosine matrix, or sometimes just a rotation matrix. The

properties of the rotation come about due to properties of the unit vectors in each

frame. One useful side effect is that the inverse of a direction cosine matrix is its

transpose, and the inverse of a rotation with itself is the identity matrix, which is

expected. By notation we also define the subscripts of a rotation matrix to correspond

to the reference frames it rotates from and to. Together these make the description
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Figure A.1: Orbital Elements {a, e, i,Ω, ω, θ} Describe an Individual Orbit

R−1
xy = RT

xy ≜ Ryx (A.19)

RxyRyx = I3 = RxyR
T
xy (A.20)

A.3 Classical Orbital Elements

The development and subsequent verification of Newton’s law of gravitation showed

that all orbits could be concisely described by a single simple equation of motion.

Further theoretical application of Newton’s law of gravitation determined the solu-

tions for the motion of two massive bodies in orbit around one another. It is not

always the case that both objects are large enough to influence each others’ motion,

however. Typically, any object in orbit has its motion governed by one massive body

(such as a satellite’s orbit around the Earth) while accelerations due to gravitational

effects from other bodies are negligible. The gravity of the Sun does not dramatically
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affect the orbit of a spacecraft in LEO, for example, due to the difference in scale

between the gravitational pull of the Earth and the Sun on that spacecraft. Similarly,

the Earth is not affected by the mass of spacecraft in orbit around it due to their

small mass. The problem that corresponds to the motion of the spacecraft is called

the restricted two-body problem, which has been solved.

The motion of the satellite in the restricted two-body problem, and by conse-

quence the motion of any spacecraft around the Earth, can be determined from the

initial conditions of the spacecraft or through observations of its motion. Without ex-

ternal perturbations acting on the spacecraft, the orbit is fixed relative to the inertial

reference frame and can be described through the classical orbital elements, which

are described here.

All orbits about a parent body are elliptical. The eccentricity e, borrowed from

mathematical definitions of the ellipse, describes the shape of the ellipse. An eccen-

tricity of 0 denotes a perfectly circular orbit, while increasing values up to 1 indicate

increasingly elliptical orbits. Orbits with eccentricities near 1 are highly elliptical,

and become parabolic when e = 1. Any value of e above 1 denotes a hyperbolic or-

bit. Unbounded parabolic and hyperbolic orbits denote orbits that leave their parent

body, which are useful when planning interplanetary journeys that leave the influence

of their parent body.

With the eccentricity known, the size of the orbit must also be described. The

semi-major axis of an ellipse, denoted a following the mathematical convention, de-

scribes the distance between the center of the ellipse (the halfway point between each

foci) and the edge of the long axis of the ellipse. For circular orbits, the semi-major

axis is simply the radius of the orbit, and can also be understood as the average

between the perigee and apogee radii. The semi-major axis is typically on the order

of kilometers, and fixes the size of the orbit. Furthermore, since the spacecraft is as-

sumed to have negligible mass, the center of mass of the parent body must be located

at one of the focii of the orbital ellipse.

With the eccentricity and semi-major axis constrained, the orbit is fully described

in the orbital plane. That is to say that without external perturbations, the orbit

must occur within a single plane, and the size and shape of the orbit within that
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plane has been fully described. What remains is to constrain the orientation of the

orbit with respect to the parent body, as well as the position of the spacecraft along

the orbit; this will be done using the inclination of the orbit i, the right ascension of

the ascending node Ω, the argument of perigee ω, and the true anomaly θ.

The inclination i of the orbit describes the angle between the orbital plane and the

equatorial plane of the parent body. An inclination of 0 means that the orbital plane

is aligned with the equatorial plane, an inclination of 90omeans that the orbital plane

is perpendicular to the equatorial plane, while values above 90odenote a “retrograde”

orbit, that is to say the orbit moves in the opposite direction of the parent body’s

rotation. The inclination is always measured at the ascending node, and is therefore

restricted between 0 and 180 o.

The Right Ascension of the Ascending Node (RAAN), denoted by Ω, fixes the

location of the ascending node, and by consequence the rotation of the orbit about

the planet’s rotational axis. The ascending node is the location where the spacecraft’s

orbit transitions from the southern hemisphere the northern hemisphere. In casual

parlance it is the location where the orbit “ascends” from below the equator to above

the equator. The right ascension of the ascending node, then, is the angle between

the ECI x axis and the ascending node. Variation of the RAAN appears to rotate

the orbit about the ECI z axis.

The orbital plane itself is fixed through the argument of perigee ω, which describes

the angle between the ascending node and the perigee of the orbit. The perigee being

the location of the orbit that appears closest to the parent body’s center of mass.

Varying the argument of perigee varies the rotation of the orbit within the orbital

plane, effectively rotating it about the LVLH z axis.

Finally, with the orbit fully described in 3D space, the position of the spacecraft

along the orbit is described by the true anomaly θ, which describes, in degrees, the

angular displacement of the spacecraft from the perigee, with a true anomaly of

θ = 0 denoting that the spacecraft is currently at the perigee, and a true anomaly of

θ = 180odenoting that the spacecraft is at the apogee. The true anomaly increases

from 0oto 360othroughout one orbit.

Now, the orbital diagram in Fig. A.1 can be understood through the classical
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orbital elements {a, e, i,Ω, ω, θ}. The semi-major axis a describes the size of the

orbit, the eccentricity e describes the shape of the orbital ellipse, the inclination i

describes the angle between the orbital plane and the equatorial plane, the RAAN Ω

describes the position of the ascending node along the equatorial plane, the argument

of perigee ω describes the position of the perigee in the orbital plane, and the true

anomaly θ describes the location of the spacecraft along the orbit. With the classical

orbital elements any orbit around a parent body can be succinctly described and

understood.

A.4 Orbital Perturbations

Newton’s universal law of gravitation, and the numerous mathematical corollaries

that follow it provide a simple theory that captures a great deal of the phenomena

associated with the orbital motion. The assumptions made while pursuing this the-

ory, however, ignore details that are present in practice. In order to include these

perturbations in mathematical descriptions of the system, they are appended to the

dynamical equations as perturbing forces. Most of the forces present in orbit are

significantly smaller than the acceleration caused by the parent body, but over the

course of multiple orbits can nevertheless cause significant changes in a spacecraft’s

final orbit if unaccounted for.

The greatest of these perturbations are three orders of magnitude smaller than

the planetary acceleration, marked “GM” in Figure A.2, with diminishing effects as

orbital radius increases.

Orbital perturbations will not be considered for the present analyses, since pertur-

bations are of small magnitude, and active control techniques with adequate control

power can easily compensate for their effects. Orbital perturbations can nonetheless

have a sizable impact on spacecraft dynamics over large timescales. Some of the

perturbations that act on spacecraft include:

• Orbital motion due to the oblateness of the Earth, called the J2 harmonic,

• Orbital motion due to other variations in the shape of the Earth, called higher

order spherical harmonics,
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Figure A.2: Orbital Perturbation as compiled by Montenbruck and Gill in Satellite
Orbits: Models, Methods, and Applications [2]

• Drag force on the spacecraft due to the presence of small numbers of atmospheric

molecules even at high altitude,

• Momentum transfer from photons of light to the spacecraft, called solar radia-

tion pressure,

• Torque acting on the spacecraft due to its shape and the unevenness of gravi-

tation forces along the body of the spacecraft, called gravity gradient torque,

• and many more forces and torques, too small or numerous to mention.



Appendix B

Linear Systems Theory and Results

B.1 Introduction

The field of linear system analysis is very well matured. Results from the 1880s

stand beside results from the 1960s as useful tools for understanding linear system

responses, and the linear ordinary differential equations that describe them.

Over time, several conventions have also become common in the field. This ap-

pendix aims to characterize some of the most common results of linear and nonlinear

systems theory that are useful to someone unfamiliar with the field. In this section,

some preliminary results and tools of linear system analysis are covered.

B.1.1 Time-Varying Signal

Systems evolve over time, and as such the notion of how time affects a system must

be precisely defined.

Definition 8 (Time-Varying Signal) A time-varying signal is composed of the

input parameter, time t ∈ R, and the output space U . The time varying signal is the

map from the parameter space to the output space. The mapping is written using

function notation as

x : R → U (B.1)

pronounced “x is the map from R to U ”. The function for this map, then, is written

x(t) (B.2)

where the input to the mapping is t, and the output of the mapping is x(t).

Due to the common usage of time-varying signals, the definition is shortened for
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brevity. For the variable

x ∈ U (B.3)

the associated time-varying signal for x is defined as simply x(t), or sometimes,

x(t) ∈ U (B.4)

Referring to the “time-varying” version of a signal is understood to mean the

mapping from t to U that corresponds to the size of x and holds a similar meaning

to the variable x.

Remark The purpose of clarifying the role of time-varying signals here is to simplify

future descriptions of system dynamics. Whenever a variable is defined, such as

x ∈ R (B.5)

the reader knows that this variable can at any time be represented by a time-varying

signal for input t. The transformation from static variable to time-varying signal

is a simple one to understand in abstract, but must be done to many signals when

considering dynamic systems. It becomes cumbersome to write

x : R → U (B.6)

every time a parameter goes from representing a single variable in an equation to

becoming a time-varying signal, but otherwise must be done to stay rigorous. The

natural understanding of how x relates to x(t) is so ingrained that many texts omit

the definition of how a variable x relates to its time-varying counterpart x(t). To

maintain precision in this text, the relationship between a variable and its time-

varying counterpart is clarified. Furthermore, the relationship becomes important

when considering certain types of operations on dynamic systems.
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B.1.2 Linear Differential Equations and State-Space Representations

A great deal of physical systems can be characterized by linear differential equa-

tions, which are developed here and leveraged later to develop linear and adaptive

controllers.

Definition 9 (Linear Differential Equation) A linear differential equation

is a polynomial equation such that, for any constants a0, . . . , an, ai ∈ R, ∀i = 1, . . . , n

and b0, . . . , bn, bi ∈ R ∀ i = 1, . . . ,m, and values x(t), y(t) ∈ R

a0 + a1x(t) + a2ẋ(t) + . . .+ anx
(n)(t) = b0 + b1y(t) + b2ẏ(t) + . . .+ bny

(n)(t) (B.7)

with the superscript (n) denoting the nth derivative in time of a variable.

A large body of research surrounding linear state-space system has been con-

ducted, with collections of the results published in linear analyses textbooks, an

example of which is Antsaklis [20]. From mathematically rigorous studies of the

properties of these systems, several valuable results have been obtained that will be

used to understand linear dynamic systems, and to probe changes to those systems.

Theorem B.1.1 (State-Space Realization [20])

Any linear differential equation can be represented by a linear state-space system.

For example, the simple Newtonian double integrator system

F = ma = mẍp (B.8)

can be represented by an state-space system for the position variable xp ∈ R. The

double integrator system can be written as

ẍp =
F

m
(B.9)

which follows the form given by Eq. (2.39). The full representation of the double-

integrator system is described as
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[
ẋp

ẍp

]
=

[
0 1

0 0

][
xp

ẋp

]
+

[
0

1
m

]
F (B.10)

y =
[
1 0

] [xp
ẋp

]
+ [0]F (B.11)

The form of linear state-space systems can be leveraged to determine the form of

their solutions. Notice that the initial states of the system are used for the initial

values of the state vector and that scaling of the input or states leads to scaling of

the state derivatives. Since a large variety of physical systems can be represented

by solutions of linear state-space systems, it is useful to determine the form of the

solutions of these equations.

B.1.3 Solutions to Linear State-Space Systems

The evolution of the system states can be derived when no control input is present

to produce the “zero-input response”. For the state vector x the system becomes

dx
dt

= Ax(t) (B.12)

1

x
dx = Adt (B.13)

integrating both sides yields

x(t) = eA(t−t0)x0(t0) (B.14)

where the additional t0 and x0(t0) are due to the constants of integration of the

system. Equation (B.14) depends on the initial conditions, and the time varying

term
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Φ(t, t0) = eA(t−t0) (B.15)

The characteristics of the state-transition matrix Φ, and thus the time-varying

solution of the system x(t), is determined by the properties of A under matrix ex-

ponentiation. Antsaklis [20] shows how the zero-input solution can be extended to

include the control input and show that the full system response is given by

x(t) = Φ(t, t0)

(
x0 +

∫ t

t0

Φ(τ, t0)Bu(τ)dτ
)

(B.16)

Despite the ability of the control input to affect the final trajectory, the system

dynamics are ultimately reliant on the properties of the state-transition matrix Φ,

which affects both the response due to control inputs, states, and is directly related

to the properties of A under matrix exponentiation.

B.1.4 Laplace Transform and Linear System Analysis Tools

The Laplace transform is one tool that is commonly used in linear system analysis

and controller design which simplifies representation of exponential behaviours.

Definition 10 (Laplace Transform) The Laplace transform L : R → C of a

function f : R → R is given by

F (s) =

∫ ∞

0

f(t)e−st dt = L (f(t)) (B.17)

which creates the function F (s) as a transformation of the function f(t) into the

Laplace space with complex Laplace variable s ∈ C.

Remark This is where a clear understanding of time-varying signals becomes prac-

tical. By definition the Laplace transform must take as its input a function. As such

the Laplace transform of a signal x(t) : R → U , written L (x(t)), is equivalent to the

Laplace transform of a function. This is how the Laplace transform of a time-varying
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signal can be taken, since it is a mapping from time to output. In future, the Laplace

transform will be used to understand and exploit system dynamics.

To see how the Laplace transform can be a useful tool, consider the Laplace

transform of a simple exponential, e2t.

L (e2t) =

∫ ∞

0

e2te−st dt (B.18)

=

∫ ∞

0

e2t−st dt (B.19)

F (s) =
1

s− 2
(B.20)

The value of the Laplace transform can be taken at any point s, however the

individual values of the function in Eq. (B.20) are only interesting at one point; at

s = 2 the function increases to infinity, a feature which is called a pole of the Laplace

transform of the function. If F (s) had instead decreased to zero, the location would

be called a zero of the Laplace function. The location of the pole in this example

also corresponds to the value of the constant applied to the exponential input of the

transformed function e2t, and this is no coincidence. Notice that this pole at a positive

s value corresponds to a positive exponential, and it is also true that poles at negative

s values correspond to negative exponentials.

Much like how a Fourier transform clarifies the fundamental frequencies of a sig-

nal, the Laplace transform allows for the exponential behaviour of a signal to be

determined. In some sense, the Laplace function is similar to a Fourier transform for

exponential signals. Furthermore, due to Euler’s identity

e(α+βi) = eα(cos(β) + i sin(β)) (B.21)

for α, β ∈ R, and the imaginary number i =
√
−1, there is a direct link between

exponential behaviour, sinusoidal behaviour, and the form of the Laplace transform

of a function.

Indeed, much like a Fourier transform returns large magnitudes at frequency val-

ues that correspond to frequencies that are present in the original signal, the Laplace
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transform returns poles and zeros at complex values that correspond to the exponen-

tial and sinusoidal behaviour of the input signal.

Since the solutions of a linear system are given by an exponentiation of the state

matrix A, it follows that important aspects of the linear system solution are given

by the Laplace transform of a state-space system. Indeed, Antsaklis [20] derives the

relationship between a state-space system and its Laplace transform.

Theorem B.1.2 (Laplace Transform of an LTI State-Space System [20]) For

the LTI state-space system {A,B,C,D}, the associated Laplace transfer function is

given by

H(s) =
Y(s)

U(s)
= C(sIn −A)−1B+D (B.22)

where H(s) is the transfer function of the system, that takes the input U(s) and

“transfers” it to the output Y(s), all in Laplace space, while In is the n × n identity

matrix.

For a system to be stable, each of the individual states should converge on a

single value over time. Since the solutions of LTI state-space systems must be of

the form of a matrix exponential, convergence only occurs when there are negative

exponentials which converge to zero. Negative exponential behaviour occurs in the

system whenever the system poles are negative, so it follows that the dynamic system

can only be stable if all poles are in the left-hand plane. Hurwitz stability describes

the usual notion of stability for linear state-space systems.

Definition 11 (Hurwitz Stability [20]) A system H(s) with pole-zero form

H(s) =
(s+ λa1)(s+ λa2) . . . (s+ λaz)

(s+ λb1)(s+ λb2) . . . (s+ λbp)
(B.23)

is Hurwitz stable if all poles λbi < 0 ∀i = 1, . . . , p for p poles. A system is Hurwitz

marginally stable if λbk ≤ 0 ∀k = 1, . . . , p, and λbk = a ̸= λbj ∀k = 1, . . . , p, and

j = 1, . . . , p and a ∈ C

Remark Hurwitz stable transfer functions have all of their poles in the left-hand

plane, while Hurwitz marginally stable transfer functions have a pole on the imaginary
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(a) Root Locus (b) Nyquist Plot (c) Bode Plot

Figure B.1: Examples of Linear System Analysis Tools For H(s) = 2s2+5s+1
s2+2s+3

axis, but no repeated poles on the imaginary axis. Repeated poles on the imaginary

axis are not stable, such as in the double integrator system, which has two poles at

the origin.

In addition to probing the zeros and poles of a transfer function through the

Laplace transform, several other tools exist for determining the stability of a linear

system. Demonstrations of the visual nature of some of these methods is demonstrated

in Fig. B.1.

The various design tools available drastically simplify understanding of linear dy-

namic systems. Additionally, the compact representation of dynamic systems in

Laplace space, as well as their clear input/output nature allow systems to be de-

scribed in terms of block diagrams of transfer functions. Fig. B.2 shows how the

general transfer function H(s) described in Eq. (B.22) is denoted in a block diagram.

B.1.5 Block-Scheme Diagram Analysis

Figure B.2: A Single Transfer Function H(s) with Inputs U(s) and Outputs Y (s)

Lines in a block diagram denote individual signals, while blocks denote transfor-

mations from the input signal to an output signal. Multiple transfer functions can
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also be chained together to create larger systems, whose representations can be sim-

plified using standard operations. Figure B.3 shows how two transfer functions can

be simplified into a single larger transfer functions when they are placed in parallel,

series, or when feedback of a signal is used [20].

Figure B.3: The Block Diagram Operations of Multiplication, Addition, Feedback,
and Shifting

B.2 Discrete Systems

The discrete state-space form is defined in the body of the text, where it is mentioned

that discrete state-space systems can exactly describe continuous systems with zero-

order hold inputs. A zero-order hold input simply referes to an input that is held to

the same value between samples. The equations that describe the discrete counterpart

to a linear state-space system are described below.

Theorem B.2.1 (Continuous to Discrete Realization [20]) Any system that can

be described by the continuous differential system {A,B,C,D}, when subjected to in-

puts ud ∈ Rm under zero-order hold of timestep h ∈ R and with output measurements

yd ∈ Rp polled at the same timestep, is equivalently described by the discrete transition

matrices



254

Ad = eAh (B.24)

Bd =

(∫ h

τ=0

eAτdt

)
B (B.25)

Cd = C (B.26)

Dd = D (B.27)

and forms the new discrete state-space system {Ad,Bd,Cd,Dd}.

Remark When the timestep h is taken to be very small, it should be noted that

lim
h→0

Ad = In×n (B.28)

lim
h→0

Bd = 0n×m (B.29)

for the zero matrix 0n×m ∈ Rn×m. This matches with the understanding that discrete

state-space systems provide an update to the states, instead of a difference. When

the timestep becomes sufficiently small, there is no noticeable difference in the states

between timesteps, and commands that affect the derivative do not cause a noticeable

difference in the state update. For sufficiently small timesteps, the discrete state-space

update reverts to the continuous case.

B.3 Additional Properties of Linear Systems

Two more definitions of the properties of linear state-space matrices are useful for

analyzing the trajectories and observations of a system.

Definition 12 A system {A ∈ Rn×n,B,C,D} is completely output controllable if

∀x1(t1),x2(t2), t2 > t1∃u(t) s.t.:

x2(t2) = Φ(t2, t0)

(
x1(t1) +

∫ t2

t1

Φ(t0, τ)Bu(τ)dτ
)

(B.30)
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That is to say that x2(t2) can be achieved through a some command timehistory

u(t). Equivalently, a system is completely output controllable if the matrix

C =
[
CB CAB . . . CAn−1B D

]
(B.31)

is of rank n.

Remark A controllability matrix of rank n implies that the control vector is able to

change each state independently through the input.

Definition 13 A system {A,B,C,D} is completely state observable if the system

states x can be determined from only inputs u(t) and outputs y(t), or equivalently

the matrix

O =



C

CA

CA2

...

CAn−1


(B.32)

has rank n.

Remark An observability matrix of rank n implies that each state is independently

described by combinations of the state inputs and outputs.

B.3.1 Minimal Realization

The equation for the Laplace space representation of a continuous time linear state-

space system is given in Eq. (B.22). A side-effect of the Laplace representation of a

system dynamics is that only controllable and observable states can be represented

by a transfer function. Any state-space system that is put into a transfer function

by Eq. (B.22) will not include any unobservable or uncontrollable states, and any

realization of a transfer function will not include any unobservable or uncontrollable

states. The state-space representation of a transfer function is therefore called the

minimal realization of that transfer function.
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The process for converting a transfer function to a state-space system is algorith-

mic and not illuminating on the attributes of either transfer functions or state-space

systems. The reader can find a description of the process in the A Linear Systems

Primer [20].



Appendix C

Additional Linear System Analysis and Controller Design

The development of simple adaptive control has continued for the better part of four

decades now, with some of the earliest results occurring in the 1980s [58]. In that

time, several key results have been found in the field. For reasons of brevity, the

most important of these were not covered in the text. For the curious reader, the

continuous time SAC stability proof, the discrete time SAC stability proof, and an

intuitive understanding for the feedforward parallelization scheme are covered in this

appendix.

C.1 Continuous Time SAC Stability Proof

A bulk of the work on SAC and its stability was undertaken by I. Barkana, and this

stability proof is reproduced from his excellent tutorial on the fundamentals of SAC

formulation Simple Adaptive Control: The Optimal Model Reference - Short tutorial.

The proof uses Lyapunov stability theory in order to show that the plant state errors

must go to zero. For those unfamiliar with the intricacies of Lyapunov stability theory,

an excellent example is present in Sec. 2.5.3.

First, some necessary equations are developed that are used in the final Lyapunov

equation. In order for the controller to achieve the ideal model response, it is necessary

for the system to input control actions without any tracking error present. It is

assumed that ideal gains exist for the system. Ideal gains are the set of gains that

produce no tracking error for any set of commands. An algorithm for producing the

ideal gains is mentioned in Sec. 2.5.3, however here their simple existence is sufficient.

The ideal controller has control action

u∗(t) = K∗
xxm(t) +K∗

uum(t) = K∗r(t) (C.1)

257
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where K∗
x and K∗

u are the ideal gains that convert the ideal model signals into the

control actions necessary to make the plant response match the ideal response.

Although during operation the true plant state will not be known by the controller,

the trajectories of the plant states under ideal inputs are necessary to show that the

true system converges to the ideal system.

The plant is given by the system {Ap,Bp,Cd,0}, with states xp and output yp.

The plant is given by the system {Am,Bm,Cm,0}, with states xm and output ym.

The input to the ideal model is uc.

It is known beforehand that the ideal plant will follow the ideal model trajectory,

which provides the state-space system

ẋ∗
p(t) = Apx

∗
p(t) +Bpu

∗
p(t) (C.2)

y∗(t) = ym(t) = Cmxm(t) = Cpx
∗(t) (C.3)

Given by the ideal states x∗
p and the ideal output y∗

p. What will be shown by

the stability proof is that the true plant states approach the ideal plant states. The

difference between the states of the ideal and non-ideal systems can be considered,

which is found to be

ex(t) = x∗
p(t)− xp(t) (C.4)

and the tracking error can be described in terms of this new state error

ey(t) = ym(t)− yp(t) = Cmxm(t)−Cpxp(t) (C.5)

= Cpx
∗
p(t)−Cpxp(t) (C.6)

= Cpex(t) (C.7)

The dynamics of the real system can now be considered, for which the plant

updates follow
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ẋp = Apxp(t) +BpK(t)r(t) (C.8)

When the ideal trajectories are subtracted from the real trajectories, the state

error dynamic equation that results is

ėx(t) = (Ap −BpK
∗
eCp) ex(t)−Bp (K(t)−K∗) r(t) (C.9)

= Acex(t)−Bp (K(t)−K∗) r(t) (C.10)

The stability proof can now be performed. Consider a Lyapunov function of

V (t) = V1(t) + V2(t) (C.11)

V1(t) = eTx (t)Pex(t) (C.12)

V2(t) = Tr
[
(K(t)−K∗)ΓΓΓ−1

I (K(t)−K∗)T
]

(C.13)

where P is the Lyapunov stability matrix introduced in Eq. (2.42) that meets the

ASPR requirement of the system. The first Lyapunov term, V1(t) is considered. The

time derivative of V1(t) for an ASPR system is found to be

V̇1(t) = ėTxPex + eTxPėx (C.14)

V̇1(t) = eTx (t)(PAc +AT
c P)ex(t)− 2eTy (t)(K(t)−K∗)r(t) (C.15)

However, due to the ASPR requirements, we know that PAc+AT
c P must also be

a negative semi-definite matrix −Q. There remains, however, the final term based

on tracking error which stops us from proving stability. Differentiation of the second

term of the Lyapunov function yields, when using definitions for the derivatives of

the gains
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V̇2(t) = 2Tr[(K(t)−K∗(t))ΓΓΓ−1
I K̇I(t)] (C.16)

V̇2(t) = 2Tr[(K(t)−K∗(t))ΓΓΓ−1
I (ey(t)r

T (t)ΓΓΓI)
T ] (C.17)

V̇2(t) = 2eTy (t)[K(t)−K∗]r(t) (C.18)

Where now the derivative V̇2(t) cancels out the additional term in V̇1(t) to leave

only the negative semi-definite portion of the Lyapunov derivative. The full Lyapunov

derivative is now

V̇ (t) = −eTx (t)Qex(t) (C.19)

with positive definite matrix Q, implying eTx (t)Qex(t) must always be positive, with

the negative finally implying that V̇ (t) must always be negative or equal to zero. The

SAC architecture and gain adaptation scheme must therefore make the state errors

approach zero, implying that the ASPR plant output approaches the model reference

output.

Notably, the Lyapunov derivative does not contain the adaptation parameter ΓΓΓI

or the adaptive gains K(t), suggesting that the choice of adaptation parameter does

not affect the final system stability, while also suggesting that the adaptive gains are

not necessarily stable to any one value and there are multiple combinations of gains

that achieve perfect model following. Some of the implications of the stability are

covered in the main text.

Stability for SAC can be repeated while including the proportional adaptations,

however the analysis is similar, without particular insight. It is clear from the stability

analysis that the proportional adaptations do not contribute to instability. For a

full derivation of the proportional adaptation stability proof, consider reading Direct

Adaptive Control Algorithms: Theory and Applications by H. Kaufman, I. Barkana,

and K. Sobel [60].
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C.2 Discrete Time SAC Stability Proof

Critically, a bounded stability proof for SAC in discrete systems has been found. Some

of the issues with SAC implementations sprang from the presence of a continuous-

time stability proof that insinuated that all values of adaptation parameter would be

stable. Since it is plainly clear that SAC can go unstable when improper adaptation

parameters are chosen, the question remains what could be causing the issue. Al-

though it is possible discretization plays a part, the Lyapunov difference suggests it

is not a significant factor.

The discrete proof for SAC stability is reproduced in part here. The discrete SAC

stability proof uses the same assumptions as the linear stability proof, and comes

to similar conclusions. First, signals are defined before being used to calculate the

discrete Lyapunov function and its difference.

The discrete ideal model at iteration k is characterized by the state-space system

xm(k + 1) = Amxm(k) +Bmum(k) (C.20)

ym(k) = Cmxm(k) +Dmum(k) (C.21)

for xm ∈ Rq,and ym(k), umk ∈ Rm. Similarly, the ASPR discrete plant response is

given by

xp(k + 1) = Apxp(k) +Bpup(k) (C.22)

yp(k) = Cpxp(k) +Dpup(k) (C.23)

for xm ∈ Rq,and ym(k), umk ∈ Rm.

The tracking error is still given by

ey(k) = ym(k)− yp(k) (C.24)

for augmented discrete ASPR system output yp. It is not typical for discrete systems

to be ASPR, so it is likely that the ASPR plant in the stability proof has been
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augmented somehow.

The ideal output is constructed as

u∗
p(k) = K∗r(k) (C.25)

where now

K∗ =
[
K∗

e K∗
x K∗

u

]
(C.26)

r(k) =


ey(k)

xm(k)

uc(k)

 (C.27)

Similar to the linearity condition in the SAC gain matching conditions, in order

for ideal model following to occur, the plant states must be some multiple of the ideal

model outputs. Recall for the matching conditions

[
S11 S12

K∗
x K∗

u

][
Cp

Dp

]
=

[
Cm

Dm

]
(C.28)

The state error for the discrete system is now

ex(k) = x∗
p(k)− xp(k) (C.29)

The choice of adaptation parameter ΓΓΓI in the discrete case is made so as to include

the constant of proportionality for discrete Euler integration. For this reason the

discrete update equation for SAC gains is simply

KI(k + 1) = KI(k) + ey(k)r
T (k)ΓΓΓI (C.30)

Similar to how there is an equivalent feedback system for the continuous ASPR

condition, there is an equivalent feedback system for the discrete ASPR condition.

Using the discrete ASPR conditions, the equivalent system matrices are



263

Ac = Ap −BpK
∗
eCp (C.31)

Bc = Bp(Im +DpK
∗
e)

−1 (C.32)

Cc = (Im +K∗
eDp)

−1Cp (C.33)

Fc(k) = (ApS11 − S11Am +BpK
∗
x)xm(k) (C.34)

+ (ApS12 − S11Bm +BpK
∗
u)uc(k) (C.35)

where (Im +DpK
∗
e) is provably nonsingular for an ASPR system. The tracking error

can now be rearranged to be

ey(k) = Ccex(k)−Dc(K(k)−K∗)r(k) (C.36)

The difference equation for the state error can now be found, after some manipu-

lation to be

ex(k + 1) = Apex(k)−Bp(K(k)−K∗)r(k)− Fc(k) (C.37)

Finally, the Lyapunov stability analysis can be done.

For the Lyapunov function, similar to the continuous case

V (k) = eTx (k)Pex(k) + Tr
[
(K(k)−K∗)ΓΓΓ−1

I (K(k)−K∗)T
]

(C.38)

A slight change of variables is done here for clarity. Where the original discrete

ASPR conditions were phrased as

Pd − δPd −AT
c,dPdAc,d = LTL (C.39)

Cd −AT
c,dPdBd = LTW (C.40)

DT
d +Dd −BT

dPdB = WTW (C.41)

The first condition is equivalently stated with the variable Q
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Pd −Q−AT
c,dPdAc,d = LTL (C.42)

After significant algebra, the Lyapunov difference becomes

∆V = −eTx (k)Qex (C.43)

− [eTx (k)L
T − rT (k)(K(k)−K∗)TWT ][Lex(k)−W(K(k)−K∗)r(t)]

− 2Tr[(ey(k)rT (k)ΓΓΓI)ΓΓΓ
−1(ey(k)r

T (k)ΓΓΓI)
T ]

− 2ex(k + 1)PFc(k)− Fc(k)
TPFc(k)

which is not negative semi-definite. Notably, the discrete ASPR stability conditions

are all present in the final difference. Nothing can be said about the stability of

the system, then. However, the system does typically have a negative Lyapunov

difference.

The most full description of the above stability proof and its results can be found

in Direct Adaptive Control Algorithms: Theory and Applications by H. Kaufman,

I. Barkana, and K. Sobel [60]. Although the initial result in that text is that the

discrete difference of the Lyapunov function is not negative semi-definite, further

results have been able to improve on that result somewhat, with Almost Passivity

and Simple Adaptive Control in Discrete-Time Systems [63] by Barkana and Ruslan

proving bounded stability of the discrete system.

Notably, in Shibata, Fujinaka and Sun [65], a slightly different controller formula-

tion (the augmentation of adaptation formulation seen in Sec. 2.5.5) claims to yield

a fully negative semi-definite Lyapunov function difference. That claim has been

repeated in a at least one other paper by Fujinaka and Sun, however the (current)

author has not been able to reproduce the Lyapunov difference achieved in that pa-

per. Results by Barkana stating a fully negative semi-definite Lyapunov difference

have not been found. If Barkana had found a stability proof for discrete SAC it is

likely that it would be celebrated in other works. It is currently unclear if the discrete

stability of SAC has been sufficiently proven by existing literature.
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C.3 Parallel Feedforward Compensation of non-ASPR systems

The result by Barkana in the mid 1980s was that feedforward parallelization could be

used by continuous and discrete systems to meet the (discrete or continuous) ASPR

requirements [59]. The result can be rederived through basic linear algebra identities,

which are long and tedious. Instead, an intuitive understanding of why feedforward

parallelization works is developed for the reader here.

For non-ASPR system G(s)

G(s) =
B(s)

A(s)
(C.44)

and stabilizing controller

H(s) =
Q(s)

P (s)
(C.45)

then the closed loop system which is asymptotically stable is

Gc(s) =
B(s)Q(s)

A(s)P (s) +B(s)Q(s)
(C.46)

meaning that all of its poles are in the left-hand plane.

The stabilizing controller H(s) can be used to create a parallel feedforward com-

pensator and augmented plant Ga(s) to be controlled by a SAC following

Ga(s) = G(s) +H−1(s) =
B(s)

A(s)
+
P (s)

Q(s)
=
A(s)P (s) +B(s)Q(s)

A(s)Q(s)
(C.47)

which is the same as

Ga(s) =
A(s)P (s) +B(s)Q(s)

A(s)Q(s)
= G−1

c (s)G(s) (C.48)

Notice that the stabilized closed loop system Gc(s) is inverted and multiplied by

G(s), implying Ga(s) has zeroes where the poles of the closed loop plant originally

were while retaining the poles of the original transfer function G(s). The augmented

system, therefore, has zero and pole positions that are very similar, with the only
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distinction being caused by the difference between the closed-loop and open-loop pole-

zero pairs. Additionally, due to the requirement for the stabilizing controller H(s) to

be minimum phase, no zeros have been added to the closed-loop response or unstable

poles to the inverse response G−1
c (s). A root locus analysis of the augmented system

would show that the response poles are now accompanied by zeros nearby. Finally,

closing the loop for some negative feedback gain Ke gives the closed loop transfer

function

Gs(s) =
Ke(A(s)P (s) +B(s)Q(s))

Ke(A(s)P (s) +B(s)Q(s)) + A(s)Q(s)
=

KeG(s)

KeG(s) +Gc(s)
(C.49)

which now must have poles and zeros that are very close to one another. Indeed,

in the limit, as Ke reaches a sufficiently large value, the contribution due to the

stabilizing controller approaches zero while the poles and zeros of the plant transfer

function approach one another, allowing the frequency SPR conditions to be met.

Since the augmented system becomes SPR when a sufficiently large negative feed-

back gain is applied it meets the definition for an ASPR system, and can thus be

controlled by a SAC. Similar thinking applies to the discrete case.
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