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Abstract

In this thesis motion planing with directional constraint in a polygon P possibly with

holes is studied. We have studied this problem from two di�erent viewpoints. We

proposed an algorithm which directly computes a path that adheres to the directional

constraints. We also provided an algorithm which approximates any piecewise linear

path in the interior of P with a piecewise linear path that adheres to the directional

constraints.
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Chapter 1

Introduction

1.1 Motivation and Background

Path planning algorithms have been the subject of intense investigation in past the

�fty years. These e�orts have been motivated mainly by robotics but this type of

problems arise in many di�erent disciplines and contexts from decision theory and

arti�cial intelligence to control theory and robotics. The general theme of this cate-

gory of problems is �nding a path of consecutive states between an initial state and

a goal state through a state space which has a notion of connectivity either de�ned

by a graph or a topology. The path usually is required to satisfy certain constraints

and optimality conditions.

Based on the type of the state space these problems can be categorized into dis-

crete, continuous and hybrid group. In the case of discrete problems, the state space

is a discrete space and connectivity and constraints are usually de�ned using a transi-

tion graph; this type of problems usually emerge in the context of decision theory. In

the continuous case the state space is modeled as a submanifold of Rn and constraints

de�ned by a set of polynomials. The free space, the set of states which satisfy the con-

straints, forms a semi-algebraic subset of Rn. There are various types of constraints

which can be applied to the path itself, for example the constraints imposed by the
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kinematics of the system. This type of constraints often expressed using di�erential

forms that the path should satisfy. The hybrid problems like the one arise in self

con�guring robots and planning with temporal goals use amalgamation of the two

other methods.

Solutions to continuous motion planning problems, which is the subject of the work

of this thesis, also can be categorized in two groups, sampling based methods and com-

binatorial methods. Sampling based methods such as PRM [1], RRT [2], PDST [3] and

EST [4] have been widely used in modern robotic systems to solve motion planning

problems with a variety of kinematics and di�erential constraints. This type of solu-

tions are probabilistic in nature and are not guaranteed to provide a solution or even

terminate. Combinatorial solutions are mostly based on building a one-dimensional

road map using a �nite decomposition of the state space. Various solutions to Piano

Mover problems are an example of this type of solutions [5], [6]. Combinatorial ap-

proach to the solution of motion planning problems with kinematic and di�erential

constraints is not studied as extensively as the sampling based methods. To name

a few we can mention [7] in which the decidability of the motion planning problem

with di�erential constraints is studied, [8] in which the complexity of approximating

a non-constrained path with a constrained path is studied or [9], [10], [11], [12], [13],

and [14] in which path planing with curvature constraint constraints is studied.

1.2 Problem statement

In this thesis we will study the path planning problem with directional constraint.

We study the problem of path planning in the presence of di�erential constraint in

very basic setting in which only a �nite set of directions are allowed and a transition

graph GDir de�nes how the directions are switched from one to another. Let P ∈ R
2

be a polyhedral environment , V = {v1, · · · , vn} a discrete set of directions, and GDir
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a transition graph which has V as its vertices and de�nes how directions can change,

we study the problem of �nding paths between any two point in P which adhere to

the directional constraints imposed by the transition graph GDir. These constraints

dictate that in each leg of the path we can only move in a direction from the set of

allowed directions V and if we change our direction from v1 to v2 in V then there

should be an edge from v1 to v2 in GDir. We call such a path a GDir-admissible path.

1.3 Thesis organization

In Chapter 2 we de�ne some properties for GDir and establish a relationship between

those properties and the problem of �nding an admissible path. In the �rst section

of this chapter we will study the problem of �nding a GDir-admissible path between

two points in the absence of any obstacle and show that if GDir is symmetric and

spanning then we can �nd a GDir-admissible path with only one change of direction.

We also study the problem of �nding a GDir-admissible path in a triangle when the

allowed directions are aligned with the x and y axes and GDir is a complete graph.

Using the result from this section we show that the performance of any algorithm

that solves the GDir-admissible path planning problem is sensitive to the start and

end points.

In Chapter 3, we study the complexity and performance of the approximation of a

piecewise linear path by a GDir-admissible path. We show that if GDir is symmetric,

spanning and strongly connected then any piecewise linear collision free path can

be approximated by a GDir-admissible path. We also show that the performance of

the approximation is related to how dense the set of allowed direction is, i.e., the

maximum angular di�erence between two consecutive direction in V .

Chapter 4 is dedicated to future works and di�erent generalization of materials

discussed in the previous Chapters.



Chapter 2

Finding GDir-admissible paths in two

dimensions

In this chapter we �rst formally de�ne the motion planning problem with directional

constraints. We de�ne some properties for GDir and show that if GDir have those

properties we can �nd a GDir-admissible path when the environment is the whole

R
2. To solve our problem for polygonal environment we focus our attention to a

triangle and the simplest spanning and symmetric direction transition graph GDir,

i.e. complete graph over north, south, east and west directions, and show that motion

planning with directional constraints can be solved in this setting. Next we generalize

this results to any polygonal environment P using triangulation. If v1 and v2 are two

arbitrary linearly independent directions in R
2 then one can always �nd a linear

isomorphism T which maps the ordered base (v1, v2) to ((1, 0), (0, 1)). Since any

triangulation of P is de�nes a natural triangulation for T (P ), we can generalize this

results to any complete GDir.

Let P be a polygonal environment, i.e., a simple polygon, possibly with holes, and

let n be the number of vertices of P . Let V = {v1, . . . , vm} be the set of admissible

directions, and let GDir be the direction transition digraph of V . This graph has

vertex set V and (vi, vj) is an edge if we can change direction to vj if vi is the current

4
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direction.

We de�ne the following properties of V and GDir(V ).

De�nition 1. We call V symmetric if for each v ∈ V , −v also belongs to V .

De�nition 2. For each v ∈ V we de�ne δ+(v) = {v′ : (v, v′) ∈ EGDir
}.

De�nition 3. GDir is spanning if for each vertex vi, and for each vj ∈ δ+(vi), {vi, vj}

is spanning R
2.

De�nition 4. If V is symmetric then we de�ne GDir to be symmetric if for each

v ∈ V , v′ ∈ δ+(v) if and only if −v′ ∈ δ+(v).

De�nition 5. Given a pair (s, e) of points inside P , a piecewise linear path R =

(x1 = s, x2, · · · , xk = e) inside P is called GDir-admissible, if for each 1 ≤ i < k,

there exists a real number ci > 0 and an element vi in V such that xi+1 − xi = civi

and vi+1 ∈ δ+(vi). R is called strongly GDir-admissible if it is GDir-admissible and

we have x2−x1 = c2vs and xk−xk−1 = ckve for given start and end directions (vs, ve)

in V .

It can be easily observed that if GDir is symmetric then in De�nition 5 we can

assume xi+1 − xi = civi for an arbitrary real ci.

Lemma 6. Given a pair (s, e) of points inside P , a GDir-admissible path for a sym-

metric GDir is a piecewise linear path R = (x1 = s, x2, · · · , xk = e) inside P such

that for each 1 ≤ i < k, there exists a real number ci and an element vi in V such

that xi+1 − xi = civi and vi+1 ∈ δ+(vi).

The problem considered in this work can be expressed as:

Problem 7. Given V = {v1, . . . , vm}, a spanning direction transition graph GDir and

a polygonal environment P . For any two query points (s, e), report a GDir-admissible

path inside P if such a path exists, or report that such a path does not exist.
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s

e

Figure 2.0.1: Sample run of algorithm 1 on (s, e), (vs, ve).

The strong version of Problem 7 becomes:

Problem 8. Given V = {v1, . . . , vm}, a spanning direction transition graph GDir

and a polygonal environment P . For any two query points (s, e) and start and end

directions (vs, ve) in V , report a strongly GDir-admissible path inside P if such a path

exists, or report such a path does not exist.

2.1 Finding a GDir-admissible path in the plane

If P = R
2 (i.e., there are no constraints on the environment) and GDir is both

symmetric and spanning and if each edge in GDir has unit weight then both the

strong and weak versions of the problem can be solved in time that is within a

constant factor of �nding shortest path in GDir.

For simplicity we will assume that GDir is strongly connected. This assumption

is not critical because if there is no path between vs and ve then there won't be any

GDir - admissible path between s and e either. We also assume that vs 6= ve. This is

to avoid �nding a cycle that starts and ends at vs. The same technique can be used
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to solve the problem when vs = ve by concatenating solutions for input data (s, c)

and (vs, vc), and (c, e) and (vc, vs), for which vs 6= vc.

Algorithm 1: GDir-admissible path for P = R
2

Data: (s, e), (vs, ve) and vs 6= ve, GDir

Result: StronglyGDir-admissible path R between (s, e)
1 SP ← GetShortestPath(GDir, vs, ve);
p← e ;
R← path consisting of p;
l := number of vertices of SP ;

2 for i← l to 2 do
v ← SP [i];
p← p− v;

3 Add p at the beginning of R;

end
(

α
β

)

← (vs v)
−1(p− s) ;

Add s+ α · vs + β · v at the beginning of R;
Add s+ α · vs at the beginning of R;
Add s at the beginning of R;

Algorithm 1 provides a solution to Problem 8 with the minimum number of direc-

tion changes. Given start and end points (s, e) and distinct start and end directions

(vs, ve), it performs the following steps:

1. Calculate the path π(vs, ve) between vs and ve in GDir having the minimum

number of edges.

2. Starting from e and from the end ve of π(vs, ve). it traverses π(vs, ve) backwards

and for each vertex vi, it moves a distance of vi in the opposite direction of vi.

3. In the last step when it is on the �rst edge of π(vs, ve), i.e., (vs, v1), it calculates

the distance we should take in direction v1 and then vs in order to reach s.

This can also be achieved by �nding the intersection of lines l(p, v1) and l(s, vs)

which pass through p and s in direction v1 and vs respectively.
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Theorem 9. If P = R
2 (i.e. there is no constraint on the environment) and GDir

is both symmetric and spanning then Algorithm 1 solves both the strong and weak

versions of the 2D problem within a constant factor of the running time of GetShort-

estPath. Here, GetShortestPath returns a shortest path between vs and ve in GDir

according to a constant uniform edge weight (e.g., 1 for all edges). The path generated

by Algorithm 1 has the minimum number of links.

Proof: We will show that Algorithm 1 solves the strong case. The weak case can be

converted to the strong case by adding the vector vs in V with least angular di�erence

with s̄e (the line segment between s and e) and ve as a vector in δ+(vs) with least

angular di�erence with vs.

Let SP = (sp1, · · · , spl) in line 1 be the shortest path between vs(= sp1) and

ve(= spl) with length l. The for loop starting on line 2 iterates through the last

l − 1 nodes of SP and builds a primary path R between p and e. It is immediately

observed that R is GDir-admissible by de�nition.

At line 3 it is guaranteed that v ∈ δ+(vs) and R is a GDir-admissible path between

p and e. Since (vs, v) is spanning we have p− s = αvs + βv for some real numbers α

and β, so (s, s + αvs, s + αvs + βv) is a GDir-admissible path between s and p. Let

(vs v) be a 2 by 2 matrix with column vectors vs and v. Then (vs v)
(

1
0

)

= vs and

(vs v)
(

0
1

)

= v. Assuming T = (vs v)
−1 we have

T (p− s) = αT (vs) + βT (v) = α

(

1

0

)

+ β

(

0

1

)

So α and β can be calculated by matrix formula in the Algorithm 1.

It is clear that the running time of the Algorithm is within a constant factor of

the running time of algorithm GetShortestPath. It is also clear that each vertex in

SP represent a link in R and as a result the number of vertices of SP is equal to the

number of links in R. This shows that R is a GDir-admissible path with the minimum
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number of links.

�

Both the result and complexity of the shortest path function is dependent on the

distance function de�ned on GDir. If unit weight is considered, shortest paths can

be computed in O(EGDir
+ VGDir

) using breadth-�rst search. If di�erent weighting

is used Dijkstra's algorithm with Fibonacci heap can be used to achieve O(EGDir
+

VGDir
log(Vdir)) . Various weights can be used on GDir. For our next result we will

de�ne the weight of an edge (vi, vj) ∈ EGDir
to be d(0, vi) where d is any metric on

R
2.

W (Pk)

S

Figure 2.1.1:

Lemma 10. Let d be a given metric on R
2 and assume the weight of an edge (vi, vj) ∈

EGDir
is W((vi,vj)) = d(0, vj). Then for any path P = (v, v1, · · · , v

′) between v and v′ in

GDir and any given starting point s ∈ R
n, the piecewise linear path R = (r0, · · · , rl),

in which r0 = s and ri = ri−1 + vi, is contained in the close ball of radius W (P ) =

Σ(vi,vj)∈Pd(0, vi) centered at s.
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Proof: This statement is obvious if l = 1. Let us assume that this statement is

correct for all paths up to length k. We will show that it is correct for k + 1.

If the length of P is k+1 then for Pk, the �rst k vertices of P , the above statement

is correct so we can assume that Rk, the �st k pieces of the associated piecewise

linear path R, is entirely in a ball of radius W (Pk) as depicted in �gure 2.1.1. Now

if x ∈ rkrk+1 then d(s, x) ≤ d(s, rk) + d(rk, x) but from the induction hypothesis

d(s, rk) ≤ W (Pk)) and we also have d(rk, x) ≤ d(rk, rk+1). So d(s, x) ≤ W (P ) hence

x ∈ Bd(s,W (Pk)). �

To avoid complications involved in computing the Euclidean norm due to calcu-

lating the square root of sums, the maximum (uniform, supremum) metric dMax can

be used where dMax(x, y) = maxi | xi − yi | for xi, the i-th coordinate of x.

x

y

A

B

C

C

C

lAx

lBx

Figure 2.1.2: Position of triangle ABC in relation to lAx and lBx

2.2 Finding a GDir-admissible path in a triangle

Now we study the problem of �nding a GDir admissible path in a triangle ABC. If

v1 and v2 are two arbitrary linearly independent directions in R
2 then one can always

�nd a linear isomorphism T which maps the ordered base (v1, v2) to ((1, 0), (0, 1)).
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Since the image of ABC under T is also a triangle, for simplicity we assume that

we are only allowed to move in 4 directions and Gdir = K4, the complete digraph of

size 4, and we are only moving in perpendicular directions. Let these 4 directions be

denoted by x = (1, 0),−x, y = (0, 1) and −y to identify them with the normal x̄ and

ȳ axis of the plane. We also assume that the edge AB of the triangle ABC is parallel

to y (or −y). We also denote the x and y components of a point p ∈ R
2 by xp and

yp. A line passing through a point p in the direction of a vector v ∈ R
2 is denoted by

lpv. Consider two lines lAx and lBx parallel to direction x and passing through A and

B respectively. Two di�erent situations can happen depending on the placement of

point C.

1. C is between lAx and lBx .

2. C is outside lAx and lBx .

If C is between lAx and lBx then any pair (s, e′) of points inside ABC can be

connected to each other with a GDir-admissible path of length 2. This is illustrated

in Figure 2.2.1 for the case when s is to the left of e.

A

B

C

lAx

lBx

e

s

Figure 2.2.1: Finding an admissible path when C is between lAx and lBx

Lemma 11. If ABC is a triangle such that the edge AB is parallel to y and vertex

C is between lAx and lBx , then for any given points (s, e) there exist a GDir-admissible
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path of length 2 connecting s to e. Here, GDir is the complete graph of size 4 over

{x,−x, y,−y}.

Now let us assume that C is outside of lAx and lBx . Without loss of generality we

can assume that C resides below the line lAx as shown in Figure 2.2.2. Let p−1 = B

and p0 = A and for k ≥ 1, p2k−1 = l
p2k−2
x ∩BC and p2k = l

p2k−1
y ∩AC. This generates

an (in�nite) triangulation of ABC with triangles ti = pi−1pipi+1.

We have λ = ‖AB‖ = |yA−yB| and also tan(β) = ‖OA‖/‖OC‖ = |Ax−Cx|/|yA−

yC | and cot(α) = ‖OC‖/‖OB‖ = |xA−xC |/|yA−yC |. Using the similarity of triangles

t2k with BOC and t2k+1 with AOC one can calculate the x̄ and ȳ coordinates of each

pi.

x

y

y0 = λ

β

α

O

A

B

C
x1 x2

y1

y2

p1

p2
p3

Figure 2.2.2: Partitioning a triangle

We have:
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|yp−1 − yp0 | = λ

|xp0 − xp1 | = λ cot(α)

|yp1 − yp2 | = λ cot(α) tan(β)

|yp2k−1
− yp2k | = λ(cot(α) tan(β))k

|xp2k − xp2k+1
| = λ(cot(α) tan(β))k cot(α)

Considering the above formulation the ȳ coordinate of each point pi can be calcu-

lated as a geometric series. We have yp2k = yB − λΣk
k=0(cot(α) tan(β))

k or

yp2k = yB − λ
1− (cot(α) tan(β))k+1

1− cot(α) tan(β)

For any t2k and k ≥ 0, it can be observed that p2k−1p2k is parallel to ȳ and p2k+1

is between l
p2k−1
x and lp2kx . For t2k+1 and k ≥ 0, p2k+1p2k+2 is parallel to y and p2k is

between l
p2k+2
x and l

p2k+1
x . This means that, for any i ≥ 0, if (s, e) are points inside ti

then they can be connected to each other based on Lemma 11.

Now let us assume that (s, e) are given inside ABC the following algorithm cal-

culates an admissible path between s and e.

Algorithm 2.

Input: triangle ABC and start and end point (s, e)

Output: GDir- admissible path between s and e.

1. Select closest of s and e to the edge AB and denote it by s0.

2. Shoot a ray R(s0, x) from s0 parallel to x and away from AB until it hits BC

at s1. If ley, the line passing through e and parallel to y, intersects with R(s0, x)

inside ABC then report the admissible path and stop otherwise continue to the



14

next step.

3. Shoot a ray R(s1, y) from s1 vertically down until it hits AC at s2. If lex, the line

passing through e and parallel to x, intersects with R(s1, y) inside ABC then

report the admissible path and stop otherwise set s0 to s2 and start from step 2.

Figure 2.2.3 shows a run of the above algorithm.

x

y

λ

β

α

O

A

B

C

s

e

Figure 2.2.3: Finding a GDir-admissible path in a triangle

Let integers l ≤ m be selected such that s ∈ tl and e ∈ tm. It is easy to show

that algorithm 2 generates a GDir-admissible path. It is also easy to observe that if

the path generated by algorithm 2 enters tm it �nishes. It can also be observed that

any GDir - admissible path between (s, e) intersects all triangles tq where l ≤ q ≤ m.

This shows that algorithm 2 �nishes in �nite time. As a matter of fact for any point

p in ABC we can �nd the index ip of the triangle tip to which p belongs. To do that

�rst we �nd the index k for which we have yp2k ≥ yp ≥ yp2(k+1)
or

yB − λ
1− (cot(α) tan(β))k+1

1− cot(α) tan(β)
≥ yp ≥ yB − λ

1− (cot(α) tan(β))k+2

1− cot(α) tan(β)

Setting cot(α) tan(β) = OA/OB = yA/yB we have

(
OA

OB
)k+1 ≤ 1−

yB − yp
yB

≤
OA

OB
)k+2
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Since log is increasing we have k = blogOA/OB(1 −
yB−yp
yB

)c − 1. Thus, p belongs

to t2k or t2k+1 (i.e. 2k ≤ ip ≤ 2k + 1). By examining the value of xp against xp2k and

xp2k+1
the index ip can be exactly determined.

Based on the above discussion we require

|m− l| = |blogOA/OB(1−
yB − ys

yB
)c − blogOA/OB(1−

yB − ye
yB

)c| ± 2

steps to �nish algorithm 2. Figure 2.2.3 shows a run of algorithm 2.

Lemma 12. If ABC is a triangle such that the edge AB of the triangle ABC is

parallel to y and vertex C is outside lAx and lBx , parallel lines passing through A and

B and parallel to x, then for any given points (s, e) there exist a GDir - admissible

path with

|blogOA/OB(1−
yB − ys

yB
)c − blogOA/OB(1−

yB − ye
yB

)c| ± 2

links connecting s to e. Here, GDir is complete graph of size 4 over {x,−x, y,−y}.

Now let ABC be an arbitrary triangle in R
2. We can partition ABC into two

triangles each sharing a common edge parallel to y. This can be done by sorting the

points based on their x̄ coordinates and picking the middle point. Assuming C has

such a property then the line lCx meets the line segment AB at C ′. ACC ′ and BCC ′

partition ABC into two triangles that meet the requirements of Lemmas 11 and 12

since CC ′ is parallel to y. As a result algorithm 2 can be extended to general triangles

as follows.

Algorithm 3.

Input: triangle ABC and start and end point (s, e)

output: GDir- admissible path between s and e.
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1. Order the vertices of ABC based on their x coordinates, select the middle vertex

(assume C is the middle one) and shoot a line from C which meet AB at C ′.

Keep the resulting triangles ACC ′ and BCC ′

2. Find T1 the triangle that contains s, �nd T2 the triangle which contains e.

3. If T1 = T2 then run algorithm 2 for T1 and (s, e).

4. If T1 6= T2 then from {C,C ′} select the one which has the closest y coordinate

to e (assume C ′ does). Run algorithm 2 for T1 and (s, C ′), run algorithm 2 for

T2 and (C ′, e) and concatenate the two resulting paths.

Figure 2.2.4 illustrates how algorithm 3 is applied for a case where T1 6= T2. The

above discussion can be formulated in the following lemma.

A

B

C

C ′

s

e

Figure 2.2.4: A line parallel to y splits triangle to two sections each in position
required for Lemma 11 and 12

Lemma 13. If ABC is a triangle in R
2 such that xA ≤ xC ≤ xB and GDir is

complete graph of size 4 over {x,−x, y,−y}, then for any given points (s, e), algorithm

3 calculates a GDir - admissible path of length l connecting s to e, where
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l ≤ 2(|blogyC/yC′
(1−

yC − ys
yC

)c − blogyC/yC′
(1−

yC − ye
yC

)c| ± 2).

2.3 Finding a GDir-admissible path in a polygon

Let P be a polygonal environment then P can be triangulated inO(n log(n)) time with

O(n) storage (see [15] chapter 3 for details). Let {T1, · · · , Tm} be such a triangulation

for P . We de�ne the weak dual graph GP for the triangulation of P in which the

vertex set is VGP
= {T1, · · · , Tm} and (Ti, Tj) ∈ EGP

is an edge i� Ti and Tj share an

edge. It can easily be observed that GP is a planar graph. As a result the size of VGP

and EGP
are in order of n, the size of P (since m = O(n)). It can easily be observed

that each edge e ∈ EGP
uniquely associated to an edge of the triangulation. For each

edge e ∈ EGP
we de�ne me to be the midpoint of the triangle edge that e represents.

Based on triangulation {T1, · · · , Tm} the following algorithm will �nd a GDir ad-

missible path between any two points (s, e).

Algorithm 4.

Input: Polygonal environment P , its triangulation {T1, · · · , Tm} and start and end

points (s, e)

Output: GDir- admissible path between s and e.

1. Find Ts and Te, the triangles which contain s and e respectively.

2. If Ts = Te then run algorithm 3 for Ts and (s, e).

3. If Ts 6= Te then �nd a path Π between Ti and Tj in GP . Assuming |Π| = l we

denote each vertex in this path by Π(i) where Π(0) = Ts and Π(l) = Te. If such

a path does not exist then report that there is no GDir- admissible path between

s and e.
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4. Run algorithm 3 for triangle Π(0) and (s,m(Π(0),Π(1))) and concatenate the result

to R.

5. For each Π(i) while Π(i) 6= Te run algorithm 3 for triangle Π(i) and

(REnd,m(Π(i),Π(i+1))) and concatenate the resulting path to R. (REnd is the last

point in R).

6. If Π(i) = Te run algorithm 3 for triangle Π(l) and (REnd, e) and concatenate

the resulting path to R and report R.

Figure 2.3.1: A sample run of Algorithm 4. The light blue section represents Π

Based on Lemma 13 it is clear that algorithm 4 �nishes. It is also obvious that

algorithm 4 generates a GDir- admissible path. If there exists a path from Ts to Te

then Algorithm 4 will generate a GDir- admissible path. Now if there exists a GDir-

admissible path between s and e then this path corresponds to a walk W on GP .

This walk W can be reduced to a path by removing all its cycles. Let ΠW be such a

path for W then algorithm 4 generates a GDir-admissible path between s and e.

This shows that Algorithm 4 generates a GDir- admissible path between any given

start and end points (s, e) if and only if such a path exists. So we have
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Theorem 14. If P is a polygonal environment in R
2 and GDir is a complete graph

of size 4 over {x,−x, y,−y}, then for any given points (e, e), Algorithm 4 calculates

a GDir - admissible path connecting s to e.



Chapter 3

Approximating a non-admissible path by a

GDir-admissible path

The problem of �nding a piecewise linear path between two points in a polygonal

environment has been extensively studied in two and three dimensions. It has been

shown in [16] and [15] that this problem can be preprocessed in polynomial time and

path queries can be answered by searching for the shortest path in the preprocessed

structure. In this chapter we will assume that we are given a polygonal environment

P in R
2, a direction transition graph GDir(V,E), a pair of points (s, e) and an obstacle

avoiding path R = (r0 = s, · · · , rl = e) in the interior of P . We will consider the

problem of approximating R by a GDir-admissible path between s and e.

We �rst consider the case in which GDir is a complete graph and show that R

can be approximated by a GDir-admissible path in this setting. Then we relax this

restriction and study the problem for any strongly connected GDir and we conclude

that Problem 8 can be solved in this con�guration.

20
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H

pH−

Figure 3.1.1: If GDir is spanning then there is at least one v ∈ VGDir
such that

v /∈ H. For such a v either v or −v is in H−

3.1 Tubular neighborhoods and sleeves

Lemma 15. If GDir is symmetric and spanning then for a given half plane H =

{(x, y) : ax + by + c ≤ 0} and any point p on the boundary of H there exist a

vertex v in VGDir
such that p + v = (xp + xv, yp + yv) lies in the open half plane H,

H− = {(x, y) : ax+ by + c < 0} . i.e a(xp + xv) + b(yp + yv) + c < 0

Proof: Since GDir is spanning there exists a vector v ∈ VGDir
such that p + v is

not on the boundary of H. As illustrated in Figure 3.1.1, If p + v is outside H (i.e.

a(xv) + b(yv) > 0) then for −v we have a(x−v) + b(y−v) < 0. This proves that either

v of −v has the desired property. �

De�nition 16. Let a and b be points in P such that the line segment ab is in P . A

tubular neighborhood for a point z ∈ āb along āb in P is de�ned as,

Box(āb, λ, z) = {x+ β~c; x ∈ āb, ‖z − x‖ < λ,−λ < β < λ}

where ~c is the normal unit-vector of ab. We denote its closure by

Box(ab, λ, z) = {x+ a~c; x ∈ āb, ‖z − x‖ ≤ λ,−λ ≤ a ≤ λ}.

We similarly de�ne a tubular neighborhood along ab as

Box(āb, λ) = {x+ a~c; x ∈ āb,−λ < a < λ}.
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Figure 3.1.2 depicts the tubular neighborhood of a point along a line and a line

segment.
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a

b

λ~c
z

Box(āb, λ, z)

a

b

i)

ii)

Box(āb, λ)

Figure 3.1.2: i) Tubular neighborhood of z along āb ii) tubular neighborhood of āb
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Let R = (r0 = s, · · · , rl = e) be a piecewise linear path in P which connect s and

e. For each i, let λi be the minimum orthogonal distance of riri+1 from the boundary

∂P of P , i.e,

λi = min{Dc(x) : x ∈ riri+1}

where

Dc(x) = min{α : x+ αc ∈ ∂P},

and c is a unit orthogonal vector to riri+1. Compactness of riri+1 guarantees that

such a minimum exists. Any tubular neighborhood Box(riri+1, λi/2) of riri+1 resides

entirely in the interior of P .

This will de�ne a collection of tubular neighborhoods for line segments of R,

{Box(riri+1, λi/2); 0 ≤ i < l}

which are completely in P . We call this collection a sleeve for R. The following

theorem can be concluded from the above observation.

Theorem 17. For any piecewise linear path R inside the interior of a polygon P ,

there exist a sleeve for R such that its closure is completely in the interior of P .

Next we will show that for a given polygonal environment P (possibly with some

holes), a pair of points (s, e) and a piecewise linear path R between s and e, Algorithm

5 computes a sleeve for R which consists of tubular neighborhoods of the line segments

of the path.

The basic idea is to �nd the orthogonal distance between each line segment to the

boundary of the polygonal environment P . Basically Algorithm 5 loops through the

line segments riri+1 of piecewise linear path R. For each line segment:

1. It �nds an orthonormal base (c1, c2) at ri. c1 is in the direction of riri+1 and c2

is orthogonal to c1.
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Algorithm 5: Tubular Neighborhood 1

Data: (s, e), a polygon P ⊂ R
2 , A piecewise linear path

R = (r0 = s, · · · , rl = e) between s and e
Result: Array Λ of (λi) that de�nes a tubular neighborhood around the line

segments of R with closure inside P
Λ := Array(l) ;
for 0 ≤ i < l do

/* calculating an orthogonal frame along ¯riri+1 */

c′i ← (ri+1 − ri/‖ri+1 − ri‖) ;
ci ← GetNormalTo(c′i) ;
/* finding a rotation that maps c′i to (1, 0) (i.e., ¯riri+1 to x-

axis) and ci to (0, 1) */

T ←
[

c′i ci

]

−1

;

start← the one with smaller x in {T (ri), T (ri+1)};
end← the one with bigger x in {T (ri), T (ri+1)};
y ← start.y;
min←∞;
/* find the closest points to the segment */

1 for each edge e = (p, p′) ∈ P do

/* Apply the rotation to p and p′ */

pT ← ApplyTransform(T, p);
p′T ← ApplyTransform(T, p);
/* if [pT .x, p

′

T .x] ⊂ [start.x, end.x] */

if start.x ≤ pT .x ≤ end.x and start.x ≤ p′T .x ≤ end.x then

if min ≥| pT .y − y | then min←| pT .y − y |;
if min ≥| p′T .y − y | then min←| p′T .y − y |;

end

if [pT .x, p
′

T .x] 6⊂ [start.x, end.x] and [pT .x, p
′

T .x] ∩ [start.x, end.x] 6= ∅
then

if p.x < start.x then

ystart(e)← e(start.x);
if min ≥ ystart then min← ystart;

end

if p′.x > end.x then

yend(e)← e(end.x);
if min ≥ yend then min← yend ;

end

end

end

Λ(i)← min/2 ;

end
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s e

λ

Figure 3.1.3: Sample run of Algorithm 5 for the path R = (s, e).

2. The whole environment is rotated and translated in a such way that (c1, c2)

maps to ((1, 0), (0, 1)). As a result ri is mapped to (0, 0) and ri+1 to (0, αi+1).

(Figure 3.1.3)

3. For each edge pp′ ∈ PT we consider the projection of pp′ on the x-axis, πx(pp′) =

[px, p
′

x]. Let I = [px, p
′

x]∩ [0, αi+1]. We calculated the height of the end points of

I when pp′ is considered as a linear function over I and keep track of minimum

of such heights. Since I is convex and pp′ ∈ PT considered as a line over I is both

convex and concave the height of the end points have the extreme values. So

the minimum of these extreme values de�nes the orthogonal distance of riri+1

with P .

4. We report half of the minimum calculated in the above step as Λi.

Theorem 18. Algorithm 5 computes a sleeve for R in O(ln) time.

Proof: Algorithm 5 is iterating over the line segments of R and for each line segment

riri+1 it �nds a Λ(i) such that the tubular neighborhood Box(ri, ri+1, λ) resides in

P . To do so for each line segment riri+1, the algorithm �nds the biggest λi such that
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Box(ri, ri+1, λi) is in P . λi is equal to

min{Dist(x, x+ α~c); x+ α~c ∈ boundry(P )&x ∈ riri+1},

where ~c is a unit vector perpendicular to riri+1. It can be observed that such a

minimum only happens on the extreme points of riri+1 or points of P .

As the �rst step to facilitate the calculation, we rotate P in such a way that ri, ri+1

becomes parallel to the x-axis. The rotation needs to be applied to the n vertices

of P , which takes O(n) time. On the next step we go through all edges e of P and

categorize them by how their projection on the x-axis intersects the projection of

riri+1 on the x-axis. This can be done just by examining the x-coordinate of each

vertex of e against the x-coordinate of transformed ri and ri+1. Since there are n

edges, this operation takes O(n) time. If the projection of e on the x-axis is included

in the projection of riri+1 then the minimum will happen on the extreme points of e

hence its end vertices. If the projection of e on the x-axis has a non-empty intersection

with the projection of riri+1 then the minimum can happen at the end points of riri+1

or the end points of e. To examine the intersection of the projection of e we examine

the x-coordinates of the rotated edge against the end points of riri+1 after the rotation

is applied. The categorization of the edges can be done in constant time.

Based on the discussion above the whole process will take O(ln) to complete.

�

3.2 Approximating a line segment if GDir is the com-

plete graph

In this section we study the problem of approximating a piecewise linear path R =

(r0 = s, · · · , rl = e) in polygon P , by a GDir-admissible path when GDir is the
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v1
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lc

lt

lb

H1

H2

e

Figure 3.2.1: Sample run of Algorithm ZigZag

complete graph. We calculate a tubular neighborhood Box(ri, ri+1, λi) for each riri+1

and approximate riri+1 in Box(ri, ri+1, λi) by a GDir-admissible path, as illustrated

in Figure 3.2.1.

Now let us assume that GDir is a complete graph and is spanning and symmetric.

Assume the members of the set V of admissible directions are sorted by their slopes.

We will denote the set of all rays out of a point x in directions in V , by Vx. Given a

line segment se and a tubular neighborhood Box(se, λ), let lt and lb be the top and

bottom lines supporting Box(se, λ) and lC the centerline that contains se.

De�nition 19. Let v1 and v2 be two vectors in R
2. We say that v1 ≤α v2 if and only

if either v2 is to the left of O and v1 is to the right of O, or v1 and v2 are both on the

same side of O and v2 is to the left of v1. Here, O is an arbitrary reference vector.

It can easily be observed that v1 ≤α v2 if and only if v2 has a greater signed angle

with Ov than v1.
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Figure 3.2.2: i) Illustration of or angular ordering imposed by left turn test

Let us assume that the direction of ~se is not in GDir and consider the half space

H+ = {x : c · (s− x) ≥ 0), where c is a normal vector of ~se. This half space contains

s̄e and its boundary is perpendicular to s̄e. By Lemma 15, Vs ∩H
+ is not empty and

has cardinality at least two, where Vs is the translation of vectors in V to point s.

Let v1 be the vector in V with minimum angular di�erence with s̄e. We assume that

v1 is to the left of ~se ⊂ lc, so any ray starting from lc meets lt. The result below is

dually repeatable for the case that v1 is to the right of ~se.

As shown in Figure 3.2.1, we move from s along v1 until we reach lt at x1. Let

L+
~sx1

be the half plane on the right of ~sx1 which contains s̄e. Vx1 ∩ L+
~sx1

has at least

one element by Lemma 15. Let L+
t be the half plane to the right of lt which contains

Box(s̄e, λ). We show that Vx1 ∩ L+
~sx1
∩ L+

t also has at least one element. This easily

follows from the fact that L+
t ∩ L+

~sx1
cannot contain any ray from Vx1 because v1 has

minimum angular di�erence with lc and hence lt.

We choose v2 ∈ Vx1 ∩L
+
~sx1
∩L+

t to have minimum angular di�erence with lt. Now

we continue from x1 along with v2 until we reach lc again at x2. The minimality in

the selection of v1 and v2 guarantees that x2 − s = β(e− s) for some β > 0.

This process can be continued further by looking at the half space L−

~x1x2
to the
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left of ~x1x2 and L−

c , the half space to the left of ~se which contains v1, and selecting

the direction v3 with minimal angular di�erence with lc. The next lemma shows that

v3 = v1.

Lemma 20. Assuming v1, v2 and v3 have been selected as above. Then v1 = v3.

Proof: v3 belongs to L−

~x1x2
∩ L−

c ∩ Vx2 and is the right most member of it. Based

on the assumption above about v1, we have v1 ∈ H+ ∩ L−

c ∩ Vs ⊂ L−

~x1x2
∩ L−

c ∩ Vx2

but since every element of L−

~x1x2
∩ L−

c ∩ Vx2 is to the left or equal to an element of

H+ ∩ L−

c ∩ Vs (i.e., greater or equal in term of angle)the minimum element will be

equal, hence v1 = v3. �

The following lemma will also help to simplify the process of calculating v1 and

v2.

Lemma 21. For a given pair of start and end points (s, e) if ~se does not match

the direction of any of the vectors in VGDir
, v1 and v2 can be calculated by �nding the

placement of ~se in the ordered list (VGDir
,≤α). The placement of ~se in the list gives us

two elements vmax = max{v ∈ Vdir; v ≤α ~se} and vmin = min{v ∈ VGDir
; ~se ≤α v}.

If the absolute value of the signed angle between vmax and ~se is greater than the angle

between vmin and ~se, then v1 = vmin and v2 = vmax, and vise versa otherwise.

Proof: The proof of this lemma is rather obvious based on how v1 and v2 are

selected in the above process. Assume the absolute value of the angle between vmax

and ~se is greater than angle between vmin and ~se. Let v1 be the closest element in

VGDir
∩H+∩L+

c to e−s angularly. vmin is in L+
c by de�nition, so vmin ≤α v1. We also

have vmin ∈ H+ since otherwise v1 ≤α c ≤α vmin which contradicts the above result

so vmin = v1. Similarly it can be concluded that v2 = vmax. For the case that the

absolute value of the angle between vmax and ~se is less than the angle between vmin

and ~se, all the results will be dual of the above, i.e., vmax = v1 and vmin = v2. �
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Algorithm Zigzag is approximating a line segment with an GDir-admissible path.

We can list the steps of it as follows:

1. Set H := {c | c.(e− s) ≥ 0}.

2. De�ne v1 to be the closest vector in Vs ∩H to the direction of s̄e according to

the ordering ≤α.

3. Based on whether v1 ≤α s̄e or s̄e ≤α v1, continue from s in the direction of v1

until we meet lb or lt at ~zig.

4. Calculate an inward normal vector n, for example for lc, and set H = {c |

c · (n) ≥ 0}. n is calculated in such a way that H always contains lc.

5. De�ne v2 to be the closest vector in Vs ∩H to the direction of s̄e according to

the ordering ≤α.

6. Continue from zig in the direction of v2 until we meet lc in zag.

7. Continue alternating in the directions of v1 and v2 and zigzag between lt (or lb

depending on v1) and lc until zag meets lc past e.

8. Scale and adjust the last zig zag so it meets lc at e.
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Function Zigzag

Data: (s, e), λ, VGDir
considered as a complete graph and sorted by slope

Result: A GDir-admissible path R = (r0 = s, · · · , rl = e) between s and e such
that R ∈ Box(s, e, λ)

lastPoint← s;
Zigzag ← (lastPoint);
H ← {x : (e− s)(x− s) ≥ 0};
v1 ← GetClosestDirection(V, es,H);
if v1 to the left of (e− s) then

~zig ← GetIntersection(lt, (v1, s));
n1 ← XY Coordinate((0, 0, 1)× (v1, 0));
H ← {x : x− s.n1 ≥ 0};

else
~zig ← GetIntersection(lb, (v1, s));
n1 ← XY Coordinate((v1, 0)× (0, 0, 1));
H ← {x : x− s.n1 ≥ 0};

end

v2 ← GetClosestDirection(V, es,H);
~zag ← GetIntersection(lc, (v2, s));
/* zigzagging along se */

while lastPoint.x < vecse.x do

Zigzag.Append(lastPoint+ ~zig);

Zigzag.Append(lastPoint+ ~zig + ~zag);

lastPoint← lastPoint+ ~zig + ~zag;

end

if lastPoint.x > vecse.x then

Zigzag ← AdjustPath(Zigzag, s, e);
end

The following lemma proves the correctness of Algorithm Zigzag.

Lemma 22. If GDir is complete, spanning, and symmetric ,(s, e) is a pair of points

and Box(s̄e, λ) is a tubular neighborhood of se in R
2 then there exists a GDir- Admis-

sible path R between s and e which is completely inside Box(s̄e, λ). Algorithm Zigzag

computes such a path in O(log(m)+ ‖s− e‖/λ cot(∠vi+1− vi)) time. The length of R

satis�es ‖R‖ ≤ ‖s− e‖(1+ 1/ cot(∠vi+1− vi)). Here, vi and vi+1 are two consecutive

vectors (with respect to ≤α) with maximum angular di�erence.
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Function GetClosestDirection

Data: VGDir
considered as a complete graph and sorted by slope, a vector ~d

representing the direction, a half space H
Result: A member of VGDir

which is in H and has minimal angular di�erence

with ~d
(v, v′)← binary searching V for placement of ~d in V ;

/* This can be achieved by doing a left turn test between ~d and

the visiting node on the binary search tree */

ṽ ← closest of (v, v′) to ~d;
if ṽ in H then

return ṽ
else

return −ṽ
end

Function GetIntersection

Data: (~d1, ~b1) representing the �rst line, (~d2, ~b2) representing the second line
Result: the intersection point of line 1 and line 2
x ~d1
← x-coordinate of ~d1 ;

y ~d1
← y-coordinate of ~d1 ;

x ~d2
← x-coordinate of ~d2 ;

y ~d2
← y-coordinate of ~d2 ;

x~b1
← x-coordinate of ~b1 ;

y~b1
← y-coordinate of ~b1 ;

x~b2
← x-coordinate of ~b2 ;

y~b2
← y-coordinate of ~b2 ;

α←
(yb2−yb1 )xd1

−(xb2
−xb1

)yd1
xd2

yd1−xd1
yd2

;

Return ~b2 + α~d2;

Function AdjustPath

Data: R list of the points of the approximation, e, s
Result: Adjusted path R′ which start from s and ends in e
/* If the last leg of R passes e on lc this function adjusts last

leg to connect to e */

l ← length of R ;
R[l − 1]← GetIntersection((R[l − 1]−R[l − 2], R[l − 2]), (R[l]−R[l − 1], e));
R[l]← e ;
Return R;
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Proof: It is obvious that the path generated by algorithm Zigzag is GDir-admissible.

To start we show that the algorithm �nishes. The only iteration in algorithm Zigzag

happens in its sole while loop in which two points zig and zag are added to the

approximating path Zigzag in each iteration. Since zag is always on lc by de�nition,

in order to check if we have reached the end point e we only need to compare the

x-coordinate of lastPoint against the x-coordinate of e. This is because for each value

of zag there is a constant α such that zag = s + α(e − s). The value of lastPoint

increases in each iteration to lastPoint + zig + zag = lastPoint + β(e − s)/‖e − s‖

for some β > 0. We have

β = λ(
cos(∠v1 − ∠~se)

sin(∠v1 − ∠~se)
−

cos(∠v2 − ∠~se)

sin(∠v2 − ∠~se)
) (3.2.1)

i.e.,

β = λ(
sin((∠v1 − ∠~se)− (∠v2 − ∠~se))

sin(∠v1 − ∠~se) sin(∠v2 − ∠~se)
).

As a result we have:

β = λ(
sin(∠v1 − ∠v2)

sin(∠v1 − ∠~se) sin(∠v2 − ∠~se)
).

Now we �nd out for a given v1 and v2, which angle of ~se minimize the value of

β.To do so we examine the zeros of the derivative of β in terms of the angle of ~se,

dβ/d∠~se is

−
sin(∠v1 − ∠v2)(sin(∠v1 − ∠~se) cos(∠v2 − ∠~se) + sin(∠v1 − ∠~se) cos(∠v2 − ∠~se))

(sin(∠v1 − ∠~se) sin(∠v2 − ∠~se))2
,
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which can be simpli�ed to

−
sin(∠v1 − ∠v2) sin(∠v1 + ∠v1 − 2∠~se)

(sin(∠v1 − ∠~se) sin(∠v2 − ∠~se))2
.

Based on the above identity ∠~se = (∠v1 + ∠v1)/2 is a zero of dβ/d∠~se. Since the

denominator of dβ/d∠~se is always positive and based on the sign of nominator, it

can be concluded that (∠v1 + ∠v1)/2 is a local minima.

By putting back the minimum value into (3.2.1) we have

β = 2λ(
cos(∠v1 − ∠v2)/2)

sin((∠v1 − ∠v2)/2)
) = 2λ cot((∠v2 − ∠v1)/2).

Since cot is decreasing, β acquires its minimum value when the di�erence between

v1 and v2 is maximum.

Based on Lemma 21, v1 and v2 are always two consecutive vectors in VGDir
ordered

by ≤α. Let i be an index for which the value vi+1 − vi is maximum. Then we have

β ≥ 2λ cot(∠vi+1 − vi/2). So the while loop will add at least 2λ cot(∠vi+1 − vi) to

lastPoint−s.Therefore the while loop �nishes at most after ‖s−e‖/2λ cot(∠vi+1−vi)

iterations. The number of edges in Zigzag is at least twice the number of iterations

of the while loop, i.e., ‖s− e‖/λcot(∠vi+1 − vi).

It takes O(logm) to �nd v1 and v2 in the sorted list of directions VGDir
. Plus the

time spent in the while loop this proves our claim about the complexity of algorithm

Zigzag.

It also can be observed that for each edge ei of Zigzag we have ‖ei‖ ≤ ‖fi‖ + λ

where fi is the orthogonal projection of ei on se. Therefore
∑

‖ei‖ ≤
∑

‖fi‖ + l.λ

where l is the number of edges in Zigzag. By substituting the value of l from the

above we have
∑

‖ei‖ ≤ ‖s− e‖(1 + tan(∠vi+1 − vi))

�
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3.3 Approximating a line segment if GDir is strongly

connected

Now we draw our attention to the more general case where GDir is only strongly

connected. If GDir is strongly connected then for any two directions vi and vj in

VGDir
there exists a path from vi to vj and one from vj to vi.

We de�ne an ε-padding of Box(s̄e, λ) to be the box around Box(s̄e, λ) with edges

at distance ε of the edges of Box(s̄e, λ), as illustrated in Figure 3.3.1. More precisely,

Boxε(s̄e, λ) = Box( ¯sεeε, λ+ ε),

where sε = s − ε(e − s/‖e − s‖) and eε = e + ε(e − s/‖e − s‖). We won't need to

calculate sε or eε in our algorithm picking a small enough ε will su�ce.

Lemma 23. Let x ∈ B(s, ε), be a point inside the ball with center s and radius ε, v

a vector, and l a line not parallel to v. Let lv and l′v be two lines tangent to B(s, ε)

and parallel to v. Then the line lx passing through x parallel to v, meets l between lv

and l′v.

Proof: This results from the fact that lv and l′v and lx are all parallel to each other.

�

First we show that if GDir is strongly connected, spanning and symmetric, then

the weak version of admissible path planning is possible.

The new algorithm ZigzagEx has a template very similar to algorithm Zigzag.

First we �nd v1 and v2 as in algorithm Zigzag. The only di�erence is that here

we cannot switch from v1 to v2 and vise versa, instead we should go through the

paths between v1 and v2. Based on Theorem 10, we can control how far away we

wander from the intersection of each leg of zigzags and lt (or lb) or lc. Given a path

(v1, · · · , vn) ∈ GDir and a point c and a number β, function BuildPath is building a
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λ

βrβl

a b

a′

a′′ b′′
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s e

i) A padded tubular Neighbourhood of s̄e

ii) Findling a tubularr neighbourhood

Figure 3.3.1: ε padding of Box(s̄e, λ)
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lt

lc

H+δ

v1

v2

Figure 3.3.2: Approximating a line segment when GDir is strongly connected.

piecewise linear path (c, c+βv1 = c1, · · · , cn+βvn) which by Lemma 10 ends in a ball

of radius βW around c, where W is the length of (v1, · · · , vn) with Euclidean metric.

If (v1, · · · , vn) is the shortest path between v1 and vn then the path generated by

BuildPath is in a ball with radius βDiam(GDir), where Diam(GDir) is the diameter

of Graph GDir, i.e., the maximum length of all shortest paths in GDir. For a given

ε, if β = ε/Diam(GDir), the path generated by BuildPath will always be in a ball of

radius ε around c.

To prove that the method of algorithm Zigzag still works, we show that if ε is

selected small enough, the section of the path generated by application of BuildPath

does not wander o� the padded tubular neighborhood and also Algorithm ZigzagEx

still moves forward by a constant distance on lc in each iteration. The �rst is achieved

easily by selecting ε < δ.

Figures 3.3.2 and 3.3.3 depict an iteration of Algorithm ZigzagEx. In each iteration

we start from the last point of Zigzag, which we denote by si and is initialized by the

starting point s. we apply BuildPath with Pv2v1 to generate a path (si, · · · , c
v1
i , cv1i +

βv1) in the ε-neighborhood of the starting point si. Then we start from cv1i in direction
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A
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si

lc

lt

cv1
i

di

cv2
i

si+1

Figure 3.3.3: An iteration of the Crisscross function

of v1 and continue until it intersect with lt (or lb depending on v1) at di. Reapplying

BuildPath with Pv2v1 , generates a path (di, · · · , c
v2
i , cv2i + βv2) in the ε-neighborhood

of di. Then continue from cv2i in the direction of v2 until it reaches lc at si+1.

Now let us compare the above iteration with an iteration of Algorithm Zigzag.

We start from si. Follow the direction of v1 until we meet lt at d
′

i and continue from

there in the direction v2 until we intersect lc in s′i+1. By Lemma 22, ‖si − s′i+1‖ is

always greater or equal to λ cot(Maxdif/2), where Maxdif is the maximum angular

di�erence between two consecutive directions in VGDir
ordered by ≤α. Let z1 and

z2 be the two lines representing the envelope of the boundary of the ε-disks around

si + βv1 for any β. z1 and z2 are tangent to all ε-disks around si + βv1 and hence

parallel to the vector d′i − si. Since the vector di − cv1i is also parallel to d′i − si

then by Lemma 23 di is located between m1 = z1 ∩ lt and z2 ∩ lt. As a result

we have ‖di − d′i‖ < Av1 = ‖m1 − d′i‖ (see Figure 3.3.5). If fdi is the intersection

of di + βv2 with lc, parallelity gives us ‖s′i+1 − fdi‖ < Av1 . Based on the same

argument we can also show that ‖si+1 − fdi‖ < Av2 , and again Lemma 23 gives us

‖si+1 − s′i+‖ < Av1 +Av2 . From above we have ‖si − si+1‖ > ‖si − s′i+1‖ −Av1 −Av2

and hence ‖si − si+1‖ > 2λ cot(Maxdif/2)− Av1 − Av2 .

Let us focus on v1 as it is depicted in �gure 3.3.4. LetA = Av1 . From the triangular
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Figure 3.3.4: ε/(λ) = A/(C +D) = C/(A+B)
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Figure 3.3.5: An ε deviation from from starting point s
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similarities in Figure 3.3.4 we have ε/λ = C/(A + B) hence C = ε(A + B)/λ. If we

calculate A in term of C and ε we have A2 = C2+ε2 so A2 = (ε(A+B)/λ)2+ε2, from

which we have A =
√

(ε(A+B)/λ)2 + ε2 or A = ε/λ
√

((A+B))2 + λ)2. Since both

(A+B) and λ are greater than zero we have (A+B)2+λ2 ≤ (A+B)2+λ2+2(A+B)λ

and hence A ≤ ε/λ((A + B) + λ). Unless the algorithm �nishes in one iteration, we

can assume that A+B ≤ ‖s−e‖ and hence A ≤ ε((‖s−e‖/λ)+1). This inequality is

independent of the selection of v1 and applies to v2 as well. To avoid the complexity

of calculating ‖s− e‖, (e− s) · (e− s) = ‖s− e‖2 can be used as well. Assume that ε

is chosen such that

K := λ cot((∠v1 − ∠v2)/2)− ε(‖s− e‖/λ+ 1) > 0 (3.3.1)

Now let us assume algorithm ZigzagEx �nishes in more than 1 iterations (otherwise

it is a trivial case) and ε is selected small enough such that (3.3.1) holds. Then in

each iteration algorithm ZigzagEx moves forward along ēs at least as far as K. This

ensures the termination of the algorithm in at most ‖s− e‖/K iterations.

The next di�erence between algorithm Zigzag and ZigzagEx is the path adjust-

ment step. In algorithm Zigzag, the adjustment step is only adjusting the last leg of

the approximated path but in this case it is more complex because more than two

edges are involved when e is in the ε-neighborhood of Zigzag.LastPoint. To over-

come that adjustment step, the algorithm scales down the computed path Zigzag by

a factor of k = e.x/Zigzag.LastPoint().x as formulated in function AdjustPath.

Lemma 24. Let GDir be strongly connected, spanning, and symmetric, (s, e) a pair

of points and Boxδ(s̄e, λ) a δ-padding of the tubular neighborhood of s̄e in R
2. If ε

is selected small enough then algorithm ZigzagEx computes a GDir-admissible path

between s and e which resides inside Boxδ(s̄e, λ).

It can be observed that if ε is selected in such a way that inequality (3.3.1)



42

Function ZigzagEx

Data: (s, e), λ, GDir strongly connected, VGDir
sorted by slope, ε, δ

Result: A GDir-admissible path R = (r0 = s, · · · , rl = e) between s and e such
that R ∈ Boxε(s, e, λ)

lastPoint← s;
Zigzag.Append(lastPoint);
H ← HSbyNormal(s− e);
/* find v1 and v2 */

v1 ← GetClosestDirection(V, es,H);
if v1 to the left of (e− s) then

n← XY Coordinate((0, 0, 1)× (v1, 0));
H ← HSbyNormal(n);

else

n← XY Coordinate((v1, 0)× (0, 0, 1));
H ← HSbyNormal(n);

end

v2 ← GetClosestDirection(V, es,H);
/* Calculate shortest path from v1 to v2 and v2 to v1 */

P1 ← GetShortestPath(GDir, v1, v2);
P2 ← GetShortestPath(GDir, v2, v1);
lastPoint← ZigZag.lastPoint;
while ZigZag.lastPoint.x < ~se.x do

ZigZag ← CRISSCROSS(ZigZag, lt, lc, ε, P1, P2);
end

ZigZag ← BuildPath(ZigZag, Pe − {v2}, ε);
if ZigZag.lastPoint.x > ~se.x then

Zigzag ← AdjustPath(Zigzag, s, e);
end

s
e

lc

lt

lb

Figure 3.3.6: Dotted path generated by algorithm ZigzagEx before adjustment.
Heavier path illustrated the same path after adjustment.
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Function CRISSCROSS
Data: s, lt, lb, lc, piecewise linear path Zigzag, v1, v2, P1, P2

Result: A GDir-admissible path Zigzag that runs between lt (or lb) and lc
if Zigzag.LastPoint 6= s then

/* Generated path is always in a ball of radius ε */

Zigzag.Append(BuildPath(Zigzag, P1, ε).RemoveLastPoint());

end

if v1 to the left of (e− s) then
~zig ← GetIntersection(lt, (v1, lastPoint));

else
~zig ← GetIntersection(lb, (v1, lastPoint);

end

Zigzag.Append(BuildPath(Zigzag, P2, ε).RemoveLastPoint());
~zag ← GetIntersection(lc, (v2, Zigzag.lastPoint));
Zigzag.Append(zag);

Function BuildPath
Data: Center c, path (v1, · · · , vn) in Gdir, and a scaling factor β.
Result: A piecewise linear GDir-admissible path Π based on (v1, · · · , vn) and

starting from c.
Add c to Π;
p← c;
for 1 ≤ i ≤ n do

p← p+ β · vi;
Add p to Π;

end

Function BuildPathRevers
Data: Center c, path (v1, · · · , vn) in Gdir, and a scaling factor β.
Result: A piecewise linear GDir-admissible path Π based on (v1, · · · , vn) and

starting from c.
P ← Revers of (−v1, · · · ,−vn);
Call BuildPath with c, P and β;
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Function AdjustPath

Data: R list of the points of the approximation, e, s
Result: Adjusted path R′ which starts from s and ends in e
/* If the last leg of R passes e on lc this function adjusts the

path to connect to e */

l ← length of R ;
K ← e.x/R[l].x;
AdjustedPointsAppend(R[1]);
for i = 2 to l do

p← R[i]−R[i− 1];
p.x← Kp.x;
p.y ← Kp.y;
AdjustedPoints.Append(AdjustedPoints[i] + p);

end

Return AdjustedPoints;

holds then the same ε will also work for any (e′, s′) with ‖e′ − s′‖ ≤ ‖e − s‖. We

can use this property to show that the strong form of the problem is also solvable.

Let (vs, ve) be two given start and end directions and let Pvsv1 and Pv2ve be the

shortest paths from vs to v1 and v2 to ve respectively. Starting from e we run function

BuildPathRevers to get the piecewise linear path (cv2 , · · · , e) based on Pv2ve . This is

done by traversing Pv2ve in reverse order and building the sequence of points p[i] =

p[i + 1]− β/Diam(GDir)Pv2ve [i + 1] where p[l] = e and l is the length of Pv2ve . This

will put p[1] = cv2 in the β-neighborhood of e.

Next we use BuildPath to build a path for Pvsv1 starting from s in the β-

neighborhood of s. Let q be the second last point of this path which means we

can move forward in the direction of v1 from this point. Starting from q, we will

follow v1 until we reach lt or lc. If we reach lc �rst we choose the intersection point

as the new starting point s′, otherwise from the intersection point with lt, we follow

the direction of v2 back to lc until we meet lc at the new starting point s′.

Similarly for (cv2 , · · · , e), starting from cv2 we follow the direction of −v2 until we

reach either lc or lt. If we reach lc �rst and the intersection point is between s and
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e we will choose the new end point e′ to be this intersection point. Otherwise from

the intersection point with lt we follow −v1 until we reach lc and we will choose the

intersection as the new end point e′. Now if β is less than ε we can apply algorithm

ZigzagEx to �nd a GDir-admissible path between s′ and e′ and hence between s and

e, starting in direction vs and ending in direction ve.

Lemma 25. Let GDir be strongly connected, spanning, and symmetric, (s, e) a pair

of points, (vs, ve) a pair of start and end directions and Boxδ(s̄e, λ) a δ-padding of

the tubular neighborhood of s̄e in R
2. If ε is selected small enough then Algorithm

ZigzagEx can be adjusted to construct a GDir-admissible path between s and e which

is inside Boxδ(s̄e, λ).

3.4 Approximating a path with a GDir-admissible

path

We conclude this chapter by showing that if P is a polygonal environment, GDir is

a strongly connected direction constraint graph and R is a piecewise linear path be-

tween start and end points (s, e) then R can be approximated by a GDir- admissible

path. We �rst need to adjust Algorithm 5 to generate a padded tubular neighbor-

hood. Function PaddedTubularNeighborhood accepts the polynomial environment

P , a line segment (ri, ri+1) and a padding factor 1/2k and calculates a padded tubu-

lar neighborhood of (ri, ri+1) which has a padding less than or equal to the width of

the neighborhood scaled by the padding factor.

In this version of the algorithm we will �rst calculate an orthogonal frame over

riri+1 by calculating (ci, 0) = (ri+1 − ri, 0) × (0, 0, 1), where (ri+1 − ri, 0) is ri+1 − ri

considered as a 3-dimensional vector and based on that we calculate T which maps

ri+1 − ri to (1, 0) and ci = (ri+1 − ri, 0)× (0, 0, 1) to (1, 0), when ri considered as the
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origin. We should note that

‖(ri+1 − ri, 0)× (0, 0, 1)‖ = ‖ri+1 − ri‖ sin(π/2) = ‖ri+1 − ri‖.

As a result T can be written as ‖ri+1 − ri‖IU where U is a unitary rotation and I

the identity. Since both U and I are isometric, this means that if (x, y) = T (p) then

x = d(ri,Πriri+1
(p))/‖ri+1 − ri‖ and y = d(p, riri+1)/‖ri+1 − ri‖ where Πriri+1

(p) is

the orthogonal projection of p on riri+1.

After applying the transformation T = (c′i ci)
−1x− ri to P , which involves trans-

lating the origin to ri and applying linear transformation (c′i ci)
−1x, we �nd the

maximum width λ and a box Bλ′(riri+1) containing riri+1 exactly in the same man-

ner as we did in Algorithm 5 where λ′ = λ(1−2−k). To calculate a padding we rotate

P by 90 degrees and apply function TubularNeighborhoodForUnit to the upper and

lower bounding line segments of Bλ′(riri+1) as illustrated in Figure 3.3.1.
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Function PaddedTubularNeighborhood

Data: A polygon P ∈ R
2 , a line segment (ri, ri+1) inside P , padding factor of

the from 1/2k

Result: A padded tubular neighborhood of 0̄1 with its closure inside P
distinguished by R = (phPadding, pvPadding, padding, λ)

/* calculating an orthogonal frame along riri+1 */

c′i ← (ri+1 − ri) ;
ci ← normal vector to c′i ;
/* finding a rotation that maps c′i to (1, 0) (i.e. ¯riri+1 to x-

axis) and ci to (0, 1) */

T ← (c′i ci)
−1;

start← (0, 0);
end← T (ri+1 − ri) = (0, 1);
PT ← apply transformation T to P with ri as origin ;
λ← TubularNeighborhoodForUnit(PT , start, end) ;
P ′ ← apply a 90′ rotation to PT ;
l ← TubularNeighborhoodForUnit(P ′, (−λ(1− 1

2k
), 0), (λ(1− 1

2k
), 0));

P̂ ← translate P ′ by (0,−1);

r ← TubularNeighborhoodForUnit(P̂ , (−λ(1− 1
2k
), 0), (λ(1− 1

2k
), 0));

sidePadding ←Min{l, r};
padding ←Min{sidePadding, λ/2k};

paddedLeftTop←
[

c′i ci

]





0

λ



;

leftTopCorner ←
[

c′i ci

]





0

λ(1− 1/2k)



;

rightpPad←
[

c′i ci

]





padding

0



;
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Function TubularNeighborhoodForUnit

Data: A polygon PT ∈ R
2, a line segment R = (start, end) inside PT and on

x-axis
Result: A padded tubular neighborhood of (0, 1) with its closure inside PT

min←∞;
/* find the closest points to the segment */

1 for each edge e = (pT , p
′

T ) ∈ PT do

/* if [pT .x, p
′

T .x] ⊂ [start.x, end.x] */

if start.x ≤ pT .x ≤ end.x and start.x ≤ p′T .x ≤ end.x then

if min ≥| pT .y | then min←| pT .y − y |;
if min ≥| p′T .y | then min←| p′T .y − y |;

end

if [pT .x, p
′

T .x] 6⊂ [start.x, end.x] and [pT .x, p
′

T .x] ∩ [start.x, end.x] 6= ∅ then
if p.x < start.x then

ystart(e)← e(start.x);
if min ≥ ystart then min← ystart;

end

if p′.x > end.x then

yend(e)← e(end.x);
if min ≥ yend then min← yend ;

end

end

end

Return(min) ;

Theorem 26. Let P be a polygonal environment (possibly with holes), GDir strongly

connected, spanning, and symmetric, (s, e) a pair of points in P and R = (s =

r1, · · · , rl = e) a collision free piecewise linear path in P between s and e. Then for

su�ciently small ε, Algorithm 6 computes a GDir-admissible path between s and e

which is inside P .

Proof: Let ∆Max be the maximum angular di�erence between two consecutive di-

rection vj and vj+1 in V (GDir) ordered by ≤α. To calculate a GDir-admissible ap-

proximation of R we will perform the following steps for each line segment riri+1 of

R.
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Algorithm 6.

1. First we pick a k to be used as a padding factor. We can easily choose k = 1

for a padding factor of 1/2. Larger k also can be selected to enforce some grade

of accuracy for ε.

2. We �nd a padded tubular neighborhood by running PaddedTubularNeighborhood

on input P , 2−k and riri+1, and get Boxδ(riri+1, λ) with padding δ ≤ 1/2kλ.

3. Choose ε < min{δ, cot(∆Max/2)
λ2

1+λ
‖ri − ri+1‖} and β = ε/Diam(GDir). Since

dmax(x, y) ≤ ‖x−y‖ for any (x, y) we can use dmax here to have computationally

feasible option. We will discuss this step in more detail.

4. Calculate an approximation of riri+1 in Boxδ(riri+1, λ) using ε, β, (ri, ri+1) as

start and end points and (vs(i), ve(i)) as start and end directions. If we are

processing r1 = s we set vs(1) = vs as start direction otherwise vs(i) = ve(i−1).

If we are processing the last leg of R, rl−1rl, we will set ve(l) = ve otherwise

ve(i) = v2(i− 1).

To be more clear on Step 3 it should be noted that the transformation used by

PaddedTubularNeighborhood is transforming the orthogonal frame {c′ = ri+1− ri, c}

to ({(1, 0), (0, 1)}). As a result the values acquired by this algorithm for λ and δ are

scaled by ‖ri+1− ri‖. In other word the distance between ri and the left top corner of

the tubular neighborhood λ′ is equal to λ‖ri − ri+1‖. Based on Lemma 24, ε should

be selected in a way that ε < δ and λ′ cot(∆Max/2) − ε(‖ri+1 − ri‖/λ
′ + 1) > 0. By

replacing λ′ (the width of the tubular neighborhood) with λ‖ri−ri+1‖, the inequality

in (3.3.1) converts to ε < cot(∆Max/2)
λ2

1+λ
‖ri − ri+1‖ and since dmax(x, y) ≤ ‖x− y‖

any

ε < cot(∆Max/2)
λ2

1 + λ
dMax(ri, ri+1)
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will also work. We have cot(∆Max/2) = 1+cos(∆Max)
sin(∆Max)

. Since vj.vj+1 =

‖vj‖‖vj+1‖ cos(∆Max) and

c = (0, 0, 1).vj × vj+1 = ‖vj‖‖vj+1‖ sin(∆Max),

we have

κ :=
‖vj‖Max‖vj+1‖Max + vj.vj+1

c

≤ cot(∆Max/2).

As a result condition (3.3.1) can be further simpli�ed to

ε < κ
λ2

1 + λ
dMax(ri, ri+1).

Now we choose a k′ such that ε = dmax(ri+1, ri)/2
k′ satis�es

dmax(ri+1, ri)/2
k′ < κ

λ2

1 + λ
dMax(ri, ri+1)

or in other words 1/2k
′

< κ λ2

1+λ
. The integer k′ can be selected so large that the

number of iterations in Step 3 stays the same as Algorithm Zigzag.

After selecting a suitable ε we will choose β < ε/Diameter(GDir). The diameter

of GDir can be calculated using any all pairs shortest path algorithm but any upper

bound such as the sum of the lengths of all edges in GDir will also work. The above

discussion shows that Step 3 can be done in constant time.

Step 1 is also done in constant time. Step 2 can be done in O(n) for each linear

piece of R. Step 4 can be computed in at most Dimeter(GDir).‖s− e‖/λcot(∠vi0+1−

vi0) iterations. As a result the whole process can be done in

O(l(n+Dimeter(GDir).‖ri − ri+1‖/λcot(∠vi0+1 − vi0)))

time.
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In this section, we have shown that for any polygonal environment P (possibly

with holes) and any symmetric, spanning, and strongly connected direction graph

GDir, any piecewise linear map between two points (s, e) can be converted to a GDir-

admissible path. Since a piecewise linear map between two points in a polygonal

environment can e�ciently be found using classical methods like the one in [15], we

can conclude that Problem 8 can be solved in two dimension.

If a pair of points (s, e) is given in a polygonal environment P , then a piecewise

linear map between (s, e) can be found by traversing the graph built by connecting

the center of the adjacent cells of the cylindrical algebraic decomposition of P as

outlined in [15]. The environment can be preprocessed in O(n log(n)) expected time

using the trapezoid method and then for any pair of query points (s, e) a piecewise

linear path R can be reported in O(n) time where n is the size of P . Using the

method in Theorem 26 this path can be approximated by a GDir-admissible path.



Chapter 4

Future Works

4.1 Approximation in higher dimensions

We studied the problem of approximating an existing piecewise linear path between

two points in a polygonal environment in 2 dimensions but most of the practical con-

trol problems involve more than 2 dimensions. This makes any generalization of the

materials discussed in this thesis to higher dimensions very important. Unfortunately,

calculating an obstacle avoiding piecewise linear path between two points is not very

e�cient in higher dimensions. This is because a cylindrical algebraic decomposition

of a polytope may result in many cells. As shown in [6] and [17] the cylindrical al-

gebraic decomposition of a d dimensional polytope of size n can generate O(n2d−1)

cells. This number can be improved to O(n2d−1) using techniques in [18].

Before we go further let us exactly de�ne what do we mean by polyhedral envi-

ronment:

De�nition 27. Let A ⊂ Z[x1, · · · , xd] and S = {s1, · · · , sl} a decomposition of Rd.

We say S is A sign invariant (A-invariant for brevity) if for each f ∈ A, the sign of

f(x) does not change for x ∈ si. S is called algebraic if each cell is a semi-algebraic

set
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De�nition 28. A set S ⊆ R
d is called semi-algebraic if it satis�es one of the following

properties:

1. S can be constructed by �nite union , intersection, and completion of sets

{x ∈ R
d, F (x) ≥ 0}

where F (x) ∈ Z[x1, · · · , xd] the ring of polynomial in d variable with integer

coe�cients.

2. is a de�nable set with respect to theory of real closed �elds with a quanti�er

free formula

A quanti�er free formula is well formed formula of the theory of real closed �elds

which does not have any existential or general quanti�er and a well formed formula

is de�ned recursively by the following rules:

1. The formulas a > b, a = b and a < b, for polynomials a and b in Z[x1, · · · , xd]

are well-formed.

2. if ϕ(x) is a well-formed formula with free variable x then so are (∃x; ϕ(x)) and

(∀x; ϕ(x)).

3. if ϕ and φ are well-formed formulas then so are ϕ ∧ φ, ϕ ∨ φ and ¬ϕ

A set D in R
d is de�nable if there exist a well-formed formula ϕ such that D =

{x ∈ R
d; ϕ(x) is true} since by the quanti�er elimination theorem we can eliminate

quanti�er for each well formed formula of the theory of real closed �elds, the two

properties in De�nition 28 are equivalent.

De�nition 29. A d dimensional polyhedral environment is a semi-algebraic subset

of Rd which is entirely de�ned by linear formulas (i.e., polynomials of degree 1).
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Most of the results discussed in previous chapters are based onGDir being spanning

and symmetric so the �rst step for generalizing our result to higher dimensions should

involve a generalization of these properties to higher dimensions. Symmetricity of

GDir can be naturally generalized to higher dimensions as it does not assume any

dependency on the dimension of the space. The generalization of the property of

being spanning is not straightforward. Let us assume GDir is a complete graph. We

call V (GDir) ⊂ T~0(R
d) spanning if for any set of directions {v1 · · · vi−1} for any i ≤ d

there exist a direction vi such that {v1 · · · vi} is linearly independent. It is easy to

observe that for d = 2 this is equivalent to De�nition 3. Now for a generic directional

constraint graph GDir we have:

De�nition 30. Let GDir be a direction constraint digraph and V (GDir) ⊂ T~0(R
d) its

direction set. GDir is called spanning if for any path (v1 · · · vi−1) of length i − 1 for

any i ≤ d, there exists a vi in δ+(vi−1) such that {v1 · · · vi} is linearly independent.

Based on this de�nition for being spanning, the higher dimensional version of

Theorem 26 can be stated as follows:

Theorem 31. Let P ⊂ R
d be a polyhedral environment, GDir strongly connected,

spanning and symmetric, (s, e) a pair of points in P and R = (s = r1, · · · , rl = e) is

a collision free piecewise linear path between s and e. Then for su�ciently small ε ,

there exists a GDir-admissible path between s and e which is inside P .

Let se be a line segment in R
d and E = {e1, · · · , ed} be an orthonormal base for Rd

such that se · e1 = 0, i.e., e1 is in direction of se. We de�ne the tubular neighborhood

along se and compatible with E as

Box(E, λ, se){x; x = s+ α(e− s) + Σn
i=2βiei, α ≤ 1, βi < λ}.

Now let P be a polytope in R
n and se a line segment inside P . Then for each selection
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of E, there exists a λE such that Box(E, λ, se) ⊂ P .

The same techniques used in previous chapters seem to be generalizable to higher

dimension, If the above de�nition for tubular neighborhood is used. The behavior

and complexity of this generalization is yet to be studied.

4.2 Direct calculation of GDir-admissible path and

minimum turn

We have mainly focused on approximating an existing piecewise linear path between

two points by a GDir-admissible path. We also provided an algorithm to calculate a

GDir-admissible path directly in a triangulated polygonal environment when GDir is a

complete graph over the set {(1, 0), (−1, 0), (0, 1), (0,−1)}. The same technique seems

to be generalizable to higher dimensions for any polyhedral environment P ⊂ R
d and

a simplical complex of P , when GDir is the complete graph over the set of standard

orthonormal bases of Rd plus their negatives. The exact behavior and complexity of

this technique in higher dimensions is unknown.

We observed that the length of the GDir-admissible path generated by Algorithm

3 is related to how close the query points are to the vertices of the triangle. On

contrary to classical versions of path planning problems this prevents us from giving a

meaningful bound on the length of the GDir- admissible path generated by Algorithm

4 in terms of the size of the environment. However the length of the GDir-admissible

paths between the midpoint of edges of a triangle Ti in triangulation of P seems to

be either one or two in most of the cases. This brings up the question of the expected

length of a GDir admissible path generated by Algorithm 4.

The consequence of relaxing the constraints on GDir to be only strongly connected,

symmetric and spanning on Algorithm 4 is also the subject of future studies and not
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well understood.

Another interesting problem in this context is the problem of �nding a GDir-

admissible path between (s, e) in such a way that the number of changes in directions

are minimum. In this version of the problem we have a polygonal environment P

and a direction transition graph GDir and for any start and end points (s, e) we are

interested in a GDir-admissible path between s and e inside P which connect s to e

with minimum number of turns.
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