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A B S T R A C T

We study time windowed data structures, where a timestamped input sequence can be preprocessed
into a data structure based on a given predicate P, so that for a query time interval specified
at the query time, it can answer queries based on the inputs whose timestamps lie in the query
interval and match P. We refer to these queries as window queries. In this thesis, we consider
several variations of these window queries for three types of inputs; they are relational event
(RE) graphs, geometric objects (e.g., points, line segments, polygons) and set elements. We study
three types of query problems, namely window decision problems, window reporting problems and
window counting problems.

Considering an RE graph G = (|V | = n, |E| = m) as the input, where each edge in E has a
unique positive timestamp, we present data structures to answer the following window problems;
(a) decision problems for monotone graph properties, such as disconnectedness and bipartiteness,
(b) reporting problems for the minimum spanning tree, the minimum spanning interval, and the
graph edit distance for spanning forests, and (c) subgraph counting problems to count the total
number of subgraphs that match a given pattern, such as paths of length 2 and 3 (in bipartite
graphs), quadrangles and complete subgraphs of some fixed order ` > 3. We further present a
general approach for analyzing various structural parameters of an RE graph slice, such as the
density, the number of k-stars, the approximation of h-index, the embeddedness, the neighborhood
overlap and the number of influenced vertices, using the colored range searching data structures.

We also study data structures that can answer window queries for a sequence of geometric
objects, such as points, line segments and convex c-gons. We study the windowed intersection
decision problems for these objects. For a sequence of points in Rd, d > 2, we solve some variations
of the maximal layer problem, such as counting total number of points on the maximal layer,
k-dominated and k-dominant points for some fixed integer k, and deciding if a given point
belongs to a maximal layer Lγ, where γ = 1, 2 or γ > 3. Lastly, we present data structures that
report (1+ ε)-approximations to window-aggregate queries for various geometric problems, such
as diameter, width, radius of a minimum enclosing ball, volume of the smallest bounding box,
and the cost of `-center clustering (` > 2), using a constant size coreset. These data structures
answer queries in polylogarithmic time and use subquadratic space.

We present two data structures that answer window queries for stochastic input sequences. Let
α1, . . . ,αc be constants, with 0 < α1 < α2 < . . . < αc < 1. Let P = P1 ∪ P2 ∪ . . .∪ Pc be a set of n
points in Rd, for some fixed d. For r = 1, 2, . . . , c, let all points in Pr be colored by the rth color.
Furthermore, for r = 1, 2, . . . , c, each point in Pr is associated with probability αr. Given a query
interval we find the point that has the highest probability to be on the maximal layer in the query
interval. In the second problem, S is an m× n matrix in which each entry is a real number in
[0, 1]. We present a data structure so that for any query window it can decide if there exists an
element in each row of the query window with probability at least τ, with 0 < τ 6 1.
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P R E FA C E

This thesis is in “integrated article format” in which each chapter is based on published papers,
conference proceedings, or papers awaiting publication.

• Chapter 2 considers the window query problems in the relational event graphs. This chapter
is a combination of the results that have been presented in the 10th International Workshop
on Algorithms and Computation [2] and the results that have been published in the Journal
of Graph Algorithms and Applications [3]. This is a joint work with Anil Maheshwari.

• Chapter 3 presents the window query problems using colored range searching data struc-
tures. This chapter is a combination of the results that have been presented in the 3rd Inter-
national Conference on Algorithms and Discrete Applied Mathematics [6] and the results
that have been accepted for publication in the Journal of Discrete Applied Mathematics [5].
This is a joint work with Anil Maheshwari and Michiel Smid.

• Chapter 4 presents various window query problems for geometric objects (points, line
segments and polygons) and window-aggregate queries using coresets. This chapter is a
combination of results that have been presented in the 4th International Conference on Al-
gorithms and Discrete Applied Mathematics [7] and the results that have been submitted in
the Journal of Discrete Applied Mathematics [4]. This is a joint work with Anil Maheshwari
and Michiel Smid.

• Chapter 5 presents window data structures for stochastic input sequences, such as points
in Rd, for a fixed d > 1, and a set of elements. This chapter presents the results that have
been submitted to the International Journal of Computational Geometry & Applications [1].
This is a joint work with Paz Carmi, Anil Maheshwari and Michiel Smid.
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1
I N T R O D U C T I O N

In this section we provide a summary of the thesis. First we describe some graph theoretic
definitions followed by the definitions of different types of window query problems that we
present in later chapters. We also provide brief descriptions of the main techniques that are used
to obtain our results.

1.1 graph theoretic definitions and window queries

A relational event (RE) graph G = (V ,E = (e1, e2, . . . , em)) is an undirected graph with a fixed set
V of n vertices and a sequence of edges E between pairs of vertices, where each edge has a unique
positive timestamp [7]. Without loss of generality, we assume that t(e1) < t(e2) < . . . < t(em),
where t(ei) is the timestamp of the edge ei. A graph slice for the interval [i, j] is defined as
Gi,j = (V ,Ei,j = {ei, ei+1, . . . , ej}). See Figure 1.1 for an example.

Arboricity a(G) of a graph G = (V ,E) having m = |E| edges and n = |V | vertices is the
minimum number of edge-disjoint spanning forests into which G can be partitioned [22]. For a
connected graph G, a(G) = O(

√
m) [18].
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Figure 1.1: (a) An RE graph G with twelve edges. Timestamp of each edge is mentioned as an integer
value. (b) A connected graph slice G2,8. (c) A disconnected graph slice G5,8.

In this thesis we always consider a sequence S = (s1, s2, . . . , sn) of n time stamped objects as
the input, where the objects can be edges of an RE graph, geometric objects such as points, line
segments and polygons, or elements of a set such that the input sk in S has the timestamp k.

In a window query we are given a sequence S of n input objects and a predicate P. We want to
preprocess the sequence of input objects into a suitable data structure such that given a query
interval q = [i, j], with 1 6 i < j 6 n (for RE graphs it is 1 6 i < j 6 m), it can efficiently answer
the query based on the input elements that lie in the query interval - denoted by Si,j and matches
P.

In this thesis we examine the following three types of window queries.
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2 introduction

1. The window decision query is to report whether a given predicate P is satisfied within a query
interval.

2. The window reporting query returns the output within a query interval that matches a given
predicate P.

3. The window counting query returns the size of the output, that is the total number of elements
within a query interval that match a given predicate P .

1.2 problem definitions

This section provides the definitions of the window problems that we consider in the thesis. For
graph problems the input is an RE graph G = (|V | = n, |E| = m). For geometric problems the
input is a sequence of n geometric objects, such as points, line segments or convex polygons. We
denote the query interval as [i, j], with 1 6 i 6 j 6 m for all graph problems and 1 6 i 6 j 6 n

for all geometric problems.

1.2.1 Graph Problems

1. Decision problem for monotone graph properties:

definition 1 .1. A graph property P is monotone if every graph sliceGi,j = (V ,Ei,j = {ei, ei+1, . . . , ej})
of an RE graph G with property P also has property P.

An RE graph G and a monotone graph property P are given. For any query interval [i, j]
decide whether the graph slice Gi,j = (V ,Ei,j) satisfies P.

2. Report minimum spanning tree:

definition 1 .2. A minimum spanning tree (MST) is a subset of the edges of a connected, edge-
weighted graph that connects all the vertices without creating any cycles and has the minimum
possible total edge weight.

Suppose a weighted RE graph G is given where each edge of G has a positive real weight.
Let the weight of the MST of G be denoted by ω∗. For a query interval [i, j], report whether
there exists some MST T = (V ,E ′) of G such that E ′ ⊆ {ei, · · · , ej} with weight ω∗.

3. Report minimum spanning interval:

definition 1 .3. The spanning interval is defined as the time difference t(eq) − t(ep) such that
there exists an MST T = (V ,E ′ ⊆ {ep, · · · , eq}) of G.

Suppose a weighted RE graph G is given where each edge of G has a positive real weight.
Let the weight of the MST of G be denoted by ω∗. For a query interval [i, j] report the
minimum spanning interval t(eq)− t(ep) such that there is an MST of G in Gi,j with weight
ω∗ and i 6 p 6 q 6 j .



1.2 problem definitions 3

4. Report graph edit distance:

definition 1 .4. Given a set of graph edit operations (insertion of graph edges), the graph edit
distance GED(G,H) between a source graph G and a target graph H is defined as,

GED(G,H) = min{c(S)|S is a sequence of operations transforming G into H}.

In this definition, S = (s1, s2, . . . , sk) is a sequence of operations that transforms G into H.
The cost of a sequence S = (s1, s2, . . . , sk) is given by c(S) =

∑k
i=1 c(si), where c(si) is the

cost of the operation si. The goal of the graph edit distance is to find the minimum cost
of the operations that makes the transformation possible. We consider edge deletion as the
only permitted graph edit operation to solve our problem. We assume that for unweighted
graphs each edit operation has a unit cost.

An RE graph G is given. For a query interval [i, j] report the GED(Gi,j,H) where H = (V ,E ′)
is a spanning forest of Gi,j and E ′ ⊆ {ei, ei+1, . . . , ej}.

5. Counting subgraphs:

definition 1 .5. A graph G ′ = (V ′,E ′) is a subgraph of graph G = (V ,E) if V ′ ⊆ V and
E ′ ⊆ E.

An RE graph G is given. For a query interval [i, j] report the number of subgraphs of some
fixed patterns that exists in Gi,j. We present data structures for the following patterns: 2-
paths (paths of length two in general graphs), 3-paths (paths of length three in bipartite
graphs), all complete subgraphs of size 3 and more, and quadrangles or simple cycles of
length 4 (C4).

A set of quadrangles can be implicitly represented by a tuple (y, z, {a1,a2,a3, ...}) inO(a(G)m)

time and space [18], where y and z are vertices on two opposite sides of all quadrangles
of this set and each vertex v ∈ {a1,a2,a3, ..} shares edges with both y and z. Within this
setting, any two vertices from {a1,a2,a3, ..} together with y and z represent a quadrangle.
Figure 1.2 illustrates an example.

6. Report graph density:

definition 1 .6. The density of an undirected simple graph G = (V ,E) is defined as D(G) =
|E|

(|V |
2 )

[36].

An RE graph G is given. In this setting, a graph slice is defined as Gi,j = (Vi,j,E ′ = {ei ∪
ei+1 ∪ · · · ∪ ej}), where Vi,j is the set of vertices incident on edges of E ′. For a query interval
[i, j] report the density of Gi,j =

|Ei,j|

(|Vi,j|
2
)
.

7. Report embeddedness:

definition 1 .7. Embeddedness of an edge (u, v), denoted as emb(u, v), in a network is the
number of common neighbors the two endpoints u and v have, i.e., emb(u, v) = |N(u) ∩N(v)|,
where N(u) is the number of neighbors of vertex u that does not include u. [20]
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Figure 1.2: The integer numbers on the graphs edges are their timestamps. The implicit representations of
the quadrangles in G are as follows (a,b, {e, f,g}), (c, i, {j, k}), (c, e, {a,d,h}), (b,n, {`,m}).

An RE graph G is given. For a query interval [i, j] report the embeddedness of all edges in
Gi,j with positive embeddedness.

8. Report neighborhood overlap:

definition 1 .8. Neighborhood overlap of an edge (u, v), denoted as NOver(u, v), is the ratio
of the number of vertices who are neighbors of both u and v, and the number of vertices who are
neighbors of only one of them [20].

NOver(u, v) =
emb(u, v)

|N(u)∪N(v)|− emb(u, v) − 2

An RE graph G is given. For a query interval [i, j] report the neighborhood overlap of Gi,j.

definition 1 .9. Suppose G = (V = A ∪ B,E) is a bipartite graph. Neighborhood overlap of a
pair of vertices u, v ∈ A of G is defined as the following ratio [20].

NOverB(u, v) =
emb(u, v)

|N(u)∪N(v)|− emb(u, v)

The neighborhood overlap of an entire graph G is defined as the average of the neighbor-
hood overlap values of all the edges of G [33], i.e.,

NOver(G) =
1

|E|

|E|∑
k=1

NOver(ek).

An (bipartite) RE graph G is given. For a query interval [i, j] report the neighborhood
overlap of Gi,j.

9. Report k-stars:



1.2 problem definitions 5

definition 1 .10. A k-star is defined to be a complete bipartite graph K1,k, i.e., a tree with one
internal node and k leaves.

An RE graph G and an integer k, with 1 6 k 6 n are given. For a query interval [i, j] report
the total number of k-stars in Gi,j.

10. Report h-index:

definition 1 .11. The h-index is the largest number h such that the graph contains h vertices of
degree at least h. For any graph with m edges, h = O(

√
m) [7].

An RE graph G is given. For a query interval [i, j] report an (1+ ε)-approximation of the
h-index of Gi,j, where ε is a small value > 0 .

11. Report influenced vertices: Analysis of the diffusion phenomena in graphs is a widely stud-
ied research area in many communities including computer science, social sciences and
epidemiology [30, 31, 32]. The spread of information in any social network requires some
influence from a set of designated agents (vertices) and depends on the connectivity of the
network. We solve the problem of counting and reporting the influenced vertices in an RE
graph slice using the following model.

Suppose an RE graph G = (V ,E) with a fixed set of influential vertices V ′ ⊆ V and a
positive integer r are given. Let f : V → N be a function assigning thresholds values to
vertices such that,

a) f(v) = 0 if v is an influential vertex

b) 1 6 f(v) 6 d(v) otherwise, where d(v) is the degree of v ∈ V .

A vertex can be influenced only if it is on a path of influence. For a pair of vertices u and v,
and a positive integer r, a path π = (u = v1, v2, v3, · · · , vk, vk+1 = v) is a path of influence
with parameter r, if the following holds:

a) u is an influential vertex and v is a non-influential vertex

b) v2, v3, · · · , vk are influenced vertices

c) t(vi, vi+1) < t(vi+1, vi+2)

d) t(vk, vk+1) − t(v1, v2) 6 r.

definition 1 .12. A vertex v is influenced with respect to r if either v is an influential vertex,
i.e., v ∈ V ′, or v is a non-influential vertex (v ∈ V \ V ′) and there are at least f(v) edge-disjoint
paths of influence with parameter r by which v can be reached from some influential vertices.

See Figure 3.1 for an example. Here vertices v1, v2, v4 and v6 are influenced, while vertices
v3 and v5 are not.

For a query interval [i, j] report the total number of influenced vertices in Gi,j.
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Figure 1.3: A path of influence π = (u, v1, v2, v4, v6) starting from an influential vertex u (shaded dark
blue) to vertices v1, v2, v4 and v6 (shaded light blue) given r = 4. The value of f(v) = 1 for all
vk ∈ V , with k = 1, . . . , 6. Vertices v3 and v5 (opaque) are not influenced by u since there is no
path with increasing timestamps from u to these vertices.

1.2.2 Geometric Problems

1. Intersection decision problem: A sequence S = (s1, . . . , sn) of n geometric objects (such
as, line segments, triangles and convex polygons) is given. For a query interval [i, j] report
whether there is any intersection between objects in Si,j.

2. Report maximal points:

definition 1 .13. For a point p = (px,py) ∈ P, we define NE(p) to be the set of points in P
that lie in the North-East quadrant of p, i.e., NE(p) = {q = (qx,qy) ∈ P : qx > px and qy > py}
and SW(p) to be the set of points in P that lie in the South-West quadrant of p, i.e., SW(p) = {q =

(qx,qy) ∈ R2 : qx < px and qy < py}. A point p is dominated by q if q ∈ NE(p). A point p ∈ P
is a maximal point if NE(p)∩ P = ∅.
definition 1 .14. The maximal layer L1 of a set of points in Rd is defined to be the maximal
points in the set under the dominance relation where a point p is said to be dominated by a point
p ′ if p[k] 6 p ′[k] for 1 6 k 6 d and p 6= p ′. For γ > 1, the γ’th maximal layer Lγ is the set of
maximal points in P−∪γ−1l=1 Ll [19].

p2

p4

p7

p5

p1

p3

p6

p9

p11
p8

p10

L1

L2

L3

Figure 1.4: Given a sequence of points (p1, . . . ,p11) ∈ R2 this example illustrates maximal layers L1,L2,
and L3.

definition 1 .15. Given a sequence of n points in Rd and an integer k, with 1 6 k 6 n,
k-dominated points are defined to be the points that are dominated by at least k other points and



1.2 problem definitions 7

k-dominant points are all maximal points such that each of these points dominates at least k other
points.

Consider a sequence P = (p1,p2, . . . ,pn) of n points in Rd, where d > 2. Given a query
interval [i, j] solve the following problems.

a) count the number of maximal points in Pi,j = (pi,pi+1, . . . ,pj),

b) given an integer k, with i 6 k 6 j, decide if point pk is on the maximal layer Lγ of Pi,j,
where γ = 1, or 2, or > 3,

c) for a fixed integer k > 1, report all points in the query interval that are dominated by
at least k points of Pi,j (i.e., k-dominated points),

d) for a fixed integer k > 1, report all maximal points in Pi,j such that each point domi-
nates at least k points of Pi,j (i.e., k-dominant points).

3. Window aggregated geometric problem: Let P = (p1,p2, . . . ,pn) be a sequence of n points
in Rd, where d > 1 is a fixed dimension.

definition 1 .16. An aggregate function performs a computation on a set of values and returns
a single value.

Examples of aggregate function are minimum, maximum, summation and average of a set
of values.

definition 1 .17. Let µ be a fixed aggregate function that takes a set of points P in Rd and
assigns a real number µ(P) > 0 to it.

Examples of µ(P) can be the diameter, width, radius of the minimum enclosing ball, volume
of the smallest bounding box, and the cost of clustering (e.g., k-center, k-rectilinear) of
points in P.

definition 1 .18. Let P be a set of points in Rd and let ε > 0 be a real number. A subset P ′ ⊆ P
is called an ε-coreset of P with respect to µ if µ(P ′) > (1− ε) · µ(P) [4].

definition 1 .19. The function C is a decomposable coreset function, if the following holds for
any finite set P of points in Rd, any ε > 0, and any partition of P into two sets P1 and P2: Given
only the coresets C(P1, ε) and C(P2, ε) of P1 and P2, respectively, we can compute the ε-coreset
C(P, ε) of P in O(f(ε)) time [34].

For a query interval [i, j], with 1 6 i < j 6 n, we compute a (1+ ε)-coreset of size f(ε) in
time O(f(ε) logn) for the geometric problems that admit some decomposable coresets. For
example, the following geometric problems admit decomposable coresets.

Diameter: the maximum distance over all pairs of points in P. Width: the minimum width
over all slabs that enclose P, where a slab of width w refers to a region between two parallel
hyperplanes of distance w. Smallest enclosing disc: the disc with the minimum radius that
contains all the points in P. Smallest enclosing cylinder: the minimum radius over all cylinders
that enclose P, where a cylinder of radius z refers to the region of all points of distance z
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from a line. Minimum-width annulus: the minimum width over all annuli that enclose P,
where an annulus (also called a spherical shell) of width |z− y| is a region between two
concentric spheres of radii y and z.

4. Report the cost of `-center clustering. Given a query interval q = [i, j], with 1 6 i < j 6 n,
and an integer ` > 2, we report the cost of the `-center clustering of the points in Pi,j. Sup-
pose C = {c1, c2, . . . , c`} is the `-center clustering of Pi,j. We consider the following cost func-
tions, denoted as Φ(C), of an `-center clustering; (i) the maximum radius of the minimum
enclosing balls of the clusters: minΦmax(C) = maxc`∈C radius(c`), and (ii) the minimum
summation of the radius of all balls of the clusters: minΦsum(C) =

∑
c`∈C radius(c`).

1.2.3 Stochastic Input Sequences

In this section we deal with input elements that exist with some inherent uncertainty. Various
models of uncertainty have been devised to categorize and study these types of elements. We
briefly mention the models and some of the relevant studies here.

• Stochastic points, where each point pk has a fixed location which only exists with a proba-
bility αk, with 0 < αk 6 1. This model has been studied to solve the minimum spanning
tree problem [26], the closest pair and the post office problem [27], the colored dominance
problem [38], and the most-likely skyline problem [5].

• Uncertain points P = (p1,p2, . . . ,pn), where each point pk’s location is described by a proba-
bility distribution αk. The distribution can be a parametric function such as a uniform distri-
bution or a Gaussian distribution, or may be a non-parametric function such as a histogram.
This model has been studied to give randomized approximation algorithm for calculating
the distribution of any statistics on uncertain data [25], for computing the probability of
each point lying on the skyline [2], and for computing the probabilistic skylines [35].

• Indecisive points (also known as multipoint model), where each point can take one of a finite
number of locations. A simplified model might let each point have exactly r possible loca-
tions, that is, each uncertain point pk is at one of {pk,1, . . . ,pk,r} locations and each location
is equally likely with probability 1/r. In this case, each location is assigned a weight wk,` as
the probability that pk is at pk,` where

∑r
`=1wk,` = 1 for all k = 1, . . . ,n. This model has

been studied for computing the distribution of answers for LP-type problems [25], and for
computing the most likely convex hull [3, 37].

• Imprecise points, where each point’s location is not known precisely but it is restricted to
a region. Possible regions can be uncertain intervals (in 1-dimension) or some geometric
regions in 2 or higher dimensions. This model has been used to compute the Delaunay
triangulations of a set of imprecise points by several authors [23, 28].

In this thesis, we present data structures to solve the following window query problems for
stochastic inputs.

1. Report the most likely maximal point (MLMP): Let α1 and α2 be constants with 0 < α1 <
α2 < 1. A sequence of blue and red stochastic points P = (p1, . . . ,pn) in Rd is given, where
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every blue point is associated with probability α1 and every red point is associated with
probability α2 and d > 1. A point p = (x1, . . . , xd) in P is on the maximal layer of P if there
is no other point q = (x ′1, . . . , x ′d) in P such that x ′1 > x1, x ′2 > x2, . . . and x ′d > xd. Let Z
be a random subset of P given by including each blue point of P in Z independently with
probability α1 and each red point of P in Z independently with probability α2. For a query
interval [i, j], with 1 6 i 6 j 6 n, we report the point that has the highest probability to be
on the maximal layer of the queried points (pi, . . . ,pj). Later we generalize this problem to
c-colored MLMP problem, where c > 2 is a constant.

2. Report the most likely common element (MLCE): Let U = {1, 2, . . . ,n} be the universe.
Let S1,S1, . . . ,Sm be a sequence of random subsets of U such that for p = 1, . . . ,m and
i = 1, . . . ,n, element i is added to Sp with probability αpi (independently of other choices).
Let τ be a fixed real number with 0 < τ 6 1. For query indices p, q, i and j, with 1 6 p 6
q 6 m and 1 6 i 6 j 6 n, decide whether there exists an element k with i 6 k 6 j such that
Pr(k ∈ ∩qr=pSr) > τ.

1.3 previous work

A relational event (RE) graph is generally used to represent the communication events between
pairs of entities in an underlying network that occurred at some specific times. In recent studies,
RE graphs have been used to model social networks for various computational analysis and are
also named dyadic event data [10] and contact sequences [24]. The problem of finding whether an
MST exists in a queried graph slice can be directly applied in the design of any type of con-
nected networks in a query time interval, such as, telecommunication, transportation, computer
networks or electrical grids. The problem of graph edit distance for spanning forests provides
a cost effective measure (i.e., the number of operations required) to maintain the connectivity
within the connected components of a network. We find that the applications of subgraph count-
ing data structures are specifically pertinent to some useful social network analyses, for example
clustering coefficient, which is also known as network transitivity and is an important model for
extracting community structure from social networks.

We also answer window queries to compute (a) the density of a graph, which is one of the
basic indicators for measuring graph structure by evaluating how close the graph is to a com-
plete graph, (b) center vertices of k-stars (also known as hubs) that are the basis of many tasks,
for example web search and epidemic outbreak detection, (c) embeddedness of an edge of the
graph that represents the trustworthiness of its neighbors, and the confidence level in the in-
tegrity of the transactions that take place between two members connected by this edge, and
(d) the diffusion phenomena in graphs that has been studied to analyze the cascading failures in
physical infrastructure networks, information cascades in social or economic systems, spreads of
infectious diseases or ideas, fashions and behavior among people.

The problems of maximal points and maximal layers simulates the problems in geographic infor-
mation systems (GIS) and various multi-criteria decision making models in business. We study
stochastic data sets that originate from real-world data acquisition methods (for example, reading
data through sensor networking), various forms of scientific measurements, and subsequent data
management techniques (such as cleaning and integrating data sets). These techniques lead to
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massive data generation with some inherent uncertainty. The study of finding the most likely com-
mon element can be applied to identify duplicate elements (e.g., computer files) after a network
partition or a backup service query.

Bannister et al. [7] were the first to consider RE graphs for preprocessing into data structures
that can answer time windowed queries using timestamped events. They presented data struc-
tures that can count number of connected components, number of components containing cycles,
number of vertices having degrees equal to some predefined value, and number of influenced
vertices on a time-increasing paths [7]. They showed techniques to reduce time windowed prob-
lems into a matroid rank problem so that ranks of the query graph slices can be answered by a
dominance counting query. Hence they obtained sub-logarithmic query times for time windowed
problems. However, the required preprocessing time and space for all problems presented in [7]
(see Table 1.1) are the time and space requirements for the reduction only, and do not consider
those of the dominance counting data structures.

Table 1.1: Summary of previous results of window queries for relational event graph G = (V ,E). Here
n = |V |, m = |E|, W = j− i+ 1 is the width of the query window [i, j], r (respectively, f) is the
number of the past (respectively, future) neighbors of an edge and h is the h-index (the largest
number h such that a graph G contains at least h vertices of degree at least h).

Problem Preprocessing time Space Query time Reference

Number of (reciprocated) edges,

Vertices with k degree, O(m+n) O(m+n) O(logW/ log logm) [7]

Reachable vertices,

Connected components,

tree components O(m logn) O(m+n) O(logW/ log logm) [7]

Edges with bounded

number of neighbors O((r+ f)m) O(m+n) O(logW/ log logm) [7]

Triad closure O(hm) O(m+n) O(logW/ log logm) [7]

A similar time window model for geometric objects was first studied in [6]. In this paper the
authors presented results for reporting the convex hull of points in the plane and the skyline
and proximity relations of point sets in Rd. They used a hierarchical decomposition in time and
constructed range trees on a given sorted sequence of temporal points to answer the windowed
queries related to the convex hulls and proximity relations. For the problems related to the con-
vex hull the data structure can answer queries in polylogarithmic time. For the nearest neighbor
queries and for the construction of proximity graphs, the authors provided (1+ε) approximation
of the solutions, where ε is a small constant. However, their skyline queries use a different prepro-
cessing technique based on the rectangle stabbing data structures. Subsequently more results on
window queries have been presented by Bokal et al. [9] and Chan and Pratt [12]. In both these pa-
pers the authors mainly focused on answering decision problems for some hereditary properties,
such as the convex hull area decision problem (in 2-dimension), the diameter decision problem
(in 2-dimension and 3-dimension), the width decision problem (in 2-dimension) and the orthog-
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onal segment intersection detection problem. In [9] Bokal et al. showed a sketch based general
methodology for finding all maximal subsequences for a set of n points in plane, i.e., for all i,
with 1 6 i 6 n, they find the largest index of the maximal interval starting at i that holds some
hereditary property P. The authors solved problems for finding all maximal subsequences with
unit diameter, all maximal subsequences whose convex hull area is at most 1 and all maximal
subsequences that define monotone paths in some (subpath-dependent) direction. Later, Chan
and Pratt [12] improved preprocessing times for diameter decision problems and convex hull
area decision problems presented in [9]. The authors showed the improved techniques to solve
the diameter decision problem in 2-dimension and in 3-dimension, and the orthogonal line seg-
ment intersection detection problems by reducing the windowed decision problems into range
successor problems. As the second approach, the authors used dynamic data structures and a
first-in-first-out sequence of processing geometric objects to find all maximal subsequences of in-
tervals that satisfies some property P. Authors named this process as FIFO updates and used this
technique to solve the 2-dimensional convex hull area decision problem and the 2-dimensional
width decision problem. Table 1.2 summarizes previous results of window queries for geometric
problems.

Table 1.2: Summary of previous results on window queries for geometric problems. Here n is the number
of input objects, h is the size of the convex hull, w is the size of the output, W is the size of the
query window and α is the inverse Ackermann function.

Problems Preprocessing time Query time Reference

Convex hull reporting O(n logn) O(h log2W) [6]

Gift wrapping, line stabbing, tangent queries O(n logn) O(log2W) [6]

Linear prog., line decision queries O(n logn) O(logW) [6]

Skyline reporting O(n1+ε) O(w) [6]

Spherical range reporting O(n logn) O(logW+w) [6]

Approx. nearest neighbor O(n logn) O(logW) [6]

Diameter decision problem (2D) O(n log2n) O(1) [9]

O(n logn) O(1) [12]

Diameter decision problem (3D) O(n log2n) O(1) [12]

Convex hull area decision problems O(n logn log logn) O(1) [9]

O(nα(n) logn) O(1) [12]

Monotone paths O(n) O(1) [9]

Orthogonal segment intersection detection O(n logn log logn) O(1) [12]

Width decision problem (2D) O(n log8n) O(1) [12]

1.4 our results

In this section, for convenience, we present our results using (space, query time) format denoted by
space-time, where space is the total space (size) required by our data structures and query time is the
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time required to answer a given window query. In later chapters we also analyze our algorithms
for each window query problem and compute the preprocessing time.

1.4.1 Graph Problems

In [14, Chapter 2] we consider an RE graph G = (|V | = n, |E| = m) and study three types
of window query problems. For all these problems we assume a query has to be answered
for a given interval [i, j], with 1 6 i 6 j 6 m. The first problem is the decision problem for
monotone graph properties such as disconnectedness and bipartiteness. We show that G can be pre-
processed to answer whether Gi,j is disconnected or bipartite using (O(m+ n logn),O(logn))
space-time. Secondly, we study the window reporting problems for reporting the minimum span-
ning tree using (O(m logε n),O(log logn)) space-time, the minimum spanning interval using
(O(m logn),O(logn)) space-time and the graph edit distance for forest using (O(m logn),O(logn+
|X|)) space-time, where |X| is the size of the output. The third window query problem we solve
is the subgraph counting problem. We show that G can be preprocessed so that the total number
of 2-paths and 3-paths in Gi,j can be counted using (O(n),O(m+ n)) and (O(m+ n),O(m+ n))
space-time, respectively; the total number of complete subgraphs (cliques) of some fixed order
` > 3 in Gi,j can be counted using (O(m+ n+K),O(logW+ log logK)) space-time, where K is
the number of complete subgraphs in Gij and W = j− i+ 1, and the total number of quadrangles
(C4) in Gi,j can be counted using (O(a(G)m logn),O(γ logn+w)) space-time, where a(G) is the
arboricity of graph G, γ 6 min{

(
n
2

)
,a(G)m} and w is the number of quadrangles [13].

In [15, Chapter 3] we consider answering several window queries in an RE graph G by reducing
the reporting problems to the colored range searching problems. In particular, we present data
structures that can report for a graph slice Gi,j, the number of vertices it has and its density using
(O(m+ n),O(logn)) space-time, the degrees of all the vertices using (O(m+ n),O(log2 n+w))

space-time, the number of k-stars (hubs) using (O(m+n),O(logn+w)) space-time, the approx-
imation of the h-index using (O(m+ n),O(log2 n+ h logn)) space-time, the embeddedness using
(O(a(G)m),O(log2 n + t logn)) space-time, the neighborhood overlap using (O(mn),O(log2 n +

(t+ s) logn)) space-time, and the number of influenced vertices using (O(m logn),O(logn+w))

space-time, where w is the size of the outputs. These results are summarized in Table 1.3.

1.4.2 Geometric Problems

In [16, Chapter 4] we study window queries for geometric problems. A sequence S of n geomet-
ric objects (such as points, line segments, triangles and convex c-gons) can be preprocessed so
that window query can be answered for the intersection decision problem using (O(n),O(logn))
space-time. Consider a sequence of points P in Rd. We show that several counting and decision
problems on maximal layers and maximal points can be answered in (O(n polylog n),O(polylog n))
space-time. The window counting problems include counting the maximal points, k-dominated
points and k-dominant points in Pi,j. The decision problem includes whether a given point pk,
with 1 6 i 6 k 6 j 6 n, is on the γ-th maximal layer of Pi,j, where γ = 1, 2 or > 3.

Lastly we present techniques to approximate window-aggregate queries for (1+ε)-approximations
for various geometric problems such as diameter, width, radius of a minimum enclosing ball,
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Table 1.3: Summary of our results on the relational event graph G = (V ,E). Here n = |V |, m = |E|, W =

j − i + 1 is the width of the query window [i, j], h is the h-index (the largest number h such
that the graph contains at least h vertices of degree at least h), z is the size of the output, s
is the number of edges having neighboring edges, t is the number of edges that are contained
in some triangles, p is the number of vertex pairs having some common neighbors, k is the
number of vertices having some neighbors in Gi,j, ε is a small positive constant, X and Y are set
of output edges, a(G) = O(

√
m)) is the arboricity of G (the minimum number of edge-disjoint

spanning forests into which G can be partitioned), γ 6 min{
(
n
2

)
,a(G)m}, ` is the order of a

complete subgraph, w is the number of a specific subgraph (i.e., 2-path, 3-path (in bipartite
graphs), quadrangle, or complete subgraph) in the query interval, and K is the total number of
the same subgraph in G.

Problem Space Query time Reference

Monotone properties

Bipartiteness O(m+n logn) O(logn) [14, 2.3.2]

Disconnectedness O(m+n logn) O(logn) [14, 2.3.3]

MST O(m logn) O(logn) [14, 2.4.1]

Min spanning interval O(m logεn) O(log logn) [14, 2.4.2]

GED (Forest) O(m logn) O(logn+ |X|) [14, 2.4.3]

2-paths O(m) O(n) [14, 2.5.1]

O(m+n+K) O(logW/ log logK) [14, 2.5.1]

3-paths O(m+n) O(m+n) [14, 2.5.1]

O(m+n+K) O(logW/ log logK) [14, 2.5.1]

Complete Subgraphs (fixed ` > 3) O(m+n+K) O(logW/ log logK) [14, 2.5.2]

Complete Subgraphs (all ` > 3) O(m+n+K logK/ log logK) O((logK/ log log K)2) [14, 2.5.3]

Quadrangles O(a(G)m logn) O(γ logn+w) [14, 2.5.4]

Number of vertices,

Graph density O(m+n) O(logn) [15, 3.4.1]

Degrees of vertices O(m+n) O(log2n+ z) [15, 3.4.1]

k-stars O(m+n) O(logn+ z) [15, 3.4.2]

h-index (approx.) O(n logn) O(log2n+h logn) [15, 3.4.2]

Embeddedness O(a(G)m) O(log2n+ t logn) [15, 3.4.3]

NOver(Gi,j) O(mn logn) O(log2n+(t+ s) logn) [15, 3.4.3]

NOver(Gi,j)-bipartite O(a(G)m) O(log2n+p logn+k) [15, 3.4.4]

Influenced vertices O(m logn) O(logn+ z) [15, 3.4.5]

and volume of the smallest bounding box using (O(n logn),O(f(ε) logn)) space-time, where
ε > 0 is a small constant. Given two parameters ` > 2 and ε > 0, we compute the cost of `-
center clustering (` > 2) for a sequence of points using coresets of size O(`(f(`)/(cε))2) using
(O(n logn),O(`((f(`)/(cε)) logn) + `(f(`)/(cε))2 +W)) space-time, where W is the width of the
query window and c is a positive constant. The results are summarized in Table 1.4.
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Table 1.4: Summary of our results on geometric inputs. n is the number of input objects, γ > 2 is the
number of maximal layer, w is the output size, k is a fixed parameter, W = j− i+ 1 is the width
of the query window, ` > 2 is an input parameter, ε > 0 and c > 0 are small constants.

Problems Space Query Reference

Intersection Decision

Segment, Bichromatic

segment, Triangle, O(n) O(logn) [16, 4.2]

c-gon (c is constant)

Points on Maximal Layers

pk on maximal layer L1 O(n logd−2n) O(1) [16, 4.3.1]

pk on max layer Lγ,γ = 2,> 3 O(n logd+1n) O(logd+1n) [16, 4.3.3]

Count maximal points: d = 2,3 O(n log2n) O(log2n) [16, 4.3.2]

Count maximal points: d > 4 O(n logd−2n) O(log2n) [16, 4.3.6]

k-dominated points: 2 6 d 6 3 O(kn logn) O(log2n+kw) [16, 4.3.4]

k-dominated points: d > 4 O(kn logd−2n) O(log2n+kw) [16, 4.3.6]

k-dominant points: 2 6 d 6 5 O(kn log3n) O(log4n+kw) [16, 4.3.5]

k-dominant points: d > 6 O(kn logd−2n) O(log4n+kw) [16, 4.3.6]

Approximation using Coresets

Decomposable coresets O(n logn) O(f(ε) logn) [16, 4.4.1]

`-clustering using coresets O(n logn) O(`((f(`)/(cε)) logn) [16, 4.4.2]

+`(f(`)/(cε))2+W)

1.4.3 Stochastic Input Sequences

In [11, Chapter 5] we investigate two types of window queries for stochastic input sequences.
Let α1, . . . ,αc be constants, with 0 < α1 < α2 < . . . < αc < 1. Let P = P1 ∪ P2 ∪ . . . ∪ Pc be a

set of n points in Rd, for some fixed d. For r = 1, 2, . . . , c, let all points in Pr be colored by the rth
color. Furthermore, for r = 1, 2, . . . , c, each point in Pr is associated with probability αr. Given a
query interval [i, j] we can find the point that has the highest probability to be on the maximal
layer (most likely maximal point (MLMP)) in O((n logn),O(1)) space-time. We also consider
the case where a sequence of stochastic points P = (p1,p2, . . . ,pn) in Rd is given such that for
k = 1, 2, . . . ,n, point pk exists with probability γk, with 0 6 γk 6 1, independently of the other
points. Given a query interval [i, j], with i 6 j, and an additional integer t ∈ [i, j], we can report
the probability that the point pt lies on the maximal layer in Pi,j using (O(n logd n),O(logd n))
space-time.

In the second part of this chapter we consider the most likely common element problem. Let
U = {1, 2, . . . ,n} be the universe. Let S1,S1, . . . ,Sm be a sequence of random subsets of U such that
for p = 1, . . . ,m and i = 1, . . . ,n, element i is added to Sp with probability αpi (independently
of other choices). for a fixed real number τ with 0 < τ 6 1 and for query indices p, q, i and
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j, with 1 6 p 6 q 6 m and 1 6 i 6 j 6 n we can decide whether there exists an element k
with i 6 k 6 j such that Pr(k ∈ ∩qr=pSr) > τ in (O(mn),O(1)) space-time and we can report all
such elements in (O(mn),O(logn+w)) space-time, where w is the size of the output. We also
consider a special case where the elements of U exist with probability in {0, 1} and τ = 1. We
solve this problem in (O(N),O(logN+w)) space-time, where N is the total number of elements
in all subsets that exist with probability 1 and w is the size of the output.

1.5 overview of our approach

We briefly describe the techniques we use to achieve these results. Details are presented in the
corresponding chapters.

1.5.1 Window Problems for Graphs

In [14, Chapter 2] and [15, Chapter 3] we solve several graph problems by considering RE graphs
as the input of the window queries.

Monotone Graph Properties. The first problem we solve in [14, Chapter 2] is a decision problem
to verify whether a query graph slice satisfies some given monotone graph properties. A graph
property is monotone if it is closed under the removal of edges, such as disconnectedness and
bipartiteness.

We present an algorithm to reduce the time windowed decision problems under monotone
graph properties P to the standard range searching problems using dynamic data structures that
maintain P. We preprocess edges of G by using a sliding window technique and some dynamic
data structures that maintain a given monotone graph property P and require S(n) space, U(n)
update time and Q(n) query time. We assume that the data structures accept update operations
such as edge insertions and deletions and allow queries that test whether the current graph
satisfies P. We preprocess edges of G = (V ,E = {e1, e2, . . . , em}) using D to find all the maximal
subsequences of edges that satisfy P in O(m · (U(n) +Q(n))) time (see Figure 1.5). For each
maximal subsequence of edges ea, ea+1, . . . , eb that satisfies P, we store a point p = (a,b) ∈ R2.
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Figure 1.5: (a) An RE graph G with eight edges. Timestamp of each edge is mentioned as an integer
value. G has three maximal subsequences of edges that satisfy the disconnectedness monotone
property; they are (b) e1, . . . , e4 (e5 connects G), (c) e2, . . . , e7 (e8 connects G), and (d) e4, . . . , e8
(preprocessing ends).
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We show how to use a 2-dimensional priority search tree (PST), see [29], on the new point
set obtained in the preprocessing stage to answer the window query for the monotone property
using a grounded query rectangle on this PST in O(logn) time.

In Chapter 2 we present different variations of the sliding window technique to preprocess
the edges of G to reduce the window problems into range search problems and answer window
queries for minimum spanning trees, minimum spanning interval and graph edit distance for
the forest target class.

Subgraph Counting.

Counting 2-paths. Let an RE graph G = (V ,E) with n vertices and m edges be the input. We
maintain a set of n lists, one for each vertex vk ∈ V , where 1 6 k 6 n and the list Lvk stores
timestamps of vk’s incident edges, sorted in increasing order. We show that by using fractional
cascading data structure, see [17], G can be preprocessed into a data structure in O(n+m) time
using O(n+m) space so that total number of 2-paths in the queried subgraph can be counted in
O(n) time.

Counting 3-paths in a bipartite RE graph. The input is an RE graph G = (V = {A ∪ B},E = {(u, v) :
u ∈ A, v ∈ B}). We build two cascading structures for the vertices in A and B that are similar
to the data structure described above with few additional information using an array and some
pointers. We show that this data structure can be built in O(n+m) time using O(n+m) space
so that all 3-paths in the query interval can be counted in O(n+m) time.

Counting all complete subgraphs. We use the edge-scanning algorithm of Chiba and Nishizeki [18]
to preprocess the edges of G. During preprocessing we find all the intervals [low,high] that
represent the timespans of all the complete subgraphs of a given order ` in G. We convert each
interval [low,high] into a point (high, low) in R2. We use dominance counting data structure on
the set of all 2-dimensional points (high, low) and show that the number of complete subgraphs
of the fixed order ` can be counted in O(logW/ log logK) time and the preprocessing requires
O(a(G)`−2m) time using O(m+ n+K) space, where W is the width of the query window and
K is the number of complete subgraphs of a fixed order ` (> 3) in G.

Counting quadrangles (cycles of length 4). We show that using the technique of the implicit represen-
tation of a set of quadrangles we build a window data structure based on 2-dimensional range-
trees and interval trees to count all quadrangles in a query subgraph. Our technique improves
the naive O(n4) preprocessing time and space to O(a(G)m logn) time and space so queries can
be answered in O(γ logn+w) time, where γ 6 min{

(
n
2

)
,a(G)m} and w is the number of quad-

rangles.

Window Queries using Colored Range Searching Data Structures. We present the general ap-
proach to solve window problems in RE graphs using colored range searching data structures.
Colored range searching problems are variations of the standard range searching problems,
where a set of colored objects (e.g., points, lines or rectangles) is given. In the generic instance
of the range searching problems, a set of objects S is to be preprocessed into a data structure
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so that given a query range q, it can efficiently answer counting or reporting queries based on
the intersection of q with the elements in S. In the colored version, the query should efficiently
report those colors that have at least one object intersecting the query range.

Suppose an RE graph G = (V ,E) is given and we want to answer queries about structural pa-
rameters of G, such as density, embeddedness, neighborhood overlap etc. To solve each problem,
we will define a set of colors C = {c1, c2, · · · , cp}, where each color ck ∈ C is encoded as an
integer in the range [1,p] for some integer p. We process each edge e = (u, v) of G according to
the timestamps of the edges in increasing order and scan either each adjacent edge of e or each
neighboring vertex of both u and v.

Depending on the problem in hand, our algorithm associates C either to the set of vertices V
(i.e., |C| = n) or to the set of edges E (i.e., |C| = m). When each vertex vk ∈ V is associated with a
color ck, the algorithm scans each neighbor Ni of vk, where 1 6 i 6 d(vk), generates a ck colored
point p, and assigns the timestamp t(vk,Ni) as p’s coordinate value (see Figure 1.6(a)). Similarly,
when each edge ek ∈ E is associated with a color ck, the algorithm scans each adjacent edge Mi

of ek, and generates a ck colored point p with the timestamp of Mi assigned as p’s coordinate
value (see Figure 1.7(b)). This general approach is extended when we report influenced vertices
or preprocess bipartite graphs.

vk

2

7

25

1 10 20 30cba

(a) (b)

Figure 1.6: (a) A vertex vk and its three neighbors a, b and c. Since the timestamp t(vk,a) of the edge
(vk,a) is 2, (vk,a) is shown as a ck-colored point on the line with x-coordinate value = 2. (b)
The set of all ck colored points on the line.
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Figure 1.7: (a) Relational event graph G, and (b) Number of adjacent edges in the graph slice G3,8.

We summarize the components of our general approach as follows. To solve any problem with
our model, we need to specify the following components.
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1. The set of colors C and the corresponding graph element (i.e., vertices, edges);

2. The representation of points in Rd, where d > 1;

3. Appropriate colored range searching data structure to answer queries.

In Chapter 3 we present data structures to answer window queries on the graph density, de-
grees of vertices, embeddedness, neighborhood overlap, k-stars, h-index and influenced vertices.

1.5.2 Window Problems for Geometric Objects

In [16, Chapter 4] we present data structures to answer window queries on geometric problems.

Intersecting Objects. We define valid pairs and show the technique to reduce the windowed inter-
section decision problem into a range query problem, given that there exists a data structure that
can find all valid pairs. A valid pair of indices (α,β), with 1 6 α < β 6 n, is defined as follows:
For each 1 6 α 6 n, let β be the smallest index larger than α such that the object A[β] intersects
A[α]. If there is no A[β] that intersects A[α] then β = ∞. See Figure 1.8 for an illustration.

1 nα β

Do not intersect A[α]

Intersects A[α]

Figure 1.8: A valid pair (α,β).

For each valid pair (α,β), we store a point (α,β) ∈ R2 using a priority search tree (PST) data
structure [29]. A PST takes linear space to store O(n) points in the plane and it can be built in
O(n logn) time. For a given query interval [i, j], we perform a range search in PST with the query
rectangle Rq = [i,∞)× (−∞, j]. Note that, there will be an intersecting pair of objects (A[α],A[β])
in query interval [i, j] if and only if there is a point (α,β) ∈ Rq. Hence, if the range searching
query returns a positive count of points in Rq, then we report that some objects intersect in the
interval [i, j]. This query can be answered in O(logn) time. We also provide the data structure of
size O(M(n) log(n)) in O(P(n) logn) time so that all valid pairs can be found in O(n ·Q(n) logn)
time, whereM(n) space, P(n) preprocessing time andQ(n) query time are respectively the space,
preprocessing time and query time of a data structureDS(X) that can find whether a query object
q intersects any member of a set of n geometric objects X.

Maximal Layers and Maximal Points. Suppose P = (p1,p2, . . . ,pn) is a sequence of n points
in R2. We present data structures to answer various window queries such as counting the total
number of maximal points, k-dominants points or k-dominated points or deciding if a given
point lies on the maximal layer in the query window. We show that for any k, with 1 6 k 6 n,
we can find values for the following two functions (see Figure 1.9)

α(k) = min{i : i > k and pi ∈ NE(pk)} and β(k) = max{i : i < k and pi ∈ NE(pk)}
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in O(n logn) time using O(n) space. Our basic approach for solving all window problems in this
section is by mapping a sequence of d-dimensional points to a sequence of higher dimensional
points by integrating the information of α(·), β(·) and some other values that we discuss in Chap-
ter 4. Lastly we use range searching techniques to answer the window queries.

0

pk

β(k) k α(k)

∈ NE(pk) ∈ NE(pk)

6∈ NE(pk) 6∈ NE(pk)

n+ 1

Figure 1.9: A[α(k)] and A[β(k)] of a point pk in array A[0. . n+ 1].

Approximations using Coresets. Let µ be a fixed aggregate function that takes a set of points P in
Rd and assigns a real number µ(P) > 0 to it. Examples of µ(P) can be the diameter, width, radius
of the minimum enclosing ball, volume of the smallest bounding box, and the cost of clustering
(e.g., k-center, k-rectilinear) of points in P. In this section we present results for answering window-
aggregate queries for some standard geometric problems on a sequence P = (p1,p2, . . . ,pn) of n
points in Rd. More specifically, given a query window [i, j] with 1 6 i < j 6 n we want to find
µ(Pi,j).

Our approach: Recall Definition 1.18 of coreset. Agarwal et al. [4] showed that coresets for some
of these problems can be computed based on the coresets of the extent measure of the point set.
The extent of a point set P along a given direction is the width of the minimum slab orthogonal
to the direction that encloses P.

The coreset based on the extent measure is the subset S of P such that the extent of S is at least
(1− ε) times the extent of P along every direction [4]. These coresets resemble the approximate
convex hulls of the point set. As a result, problems that depend on the extent measure or the
convex hulls such as width, minimum-radius enclosing circle and minimum-volume bounding
box etc. can be approximated using these coresets. Let f(ε) be the smallest integer such that for
any set P of points in Rd and any real number ε > 0 an ε-coreset C(P, ε) has size at most f(ε)
(note that the size of the coreset depends on d but not on the size of P). We restate Lemma 23.3
from [21] here.

lemma 1 .20. [21, Lemma 23.3]) Consider P ′1 ⊆ P1 ⊆ Rd and P ′2 ⊆ P2 ⊆ Rd, where P ′1 (respectively
P ′2) is an ε-coreset of P1 (respectively P2). Then P ′1 ∪ P ′2 is an ε-coreset for P1 ∪ P2.

Our basic approach is to divide the sequence of points in P into a sequence of n/f(ε) blocks
S = (S1,S2, . . . Sn/f(ε)) such that each block Sk contains f(ε) points of P, and the overall sequence
of points in blocks in S from left to right gives the exact sequence of P. We build a range tree
T on points in blocks of S from left to right such that the k-th leaf of T contains the f(ε) points
belonging to the block Sk, for all 1 6 k 6 n/f(ε). This approach generates coresets of size
O(log(n/f(ε)) · f(ε)) for each canonical node v of T . We show that we can reduce the size of each
coreset to O(f(ε)) so that the total space required for T becomes O(n logn).

Our approach for constructing the data structure for the `-center clustering using coresets is
as follows. We adapt Abrahamsen et al.’s [1] coreset based algorithm that computes a (1+ ε)-
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approximation to the range-clustering query for `-center clustering by using a ε-coreset of the
input points and constructing a compressed quad-tree for the queried subset of points in time
linear to the width of the query window W = j− i+ 1 [6]. We build a range tree T on the points
of P from left to right according to the increasing order of the sequence and in addition we
store (i) the Morton-order (or the Z-order) and (ii) a skip-quadtree over the points in each of the
canonical nodes v of T . We show how to use these data structures and range searching techniques
to compute an (1+ε) approximation to the cost of `-center clustering, with (` > 2), using coresets
of size O(`(f(`)/(cε))2), where ε > 0 is a small number.

1.5.3 Window Problems for Stochastic Inputs

In [11, Chapter 5] we study stochastic input sequences in the window query setting to answer
a geometric problem to find the c-colored most likely maximal point (MLMP) and the most likely
common element (MLCE).

Most Likely Maximal Point (MLMP). We consider the 2-colored version here. Let α1 and α2 be
constants with 0 < α1 < α2 < 1. Let P = (p1, . . . ,pn) be a sequence of n points in Rd with d > 1.
Let each point of P be either colored blue or red. Let B ⊆ P be the set of all blue points and let
R ⊆ P be the set of all red points. Furthermore, each blue point is associated with probability
α1 and each red point is associated with probability α2. Note that P = B∪ R and we denote this
instance of P as (B,α1;R,α2). Let Z be a random subset of P obtained by including each blue
point of P in Z independently with probability α1 and each red point of P in Z independently
with probability α2. The most likely maximal point in the above mentioned instance of P is the
point that has the highest probability to be on the maximal layer of P.

Given a query interval [i, j] we define Pi,j = Bi,j ∪ Ri,j, where Bi,j = B∩ Pi,j and Ri,j = R∩ Pi,j.
We present data structures that can answer window queries for the MLMP problem. We denote
this as MLMP(Bi,j,α1;Ri,j,α2).

Let D(p; i, j) be the number of points in the D-region of a point p in Pi,j, i.e.,

D(p; i, j) = |D(p)∩ {pi,pi+1, · · · ,pj}|

and

D(p) = {q = (x ′1, . . . , x ′d) of Pi,j : x ′1 > x1, . . . , x ′d > xd}.

We show that there are two cases to consider for answering the MLMP query. Either a blue
point that is on the maximal layer of all points in Pi,j can be the most likely maximal point in
Pi,j with probability α1 or a red point in Ri,j with minimum m numbers of blue points to its
D-region can be the most likely maximal point in Pi,j with probability α2(1− α1)m. Thus we
report the answer to query Q as max{α1,α2(1− α1)m}. We present solutions for the case where
the most likely maximal point is a red point. Observe that if the answer to query Q is a red point
with probability α2(1−α1)m > α1 then m 6 blog(α2/α1)/ log(1/1−α1)c. Therefore, for a fixed
integer λ, with 0 6 λ 6 n, we solve query Q ′: Given ` and r with 1 6 ` 6 r 6 n, is there a red point
p in A[`, r] for which D(p; `, r) 6 λ?

In Chapter 5 we show how to answer Q ′ by using the answers of two simpler queries Q ′1 and
Q ′2 in O(1) time.
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1. Q ′1: For fixed indices ` and k with 1 6 ` 6 k 6 n, given an integer r with r > k, is there a red
point p in A[`, · · · ,k] for which D(p; `, r) 6 λ?

2. Q ′2: For fixed indices k and r with 1 6 k 6 r 6 n, given an integer ` with ` 6 k, is there a red
point p in A[k, · · · , r] for which D(p; `, r) 6 λ?

Finally to solve Q we build data structures for solving query Q ′ for λ = 0, 1, · · · ,β, where
β = blog(α2/α1)/ log(1/(1−α1))c using O(n logn) space. Given a query interval [i, j], we query
these data structures sequentially and report a red point if it satisfies the condition. Otherwise
we report a blue point as the MLMP.

In Chapter 5 we show how to extend this technique to solve the c-colored MLMP problem
defined as follows. Let α1, . . . ,αc are constants, with 0 < α1 < α2 < . . . < αc < 1. Let
P = P1 ∪ P2 ∪ . . . ∪ Pc be a set of n points in Rd, for some fixed d. For r = 1, 2, . . . , c, let all
points in Pr be colored by the r-th color. Furthermore, for r = 1, 2, . . . , c, each point in Pr is asso-
ciated with probability αr. P can be preprocessed into a data structure that can report the most
likely maximal point within Pi,j, with 1 6 i 6 j 6 n.

Most Likely Common Element. We consider S to be an m× n matrix in which each entry S[p, i]
is a real number αpi ∈ [0, 1]. We present data structure so that for any query values p, q, i and
j, with 1 6 p 6 q 6 m and 1 6 i 6 j 6 n, it can decide if there exists some integer k for which
i 6 k 6 j and

∏q
r=p αrk > τ.

Let S ′ be the matrix of size m× n. For p = 1, . . . ,m and for i = 1, . . . ,n, we store S ′[p, i] =
r− p+ 1, where r = max{h :

∏h
`=p α`i > τ}. For each row of S ′, we build the range maximum

data structure [8] so that for any query interval [p,q] and [i, j] it can report the maximum value
stored in the S ′[p, i], . . . , S ′[p, j] in O(1) time using linear space. To solve the reporting queries,
we use mapping techniques so that each entry in S ′ is mapped to a point in R2. We further
build a priority search tree (PST) (see [29]) on the new set of 2-dimensional points and show the
technique of using range searching data structures to answer the MLCE problem in O(logn+w)

time, where w is the size of the output.

1.5.4 Organization

The rest of the thesis is organized as follows. Chapter 2 and 3 present data structures to answer
window queries on RE graphs. Chapter 4 presents data structures to answer window queries for
the sequence of geometric objects. Chapter 5 presents data structures to answer window queries
on stochastic inputs.
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2
T I M E W I N D O W E D D ATA S T R U C T U R E S F O R G R A P H S

We present data structures that can answer time windowed queries for a set of timestamped events
in a relational event graph. We study the relational event graph as input to solve (a) time win-
dowed decision problems for monotone graph properties, such as disconnectedness and bipar-
titeness, and (b) time windowed reporting problems such as reporting the minimum spanning
tree, the minimum time interval, and the graph edit distance for obtaining spanning forests. We
also present results of window queries for counting subgraphs of a given pattern, such as paths
of length 2 (in general graphs) and paths of length 3 (in bipartite graphs), quadrangles and com-
plete subgraphs of a fixed order or of all orders ` > 3 (i.e., cliques of size `). These query results
can be used to compute graph parameters that are important for social network analysis, e.g.,
clustering coefficients, embeddedness and neighborhood overlapping.

This chapter is a combination of results that have been presented in the 10th International Work-
shop on Algorithms and Computation (WALCOM 2016) [9] and results that have been published
in the Journal of Graph Algorithms and Applications [10].

2.1 introduction

A relational event (RE) graph G = (V ,E = {e1, e2, . . . , em}) is an undirected graph with a fixed set V
of n vertices and a sequence of edges E between pairs of vertices, where each edge has a unique
positive timestamp [3]. Without loss of generality, we assume that t(e1) < t(e2) < . . . < t(em),
where t(ei) is the timestamp of the edge ei. In a time windowed query we are given a relational
event graph G and a predicate P. We want to preprocess G into a data structure such that given
a query time interval q = [i, j] with 1 6 i < j 6 n, it can answer time windowed queries based
on the graph slice Gi,j = (V ,Ei,j = {ei, ei+1, . . . , ej}) that matches P.

This paper follows an event based approach [2], where each relational event (graph edge) ap-
pears at a specific instance in time, such that at some time k there exists at most one event, i.e., the
edge ek. Therefore, when we consider an interval [i, j] in time, we get a set of events {ei, . . . , ej}
whose timestamps fall in that interval. As mentioned above, given a query time interval our data
structures answer queries using only the set of events that exist in this time interval.

In this paper, we present new results for time windowed decision problems on monotone
properties of relational graph events, such as disconnectedness and bipartiteness, and problems
on minimum spanning trees (MSTs) within a given query interval, e.g., reporting the existence
of an MST of G, the minimum spanning interval (i.e., minimum time required to obtain an MST
of G), and the graph edit distance (GED) to convert a graph slice into a spanning forest. We
also present window data structures for counting all occurrences of subgraphs that match with a
given pattern, e.g., paths of length 2 (2-paths), paths of length 3 (3-paths), quadrangles (cycles of
length 4) and all complete subgraphs of a given order `, with ` > 3. The triangle counting problem
is fundamental to many graph applications. This problem has been studied in various contexts,
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for example as a base case for counting complete subgraphs of given orders [26], in minimum
cycle detection problem [24], and as a special case of counting given length cycles [1]. Counting
the total number of triangles and quadrangles are also essential for analyzing large networks
(such as WWW, social networks, bipartite graphs or two-mode networks) as they are used to
compute important network structures, such as clustering coefficients [34, 35] and transitivity
coefficients [20]. Complete subgraphs counting problems have applications in combinatorics and
network analysis (see e.g., [32, 33]). We also present some applications to show how various graph
parameters can be computed using subgraph counting data structures that are particularly useful
for social network analysis.

2.1.1 Previous Work

A relational event (RE) graph generally represents communication events between pairs of enti-
ties in an underlying network that occurred at some specific times. In recent studies, RE graphs
have been used to model social networks for various computational analysis and are also named
dyadic event data [6] and contact sequences [23]. Bannister et al. [3] were the first to consider this
model for preprocessing into data structures that can answer time windowed queries using times-
tamped events. They presented data structures that can count number of connected components,
number of components containing cycles, number of vertices having degrees equals to some pre-
defined value, and number of influenced vertices on a time-increasing paths [3]. They showed
techniques to reduce time windowed problems into a matroid rank problem so that ranks of the
query graph slices can be answered by a dominance counting query. Hence they obtained sub-
logarithmic query times for time windowed problems. However, the required preprocessing time
and space for all problems presented in [3] (see Table 2.1) are the time and space requirements
for the reduction only, and do not consider those of the dominance counting data structures.

Chanchary et al. [11] presented techniques for building time window data structures for RE
graphs by using a colored range searching approach [5, 17, 18]. Their results include reporting
several graph parameters that are essential for social network analysis, such as graph density,
h-index, k-stars, embeddedness, neighborhood overlap (for both general and bipartite graphs)
and the total number of influenced vertices in the queried graph slices (see Table 2.1).

Recently, window queries have been extended towards solving geometric problems such as
reporting skyline and proximity relations of point sets [2], finding all maximal subsequences that
hold some hereditary property for a set of points [4], solving convex hull area decision problem,
diameter and width decision problem [8], intersection decision problems for objects (e.g., line
segments, triangles and convex c-gons) and problems related to dominant points and maximal
layers [12].

2.1.2 New Results

The main contributions of this paper are listed below, and are also summarized in Table 2.1. Let
G be a (weighted) relational event graph consisting of m edges and n vertices.

1. Decision problems on monotone graph properties: A graph property P is called monotone if
every subgraph of a graph with property P also has property P. Given a dynamic algorithm
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D that maintains a monotone graph property P (e.g., disconnectedness and bipartiteness)
having update time U(n), query time Q(n), and space S(n), the time windowed decision
problem can be reduced to a 2-dimensional range searching query in time O(m · (U(n) +
Q(n))) using space O(S(n) +m) that can answer queries in time O(logn).

2. Problems on minimum spanning trees: Given a weighted RE graph G that has an MST with
weight ω∗:

• We can preprocess G into a data structure of size O(m logn) such that given a query
time interval [i, j] we can report whether there exists an MST T = (V ,E ′) of G with
weightω∗ such that E ′ ⊆ {ei, · · · , ej} inO(logn) time. Preprocessing requiresO(m log4 n)
time.

• We can preprocess G into a data structure of size O(m logε n), where ε is a small con-
stant, such that given a query time interval [i, j] we can report the minimum spanning
interval (i.e., the smallest time interval [α,β] such that i 6 α, β 6 j and β− α is the
smallest time required to obtain an MST of G) in Gi,j in O(log logn) time. Preprocess-
ing requires O(m log4 n) time.

• We can preprocess G into a data structure of size O(n+m) such that given a query
time interval [i, j] we can report the graph edit distance (GED) to convert Gi,j into a
spanning forest of G in O(logn+ |X|) time, where X is the set of the minimum number
of edges such that Gi,j \X is a forest. Preprocessing requires O(m logn) time.

3. Problems on counting subgraphs: We can preprocess G into time windowed data structures
so that given a query time interval [i, j] we can count the total number of the following
subgraphs in Gi,j.

• Paths of length 2 (2-paths): Preprocessing takes O(n+m) time using O(n+m) space,
and queries can be answered in O(n) time.

• Paths of length 3 (3-paths) (in bipartite graphs): Preprocessing takes O(n+m) time using
O(n+m) space, and queries can be answered in O(n+m) time.

• Complete subgraphs of a fixed order ` > 3: Preprocessing takes O(a(G)`−2m) time and
O(m+n+K) space, and queries can be answered in O(logW/ log logK) time, where
W is the width of the query window and K is the total number of complete subgraphs
of a fixed order in G.

• Complete subgraphs of all orders ` > 3: Preprocessing takes O(a(G)`−1m) time and
O(m+n+K logK/ log logK) space, and queries can be answered inO((logK/ log logK)2)

time, where K is the total number of complete subgraphs in G of orders 3 and more.

• Quadrangles: Preprocessing takesO(a(G)m logn) time andO(a(G)m logn) space. Queries
can be answered in O(γ logn +w) time, where γ 6 min{

(
n
2

)
,a(G)m} and w is the

number of reported quadrangles.

2.1.3 Organization

The rest of this paper is organized as follows. Section 2 provides preliminaries to the paper.
Sections 3 and 4 present results of time windowed data structures for problems on monotone
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graph properties and on minimum spanning trees, respectively. In section 5 we present window
data structures for subgraph counting problems for paths, complete subgraphs and quadrangles.
In Section 6 we present some applications of window data structures. Section 7 concludes the
paper.

2.2 preliminaries

2.2.1 Relational Event Graph

A relational event (RE) graph G is defined to be a simple graph with a set of n vertices V and a
set of m edges (or relational events) E = {ek | 1 6 k 6 m} between pairs of vertices. We assume
that the graph is undirected so the pairs of vertices in the set of edges are unordered. We also
assume that each edge or relational event has a unique timestamp. We denote the timestamp of
an edge ek ∈ E by t(ek). Without loss of generality, we assume that t(e1) < t(e2) < . . . < t(em),
and that the timestamps follow the sequence 1, 2, . . . ,m.

Given a relational event graph G, for a pair of integers 1 6 i < j 6 m, we define the graph
slice Gi,j = (V ,Ei,j = {ei, ei+1, . . . , ej}). Ni,j(v) denotes the set of neighbors of vertex v in Gi,j and
degi,j(u) is the number of edges adjacent to vertex u in Gi,j. Figure 2.1(a) illustrates an RE graph
G with 5 edges. Figures 2.1(b) and 2.1(c) represent, respectively, the graph slices G2,4 and G2,5.
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Figure 2.1: (a) An RE graph G with five edges (the integer numbers on the edges are their timestamps), (b)
a graph slice G2,4 and (c) a graph slice G2,5. Examples of open triplets: 〈bd,de〉, 〈ad,de〉 in G
and G2,5; 〈ca,ab〉, 〈ca,ad〉 in G. Examples of closed triplets: 〈ab,bd,da〉 in G, G2,4 and G2,5.

A triplet is a connected subgraph consisting of three distinct vertices that are connected by
either three edges (closed triplet) or two edges (open triplet). Note that any triangle consists of
three closed triplets, one centered on each of the vertices. Figure 2.1(a) shows a triangle (a,b,d)
consisting of three open triplets with time stamps 〈2, 3〉, 〈2, 4〉 and 〈3, 4〉 where each of these
triplets are closed by a third edge with timestamps 4, 3 and 2, respectively.

A high (respectively, low) event in any RE graph slice Gi,j is defined to be the timestamp of
an edge ek, where ek is the edge with the highest (respectively, the lowest) timestamp among
all edges that form a particular subgraph in Gi,j, such as paths of a fixed length, quadrangles
or complete subgraphs. We refer to Figure 2.2 and suppose we are interested in counting how
many quadrangles (C4) are in the query slice [i, j]. For a given slice G1,7, edges {e1, .., e7} do not
form any C4, thus no high or low event occurs in this slice. However, edges e2, e4, e7 and e8 create
a C4 = (e2, e4, e7, e8) in G1,8. Therefore, edges e9 and e13 become the low and the high event
respectively for this C4. It is possible that some edges participate in multiple subgraphs and thus
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Figure 2.2: An RE graph with 14 vertices and 19 edges. The timestamps are mentioned as the integer
numbers on the graphs edges.

become high or low events for more than one subgraphs in the same slice. There are three C4’s in
G6,13, (e6, e9, e11, e13), (e6, e10, e11, e12) and (e9, e10, e12, e13). For two of these subgraphs, e13 is
the high event, though each of them have different low events.

Throughout the paper, adjacency linked lists are used to represent an RE graph G. There will
be two copies of each edge (u, v) for each endpoints u and v. Each node of the linked list for u
stores its neighbour v and the timestamp of the edge (u, v).

Arboricity a(G) of a graph G = (V ,E) having m = |E| edges and n = |V | vertices is the
minimum number of edge-disjoint spanning forests into which G can be partitioned [19]. Chiba
and Nishizeki [14] gave an upper bound on a(G) for a general graph G as a(G) 6 d(2m +

n)1/2/2e. Thus, for a connected graph G, a(G) = O(
√
m). We state the following lemma from

their paper as this result will be used later in the section for subgraph counting.

lemma 2 .1. [14, Lemma 2.1] If a graph G = (V ,E) has a set of n vertices and m edges, then∑
(u,v)∈Emin{deg(u),deg(v)} 6 2a(G)m, where deg(x) denotes the degree of vertex x in G.

2.2.2 Geometric Data Structures

The d-dimensional dominance counting problem for a set S of d-dimensional points is to store S
in a data structure such that given a query point q the points in S that are dominated by q can be
counted quickly. Let p = (px,py) and q = (qx,qy) be two points in plane. We say q dominates p,
if px 6 qx and qy 6 py. Note that this is a non-traditional definition of dominance. The standard
dominance counting data structure considers dominance relationship to be qx > px and qy > py,
see Lemmas 1 and 2 in [25].

We can use this data structure to query for dominated points by mirroring the coordinates
of the points. Given a point set S with n points in plane, the dominance counting query is to
determine the total number of points of S dominated by a query point q. See Figure 2.3(a) for an
example.
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Figure 2.3: (a) All red points are dominated by a query point q. A red point p = (px,py) is dominated by
q = (qx,qy), where px 6 qx and qy 6 py. (b) A special case where all points are below the
main diagonal of a grid.

We state the following results from [15] and [25] on dominance counting, range tree, interval
tree and priority tree data structures.

theorem 2 .2. [25, Theorem 2] Let S be a set of n d-dimensional points, where d > 2 is a constant. Then
there exists a data structure for the d-dimensional dominance counting problem usingO(n(logn/ log logn)d−2)
space such that queries can be answered in O((logn/ log logn)d−1) time.

The following result is from [3] that presents a data structure for window sensitive dominance
queries on a set of n points, where the integer coordinates of each point are in the range from 1

to n. Here, it is assumed that the points are below the main diagonal, see Figure 2.3(b).

theorem 2 .3. [3, Theorem 9] Let S be a set of O(n) points below the main diagonal of an n× n grid,
then there exists a data structure of size O(n) that can perform dominance queries for which the query
point (i, j) is at distance d = (j− i)

√
2 from the main diagonal in time O(logd/ log logn) time, with

1 6 i < j 6 n.

A 2-dimensional range tree is a data structure for rectangular range queries, where each query
is composed of two 1-dimensional sub-queries respectively on the x-coordinates and on the y-
coordinates of the points.

theorem 2 .4. [15, Theorem 5.11] Let P be a set of n points in d-dimensional space, with d > 2. A
range tree for P uses O(n logd−1 n) space and it can be constructed in O(n logd−1 n) time. With this
range tree one can report the points in P that lie in a rectangular query range in O(logd−1 n+ k) time,
where k is the number of reported points.

An interval tree data structure stores a set of n axis-parallel line segments or intervals on the
line.

theorem 2 .5. [15, Theorem 10.4] An interval tree for a set of n intervals uses O(n) storage and can
be built in O(n logn) time. Using the interval tree we can report all intervals that contain a query point
in O(logn+ k) time, where k is the number of reported intervals.
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A priority search tree data structure stores 2-dimensional points and performs range queries that
are unbounded on one side.

theorem 2 .6. [15, Theorem 10.9] A priority search tree for a set of n points in the plane uses O(n)
storage and can be built in O(n logn) time. This structure can report all points in a query range of the
form (−∞,qx]× [qy,q ′y]) in O(logn+ k) time, where k is the number of reported points.

2.3 monotone graph properties

In this section, we present data structures to solve time windowed decision problems under some
monotone graph property P.

definition 2 .7. A graph property P is monotone if every graph slice of a graph with property P also
has property P.

In other words, a graph property is monotone if it is closed under the removal of edges. For
example, every subgraph of a planar graph is planar. Other examples of monotone graph prop-
erty includes disconnectedness and bipartiteness.

Problem statement: Given an RE graph G = (V ,E) and a monotone graph property P, we want
to preprocess G so that for any query time interval [i, j] with 1 6 i < j 6 m, we can answer
quickly whether the graph slice Gi,j = (V ,Ei,j) satisfies P.

2.3.1 Overview of the Algorithm

We present a general approach to reduce the time windowed decision problems under monotone
graph properties P to the standard range searching problems using dynamic data structures that
maintain P. Suppose, there exists a dynamic data structure D that maintains some monotone
graph property P and requires S(n) space, U(n) update time and Q(n) query time. We further
assume that, D accepts update operations such as edge insertions and deletions and allows
queries that test whether the current graph satisfies P. We preprocess edges of G = (V ,E =

{e1, e2, . . . , em}) using D to find all the maximal subsequences of edges that satisfy P. To be more
specific, starting with e1, we insert edges of E according to the increasing timestamps of edges to
D and check whether the subgraph formed by edges added so far satisfies property P. If it does,
we continue adding edges to D until for the first time we find a graph slice G1,b+1 that does not
satisfy P for some b > 1 (see Figure 2.4).

Now, for this first maximal subsequence of edges e1, e2, . . . , eb that satisfies P, we store a point
p = (1,b) ∈ R2. Next, we keep deleting edges from D starting with e1 and following the same
sequence of edges as they have been inserted until we find some ea such that ea, ea+1, . . . , eb+1
satisfies P. To find the next maximal subsequence, we start inserting edges from eb+2 and repeat
the process. We continue processing edges until we scan all m edges of G. At the end of this
process, we will have a set of points S in plane, where each point (a,b) ∈ S represents a graph
slice having a maximal contiguous edge set {ea, ea+1, . . . , eb} that satisfies property P. During
preprocessing, each edge of G is updated (inserted and deleted) and queried exactly once using
D. So the total time required for this preprocessing step is O(m · (U(n) +Q(n))).



32 time windowed data structures for graphs

1

2

3

4
5

6

7

8

1

2

3

4
5

1

2

3

4
5

6

7

8

1

2

3

4
5

6

7

8

(a) (b) (c) (d)

Figure 2.4: (a) An RE graph G with eight edges. Timestamp of each edge is mentioned as an integer
value. G has three maximal subsequences of edges that satisfy the disconnectedness monotone
property; they are (b) e1, . . . , e4 (e5 connects G), (c) e2, . . . , e7 (e8 connects G), and (d) e4, . . . , e8
(preprocessing ends).
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Figure 2.5: (a) An example illustrating a set of time intervals representing graph slices that satisfy some
monotone property P, (b) Query: for q = [2, 8] (blue line) there is no point in (−∞, 2]× [8,+∞),
hence G2,8 does not satisfy P, and for q = [4, 7] (red line) there are points in (−∞, 4]× [7,+∞),
hence G4,7 satisfies P.

Each point (a,b) ∈ S obtained from this preprocessing step represents a time interval [a,b],
where b > a, such that Ga,b satisfies P (see Figure 2.5(a)). Let IS be the set of all intervals
found from S in this way. A query time interval [i, j] satisfies P if and only if [i, j] is contained
in some interval [a,b] ∈ IS. We define the North-West quadrant of the point (i, j) as NW(i, j)
= (−∞, i] × [j,∞). Now we reduce this problem to range emptiness problem as stated in the
following lemma.

lemma 2 .8. A query time interval [i, j] is contained in some interval [a,b] ∈ IS if and only ifNW(i, j)∩
S 6= ∅.
Proof. For the ‘if ’ part, note that all points (a,b) ∈ S are above the main diagonal as b > a.
Therefore, when some query interval [i, j] is contained in [a,b] ∈ SI, it implies that a 6 i < j 6 b
and (a,b) ∈ NW(i, j) (see Figure 2.5(b)).

Now we prove the ‘only if ’ part. First we observe that IS can never contain two subsequences
such that one is totally contained in another. See Figure 2.6(a). Our algorithm will always keep
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Figure 2.6: (a) Subsequences cannot be contained in other maximal subsequences. The permissible ori-
entations of subsequences can be either (b) Non-overlapping subsequences, or (c) Partially
overlapping subsequences.

the subsequence with the maximum length. Moreover, there can be only two possible orderings
of all subsequences of IS where two maximal subsequences will either partially overlap each
other or they do not overlap at all, see Figures 2.6(b) and (c).

Suppose our algorithm does not identify a valid maximal subsequence Iq. Two cases have to
be verified here.

Case (a): when Iq = (eq` , . . . , eqr) does not overlap any other subsequences and it is in be-
tween two subsequences Ip = (ep` , . . . , epr) and Ir = (er` , . . . , err). That is, the ordering of the
timestamps of the edges are pr < q` < qr < r`. Note that Ip is identified as a valid maximal
subsequence because ep` , . . . , epr satisfies some monotone property while ep` , . . . , epr+1 does not.
So our algorithm will keep deleting edges from ep` and check for satisfiability of the property. In
this process all edges from ep` to eq`−1 go through the insertion, verification and deletion process.
Finally edge eq` will be verified and if Iq is valid then all edges in the sequence (eq` , . . . , eqr)
must be identified by our algorithm.

Case (b): when Iq partially overlaps Ip and Ir and suppose the ordering of the timestamps
of the edges are q` < pr < s` < qr < sr. As before our algorithm identifies that ep` , . . . , epr
satisfies some monotone property but ep` , . . . , epr+1 does not. Now if Iq is valid, when edges
ep` , . . . , eq`−1 are deleted then eq` , . . . , epr+1 must satisfy the property and do not get deleted. In
this step our algorithm must keep adding next edges in the sequence and identifies eq` , . . . , eqr
as the valid maximal subsequence Iq.

For any monotone property, this approach generates O(m) maximal subsequences. So for
any RE graph G, this preprocessing step produces a point set S, with |S| 6 m. We build a 2-
dimensional priority search tree (PST), see [27], on the point set S. To answer queries of the form
‘Given a query time interval [i, j] s.t. i 6 j, does the graph slice Gi,j satisfy property P?’, we query
this data structure using a grounded query rectangle q = (−∞, i]× [j,+∞). We report that Gi,j
satisfies P if the query returns a positive count. Total space required by a 2-dimensional PST is
linear. Thus the total space requirement of this approach is O(S(n) +m). A 2-dimensional PST
on m points can answer each grounded query in time O(logm). If G is completely connected
then m = O(n2) and therefore O(logm) = O(logn). We will use this assumption through out
the paper. We summarize the result in the following theorem.
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theorem 2 .9. Suppose, D is a dynamic algorithm that maintains a monotone graph property P using
S(n) space, and requires U(n) time per update and Q(n) time per query. Given an RE graph with n
vertices and m edges and an arbitrary query time interval [i, j], we can reduce the time windowed decision
problem for reporting whether Gi,j satisfies a monotone property P to a 2-dimensional range searching
query in O(m · (U(n) +Q(n))) time using O(S(n) +m) space that can answer queries in O(logn)
time.

2.3.2 Bipartiteness

A graph is bipartite if the set of its vertices can be decomposed into two disjoint sets such
that no two graph vertices within the same set are adjacent. We directly use Henzinger and
King’s [21] dynamic algorithm for maintaining bipartiteness of a graph that supports each up-
date in O(log3 n) time and each query can be answered in O(logn/ log logn) time. Their data
structure uses S(n) = O(m+n logn) space. Therefore we obtain the following result.

corollary 2 .10. We can preprocess an RE graph G with n vertices and m edges into a data structure
of size O(m+n logn) in O(m log3 n) time such that a time windowed bipartiteness decision query can
be answered in O(logn) time.

2.3.3 Disconnectedness

Let G = (V ,E) be a graph such that G is not connected. Then observe that for any subgraph
E ′ ⊆ E, G ′ = (V ,E ′) is also disconnected. Thus the property of being disconnected is mono-
tone. Following our algorithm, as described in Section 2.3.1, we first identify all maximal subse-
quences of edges ea, ea+1, . . . , eb−1, eb such that G is not connected by the edges of Ga,b. We
use the deterministic dynamic connectivity algorithm by Holm et al. [22, Theorem 3] to answer
connectivity queries. This dynamic data structure D uses S = O(m+ n logn) space, amortized
U(n) = O(log2 n) update time and worst case Q(n) = O(logn/ log logn) query time to answer
whether two vertices u and v are connected in a given graph G.

However, our time windowed queries ask for the connectivity of the entire graph and not just
any two vertices. We describe here how to use the same data structure D to answer the full
connectivity query by executing an additional check. We keep a count that stores the number of
connected components of G. Initially, count is equal to total number of vertices since no edges
have been inserted into the data structure so far, and thus each vertex represents one component.
Suppose at some time during preprocessing G, we finished processing edge ek−1 and now we
want to insert an edge ek = (u, v) into this structure. Also assume that vertices u and v are not
connected in D. Since inserting e into D will connect two previously disconnected components
containing vertices u and v, respectively, into one component, the total number of components
maintained by D will be reduced by one. So count is decreased by 1. By a similar argument, every
time an edge e is deleted from D the total number of components maintained by this structure
will be increased by one. We update count accordingly during processing each edge. Thus, we
know that a graph slice is connected only when count equals 1. Updating count takes O(1) time
per edge insertion and deletion.
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In total, we can find at most O(m) maximal subsequences of edges that satisfy the connec-
tivity property, or equivalently, O(m) points to be stored in the dominance counting struc-
ture. So, our windowed data structure for disconnectedness requires O(m+ n logn) space and
O(m(log2 n + logn/ log logn)) = O(m log2 n) time for preprocessing. Using Theorem 2.9, we
obtain the following result for the windowed query for disconnectedness.

corollary 2 .11. We can preprocess an RE graphGwith n vertices andm edges into a data structure of
size O(m+n logn) in O(m log2 n) time such that a time windowed decision query for disconnectedness
can be answered in O(logn) time.

2.4 problems on minimum spanning trees

In this section we solve three window query problems using the minimum spanning tree (MST)
of a weighted RE graph. In particular, we first show an application of dynamic algorithm to
construct a data structure to report whether an MST exists in the query time interval. Next we
report the minimum spanning interval of an MST for any query time interval. Then, we show
how to report the graph edit distance to transform a query graph slice into a spanning forest.

2.4.1 Weight of the MST

Suppose a weighted RE graph G = (V ,E) is given where each edge of G has a positive numerical
weight. Let the weight of the MST of G be denoted by ω∗. For a query time interval [i, j], we want
to report whether there exists some MST T = (V ,E ′) such that E ′ ⊆ {ei, · · · , ej} with weight ω∗.

We utilize two dynamic data structures to preprocess the edges of G. The first dynamic struc-
ture (due to Holm et al. [22]) is used to maintain the minimum spanning forest (MSF) of G using
the edges inserted so far. We call this data structure D1. We require a second dynamic structure
to verify whether the MSF maintained by D1 is connected, i.e., it is also the MST of G. We use
the dynamic connectivity algorithm that we have used to solve the time windowed problem for
disconnectedness (see Section 2.3.3) as our second data structure, namely D2.

Note that D1 maintains the MSF of G. We augment D1 so that every time an edge e is inserted
into D1, it reports which edge has been added to the MSF and which edge (if any) has been
deleted from the MSF. After each update, D1 also updates the total weight of the current MSF.
We have the following cases to consider.

1. The newly inserted edge e does not create any cycle with the existing tree edges and there-
fore is added to the current MSF. D1 reports that e has been added to the MSF.

2. The newly inserted edge e creates a cycle with the existing tree edges. If the weight of e
is less than that of any other edge of the cycle then e replaces the edge with the highest
weight in that cycle. Then D1 reports that e has been added to the MSF and the edge with
the highest weight in the corresponding cycle has been deleted from MSF.

3. Otherwise, the MSF does not change and D1 does not report anything.
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These simple augmentations can be done without making any changes to the preprocessing and
space time bounds of the original data structure.

Now we discuss the preprocessing. For k = 1 tom, we insert edge ek into D1 according to their
increasing timestamps and check whether ek becomes a new tree edge in D1. We insert ek into
D2 in two cases; (a) when ek becomes a new tree edge and (b) when ek replaces an existing tree
edge. Every time a new tree edge ek is inserted into D2 we check the connectivity of the current
subgraph using D2. Every time a new tree edge ek replaces an old tree edge ek ′ in D1, we insert
ek into D2 and delete ek ′ from D2. We keep repeating this process until for the first time we find
a subsequence of edges e1, . . . , eq that has the MST of G with weight ω∗. Observe that in case
where q > n− 1, some of the edges in this subsequence with higher weights have been replaced
by some other lighter edges from the same subsequence. We start deleting from edge e1 and
check whether e2, . . . , eq still holds the MST of weight ω∗. We keep deleting edges according to
the same sequence of edge insertion until we find the minimal subsequence I = ep, . . . , eq where
the MST exists. We store a point (p,q) ∈ R2 marking that there exists an MST of G in the interval
[p,q]. Now we delete edge ep, insert edge eq+1 and repeat the whole process until we finish
scanning all edges of G. At the end of the preprocessing we have a set of points S ′ ∈ R2, where
each point in S ′ represents a minimal subsequence in which an MST with weight ω∗ exists. Let
IS ′ be the set of all intervals obtained by this process. Now the following lemma holds.

lemma 2 .12. A query time interval [i, j] contains some interval [p,q] ∈ IS ′ if and only if SE(i, j)∩S ′ 6=
∅, where SE(i, j) = [i,+∞)× (−∞, j] is the South-East quadrant of the point (p,q).

The proof is similar to the one presented for Lemma 2.8 and hence omitted.

theorem 2 .13. Suppose a weighted RE graph G is given with m edges and n vertices, and let G has
an MST of weight ω∗. Given a query time slice [i, j], the problem of reporting whether Gi,j contains an
MST of G with weight ω∗ can be reduced to a 2-dimensional range searching query in O(m log4 n) time
using O(m logn) space. Queries can be answered in O(logn) time.

Proof. We observe that no two intervals in IS ′ can have same start time. Therefore, there can be
at most one interval starting from any time k with 1 6 k 6 n. So the number of MSTs that can
possibly be generated over m edge updates is at most O(m). Holm et al.’s algorithm maintains
an MSF using amortized O(log4 n) time per update and O(m logn) space [22, Theorem 8]. As
mentioned before, the dynamic connectivity algorithm by the same authors provides O(log2 n)
update time usingO(m+n logn) space. Similar to the data structure of Section 2.3.1 we build a 2-
dimensional PST on O(m) points using linear space and query using a grounded query rectangle
[i,+∞)× (−∞, j] in O(logn) time. We report there exists an MST of G in Gi,j if the query returns
a positive count.

2.4.2 Minimum Spanning Interval

We define a spanning interval as the time difference t(eq) − t(ep) such that there exists an MST
T = (V ,E ′ ⊆ {ep, · · · , eq}) of G. The motivation for solving this problem is the fact that given a
query time interval [i, j] multiple MSTs of G can exist in the graph slice Gi,j, and we are interested
to find a minimum spanning interval that contains an MST. To solve this problem we change
the data structure described in Section 2.4.1 as follows. The length of the minimal subsequence
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ep, . . . , eq that holds an MST is q−p+ 1. So now we consider each point a = (p,q) as a weighted
point and initialize the weight of each point to w(a) = q−p+ 1. Therefore the problem of finding
the minimum spanning interval within Gi,j can be reduced to the orthogonal range minimum
problem on O(m) points. According to Chan et al. [7], orthogonal range minimum problem can
be solved in O(log logn) time using O(m logε n) space, where ε is a small positive constant. We
summarize the result here.

theorem 2 .14. Given an RE graph G with m edges and n vertices, and a query time slice [i, j], the
problem of reporting the minimum spanning interval in Gi,j can be reduced to the orthogonal range min-
imum problem in O(m log4 n) time using O(m logε n) space. Queries can be answered in O(log logn)
time.

2.4.3 Graph Edit Distance for Target Class Forest

definition 2 .15. Given a set of graph edit operations (insertion or deletion of graph edges), the graph
edit distance GED(G,H) between a source graph G and a target graph H is defined as GED(G,H) =

min{c(S)|S is a sequence of operations transforming G into H}.

In this definition, S = (s1, s2, . . . , sk) is a sequence of operations that transforms G into H. The
cost of a sequence S = (s1, s2, . . . , sk) is given by c(S) =

∑k
i=1 c(si), where c(si) is the cost of the

operation si. The goal of the graph edit distance is to find the minimum cost of the operations
that makes the transformation possible. We consider edge deletion as the only permitted graph
edit operation to solve our problem. We assume that for unweighted graphs, each edit operation
has a unit cost. In this section, we want to solve the following problem.

Given an RE graphG = (V ,E) and a query time interval [i, j], we want to compute the GED(Gi,j,H)
where H = (V ,E ′) is a spanning forest of Gi,j and E ′ ⊆ {ei, ei+1, . . . , ej}. This is equivalent to
saying that we want to find a set of edges X such that Gi,j \X is a forest and |X| is minimum.

First we present the following lemma.

lemma 2 .16. The total cost C of GED(Gi,j,H) is equivalent to the number of chordless cycles in Gi,j,
where H is a spanning forest of Gi,j.

Proof. Let C be a simple cycle without any chords. Observe that by deleting any edge of C, we
obtain a spanning forest (tree) of C. Also note that graph edit distance must report the minimum
cost of operations. Since one edge deletion is required for every chordless cycle and every edge
deletion operation has unit cost, the total cost C of GED(Gi,j,H) is the same as the total number
of edge deletions in Gi,j. Therefore, reporting GED(Gi,j,H) is equal to the number of chordless
cycles in Gi,j. Therefore the lemma holds.

Algorithm: We maintain a link-cut tree T , see [31], to store the vertices of G. A link-cut tree
allows edge insertions and deletions in amortized timeO(logn). This data structure also supports
standard aggregate functions (e.g., max, min, sum or increment) over all the edges from a vertex
v to the root of T in time O(logn) [31]. We store the timestamp of an edge as its weight so that
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we can query T to find the edge with the minimum timestamp that is on the path from v to the
root.

For k = 1 to m, we process each edge ek in increasing order of the timestamp and add ek to
T unless it creates a cycle with the existing edges of T . Suppose ek = (uk, vk) is an edge with
uk and vk as its two end points, that creates a cycle in T . Then there must be an existing path
from uk to vk in T . We query T to find the edge e` with the minimum timestamp t(e`) on this
path. We store a point (k, `) ∈ R2 with label `. We delete e` from T and insert ek to T . We repeat
these steps until we finish processing all edges in E. At the end of this process we obtain a set of
labelled points P with |P| = O(m) in R2. Figure 2.7 illustrates an example of our algorithm for
computing GED for forests.
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Figure 2.7: (a) An RE graph G with seven vertices stored in a link-cut tree T . Edges are not inserted yet. (b)
Starting with e1 edges are inserted to T according to the increasing timestamps until e5 creates
a cycle C1 = 〈e2, e3, e5〉 (timestamp of each edge is mentioned as an integer value). (c) The
edge with the lowest timestamp in C1 is e2 and a point (5, 2) ∈ R2 with label 2 is stored. Edge
e2 is deleted and e6, . . . , e8 are inserted to T . (d) Edge e8 creates another cycle C2 = 〈e4, e6, e8〉.
Similarly the edge with the lowest timestamp e4 is deleted from T and a point (8, 4) ∈ R2 with
label 4 is stored. Edge e9 is inserted to T . (e) e9 creates cycle C3 = 〈e1, e5, e9〉. Again the edge
with the lowest timestamp e1 in C3 is deleted from T and a point (9, 1) ∈ R2 with label 1 is
stored. (e) GED(G1,9,H) = 3, where H is a spanning forest of G. Reported edges are 1, 2 and
4. Bold blue edges create cycles, solid black edges are part of H and dashed grey edges are
deleted from G1,9.

lemma 2 .17. The number of points in P ∩ ([i, j]× [i, j]) is equal to the GED of Gi,j.
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Proof. Note that every point (k, `) ∈ R2 that represents a chordless cycle in the interval [`,k] lies
below the main diagonal. The number of points |X| = P ∩ ([i, j]× [i, j]) gives us the total number
of chordless cycles that exist in time interval [i, j]. By Lemma 2.16, the number of points in |X| is
equal to the GED of Gi,j.

theorem 2 .18. Given an RE graph G with m edges and n vertices, and a query time slice [i, j],
the problem of reporting the GED for target class forest can be reduced to the range searching prob-
lem in O(m logn) time using O(m+ n) space. Queries can be answered in O(logn+ |X|) time using
O(m logn) space, where X is the set of edges such that Gi,j \X is a forest and |X| is minimum.

Proof. The preprocessing step ensures that when an edge ek creates a cycle such that e` is an edge
in that cycle with the smallest timestamp, the interval [`,k] contains exactly one chordless cycle.
According to Lemma 2.16 this chordless cycle in G`,k must contribute a unit cost to the graph
edit distance. So a point (k, `) ∈ R2 with label ` represents that a cycle exists in time interval [`,k]
and e` is the edge that must be deleted to maintain the forest. It is also necessary to delete e`
physically from T to ensure that the next cycle found by the scanning process is chordless. Labels
are required only if we want to report the edges. Otherwise if we want to report the value of
GED only (i.e., the total number of edges to be deleted) then we can ignore labels.

Every edge will be inserted and deleted from T at most once in this process. Queries are
also made at most once for each edge. Therefore, total preprocessing time is O(m logn) using
O(n+m) space [31]. As mentioned above P hasO(m) labelled points inR2. P can be stored using
a standard range search tree that can be built in O(m logn) time using O(m logn) space [15].

For a given query time interval [i, j], we count the number of points |X| = P ∩ q that intersect
with the query rectangle q = [i, j]× [i, j] in O(logn) time. By Lemma 2.17 we report |X| as the
GED for converting Gi,j to a forest, i.e., |X| is the number of edges needed to be deleted from Gi,j
such that the resulting graph slice becomes a forest. If the query is to report the set of edges that
are needed to be deleted, we can answer in O(logn+ |X|) time to report the labels of the points
(i.e., timestamps of the deleted edges), where X is the set of deleted edges.

2.5 problems on counting subgraphs

In this section we consider the problems of counting subgraphs of some fixed patterns in a
queried graph slice Gi,j. The patterns for which we present data structures are 2-paths (paths of
length two in general graphs), 3-paths (paths of length three in bipartite graphs), all complete
subgraphs of size 3 and more, and quadrangles (C4) or simple cycles of length 4.

2.5.1 Counting 2-paths and 3-paths (in bipartite graphs)

First, we consider the case of counting the number of 2-paths. Let G = (V ,E) be an RE graph
with n vertices and m edges. We maintain a set of n lists, one for each vertex vk ∈ V , where
1 6 k 6 n. The list Lvk stores timestamps of vk’s incident edges, sorted in increasing order. The
length of this list is deg(vk), where deg(vk) is the degree of vk in G. Therefore, the total space
over all the lists is at most

∑
vk∈V deg(vk) = 2m = O(m).
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Next we analyze the complexity of computing all 2-paths in G. For a query time slice [i, j],
suppose, i ′ and j ′ are the indices of the elements in Lvk such that Lvk [i

′] is the smallest element
> i, and Lvk [j

′] is the largest element 6 j. Then the total number of 2-paths centering vk in Gi,j
will be

(
j ′−i ′+1
2

)
. For each vertex vk, the number of 2-paths where vk is the center vertex can be

computed by performing a binary search in the list Lvk to locate i ′ and j ′ as discussed above.
This requires O(logdeg(vk)) time. Thus we can report all 2-paths in Gi,j in O(

∑n
k=1 logdeg(vk))

= O(n logn) time. Using fractional cascading data structure, see [13], we can improve the query
time to O(n) time without incurring any increase in space as follows. Fractional cascading data
structure is generally used to solve iterated search problem, where many search problems can be
solved by first solving a subproblem whose size is a constant fraction of the original problem size
and then using this solution to obtain the solution of the original problem. We provide a brief
description of how this data structure can be built and used in our case. We define Yvn = Lvn .
Suppose we take a sample of size bn/2c from Yvn by selecting every alternate elements. Then
elements from this sample list are merged with Lvn−1 to obtain Yvn−1 . For each element k, with
1 6 k 6 n, in Yvn−1 we use two pointers that points respectively to the smallest integer p such that
Yvn [p] > k and to the first element of Yvn−1 that comes from Lvn−1 and appears after k. We repeat
this process of using Lvn−2 and Yvn−1 to obtain Yvn−2 until we obtain Yv1 . Total space required is
O(n). Now the iterative query can be answered by first using a binary search in some Lvk with
keys i ′ and j ′, where 1 6 k 6 n. For the subsequent steps we can find each pair of Lvk+1 [i

′′] and
Lvk+1 [j

′′] from the information of Lvk [i
′] and Lvk [j

′] in constant time. Therefore queries can be
answered in O(n+ logn) = O(n) time.

Now we present data structure for counting all 3-paths in a bipartite RE graph G = (V =

{A∪ B},E = {(u, v) : u ∈ A, v ∈ B}). We maintain two cascading structures. The first structure D1
maintains all 2-paths centering each vertex uk ∈ A with 1 6 k 6 |A|. D2 is a similar structure
for each vertex v` ∈ B with 1 6 ` 6 |B|. We also maintain an array, namely count[1. . |A|], that
initially stores zero in each count[k] with 1 6 k 6 |A|. We update this array during the query
with the following information. For query interval [i, j], each count[k] will store degi,j(uk), i.e.,
the number of edges adjacent to uk in Gi,j, for all uk ∈ A, see Figure 2.8.

The data structures D1 and D2 are adjacency linked lists. In D1, every node on uk’s list contains
two fields, a vertex v and the timestamp t(uk, v) such that (uk, v) ∈ E, uk ∈ A and v ∈ B (see
Figure 2.8(b)). In D2’s structure, every node on v`’s list also has two similar fields and an extra
pointer field that points to count[k], if the edge (v`,uk) appears in Gi,j (see Figure 2.8(c)). Total
preprocessing takes O(m+n) time.

The query is processed in two steps. Given a query time interval [i, j], we first perform a binary
search on D1 using key values i and j. This process is same as counting the number of 2-paths.
For every uk ∈ A, with 1 6 k 6 |A|, we store the number of edges adjacent to uk within time
interval [i, j] in position count[k]. This step takes O(n) time using fractional cascading.

Next, we do a similar binary search on D2, and similar to the process described above for
2-paths, let i ′ and j ′ be the indices of the elements in Lv` such that Lv` [i

′] is the smallest element
> Lv` [i], and Lv` [j

′] is the largest element 6 Lv` [j]. This time, we walk along each element from
Lv` [i

′] to Lv` [j
′] for every v` ∈ B, and follow the pointer of each uk ∈ N(v`) to reach count[k].

The number of 3-paths in Gi,j of the form 〈a, v`,uk,b〉, such that v` ∈ B is a fixed vertex
and uk ∈ A is a fixed neighbour of v`, are equal to (degi,j(v`) − 1)× (count[k] − 1), given that
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degi,j(v`) > 1 and count[k] > 1. Otherwise no 3-path exists of this form. So, the total number of
3-paths passing through all the neighbours uk ∈ N(v`) of a fixed v` in Gi,j will be

(degi,j(v`) − 1)×
∑

∀k:uk∈Ni,j(v`)

(count[k] − 1),

where Ni,j(v`) denotes neighbors of v` in [i, j]. Therefore, the count of all 3-paths in Gi,j will be

|B|∑
`=1

(
(degi,j(v`) − 1)×

∑
∀k:uk∈Ni,j(v`)

(count[k] − 1)
)

.

We can find the number of adjacent edges of all uk ∈ A with i 6 k 6 j, and of all v` ∈ B with
i 6 ` 6 j, in O(n) time using fractional cascading on D1 and D2. Since scanning neighbours
of all v`, with 1 6 ` 6 |B|, requires at most O(m) time, total query time to find all 3-paths in
Gi,j is O(n+m). We have used an array of size at most n, and two copies of the similar data
structure that has been used for counting the number of 2-paths. Thus the total space requirement
is O(m+n).
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Figure 2.8: (a) A bipartite RE graph G, (b) Fractional cascading structure D1, (c) Fractional cascading
structure D2. An example illustrating how D1 and D2 are queried with time interval [2,10].

theorem 2 .19. (a) Let G = (V ,E) be an RE graph with n vertices and m edges. G can be preprocessed
into a data structure in O(n+m) time using O(n+m) space such that the total number of 2-paths in
Gi,j can be counted in O(n) time. (b) Let G = (V ,E) be a bipartite RE graph with n vertices and m edges.
G can be preprocessed into a data structure in O(n+m) time using O(n+m) space such that the total
number of 3-paths in Gi,j can be counted in O(n+m) time.
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2.5.2 Counting Complete Subgraphs of a Fixed Order ` > 3

In this section we present the general overview of the technique to count all complete subgraphs
of order ` > 3 in an RE graph G = (V ,E). The order of G is the number of vertices in G. A
complete subgraph K` of G is a subgraph induced by a subset of the vertices V such that every
two distinct vertices are adjacent in K`, where ` is the order of K`.

Preprocessing step: We modify the edge-scanning algorithm of Chiba and Nishizeki [14] that was
initially presented to report all complete subgraphs of a fixed order ` > 3 in a graph as follows.
Vertices of G are sorted in non-increasing order of their degrees and without loss of generality, let
deg(v1) > deg(v2) > · · · > deg(vn), where deg(v) is the degree of a vertex v in graph G. Starting
with vertex v1 the algorithm marks the subgraph induced by the neighbours N(v1) of v1, and
finds all instances of a specified complete subgraph that contains v1. For each of these instances,
we compute the high and the low values by comparing the timestamps of participating edges.
Recall that high (or low) is the highest (or the lowest) timestamp of all the edges involved in a
subgraph. The interval [low,high] represents the timespan of that subgraph in G. Each subgraph
is then represented by a point (high, low) in R2. Once all subgraphs containing v1 are stored as
a set of points, v1 is deleted from G to avoid duplication and the process continues with the next
vertex in the sequence. At the end of the process a set of point P ∈ R2 representing all complete
subgraphs of order ` is obtained.

In [14], the algorithm finds a complete subgraph K` containing a vertex v by detecting K`−1
in the subgraph induced by the neighbours of v. We modify their algorithm (see modified Al-
gorithms 1 and 2) as follows. An initially empty global stack S is used that now stores (`− k)

elements of the form (vi,minvi ,maxvi) at the recursion level (`− k). All vertices vi stored in S
are pairwise adjacent in G.

Algorithm 2 (procedure CS(k,Gk)) finds all complete subgraph of order k in Gk. Each of
these complete subgraphs forms a K` together with (`− k) vertices stored in S. When procedure
CS(k,Gk) is executed, at a recursive call of depth (`− k), we compute low and high events (de-
noted with minvi and maxvi , respectively) that are respectively the minimum and the maximum
timestamps within the complete subgraph consisting vertices (v1 . . . vi). When k becomes 2, for
each edge (x,y) left in G2, we list vertices {x,y}∪ S that form K`. At this stage, we use the times-
tamps of edges formed by connecting x and y with each vertex z ∈ S to update the low and the
high events of K`. A point (high, low) is stored in R2 that represents a K` in the time interval
[low,high]. The graph representation requires linear space using adjacency lists data structure.
The linear space implementation of counting complete subgraphs of fixed order using the same
data structure is available in [14]. Thus total space requirement becomes O(m+n+K), where K

is the number of complete subgraphs of the fixed order `. We obtain the following results.

theorem 2 .20. Given an RE graph G = (V ,E) with m edges and K complete subgraphs of a fixed
order ` (> 3), the problem of determining the number of complete subgraphs of order ` in the query time
interval [i, j] can be reduced to dominance counting in O(a(G)`−2m) time using O(m+ n+K) space.
The query takes O(logW/ log logK) time to count the total number of complete subgraphs of order ` in
Gi,j, where W is the width of the query window.
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Proof. We follow the proof technique used in [14]. Let n = |V | and m = |E|. The function
PreprocessCS(`,G) recursively calls procedure CS(k,Gk) with k = ` and Gk = G. Let T(k,m,n)
be the time required by procedure CS(k,Gk) to find all Kk’s in Gk.

When k = 2: for each edge in G2 we update low and high values of Kk by comparing times-
tamps of edges connecting at most ` vertices. This time is upper bounded by O(m + n). So,
T(2,m,n) = O(m+n).

Next, for k > 3: in the i’th iteration of the for loop (lines 4 to 16), we find the subgraph
Gk−1 induced by the neighbours of the vertex with the current highest degree vi in O

(
dk(vi) +∑

u∈N(vi)
dk(u)

)
time (line 5). Line 13 is a recursive call that requires T

(
k−1, (

∑
u∈N(vi)

dk(u))/2,dk(vi)
)

time to find and store all complete subgraphs containing vi. All updates of minvi and maxvi val-
ues with respect to the timestamps of edges connecting vi with (`− k) vertices stored in stack
S, is again upper bounded by the time required to compute Gk−1 in line 5. All stack operations
(lines 12 and 14) require constant time.

Thus, the total time required for each vi is,

O
(
dk(vi) +

∑
u∈N(vi)

dk(u)
)
+O(1) + T

(
k− 1,

( ∑
u∈N(vi)

dk(u)
)
/2,dk(vi)

)
which is the same as was obtained in [14]. Then following the analysis of [14, Theorem 3] we
obtain T(k,m,n) = O(a(Gk)

k−2m + n) with k > 3. Note that we do not explicitly report the
complete subgraphs. Therefore, when k = ` finding all K`’s in G requires at most O(a(G)`−2m)

time.
Points in P = p1, . . . ,pK can be stored in a window sensitive dominance data structure D of

linear size, see [3]. Given a query interval q = [i, j] we query D using (−∞, j]× [i,+∞). Since
high > low for every point (high, low) ∈ P, all points of P lie below the main diagonal, (see
Figure 2.3(b)). This condition is required by the window sensitive dominance structure D. Thus
D can report the number of points dominated by our query in O(logW/ log logK) time, where
W = j− i+ 1 is the width of the query interval and K is the total number of complete subgraphs
of order `.

Algorithm 1: PreprocessCS(`,G)
Input : Relational event graph G and the order of complete subgraph `.
Output : A set of points P in R2.

1 Set stack S← ∅.
2 Set mt← maximum timestamp in G.
3 Set min← mt+ 1, and max← −1.
4 Let G` = G.
5 Call CS(`,G`).
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Algorithm 2: CS(k,Gk)
Input : Graph slice Gk and parameter k.
Output : A set of points P in R2.

1 if k > 2 then
2 Set j← order of Gk.
3 Sort vertices v1, v2, . . . , vj in non-increasing order of degrees. Without loss of generality,

let d(v1) > d(v2) > · · · > d(vj).
4 for i = 1 to j do
5 Let Gk−1 ⊆ Gk be the subgraph induced by the neighbours of vi.
6 if stack S 6= NIL then
7 Update minvi and maxvi with respect to t(vi, z) where z ∈ S.
8 else
9 Set (minvi ← min) and (maxvi ← max).

10 end
11 end
12 Add (vi, minvi , maxvi) to stack S.
13 Call CS(k− 1,Gk−1).
14 Delete (vi, minvi , maxvi) from stack S.
15 Delete vi from Gk and without loss of generality, let Gk be the resulting graph.
16 end
17 end
18 else
19 if k = 2 then
20 for each edge (x,y) of G2 do
21 Set (low← minvi) and (high← maxvi).
22 Update low and high with t(x,y).
23 Update low and high with respect to t(x, z) and t(y, z) where z ∈ S.
24 end
25 end
26 end

2.5.3 Counting All Complete Subgraphs of Orders ` > 3

We extend our algorithm for computing all complete subgraphs of orders between 3 to `. That
is, if we are given an order `, we can find all complete subgraphs Kk in Gi,j, where 3 6 k 6 `.
For each order 3 6 k 6 `, the previous algorithm of a fixed order k can be run once in total
O
(
m

∑`
k=3 a(G)

k−2
)
= O(a(G)`−1m) time to obtain corresponding timespans [low,high] of all

complete subgraphs. To represent complete subgraphs of all orders, we modify our algorithm so
that, for each complete subgraph of order k, we store a point p = (a,b, k) in R3 where a = high,
b = low and k = order in any standard dominance counting data structure, for example see [25].
This results in the following theorem.
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theorem 2 .21. Given an RE graph G with m edges and an integer ` > 3 , the problem of determining
the total number of complete subgraphs Kk of all orders 3 6 k 6 ` in the query interval [i, j] can be reduced
to dominance counting in O(a(G)`−1m) time using O(m+ n+K logK/ log logK) space, where K is
the total number of complete subgraphs in G. The query takes O((logK/ log logK)2) time to report the
total number of complete subgraphs in Gi,j.

Remarks. We can also reduce the problem of finding all 2-paths and 3-paths in Gi,j to dominance
counting as follows. For each vertex u ∈ V , we find its neighbours v ∈ N(u), and successively find
all neighbours of v, denoted as w ∈ N(v). For each 2-path starting at u, that is 〈uv, vw〉, we store
a point (high, low) in R2, where high and low are respectively the maximum and minimum
timestamps between t(u, v) and t(v,w). During this search, we will also find a path 〈wv, vu〉
starting from vertex w while exploring neighbours of w, which is the same path as 〈uv, vw〉.
Since each 2-path will be identified exactly twice during the preprocessing, we keep only one
point per 2-path to avoid duplication. The time taken to find all 2-paths in G will be upper
bounded by a(G)m, which is the time needed to identify all triangles in G (see Theorem 2.20).
Now, we can count the number of 2-paths in Gi,j using our dominance counting structure.

Let G = (V = {A ∪ B},E = {(u, v) : u ∈ A, v ∈ B}) be a bipartite RE graph. A complete
bipartite graph can have at most O(n4) 3-paths. Each vertex u ∈ A in a 3-path shares edges with
two neighbours v1 and v2 such that v1, v2 ∈ B, and vice versa. Thus, reducing the problem of
counting all 3-paths in G to the problem of dominance counting requires an exhaustive search
for all alternating edge adjacency between the vertices of A and the vertices of B. To find a 3-path
〈u1, v1,u2, v2〉, we start from each vertex u1 ∈ A, and find its neighbour v1 ∈ B. Successively, we
find v1’s neighbour u2 ∈ A, and u2’s neighbour v2 ∈ B. For every new edge added to the path,
we update (high, low) so that each 3-path can be stored as a point in R2. Thus, preprocessing all
3-paths in G requires O(n4) time in the worst case.

corollary 2 .22. Given an RE graph G withm edges, the problems of counting 2-paths can be reduced
to window sensitive dominance counting in O(a(G)m) time. Given a bipartite RE graph G = (V =

A∪B,E) with n vertices, the problems of counting 3-paths can be reduced to window sensitive dominance
counting in O(n4) time. Each query can be answered in O(logW/ log logK) time, where W is the width
of the query window and K is the number of paths in and G.

2.5.4 Counting Quadrangles

In this section we present an algorithm for counting quadrangles, i.e., cycles of length 4, in an
RE graph G. An edge searching algorithm is presented in [14] where a set of quadrangles can be
implicitly represented by a tuple (y, z, {a1,a2,a3, ...}) in O(a(G)m) time and space, where y and z
are vertices on two opposite sides of all quadrangles of this set and each vertex v ∈ {a1,a2,a3, ..}
shares edges with both y and z. Within this setting, any two vertices from {a1,a2,a3, ..} together
with y and z represent a quadrangle.

Figure 2.9(c) illustrates a relational event graph with eight quadrangles. The search algorithm
represents these quadrangles using four tuples, (a,b, {e, f,g}), (a,d, {c, e,h}), (b,n, {m, `}) and
(e, i, {j, k}). We can see that the first tuple (a,b, {e, f,g}) contains three quadrangles (a, e,b, f),
(a, f,b,g) and (a, e,b,g).
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Figure 2.9: Counting quadrangles in an RE graph. The integer numbers on the graphs edges are their
timestamps. (a) Quadrangles in G are highlighted. (b) Tuple representation for each of the
quadrangles, and their corresponding time intervals and point sets in R2. (c) Querying the
interval tree for the valid intervals in q = [6− 17]. (d) Querying the range tree for the valid
quadrangles.

We can use the dominance counting data structure to count the total number of quadrangles us-
ing a similar algorithm presented in Section 2.5.2 by explicitly representing all quadrangles and
computing the corresponding high and low values for each quadrangle. This requires O(n2)
time and space as there can potentially be O(n) vertices in a tuple (y, z, {a1,a2,a3, ...,an−2})
such that each vertex in {a1,a2,a3, ..,an−2} shares edges with both y and z. To improve the
overall space requirement we now present an output sensitive range searching data structure for
counting quadrangles in G. We still use the tuple representation of quadrangles discussed above
and modify the algorithm as follows (see Algorithm 3).

We need the following additional data structures.
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• For each tuple (y, z, {a1,a2,a3, ...}), we use two linked lists E and E ′ to store edges adjacent
to y and z respectively; that is, E = {(y,a1), (y,a2), (y,a3), ..} and E ′ = {(z,a1), (z,a2), (z,a3), ..}.
Each node in E points to a node in E ′ that contains the edge having one common endpoint,
i.e., (y,a1) points to (z,a1), (y,a2) points to (z,a2), and so on.

• For each tuple, we use a 2-dimensional range tree to store a set of points {(t(e1), t(e ′1)),
(t(e2), t(e ′2)), ..., (t(ep), t(e ′p))}, where t(ei) is the timestamp of the edge ei, and ei ∈ E,
e ′i ∈ E ′.

• We store the timespan of each tuple using an interval x = [min(t(e1), t(e ′1)),max(t(ep), t(e
′
p))].

For the given graph G, we use an interval tree to store the set of horizontal intervals
I = {x1, x2, · · · }, where each interval represents the timespan of a tuple.

The quadrangle counting algorithm consists of a preprocessing step (Algorithm 3) and a query step
(Algorithm 4). We describe these steps below.

Preprocessing Step: The preprocessing step takes an RE graph G consisting of n vertices and
m edges as input. G is processed by starting with the vertex having the highest degree. So, the
vertices are first sorted in non-increasing order of their degrees and without loss of generality, let
d(v1) > d(v2) > · · · > d(vn). Following our search process, once all quadrangles containing vi
are identified correctly, where 1 6 i 6 n, vi is deleted from G to avoid duplication and the loop
continues with the next vertex in the sequence. We first describe two major components of this
procedure.

a) Finding Quadrangles: For each vertex y ∈ V , we apply the following technique to find all quad-
rangles containing y. For each vertex z ∈ V at distance 2 from y, we find all the vertices that
are adjacent to both y and z. We store these vertices in a set U[z]. Thus, the tuple (y, z,U[z])
represents the set of quadrangles, where every quadrangle has vertices y and z as two opposite
corner points.

b) Finding Intervals: Recall that we want to count the number of quadrangles within a query time
slice [i, j], but all we have is the representation of a set of quadrangles as tuples. So, for each such
tuple we mark its timespan and maintain some geometric data structures so that we can answer
the query.

First, we store each tuple (y, z,U[z] = {a1,a2,a3, . . .}) using two linked lists denoted by E =

{(y,a1), (y,a2), (y,a3), ..} and E ′ = {(z,a1), (z,a2), (z,a3), ..} according to the order of the vertices
in {a1,a2,a3, ..}. We represent each tuple with a point set P = {(t(y,a1), t(z,a1)), (t(y,a2), t(z,a2)), ..},
where t(y,ai) is the timestamp of the edge (y,ai) for all i = 1, 2, .. . We store P using a 2-
dimensional range tree.

Next, we compute the timespan of each tuple and store it as an interval using an interval
tree. We sort linked lists E and E ′ according to the timestamps of their edges in non-decreasing
order. Without loss of generality, let E = (e1, e2, . . . , ep) and E ′ = (e ′1, e ′2, . . . , e ′p), where t(e1) 6
t(e2) 6 . . . 6 t(ep) and t(e ′1) 6 t(e ′2) 6 . . . 6 t(e ′p). Now we can create an interval segment x =

[min(t(e1), t(e ′1)), max(t(ep), t(e ′p))] for each tuple to mark its timespan. Following this technique,
we compute segments for all tuples and store them in an interval tree T.



48 time windowed data structures for graphs

Algorithm 3: PreprocessQuad(G)
Input : A relational event graph G = (V ,E).
Output : 2D range trees for each tuple of G and an interval tree for G.

1 Sort the vertices according to their degrees in non-increasing order. Without loss of
generality, let d(v1) > d(v2) > · · · > d(vn).

2 Create an empty interval tree I = ∅.
3 for each vertex v ∈ V do
4 Set U[v]← ∅.
5 end
6 for each vertex vi do
7 Set y← vi.
8 for each vertex u adjacent to y do
9 for each vertex z 6= y adjacent to u do

10 Set U[z]← U[z]∪ {u}.
11 end
12 for each vertex z with |U[z]| > 2 do
13 Let U[z] stores vertices {a1,a2, · · · ,ap}.
14 Store (y, z, {a1,a2, · · · ,ap}) using linked lists E = {(y,a1), (y,a2), · · · , (y,ap)}

and E ′ = {(z,a1), (z,a2), · · · , (z,ap)}.
15 Let e1 = (y,a1), e2 = (y,a2), · · · , ep = (y,ap).
16 Let e ′1 = (z,a1), e ′2 = (z,a2), · · · , e ′p = (z,ap).
17 Create a 2D range tree with point set

P = {(t(e1), t(e ′1)), (t(e2), t(e
′
2)), · · · , (t(ep), t(e ′p))}.

18 Sort E = (e1, e2, · · · , ep) and E ′ = (e ′1, e ′2, · · · , e ′p) according to increasing order
of timestamps. Without loss of generality, let t(e1) < t(e2) < · · · < t(ep) and
t(e ′1) < t(e

′
2) < · · · < t(e ′p).

19 Create an interval segment x = [min(t(e1), t(e ′1)), max(t(ep), t(e ′p))].
20 Insert x into interval tree T.
21 end
22 for each vertex z with U[z] 6= ∅ do
23 Set U[z]← ∅.
24 end
25 end
26 Delete y from G and let G be the resulting graph.
27 end
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Algorithm 4: QueryQuad(T, [i, j])
Input : Interval tree T, query interval [i, j].
Output : Total number of quadrangles #Quad within the given query interval.

1 Query T using [i, j] horizontal segment and find interval set I ′ within the query range.
2 Set #Quad← 0.
3 for each segment x ∈ I ′ do
4 Query 2D range tree with query rectangle [i, i]x[j, j] to find valid set S of edges.
5 if |S| > 2 then
6 Set #Quad←

(
|S|
2

)
+ #Quad.

7 end
8 end

For an illustration, see the example presented in Figure 2.9(a). It shows an RE graphGwith four
tuples, each tuple is highlighted with a different color. We first store the tuple (a,b, {e, f,g}) using
linked lists E = (ae,af,ag) and E ′ = (be,bf,bg). Then we create a point set P = {(6, 5), (1, 3), (19, 18)}
and store it in a two-dimensional range tree. Next, we sort edges in E = (af,ae,ag) and
E ′ = (bf,be,bg) according to their timestamps in increasing order. Thus, we store an interval
segment [min{1, 3}, max{19, 18}] = [1, 19] for this tuple in the interval tree. Interval segments and
point sets for all tuples are shown in Figure 2.9(b).

Query Step: We query the interval tree T with a horizontal query segment [i, j] and obtain a
set of valid interval segments I ′ ⊆ I. We consider each segment xi ∈ I ′ valid, if it intersects
with the query slice indicating that xi might contain quadrangles that exist within the query
slice. To obtain the exact number of quadrangles (#Quad), we need to know which of these valid
segments contain at least two sets of paired edges {(y, v ′), (z, v ′)} and {(y, v ′′), (z, v ′′)} such that
it makes a quadrangle (y, v ′, z, v ′′). Recall that for each segment we have already stored a set of
points P that contain information of these paired edges. So for each valid segment, we perform a
2-D rectangular range query on P using a query rectangle with four corner points (i, i), (i, j), (j, j)
and (j, i). It returns a set of edges S. If |S| > 2 we add

(
|S|
2

)
to #Quad.

Continuing with the same example, Figure 2.9(c) shows all the valid segments after query-
ing an interval tree with query point q = [6, 17]. Finally a rectangular query shows that tuples
(a,d, {c, e,h}) and (b,n, {m, `}) have sets of edges that fall within the query range (Figure 2.9(d)).
Therefore, we obtain

(
3
2

)
+
(
2
2

)
= 4 quadrangles (#Quad) within the query time interval [6,17].

Preprocessing Analysis. In lines 1-5, sorting vertices with respect to their degrees and set-
ting up the lists for all vertices take O(m + n) time. The outer for loop (starting from line
6) identifies all quadrangles containing vi by traversing its neighbours in O(

∑
vi∈V O(d(vi) +∑

u∈N(vi)
d(u)) time, where N(vi) is the set of neighbours of vi. So, except for the time needed to

construct the range trees and the interval tree, total time required is O(m+n)+
∑
vi∈V O(d(vi)+∑

u∈N(vi)
d(u)). This can be bounded by O(a(G)m) by Lemma 2.1.

Since we can have at most a(G)m tuples in G, there can be at most a(G)m intervals to store
in the interval tree. This is a weak upper bound on the number of intervals. For example, for
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any complete graph a(G) = dn/2e, whereas for planar graphs a(G) = O(1). Since, each interval
considers unique pair of vertices on opposite sides of a quadrangle, there can be at most

(
n
2

)
quadrangles in G. So the number of intervals can be bounded as α = min{a(G)m,

(
n
2

)
} 6 a(G)m.

We maintain 2-dimensional range trees for every tuple identified in G (line 16). We observe that,
the total number of points that can be stored in these range trees can be O(

∑
vi∈V O(d(vi) +∑

u∈N(vi)
d(u))) = O(a(G)m). Therefore, by Theorem 2.4, total time required to build these

range trees is O(a(G)m log(a(G)m)) = O(a(G)m logn).
Using similar reasoning, in lines 18-19, the interval tree for α intervals can be created in time,

O(α logα) = O(α logn) (by Theorem 2.5). Therefore, the total time required by Algorithm 3 is
O
(
a(G)m+ a(G)m logn+α logn

)
= O(a(G)m logn).

Query Analysis. Suppose given a query time interval q = [i, j], we find I ′ as the set of all
valid interval segments that intersects with q (line 1 of Algorithm 4). Let γ = |I ′|, where γ 6
min{

(
n
2

)
,a(G)m}. Reporting all γ segments from the interval tree requiresO(log(min{

(
n
2

)
, a(G)m})+

γ) = O(logn + γ) time [15]. Rectangular range queries on γ range trees (line 3-8) take time
O
(∑γ

i=1 logn+ ki
)
= O(γ logn+w), where ki is the number of reported quadrangles in seg-

ment i and w is #Quad in Gi,j.

Space: Total number of intervals in our problem is bounded by O(a(G)m). By Theorem 2.5, the
interval tree uses O(a(G)m) space. Therefore, total required space is dominated by the space re-
quired by range trees, i.e.,O(a(G)m log(a(G)m)) = O(a(G)m logn) (Theorem 2.4). The following
theorem summarizes the results for quadrangle counting in a relational event graph.

theorem 2 .23. Given an RE graph G with m edges, the number of quadrangles in the query time slice
[i, j] can be determined in O(γ logn+w) time, where γ 6 min{

(
n
2

)
,a(G)m} and w is the number of

reported quadrangles. Preprocessing takes O(a(G)m logn) time and O(a(G)m logn) space.

2.6 applications

We now discuss some of the applications of these data structures. The problem of finding whether
an MST exists in a queried graph slice can be directly applied in the design of any type of con-
nected networks in a query time interval, such as, telecommunication, transportation, computer
networks or electrical grids. The problem of graph edit distance for spanning forests provides
a cost effective measure (i.e., the number of operations required) to maintain the connectivity
within the connected components of a network. We find that the applications of subgraph count-
ing data structures are specifically pertinent to some useful social network analyses. So we further
elaborate them below.

2.6.1 Clustering Coefficient

Clustering coefficient is also known as network transitivity and is an important model for extracting
community structure from social networks [29]. Multiple definitions are available for clustering
coefficient depending on the context in which it is being used and the type of network is being



2.6 applications 51

studied. In this paper we define the clustering coefficient of a graph G as the measure of the
degree to which vertices in G tend to cluster together [30]. It is formulated as follows,

CC(G) =
total number of closed triplets

total number of triplets
=

3× total number of triangles
total number of 2-paths

Since clustering coefficient of any graph is the ratio of total number of closed triplets over all
the open and closed triplets, its value ranges between 0 and 1. For an illustration, see Figure 2.1.
The clustering coefficient of G1,5 in Figure 2.1 (a) is CC(G1,5) =

3×1
7 = 0.43. Similarly, CC(G2,4) =

3×1
3 = 1 and CC(G2,5) = 3×1

5 = 0.6. For bipartite graphs, the clustering coefficient is based on
the number of quadrangles (C4). More formally, the clustering coefficient of a bipartite graph is
the ratio of the number of quadrangles to the number of 3-paths [30], i.e.,

CCB(G) =
4× total number of quadrangles (C4)

total number of 3-paths

Thus, for general graphs we obtain the following results.

corollary 2 .24. Let G be an RE graph consisting of m edges. Let K be the total number of 2-paths
in G. The problem of computing the clustering coefficient of Gi,j can be reduced to dominance counting in
(a(G)m) time using O(m+n+K) space and each query can be answered in O(logW/ log logK) time,
where W is the width of the query window.

For clustering coefficient of a bipartite graph slice Gi,j, we can count the total number of 3-
paths in O(m+ n) time and the number of quadrangles in O(γ logn+w) time, where w is the
number of total quadrangles in Gi,j and γ 6 min{

(
n
2

)
, (a(G)m)}. Note that the total preprocessing

time is dominated by the quadrangle processing time. The following corollary summarizes the
result.

corollary 2 .25. Let G = (V ,E) be a bipartite RE graph with n vertices and m edges. The graph
G can be preprocessed in O(a(G)m logn) time and the clustering coefficient of a bipartite graph slice
Gi,j can be computed in O(γ logn+w) time, where w is the total number of quadrangles in Gi,j and
γ 6 min{

(
n
2

)
, (a(G)m)}.

2.6.2 Embeddedness and Neighborhood Overlapping

Embeddedness of an edge (u, v), denoted as emb(u, v), in a graph G is the number of common
neighbors the two endpoints u and v have, i.e., emb(u, v) = |N(u)∩N(v)|[16]. Embeddedness of
an edge (u, v) in a graph represents the trustworthiness of its neighbors, and the confidence level
in the integrity of the transactions that take place between two vertices u and v. Note that the
embeddedness of an edge (u, v) represents the number of triangles that share (u, v).

The value of embeddedness is also used to compute the neighborhood overlap of an edge (u, v),
denoted as NOver(u, v), and defined as the ratio of the number of vertices who are neighbors of
both u and v, and the number of vertices who are neighbors of only one of them [16].

NOver(u, v) =
emb(u, v)

|N(u)∪N(v)|− emb(u, v) − 2
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Neighborhood overlap of an edge represents the strength (in terms of connectivity) of that edge
in its neighborhood. The neighborhood overlap of an entire graph G is defined as the average of
the neighborhood overlap values of all the edges of G, i.e., NOver(G) = 1

|E|

∑|E|
k=1NOver(ek) [28].

The result for computing the neighborhood overlap of a query graph slice has been presented
in [11] and is also stated below. These results use the time windowed data structures presented
in this paper and also include colored range searching data structures [5, 17, 18].

theorem 2 .26. (Theorem 6 in [11]) Given an RE graph G = (V ,E) the problem of computing the
average neighborhood overlap of Gi,j can be reduced to the colored range counting in O(mn) time. For
a query time slice [i, j], NOver(Gi,j) can be computed in O(log2 n+ (t+ s) logn) time, where t is the
number of edges in Gi,j with positive embeddedness and s is the number of edges having some neighboring
edges in Ei,j.

2.7 conclusion

In this paper, we present time window data structures to answer various queries involving both
decision and reporting problems based on relational event graphs. In the first part of the paper,
we provide dynamic algorithm based data structures that can answer time windowed decision
problems under monotone graph properties, such as disconnectedness and bipartiteness, and can
report the weight of a minimum spanning tree, the minimum spanning interval and the graph
edit distance for obtaining a spanning forest for a query graph slice. In the second part of the pa-
per, we present window data structures for counting subgraphs of a given pattern. We consider
2-paths (for general graphs), 3-paths (for bipartite graphs), complete subgraphs of order ` > 3

and quadrangles as valid patterns. We also show some applications of our subgraph counting
results for computing graph parameters that are important for social network analysis, such as
clustering coefficients, embeddedness and neighborhood overlapping.

Remarks. The query time of the time windowed decision problem for monotone graph properties
can be improved so that given a query interval [i, j], with 1 6 i 6 j 6 n, a data structure of size
O(n) can answer a query in O(1) time as follows. Let A be an array of size m. For each A[k], with
1 6 k 6 n, we store the index ` such that [k, `] is the maximal subsequence of edges that satisfies
some monotone property P (see Section 2.3.1). If there is no such maximal subsequence starting
with some k, with 1 6 k 6 m, then we store A[k] = +∞. For a given query interval q = [i, j], if
j 6 A[i] we report that Gi,j satisfies P.

open problem 1. The techniques we presented here require the type of subgraphs to be specified at the
preprocessing step. An interesting variation of this problem would be to develop data structures that can
count total number of subgraphs of any pattern (specified at the query time) or a fixed graph on a small
number of vertices within a given query time slice.

open problem 2. Some of our data structures require O(m logn) space to answer window queries in
O(logn) time, for example computing the GED or the minimum spanning interval for the queried graph
slice, or finding whether a minimum spanning tree for G exists in the query interval. Data structures
of size O(m2) can be built by precomputing answers for all possible edge-pairs so that queries can be
answered in O(1) time. It will be interesting to examine the non-trivial bounds on the time-space trade-off
for these window problems.
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Table 2.1: Summary of previous and new results using relational event graph G = (V ,E). Here n = |V |,
m = |E|, W = j− i+ 1 is the width of the query window [i, j], r (respectively, f) is the number
of past (respectively, future) neighbors of an edge, h is the h-index (the largest number h such
that the graph contains at least h vertices of degree at least h), z is the size of the output, s is the
number of edges having neighboring edges, t is the number of edges that are contained in some
triangles, p is the number of vertex pairs having some common neighbors, k is the number of
vertices having some neighbors in Gi,j, ε is a small positive constant, X and Y are set of output
edges, a(G) = O(

√
m)) is the arboricity of G (the min number of edge-disjoint spanning forests

into which G can be partitioned), γ 6 min{
(
n
2

)
,a(G)m}, ` is the order of a complete subgraph,

w is the number of a specific subgraph (i.e., 2-path, 3-path (in bipartite graphs), quadrangle, or
complete subgraph) in the query interval, and K is the total number of the same subgraph in G.
All results are in ’big-oh’ notations. Results of this paper are marked with (∗).

Problem Preprocessing Space Query time Ref.

Reciprocated edges, degree-k vertices m+n m+n logW/ log logm [3]

Reachable vertices,

Connected and tree components m logn m+n logW/ log logm [3]

Edges with fixed number of neighbors (r+ f)m m+n logW/ log logm [3]

Triad closure hm m+n logW/ log logm [3]

Number of vertices, Graph density m+n m+n logn [11]

Degrees of vertices m+n m+n log2n+ z [11]

k-stars m+n m+n logn+ z [11]

h-index (approx.) n log2n n logn log2n+h logn [11]

Embeddedness a(G)m a(G)m log2n+ t logn [11]

NOver(Gi,j) mn mn log2n+(t+ s) logn [11]

NOver(Gi,j)-bipartite a(G)m a(G)m log2n+p logn+k [11]

Influenced vertices m logn m logn logn+ z [11]

Monotone properties∗

Bipartiteness∗ m log3n m+n logn logn Th. 2.10

Disconnectedness∗ m log2n m+n logn logn Th. 2.11

MST∗ m log4n m logn logn Th. 2.13

Min spanning interval∗ m log4n m logεn log logn Th. 2.14

GED (Forest)∗ m logn m logn logn+ |X| Th. 2.18

2-paths∗ m m n Th. 2.19

a(G)m m+n+K logW/ log logK Th. 2.22

3-paths∗ m+n m+n m+n Th. 2.19

n4 m+n+K logW/ log logK Th. 2.22

Complete Subgraphs, fixed ` > 3∗ a(G)`−2m m+n+K logW/ log logK Th. 2.20

Complete Subgraphs, ` > 3∗ a(G)`−1m m+n+ (logK/ log log K)2 Th. 2.21

K logK/ log logK

Quadrangles∗ a(G)m logn a(G)m logn γ logn+w Th. 2.23



3
W I N D O W S D ATA S T R U C T U R E S U S I N G C O L O R E D R A N G E S E A R C H

We present a general approach for analyzing structural parameters of a relational event graph
within arbitrary query time intervals using colored range query data structures. Relational event
graphs generally represent social network datasets, where each graph edge carries a timestamp.
We provide data structures based on colored range searching to efficiently compute several graph
parameters (e.g., density, neighborhood overlap, h-index).

This chapter is a combination of results that have been presented in the 3rd International Con-
ference on Algorithms and Discrete Applied Mathematics (CALDAM 2017) [4] and results that
have been accepted for publication in the Journal of Discrete Applied Mathematics [3].

3.1 introduction

A relational event (RE) graph G = (V ,E) is defined to be an undirected graph with set of vertices
V and a set of edges (or relational events) E = {ek | 1 6 k 6 m} between pairs of vertices. We
assume that each edge has a unique timestamp. We denote the timestamp of an edge ek ∈ E by
t(ek). Without loss of generality, we assume that t(e1) < t(e2) < · · · < t(em). Given a relational
event graph G, for a pair of integers 1 6 i 6 j 6 m, we define the graph slice Gi,j = (V ′,E ′ =
{ei ∪ ei+1 ∪ · · · ∪ ej}), where V ′ is the set of vertices incident on edges of E ′. In this chapter, for
a query time interval [i, j], where 1 6 i 6 j 6 m, we are interested in answering questions about
various graph parameters on the graph slice Gi,j.

A social network can naturally be represented by an RE graph, where each vertex of the graph
represents an entity of the social network, and edges represent communication events between
pair of entities occurred at some specific time. The RE graph model was first proposed by Ban-
nister et al. [1]. They presented data structures to find the number of connected components,
number of components containing cycles, number of vertices with some predetermined degree
and number of reachable vertices on a time-increasing path within a query time window. Later,
Chanchary and Maheshwari [2] presented data structures to solve subgraph counting problems
for triangles, quadrangles and complete subgraphs in RE graphs. In this paper, we present a gen-
eral approach to construct data structures on a set of colored points in Rd, (d > 1), that support
colored (or generalized) range queries, and efficiently count and/or report various structural
parameters of the underlying RE graph G within a query pair of indices [i, j].

3.1.1 Preliminaries

We define some structural graph parameters that we want to compute using our window data
structures. One of the basic indicators for measuring graph structure is the density of a graph. It
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evaluates how close the graph is to a complete graph. The density of an undirected simple graph
G = (V ,E) is defined as D(G) =

|E|

(|V |
2 )

[5].

In social networks, center vertices of k-stars are considered as hubs. In network analysis, hubs
have been extensively studied as they are the basis of many tasks, for example web search and
epidemic outbreak detection [6]. A k-star is defined to be a complete bipartite graph K1,k, i.e., a
tree with one internal node and k leaves. The h-index is the largest number h such that the graph
contains h vertices of degree at least h. For any graph with m edges, h = O(

√
m) [1].

Embeddedness of an edge (u, v), denoted as emb(u, v), in a network is the number of common
neighbors the two endpoints u and v have, i.e., emb(u, v) = |N(u) ∩N(v)|[8]. Embeddedness of
an edge (u, v) in a network represents the trustworthiness of its neighbors, and the confidence
level in the integrity of the transactions that take place between two vertices u and v [8]. A local
bridge in a graph G is an edge whose endpoints have no common neighbour. Neighborhood overlap
of an edge (u, v), denoted asNOver(u, v), is the ratio of the number of vertices who are neighbors
of both u and v, and the number of vertices who are neighbors of only one of them [8].

NOver(u, v) =
emb(u, v)

|N(u)∪N(v)|− emb(u, v) − 2
(3.1)

In the denominator, u or v are not counted as the neighbor of one another. Neighborhood overlap
of an edge represents the strength (in terms of connectivity) of that edge in its neighborhood. The
neighborhood overlap of an entire graph G is defined as the average of the neighborhood overlap
values of all the edges of G, i.e., NOver(G) = 1

|E|

∑|E|
k=1NOver(ek) [9]. Suppose G = (V =

A∪B,E) is a bipartite graph. Neighborhood overlap of a pair of vertices u, v ∈ A of G is defined
as the following ratio [8].

NOverB(u, v) =
emb(u, v)

|N(u)∪N(v)|− emb(u, v)
(3.2)

In social network analysis, this bipartite graph is known as the affiliation network. An affiliation
network represents how entities of a network (i.e., vertices in A) are affiliated with other groups
or activities (i.e., vertices in B).

Modularity of a network is a measure that quantifies the quality of a given network division
into disjoint partitions or communities [5]. Many real world complex networks, e.g., the world
wide web, and biological or social networks, demonstrate some forms of community structures
that are important for various topological studies. The modularity of a vertex pair (u, v) is defined
as d(u)×d(v)2|E| , where d(u) is the degree of vertex u [5].

Analysis of the diffusion phenomena in graphs is a very widely studied research area in many
communities including computer science, social sciences and epidemiology. Although the basic
model of diffusion shares common properties across various disciplines, it is highly context de-
pendent [11, 12, 13]. In particular, the spread of information in any social network requires some
influence from a set of designated agents (vertices) and depends on the connectivity of the net-
work. We want to solve the problem of reporting influenced vertices in an RE graph slice using the
following model.

Suppose, G = (V ,E) is an RE graph with n vertices and m edges with a fixed set of influential
vertices V ′ ⊆ V . Let f : V → N be a function assigning threshold values to vertices such that, (a)
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f(v) = 0 if v is an influential vertex; (b) 1 6 f(v) 6 d(v) otherwise, where d(v) is the degree of
v ∈ V . A vertex can be influenced only if it is on a path of influence (we define it in Definition 3.1).
A simpler model for counting influential vertices has been presented in [1].

definition 3 .1. For a pair of vertices u and v, and a positive integer r, a path denoted by π = (u =

v1, v2, v3, · · · , vk, vk+1 = v) is a path of influence with parameter r, if the following holds:

1. u is an influential vertex and v is a non-influential vertex

2. v2, v3, · · · , vk are influenced vertices (see Definition 3.2)

3. t(vi, vi+1) < t(vi+1, vi+2)

4. t(vk, vk+1) − t(v1, v2) 6 r.

3
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Figure 3.1: A path of influence π = (u, v1, v2, v4, v6) starting from an influential vertex u (shaded dark
blue) to vertices v1, v2, v4 and v6 (shaded light blue) given r = 4. The value of f(v) = 1 for all
vk ∈ V , with k = 1, . . . , 6. Vertices v3 and v5 (opaque) are not influenced by u since there is no
path with increasing timestamps from u to these vertices.

definition 3 .2. A vertex v is influenced with respect to r if either v is an influential vertex, i.e.,
v ∈ V ′ or v is a non-influential vertex and there are at least f(v) edge-disjoint paths of influence with
parameter r by which v can be reached from some influential vertices.

See Figure 3.1 for an example. Here vertices v1, v2, v4 and v6 are influenced, while vertices v3
and v5 are not.

We assume an influential vertex u can influence other vertices v1, v2, · · · , vk+1 on a path π of
influence such that the time difference t(vk, vk+1)− t(v1, v2) 6 r, where r > 0. After r rounds, vi’s
influence becomes inactive on other vertices on this particular path of influence. This is known as
the degradation of influence in social networks. A similar model has been proposed by Gargano
et al. [13] for non-temporal graphs.

3.1.2 New Results

Let G be a relational event graph consisting of m edges and n vertices, and let q = [i, j] be an
arbitrary query time interval, where 1 6 i 6 j 6 m. Our data structures can efficiently answer
queries on computing the graph density, number of vertices, degrees of all vertices, k-stars, h-
index, embeddedness of edges, average neighborhood overlap (for general and bipartite graphs)
and the number of influenced vertices in the graph slice Gi,j. The contributions of this paper are
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summarized in Table 3.1. Some of the queries mentioned above are obtained by reducing the
problem to a new colored range query problem stated as follows: Given a set of n colored points
on the real line and a fixed threshold value k, we can construct an insertion-only persistent data
structure in O(n logn) time using O(n) space that can report those colors that have at least k
elements within any query interval q = [a,b] in O(logn+w) time, where w is the number of
reported colors (Theorem 3.6).

Table 3.1: Summary of Results. Here, w is the size of the output, h is the h-index, s is the number of
edges having neighboring edges, t is the number of edges with positive embeddedness, p is
the number of vertex pairs having some common neighbors, k is the number of vertices having
some neighbors in Gi,j, a(G) is the arboricity of G, and n = |V |, m = |E|. The reduction time
refers to time required to reduce the window problem into colored range searching problem and
does not include the time to build the data structure.

Problems Reduction time Space Query time

|Vi,j| O(m+n) O(m logn) O(logn) Th. 3.7

D(Gi,j) O(m+n) O(m logn) O(logn) Th. 3.7

d(v ∈ Vi,j) O(m+n) O(m logn) O(log2n+w) Th. 3.8

k-stars O(m+n) O(m logn) O(logn+w) Th. 3.9

h-index (approx.) O(m+n) O(m logn) O(log2n+h logn) Th. 3.10

Embeddedness O(a(G)m) O(a(G)m) O(log2n+ t logn) Th. 3.11

NOver(Gi,j) O(mn) O(mn logn) O(log2n+(t+ s) logn) Th. 3.11

NOverB(Gi,j) O(a(G)m) O(a(G)m) O(log2n+p logn+k) Th. 3.12

Influenced vertices O(m logn) O(n2) O(logn+w) Th. 3.13

3.1.3 Organization

The rest of this paper is organized as follows. Section 2 presents some existing and new results on
colored range query data structures. Section 3 presents the general approach for solving problems
in RE graphs using colored range searching queries. In Section 4, we provide algorithms and their
analysis for solving window queries. Section 5 concludes this paper.

3.2 colored range searching data structures

Colored range searching problems are variations of the standard range searching problems, where
a set of colored objects (e.g., points, lines or rectangles) is given. Typically, the color of an object
represents its category. In the generic instance of the range searching problems, a set of objects S
is to be preprocessed into a data structure so that given a query range q, it can efficiently answer
counting or reporting queries based on the intersection of qwith the elements in S. In the colored
version, the query should efficiently report those colors that have at least one object intersecting
the query range. For example, we have a set of points S ∈ R2 and each point is colored by one
of the four different colors, i.e., C = {c1, c2, c3, c4} (see Figure 3.2). Suppose a query rectangle
q = [a,b] × [c,d] is given. The standard colored range counting (reporting) query will count
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(report) the number of colors that have at least one point inside q. In this example, there are three
colors (red, green and blue) that have points inside q, hence they will be reported. A different
version namely Type-2 counting problem reports the number of points for each color intersected by
q as a pair of values (ck, #ck-colored points intersected by q). Following our example, the type-
2 counting query will generate the output as (red, 2), (green, 2), (blue, 1). A variety of colored
range searching problems have been studied extensively, see for example [14, 15, 16, 17].

d

c
a b

Figure 3.2: Example of colored range queries.

3.2.1 k-threshold color queries

We wish to preprocess a set S of n colored points on a horizontal line so that given a threshold
k, where k > 0, an integer, and a query interval q = [a,b], we can quickly report the colors that
have at least k points in q ∩ S. First we present a chaining technique by which we can build a
data structure of size O(n logn) in O(n logn) time to report each query in O(log2 n+w) time,
where w is the number of reported colors. Next we show an insertion-only persistent structure
that improves both total space and the query time by a factor of O(logn).

3.2.1.1 Chaining Technique

We transform each 1-dimensional point to a 3-dimensional point by applying the following chain-
ing technique. For each color c, we sort the distinct points of this color by increasing values of
their x-coordinates. For each point xi of color c, we map xi to x ′i = (xi−1, xi, xi+k−1) ∈ R3 (in-
dices are with respect to the sorted order) and assign it color c. For the leftmost point x`, let
xl−1 = −∞ and for the rightmost point xr, let xr+1 = +∞. Let S ′ be the new set of points in
R3. Now a given query interval q = [a,b] is mapped to a new query q ′ = (−∞,a)× [a,+∞)×
(−∞,b].

lemma 3 .3. There are at least k points of color c in the query slice q = [a,b] if and only if there is a
point of color c in q ′ = (−∞,a)× [a,+∞)× (−∞,b]. Moreover, the c-colored point in q ′ is unique, if
there exists any.

Proof. Let x ′i = (xi−1, xi, xi+k−1) be a c-colored point in q ′ for some c-colored point xi in the
original set of points. Since x ′i is in q ′, then xi > a and xi+k−1 6 b which indicates that starting
from xi there are at least k c-colored elements in the original query interval [a,b]. Thus xi ∈ [a,b].
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Assume there are at least k points of color c in q. Let xi be the leftmost point of color c in
the query interval [a,b]. Therefore, a 6 xi 6 b and the k-th element from xi, i.e., xi+k−1 6 b.
Moreover, since xi is the leftmost point in [a,b] of color c, we know xi−1 ∈ (−∞,a), i.e., xi−1 < a.
It follows that x ′i = (xi−1, xi, xi+k−1) is in q ′.

We prove the uniqueness of point x ′i in q ′ by contradiction. Suppose, there is a second c-colored
point y ′i in q ′. It implies that yi > a and yi+k−1 6 b. Since xi is the leftmost point in [a,b], it
must be the case that yi > xi and thus yi−1 > xi > a. Then it contradicts the assumption that
y ′i ∈ q ′.

Now we have a set of n colored points in R3. We build a standard 2-dimensional range tree [7],
where the first level of the tree is based on the x-coordinates of the points. At the second level
of the tree, for each canonical node we build a priority search tree (PST) [10] using the y and
the z-coordinates of our 3-dimensional points. There can be at most O(logn) canonical nodes on
the search path of a range tree. For each canonical node, the second level PST takes linear space.
So, total space requirement is O(n logn). This data structure can be built naively in O(n log2 n)
time. This time can be improved by building PSTs in linear time by bottom-up heap construction
technique using points sorted on z-coordinates [7]. Therefore, total time required to built this
data structure becomes O(n logn). PSTs support insertions and deletions in O(logn) time and
can report w points lying inside a grounded query rectangle in O(logn+w) time. We query the
first level of the range tree using (−∞,a). In the second level, we query using [a,+∞)× (−∞,b].
Thus, given any query interval q = [a,b] this data structure can report the colors that have at
least k elements in q in O(log2 n+w) time, where w is the number of reported colors.

theorem 3 .4. Given a set of n colored points on the real line and a fixed threshold value k, we can
build a data structure in O(n logn) time using O(n logn) space that can report those colors that have at
least k elements within any query interval q = [a,b] in O(log2 n+w) time, where w is the number of
reported colors.

Now we present an efficient insertion-only persistence based data structure for this problem.

3.2.1.2 The Static Counting Problem:

At first, we assume k is fixed and solve a similar k-threshold color counting problem where the
query interval is of the form q = [a,∞). Suppose, S is a set of n colored points. For each color c,
we sort all points of color c by non-decreasing x co-ordinate and let Sc be this sorted list. Let X
be another sorted list, where each element Xc of X is the k-th largest element in Sc. For a query
interval [a,∞), we start from the right end of list X, walk up till we reach a and report all points
in between. Total space required for this structure is O(n). Queries can be answered in time O(w),
where w is the number of reported colors.

lemma 3 .5. Let k > 1 be a fixed integer. A set S of n colored points on the real line can be preprocessed
into a data structure of size O(n) such that the number of colors that have at least k points contained in
any query interval q = [a,∞) can be reported in O(w) time, where w is the number of reported colors.
Total preprocessing time is O(n logn).
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3.2.1.3 The Insertion-only Persistent Structure:

Now we solve the problem of k-threshold color queries for a query interval q = [a,b]. The idea
is as follows. We first sort the list S of n colored points. Then we start with an empty list L. We
insert the points of S, according to their sorted order, into L. During this sequence of insertions,
we maintain the data structure of Lemma 3.5. A persistent version of this list will allow us to
answer queries for arbitrary intervals [a,b].

During the insertions, we maintain the following information: For each color c, Lc is a sorted
list containing the k largest elements among all points having color c that have been inserted so
far. In case fewer than k elements of color c have been inserted, Lc stores all these elements having
color c. We also maintain the number size(Lc) of elements in the list Lc. Note that size(Lc) 6 k

at any moment. We maintain a list L that stores the following elements (in sorted order): For each
color c with size(Lc) = k, the list L stores the k-th largest element having color c. Finally, we
maintain a balanced binary search tree T whose leaves store, in sorted order, the elements of the
current list L. This tree will allow us to search and update the list L.

Initially, the list L, the tree T , and all lists Lc are empty. Moreover, size(Lc) is zero for each
color c.

When we insert a point p of color c, we add p at the end of Lc and increase size(Lc) by one.
In case size(Lc) = k, we insert p into T and L. In case size(Lc) = k+ 1, we delete, from T , L, and
Lc, the smallest element of Lc, we insert p into T and L, and we decrease size(Lc) by one. See
Algorithm 5 for details.

Algorithm 5: k-threshold(S,k)
Input : Set S of n colored points, a positive integer k.

1 Sort S in the non-decreasing order of the x-coordinate values of n colored points.
2 Set T ,L and all Lc empty.
3 Set all size(Lc) = 0.
4 for each point p in S do
5 Let c be the color of p.
6 Add p at the end of Lc.
7 Set size(Lc) = size(Lc) + 1.
8 if size(Lc) = k then
9 Insert p into T and L.

10 if size(Lc) = k+ 1 then
11 Set q = the first element of Lc.
12 Remove q from T ,L and Lc.
13 Insert p into T and L.
14 Set size(Lc) = size(Lc) − 1.

Sorting S takes O(n logn) time. Total preprocessing time required for inserting n points into
tree T is at most O(n logn). The amount of memory changes in L, per insertion, is O(1). Total
space required to maintain T is O(n). Given a query interval [a,b], we do a binary search on b
in the sorted sequence S. The result of this search gives us the version number of L in which we
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report all colors that occur at least k times in the query interval [a,∞). This gives a query time
of O(logn+w), where w is the number of reported colors.

theorem 3 .6. Let k > 1 be a fixed integer. A set S of n colored points on the real line can be preprocessed
into a persistent data structure of size O(n) in time O(n logn) such that the number of colors that have
at least k points contained in any query interval q = [a,b] can be reported in O(logn+w) time, where
w is the number of reported colors.

3.3 general approach for modeling problems

In this paper we present the following general approach to solve problems in RE graphs. Suppose
an RE graph G = (V ,E) is given and we want to answer queries about some structural parameters
of G. To solve each problem, we define a set of colors C = {c1, c2, · · · , cp}, where each color ck ∈ C
is encoded as an integer in the range [1,p] for some integer p. We process each edge e = (u, v) ofG
according to the timestamps of the edges in increasing order and scan either each adjacent edge of
e or each neighboring vertex of both u and v. Depending on the problem in hand, our algorithm
associates C either to the set of vertices V (i.e., |C| = n) or to the set of edges E (i.e., |C| = m).
When each vertex vk ∈ V is associated with a color ck, the algorithm scans each neighbor Ni
of vk, where 1 6 i 6 d(vk), generates a ck colored point p, and assigns the timestamp t(vk,Ni)
as p’s coordinate value (see Figure 3.3(a)). Similarly, when each edge ek ∈ E is associated with
a color ck, the algorithm scans each adjacent edge Mi of ek, and generates a ck colored point
p with the timestamp of Mi assigned as p’s coordinate value (see Figure 3.4(b)). This general
approach will be extended when we report influenced vertices or preprocess bipartite graphs.
We explain these in later sections.

Now, we summarize the components of our general approach as follows. To solve any problem
with our model, we need to specify the following components.

1. The set C of colors and the corresponding graph elements (i.e., vertices, edges);

2. The representation of points in Rd, where d > 1;

3. Appropriate colored range searching data structure to answer the queries.

3.4 algorithms for answering window queries

3.4.1 Counting Vertices, Density, and Degrees of Vertices

Given an RE graph G = (V ,E) and a query time slice [i, j], we want to find the number of vertices
|Vi,j|, the density D(Gi,j), and report all the vertices with non-zero degrees in Vi,j.

Counting number of vertices |Vi,j|: We use a set C = {c1, c2, · · · , cn} of n colors, where each ck is
associated with a vertex vk, for 1 6 k 6 n. For each vertex vk ∈ V , we maintain a linked list
adj[vk], where each node of the list contains its neighboring vertex Ni, where 1 6 i 6 d(vk), and
the timestamp of the edge between them, i.e., t(vk,Ni). We associate color ck with all timestamps
stored in adj[vk], for all 1 6 k 6 n. Now we have exactly 2|E| colored points on the real line (see
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Figure 3.3 for an example). Let this set of colored points be P. Using 1-dimensional colored range
counting data structure on P with query interval q = [i, j], we can find all distinct colors inter-
sected by q. Each of these distinct colors represents a vertex having adjacent edges in Gi,j. Thus,
we can report |Vi,j| in O(logm) = O(logn) time (by [16], Theorem 3.2) using a data structure of
size O(m logn).

vk
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25

1 10 20 30cba
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Figure 3.3: (a) A vertex vk and its three neighbors a, b and c. Since the timestamp t(vk,a) of the edge
(vk,a) is 2, (vk,a) is shown as a ck-colored point on the line with x-coordinate value = 2. (b)
The set of all ck colored points on the line.

Computing density D(Gi,j): This step requires computing the value of |Ei,j| in addition to |Vi,j|.
Note that G is a simple graph. For any graph slice Gi,j of G, the value of |Ei,j| can be computed
in constant time since |Ei,j| = j− i+ 1. We summarize these results as follows.

theorem 3 .7. Given an RE graph G with m edges and n vertices, and a query time interval [i, j], the
problem of computing |Vi,j| and the density D(Gi,j) of the graph slice can be reduced to 1-dimensional
colored range queries in linear time. Queries can be answered in O(logn) time using O(m logn) space.

Reporting degrees of vertices d(v): We want to report the degree of each vertex vk ∈ V such that
vk has some neighboring edges in Gi,j. So, we construct a 1-dimensional type-2 color counting
data structure on P. This query will report all vertices that have non-zero degrees in Gi,j in
O(logn+w) time, where w is the number of reported vertices.

theorem 3 .8. Given an RE graph G with m edges and n vertices, and a query time interval [i, j], the
problem of computing degrees of all vertices vk ∈ Vi,j can be reduced to 1-dimensional type-2 colored range
queries in linear time. Queries can be answered in O(logn+w) time, where w is the number of reported
vertices.

3.4.2 Counting k-stars and h-index

Given an RE graph G with m edges and n vertices, a fixed threshold k and a query time slice [i, j],
we want to count all k-stars in Gi,j. We use a similar model as described in the previous section
(see Figure 3.3). Each edge adjacent to a vertex vk will have the color ck. Thus we again have a
set of colored points on the real line. By applying k-threshold color queries (Theorem 3.6) with
query interval q = [i, j] we can report all vertices that have at least k neighbors in Gi,j, hence are
at the center of k-stars in Gi,j.
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theorem 3 .9. Given an RE graph G with m edges and n vertices, a query time slice [i, j], and a fixed
threshold value k, the problem of finding all k-stars in Gi,j can be reduced to k-threshold color queries in
linear time. Queries can be answered in O(logn+w) time, where w is the number of k-stars.

Counting h-index. Given an RE graph G with m edges and n vertices, and a query time slice [i, j],
we want to compute the h-index of (Gi,j). To answer this query we use a similar coloring model
that we described for counting k-stars and build the parameterized k-threshold color counting
data structures (see Theorem 3.6). A k-threshold color counting data structure reports the number
of vertices (w) that have at least k neighbors in Gi,j. Therefore, if the number of reported vertices
w > k, then the h-index of Gi,j is at least k. Now we perform a set of decision problems to
compute the h-index(Gi,j), i.e., ‘Are there at least k vertices of degree k in Gi,j?’

We query the k-threshold color counting data structure with parameter k = 1 and compare
the number of colors (i.e., w) reported by this query with the value of k. We execute Algorithm 6

usingO(logn) values of k, i.e., k = 1, (1+ε), (1+ε)2, . . . , log1+ε n, where ε is an arbitrarily small
positive constant. By Theorem 3.6 the total reduction time becomes O(m log2 n) using O(m logn)
space.

Algorithm 6: Compute h-index
Input : Set S of n colored points, a small positive number ε.

1 Set k = 1.
2 Execute k-threshold colored query and return w.
3 while w > k do
4 Set k← k(1+ ε).
5 Execute k-threshold colored query and return w.

6 if w = k then
7 z = k.

8 else
9 z = k/(1+ ε)

10 Return z.

claim 1. Let h be the h-index of Gi,j and ` be a positive number, with 1 6 ` 6 log1+ε n, such that
(1+ ε)` < h 6 (1+ ε)`+1. Let z be the value returned by Algorithm 6. Then (1+ ε)` < z 6 (1+ ε)`+1.

Proof. When z = k = (1+ ε)`, with 1 6 ` 6 log1+ε n, the algorithm returns the actual value of h
(see lines 6-7). When w < k (= (1+ ε)`+1) the algorithm returns k/(1+ ε) (see lines 8-9), which
is in the range of (1+ ε) from the actual value of h. Note that both h and z lie in the same range
of values. Therefore the claim holds.

theorem 3 .10. Given an RE graph G with m edges and n vertices, and a query time slice [i, j], the
problem of computing the h-index of Gi,j can be reduced to the parameterized k-threshold color counting
problem forO(logn) values of k usingO(m logn) space. Queries can be answered inO(log2 n+h logn)
time with an approximation ratio of (1+ ε), where ε is a small positive constant and h is the h-index of
Gi,j.
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3.4.3 Computing Neighborhood Overlap and Embeddedness

We notice, from the definition of neighborhood overlap of an edge (u, v) that the numerator term
represents the embeddedness of the edge (u, v) (i.e., the number of triangles containing the edge
(u, v)) and the denominator is the number of edges adjacent to edge (u, v) minus the common
edges (triangles). So, to answer the main query we need to solve two subproblems; i.e., for each
edge ek ∈ Gi,j, where i 6 k 6 j, we count (a) the number of edges adjacent to ek, and (b) the
number of triangles containing ek. We describe below the preprocessing steps for these subprob-
lems.

Counting the number of adjacent edges: We use a set of m colors, C = {c1, c2, · · · , cm}, where each
color ck will be associated with an edge ek, for 1 6 k 6 m. Now, for each edge ek we asso-
ciate each adjacent edge of ek with a color ck ∈ C. Suppose, ek has a set of adjacent edges
A(ek) = {e ′, e ′′, · · · }. We create a ck-colored point in R2 for each edge e ′ ∈ A(ek) with coordi-
nate values (t(ek), t(e ′)) (see Figure 3.4). The total number of colored points is

∑
e=(u,v)(d(u) +

d(v)) =
∑
u d(u)

2 6 (n− 1)
∑
u d(u) = 2m(n− 1) = O(mn). Using 2-dimensional type-2 count-

ing query data structure [14, Theorem 6.2], with query rectangle [i, j]× [i, j], the number of edges
adjacent to each ek ∈ Ei,j can be found in O(log2mn+ s logmn) = O(log2 n+ s logn) time using
O(mn logn) space, where s is the total number of edges in Ei,j having some neighboring edges.
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Figure 3.4: (a) Relational event graph G, and (b) Number of adjacent edges in the graph slice G3,8.

Counting the number of triangles: We observe that G can be preprocessed in O(a(G)m) time to
count the number of triangles in Gi,j ([2], Theorem 2), where a(G) is the arboricity of G. Arboric-
ity is defined as the minimum number of edge-disjoint spanning forests into which G can be
partitioned [18]. For a general connected graph G, a(G) = O(

√
m) [19]. Algorithm-1 presented

in [2] represents each triangle of G as a point p = (high, low) ∈ R2, where high (low) is the
maximum (minimum) timestamp of the participating edges of that triangle. Now we modify the
algorithm in [2] so that each point p in the original algorithm representing a triangle will now
have three copies of itself and each copy will be associated with the color of each participating
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edge of the triangle (see Figure 3.5). There will be exactly 3K colored points in R2, where K

is the number of triangles in G. Using 2-dimensional type-2 range counting query data struc-
ture [14, Theorem 6.2], with query rectangle [i, j]× [i, j], the number of triangles containing edges
ek, where (i 6 k 6 j), can be found in O(log2K+ t logK) time using O(K logK) space, where t
is the number of output edges. The maximum number of triangles in any graph G can be O(n3).
So the query time can be re-defined as O(log2 n+ t logn) and the space required is O(n3 logn).
From this result, we can also report (i) total number of local bridges #LB(Gi,j) = (j− i− t+ 1)

and (ii) value of embeddedness of any edge in Gi,j.
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Figure 3.5: (a) Relational event graph G, and (b) Number of triangles adjacent to edges in the graph slice
G2,8.

Analysis: For part (a), there are overall O(mn) points representing all edge adjacencies in G. For
part (b), identifying all triangles in G requires O(a(G)m) preprocessing time. Thus, the total time
required to reduce the problem of computing neighborhood overlap to colored range queries
takes O(a(G)m logn+mn logn) = O(mn logn) time. Total query time is O(log2 n+ t logn) +
O(log2 n+ s logn) = O(log2 n+ (t+ s) logn). The following theorem summarizes the results.

theorem 3 .11. Given an RE graph G with m edges and n vertices, and a query time slice [i, j], the
problem of computing the average neighborhood overlap ofGi,j can be reduced to the colored range counting
in O(mn logn) time. NOver(Gi,j) can be computed in O(log2 n+ (t+ s) logn) time, where t is the
number of edges in Gi,j with positive embeddedness and s is the number of edges having some neighboring
edges in Ei,j.

3.4.4 Neighborhood Overlap in Bipartite Graphs

Given a bipartite RE graph G = (V = {A ∪ B},E) with m edges and n vertices, and a query
time interval [i, j], we now want to compute the neighborhood overlap of Gi,j. Recall from Def-
inition 3.2 that for every pair of vertices (u1,u2) ∈ A, we need to compute (a) total number of
common neighbors and (b) the total number of neighbors of the vertex pair.
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Counting common neighbors of vertex pairs: To count all common neighbors of a pair of vertices
(u1,u2) ∈ A of a bipartite graph G, we use the edge searching technique applied in the quad-
rangle counting algorithm in [2]. The original algorithm represents a set of quadrangles sharing
a common pair of vertices (two opposite corners of a rectangle) (u1,u2) as a tuple (u1,u2,X =

{v1, v2, · · · }) such that every pair of elements in X is connected to u1 and u2. In our case, for
every tuple u1,u2 ∈ A, X = {v1, v2, · · · } ∈ B, and we want to count |X|. Therefore, we modify the
original algorithm presented in [2] such that the following holds.

1. The algorithm always starts searching with the vertices of set A.

2. Once a tuple (u1,u2,X = {v1, v2, · · · }) is identified, (a) the pair of vertices (u1,u2) will
correspond to a color cu1u2 , which is then added to the set of colors C, and (b) for each
element vi ∈ X we store a point (t(u1, vi), t(u2, vi)) ∈ R2 of color cu1u2 , where t(u1, vi) is
the timestamp of the edge (u1, vi).

Analysis: The modified algorithm identifies all neighbors of all pairs of vertices of A in O(a(G)m)

time [2]. For a complete bipartite RE graph G, |C| will be at most O(n2), and there can be at
most O(n3) colored points identified using this algorithm. Now given a query time slice [i, j], we
can find the total number of neighbors of each pair of vertices in the bipartite graph slice Gi,j
using 2-dimensional type-2 color counting data structure [14, Theorem 6.2]. This query can be
answered in O(log2 n+ p logn) time, where p is the total number of vertex pairs having some
common neighbors.

u1, u2: {v2}

u2, u3: {v2, v3}

u1, u3: {v1, v2, v4}
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Figure 3.6: (a) A bipartite RE graph (b) Set of neighbors adjacent to each vertex pairs, (c) Common neigh-
bors for vertex pairs within query interval q = [2, 7].

Counting all neighbors of vertex pairs: To count the total number of neighbors of each vertex pair, we
count total degrees of all vertices ui ∈ A using 1-dimensional Type-2 colored range counting data
structure in O(logn+ k) time, where k is the total number of vertices having some neighbors
in Gi,j (see Theorem 3.8, Section 3.4.1). Thus the average neighborhood overlap of a bipartite
graph slice Gi,j can be computed in O(log2 n+ p logn+ k) time. The preprocessing time for the
whole process is dominated by the process of counting common neighbors of all vertex pairs.
Hence, total time required for preprocessing is O(a(G)m). Thus we have the following results for
bipartite RE graphs.
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theorem 3 .12. Given a bipartite RE graph G with m edges and n vertices, and a query time slice
[i, j], the problem of computing the average neighborhood overlap of a bipartite graph slice Gi,j can be
reduced to type-2 colored range searching problem in O(a(G)m) time. NOverB(Gi,j) can be computed in
O(log2 n+ p logn+ k) time, where p is the total number of vertex pairs having some common neighbors
in Gi,j and k is the total number of vertices having some neighbors in Gi,j.

3.4.5 Reporting Influenced Vertices

Given an RE graph G = (V ,E) with a fixed set of influential vertices V ′ ⊆ V , a positive integer
r, and a query time slice [i, j], we want to find the total number of influenced vertices in Gi,j. We
associate each vertex vk ∈ V with a color ck ∈ C = {c1, c2, · · · , cn}. Each point representing an
influenced vertex vk will be colored with ck.
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Figure 3.7: (a) An RE graph with two influential vertices v ′1 and v ′2, (b) An influenced vertex v with r = 3
and f(v) = 4. The influence threshold f(v) is mentioned inside the circle of each vertex v.

Preprocessing Step: Recall Definitions 3.1 and 3.2. For each vertex v ∈ V having thresholds f(v) > 1,
we associate it with a queue Q[v] of size f(v), initially empty. Queues are maintained by balanced
binary search trees, so that the minimum element of the queue can be retrieved when required.
In addition, we maintain α(v), for all v ∈ V , where α(v) is the largest timestamp of an edge e such
that e is adjacent to an influential vertex v ′ and there is a path of influence from v ′ to v. Initially
α(v) is set to zero, for all v ∈ V . We process each edge ek = (uk, vk) according to the sequence
of their timestamps, i.e., t(e1) < t(e2) < · · · < t(em), and set α(uk) and α(vk). We explain the
process as follows. At time k, let ek = (uk, vk).
Case 1: Both uk and vk are influential vertices. Then uk and vk are already influenced. We set
both α(uk) and α(vk) to k. We also store two points (k, k) of colors cuk and cvk respectively.
Case 2: uk is an influential vertex and vk is a non-influential vertex. We store a point (k, k) of
color cuk and set α(vk) to k.
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Case 3: uk is already an influenced non-influential vertex and α(uk) = ` has been set. If k− ` 6 r,
u` influences vk. If α(vk) < α(uk) and we set α(vk) = α(uk) = `. Otherwise, we keep α(vk)
unchanged.

Each time we set α(vk) = ` for some vertex vk, we add ` to Q[vk]. In case Q[vk] is full after in-
serting `, we remove the smallest element s from the queue, and store (k, s) as a point in R2 with
color cvk (see Algorithm 7 for details). The cvk-colored point (k, s) implies that vk is influenced
by f(vk) paths of influence in the graph slice Gs,k. Vertices vs and v` are respectively the first and
the last influential vertex that influence vk in Gs,k. See Figure 3.7 for an example.

Algorithm 7: Influence(G, r)
Input : An RE graph G, a positive integer r.
Output : A colored point set P ∈ R2.

1 for each vertex vk ∈ V for k = 1 to n do
2 Set α(vk)← 0.
3 if f(vk) > 0 then
4 Set queue Q[vk]← ∅ with size f(vk).

5 for each edge ek = (uk, vk) ∈ E for k = 1 to m do
6 if uk is an influential vertex then
7 Set α(uk)← k and α[vk]← k.
8 Store a point (k, k) ∈ R2 of color cuk .
9 if vk is a non-influential vertex then

10 if f(vk) = 1 then
11 Store a point (k, k) ∈ R2 of color cvk .

12 else
13 Add α(uk) to Q[vk]

14 if the queue Q[vk] is full then
15 Remove the minimum element s from Q[vk].
16 Store a point (k, s) ∈ R2 of color cvk .

17 if uk is an influenced vertex then
18 if α(uk)(= `) > α(vk) and (k− `) 6 r then
19 Set α[vk]← `.
20 Add ` to Q[vk].
21 if the queue Q[vk] is full then
22 Remove the minimum element s from Q[vk].
23 Store a point (k, s) ∈ R2 of color cvk .

Preprocessing Analysis: All initializations take linear time (lines 1-4, Algorithm 7). There will be
n queues, one for each vertex and each queue can have size at most equal to the degree of
the vertex d(v). Maintaining a queue for each vertex using balanced binary search tree requires
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O(d(v) logd(v)) time, and both insertion and removal of a queue element requires O(logd(v))
time. We visit each edge exactly once to set the values of α (lines 7 and 19), and to perform
operations on queues (lines 13 and 20 for insertions, lines 15 and 22 for deletions). Thus, the total
preprocessing time will be

∑
vO(d(v) logd(v)) = O(m logn).

Now, we can reduce this problem to the colored range searching problem. In the worst case,
every vertex can be influenced by each of its neighboring vertices. Thus, we have a set of at most
O(n2) colored points in plane. Hence our problem of reporting all influenced vertices within
Gi,j reduces to the problem of reporting the number of distinct colors in plane. By using 2-
dimensional range reporting data structure with query rectangle [0, j]× [i,∞], we can report all
influenced vertices in Gi,j in O(logn+w) time using O(n2) space, where w is the number of
influenced vertices ([15], Theorem 1.12).

theorem 3 .13. Given an RE graph G with m edges and n vertices, and a query time slice [i, j], the
problem of reporting the total number of influenced vertices can be reduced to 2-dimensional colored range
reporting problem in O(m logn) time using O(n2) space. Queries can be answered in O(logn+w) time,
where w is the number of influenced vertices in Gi,j.

3.5 conclusion

In this paper, we have presented a general approach for solving queries regarding various struc-
tural parameters of relational event graphs in an arbitrary query time slice using colored range
query data structures. Our approach models the reachability relationships between vertices and
edges of a given RE graph by transforming them into colored points in Rd, where d > 1. Subse-
quently, we reduce original problems into colored range searching problems to efficiently answer
the queries. Following our model, we showed (a) how to compute the value of a specific structural
parameter of any graph slice Gi,j; e.g., density, embeddedness, neighborhood overlap, h-index;
and (b) how to count and report vertices in any Gi,j with some specific properties; e.g., being
influenced vertices or k-stars. We also presented a new persistence based k-threshold colored
range searching data structure, where k is a fixed positive integer.

We leave the following open problems:

open problem 3. The problem of k-threshold colored range searching data structure is still open if the
value of k is given during the query time.

open problem 4. Given a set of points in Rd, with d > 2, and a fixed integer k > 0 construct the
k-threshold colored range searching data structure.

open problem 5. The problem of reporting the degree of any vertex v in the query window can be
answered in O(1) time using an O(m)-bit binary rank and select data structure [20], where for k =

1, . . . ,m, the kth bit denotes whether the kth edge is adjacent to v. Hence the complete data structure
requires O(mn) bits. It will be interesting to further investigate whether space can be improved preserving
the query time and whether this technique can be used for other window problems and obtain better bounds.



Bibliography 73

bibliography

[1] M. J. Bannister, C. DuBois, D. Eppstein, P. Smyth, Windows into relational events: Data
structures for contiguous subsequences of edges, in: Proceedings of the Twenty-Fourth An-
nual ACM-SIAM Symposium on Discrete Algorithms, SODA 2013, New Orleans, Louisiana,
USA, January 6-8, 2013, 2013, pp. 856–864. doi:10.1137/1.9781611973105.61.
URL https://doi.org/10.1137/1.9781611973105.61

[2] F. Chanchary, A. Maheshwari, Counting subgraphs in relational event graphs, in: WALCOM:
Algorithms and Computation - 10th International Workshop, WALCOM 2016, Kathmandu,
Nepal, March 29-31, 2016, Proceedings, Vol. 9627 of Lecture Notes in Computer Science,
Springer, 2016, pp. 194–206. doi:10.1007/978-3-319-30139-6\_16.
URL https://doi.org/10.1007/978-3-319-30139-6_16

[3] Chanchary, F., Maheshwari, A., Smid, M.: Querying relational event graphs using colored
range searching data structures. Accepted for publication in Journal of Discrete Applied
Mathematics (2019)

[4] Chanchary, F., Maheshwari, A., Smid, M.H.M.: Querying relational event graphs using col-
ored range searching data structures. In: Algorithms and Discrete Applied Mathematics -
Third International Conference, CALDAM 2017, Sancoale, Goa, India, February 16-18, 2017,
Proceedings. Lecture Notes in Computer Science, vol. 10156, pp. 83–95. Springer (2017),
https://doi.org/10.1007/978-3-319-53007-9_8

[5] N. Santoro, W. Quattrociocchi, P. Flocchini, A. Casteigts, F. Amblard, Time-varying graphs
and social network analysis: Temporal indicators and metrics, Vol. abs/1102.0629, 2011.
arXiv:1102.0629.
URL http://arxiv.org/abs/1102.0629

[6] M. Berlingerio, M. Coscia, F. Giannotti, A. Monreale, D. Pedreschi, The pursuit of hubbiness:
Analysis of hubs in large multidimensional networks, J. Comput. Science 2 (3) (2011) 223–
237. doi:10.1016/j.jocs.2011.05.009.
URL https://doi.org/10.1016/j.jocs.2011.05.009

[7] M. de Berg, O. Cheong, M. J. van Kreveld, and M. H. Overmars. Computational geometry:
algorithms and applications, 3rd Edition. Springer, 2008. URL: http://www.worldcat.org/
oclc/227584184.

[8] D. A. Easley, J. M. Kleinberg, Networks, Crowds, and Markets - Reasoning About a Highly
Connected World, Cambridge University Press, 2010.
URL http://www.cambridge.org/gb/knowledge/isbn/item2705443/?site_locale=en_GB

[9] N. Meghanathan, A greedy algorithm for neighborhood overlap-based community detection,
Algorithms 9 (1) (2016) 8. doi:10.3390/a9010008.
URL https://doi.org/10.3390/a9010008

[10] E. M. McCreight. Priority search trees. SIAM J. Comput., 14(2):257–276, 1985. URL: https:
//doi.org/10.1137/0214021, doi:10.1137/0214021.

https://doi.org/10.1137/1.9781611973105.61
https://doi.org/10.1137/1.9781611973105.61
http://dx.doi.org/10.1137/1.9781611973105.61
https://doi.org/10.1137/1.9781611973105.61
https://doi.org/10.1007/978-3-319-30139-6_16
http://dx.doi.org/10.1007/978-3-319-30139-6_16
https://doi.org/10.1007/978-3-319-30139-6_16
https://doi.org/10.1007/978-3-319-53007-9_8
http://arxiv.org/abs/1102.0629
http://arxiv.org/abs/1102.0629
http://arxiv.org/abs/1102.0629
http://arxiv.org/abs/1102.0629
https://doi.org/10.1016/j.jocs.2011.05.009
https://doi.org/10.1016/j.jocs.2011.05.009
http://dx.doi.org/10.1016/j.jocs.2011.05.009
https://doi.org/10.1016/j.jocs.2011.05.009
http://www.worldcat.org/oclc/227584184
http://www.worldcat.org/oclc/227584184
http://www.cambridge.org/gb/knowledge/isbn/item2705443/?site_locale=en_GB
http://www.cambridge.org/gb/knowledge/isbn/item2705443/?site_locale=en_GB
http://www.cambridge.org/gb/knowledge/isbn/item2705443/?site_locale=en_GB
https://doi.org/10.3390/a9010008
http://dx.doi.org/10.3390/a9010008
https://doi.org/10.3390/a9010008
https://doi.org/10.1137/0214021
https://doi.org/10.1137/0214021
http://dx.doi.org/10.1137/0214021


74 windows data structures using colored range search

[11] L. M. Bettencourt, A. Cintrón-Arias, D. I. Kaiser, C. Castillo-Chávez, The power of a good
idea: Quantitative modeling of the spread of ideas from epidemiological models, Physica A:
Statistical Mechanics and its Applications 364 (2006) 513–536.

[12] D. Centola, M. Macy, Complex contagions and the weakness of long ties, American Journal
of Sociology 113 (3) (2007) 702–734.

[13] L. Gargano, P. Hell, J. G. Peters, U. Vaccaro, Influence diffusion in social networks under
time window constraints, Theor. Comput. Sci. 584 (2015) 53–66. doi:10.1016/j.tcs.2015.

02.015.
URL https://doi.org/10.1016/j.tcs.2015.02.015

[14] P. Bozanis, N. Kitsios, C. Makris, A. K. Tsakalidis, New upper bounds for generalized inter-
section searching problems, in: Automata, Languages and Programming, 22nd International
Colloquium, ICALP95, Szeged, Hungary, July 10-14, 1995, Proceedings, 1995, pp. 464–474.
doi:10.1007/3-540-60084-1\_97.
URL https://doi.org/10.1007/3-540-60084-1_97

[15] P. Gupta, R. Janardan, S. Rahul, M. Smid, Computational geometry: Generalized (or colored)
intersection searching, Handbook of Data Structures and Applications, 2nd Edition, (Dinesh
Mehta and Sartaj Sahni, editors), CRC Press, Boca Raton, Chapter 67 (2018) 1042–1057.

[16] P. Gupta, R. Janardan, M. H. M. Smid, Further results on generalized intersection searching
problems: Counting, reporting, and dynamization, J. Algorithms 19 (2) (1995) 282–317. doi:
10.1006/jagm.1995.1038.
URL https://doi.org/10.1006/jagm.1995.1038

[17] R. Janardan, M. A. López, Generalized intersection searching problems, Int. J. Comput. Ge-
ometry Appl. 3 (1) (1993) 39–69. doi:10.1142/S021819599300004X.
URL https://doi.org/10.1142/S021819599300004X

[18] F. Harary, Graph theory, Addison-Wesley, 1991.

[19] N. Chiba, T. Nishizeki, Arboricity and subgraph listing algorithms, SIAM J. Comput. 14 (1)
(1985) 210–223. doi:10.1137/0214017.
URL https://doi.org/10.1137/0214017

[20] Mäkinen, V., Navarro, G.: Rank and select revisited and extended. Theor. Comput. Sci. 387(3),
332–347 (2007), https://doi.org/10.1016/j.tcs.2007.07.013

https://doi.org/10.1016/j.tcs.2015.02.015
https://doi.org/10.1016/j.tcs.2015.02.015
http://dx.doi.org/10.1016/j.tcs.2015.02.015
http://dx.doi.org/10.1016/j.tcs.2015.02.015
https://doi.org/10.1016/j.tcs.2015.02.015
https://doi.org/10.1007/3-540-60084-1_97
https://doi.org/10.1007/3-540-60084-1_97
http://dx.doi.org/10.1007/3-540-60084-1_97
https://doi.org/10.1007/3-540-60084-1_97
https://doi.org/10.1006/jagm.1995.1038
https://doi.org/10.1006/jagm.1995.1038
http://dx.doi.org/10.1006/jagm.1995.1038
http://dx.doi.org/10.1006/jagm.1995.1038
https://doi.org/10.1006/jagm.1995.1038
https://doi.org/10.1142/S021819599300004X
http://dx.doi.org/10.1142/S021819599300004X
https://doi.org/10.1142/S021819599300004X
https://doi.org/10.1137/0214017
http://dx.doi.org/10.1137/0214017
https://doi.org/10.1137/0214017
https://doi.org/10.1016/j.tcs.2007.07.013


4
I N T E R S E C T I N G O B J E C T S , M A X I M A L P O I N T S A N D A P P R O X I M AT I O N S
U S I N G C O R E S E T S

We present data structures that can answer window queries for a sequence of geometric objects,
such as points, line segments, triangles and convex c-gons. We first present data structures to
solve windowed intersection decision problems for line segments, triangles and convex c-gons.
We also present data structures to count points on maximal layer, k-dominated and k-dominant
points for some fixed integer k, and to decide whether a given point belongs to a maximal layer
for a sequence of points in Rd, d > 2. Finally we present techniques to approximate window-
aggregate queries for (1+ ε)-approximations for various geometric problems such as diameter,
width, radius of a minimum enclosing ball, volume of the smallest bounding box, and the cost
of `-center clustering (` > 2) for a set of points using coresets. All data structures presented in
this paper answer queries in polylogarithmic time and use subquadratic space.

This chapter is a combination of results that have been presented in the 4th international con-
ference on Algorithms and Discrete Applied Mathematics (CALDAM 2018) [17] and results that
have been submitted in the Journal of Discrete Applied Mathematics [16].

4.1 introduction

We construct data structures for various geometric objects (e.g., points, line segments, triangles and
convex c-gons) to efficiently answer window queries. In a window query we are given two positive
integers i and j, with i < j, such that the interval [i, j] represents a query window of width
W = j− i+ 1. Let S = (s1, s2, . . . , sn) be a sequence of n geometric objects. For 1 6 i < j 6 n, let
Si,j denote the subsequence (si, si+1, . . . , sj). We want to preprocess S into some data structures
such that given a query interval q = [i, j] and a predicate P, we can answer window queries using
the objects in Si,j that match P.

Recently the same model of data structure has been considered in various studies (for example,
see [6, 7, 9, 13, 14, 15]), where the authors mapped a sequence of geometric objects (or graph
edges) to a sequence of timestamped events, where for each k, with 1 6 k 6 n, an object sk has a
unique timestamp k.

In this paper, we present new results for windowed intersection decision problems and a va-
riety of window reporting problems using points on maximal layers. We define the windowed
intersection decision problem as ‘Given a pair of indices (i, j), where 1 6 i < j 6 n, report whether
there is any intersection between objects in (si, . . . , sj)’. In [13], Chan and Pratt presented orthog-
onal segment intersection decision problems, whereas our algorithms can preprocess sequences
of objects, i.e., line segments, triangles, and convex c-gons, with arbitrary orientations. For our
second set of problems, we consider a sequence of n points P = (p1,p2, . . . ,pn) in Rd, where
d > 2, and we answer queries related to maximal layers and dominance. More specifically we
solve three types of window queries of the following forms: Given a query interval [i, j] (i) count
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the number of maximal points in Pi,j = (pi,pi+1, . . . ,pj), (ii) given an integer k, with i 6 k 6 j,
decide if point pk is on the maximal layer Lγ of Pi,j, where γ = 1, or 2, or > 3, and (iii) for
a fixed integer k > 1, (a) report all points in the query interval that are dominated by at least
k points of Pi,j (i.e., k-dominated points) and (b) report all maximal points in Pi,j such that each
point dominates at least k points of Pi,j (i.e., k-dominant points). Lastly we show techniques to
approximate window-aggregate queries using decomposable coresets of size f(ε) to compute
(1 + ε)-approximations for various geometric problems such as the diameter, width, radius of
a minimum enclosing ball, volume of the smallest bounding box and the cost of the `-center
clustering of a queried point set Pi,j.

4.1.1 Previous Work

Bannister et al. [7] were the first to consider this window model for preprocessing timestamped
graph edges into data structures that can answer window queries. Subsequently more results
on window graph problems were presented in [14] and [15]. Similar time window model for
geometric objects was first studied in [6], where the authors presented results for reporting the
convex hull of points in the plane, and skyline and proximity relations of point sets in Rd, with
d > 2. They used a hierarchical decomposition in time to construct binary decomposition trees
on a given set of temporal points to answer window queries related to convex hull and proximity
relations. The authors solve various problems related to the convex hull in polylogarithmic time
and approximations for the nearest neighbour queries and the construction of proximity graphs.
However, their skyline queries use a different preprocessing technique based on the rectangle
stabbing data structures. Mouratidis et al. [27] considered problems of monitoring top-kmaximal
layers (mentioned as k-skyband in [27]) using fixed width sliding query windows. Our results for
points on maximal layers presented in this paper are different from those of [6] and [27].

Subsequently more results have been presented by Bokal et al. [9], and Chan and Pratt [13] on
window queries. In [9] and [13], the authors mainly focused on answering decision problems on
hereditary properties, such as the convex hull area decision problem (in 2D), the diameter deci-
sion problem (in 2D and 3D), the width decision problem (in 2D) and the orthogonal segment
intersection detection problem. In [9], Bokal et al. showed a sketch based general methodology
for finding all maximal subsequences for a set of n points in plane, i.e., for all i, with 1 6 i 6 n,
they find the largest index of the maximal interval starting at i that holds some hereditary prop-
erty P. The authors solved problems for finding all maximal subsequences with unit diameter,
all maximal subsequences whose convex hull area is at most 1 and all maximal subsequences
that define monotone paths in some (subpath-dependent) direction. Later, Chan and Pratt [13]
improved preprocessing times for diameter decision problems and convex hull area decision
problems. The authors presented techniques to solve the diameter decision problem in 2D and
in 3D, and the orthogonal line segment intersection detection problems by reducing the window
decision problems into range successor problems. As the second approach, the authors used dy-
namic data structures and a first-in-first-out sequence of processing geometric objects to find all
maximal subsequences of intervals that satisfies some property P. Authors named this process
as FIFO updates and used this technique to solve the 2D convex hull area decision problem and
the 2D width decision problem. Table 4.1 summarizes previous results of window queries for
geometric problems.
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Table 4.1: Summary of previous results on window queries for geometric problems. Here n is the number
of input objects, h is the size of the convex hull, w is the size of the output, W is the size of the
query window and α is the inverse Ackermann function.

Problems Preprocessing time Query time Reference

Convex hull reporting O(n logn) O(h log2W) [6]

Gift wrapping, line stabbing, tangent queries O(n logn) O(log2W) [6]

Linear prog., line decision queries O(n logn) O(logW) [6]

Skyline reporting O(n1+ε) O(w) [6]

Spherical range reporting O(n logn) O(logW+w) [6]

Approx. nearest neighbor O(n logn) O(logW) [6]

Diameter decision problem (2D) O(n log2n) O(1) [9]

O(n logn) O(1) [13]

Diameter decision problem (3D) O(n log2n) O(1) [13]

Convex hull area decision problems O(n logn log logn) O(1) [9]

O(nα(n) logn) O(1) [13]

Monotone paths O(n) O(1) [9]

Orthogonal segment intersection detection O(n logn log logn) O(1) [13]

Width decision problem (2D) O(n log8n) O(1) [13]

4.1.2 New Results

The main contributions of this paper are listed below, and are also summarized in Table 4.2.

1. Intersection decision problems: Given a sequence S of n geometric objects we can preprocess
S for the windowed intersection decision problem in O(n4/3 · polylog(n)) time using O(n)
space so that queries can be answered in O(logn) time.

2. Problems on points on maximal layers: Given a sequence of n points P = (p1,p2, . . . ,pn) in Rd

we can preprocess P into data structures to report the following.

• Given a query interval [i, j] and a point pk with i 6 k 6 j, we can report whether
pk is on the maximal layer of the sequence of points Pi,j = (pi, . . . ,pj) in O(1) time.
Preprocessing takes O(n logd−1 n) time using O(n logd−2 n) space .

• Given a query interval [i, j] and a point pk with i 6 k 6 j, we can report whether
pk is on layer 2 or > 3 of the sequence Pi,j in O(logd+1 n) time. Preprocessing takes
O(n logd+1 n) time using O(n logd+1 n) space.

• We can count the total number of maximal points of Pi,j in O(log2 n) time. Prepro-
cessing takes O(n logd−1 n) time using O(n logd−2 n) space when d > 4. However, for
d ∈ {2, 3} preprocessing takes O(n log2 n) time and O(n log2 n) space.

• Given a fixed integer k, we can report all points in Pi,j that are dominated by at least k
points (i.e., k-dominated points) inO(log2 n+kw) time, wherew is the size of the output.
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Preprocessing takes O(kn log2 n) time using O(kn logn) space when 2 6 d 6 3. For
d > 4, preprocessing takes O(kn logd−1 n) time and O(kn logd−2 n) space.

• Given a fixed integer k, we can report all maximal points in Pi,j each dominating
at least k points (i.e., k-dominant points) in O(log4 n+ kw) time, where w is the size
of the output. Preprocessing takes O(kn log4 n) time using O(kn log3 n) space when
2 6 d 6 5. For d > 6, preprocessing takes O(kn logd−1 n) time and O(kn logd−2 n)
space.

3. Approximations using coresets:

• Let P be a sequence of n points in Rd, where d is a fixed dimension. P can be prepro-
cessed into a data structure of size O(n logn) such that for a query interval [i, j], with
1 6 i < j 6 n and a parameter ε > 0, we can compute a (1+ ε)-coreset of size O(f(ε))
in O(f(ε) logn) time for geometric problems that admit some decomposable coresets.

• Let P be a sequence of n points in R2. P can be preprocessed into a data structure of
size O(n logn) such that given a query window [i, j] and two parameters ` > 2 and
ε > 0, a coreset of size O(`(f(`)/(cε))2) for the `-center clustering can be computed
in O(`((f(`)/(cε)) logn) + `(f(`)/(cε))2 +W) time, where W is the width of the query
window and c is a positive constant.

4.1.3 Organization

This paper is organized as follows. In Section 2, we present algorithms for windowed intersection
decision problems using various geometric objects such as segments, bichromatic segments, tri-
angles and c-gons. Section 3 presents more results for window queries using points on maximal
layers. In Section 4 we present two techniques to obtain (1 + ε)-approximations for geometric
problems using coresets. Section 5 concludes this paper.

4.2 geometric object intersections

In this section, we discuss windowed intersection decision problems on a given sequence of geometric
objects (e.g., line segments, triangles, and constant size polygons) within a query interval [i, j].
Input consists of a sequence of n geometric objects S = (s1, s2, . . . , sn). We will represent the
sequence S in an array A, where A[i] = si, for i = 1, 2, . . . ,n. The windowed intersection decision
problem is ‘Given a pair of indices (i, j), where 1 6 i < j 6 n, report whether there is any
intersection between objects in (si, . . . , sj)’.

4.2.1 Preliminaries

To solve windowed intersection decision problem of geometric objects given in Rd, we use the
following structures described in [12].

corollary 4 .1. [12, Corollary 7.3(i)] Given n points in Rd, we can form O(n) canonical subsets of
total size O(n logn) in O(n logn) time, such that the subset of all points inside any query simplex can
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Table 4.2: Summary of results. n is the number of input objects, γ > 2 is the number of maximal layer, w
is the output size, k is a fixed parameter, W = j− i+ 1 is the width of the query window, ` > 2

is an input parameter, ε > 0 and c > 0 are small constants.

Problems Preprocessing Space Query

Intersection Decision

Segment, Bichromatic

segment, Triangle, O(n4/3polylog(n)) O(n) O(logn) Th. 4.6

c-gon (c is constant)

Points on Maximal Layers

pk on maximal layer L1 O(n logd−1n) O(n logd−2n) O(1) Th. 4.29

pk on max layer Lγ,γ = 2,> 3 O(n logd+1n) O(n logd+1n) O(logd+1n) Th. 4.33

Count maximal points: d = 2,3 O(n log2n) O(n log2n) O(log2n) Th. 4.30

Count maximal points: d > 4 O(n logd−1n) O(n logd−2n) O(log2n) Th. 4.30

k-dominated points: 2 6 d 6 3 O(kn log2n) O(kn logn) O(log2n+kw) Th. 4.31

k-dominated points: d > 4 O(kn logd−1n) O(kn logd−2n) O(log2n+kw) Th. 4.31

k-dominant points: 2 6 d 6 5 O(kn log4n) O(kn log3n) O(log4n+kw) Th. 4.32

k-dominant points: d > 6 O(kn logd−1n) O(kn logd−2n) O(log4n+kw) Th. 4.32

Approximation using Coresets

Decomposable coresets O(n logn) O(n logn) O(f(ε) logn) Th. 4.38

`-clustering using coresets O(n logn) O(n logn) O(`((f(`)/(cε)) logn) Th. 4.41

+`(f(`)/(cε))2+W)

be reported as a union of disjoint canonical subsets Ci with
∑
i |Ci|

1−1/d 6 O(n1−1/d logn) in time
O(n1−1/d logn) with high probability with respect to n.

corollary 4 .2. [12, Corollary 7.5] Given n simplices in Rd, there is a data structure withO(n logd+1 n)
preprocessing time and O(n logd n) space, such that we can find all simplices containing a query point
in O(n1−1/d logd n) expected time; and we can find all simplices contained inside a query simplex in
O(n1−1/d logd n) expected time.

corollary 4 .3. [12, Corollary 7.7(i)] Suppose there is a d-dimensional halfspace range counting
data structure for point sets of size at most B with P(B) preprocessing time, S(B) space, and Q(B) (ex-
pected) query time. Then there is a d-dimensional halfspace range counting data structure for point sets
of size at most n with O(n/B)P(B) +O(n logn) preprocessing time, O(n/B)S(B) +O(n) space, and
O(n/B)1−1/dQ(B) +O(n/B)1−1/d expected query time, assuming B < n/ logω(1) n.

corollary 4 .4. [12, Corollary 7.8]] There is a d-dimensional halfspace range counting data structure
with O(m2O(log∗n)) preprocessing time and O((n/m1/d)2O(log∗n)) expected query time for any given
m ∈ [n logn,nd/ logd n].
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4.2.2 Overview of Our Data Structure

Before we discuss our data structure, we define a valid pair of indices (α,β) with 1 6 α < β 6 n
as follows: For each 1 6 α 6 n, let β be the smallest index larger than α such that the object
A[β] intersects A[α]. If there is no A[β] that intersects A[α] then β = +∞. See Figure 4.1 for an
illustration.

1 nα β

Do not intersect A[α]

Intersects A[α]

Figure 4.1: A valid pair (α,β).

Suppose, there exists a data structure that can find all valid pairs (α,β). Then we can reduce the
windowed intersection decision problem into a range query problem as follows. For each valid
pair (α,β), we store a point (α,β) ∈ R2 using a priority search tree (PST) data structure [24].
A PST takes linear space to store O(n) points in the plane and it can be built in O(n logn)
time. For a given query interval [i, j], we perform a range search in PST with the query rectangle
Rq = [i,∞)× (−∞, j]. Note that, there will be an intersecting pair of objects (A[α],A[β]) in query
interval [i, j] if and only if there is a point (α,β) ∈ Rq. Hence, if the range searching query returns
a positive count of points in Rq, then we report that some objects intersect in the interval [i, j].
This query can be answered in O(logn) time. Thus we obtain the following lemma.

lemma 4 .5. Suppose a sequence of n geometric objects is stored in an array A[1. . n], where i is the
index of the object stored in A[i]. Given all valid pairs (α,β) for every 1 6 α 6 n in A, we can build a
data structure of size O(n) that can answer windowed intersection decision queries in O(logn) time.

Next we show how to find all the valid pairs. Suppose X is a set of n geometric objects and we
assume that we have a data structure DS(X) that can find whether a query object q intersects any
member of X. Furthermore, DS(X) takes M(n) space, P(n) preprocessing time and Q(n) query
time, where M(n)/n, P(n)/n and Q(n) are all non-decreasing functions. To find all the valid
pairs, we maintain a tree T defined as follows. The leaves of T store objects A[1],A[2], . . . ,A[n] in
order from left to right. For each internal node v of T , let P[v] be the set of objects at the leaves of
the subtree rooted at v. Each node v of T stores all the objects in its subtree in a secondary data
structure DS[P[v]]. Each level i of T has 2i nodes. So each node at level i requires M(n/2i) space.
The total space requirement is
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α β

v

Figure 4.2: Query path from α to β in our multilevel data structure.

O(n) +

logn∑
i=0

2i ·M(n/2i) = O(n) +

logn∑
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n ·M(n/2i)

n/2i

6 O(n) +

logn∑
i=0

n ·M(n)

n

6 O(n) +

logn∑
i=0

M(n)

= O(M(n) · log(n)).

The total preprocessing time can analogously be computed as O(P(n) logn). Now for any
1 6 α 6 n, we can find β in time O(Q(n) logn) as follows. To identify a valid pair (α,β), we
first search T to find the leaf v ′ containing α. It requires O(logn) time using a standard binary
search. Then we move up from v ′ towards the root node and at every step perform the following
search. Each time we move from a child node v ′ towards its parent node p(v ′), we query the
secondary structure stored at the right child of p(v ′) to decide whether it contains an object β
that intersects α. If the search is unsuccessful we move upwards one more level in T , and repeat
the process. Otherwise, we find the node that contains the intersecting object and we continue
descending from p(v ′) to locate the leaf node containing β (see Figure 4.2). In this way, the total
time required to find all valid pairs is O(n ·Q(n) logn). From Lemma 4.5 we obtain the following
result.

theorem 4 .6. Given a sequence S of n geometric objects, we can preprocess S into a data structure of
size O(n) in time O(P(n) logn+ n ·Q(n) logn) so that it can answer windowed intersection decision
queries in O(logn) time. The space used during preprocessing is O(M(n) logn).

Next, we discuss the construction of the secondary data structureDS(X) for different problems.

Segment Intersections: Given a sequence of n line segments S = (s1, s2, . . . , sn) in the plane, we
want to preprocess S to answer window queries for segment intersections. As we have described
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previously, our primary data structure T stores n input segments at the leaf nodes sorted in
order from left to right. At each node v of T we build a multi-level partition tree that answers
the queries of the form ‘Given a query segment sq, does sq intersect any segment of {sa, sa+1, . . . , sb},
where 1 6 a < b 6 n?’. For a sequence of n line segments in the plane, we can obtain a data struc-
ture of O(n log3 n) preprocessing time and O(n log2 n) space such that we can report whether
a query line segment sq intersects any input segment in O(

√
n log2 n) expected time by ap-

plying Corollary 7.3(i) in [12] three times, where d = 2. Finally, by repeated applications of
Corollary 7.3(i) and Corollary 7.8 in [12] with d = 2, we can build a data structure to answer
above mentioned queries that requires preprocessing time P(n) = O(m · polylog(n)) and query
time Q(n) = O(n/

√
m · polylog(n)), where m = n4/3. So by Theorem 4.6, the total time re-

quired for segment intersection preprocessing is O(n4/3 · polylog(n) + n · n1/3 · polylog(n)) =
O(n4/3 · polylog(n)).

corollary 4 .7. Given a sequence S of n segments, we can preprocess S for the windowed segment
intersection decision problem in O(n4/3 · polylog(n)) time using O(n4/3 · polylog(n)) space.

Bichromatic Segment Intersection: Let S = (B∪R) be a sequence of bichromatic line segments, where
B is a sequence of b pairwise disjoint blue segments, R is a sequence of r pairwise disjoint red
segments, and N = b+ r. Our data structure for segment intersection problem can be extended
for reporting windowed bichromatic segment intersection problem (intersections of red segments
with blue segments) using the same preprocessing time and space bound. We assume that every
segment in S has a unique timestamp. We build two sets of the same data structure we presented
in this section. Let TB be one structure where we store b blue segments, make queries with r red
segments, and find valid pairs (sr, sb), where a red segment sr intersects with a blue segment sb.
TR is the analogous structure that gives us all valid pairs (sb, sr). The only minor change occurs
during searching the primary data structures with a query segment. For example, when we query
TB with any red segment sr, first we have to find the leaf node containing a blue segment with the
smallest timestamp such that t(sb) > t(sr). The rest of the search technique remains unchanged.

corollary 4 .8. Given a sequence S = (B∪ R) of N bichromatic line segments, where B is a sequence
of b pairwise disjoint blue segments, R is a sequence of r pairwise disjoint red segments, and N = b+ r.
We can preprocess S for the windowed bichromatic segment intersection decision problem in O(N4/3 ·
polylog(N)) time using space O(N4/3 · polylog(N)).

Triangle Intersections: The input for this problem is a sequence of n triangles T = (t1, t2, . . . , tn)
and we want to preprocess them to answer queries for windowed triangle intersections. First, we
categorize all possible orientations of triangle intersections. Figure 4.3 illustrates three orienta-
tions of a query triangle tq that intersects with a triangle ti. We describe inputs and query types
for each of the cases.

Case (a): A sequence of triangles is stored and we ask the query: Given a point p, is p contained
in some triangle?
Case (b): A sequence of points (p1,p2, . . . ,pn) (one vertex of each triangle in (t1, t2, . . . , tn)) is
stored and we ask the query: Given a triangle tq, does tq contain some point pi?
Case (c): A sequence of triangles (t1, t2, . . . , tn) is stored and we ask the query: Given a triangle
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ti

tq

tq

ti

tq

(a) (b) (c)

pip

ti

Figure 4.3: Three possible orientations of intersections of a query triangle tq (blue) with some triangle ti
(black).

tq, does tq overlap some triangle ti?

For cases (a) and (c), by repeated applications of Corollary 7.3(i) and Corollary 7.5 in [12] we can
build a data structure that can answer such queries with preprocessing time O(m · polylog(n))
and query time O(n/

√
m · polylog(n)), where m = n4/3. For case (b), we build a data structure

by applying Corollary 7.5 and Corollary 7.7(i) in [12], which also requires the same preprocessing
and query time as mentioned for the previous two cases. Finally, we put together all cases in a
single data structure DS(T) that we use as the secondary data structure stored at each node of
our main search tree.

corollary 4 .9. Given a sequence T of n triangles, we can preprocess T for the windowed triangle
intersection decision problem in O(n4/3 · polylog(n)) time using O(n4/3 · polylog(n)) space.

We observe that our data structure for the windowed triangle intersection problem can be
extended to any convex polygon with c sides, where c is a constant. Solving the windowed c-gon
intersection decision problem will add some extra levels to our structure, and thus increase the
polylog factors in the preprocessing time. Hence we obtain the following result.

corollary 4 .10. For some constant c, given a sequence S of n convex c-gons (polygons with c sides),
we can preprocess S for the windowed c-gon intersection decision problem in O(n4/3 · polylog(n)) time
using O(n4/3 · polylog(n)) space.

4.3 points on maximal layers

Initially we present results for windowed queries on points on maximal layers of a given sequence
of points in R2. The generalized solutions for all problems in Rd, where d > 2, are presented in
Section 4.3.6.

definition 4 .11. Let P be a set of n points in R2. The first maximal layer L1 of P is defined to be
the maximal points under the dominance relation where a point p is said to be dominated by a point p ′ if
p[x] 6 p ′[x] and p[y] 6 p ′[y], and p 6= p ′. For γ > 1, the γ’th maximal layer Lγ is the set of maximal
points in P−∪γ−1`=1 L` [19].

definition 4 .12. For a point q = (q1,q2) ∈ R2, we define NE(q) to be the set of points in R2 that
lie in the North-East quadrant of q, i.e., NE(q) = {(a,b) ∈ R2 : a > q1, and b > q2}, and SW(q) to
be the set of points in R2 that lie in the South-West quadrant of q, i.e., SW(q) = {(c,d) ∈ R2 : c <

q1, and d < q2} (see Figure 4.4).
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(c, d)

q

d)c, d)(c, d(

NE(q)

SW (q)

(a, b)

Figure 4.4: A point (a,b) ∈ NE(q) and a point (c,d) ∈ SW(q).

4.3.1 Is pk on the Maximal Layer L1?

Suppose P = (p1,p2, . . . ,pn) is a sequence of n points in R2. We want to preprocess P into a
data structure such that given a query interval [i, j] and an integer k with i � k � j we can
report whether the point pk is on the maximal layer L1 of Pi,j = (pi,pi+1, . . . ,pj). We assume
that no two points have the same x-coordinate or the same y-coordinate. Let p0 = (∞,∞) and
pn+1 = (∞,∞) be two new points added to P. Let A[0. . n+ 1] be an array, where A[i] = pi for
all 0 � i � n+ 1. For any k with 1 � k � n, we define the following two functions: α(k) = min{i :
i > k and pi ∈ NE(pk)} and β(k) = max{i : i < k and pi ∈ NE(pk)}

0

pk

β(k) k α(k)

∈ NE(pk) ∈ NE(pk)

	∈ NE(pk) 	∈ NE(pk)

n+ 1

Figure 4.5: A[α(k)] and A[β(k)] of a point pk in array A[0. . n+ 1].

A point pk is on the maximal layer L1 of a sequence of points Pi,j = (pi,pi+1, . . . ,pj) if none
of these points dominates pk in [i, j]. We have the following lemma.

lemma 4 .13. Suppose 1 � i � k � j � n. The point pk is on the maximal layer L1 of Pi,j =

(pi,pi+1, . . . ,pj) if and only if α(k) > j and β(k) < i.

Suppose, we have a data structure that computes α(k) and β(k) for each pk ∈ P. We augment
array A such that every element A[k] stores two pointers pointing to A[α(k)] and A[β(k)], re-
spectively. This data structure requires O(n) space. According to Lemma 4.13, we can answer the
query whether a given point pk is on the maximal layer of Pi,j, with i � k � j, in O(1) time by
checking A[α(k)] and A[β(k)].

lemma 4 .14. Suppose a sequence of n points P = (p1,p2, . . . ,pn) in R2 is given and there exists a
data structure that computes α(k) and β(k) for each pk ∈ P using S(n) space and T(n) time. P can be
preprocessed into a data structure of size O(n) in O(T(n)) time such that given a query interval [i, j] and
a point pk with i � k � j, we can report whether pk is on the maximal layer L1 of Pi,j in O(1) time.
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Data structure for computing α(.) and β(.) for points in R2: Given a sequence of n points P =

(p1,p2, . . . ,pn) in plane, we want to build a data structure to compute α(k) and β(k) for each pk,
with 1 6 k 6 n. We present the technique for computing α(k) here (see Algorithm 8). We initialize
an empty priority search tree (PST) T . For 1 6 i 6 n, we query T with q = (−∞,pi,x]× (−∞,pi,y],
and find points that appear before pi in the sequence and are dominated by pi. Let this set of
points be S. According to the definition of α(. ), i becomes the α(. ) value for all these points. For
each pk ∈ S we set α(k) = i and delete pk from T . Now we insert pi into T . More specifically we
maintain the following invariant.

• For each k with 1 6 k 6 i: if pk is in T , then α(k) > i. If pk is not in T , then α(k) < i and
α(k) has been determined.

This data structure requires O(n) space and O(n logn) time to set α(k) for all pk ∈ P, where
1 6 k 6 n. Similarly we can compute β(k) for all pk by reversing their order of insertion to T .

Algorithm 8: SetAlpha(P)

Input : A sequence of n points P = (p1,p2, . . . ,pn) ∈ R2.
1 Initialize an empty PST T .
2 for i = 1 to n do
3 Query T with q = (−∞,pi,x]× (−∞,pi,y].
4 Let S be the output of this query.
5 for each pk ∈ S do
6 Set α(k) = i.
7 Delete pk from T .

8 Insert pi into T .

lemma 4 .15. Given a sequence of n points P = (p1,p2, . . . ,pn) in R2, we can compute the values of
α(k) and β(k) for all pk ∈ P, in O(n logn) total time using O(n) space.

Data structure for computing α(.) and β(.) for points in Rd: We build a range tree for n points
on their first d− 2 coordinates. At each canonical node v of the last level of the range tree we
add a PST that is built on the last 2 coordinates of the subset of points stored at v. This structure
can be built in O(n logd−1 n) time using O(n logd−2 n) space. Thus for the general case, where
d > 2, we obtain the following result.

theorem 4 .16. Given a sequence of n points P = (p1,p2, . . . ,pn) in Rd, we can compute the values
of α(k) and β(k) for all pk ∈ P, in O(n logd−1 n) total time using O(n logd−2 n) space.

Remark: Bannister et al. [6] used a dynamic data structure for dominance queries by Mortensen [25]
to compute α(. ) and β(. ) values for all points in Rd. Our data structure for computing all α(. )
and β(. ) improves the amount of time by a factor of O(logn) and the amount of space by a factor
of O(log2 n).

Finally from Lemmas 4.14 and 4.15 we obtain the following theorem for points in R2.
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theorem 4 .17. A sequence of n points P = (p1,p2, . . . ,pn) in R2 can be preprocessed into a data
structure of size O(n) in O(n logn) time such that given a query interval [i, j] and a point pk with
i 6 k 6 j, we can report whether pk is on the maximal layer L1 of points Pi,j in O(1) time.

4.3.2 Count Points on Maximal Layer L1

Given a sequence of n points P = (p1,p2, . . . ,pn) inR2, and a query interval [i, j] with 1 6 i 6 j 6
n, we want to count the total number of points on the maximal layer L1 of Pi,j = (pi,pi+1, . . . ,pj).

Following Lemma 4.13, for 1 6 k 6 n, we transform each point pk = (pk,x,pk,y) ∈ P into a
point p ′k = (k,α(k),β(k)) ∈ R3. Now we have a set of n points in R3. We can compute all α(k)
and β(k) in O(n logn) time by Lemma 4.15. We build a standard 3-dimensional range tree [8],
where the first level of the tree is based on the time of the points. At the second level of the tree,
for each canonical node we build a range tree using the second (α(k)) and the third coordinates
(β(k)) of each point p ′k. The total space requirement is O(n log2 n) and this data structure can be
built in O(n log2 n) time [8].

We transform a given query interval [i, j] into a query box [i, j] × [j + 1,+∞) × (−∞, i − 1].
The first level of the range tree is queried using interval [i, j]. This requires O(logn) query time.
For each canonical subset in the second level, we query using [j+ i,+∞)× (−∞, i− 1]. This step
requires O(logn) time for each canonical node on the search path. Thus, given any query interval
q = [i, j] we can report the total number of maximal points in Pi,j in O(log2 n) time.

theorem 4 .18. A sequence of n points P = (p1,p2, . . . ,pn) in R2 can be preprocessed into a data
structure of size O(n log2 n) in O(n log2 n) time such that given a query interval [i, j] we can report the
total number of maximal points of Pi,j in O(log2 n) time.

4.3.3 Is pk on Maximal Layer Lγ, where γ = 2 or γ > 3?

Given a sequence of n points P = (p1,p2, . . . ,pn) in R2, a query interval [i, j] and an integer k
with 1 6 i 6 k 6 j 6 n, we want to report if point pk is on maximal layer Lγ, where γ = 2 or > 3
of Pi,j = (pi,pi+1, . . . ,pj). First we solve the problem for γ > 3 and then show that the result for
γ = 2 follows.

pk

pl

pm

1st layer above pk

2nd layer above pk

Figure 4.6: Point pk on some maximal layer > 3 iff p` ∈ NE(pk) and pm ∈ NE(p`).

lemma 4 .19. Recall the definitions of α(. ) and β(. ) from Section 4.3.1. Suppose 1 6 i 6 k 6 j 6 n.
The point pk is on layer Lγ, where γ > 3 of Pi,j = (pi,pi+1, . . . ,pj) if and only if at least one of the
following is true.
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1. There exists some ` such that ` > i, p` ∈ NE(pk), and α(`) 6 j

2. There exists some ` such that ` 6 j, p` ∈ NE(pk), and β(`) > i.

Lemma 4.19. The ‘if’ part is obvious from the definitions of α(`) and β(`), and by Lemma 4.13.
To prove the converse, we assume pk to be a point on some maximal layer Lγ, where γ > 3, of
points in Pi,j. Then there must exist some ` and m such that i 6 l 6 j, i 6 m 6 j, p` ∈ NE(pk)
and pm ∈ NE(p`) (see Figure 4.6). Note that point pm can come at one of two positions with
respect to p`. Case 1: Suppose pm comes after p`, i.e., m > `. Since α(`) 6 m by the definition
of α(`), we obtain α(`) 6 m 6 j. Case 2: Suppose pm comes before p`, i.e., m < `. By the similar
argument since β(`) > m by the definition of β(`), we obtain β(`) > m > j.

We map each point p` = (p`,x,p`,y) ∈ P, where 1 6 l 6 n, to a point in R4 as follows. For
part (1) of Lemma 4.19, we define a function f(`) = (p`,x,p`,y, `,α(`)) ∈ R4. We set S = {f(`) : 1 6
l 6 n}. Similarly, for part (2) of Lemma 4.19, we define a function g(`) = (p`,x,p`,y, `,β(`)) ∈ R4.
We set T = {g(`) : 1 6 l 6 n}. For each 1 6 l 6 n, α(`) and β(`) can be computed in O(n logn)
time. Now we have two sets S and T each having n points in R4. We store S and T using two
4-dimensional range trees. A standard 2-dimensional range tree requires O(n logn) space and
can be built in O(n logn) time. For each additional level the required time and space increase by
a logarithmic factor. Therefore our 4-dimensional range tree can be built using O(n log3 n) space
in O(n log3 n) time. Now to answer the query whether some point pk is on layer > 3 in Pi,j, we
define two functions to map our original query (i, j, k) to equivalent queries in R4 as follows. For
1 6 i 6 k 6 j 6 n, let F(i, j, k) be a function such that F(i, j, k) = [pk,x,∞)× [pk,y,∞)× [i,∞)×
(−∞, j]. Similarly, let G(i, j, k) be a function such that G(i, j, k) = [pk,x,∞)× [pk,y,∞)× (−∞, j]×
[i,∞). This gives us the following lemma.

lemma 4 .20.

1. There exists some ` such that ` > i, p` ∈ NE(pk), and α(`) 6 j if and only if F(i, j, k)∩ S 6= ∅.

2. There exists some ` such that ` 6 j, p` ∈ NE(pk), and β(`) > i if and only if G(i, j, k)∩ T 6= ∅.

Combining Lemma 4.19 and Lemma 4.20, the query of the form ‘Given 1 6 i 6 k 6 j 6 n,
decide if pk is on maximal layer γ > 3 of Pi,j’ becomes an equivalent query of the form ‘Given
a set of points in R4, count the number of points in the range of 4-dimensional quadrants’. This
new query can be answered by querying the data structures on the point sets S and T using
4-dimensional quadrants defined by F(i, j, k) and G(i, j, k), respectively. If at least one of these
queries returns some point (i.e., the range count is non-zero) then pk is on layer γ > 3. Each
query takes O(log3 n) time. The following theorem summarizes the results.

theorem 4 .21. Suppose P = (p1,p2, . . . ,pn) is a sequence of n points in R2. P can be preprocessed
into a data structure of size O(n log3 n) in O(n log3 n) time such that given a query interval [i, j]
and k, where i 6 k 6 j, we can answer whether pk is on some maximal layer Lγ, where γ > 3, of
Pi,j = (pi,pi+1, . . . ,pj) in O(log3 n) time.

Corollary 4.22 follows from the results of Theorem 4.17 and Theorem 4.21.
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corollary 4 .22. Suppose P = (p1,p2, . . . ,pn) is a sequence of n points inR2. P can be preprocessed
into a data structure of size O(n log3 n) in O(n log3 n) time such that given a query interval [i, j] and k,
where i 6 k 6 j, we can answer whether pk is on the second maximal layer L2 of Pi,j = (pi,pi+1, . . . ,pj)
in O(log3 n) time.

4.3.4 Report k-dominated Points

In this section we shift our interest to reporting points that are dominated by at least a fixed
number of points in the query interval. Note that this problem is different from reporting the
maximal layer that a point is on. More specifically a point p can be dominated by k points, where
k > 1 is an integer, and still p can be on some maximal layer Lφ, where φ 6 k+ 1. See Figure 4.7
for an example.

(a)

pl

(b)

pl

(c)

pl

Figure 4.7: Suppose k=3, then p` is a k-dominated point in all examples. However, the maximal layer point
p` is on is L4 in (a), L2 in (b), and L3 in (c).

Problem statement: Given a sequence of n points P = (p1,p2, . . . ,pn) in R2, and a fixed integer
k > 1, we want to report all points in Pi,j that are dominated by at least k points of Pi,j. We call
these points k-dominated points.

For any ` with 1 6 l 6 n, we define the following. Let p`1 ,p`2 , . . . ,p`k be the first k points that
dominate p`, where ` < `1 < `2 < . . . < `k. Similarly, let p` ′k , . . . ,p` ′2 ,p` ′1 be the last k points that
dominate p`, where ` ′k < `

′
k−1 < . . . < `

′
1 < ` (see Figure 4.8). Then each interval (` ′k−a, `a), with

0 6 a 6 k, represents k points that dominate point p`. Here ` ′0 = `0 = `. There exist at most k+ 1
such intervals for each point in P. We obtain the following lemma.

lemma 4 .23. Suppose 1 6 i < j 6 n, and k is a fixed integer. A point p` ∈ Pi,j is dominated by at
least k points in Pi,j if and only if there exists some a with 0 6 a 6 k, such that `a 6 j and ` ′k−a > i.

For each 1 6 l 6 n, we map the point p` to at most k+ 1 points (`, `a, ` ′k−a) ∈ R3, where
0 6 a 6 k. This gives us a set of at most (k+ 1)n points in total.

We can find the points p`1 ,p`2 , . . . ,p`k and p` ′k , . . . ,p` ′2 ,p` ′1 for each p` by extending the data
structure from Section 4.3.1 (see Algorithm 8) as follows. Each point p` now has two additional
arrays B`[1. . k] and A`[1. . k] of size k that store k points that dominate p` and appears, respec-
tively, before and after time `. To achieve this, we modify line 6 of Algorithm 8 by lines 9-11 in
Algorithm 9. Moreover, we do not delete any points from T (line 7 of Algorithm 8 is omitted).
Starting with i = 1 we insert point pi to T and for all points p` that are dominated by pi we store
pi in array A` if it is not full already. Next we repeat inserting points to T in the reverse order
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Figure 4.8: The highlighted interval (` ′k−1, `1) satisfies the query interval [i, j] for k-dominated points.

(i.e., starting from pn to p1) and store the first k points that dominate p` in array B`. This process
takes O(nk+n logn) time and O(nk) space.

Algorithm 9: SetArrayA(P)

Input : A sequence of n points P = (p1,p2, . . . ,pn) ∈ R2.
1 Initialize an empty PST T .
2 for i = 1 to n do
3 Initialize an empty array Ai[1..k].
4 Set SizeA[i] = 0.

5 for i = 1 to n do
6 Query T with q = (−∞,pi,x]× (−∞,pi,y].
7 Let S be the output of this query.
8 for each p` ∈ S do
9 if SizeA[l] < k then

10 Increase SizeA[l] by 1.
11 Store i to A`[SizeA].

12 Insert pi into T .

We build a range tree on the first coordinate of the (k + 1)n points (`, `a, ` ′k−a). For each
canonical node we add a PST that is built on the last two coordinates of the points stored in
that node. It takes O(kn log2 n) time and O(kn logn) space in total. We map our query interval
q = [i, j] to q ′ = [i, j]× (−∞, j]× [i,+∞). The query takes O(log2 n+ kw) time, where w is the
output size. If we query our data structure with q ′, each point p` will be reported at most k+ 1
times. To report each point exactly once we build an array R[1. . n] initially storing 0 in each R[l],
with 1 6 l 6 n. Each time a point p` is reported during query, we first check the value stored in
R[l]. If R[l] contains 0 then p` is seen for the first time; we report p` and update R[l] ← 1. If R[l]
contains 1 then p` is already reported before and we do not report it this time. Reset R[1 . . . n] to
0 in O(w) time. The entire query takes O(log2 n+ kw) time, where w is the output size.

theorem 4 .24. Suppose P = (p1,p2, . . . ,pn) is a sequence of n points in R2 and k is a fixed integer.
P can be preprocessed into a data structure of size O(kn logn) in O(kn log2 n) time such that given a
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query interval [i, j] we can report all k-dominated points in Pi,j in O(log2 n+ kw) time, where w is the
output size.

4.3.5 Report k-Dominant Points

Let a k-dominant point be a maximal point in a query interval that dominates at least k other
points in the same interval. In this section we solve the following problem. Given a sequence of
n points P = (p1,p2, . . . ,pn) in R2, and a fixed constant k, we want to report all k-dominant
points in Pi,j in the query interval [i, j]. The preprocessing technique for this problem is similar
to that of k-dominated points. We highlight the key differences here. For any ` with 1 6 l 6 n, let
p`1 ,p`2 , . . . ,p`k be the first k points that are dominated by the point p`, where ` < `1 < . . . < `k.
Similarly, p` ′k , . . . ,p` ′2 ,p` ′1 be the last k points that are dominated by p`, where ` ′k < `

′
k−1 < . . . <

` ′1 < ` (see Figure 4.9). As shown before each interval (` ′k−a, `a) with 0 6 a 6 k represents k
points that are dominated by point p` and ` ′0 = `0 = `. Now we obtain the following lemma.

lemma 4 .25. Suppose 1 6 i < j 6 n, and k is a fixed integer. A point p` ∈ Pi,j dominates at least k
points in Pi,j if and only if there exists some a with 0 6 a 6 k, such that i 6 l 6 j, `a 6 j and ` ′k−a > i.

l

ji

β(l)

∈ NE(pl)

α(l)

∈ NE(pl)

1 nl′1l′k l′k−1 · · · lkl1 lk−1

Last K points ∈ SW (pl) First K points ∈ SW (pl)

· · · · · ·

· · ·

and < l and > l

Figure 4.9: Proof of Lemma 4.26. For an example, the highlighted interval (` ′k−1, `1) satisfies the query
interval [i, j].

Recall that α(k) (similarly, β(k)) is the point with the smallest index greater than (similarly,
the highest index smaller than) pk that dominates pk. We use the mapping technique as follows.
For each 1 6 l 6 n, we map point p` to at most k+ 1 points (`,α(`),β(`), `a, ` ′k−a) ∈ R5, where
0 6 a 6 k. This again gives us a set of at most (k+ 1)n points. From Lemma 4.13 and Lemma 4.25

we obtain the following.

lemma 4 .26. Suppose 1 6 i 6 l 6 j 6 n and k is a fixed integer. The point p` is a maximal point in Pi,j
that dominates at least k points in Pi,j, if and only if there are at least k points (`,α(`),β(`), `a, ` ′k−a) ∈
R5, α(`) > j and β(`) < i.

We modify the query q in line 6 of Algorithm 9 by q ′ = [pi,x,+∞)× [pi,y,+∞) to find the
k points that are dominated by each point pi. As before, this process takes O(nk + n logn)
time and O(nk) space. We build a 3-dimensional range tree for the first three coordinates of the
(k+ 1)n points (`,α(`),β(`), `a, ` ′k−a). At the last level, for each canonical node we add a PST
that is built on the last two coordinates of the points stored in that node. It takes O(kn log4 n)
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time and O(kn log3 n) space in total. We next map our query interval q = [i, j] to q ′ = [i, j]×
[j + 1,∞)× (−∞, i − 1]× (−∞, j]× [i,∞)). To report each point exactly once we use the same
technique applied in Section 4.3.4. Each query takes O(log4 n+ kw) time, where w is the output
size.

theorem 4 .27. Suppose P = (p1,p2, . . . ,pn) is a sequence of n points in R2 and k is a fixed integer.
P can be preprocessed into a data structure of size O(kn log3 n) in O(kn log4 n) time such that given a
query interval [i, j] we can report all k-dominant points in Pi,j in O(log4 n+ kw) time, where w is the
output size.

4.3.6 Generalization to Higher Dimensions

In this section, we show how to generalize our results to any dimension d > 2 to solve all window
query problems for points on maximal layers.

definition 4 .28. The maximal layer L1 of a set of points in Rd is defined to be the maximal points in
the set under the dominance relation where a point p is said to be dominated by a point p ′ if p[k] 6 p ′[k]
for 1 6 k 6 d and p 6= p ′.

Recall that we presented the data structure for computing α(.) and β(.) for points in Rd in
Section 4.3.1. Note that in all problems presented in this section, except for the problem that
reports whether point pk is on some maximal layer L3 or more, we follow a mapping technique
where a point pk in R2 is mapped to a point in higher dimension using the timestamp k of pk,
α(k), β(k) and possibly other points in R2 that satisfy some query property. So the main data
structures to answer all these problems remain the same in higher dimension as well. However,
the time and space required to preprocess α(k) and β(k) for all pk ∈ Rd dominate the total
preprocessing time and space requirement for these data structures. So using Theorem 4.16 we
directly obtain the following results for the general case (for a fixed d > 2).

theorem 4 .29. A sequence of n points P = (p1,p2, · · · ,pn) in Rd, where d > 3, can be preprocessed
into a data structure of size O(n logd−2 n) in time O(n logd−1 n) such that given a query interval [i, j]
and a point pk with i 6 k 6 j, we can report whether pk is on the maximal layer L1 of points Pi,j in time
O(1).

theorem 4 .30. A sequence of n points P = (p1,p2, · · · ,pn) in Rd, where d > 4, can be preprocessed
into a data structure of size O(n logd−2 n) in time O(n logd−1 n) such that given a query interval [i, j]
we can report the total number of maximal points of Pi,j in time O(log2 n). For 2 6 d 6 3, O(n log2 n)
space and O(n log2 n) time are required for preprocessing.

theorem 4 .31. Suppose P = (p1,p2, . . . ,pn) is a sequence of n points in Rd and k is a fixed integer.
When d > 3, P can be preprocessed into a data structure of size O(kn logd−2 n) in O(kn logd−1 n) time
such that given a query interval [i, j] we can report all k-dominated points in Pi,j in O(log2 n+ kw) time,
where w is the output size. For 2 6 d 6 3, O(kn logn) space and O(kn log2 n) time are required for
preprocessing.

theorem 4 .32. Suppose P = (p1,p2, · · · ,pn) is a sequence of n points in Rd and k is a fixed integer.
When d > 5, P can be preprocessed into a data structure of size O(kn logd−2 n) in O(n logd−1 n) time
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such that given a query interval [i, j] we can report all maximal points of Pi,j that dominate at least k
points in Pi,j in O(log4 n+ kw) time, where w is the output size. For 2 6 d 6 5, O(kn log3 n) space
and O(kn log4 n) time are required for preprocessing.

Now we discuss how to report whether point pk is on some maximal layer L3 or more in
Rd. We modify the functions f(`) and g(`) to map each point p` = (p`,x1,p`,x2, · · · ,p`,xd) ∈
P, where 1 6 l 6 n, to a point in Rd+2 as follows. We redefine the functions as f(`) =

(p`,x1,p`,x2, · · · ,p`,xd, `, ` ′) ∈ Rd+2 and g(`) = (p`,x1,p`,x2, · · · ,p`,xd, `, ` ′′) ∈ Rd+2. Our range
tree data structures that store these sets of points now have (d+ 2)-dimensions. To query accord-
ingly, we redefine our query functions as F(i, j, k) = [pk,x1,∞)× [pk,x2,∞)× · · · × [pk,xd,∞)×
[i,∞)× (−∞, j], and G(i, j, k) = [pk,x1,∞)× [pk,x2,∞)× · · · × [pk,xd,∞)× (−∞, j]× [i,∞). The
corresponding result is the following.

theorem 4 .33. Suppose P = (p1,p2, · · · ,pn) is a sequence of n points in Rd, where d > 3. P can be
preprocessed into a data structure of size O(n logd+1 n) in O(n logd+1 n) time such that given a query
interval [i, j] and an integer k with i 6 k 6 j, we can decide whether pk is on some maximal layer Lγ,
where γ = 2,> 3, of the point Pi,j = (pi,pi+1, · · · ,pj) in O(logd+1 n) time.

4.4 window-aggregate queries using coresets

Let µ be a fixed aggregate function that takes a set of points P in Rd and assigns a real number
µ(P) > 0 to it. Examples of µ(P) can be the diameter, width, radius of the minimum enclosing
ball, volume of the smallest bounding box, and the cost of clustering (e.g., k-center, k-rectilinear)
of points in P. In this section we present results for answering window-aggregate queries for some
standard geometric problems on a sequence P = (p1,p2, . . . ,pn) of n points in Rd. More specifi-
cally, given a query window [i, j] with 1 6 i < j 6 n we want to find µ(Pi,j).

Although the examples of function µ(·) mentioned above are all well-studied geometric prob-
lems in general, exact solutions to these problems are expensive even for lower dimensions.
See [10] for known exact and approximate results of these problems. As a result, faster techniques
are explored to find approximate solutions to these problems that are (1+ ε) factor within the
optimal solutions, where ε > 0 is an input parameter. Several studies (for example, [1, 3, 4, 10])
showed that many of these geometric problems can be linearly approximated by computing and
using constant size coresets (see Definition 4.34).

definition 4 .34. Let P be a set of points in Rd and let ε > 0 be a real number. A subset P ′ ⊆ P is
called an ε-coreset of P with respect to µ if µ(P ′) > (1− ε) · µ(P) [3].

More specifically, Agarwal et al. [3] showed that coresets for some of these problems can be
computed based on the coresets of the extent measure of the point set. The extent of a point set P
along a given direction is the width of the minimum slab orthogonal to the direction that encloses
P.

definition 4 .35. The extent measure of a point set P with respect to a point x ∈ Rd is defined as
w(P, x) = maxp,q∈P(p− q) · x.

The coreset based on the extent measure is the subset S of P such that the extent of S is at least
(1− ε) times the extent of P along every direction [3]. These coresets resemble the approximate
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convex hulls of the point set. As a result, problems that depend on the extent measure or the
convex hulls such as width, minimum-radius enclosing circle and minimum-volume bounding
box etc. can be approximated using these coresets. Let f(ε) be the smallest integer such that for
any set P of points in Rd and any real number ε > 0 an ε-coreset C(P, ε) has size at most f(ε)
(note that the size of the coreset depends on d but not on the size of P). We restate Lemma 23.3
from [21] here.

lemma 4 .36. [21, Lemma 23.3]) Consider P ′1 ⊆ P1 ⊆ Rd and P ′2 ⊆ P2 ⊆ Rd, where P ′1 (respectively
P ′2) is an ε-coreset of P1 (respectively P2). Then P ′1 ∪ P ′2 is an ε-coreset for P1 ∪ P2.

Following this lemma, all coresets that can be computed based on the extent measures of a
point set are called decomposable coresets. We also define the decomposable coreset function as
follows.

definition 4 .37. The function C is a decomposable coreset function, if the following holds for any
finite set P of points in Rd, any ε > 0, and any partition of P into two sets P1 and P2: Given only the
coresets C(P1, ε) and C(P2, ε) of P1 and P2, respectively, we can compute the ε-coreset C(P, ε) of P in
O(f(ε)) time [28].

Some approximation results using coresets are also available where the coresets of the points
do not depend on the coresets of the extent or the convex hull of the points, e.g., `-center cluster-
ing problem, where ` > 2 is an input parameter [1].

In the following sections we present techniques so that given a query interval [i, j], with 1 6
i < j 6 n, we can efficiently find an approximation for µ(Pi,j) using coresets.

4.4.1 Geometric Problems using Decomposable Coresets

In this section we want to compute µ(Pi,j) for a query interval [i, j] using decomposable coresets
that are available for computing µ. We follow a similar technique used in [28] for computing the
range-aggregate queries. We divide the sequence of points in P into a sequence of n/f(ε) blocks
S = (S1,S2, . . . Sn/f(ε)) such that each block Sk contains f(ε) points of P, and the overall sequence
of points in blocks in S from left to right gives the exact sequence of P. We build a range tree
T on points in blocks of S from left to right such that the k-th leaf of T contains the f(ε) points
belonging to the block Sk, for all 1 6 k 6 n/f(ε). Each leaf node contains the coreset of f(ε)
points. As we move to the upper levels of T , coresets of the child nodes can be combined to
compute the coreset of size O(log(n/f(ε)) · f(ε)) for each canonical node v of T . However, we can
reduce the size of each coreset to O(f(ε)) as follows. Recall that these coresets are based on the
extent measures of some subsets of points. We assume that there is a set of O(1/εd−1) directions
in Rd such that the angle between any two directions is O(ε). So the coreset stored at each
canonical node contains the farthest points in every O(1/εd−1) directions. Then the size of the
coreset stored at each canonical node is f(ε) = O(1/εd−1). When d = 2, we obtain f(ε) = 2π/ε.
During a query, the coreset of each canonical node can be computed by comparing the O(f(ε))
points of its child nodes in O(f(ε)) time. Total number of canonical nodes in T is O(n/f(ε)).
Therefore total space required for T is O(n/f(ε) · log(n/f(ε)) · f(ε))=O(n logn).

For each query q = [i, j], let the leaf nodes Sx and Sy of T contain the points pi and pj,
respectively. Each of these Sx and Sy nodes contains at most f(ε) points. Then coresets for
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the rest of the points in pi+1, . . . ,pj−1 can be found by combining the coresets of at most
O(log(n/f(ε)) canonical nodes of T . Therefore, the coreset C(Pi,j, ε) of size f(ε) can be computed
in O(log(n/f(ε)) · f(ε)) =O(f(ε) logn) time.

theorem 4 .38. Let P = (p1,p2, . . . ,pn) be a sequence of n points inRd, where d is a fixed dimension.
P can be preprocessed into a data structure of size O(n logn) such that for a query interval [i, j], with
1 6 i < j 6 n, we can compute a (1+ ε)-coreset of size f(ε) in time O(f(ε) logn) for geometric problems
that admit some decomposable coresets.

Applications: Theorem 4.38 can be used to compute µ(Pi,j) for any queried sequence of points
if µ(·) admits a decomposable coreset of size f(ε). In particular, suppose we have a function
µ that can be computed in O(nλ) time and µ admits a coreset C(P, ε) of size f(ε) such that
µ(P ′) > (1− ε)µ(P). Then by Theorem 4.38 we compute C(Pi,j, ε) of size f(ε) and run an exact
algorithm for computing µ(C(Pi,j, ε)). For example, since the exact diameter of a point set can
be computed in quadratic time (i.e., λ = 2) in any fixed dimension, given a query interval [i, j] a
(1+ ε)-approximation to the diameter problem of Pi,j can be computed in O((f(ε)2 + f(ε) logn)
time. Table 4.3 shows running times for computing (1+ ε)-approximations to µ(·) for some well
known geometric problems.

Diameter: the maximum distance over all pairs of points in P. In d = 2 and 3, O(n logn) time
bound is available (randomized for d = 3 [18]). For d > 4, it can be trivially solved in quadratic
time. Width: the minimum width over all slabs that enclose P, where a slab of width ∆ refers
to a region between two parallel hyperplanes of distance ∆. In d = 3, O(n2) time algorithm
is available [22]. Smallest enclosing disc: the disc with the minimum radius that contains all the
points in P. An expected linear time algorithm is available in [29]. Smallest enclosing cylinder: the
minimum radius over all cylinders that enclose P, where a cylinder of radius z refers to the region
of all points of distance z from a line. In d = 3 and for a small constant δ > 0, a O(n3+δ) time
algorithm is presented in [2]; Minimum-width annulus: the minimum width over all annuli that
encloses P, where an annulus (also called a spherical shell) of width |z− y| is a region between
two concentric spheres of radii y and z. For d = 2, O(n3/2+δ) time randomized algorithm is
available in [5].

Table 4.3: Window-aggregate query time for (1+ ε)-approximation for some geometric problems. Here n
is the total number of input points and δ > 0 is a small constant.

Problems Query time

Diameter O(f(ε)2+ f(ε) logn)

Width (in R3) O(f(ε)2+ f(ε) logn)

Volume of smallest bounding box (in R3) O(f(ε)3+ f(ε) logn)

Smallest enclosing disc O(f(ε) logn)

Smallest enclosing cylinder (in R3) O(f(ε)3+δ+ f(ε) logn)

Minimum-width annulus (in R2) O(f(ε)3/2+δ+ f(ε) logn)
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4.4.2 `-center Clustering using Coresets

Let P be a sequence of n points (p1,p2, . . . ,pn) in R2. The geometric `-center clustering problem
partitions P into ` subsets such that a certain cost function of the clustering is minimized. We
define windowed geometric `-center clustering problem as follows. Given a query interval q = [i, j],
with 1 6 i < j 6 n, and an integer ` > 2, report the cost of the `-clustering of the points
in Pi,j = (pi, . . . ,pj). Suppose C = {c1, c2, . . . , c`} is the `-center clustering of Pi,j. We consider
2 types of cost functions of a `-center clustering denoted by Φ(C); (i) the maximum radius of
the minimum enclosing balls of the clusters: minΦmax(C) = maxc`∈C radius(c`), and (ii) the
minimum summation of the radius of all balls of the clusters: minΦsum(C) =

∑
c`∈C radius(c`).

Abrahamsen et al. [1] present a coreset based algorithm that computes a (1+ε)-approximation
to the range-clustering query for `-center clustering by using a ε-coreset of the input points. To
be more specific, given a set P of n points in Rd, for any query box Q, a fixed integer ` > 2 and a
parameter ε > 0, they report an ε-coreset P ′ of P∩Q. Then any standard clustering algorithm can
generate the cost of `-center clustering C for the points in P ∩Q using points from P ′ such that
Φ(C) 6 (1+ ε) ·Φ(Copt), where Φ is the cost of the clustering and Copt is an optimal clustering
for P ∩Q. For the sake of completeness we first briefly state their algorithm (Algorithm A) that
returns an ε-coreset P ′ of PQ (i.e., points in P ∩Q) of size O(`(f(`)/(cε))d) and then show how
this data structure can be used to compute coresets for `-center clustering in the window query
setting.

Algorithm A from [1]: Build a compressed quad-tree TP on the point set P. Given a query rect-
angle Q, search TP to find the set of canonical squares B that covers PQ. All the larger squares
in B are refined into a total of at least `22d smaller squares and let LB be the size of the largest
square after the refinement (this LB is the lower bound on the optimal value of the `-clustering
of PQ). Set a parameter r = ε · LB/f(`). Repeat refinement of B until the size of each square is
at most r/

√
d. Let S be the set of all smaller squares after the second refinement step. For each

square S ∈ S pick a point in PQ ∩ S. The collection of these points is the coreset P ′ of PQ.

We restate Lemmas 5 and 6 from [1] in terms of d = 2.

lemma 4 .39. [1, Lemma 5] The value LB computed by Algorithm A is a correct lower bound on
Opt`(PQ), and the set RQ is a weak r-packing for r = ε · LB/f(`) of size O(`(f(`)/(cε))2).

lemma 4 .40. [1, Lemma 6] Algorithm A runs in O(`(f(`)/(cε))2 + `((f(`)/(cε)) logn)) time.

Window query data structure: Recall that our input is a sequence P = (p1,p2, . . . ,pn) of n points
in R2. We build a range tree T on the points of P from left to right according to the increasing
order of the sequence. Each of the canonical nodes v of T covers a subsequence of the points
Pq,r = (pq,pq+1, . . . ,pr), with 1 6 q < r 6 n, in the subtree rooted at v. Algorithm A can be
applied for computing coresets from a quad tree to the clustering problem in the window setting
as follows. At each canonical node v of T we store the quad tree that covers Pq,r the points stored
in the subtree rooted at v. Given a query interval [i, j] we can find O(logn) canonical nodes
containingO(logn) quad trees that cover the queried subsequence of points Pi,j. If theseO(logn)
quad trees can quickly be combined into a single quadtree such that it covers all points in Pi,j,
then a single coreset of size O(`(f(`)/(cε))2) can be computed for Pi,j according to Algorithm
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A. We apply the technique presented in [6] to construct a compressed quad-tree for the queried
subset of points in time linear to the width of the query window W = j− i+ 1. In each of the
canonical nodes v of T we additionally store two structures; (i) the Morton-order (or the Z-order)
and (ii) a skip-quadtree over the points in the subtree of v. The Morton-order is a mapping of
the locations of a multidimensional point set to a linear list of numbers [26]. A skip-quadtree is
a linear size variant of the compressed quadtree that is built on a structure similar to the skip
lists [20].

During any query q = [i, j], we find two overlapping canonical subsets in T each of width less
than 2W in O(logW) time and merge the Z-orders stored in these subsets into one list in O(W)

time, where W = j− i+ 1 (by Lemma 13 in [6]). According to [11], a compressed quad tree can
be computed from the final Z-order of Pi,j in linear O(W) time. Now we apply Algorithm A to
compute a coreset for points in Pi,j for `-center clustering. By Lemmas 11 and 12 we summarize
the following result.

theorem 4 .41. Let P be a sequence of n points in R2. P can be preprocessed into a data structure of
sizeO(n logn) such that given a query window [i, j] and two parameters ` > 2 and ε > 0, a coreset of size
O(`(f(`)/(cε))2) for the `-center clustering can be computed inO(`((f(`)/(cε)) logn)+ `(f(`)/(cε))2+
W) time, where W is the width of the query window and c is a positive constant.

Applications: Given a query window of width W = j− i+ 1, with 1 6 i < j 6 n, we can compute
an (1+ε)-approximation to the cost of the `-center clustering of points in Pi,j within the following
bounds (by Corollary 8 in [1]).

• Euclidean `-center clustering with ` = 2: the cost is measured by the maximum Euclidean
diameter of the cluster. Queries can be answered in O((1/ε) logn+ (1/ε2) log2(1/ε) +W)

expected time.

• Rectilinear `-center clustering with ` = 2, 3: the cost is measured by half of the maximum
length of a minimum enclosing axis-aligned cube of the cluster (in L∞-metric). Queries can
be answered in O((1/ε) logn+ 1/ε2 +W) time.

• Rectilinear `-center clustering with ` = 4, 5: queries can be answered in O((1/ε) logn +

(1/ε2)polylog(1/ε) +W) time.

4.5 conclusion

In this paper, we present data structures to solve different types of window queries using geo-
metric objects. Our window data structures can answer windowed intersection decision queries
for line segments, triangles and convex c-gons in plane. We also present solutions for window
queries for counting maximal points, and reporting whether a given point is on the maximal
layers Lγ (γ = 1, 2,> 3), all k-dominated points and all k-dominant points in Rd, where d > 2.
Finally we show how to approximate window queries by computing (1+ ε)-approximations to
various geometric problems such as the diameter, width, volume of the smallest bounding box,
radius of the smallest enclosing disc or cylinder, minimum-width annulus and `-center clustering
(` > 2) using coresets.
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Remarks. The query time of the windowed intersection decision problem can be improved so
that given a query interval [i, j], with 1 6 i 6 j 6 n, a data structure of size O(n) can answer a
query in O(1) time as follows. Let B be an array of size n. For each B[α], with 1 6 α 6 n, we store
the minimum index y such that any two objects intersect within the time interval [α,y]. Note that
during the preprocessing stage we find n valid pairs (α,β) such that A[β] is the first object that
intersects A[α] and β > α (see Section 4.2.2). Let V be the set of these n valid pairs (points). We
store these (α,β) points in an orthogonal range successor data structure of size n+ o(n) such
that for a query region Q = [α,+∞)× [α,+∞), in O(logn) time, it reports the point p = (x,y)
such that p ∈ V ∩Q and y has the minimum β value among all points that lie in V ∩Q [23]. We
set B[α] = y. For all α = 1, . . . ,n, we can find B[α] in O(n logn) time which is upper bounded
by the original preprocessing time (see, for example, Corollary 4.7). For a given query interval
q = [i, j], if j > B[i] we report that some objects intersect in q, otherwise all objects in q are
disjoint. This improves the query time to O(1).
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5
T H E M O S T L I K E LY O B J E C T T O B E S E E N T H R O U G H A W I N D O W

We study data structures to answer window queries using stochastic input sequences. We present
algorithms to solve two window problems defined as follows. The first problem is the c-colored
most likely maximal point in a query window, where c > 2 is a constant. Let α1 and α2 be constants
with 0 < α1 < α2 < 1 and c=2. A sequence of blue and red stochastic points P = (p1, . . . ,pn)
in Rd is given, where every blue point is associated with probability α1 and every red point is
associated with probability α2 and d > 1. A point p = (x1, . . . , xd) in P is on the maximal layer
of P if there is no other point q = (x ′1, . . . , x ′d) in P such that x ′1 > x1, x ′2 > x2, . . . , and x ′d > xd.
Let Z be a random subset of P obtained by including each blue point of P in Z independently
with probability α1 and each red point of P in Z independently with probability α2. For a query
interval [i, j], with 1 6 i 6 j 6 n, we report the point that has the highest probability to be on the
maximal layer of the queried points (pi, . . . ,pj). The second problem we consider is the most likely
common element problem. Let U = {1, 2, . . . ,n} be the universe. Let S1,S1, . . . ,Sm be a sequence of
random subsets of U such that for p = 1, . . . ,m and i = 1, . . . ,n, element i is added to Sp with
probability αpi (independently of other choices). Let τ be a fixed real number with 0 < τ 6 1. For
query indices p, q, i and j, with 1 6 p 6 q 6 m and 1 6 i 6 j 6 n, decide whether there exists
an element k with i 6 k 6 j such that Pr(k ∈ ∩qr=pSr) > τ.

This chapter presents the results that have been submitted to the International Journal of Com-
putational Geometry & Applications [13].

5.1 introduction

Recent developments in real-world data acquisition methods (for example, reading data through
sensor networking), various forms of scientific measurements, and subsequent data management
techniques (such as cleaning and integrating datasets) have led to a massive data generation with
some inherent uncertainty. A variety of uncertainty models have been devised to categorize and
study these data. These models are studied not just in the field of data structures and algorithms,
but also in data mining [6, 31], database management [18], statistics [28], physics [26], GIS and
remote sensing [19].

In a window query we are given a sequence of input data and a predicate P. We want to pre-
process the input into a suitable data structure such that given a query window, it can efficiently
answer the query based on only the input elements that lie in the query window and matches
P. Let i and j be two positive integers, with i 6 j, such that the interval [i, j] represents a query
window with width j− i+ 1. In this paper we study window queries for stochastic input sequences
such as geometric objects (points) and elements of sets. We present data structures to solve two
window problems, namely the most likely maximal point problem and the most likely common element
problem. The problem definitions are as follows.
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pb

pr

y

x

- blue point
- red point

Figure 5.1: An instance of MLMP(B,α1;R,α2) in R2 is given. Pr(pb is on maximal layer in P) = α1(1−
α1)(1−α2)

2 and Pr(pr is on maximal layer in P) = α2(1−α1)2(1−α2).

MLMP: Most Likely Maximal Point problem. For a point p = (x1, . . . , xd) ∈ P in Rd, with d > 1,
we define D to be the set of points of P that dominate p, i.e., D(p) = {q = (x ′1, . . . , x ′d) of P: x ′1 >
x1, . . . , x ′d > xd}. A point p is dominated by q if q ∈ D(p). A point p ∈ P is a maximal point if
D(p)∩ P = ∅. The maximal layer is the set of all maximal points in P.

Let α1 and α2 be constants with 0 < α1 < α2 < 1. Let P = (p1, . . . ,pn) be a sequence of n
points in Rd with d > 1. Let each point of P be either colored blue or red. Let B ⊆ P be the
set of all blue points and let R ⊆ P be the set of all red points. Furthermore, each blue point is
associated with probability α1 and each red point is associated with probability α2. Note that
P = B∪ R and we denote this instance of P as (B,α1;R,α2). Let Z be a random subset of P given
by including each blue point of P in Z independently with probability α1 and each red point of
P in Z independently with probability α2.

For a point p ′ ∈ P, let s be the number of blue points of P in D(p ′). Similarly let t be the
number of red points of P in D(p ′). If p ′ itself is a blue point then the probability that p ′ is on
the maximal layer in Z is α1(1− α1)s(1− α2)t. Similarly if p ′ is a red point then the probability
that p ′ is on the maximal layer in Z is α2(1−α1)s(1−α2)t. See Figure 5.1 for an example.

For 1 6 i < j 6 n, let Pi,j denote the subsequence of stochastic points (pi,pi+1, . . . ,pj). Given
a query interval [i, j], with i 6 j, we report the most likely maximal point (MLMP) defined to be
the point with the highest probability such that it is not dominated by any other input points in
Pi,j.

Given a query interval [i, j], we define Pi,j = Bi,j ∪ Ri,j, where Bi,j = B∩ Pi,j and Ri,j = R∩ Pi,j.
We present data structures that can answer window queries for the most likely maximal point in
the above mentioned instance of P. Now the window problem of the most likely maximal point
is denoted as MLMP(Bi,j,α1;Ri,j,α2).

Next we show how to extend this technique to solve the c-colored MLMP problem defined
as follows. Let α1, . . . ,αc be constants, with 0 < α1 < α2 < . . . < αc < 1. Given a sequence
of stochastic points P = P1 ∪ P2 ∪ . . . ∪ Pc in Rd, where c is a constant and for r = 1, . . . , c,
each r-colored point belongs to Pr has a probability αr associated with it and d > 1. P can be
preprocessed into a data structure that can report the most likely maximal point within Pi,j, with
1 6 i 6 j 6 n.

We also answer the following query. Suppose a sequence of stochastic points P = (p1,p2, . . . ,pn)
in R2 is given such that for k = 1, 2, . . . ,n, point pk exists with probability γk, with 0 6 γk 6 1,
independently of the other points. Given a query interval [i, j], with i 6 j, and an additional
integer t ∈ [i, j], we can report the probability for the point pt to be on the maximal layer in Pi,j.
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MLCE: Most Likely Common Element problem. Let U = {1, 2, . . . ,n} be the universe. Let
S1,S1, . . . ,Sm be a sequence of random subsets of U such that for p = 1, . . . ,m and i = 1, . . . ,n,
element i is added to Sp with probability αpi (independently of other choices). Let τ be a fixed
real number with 0 < τ 6 1. We answer queries of the following type: Given query indices p, q, i
and j, with 1 6 p 6 q 6 m and 1 6 i 6 j 6 n, decide if there exists an element k ∈ {i, i+ 1, . . . , j}
that is contained in Sp ∩ Sp+1 ∩ . . . ,∩Sq with probability at least τ.

Observe that Pr(k ∈ ∩qr=pSr) =
∏q
r=p αrk. Thus, the problem is equivalent to the following:

Let S be an m× n matrix in which each entry S[p, i] is a real number αpi ∈ [0, 1]. We want to
preprocess S into a data structure such that for any query values p, q, i and j, we can decide if
there exists some integer k for which i 6 k 6 j and

∏q
r=p αrk > τ.

5.1.1 Related Work

The window data structures have been considered in many recent studies including [8, 9, 12,
14, 15, 16, 17]. These studies solve window queries for various geometric and graph problems
and consider sequences of geometric objects (such as, points, line segments and polygons) or
graph edges as input. However none of these papers have considered any model of uncertainty in
their studies. Typically, models of uncertainty describe a distribution or regions for each point’s
location in the input sequence. Many papers have studied (offline) geometric problems with
one or more of these models. The most widely studied models of uncertainty are stochastic points,
where each point pk has a fixed location which only exists with a probability αk, with 0 < αk 6 1
(see [7, 22, 23, 32]); uncertain points, where each point pk’s location is described by a probability
distribution αk (see [21, 2, 29]); indecisive points or multipoint model, where each point can take
one of a finite number of locations (see [4, 21, 30]) and imprecise points, where each point’s location
is not known precisely but it is restricted to a region (see [20, 25]).

Although these uncertainty models have not been studied so far in the window query setting,
various authors presented range searching data structures on stochastic or uncertain geometric
objects (e.g., points and line segments) such as range counting coresets for uncertain data [1],
range reporting with a query interval and a probability threshold [3], range-maximum query on
uncertain data [5], range queries (i.e., report top-k points with highest probabilities) given some
query interval [24].

5.1.2 New Results

The main contributions of this paper are listed below.

1. Window queries for c-colored MLMP problems: We show how to preprocess a sequence of n
stochastic points in Rd, for a fixed d > 1, into a data structure of size O(n logn) so that
given a query interval [i, j] with 1 6 i 6 j 6 n, it can report the most likely maximal point
of Pi,j in O(1) time.

2. Window queries for MLCE problems: We show how to preprocess a matrix S of size m×n into
a data structure of size O(mn) in O(mn) time such that for any query values p, q, i and j,
we can decide if there exists some integer k for which i 6 k 6 j and

∏q
r=p αrk > τ in O(1)
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time, where τ is a fixed real number with 0 < τ 6 1. The reporting version of the query can
be answered in O(logn+w) time, where w is the total number of all elements k for which
i 6 k 6 j and

∏q
r=p αrk > τ.

5.1.3 Organization

The rest of this paper is organized as follows. Section 2 presents results for the c-colored win-
dowed most likely maximal point problem. This section also outlines a data structure that can
report the probability with which a given point can exist on the maximal layer of the queried
points. In Section 3, we present algorithms and data structures for the most likely common ele-
ment problem. Section 4 concludes this paper.

5.2 most likely maximal points

The point that has the highest probability to be on the maximal layer in P is defined to be the
most likely maximal point in P. The window problem of finding the most likely maximal point is as
follows. Given a query interval q = [i, j], with 1 6 i 6 j 6 n, report the point that has the highest
probability to be on the maximal layer in Pi,j.

In this section, we initially present the MLMP problem where the points of P are only colored
by two colors. We later extend to c-colored MLMP, where c > 2 is a constant. We further present
the data structure for computing the probability for a point to be on the maximal layer in Pi,j.

5.2.1 Blue-Red Stochastic Points

Given a query interval [i, j], 1 6 i 6 j 6 n, we define Pi,j = {pi,pi+1, . . . ,pj}, Bi,j is the set of blue
points in B∩ Pi,j and Ri,j is the set of blue points in R∩ Pi,j. We denote the windowed version of
the most likely maximal point problem as MLMP(Bi,j,α1;Ri,j,α2).

lemma 5 .1. Consider a query interval [i, j] with i 6 j. If the answer to the most likely maximal point
problem is a blue point then it is a maximal point of all points in Pi,j. If the answer to the most likely
maximal point problem is a red point then it is a maximal point in Ri,j.

Proof. Suppose the answer to our query is a blue point pb. We show, by contradiction, that pb
is a maximal point of Pi,j. Suppose it is not. Then D(pb) ∩ Pi,j 6= ∅ and assume that there are s
points of color blue and t points of color red in D(pb), such that s+ t > 0. Then the probability
that pb is the most likely maximal point is α1(1− α1)s(1− α2)t but that is strictly less than α1.
It contradicts the assumption that pb is the most likely maximal point in Pi,j.

By a similar argument the second statement can also be proved. Suppose the answer to our
query is a red point pr but there exists t other red points in D(pr) in Ri,j. Then the probability
that pr is the most likely maximal point in Pi,j is α2(1−α2)t which is strictly less than α2.

First we discuss the case where points of P = B∪ R lie on the line. Without loss of generality, we
assume P lies on a horizontal line.
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Figure 5.2: An example illustrating the 1-dimensional MLMP query. (a) Points P = (p1, . . . ,p10) are on the
line. Each blue (respectively, red) point of P has an existential probability α1 = 0.3 (respectively,
α2 = 0.7) associated with it. (b) Each array cell P̂[k] stores the x-coordinate value of the point
pk. B̂ and R̂ are respectively the arrays for all blue and red points. (c) Each blue point pb is
mapped to a 2-dimensional point (b, B̂[b]). Given a query interval [2, 6] we first find the red
point p5 (Rmax) with the maximum value 6.5 (Vmax). Now we query the range tree with
[2, 6]× [6.5,+∞) and count that there are three blue points p2,p4 and p6 in the query range
with values larger than 6.5. Since 0.7 · (1− 0.3)3 = 0.24 < 0.3, we report that a blue point p6
(with value 9.5) to be the MLMP in P2,6 with probability 0.3. Similarly, we can show that for
a query interval [5, 9], point p7 is the Rmax with value Vmax = 7.5. There is exactly on blue
point p6 in the query range [5, 9]× [7.5,+∞). Since 0.7 · (1− 0.3) = 0.49 > 0.3, the red point p7
is the MLMP in P5,9 with probability 0.7.

Points are in 1-dimension. Let P̂[1. . n] be an array such that for k = 1 to n, P̂[k] = pk,x, where pk,x

is the x-coordinate of the point pk. Figure 5.2 illustrates an example. Now given a query interval
[i, j] the problem of computing the most likely maximal point in Pi,j reduces to the problem of
computing the most likely maximum value in P̂[i], . . . , P̂[j].
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Data structure: We can directly use the data structure of Agarwal et al.’s result for a set of uncertain
points [5] to find the most likely maximum value in the range [i, j] in O(n1−t + logn) time using
O(n1+t) space for any t ∈ [0, 1]. Let the most likely maximum value be X. Then the point at
position X is the most likely maximal point in Pi,j. However, we present a simpler data structure
here.

Recall that we consider (B,α1;R,α2) to be an instance of P, where B contains all the blue
points of P and R contains all the red points of P. Let B̂ be the array similar to P̂ for all blue
points and let R̂ be the array similar to P̂ for all red points. We build two separate 1-dimensional
range maximum data structures on B̂ and R̂. Given a 1-dimensional array A with N entries, the
range maximum (RM) query asks for the maximum element within a contiguous subarray of
A. Linear time and space preprocessing algorithms are known for the 1-dimensional case that
can answer queries in constant time (see for example [10]). Let RMB be the 1-dimensional RM
structure built on B̂ and let RMR be the 1-dimensional RM structure built on R̂. Both RMB and
RMR require O(n) space in total. In addition, we map each blue point pb in B̂ to a 2-dimensional
point (b, B̂[b]), where b is the position of pb in P. Suppose B̄ is the set of all 2-dimensional points
obtained in this way. Now we build a 2-dimensional range tree TB̄ on these points. Total space
and time required for constructing this range tree is O(n logn) [11].

Now we discuss how we answer a query. Given a query interval [i, j] in P̂, we first search RMR

data structure to find the maximum value for a red point in the range [i, j]. Let this point be Rmax
with the value Vmax. Then we search TB̄ with a three sided range query [i, j]× [Vmax,+∞) and
count the total number of blue points in this range. Let this number be m. That is, these are the
m blue points that exist in the interval [i, j] and have values greater than Vmax. In other words,
these m blue points in Pi,j have higher x-coordinate values than that of the red point Rmax. Then
the probability that the point Rmax is the most likely maximum point in Pi,j is α2(1−α1)m. Now
we have the following two cases to consider.

• Case 1: If α2(1− α1)m > α1 then the red point Rmax at position max is the most likely
maximal point with probability α2(1 − α1)m. We report this point as the answer to our
query.

• Case 2: Otherwise, the most likely maximum point in Pi,j is the blue point with maximum
x-coordinate in [i, j]. To find this blue point with the maximum value we search the range
maximum data structure RMB and report the output point to be the maximum point with
probability α1.

RMR and RMB can answer queries in O(1) time. Range counting query can be answered in
O(logn) time. So the total query time is bounded by O(logn). Therefore we obtain the following
theorem.

theorem 5 .2. Let α1 and α2 be constants with 0 < α1 < α2 < 1. Given an instance ofMLMP(B,α1;R,α2)
in 1-dimension, P = B∪R can be preprocessed into a data structure of size O(n logn) in O(n logn) time
such that given a query interval [i, j], with 1 6 i < j 6 n, it can report the most likely maximal point in
Pi,j in O(logn) time.
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Now we present an efficient data structure that can report the window query Q for the most
likely maximal point, where the points (B,α1;R,α2) are in Rd, with d > 1, and Q: Given a query
interval q = [i, j] with 1 6 i < j 6 n, report the most likely maximal point in Pi,j.

Points are in d-dimension. Let A[1 · · ·n] be an array such that A[k] = pk for all k = 1, . . . ,n. We
assume that all n points have distinct coordinates in all dimensions. Let D(p; i, j) be the number
of points in D(p) in Pi,j, i.e.,

D(p; i, j) = |D(p)∩ {pi,pi+1, · · · ,pj}|.

By Lemma 5.1, we have to consider two cases for answering the most likely maximal point
query. Either a blue point that is on the maximal layer of all points in Pi,j can be the most likely
maximal point in Pi,j with probability α1 or a red point in Ri,j with minimum m numbers of blue
points to its D-region can be the most likely maximal point in Pi,j with probability α2(1−α1)m.
Thus we report the answer to query Q as max{α1,α2(1−α1)m}.

Now we present solutions for the case where the most likely maximal point is a red point.
Observe that if the answer to query Q is a red point with probability α2(1− α1)m > α1 then
m 6 blog(α2/α1)/ log(1/1− α1)c. Therefore, for a fixed integer λ, with 0 6 λ 6 n, we ask query
Q ′ as follows. Given ` and r with 1 6 ` 6 r 6 n, is there a red point p inA[`, r] for whichD(p; `, r) 6 λ?

We first solve two simpler queries.

1. Q ′1: For fixed indices ` and k with 1 6 ` 6 k 6 n, given an integer r with r > k, is there a red
point p in A[`, · · · ,k] for which D(p; `, r) 6 λ?

2. Q ′2: For fixed indices k and r with 1 6 k 6 r 6 n, given an integer ` with ` 6 k, is there a red
point p in A[k, · · · , r] for which D(p; `, r) 6 λ?

Solution for Q ′1: Observe that if p is a red point in A[` · · ·k] for which D(p; `,k) > λ+ 1, then p
does not satisfy the query Q ′1. Therefore, let p be a red point in A[` · · ·k] for which D(p; `,k) 6 λ.
We define

rp = max{r : r 6 n and D(p; `, r) 6 λ}

i.e., for a fixed `, [`, rp] is the largest query interval for which point p satisfies the query. Note
that, we assume here the maximum of an empty set is max{} = −∞. We also define the following.

R`k = max{rp : p is a red point in A[` · · ·k] and D(p; `,k) 6 λ}

We answer the query as follows. Given an integer r with r > k, if r 6 R`k then return yes,
otherwise return no. Since we only store the value of R`k for fixed indices ` and k, the total space
required is O(1). We answer the query in O(1) time.

Solution for Q ′2: The solution is symmetric to the one discussed above for Q ′1. Let p be a red
point in A[k · · · r] for which D(p; k, r) 6 λ. We define

`p = min{` : ` > 1 and D(p; `, r) 6 λ}

We assume that minimum of an empty set min{} = ∞. We define
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Algorithm 10: Compute Log Values
Input : An array L[1 . . . n].

1 Initialize ` = 0 and x = 1. //x = 2`.
2 while x 6 n do
3 for i = x to min(2x− 1,n) do
4 Set L[i] = `. //L[i] = blog ic
5 Set x = 2x.
6 Set ` = `+ 1. // x = 2`

Lkr = min{`p : p is a red point in A[k · · · r] and D(p; k, r) 6 λ}

We answer the query as follows. Given an integer ` with ` 6 k, if Lkr 6 ` then return yes,
otherwise return no. For the similar reasoning, both the space and the query bound is O(1).

Answering Q ′: We now describe how we answer query Q ′ using results of queries Q ′1 and Q ′2.
For all ` = 1, 2, · · · ,n, we store the solutions for Q ′1 for intervals of width j = 0, 1, · · · , blog(n−

`+ 1)c. More formally, we store the following.

for ` = 1, 2, · · · ,n:
for j = 0, 1, · · · , blog(n− `+ 1)c:

store R`,`+2j−1

Similarly, we also store the following.
for r = 1, 2, · · · ,n:

for j = 0, 1, · · · , blog rc:
store Lr−2j+1,r

For every point in A[1 · · ·n] we store at most O(logn) many L and R values. Therefore the total
space required is O(n logn). For a given query with integers ` and r, with 1 6 ` 6 r 6 n, we
answer the query as follows.

1. If ` = r: if p` is a red point then we return yes, else we return no.

2. If ` < r: let h = blog(r− `)c. Observe that {`, `+ 1, · · · , r} = {`, · · · , `+ 2h − 1} ∪ {r− 2h +

1, · · · , r}. If r 6 R`,`+2h−1 or Lr−2h+1,r 6 ` then we return yes, else we return no.

The query Q ′ can be answered in O(1) time.
We also present an alternative method for computing blog(r− `)c in O(1) time. We precom-

pute the values of blog(r− `)c and store them in an array so that the corresponding value can be
fetched when required. Let L[1 . . . n] be an array that is initially empty. We initialize ` = 0 and
x = 2`. See Algorithm 10 for details on how to compute L[i] for i = 1, . . . ,n.

We summarize the result for querying Q ′ in the following theorem.
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theorem 5 .3. Let α1 and α2 be constants with 0 < α1 < α2 < 1, and let λ be a fixed integer with
0 6 λ 6 n. Suppose A[1 · · ·n] is an array such that for k = 1 to n each A[k] is either a blue point with
existential probability α1 or a red point with existential probability α2. A can be preprocessed into a data
structure of size O(n logn) such that given a query interval [`, r] with 1 6 ` 6 r 6 n, it can report
whether there exists a red point in A[` · · · r] with at most λ blue points in its D-region in O(1) time.

Answering Q: Finally given a query interval [i, j], with 1 6 i < j 6 n, we answer query Q as
follows. Recall that m is a constant with value at most β = blog(α2/α1)/ log(1/(1− α1))c. We
build our data structures for solving query Q ′ for λ = 0, 1, · · · ,β. Given a query interval [i, j], we
query these data structures sequentially starting with λ = 0 and onwards. If any of these queries
with 0 6 λ 6 blog(α2/α1)/ log(1/1−α1)c returns yes, then we stop and report that a red point to
be the most likely maximal point with probability α2(1− α1)λ. Otherwise we report that a blue
point is the most likely maximal point with probability α1. Thus we obtain the following result.

theorem 5 .4. Let α1 and α2 be constants with 0 < α1 < α2 < 1. Given an instance ofMLMP(B,α1;R,α2),
P = B ∪ R can be preprocessed into a data structure of size O(n logn), such that given a query interval
[i, j] with 1 6 i < j 6 n, one can report the most likely maximal point in Pi,j in O(1) time.

5.2.2 c-colored MLMP

In this section, we generalize our algorithm so that it can answer the c-colored MLMP query
defined as follows. Let α1, . . . ,αc are constants, with 0 < α1 < α2 < . . . < αc < 1. Let P =

P1 ∪ P2 ∪ . . . ∪ Pc be a set of n points in Rd, for some fixed d. For r = 1, 2, . . . , c, let all points in
Pr be colored by the r-th color. Furthermore, for r = 1, 2, . . . , c, each point in Pr is associated with
probability αr.

We first describe the extension for c = 3. Let α1, α2 and α3 be constants with 0 < α1 < α2 <
α3 < 1. Let P = B ∪ R ∪G be a subsequence of B blue, R red and G green points, where each
blue point has a probability α1 associated with it, each red point has a probability α2 associated
with it and each green point has a probability α3 associated with it. Let Z be a random subset
of P where each blue (respectively, red and green) point of P is added to Z with probability α1
(respectively, α2 and α3) independently of other points. For a query window [i, j], we define
Pi,j = {pi, . . . ,pj}, Bi,j = B ∩ Pi,j, Ri,j = R ∩ Pi,j and Gi,j = G ∩ Pi,j. Lemma 5.1 can be extended
as follows.

lemma 5 .5.

1. A blue point is the answer to our query with probability α1 if it is on the maximal layer of all points
in Pi,j.

2. A red point p ′ is the answer to our query with probability α2(1−α1)m if it is on the maximal layer
of Ri,j such that at mostm blue points in Bi,j exist in D(p ′), with 0 6 m 6 blog(α2/α1)/ log(1/1−
α1)c, and no green points in Gi,j exist in D(p ′).

3. A green point p ′′ is the answer to our query with probability α3(1 − α1)k(1 − α2)` if it is on
the maximal layer of Gi,j such that at most k blue points in Bi,j exist in D(p ′′), with 0 6 k 6
blog(α3/α1)/ log(1/(1− α1))c, and at most ` red points in Ri,j exist in D(p ′′), with 0 6 ` 6
blog(α3/α2)/ log(1/(1−α2))c.
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The proof is similar to that of Lemma 5.1 and hence omitted.

Answering queries: The final answer to our query in this setting can be obtained by computing
the max{α1,α2(1− α1)m,α3(1− α1)k(1− α2)`}. Note that the data structures we presented in
the previous section can answer for the first two cases of Lemma 5.5.

For case 3, similar to the analysis presented earlier, we can show that if ` = 0 then k 6
blog(α3/α1)/ log(1/(1−α1))c and if k = 0 then ` 6 blog(α3/α2)/ log(1/(1−α2))c. Since α1 < α2,
the maximum possible value of k is larger than the maximum possible value of `. So, a green point
pg can be the most likely maximal point if there are at most λ ′ = blog(α3/α1)/ log(1/(1− α1))c
points in D(pg). So we ask this query: ‘Is there a green point pg with at most λ ′ points in D(pg) in
Pi,j?’. The data structure for Q ′ (see Section 5.2.1) can answer this query. Since we assume that
all probability values α1, α2 and α3 are constants, we obtain constant number of pairs (k, `), with
k+ ` 6 λ ′, to query for case 3. Now we query the data structure for Q ′ with λ = 0, 1, . . . , λ ′. As
mentioned above, the final answer for the 3-colored MLMP point can be answered by computing
the maximum of all probabilities obtained for all the three cases in constant time. Total space
required is O(n logn) and query can be answered in O(1) time. We can generalize this to a
constant number of colors. The result is summarized as follows.

theorem 5 .6. For a fixed integer c > 0, let α1, . . . ,αc be constant real numbers with 0 < α1 < . . . <
αc < 1. Let P = P1 ∪ P2 ∪ . . . ∪ Pc be a sequence of n stochastic points such that for r = 1, . . . , c, each
r-colored point belongs to Pr and has a probability αr associated with it. P can be preprocessed into a data
structure so that given a query window [i, j], with 1 6 i 6 j 6 n, it can report the c-colored MLMP in
Pi,j in O(1) time using O(n logn) space.

5.2.3 Report Pr(pt is on the Maximal Layer in Pi,j)

Let P = (p1,p2, . . . ,pn) be a sequence of n points in R2, where for k = 1 to n each point pk ∈ P
has a probability γk ∈ (0, 1] associated with it. In this section we solve the following problem:
‘Given three integers i, j and t, with 1 6 i 6 t 6 j 6 n, report the probability that pt is on the maximal
layer in Pi,j’.

For k=1 to n, let each point pk be represented as (pk,x1 ,pk,x2), where x1 and x2 are the co-
ordinates of pk. We build a 3-dimensional range tree T on the points in P, where the first level
is on the sequence of the points 1 . . . n from left to right. At each of the canonical nodes of this
tree we build two more levels based on, respectively, the x1 and the x2 coordinates of the points
that are stored in this node. Now at each canonical node w of the third level of T , we store
the probability that none of the points stored in the subtree Tw exist. We denote this value by
ρ(w) =

∏
p`∈Tw(1−γ`). The time and space required to build the range tree T is O(n log2 n) [11].

Answering a query. Given i, j and t, with 1 6 i 6 t 6 j 6 n, we want to report the probability of
pt to be on the maximal layer in Pi,j. This requires us to find all points p`, with i 6 ` 6 j, such
that p` ∈ D(pt). Recall that D(pt) is the set of points in Pi,j that dominates pt. We obtain the
following lemma.
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lemma 5 .7. Suppose 1 6 i 6 t 6 j 6 n. The point pt is on the maximal layer in Pi,j if pt exists and
none of the points p` ∈ D(pt) exist, where i 6 ` 6 j.

Therefore, the probability that pt belongs to the maximal layer in Pi,j is the value γt ·
∏
p`∈D(pt)

(1−

γ`). To find all points in the D-region of a given point pt = (pt,x1,pt,x2), we query T with
[i, j] × [pt,x1,+∞) × [pt,x2,+∞). As the result, we obtain O(log2 n) number of ρ values from
O(log2 n) canonical nodes that cover all points in Pi,j. We denote these ρ-values by ρ1, . . . , ρlog2n.

We report γt · (
∏log2n
m=1 ρm) as the probability that point pt is on the maximal layer in Pi,j. There-

fore, it takes O(log2 n) time to answer a query. We can generalize this data structure for points
in d-dimension, for any fixed d > 2.

theorem 5 .8. A sequence P = (p1,p2, . . . ,pn) of n points in Rd is given, where for k = 1 to n each
point pk ∈ P has a probability γk ∈ (0, 1] associated with it. P can be preprocessed into a data structure
of size O(n logd n) in O(n logd n) time such that given a query interval [i, j] and an integer t with
i 6 t 6 j, the probability that pt to be on the maximal layer of Pi,j can be reported in O(logd n) time.

5.3 most likely common elements

Let S be an m× n matrix in which each entry S[p, i] is a real number αpi ∈ [0, 1]. We want to
preprocess S into a data structure such that for query values p, q, i and j, with 1 6 p 6 q 6 m

and 1 6 i 6 j 6 n, it can decide if there exists some integer k (the most likely common element)
for which i 6 k 6 j and

∏q
r=p αrk > τ. We also present a data structure that can report all

common elements in the query window.

Preprocessing: Let S ′ be the matrix of size m× n. For p = 1, . . . ,m and for i = 1, . . . ,n, we
store S ′[p, i] = r − p + 1, where r = max{h :

∏h
`=p α`i > τ}, i.e., the length of the maximum

subsequence of rows such that the product of the entries S[`, i], with p 6 ` 6 h, is at least τ.
Figure 5.3 illustrates an example. For i = 1, . . . ,n, we scan each column i and find the values
of S ′[p, i]. See Algorithm 11 for the preprocessing step. For each row p = 1, . . . ,m, we build the
range maximum data structure RMp using linear space [10], so that for any query interval [i, j],
with 1 6 i < j 6 n, it can report the maximum value stored in S ′[p, i], . . . , S ′[p, j] in O(1) time.
The total preprocessing requires O(mn) time.

To report all common elements that satisfy the condition, we build the data structure de-
scribed as follows. For p = 1, . . . ,m and for i = 1, . . . ,n, we map the values S ′[p, i] to a point
(i, S ′[p, i]) ∈ R2. Let Xp be the set of points obtained in this way for the row p of S ′. For
p = 1, . . . ,m we create a priority search tree (PST) (see [27]) Tp for the points in Xp. Hence
the first level of Tp is based on the values of i. For each canonical node of this tree, we build a
second level on the sorted values of S ′[p, i]. For each row p, this can be done in O(n logn) time
and using O(n) space. So the total space requirement becomes O(mn).

Answering Queries: Given query indices p, q, i and j, we query the range maximum data struc-
ture RMp with interval [i, j]. Suppose we obtain the maximum value and denote it by Mp,i,j. If
Mp,i,j > q− p+ 1 then there exists at least an element k in [i, j] such that

∏q
r=p αrk > τ. Oth-

erwise the answer is negative. To report the common elements for the same query indices i, j, p
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Figure 5.3: (a) S is a matrix of size 5× 7 and τ = 0.3. (b) The data structure S ′. An example illustrating
the query with indices 1, 7, 1 and 3 (corresponding elements are blue in S and S ′). The range
maximum data structure for row 1 of S ′ returns the maximum value 4, which is greater than
3− 1+ 1 = 3, so there exists some element (4 & 7) in [1, 7] for which the answer is positive.
Whereas, the query with indices 3, 5, 2 and 5 returns a negative result (highlighted with green).
In row 2 of S ′ the maximum value M((x)3,5) = 3, which is less than 5− 2+ 1 = 4.

Algorithm 11: Compute S ′

Input : A matrix S of size m×n and a fixed value τ ∈ [0, 1]
1 for p = 1 to m do

2 for i = 1 to n do

3 S ′[p, i] with value −1.

4 for i = 1 to n do

5 p ← 1 and top ← 0.
6 for � = 1 to m do

7 case � = 1 : do

8 if S[�, i] < τ then

9 S ′[�, i] = 0.

10 else

11 p = p ∗ S[�, i].
12 top = 1.

13 �++.

14 case � � 2 : do

15 if p ∗ S[�, i] � τ then

16 p ← p ∗ S[�, i] and �++.

17 else

18 S ′[top, i] = �− top.
19 p ← (p/S[top, i]).
20 top++.
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and q, we query Tp using a query range [i, j]× [q−p+ 1,+∞). The output of this query is the set
of all those elements k in S[p, i], . . . , S[q, j] such that

∏q
r=p αrk > τ. Each query can be answered

in O(logn+w) time, where w is the size of the output. Therefore, we obtain the following.

theorem 5 .9. Let S be a matrix of size m × n, where m and n are positive integers. Suppose for
p = 1, . . . ,m and i = 1, . . . ,n, each element of S[p, i] is a real number αpi ∈ (0, 1). Let τ be a fixed
threshold in [0, 1]. S can be preprocessed into data structures of size O(mn) so that given query indices i,
j, p and q, with 1 6 i < j 6 n and 1 6 p < q 6 m, it can answer the MLCE queries in O(1) time and
report these common elements in O(logn+w) time, where w is the size of the output.

5.3.1 A Special Case

We consider a special case of MLCE problem where S is an m×n matrix and each entry S[p, i] is
αpi ∈ {0, 1} and τ = 1. We want to preprocess S into a data structure such that for query values
p, q, i and j, with 1 6 p 6 q 6 m and 1 6 i 6 j 6 n, it can decide if there exists some integer k
for which i 6 k 6 j and

∏q
r=p αrk = τ.

We remove all entries of S that contain zero. Let N be the total number of elements in S that
have value 1, that is

∑m
p=1

∑n
i=1 αp,i = N. Figure 5.4 illustrates an example. After removal of all

zeros the remaining elements in S are represented by xk (see Figure 5.4(b)), where k represents
its original column index.

Preprocessing step: For each p = 1 to m and xk ∈ S[p], we define βp(k) = r− p, where r is the
smallest integer such that r > p+ 1 and xk /∈ S[r]. Let S ′ be a matrix of the same size as S. For
each row p and for each xk ∈ S[p], let S ′[p] store the value of βp(k). As before, for each row p of
S ′[p] we build the range maximum data structure RMp so that for any query interval [i, j], with
1 6 i < j 6 |S ′[p]|, it can report the maximum value stored in S ′[p, i], . . . , S ′[p, j] in O(1) time
using linear space [10]. See Figure 5.4(c).

Algorithm for computing βp(k): For each element k ∈ {1, 2, . . . ,n}, we maintain an array Xk that
contains the sorted indices (in the non-decreasing order) of the rows p such that xk ∈ S[p]. For
k = 1 to n, we scan each element of the array Xk sequentially to find the maximum subsequence
of sets that contain element xk. Then for each of these sets we compute βp(k) according to Algo-
rithm 12. Initialization of m empty lists S ′[p], with 1 6 p 6 m, (lines 1 and 2) takes O(N) time.
From line 3 to 13, every element of lists X1 . . . Xn is scanned exactly once to find the maximum
subsequence of sets as discussed above. Therefore the total time required for this algorithm is
O(N). The total space required for S ′ is also

∑n
k=1 |Xk| = N. Thus the total space requirement is

linear.

Answering queries: The query process is similar to the previous section. Since S ′ is not a matrix
in this case, we use binary searches before querying for the range maximum value. For query
indices p, q, i and j, we query S ′[p] using the interval [i, j] to find the range xi ′j ′ = xi ′ , . . . , xj ′
with the smallest index i ′ > i and the largest index j ′ 6 j. We query the range maximum data
structure RMp for the maximum value in the range xi ′j ′ and follow the same process. The query
time is dominated by the binary searches that require O(logN) time.
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Figure 5.4: (a) A matrix S of size 5× 9. (b) S after removing all zero’s. (c) The data structure S ′. Suppose,
we query S with query indices 1, 7, 1 and 3. All corresponding elements are highlighted with
green. The query range [1, 7] in S ′ is also highlighted with green. We query the range maximum
data structure in S ′[1] for the maximum element within [1, 7]. Since M((x)1,7) = 3 is equal to

3− 1+ 1 = 3, we answer: Yes, there exists an element x5 such that
∏7

r=1 αr,5 = 1. Similarly the
answer to the query with indices 3, 8, 2 and 5 (corresponding elements are similarly highlighted
with blue in S and in S ′) is negative. The maximum value M((x)3,8) in S ′[2] is 2 that is less
than 5− 2+ 1 = 4, so there does not exist any element in [3, 8] that satisfies the condition.

Algorithm 12: Compute βp(k)

Input : A matrix S of size N

1 for � = 1 to m do

2 empty rows S ′[�] of size |S[�]|

3 for k = 1 to n do

4 for p = 1 to |Xk| do

5 z ← Xk[p]

6 top ← Xk[p]

7 while Xk[p+ 1] == z+ 1 do

8 p++

9 z++

10 for � = top to z do

11 z− �+ 1 to the next empty cell of row S ′[�]
12 �++

13 p++

theorem 5 .10. Let S be a matrix of size m× n, where m and n are positive integers. Suppose for
p = 1, . . . ,m and i = 1, . . . ,n, each element of S[p, i] is a number αpi ∈ {0, 1} and τ = 1. Let N be the
total number of elements in S that have value 1. S can be preprocessed into data structures of size O(N) so
that given query indices i, j, p and q, with 1 � i < j � n and 1 � p < q � m, it can answer the MLCE
queries in O(logN) time and report these common elements in O(logN+w), where w is the size of the
output.
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5.4 conclusion

We present data structures to answer two types of window queries for stochastic input sequences.
The first problem is a c-colored most likely maximal point problem (MLMP) where given an in-
stance of MLMP(P1,α1;P2,α2; . . . ;Pc,αc), with P = P1 ∪ . . . ∪ Pc, and a pair of query indices
our data structures can report the most likely maximal point within a query interval in P in O(1)
time using O(n logn) space, where n is the number of points in the input sequence. Secondly, we
solve the most likely common element (MLCE) problem, where a matrix of size m× n, with all
entries being real numbers in [0, 1] and a fixed real number τ in [0, 1] are given. For query indices
p, q, i and j, our data structure can decide if there exists some integer k for which i 6 k 6 j and∏q
r=p αrk > τ in O(1) time using O(mn) space. The reporting version takes O(logn+w) time,

where w is the size of the output.

The following are natural problems that require further explorations.

open problem 6. Given an instance of (B,α1;R,α2), construct a data structure that can report the
most likely maximal point in a given query interval in logarithmic query time using linear space.

open problem 7. Given a sequence P = (p1, . . . ,pn) of n stochastic points in Rd, with d > 1, such
that for k = 1 . . . n, each point pk exists with probability γk ∈ [0, 1], report the most likely maximal point
in a given query interval.

open problem 8. Given a sequence of random subsets S1,S1, . . . ,Sm of U = {1, . . . ,n} and query
indices p, q, i and j, with 1 6 p 6 q 6 m and 1 6 i 6 j 6 n, find the element k ∈ {i, . . . , j} that is most
likely to be in Sp ∩ Sp+1 ∩ . . . ,∩Sq.
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