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Abstract

In this work, we focus on two kinds of problems involving the proximity of geometric

objects. The first part revolves around intersection detection problems. In this set-

ting, we are given two (or more) geometric objects, and we are allowed to preprocess

them separately. Then, the objects are translated and rotated within a geometric

space, and we need to e�ciently test if they intersect in these new positions. We

develop representations of convex polytopes in any (constant) dimension that allow

us to perform this intersection test in logarithmic time.

In the second part of this work, we turn our attention to facility location problems.

In this setting, we are given a set of sites in a geometric space and we want to place

a facility at a specific place in such a way that the distance between the facility and

its farthest site is minimized. We study first the constrained version of the problem,

in which the facility can only be placed within a given geometric domain. We then

study the facility location problem under the geodesic metric. In this setting, we

consider a di↵erent way to measure distances: Given a simple polygon, we say that

the distance between two points is the length of the shortest path that connects them

while staying within the given polygon. In both cases, we present algorithms to find

the optimal location of the facility. In the process of solving facility location problems,

we rely heavily on geometric structures called Voronoi diagrams. These structures

summarize the proximity information of a set of “simple” geometric objects in the

plane and encode it as a decomposition of the plane into interior disjoint regions whose

boundaries define a plane graph. We study the problem of constructing Voronoi

diagrams incrementally by analyzing the number of edge insertions and deletions

needed to maintain its combinatorial structure as new sites are added.

vi



Chapter 1

Introduction

The main objective of this work is to present several results in the area of Computa-

tional Geometry. From a general point of view, Computational Geometry is a field

within Computer Science that studies geometric objects embedded in a given space

and their interactions. This field emerged as part of the design and implementation

of algorithms during the 1970’s. Since then, problems in Computational Geometry

have received the attention of the research community due to their applications in

fields such as computer graphics, geographical information systems (GIS), robotics,

communication, networks, operation research, etc.

In this work, we focus on two kind of problems involving the proximity of geometric

objects: Chapters 2 and 3 provide an introduction and background to the problems

studied in this work. Chapter 4 deals with intersection detection while Chapters 5, 6

and 7 deal with Voronoi diagrams and Facility location problems. A brief introduction

and summary of each part is given below. The first section of each chapter provides

a more detailed introduction.

1.1 Intersection detection of convex polyhedra

Constructing or detecting the intersection between geometric objects is probably one

of the first and most important applications of computational geometry. It was one

of the main questions addressed in Shamos’ seminal paper that lay the grounds of

computational geometry [84], the first application of the plane sweep technique [85],

and is still the topic of several volumes being published today.

It is hard to overstate the importance of finding e�cient algorithms for intersec-

tion testing or collision detection as this class of problems has several applications

in motion planning, robotics, computer graphics, Computer-Aided Design, VLSI de-

sign and more. They provide significant aid in engineering analysis as they allow to

1
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simulate experiments which are impractical to conduct. Computer Graphics com-

prehensively includes a broad set of applications related to Virtual Reality, Physical

Simulation and Computer-Aided Design that require fast algorithms to determine

collisions between geometric objects.

In the modeling of 3D solids, computing the intersection of two 3-dimensional

shapes is an important step in defining complex solids. In the field of computer

graphics, testing if two or more objects overlap a viewing window is an example of a

collision detection problem, as is determining the intersection of a ray and a collection

of geometric solids.

In this work we focus on detecting intersections between convex polygons and

between convex polyhedra. This topic has received much attention because it serves

as a fundamental building block in many collision detection packages. For more

information on collision detection and intersection detection refer to [57, 65] and

to Chapter 38 of the Handbook of Computational Geometry [49].

In the plane and in 3D space, optimal linear-time algorithms are known to compute

the intersection of two given convex polyhedra. A natural extension of this problem

is to consider the e↵ect of preprocessing on the complexity of intersection detection

problems. In this case, significant improvements in the query time are possible. It is

worth noting that each object should be preprocessed separately which allows us to

work with large families of objects, and to introduce new objects without triggering

a reconstruction of the whole structure.

There exist algorithms that allow us to test if two given convex polygons in the

plane intersect in logarithmic time. However, most of them rely on complicated case

analysis to solve the problem. In Chapter 4 we show an alternate (and arguably

simpler) algorithm to determine if two convex polygons intersect.

In all these 2D algorithms, preprocessing is unnecessary if the polygon is repre-

sented by an array with the vertices of the polygon in sorted order along its boundary.

In 3D-space (and in higher dimensions) however, the need for preprocessing is more

evident as the traditional DCEL representation of the polyhedron is not su�cient to

perform fast queries.



3

Whether the intersection of two preprocessed polyhedra can be tested in logarith-

mic time is an open question that was implicit in the paper of Chazelle and Dobkin [30]

in STOC’80, and explicitly posed in 1983 by Dobkin and Kirkpatrick [37]. The open

problem was listed again in 2004 by David Mount in Chapter 38 of the Handbook of

Computational Geometry [49]. Together with this question in 3D-space, Dobkin and

Kirkpatrick [37] asked if it is possible to extend these results to higher dimensions,

i.e., to independently preprocess two polyhedra in Rd such that their intersection

could be tested in logarithmic time.

In Chapter 4, we show how to independently preprocess polyhedra in any bounded

dimension such that their intersection can be tested in logarithmic time. A prelim-

inary version of this result first appeared in the proceedings of the 26th Annual

ACM-SIAM Symposium on Discrete Algorithms (SODA’15) [15].

1.2 Voronoi diagrams

When dealing with a few objects of large complexity, preprocessing each of them

independently can lead to significant improvements for intersection detection queries.

On the other hand, if many objects of low complexity are involved, then this approach

may take a long time. For example, testing if a moving object (say a disk) intersects

any element in a cloud of points S is a problem where too many intersections may

need to be checked using the approach of the previous section. To speed up this

intersection test, we can use general data structures that summarize the proximity

information of each obstacle in S. In particular, if we could know which is the closest

point in this cloud to the moving object, we could solve the intersection test by

simply asking whether this object intersects this obstacle. A structure to answer this

question is the nearest-point Voronoi diagram whose computation is crucial in motion

planning and collision detection [57, 65].

Let S be a set of n sites (points) in the plane. Intuitively, the nearest-point

Voronoi diagram of S assigns to each point in the plane its nearest site in S and

encodes it as a decomposition of the plane into interior-disjoint regions, each of which

is associated with a site s 2 S and contains all the points that are closer to s than to

any other site in S.
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Several variants of Voronoi diagrams exist, for example, if we ask to assign each

point in the plane to its farthest site in S instead of the nearest, we obtain the so

called farthest-point Voronoi diagram. A similar decomposition of the plane into

(farthest-point) Voronoi regions is obtained, each of which is associated with a site

s 2 S and contains all the points that have s as its farthest site. The boundaries of

these regions define a plane graph of linear size in n which, together with the Voronoi

regions, defines the farthest-point Voronoi diagram of S. In Section 3.4 we formally

define the farthest-point Voronoi diagram and study several of its properties.

In general, Voronoi diagrams capture much of the proximity information of a set

and have therefore several applications in computational geometry, shape reconstruc-

tion, computational biology, and machine learning. For more information on Voronoi

diagrams refer to [10].

A major open question is whether or not these Voronoi diagrams can be e�ciently

maintained as new sites are inserted or removed (the fully dynamic problem). In this

work, we focus solely on the addition of new sites (the semi-dynamic problem) which

leads to incremental algorithms to construct Voronoi diagrams.

Formally, in Chapter 5 we study the amortized number of combinatorial changes

(edge insertions and removals) needed to update the graph structure of Voronoi di-

agrams as sites are added to the set. To that e↵ect, we define a general update

operation for planar graphs that can be used to model the incremental construction

of several variants of Voronoi diagrams as well as the incremental construction of an

intersection of halfspaces in R3. We show that the amortized number of edge inser-

tions and removals needed to add a new site to the Voronoi diagram is O(
p
n), where

n is the number of sites previous to the insertion. A matching ⌦(
p
n) combinatorial

lower bound is shown, even in the case where the graph representing the Voronoi

diagram is a tree.

We then present a semi-dynamic data structure that maintains the farthest-point

Voronoi diagram of a set S of n sites in convex position. This data structure supports

the insertion of a new site p (and hence the addition of its Voronoi cell) and finds the

asymptotically minimal number K of edge insertions and removals needed to obtain

the diagram of S [ {p} from the diagram of S, in worst-case time O(K polylog n),
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which is O(
p
n polylog n) amortized by the aforementioned combinatorial result.

A preliminary version of this result first appeared in the proceedings of the 32nd

International Symposium on Computational Geometry [4].

1.3 Facility location problems

In a facility location problem, we are provided with a set of clients and their locations

that demand a service to be placed somewhere (gas station, hospital, stores, phone

antennas, etc.); such a service is o↵ered by a set of facilities that will need to be

positioned in such a way that all clients have access to them. There exist many

variants of this problem. In the most studied however, the goal is to find optimal

locations for the facilities in such a way that the maximum distance that a client

needs to travel to reach its closest facility is minimized.

A classical instance of this problem involves wireless communication. Particularly,

we are interested in placing a set of antennas, each capable of transmitting a message

to all the clients within its range of transmission. In this model, we assume that clients

are receivers capable of receiving messages from an antenna if they are within its

transmission range. We assume unidirectional communication from the antennas to

the clients. Since a larger transmission range requires more energy, we are interested

in minimizing the transmission range of the antennas while providing service to all

the clients.

To represent this problem geometrically, each wireless antenna and each client are

assigned a position and in our setting are treated as points in the plane. In addition,

an antenna A is given a range of transmission that defines a radius r around it. Thus,

this antenna is modeled by a circle of radius r centered at the antenna’s location. A

receiver R receives the message from A if and only if R lies within this circle. We

say that a client is covered if there exists an antenna whose circle contains it.

Therefore, our problem can be formulated as finding a set of antennas with mini-

mum transmission range such that each client is covered by at least one antenna.
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1.3.1 The k-center problem

To formalize the problem presented above, we proceed as follows. Let P be a set of

n sites in the plane (clients) and let k be a positive integer. A k-center of P is a set

A of k points (antennas), such that the maximum distance between a site of P and

its closest point from A is minimized.

Let r = max{d(p, a) : p 2 P, a 2 A}. Notice that if we require all the antennas to

have the same range of transmission, then the minimum radius that the antennas of

A need to have to cover all points of P is exactly r. Otherwise, regardless of where

we place the antennas, at least one site from P will be uncovered.

When k = 1, the 1-center problem is equivalent to that of finding the minimum

enclosing circle of P which represents a single antenna covering the entire set of clients.

It is well known that such a circle can be computed in O(n) time [70]. Moreover, the

1-center is known to lie on an edge of the farthest-point Voronoi diagram of P .

In many cases however, the antennas cannot be arbitrarily positioned since the

terrain or landscape does not allow it. As a consequence, the antenna must be placed

within a certain area. That is, the center of the minimum enclosing circle of P is

constrained to lie within a given region of the plane. This gives rise to the problem

studied in Chapter 6: Given two subsets � and � of the plane, find the minimum

enclosing circle of � whose center is constrained to lie on �. We first study the case

when � is a set of n sites and � is either a set of points, a set of segments (lines)

or a simple polygon. We propose several algorithms, the first solves the problem

when � is a set of m segments (or of m points) in expected ⇥((n +m) log!) time,

where ! = min{n,m}. Surprisingly, when � is a simple m-gon, we can improve

the expected running time to ⇥(m + n log n). Moreover, if � is the set of vertices

of a convex n-gon and � is a simple m-gon, we can solve the problem in expected

⇥(n +m) time. These results rely heavily on the computation of the farthest-point

Voronoi diagram of the sites in �.

In addition, we provide matching lower bounds in the algebraic decision-tree model

for all the algorithms presented in this work. While proving these results, we obtained

a ⌦(n logm) lower bound for the following problem: Given two sets A and B in R
such that |A| = m  n = |B|, decide if A is a subset of B. These results first appeared
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in the proceedings of the 11th Latin American Theoretical INformatics Symposium

(LATIN’14) [16].

1.3.2 The geodesic 1-center

In the previous section, we considered the k-center problem using the Euclidean metric

to measure the distance between points. However, there exist other metrics that can

be studied within the same framework. An example is the geodesic distance.

Let P be a simple polygon with n vertices. Given two points x, y in P , the

geodesic path between them is the shortest path contained in P connecting x with y.

The geodesic distance between x and y is the Euclidean length of the geodesic path

connecting them.

A geodesic k-center of P is a set A of k points contained in P such that the

maximum geodesic distance between any point in the polygon P and its closest point

from A is minimized.

When k = 1, the solution to the 1-center problem is also known as the geodesic

center of P . In 1989, Pollack, Sharir and Rote [83] showed an O(n log n)-time algo-

rithm to compute the geodesic center of P . Since then, it has been an open problem

whether the geodesic center can be computed in linear time (indeed, this problem

was explicitly posed by Pollack et al. [83] and later by Mitchell [73, Chapter 27]). In

Chapter 7, we show how to compute the geodesic center of P in O(n) time. While

solving this problem, we develop new machinery to work with problems involving the

geodesic distance that is of independent interest. A preliminary version of this result

first appeared in the proceedings of the 31st International Symposium on Computa-

tional Geometry [3].



Chapter 2

Related Work: State of the Art

In this chapter we present an overview of the literature related to the problems studied

in this thesis.

2.1 Intersection detection of convex polyhedra

Let P and Q be two polyhedra to be tested for intersection. Let |P | and |Q| denote
the combinatorial complexities of P and Q, respectively, i.e., the number of faces of

all dimensions of the polygon or polyhedron (vertices are 0-dimensional faces while

edges are 1-dimensional faces). Let n = |P |+ |Q| denote the total complexity.

In the plane, Shamos [84] presented an optimal ⇥(n)-time algorithm to construct

the intersection of a pair of convex polygons. Another linear-time algorithm was

later presented by O’Rourke et al. [79]. In R3, Muller and Preparata [74] proposed an

O(n log n) time algorithm to test whether two polyhedra intersect. Their algorithm

has a second phase which computes the intersection of these polyhedra within the

same running time using geometric duality. Dobkin and Kirpatrick [38] introduced a

hierarchical data structure to represent a polyhedra that allows them to test if two

polyhedra intersect in linear time. In a subsequent paper, Chazelle [29] presented an

optimal linear time algorithm to compute the intersection of two polyhedra in R3.

Significant improvements in the running time are possible if we consider the e↵ect

or preprocessing. Recall that each object should be preprocessed separately which

allows us to work with large families of objects and to introduce new objects without

triggering a reconstruction of the whole structure.

Chazelle and Dobkin [30, 31] were the first to formally define and study this class

of problems and provided an O(log |P |+ log |Q|)-time algorithm to test the intersec-

tion of two convex polygons P and Q in the plane. An alternate solution was given

by Dobkin and Kirkpatrick [37] with the same running time. Edelsbrunner [42] then

8
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used that algorithm as a preprocessing phase to find the closest pair of points be-

tween two convex polygons, within the same running time. Dobkin and Souvaine [40]

extended these algorithms to test the intersection of two convex planar regions with

piecewise curved boundaries of bounded degree in logarithmic time. These separation

algorithms rely on an involved case analysis to solve the problem.

In R3 (and in higher dimensions), the algorithms rely on new representations of

the polyhedra as the traditional representation of the polyhedron is not su�cient to

perform fast queries.

Chazelle and Dobkin [31] presented a method to preprocess a 3D polyhedron P in

O(|P |2) time and space. Using this representation, they show how to test if two pre-

processed polyhedra intersect in O(log3 n) time. Dobkin and Kirkpatrick [37] unified

and extended these results, by combining concepts from Kirkpatrick’s point location

algorithm [60], and Overmars and van Leeuwen’s dynamic convex hull techniques [81].

Using this, they show how to detect if two independently preprocessed polyhedra in-

tersect in O(log2 n) time. Both methods represent a polyhedron P by storing parallel

slices of P through each of its vertices, and thus require O(|P |2) time, although the

space used could be reduced using persistent data structures.

In 1990, Dobkin and Kirkpatrick [39] proposed a fast query algorithm that uses the

linear-space hierarchical representation of a polyhedron P defined in their previous

article [38]. Using this structure, they show how to determine in O(log |P | log |Q|)
time if the polyhedra P and Q intersect. They achieve this by maintaining the closest

pair between subsets of the polyhedra P and Q as the algorithms walks down the

hierarchical representation. While a naive implementation of this algorithm could take

time ⌦(|P | + |Q|), O’Rourke [78, Chapter 7] describes in detail an implementation

that avoids this issue and restores the O(log |P | log |Q|) bound. In Section 4.4, we

detail the specifics of this issue, and then we provide a simple modification of the

hierarchical representation that o↵ers an alternative solution.
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2.2 Incremental Voronoi diagrams

Maintaining the geometric structure of a space decomposition, such as the Voronoi

diagram, through insert, delete or kinetic events has received the attention of the re-

search community [8, 26, 50, 52]. For the Voronoi diagram, we can find several results

addressing this problem. For moving points, Guibas, Mitchell and Roos presented a

method for maintaining the Voronoi diagram over time, by tracking the topological

changes and modifying the structure of the diagram on each topological event in

O(log n) time [52].

Dynamic maintenance of space decompositions has been proved di�cult, since

in the worst case, the insertion or deletion of a point into the Voronoi diagram or

Delaunay triangulation can lead to a linear number of operations in order to maintain

its explicit structure. Nevertheless, there has been some improvements in this area. To

overcome this worst-case behavior, Aronov et al. [8] studied what happens in a specific

case (points in convex position added in clockwise order) if we count the number of

elementary link (add an edge) and cut (delete an edge) operations in the tree needed

to maintain its combinatorial structure after an insertion. They show that, in this

model, it is possible to reconfigure the tree after each site insertion while performing

O(log n) links and cuts, amortized; however their proof is existential and no algorithm

is provided to find those links and cuts. Pettie [82] shows both an alternate proof of

that fact using forbidden 0-1 matrices and a matching lower bound.

One important application of Voronoi diagrams is to solve nearest-neighbor (or

farthest-neighbor) queries: given a point in the plane, find the site nearest (or farthest)

to this point. In the static case, this is done by preprocessing the (nearest or farthest

point) Voronoi diagram to answer point-location queries in O(log n) time. Without

the need to maintain the Voronoi diagram explicitly, the problem of nearest neighbor

queries is a decomposable search problem and can be made semi-dynamic using the

standard dynamization techniques of Bentley and Saxe [18]. The best incremental

data structure supporting nearest-neighbor queries performs queries and insertions

in O(log2 n/ log log n)-time [33, 80]. Recently, Chan [26] developed a randomized

data structure supporting nearest-neighbor queries in O(log2 n)-time, insertions in

O(log3 n) amortized time, and deletions in O(log6 n) amortized time.
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2.3 The k-center problem

Finding the k-center of a set of sites P is an extensively studied problem. Meggido

and Supowit proved that the problem is NP-complete [72]. Moreover, Feder and

Greene showed that it is NP-hard to approximate by a factor smaller that 1.82 [46].

However, there are several approximation algorithms with a factor of 2, one of them

shown in [48]. In its discrete version, where a finite set M of possible locations for

the points of A is given, the problem is also NP-complete [47]. Nevertheless for the

discrete version there is a (1 + ")-approximation algorithm for any " > 0 [20]. Note

that, if k is a fixed constant, the discrete k-center problem can be solved in polynomial

time, by checking the O(nk) possible subsets of M with k elements, and determining

which one is the optimal. In fact when k = 2, there is an O(n log2 n log2 log n) time

algorithm by Chan to solve the 2-center problem [25]. When k = 1, the continuous

1-center problem is equivalent to that of finding the minimum enclosing circle of P .

To solve this problem, Megiddo proposed an optimal O(n) time algorithm using prune

and search [70].

In the process of solving the problem, Megiddo solved a restricted version of the

problem where the center of the circle was constrained to lie on a given line. Extending

these ideas, Hurtado, Sacristan and Toussaint presented an optimal ⇥(n +m)-time

algorithm to find the minimum P -circle whose center is constrained to satisfym linear

inequalities [56], where a P -circle is a circle that encloses P . In other words, they

solved the problem when the center is constrained to lie in a convex polygon of size

m. Bose and Toussaint [21] generalized this result by restricting the center of the P -

circle to lie in a simple m-gon Q. They proposed an O((n+m) log(n+m) + k)-time

algorithm, where k is the number of intersections of Q with the farthest-point Voronoi

diagram of P . The dependency on k was later removed from the running time [22].

To improve this result, Bose et al. addressed the query problem and proposed an

O(n log n)-time preprocessing on P , which allows them to find the minimum P -circle

with center on a given query line in O(log n)-time [23]. In a generalization of this

result, Barba [14] presented an algorithm to compute the minimum P -circle whose

center is constrained to lie in a given disk.

Using these results, the minimum P -circle whose center is constrained to lie in a
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simple polygon Q of size m can be computed in O((n+m) log n)-time by testing each

edge of the polygon.

2.4 The geodesic 1-center

Since the early 80s the problem of computing the geodesic center (and its counterpart,

the geodesic diameter) has received a lot of attention from the Computational Ge-

ometry community. Chazelle [27] gave the first algorithm for computing the geodesic

diameter (which runs in O(n2) time using linear space). Afterwards, Suri [88] reduced

it to O(n log n)-time without increasing the space constraints. Finally, Hershberger

and Suri [55] presented a fast matrix-search technique, one application of which is a

linear-time algorithm for computing the diameter.

The first algorithm for computing the geodesic center was given by Asano and

Toussaint [9], and runs in O(n4 log n)-time. In 1989, Pollack, Sharir, and Rote [83]

improved it to O(n log n) time. Since then, it has been an open problem whether the

geodesic center can be computed in linear time (indeed, this problem was explicitly

posed by Pollack et al. [83] and later by Mitchell [73, Chapter 27]).

Several variations of these two problems have been considered. Indeed, the same

problem has been studied under di↵erent metrics such as the L
1

geodesic distance [13],

the link distance [36, 59, 87] (where we look for the path with the minimum possible

number of bends or links), or even rectilinear link distance [75, 76] (a variation of the

link distance in which only isothetic segments are allowed). The diameter and center

of a simple polygon for both the L
1

and rectilinear link metrics can be computed in

linear time (whereas O(n log n) time is needed for the link distance).

Another natural extension is the computation of the diameter and center in polyg-

onal domains (i.e., polygons with one or more holes). Polynomial-time algorithms are

known for both the diameter [11] and center [12], although the running times are sig-

nificantly larger (i.e., O(n7.73) and O(n12+"), respectively).



Chapter 3

Preliminaries

In this chapter, we develop some of the tools that will be used throughout this thesis.

In Section 3.1, we explore the concept of "-nets which is closely related to the concept

of cuttings. Both concepts revolve around the idea of approximating a general set by

a collection of simpler subsets.

While the exact definition is more general as we will see below, intuitively an

"-net requires two things, a set of objects (for example a set P of points), called the

ground set, and a set of ranges which are simply subsets of the objects (for example

the family of all subsets of P that can be obtained by intersecting P with a disk).

These two elements together define what is called a set system (formal definitions are

given in the next section).

For a given " > 0, an "-net of the ground set in a given set system is intuitively a

sample of the ground set that hits every big range. In our example above, if we have

a set of points P in the plane, there exists a constant number of points N ⇢ P such

that any disk that contains at least "|P | points of P contains at least one point of N .

This notion turns to be extremely useful in the design of geometric algorithms,

as many geometric set systems (like the points-disks mentioned above) have “small”

"-nets. This allows us to test predicates with respect only to the "-nets and say

something about the whole set.

In Section 3.2, we study an optimization technique that allows us to transform

a decision algorithm into an optimization algorithm with the same running time by

using randomization. Intuitively, by splitting the problem into subproblems and by

having a fast decision algorithm, we can use a random process that allows us to prune

many subproblems and find the optimal solution without an exhaustive search of the

whole search space.

In Section 3.3, we introduce tools that allow us to prove lower bounds for several

13
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problems throughout this work. We use the equivalence of some decision problems

to membership problems, i.e., to decide if a point belongs or not to a given set.

We then review some results that explain the relation between the hardness of the

membership problem in a set W and the complexity of W . The combination of these

tools allows us to prove lower bounds for many geometric problems by studying only

the complexity of the solution space.

In Section 3.4, we study Voronoi diagrams. As mentioned above, these diagrams

assign to each point in the plane its farthest (or nearest) site and encode this infor-

mation as a decomposition of the plane into interior disjoint regions. We focus on the

farthest-point Voronoi diagram and present several of its properties.

3.1 Set systems

Let X be a set of geometric objects and let R be a family of subsets of X. The

pair (X,R) is called a set system (also known as hypergraph or range space) on the

ground set X.

A subset T ⇢ X is called a transversal of F ✓ R if it intersects each set of F .

Intuitively, if the size of each set in F is large, then it should be easier to hit them with

a transversal than if they are small. The notion of "-nets works with this premise.

Given a set system (X,R) and a value " 2 (0, 1], an "-net for (X,R) is a set

N ⇢ X (not necessarily a set of R) such that N \ R 6= ; for each R 2 R with

|R| � "|X|.
Therefore, we can think of "-nets as transversals of all the sets of R with at least

"|X| elements. As mentioned above, set systems with small "-nets are of particular

interest to us. Therefore, we would like to have su�cient conditions to guarantee the

existence of small "-nets.

3.1.1 VC-dimension and "-nets

In order to guarantee the existence of small "-nets, we use the Vapnik-

Chervonenkis dimension of a set system, or simply VC-dimension for short, a pa-

rameter that intuitively measures how well a set system classifies the elements of the

ground set.
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Let (X,R) be a set system. Given A ✓ X, we say that A is shattered by R if each

of the subsets of A can be obtained as the intersection of A with some set of R. That

is, for each B ✓ A, there exists R 2 R such that B = A \ R. The VC-dimension

of the set system (X,R) is the supremum of the sizes of all finite shattered subsets

of X. If arbitrarily large sets can be shattered, then we define the VC-dimension to

be infinite.

The following result shows the relation between VC-dimension and "-nets and is

known as the epsilon net theorem.

Theorem 3.1.1 (Theorem 10.2.4 of [68]). Let " > 0. For any set system (X,R)

with VC-dimension k � 2, there exists an "-net for (X,R) of size at most Ck 1

"
log 1

"
,

where C is an absolute constant.

By Theorem 3.1.1, if a set system has VC-dimension bounded by a constant, then

it has an "-net of constant size. This is a rather surprising result as the size of the

net is independent of the size of the ground set.

3.1.2 Geometric set systems

In this work, we are interested in set systems induced by geometric objects. Let X

and H be two sets of arbitrary geometric objects. For each H 2 H, let XH = {x 2
X : x \H 6= ;}. We say that H induces a set system (X,RH) on X where

RH = {XH : H 2 H}.

For example, imagine that X is a set of points in the plane and that H is the set

of all halfplanes in R2. We claim that the VC-dimension of the set system induced by

H on X is 3. Indeed, if we have 3 points in general position, then each of its subsets

can be cut o↵ by a halfplane, and so it is shattered. Next, we claim that no set of 4

points can be shattered. In general position there are essentially only two di↵erent

cases to be considered: 3 points on the boundary of the convex hull and the fourth in

the interior of the triangle, or 4 points in convex position. Regardless of the case, we

can always find a subset of the points (the point inside if the convex hull is a triangle,

or 2 opposite corners of the convex hull in the case of size 4) such that any halfplane
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containing them will contain a point from the complement of this subset. Therefore,

no set of 4 points is shattered proving our claim.

In what follows, we describe some families of geometric objects that induce set

systems of bounded VC-dimension on sets of points in Rd. Roughly speaking, if each

geometric object considered is “well-behaved”, then they will induce set systems of

bounded VC-dimension. Intuitively an object in Rd is “well-behaved” if it can be

defined by a Boolean combination of polynomial inequalities.

More formally, a set A ⇢ Rd is called semialgebraic if there are polynomials

p
1

, . . . , pr of d variables with real coe�cients and a Boolean formula �(X
1

, . . . , Xr)

(such as X
1

^ (X
2

_X
3

)), where X
1

, . . . , Xr are variables attaining values “true” or

“false” such that

A =
�
x 2 Rd : �(p

1

(x) � 0, . . . , pr(x) � 0)
 
.

Note that �may include negations, so sets where strict inequality or strict equality

is needed are also semialgebraic. Now that we know what a “well-behaved” set

looks like, we can study the VC-dimension of the set systems that they induce. The

description complexity of a semialgebraic set is the maximum of the degree of the

polynomials and the size of the Boolean function used to define it (number of boolean

operators and variables).

Theorem 3.1.2 (Proposition 10.3.3 of [68]). Let X be a set of semialgebraic sets of

bounded description complexity in Rd. Any family R of semialgebraic sets of bounded

description complexity induces a set system on X of bounded VC-dimension.

By Theorems 3.1.1 and 3.1.2, any set system induced by semialgebraic sets of

bounded description complexity on semialgebraic sets of bounded complexity has an

"-net of size O(1
"
log 1

"
) for any " > 0. While the proof of Theorem 3.1.1 is constructive

and yields an e�cient randomized algorithm to compute "-nets, we are interested

also in deterministic algorithms for the same task. In this direction, Matoušek [67]

showed how to compute such an "-net deterministically in the same running time as

its randomized counter part.

Theorem 3.1.3. Let (X,R) be a set system of VC-dimension k and let " > 0. An

"-net for (X,R) can be computed in O(n( 1

"2
log 1

"
)k) time.
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Note that the above algorithm yields a linear-time algorithm whenever " is con-

stant, which is the case in all geometric set systems considered in this work.

3.1.3 Cuttings

Inspired by "-nets, cuttings are a more advanced version of the sampling technique

applied to sets of hyperplanes.

A generalized simplex is the intersection of d + 1 closed halfspaces. Given a set

H of n hyperplanes in Rd and r > 0, a 1

r
-cutting of H is a collection of generalized

simplices that cover Rd such that the interior of each generalized simplex intersects

at most n/r hyperplanes. The following result bounds the size of a cutting and is

known as the Cutting lemma.

Theorem 3.1.4. [Theorem 6.5.3 of [68]] Given a set H of n hyperplanes in Rd and

1 < r  n, there exists a 1

r
-cutting of H consisting of O(rd) generalized simplices.

Moreover, such a cutting can be computed in O(nrd�1) time.

While the proof of Theorem 3.1.4 is quite involved, simple proofs exist at the

expense of slightly worse bounds. We provide a simple proof for the planar case to

give some intuition.

Let H be a set of n lines in the plane and let 1 < r  n. Since generalized triangles

(simplices in the plane) are semialgebraic sets of bounded description complexity, the

set system induced by generalized triangles on H has bounded VC-dimension by

Theorem 3.1.2. Therefore, we can compute an 1

r
-net N ⇢ H with |N | = O(r log r)

such that N intersects each generalized triangle that contains at least n/r lines of H.

By Theorem 3.1.3 we can compute N in O(n) time.

Notice that N defines an arrangement of lines that subdivides the plane into

O(r2 log2 r) cells. We can triangulate the faces of this arrangement in time linear

on the complexity of the arrangment to obtain O(r2 log2 r) generalized triangles that

cover the plane. Moreover, the interior of each of these triangles intersects no line

of N and hence, it intersects at most n/r lines of H. Therefore, we constructed a

1/r-cutting of H in O(n) time whose size is O(r2 log2 r).

The use of cuttings will allows us throughout this work to split di↵erent problems
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into subproblems with smaller complexity that will be easier to handle. That is, they

are the stepping stone of many divide-and-conquer algorithms.

3.2 Decision to Optimization techniques

Given a random permutation of a set of r numbers, a record is a number that is

smaller than all the numbers to its left in the sequence. It is well known that the

expected number of records in a random permutation of r numbers is given by the

harmonic series 1 + 1/2 + . . .+ 1/r  ln r + 1.

Consider the following simple randomized algorithm to compute the minimum of

r numbers given in an array A.

Algorithm rand-min

1. randomly pick a permutation (i
1

, . . . ir) of [r].

2. t 1
3. for k = 1, . . . r do

4. if A[ik] < t, then

5. t A[ik]

6. return t

Notice that step 5 is executed whenever a record is found. Therefore, step 5 is

executed 1 + 1/2 + . . . + 1/r  ln r + 1 in expectation. Imagine that the numbers

A[1], . . . A[r] are not known in advance, but are evaluated “on demand”. If a decision

A[i] < t can be made in D time for a given t while an evaluation of A[i] takes E

time, then algorithm rand-min runs in O(Dr + E log r) expected time, which is an

improvement over the trivial algorithm running in O(Er) time whenever D ⌧ E.

This observation suggests a way to solve an optimization problem: Split your

problem into subproblems of smaller size and apply the above algorithm to find the

minimum. Intuitively, not all the subproblems will be evaluated by the algorithm, but

only tested with the decision algorithm. In what follows, we formalize this intuition.

Let ⇧ be a problem space such that each problem P in ⇧ has a real solution w(P ).

Assuming that a constant-size problem can be computed in constant time, the next

lemma describes how to find w(P ) using a decision algorithm.
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Lemma 3.2.1. [Lemma 2.1 of [24]] Let ⇧ be a problem space. Let ↵ < 1 and r be

constants, and let D(·) be an increasing function such that D(n) = ⌦(n). Given any

problem P 2 ⇧, suppose that within D(|P |)time,

(i) given t 2 R, we can decide whether w(P ) < t, and

(ii) we can construct r subproblems P
1

, . . . Pr 2 ⇧, each of size at most d↵|P |e, so
that

w(P ) = min{w(P
1

), . . . , w(Pr)}.

Then for any problem P 2 ⇧, we can compute the solution w(P ) in O(D(|P |)) time.

Proof. We compute w(P ) by applying algorithm rand-min to the (unknown) num-

bers w(P
1

), . . . , w(Pr). Recall that deciding if w(Pi) < t takes D(|Pi|) time. Evaluat-

ing w(Pi) is done recursively, unless |Pi| drops below certain constant. This procedure

not only computes w(P ) but identifies a constant-size subproblem attaining this min-

imum.

Let T (P ) be a random variable corresponding to the time needed to compute

w(P ) by this procedure. Let N(Pi) be an indicator random variable, having value 1

if and only if w(Pi) is evaluated. Therefore, we have

T (P ) =
rX

i=1

N(Pi)T (Pi) +O(rD(|P |)).

As noted earlier, the expected number of evaluations by rand-min is

E[
rX

i=1

N(Pi)]  ln r + 1.

Define T (n) = max|P |n E[T (P )]. Since N(Pi) and T (Pi) are independent variables,

we have

E[T (P )] =
Pr

i=1

E[N(Pi)]E[T (Pi)] +O(rD(|P |))
 (ln r + 1)T (d↵|P |e) +O(rD(|P |)).

This implies the following recurrence:

T (n) = (ln r + 1)T (d↵|P |e) +O(D(n)).
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If we assume that (ln r + 1)↵ < 1, then by induction we can show easily that

T (n)  C ·D(n) form some constant C depending on ↵ and r.

To ensure that (ln r + 1)↵ < 1, we can compress ` levels of the recursion into one

before applying algorithm rand-min, where ` is a su�ciently large constant. That

is, we subdivide the subproblems recursively ` times. In this way, the number of

subproblems increases from r to r` and their size decreases from ↵ to ↵`. To conclude

the proof, simply note that lim`!1(ln r` + 1)↵` = 0, i.e., (ln r` + 1)↵` < 1 for some

su�ciently large constant `.

3.3 Lower bound for membership problems

In Section 6.6, we use the the tool presented in this section to describe lower bounds

for several decision problems.

Let W ⇢ Rm be any set. The membership problem for W is the following: Given

a point x 2 Rm, determine if x 2 W .

Roughly speaking, we will show that many decision problems can, in fact, be seen

as membership problems in high-dimensional spaces. Therefore, lower bounds for

membership problems will translate to lower bounds for our decision algorithms.

We are interested in obtaining lower bounds on algorithms for solving the mem-

bership problem for W that allow both arithmetic operations and tests. Thus, a step

in such an algorithm can evaluate a polynomial of degree d (for some constant d) and

compare the result to zero (i..e, >,<,=), and branch according to the outcome of

the test. We say that an algorithm of this type is in the algebraic decision-tree model

(for further information see [17]).

In this model, the following result shows the relation between the structure of W

and the “hardness” of the membership problem.

Theorem 3.3.1. [Restatement of Theorem 3 of [17]] Let W ⇢ Rm be any set, and

let A be an algorithm in the algebraic decision-tree model that solves the membership

problem for W . If N is the number of disjoint connected components of W , and h is

the worst-case running time of A, then h = ⌦(logN).

Intuitively, the more complex W is, the harder it is to decide if a point lies in it.
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In recent work, people have looked at other complexity measures of W , such as the

Betty numbers and other topological features.

3.4 Farthest-point Voronoi diagrams

Let P = {p
1

, . . . , pn} ⇢ R2 be a set of n points in general position called sites. The

farthest-point Voronoi diagram of P is a division of the plane into n Voronoi regions

R(p
1

), . . . , R(pn), one for each site in P , with the property that a point lies in R(pi)

only if x is farther from pi than from any other point in P .

Let ⇧i,j be the closed halfplane that contains pj bounded by the bisector of pi

and pj. Then R(pi) =
T

j 6=i⇧i,j. Notice that R(pi) is a possibly empty convex polygon

whose boundary is composed of edges, each of which is contained in the bisector of

a pair of point of P . Formally, the farthest-point Voronoi diagram of P is defined as

the division of the plane induced by the family of Voronoi regions {R(p
1

), . . . , R(p
2

)}.

3.4.1 Properties of the farthest-point Voronoi diagram

In this section, we show several properties of the farthest-point Voronoi diagram. It

is not hard to see that for any point in the plane, its farthest point in the set P must

be a point that lies on the convex hull of P. Therefore, a point that lies inside the

convex hull cannot have a cell in the farthest-point Voronoi diagram.

Lemma 3.4.1. For each p 2 P , the Voronoi region p is not empty if and only if p

lies on the boundary of the convex hull of P .

By Lemma 3.4.1, we can assume without loss of generality that the points of P

are in convex position when dealing with the farthest-point Voronoi diagram.

Observation 3.4.2. Let p be a site of P and let x be a point in the plane. If the

circle with radius d(x, p) centered on x encloses all sites of P , then x lies in R(p).

The above observations follows directly from the definition of farthest neighbor

and Voronoi region.

Lemma 3.4.3. If p is a site of P lying on the convex hull of P , then the region R(p)

is a non-empty unbounded convex polygon.
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Proof. Let x be a point on the boundary of R(p) and let `x,p be the line passing

through x and p. Consider the ray � contained in `x,p shooting from x and avoiding

p. Since x 2 R(p), the circle Cx centered on x with radius d(x, p) encloses every site

of P . Let y be a point on � and let Cy be the circle centered on y with radius d(y, p).

Since Cy contains Cx, we conclude that Cy encloses also every site of P . By

Observation 3.4.2, we know that y 2 R(p) and hence R(p) is unbounded.

Because R(p) is an unbounded convex polygon, we infer that its boundary consists

of some bounded edges and two (unbounded) rays. We refer to these unbounded rays

as the unbounded edges of R(p).

Notice that each Voronoi region is a polygon defined by a set of vertices and edges.

Thus, we can also view the Voronoi diagram as a graph. However, this graph, denoted

by VP , contains a linear number of unbounded edges. To solve this and obtain a simple

graph, we add a leaf along each of the unbounded edges of Vp su�ciently far. In this

way, we obtain a geometric plane graph that we denote by V(P ); see Figure 3.1.

P

�0

�1

�2

�4

�3

Figure 3.1: The farthest-point Voronoi diagram seen as a graph V(P ) by adding leaves
su�ciently far along each of the unbounded edges.

Lemma 3.4.4. The vertices and edges of V(P ) define a connected acyclic geometric

plane graph.
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Proof. Since the farthest-point Voronoi diagram is a subdivision of the plane, we

conclude that the graph formed by its vertices and edges is connected. Moreover, it

cannot have cycles since it would imply the existence of a bounded region contradict-

ing Lemma 3.4.3.

Lemma 3.4.4 implies that V(P ) is a tree formed by the boundaries of the Voronoi

regions of all sites of P .

Lemma 3.4.5. Let P be a set of n sites in the plane in convex position such that no

4 are co-circular. Then, the tree V(P ) has exactly 2n� 3 edges and n� 2 vertices.

Proof. Let me,mv and mf be the number of edges, vertices and faces of V(P ), re-

spectively. Let V 0(P ) be the graph obtained from V(P ) by identifying each leaf into

a single vertex v1. Thus, the graph V 0(P ) is embeddable in the sphere.

Notice thatmf = n, since there is a one-to-one correspondence between the sites of

P and the Voronoi regions of V(P ). Using Euler’s characteristic, we get the following:

(mv + 1)�me +mf = 2.

By the general position assumption, each vertex of V 0(P ) other than v1 has degree

three. Moreover, v1 has degree n. Since
P

v2V �(v) = 2|E|, where �(⇤) represents de
degree of a node and E is the set of edges of V 0(P ), we get that:

3mv + n =
X

v2V 0
(P )

�(v) = 2me.

Solving a simple system of equations, we conclude that

me = 2n� 3.

Since the number of edges of V 0(P ) is equal to the number of edges of V(P ), our

result follows.

Notice that whenever we cannot guarantee general position (no four points co-

circular), then we can only show that me  2n� 3.

Given a set P of n sites, we are interested in computing V(P ) e�ciently. To this

end, we use the algorithm developed by Aggarwal et al. [2] which runs in O(n) time,

provided that we know the combinatorial structure of the convex hull of P . If the

convex hull of P is not known, then additional O(n log n) time is needed.
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Theorem 3.4.6. Given a set P of n sites, the farthest-point Voronoi diagram of P

can be computed in ⇥(n log n) time. Moreover, if the convex hull of P is given, then

⇥(n) time su�ces to compute the farthest-point Voronoi diagram of P .



Part I

Intersection Detection

25



Chapter 4

Intersection Detection of Convex Polyhedra

In this chapter, we consider the e↵ect of preprocessing on the complexity of intersection-

detection problems. Recall that each object should be preprocessed separately which

allows us to work with large families of objects and to introduce new objects with-

out triggering a reconstruction of the whole structure. Throughout this chapter, we

assume that all polyhedra are convex.

Let P and Q be two polyhedra to be tested for intersection. Let |P | and |Q|
denote the combinatorial complexities of P and Q, respectively, i.e., the number of

faces of all dimensions of the polygon or polyhedra (vertices are 0-dimensional faces

while edges are 1-dimensional faces). Let n = |P |+ |Q| denote the total complexity.

Chazelle and Dobkin [30, 31], and Dobkin and Kirkpatrick [37] were the first to

study this class of problems. They provided algorithms running in O(log |P |+log |Q|)
time to test whether or not two convex polygons P and Q in the plane intersect. In

Section 4.2, we show an alternate (and arguably simpler) algorithm to determine if

two convex polygons P and Q intersect in O(log |P |+ log |Q|) time.

In all these 2D algorithms, preprocessing is unnecessary if the polygon is repre-

sented by an array with the vertices of the polygon stored in sorted order along its

boundary. In 3D-space (and in higher dimensions) however, the need for preprocess-

ing is more evident as the traditional representation of the polyhedron is not su�cient

to perform fast queries.

Whether the intersection of two preprocessed polyhedra P and Q can be tested in

O(log |P |+log |Q|) time has been an open question posed in several places [30, 37, 49].

Together with this question, it was also asked if it is possible to extend these result

to higher dimensions, i.e., to independently preprocess two polyhedra in Rd such that

their intersection could be tested in O(log n) time.

These running times are best possible as, even in the plane, testing if a point

26
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intersects a regular m-gon M has a lower bound of ⌦(logm) in the algebraic decision-

tree model. To prove this bound, consider the circumcircle of M and reduce its

radius by some " > 0 to obtain a circle C. By choosing " su�ciently small, C

intersects P in m disjoint connected components. Therefore, a query point restricted

to lie in C intersects P if and only if it lies in one of these m components. Thus,

by Theorem 3.3.1, there is an ⌦(logm) lower bound for the running time of any

algorithm that decides if a query point intersects M .

In this chapter, we match this lower bound by showing how to independently

preprocess polyhedra P and Q in any bounded dimension such that their intersection

can be tested in O(log n) time.

We further show how to preprocess a polyhedron in R3 in linear time to obtain

a linear-space representation. In Section 4.5 we provide an algorithm that, given

any translation and rotation of two preprocessed polyhedra P and Q in R3, tests if

they intersect in O(log |P | + log |Q|) time, where |P | represents the combinatorial

complexity of P . In Section 4.6 we generalize our results to any constant dimension

d and show a representation that allows to test if two polyhedra P and Q in Rd

(rotated and translated) intersect in O(log |P |+ log |Q|) time. The space used by the

representation of a polyhedron P is then O(|P |bd/2c+") for any " > 0 and d � 4. This

increase in the space requirements for d � 4 is not unexpected as the problem studied

here is at least as hard as performing halfspace emptiness queries for a set of m

points in Rd. For this problem, the best known log-query data structures use roughly

O(mbd/2c) space [69], and super-linear space lower bounds are known for d � 5 [45].

4.1 Outline

To guide the reader, we give a rough sketch of the algorithm presented in this chapter,

which is illustrated in Figure 4.1.

We use two types of hierarchical structures of logarithmic depth to represent

a polyhedron. An internal hierarchy is obtained by recursively removing “large”

sets of the vertices of the polyhedron and taking the convex hull of the remaining

vertices. Since a polyhedron can also be seen as the intersection of halfspaces, an

external hierarchy can be obtained by recursively removing “large” sets of halfspaces
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P1

P2
P3

Q1
Q2

Q3 P2

P1

Q2Q3

QP

Figure 4.1: In each step, the algorithm moves down in either the internal hierarchy of P ,
say P

1

, P
2

, P
3

, or the external hierarchy of Q, say Q
1

, Q
2

, Q
3

. Throughout, the polyhedron
in the hierarchy of P grows while the polyhedron in the hierarchy of Q shrinks. A separating
(black) line or an intersection (black) point is maintained in each step.

and taking the intersection of the remaining halfspaces. (A similar structure was

introduced by Dobkin et al. [41] to test how “deeply” two polyhedra intersect). Thus,

at the top of these hierarchies we store constant-size polyhedra, while at the bottom

the full polyhedra are stored.

To test two preprocessed polyhedra P and Q for intersection, we use an inner

hierarchy for P and an external hierarchy for Q. Starting at the top, we make our

way down by moving one step at a time in either hierarchy. We move down in

the hierarchy of P by adding more vertices (which increases its volume), while we

move down in the hierarchy of Q by adding halfspace constraints (which decreases

its volume). Thus, in our algorithm one polyhedron grows while the other shrinks,

whereas previous approaches grew both polyhedra simultaneously. Additionally, we

maintain either a separating plane or an intersection point while moving down in

these hierarchies. This allows us to determine the intersection of the polyhedra after

reaching the bottom of the hierarchies.

The algorithm described in Section 4.2 directly implements this idea to test the

intersection of two convex polygons in the plane.

For technical reasons, to capture this intuition in higher dimensions we make use

of the polar transformation (see Section 4.3). This operation maps a polyhedron in a
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primal space into the dual polyhedron in a polar space. Moreover, this transformation

maps the inner hierarchy of a polyhedron into the external hierarchy of its dual

counterpart. Consequently, being able to construct inner hierarchies is su�cient. To

test the intersection of two preprocessed polyhedra, our algorithm switches back and

forth between a primal and a polar space while moving down in the hierarchies of

these polyhedra.

4.2 Algorithm in the plane

Let P and Q be two convex polygons in the plane with n and m vertices, respectively.

We assume that a convex polygon is given as an array with the sequence of its vertices

sorted in clockwise order along its boundary. Let V (P ) and E(P ) be the set of

vertices and edges of P , respectively. Let @P denote the boundary of P . Analogous

definitions apply for Q. As a warm-up, we describe an algorithm to determine if P

and Q intersect whose running time is O(log n + logm). Even though algorithms

with these running time already exist in the literature, they require an involved case

analysis whereas our approach avoids them. Moreover, it provides some intuition for

the higher-dimension algorithms presented in subsequent sections.

For each edge e 2 E(Q), its supporting halfplane is the halfplane containing Q

supported by the line extending e. Given a subset of edges F ✓ E(Q), the edge

hull of F is the intersection of the supporting halfplanes of each of the edges in F .

Throughout the algorithm, we consider a triangle TP being the convex hull of three

vertices of P and a triangle (possibly unbounded) TQ defined as the edge hull of three

edges of Q; see Figure 4.2 for an illustration. Notice that TP ✓ P while Q ✓ TQ.

Intuitively, in each round the algorithm compares TP and TQ for intersection and,

depending on the output, prunes a fraction of either the vertices of P or of the edges

of Q. Then, the triangles TP and TQ are redefined should there be a subsequent round

of the algorithm.

Let V ⇤(P ) and E⇤(Q) respectively be the sets of vertices and edges of P and

Q remaining after the pruning steps performed so far by the algorithm. Initially,

V ⇤(P ) = V (P ) while E⇤(Q) = E(Q). After each pruning step, we maintain the

correctness invariant which states that an intersection between P and Q can be
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computed with the remaining vertices and edges after the pruning. That is, P and

Q intersect if and only if ch(V ⇤(P )) intersects an edge of E⇤(Q), where ch(V ⇤(P ))

denotes the convex hull of V ⇤(P ).

For a given polygonal chain, its vertex-median is a vertex whose removal splits

this chain into two pieces that di↵er by at most one vertex. In the same way, the

edge-median of this chain is an edge whose removal splits the chain into two parts

that di↵er by at most one edge.

4.2.1 The 2D algorithm

To begin with, define TP as the convex hull of three vertices whose removal splits the

boundary of P into three chains, each with at most d(n� 3)/3e vertices. In a similar

way, define TQ as the edge hull of three edges of Q that split its boundary into three

polygonal chains each with at most d(m� 3)/3e edges; see Figure 4.2.

A line separates two convex polygons if they lie in opposite closed halfplanes

supported by this line. After each round of the algorithm, we maintain one of the

two following invariants: The separation invariant states that there is a line ` that

separates TP from TQ such that ` is tangent to TP at a vertex v. The intersection

invariant states that there is a point in the intersection between TP and TQ. Note

that at least one among the separation and the intersection invariant must hold, and

they only hold at the same time when TP is tangent to TQ. The algorithm performs

two di↵erent tasks depending on which of the two invariants holds (if both hold, we

choose a task arbitrarily).

4.2.2 Separation invariant

If the separation invariant holds, then there is a line ` that separates TP from TQ such

that ` is tangent to TP at a vertex v. Let `� be the closed halfplane supported by `

that contains TP and let `+ be its complement.

Consider the two neighbors nv and n0
v of v along the boundary of P . Because P is

a convex polygon, if both nv and n0
v lie in `�, then we are done as ` separates P from

TQ ◆ Q. Otherwise, by the convexity of P , either nv or n0
v lies in `+ but not both.

Assume without loss of generality that nv 2 `+ and notice that the removal of the
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vertices of TP split @P into three polygonal chains. In this case, we know that only

one of these chains, say cv, intersects `+. Moreover, we know that v is an endpoint

of cv and we denote its other endpoint by u.

Because Q is contained in `+, only the vertices in cv can define an intersection

with Q. Therefore, we prune V ⇤(P ) by removing every vertex of P that does not lie

on cv and maintain the correctness invariant. We redefine TP as the convex hull of

v, u and the vertex-median of cv. With the new TP , we can test in O(1) time if TP and

TQ intersect. If they do not, then we can compute a new line that separates TP from

TQ and preserve the separation invariant. Otherwise, if TP and TQ intersect, then we

establish the intersection invariant and proceed to the next round of the algorithm.

4.2.3 Intersection invariant

If the intersection invariant holds, then TP \ TQ 6= ;. In this case, let e
1

, e
2

and

e
3

be the three edges whose edge hull defines TQ. Notice that if TP ✓ P intersects

ch(e
1

, e
2

, e
3

) ✓ Q, then P and Q intersect and the algorithm finishes. Otherwise,

there are three disjoint connected components in TQ \ ch(e
1

, e
2

, e
3

) and TP intersects

exactly one of them; see Figure 4.2. Assume without loss of generality that TP

intersects the component bounded by the lines extending e
1

and e
2

and let x be a

point on the boundary of TQ in this intersection. Let C be the polygonal chain that

connects e
1

with e
2

along @Q such that C passes through e
3

. We claim that to test

if P and Q intersect, we need only to consider the edges on @Q \ C. To prove this

claim, notice that if P intersects C at a point y, then the edge xy is contained in Q.

Because x and y lie in two disjoint connected components of TQ \ ch(e
1

, e
2

, e
3

), the

edge xy also intersects @Q at another point lying on @Q\C. Therefore, an intersection

between P and Q will still be identified even if we ignore every edge on C. That is,

P and Q intersect if and only if P and @Q \ C intersect. Thus, we can prune E⇤(Q)

by removing every edge along C while preserving the correctness invariant. After the

pruning step, we redefine TQ as the edge hull of e
1

, e
2

and the edge-median of the

remaining edges of E(Q) after the pruning.

If TP intersects TQ after being redefined, then the intersection invariant is preserved

and we proceed to the next round of the algorithm. Otherwise, if TP does not intersect
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Q

T
Q

P

T
P

Figure 4.2: Two convex polygons P and Q and the triangles TP and TQ such that TQ ✓ P
and Q ✓ TQ. Moreover, TQ \ Q consists of three connected components.

TQ, then we we can compute in O(1) time a line ` tangent to TP that separates TP from

TQ. That is, the separation invariant is reestablished should there be a subsequent

round of the algorithm.

Theorem 4.2.1. Let P and Q be two convex polygons with n and m vertices in the

plane, respectively. The 2D-algorithm decides if P and Q intersect in O(log n+logm)

time. Moreover, it reports either a point in the intersection or a separating plane.

Proof. Each time we redefine TP , we take three vertices that split the remaining

vertices of V ⇤(P ) into two chains of roughly equal length along @P . Therefore, after

each round where the separation invariant holds, we prune a constant fraction of the

vertices of V ⇤(P ). That is, the separation invariant step of the algorithm can be

performed at most O(log n) times.

Each time TQ is redefined, we take three edges that split the remaining edges

along the boundary of Q into equal-size pieces. Thus, we prune a constant fraction

of the edges of E⇤(Q) after each round where the intersection invariant holds. Hence,

this can be done at most O(logm) times before being left with only three edges of Q.

Furthermore, the correctness invariant is maintained after each of the pruning steps.

Thus, if the algorithm does not find a separating line or an intersection point,

then after O(log n+ logm) steps, TP consists of the only three vertices left in V ⇤(P )

while TQ consist of the only three edges remaining from E⇤(Q). If e
1

, e
2

and e
3

are

the edges whose edge hull defines TQ, then by the correctness invariant we know that

P and Q intersect if and only if TP intersects either e
1

, e
2

or e
3

. Consequently, we
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can test them for intersection in O(1) time and determine if P and Q intersect.

4.3 The polar transformation

Let 0 be the origin of Rd, i.e., the point with d coordinates equal to zero. Throughout

this chapter, a hyperplane h is a (d� 1)-dimensional a�ne space in Rd such that for

some z 2 Rd, h = {x 2 Rd : hz, xi = 1}, where h⇤, ⇤i represents the inner product

of Euclidean spaces. Therefore, in this chapter a hyperplane does not contain the

origin. A halfspace is the closure of either of the two parts into which a hyperplane

divides Rd, i.e., a halfspace contains the hyperplane defining its boundary.

Given a point x 2 Rd, we define its polar to be the hyperplane ⇢(x) = {y 2
Rd : hx, yi = 1}. Given a hyperplane h in Rd, we define its polar ⇢(h) as the point

z 2 Rd such that h = {y 2 Rd : hz, yi = 1}. Let ⇢0(x) = {y 2 Rd : hx, yi  1}
and ⇢1(x) = {y 2 Rd : hx, yi � 1} be the two halfspaces supported by ⇢(x), where

0 2 ⇢0(x) while 0 /2 ⇢1(x). In the same way, h0 and h1 denote the halfspaces

supported by h such that 0 2 h0 while 0 /2 h1 .

Note that the polar of a point x 2 Rd is a hyperplane whose polar is equal to x, i.e.,

the polar operation is inverse of itself (for more information on this transformation

see Section 2.3 of [92]). Given a set of points (or hyperplanes), its polar set is the

set containing the polar of each of its elements. The following result is illustrated in

Figure 4.3(a).

Lemma 4.3.1. Let x and h be a point and a hyperplane in Rd, respectively. Then,

x 2 h0 if and only if ⇢(h) 2 ⇢0(x). Also, x 2 h1 if and only if ⇢(h) 2 ⇢1(x).

Moreover, x 2 h if and only if ⇢(h) 2 ⇢(x).

Proof. Recall that h0 = {y 2 Rd : hy, ⇢(h)i  1}. Then, x 2 h0 if and only if

hx, ⇢(h)i  1. Furthermore, hx, ⇢(h)i  1 if and only if ⇢(h) 2 ⇢0(x) = {y 2 Rd :

hy, xi  1}. That is, x 2 h0 if and only if ⇢(h) 2 ⇢0(x). Analogous proofs hold for the

other statements.

A polyhedron is the non-empty intersection of a finite set of halfspaces. Given

a set of hyperplanes S in Rd, let ph1 [S] = \h2Sh1 and ph0 [S] = \h2Sh0 be two

polyhedra defined by S (the former may be empty). Let P ⇢ Rd be a polyhedron.
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0

x

h

⇢(h)

⇢(x)

0

0

x

⇢(x)

x

⇢(x)

a) b) c)

⇢0(P )

P

⇢1(P )

P

Figure 4.3: a) The situation described in Lemma 4.3.1. b) A polygon P containing the
origin and its polarization ⇢0(P ). The first statement of Lemma 4.3.3 is depicted. c)
A polygon P that does not contains the origin and its polarization ⇢1(P ). The second
statement of Lemma 4.3.3 is also depicted.

Let V (P ) denote the set of vertices of P and let S(P ) be the set of hyperplanes that

extend the (d� 1)-dimensional faces of P . Therefore, if P is bounded, then it can be

seen as the convex hull of V (P ), denoted by ch(V (P )). Moreover, if P contains the

origin, then P can be also seen as ph0 [S(P )].

To polarize P , let S(P ) be the polar set of V (P ), i.e., the set of hyperplanes

polars to the vertices of P . Therefore, we can think of ph0 [S(P )] and ph1 [S(P )] as

the possible polarizations of P . For ease of notation, we let ⇢0(P ) and ⇢1(P ) denote

the polyhedra ph0 [S(P )] and ph1 [S(P )], respectively. Note that P contains the origin

if and only if ⇢1(P ) = ; and ⇢0(P ) is bounded.

Lemma 4.3.2. (Clause (v) of Theorem 2.11 of [92]) Let P be a polyhedron in Rd

such that 0 2 P . Then, ⇢0(⇢0(P )) = P .

As a consequence of Lemma 4.3.1 we obtain the following result depicted in Fig-

ures 4.3(b) and 4.3(c).

Lemma 4.3.3. Let P be a polyhedron in Rd and let x 2 Rd. Then, x 2 ⇢0(P ) if and

only if P ✓ ⇢0(x). Moreover, x 2 ⇢1(P ) if and only if P ✓ ⇢1(x).

Proof. Let x be a point in ⇢0(P ). Notice that for every hyperplane s 2 S(P ), x 2
s0 . Therefore, by Lemma 4.3.1 we know that the vertex ⇢(s) 2 V (P ) lies in ⇢0(x).

Consequently, every vertex of P lies in ⇢0(x), i.e., P ✓ ⇢0(x).

In the other direction, let v be a vertex of P , i.e., ⇢(v) 2 S(P ). If v 2 ⇢0(x),

then by Lemma 4.3.1, x 2 ⇢0(v). Therefore, for every ⇢(v) 2 S(P ), we know that
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x 2 ⇢0(v), i.e., x 2 ⇢0(P ). The same proof holds for the second statement by replacing

all instances of 0 by 1.

In the case that 0 2 P , ⇢1(P ) is empty and the second conclusion of the previous

lemma holds trivially. Thus, even though the previous result is always true, it is

non-trivial only when 0 /2 P .

Lemma 4.3.4. Let P be a polyhedron in Rd. If x 2 P , then ⇢0(P ) ✓ ⇢0(x) whereas

⇢1(P ) ✓ ⇢1(x).

Proof. Assume for a contradiction that there is a point y 2 ⇢0(P ) such that y /2 ⇢0(x).

Therefore, by Lemma 4.3.1 we know that x /2 ⇢0(y). Moreover, because y 2 ⇢0(P ),

Lemma 4.3.3 implies that P ✓ ⇢0(y)—a contradiction to the fact that x 2 P and

x /2 ⇢0(y). An analogous proof holds to show that ⇢1(P ) ✓ ⇢1(x).

Note that the converse of Lemma 4.3.4 is not necessarily true.

Lemma 4.3.5. Let P be a polyhedron in Rd and let � be a hyperplane. If � is either

tangent to ⇢0(P ) or to ⇢1(P ), then ⇢(�) is a point lying on the boundary of P .

Proof. Let � be a hyperplane tangent to ⇢0(P ) at a vertex v. Because v 2 �,

Lemma 4.3.1 implies that ⇢(�) 2 ⇢(v). We claim that ⇢(�) 2 P . Assume for a con-

tradiction that ⇢(�) /2 P . Since v 2 ⇢0(P ), we know that P ✓ ⇢0(v) by Lemma 4.3.3.

Therefore, because ⇢(�) 2 ⇢(v) and from the assumption that ⇢(�) /2 P , we can

slightly perturb ⇢(v) to obtain a hyperplane h such that P ✓ h0 while ⇢(�) lies in the

interior of h1 . Thus, since ⇢(�) 2 h1 while ⇢(�) /2 h , Lemma 4.3.1 implies that ⇢(h)

lies in the interior of �1 . Moreover, because P ✓ h0 we know by Lemma 4.3.3 that

⇢(h) 2 ⇢0(P ). Therefore, there is a point of ⇢0(P ), say ⇢(h), that lies in the interior

of �1—a contradiction to the fact that � is tangent to ⇢0(P ). Therefore, ⇢(�) 2 P .

Moreover, because ⇢(�) 2 ⇢(v) and from the fact that P ✓ ⇢0(v), ⇢(�) cannot lie in

the interior of P , i.e, ⇢(�) lies on the boundary of P . An analogous proof holds for

the case when � is tangent to ⇢1(P ).

Lemma 4.3.6. Let P and Q be two polyhedra. If P ✓ Q, then ⇢0(Q) ✓ ⇢0(P ) and

⇢1(Q) ✓ ⇢1(P ).
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Proof. Let x 2 ⇢0(Q). Then, Lemma 4.3.3 implies that Q ✓ ⇢0(x). Because we

assumed that P ✓ Q, P ✓ ⇢0(x). Therefore, we infer from Lemma 4.3.3 that x 2
⇢0(P ). That is, ⇢0(Q) ✓ ⇢0(P ). An analogous proof holds to show that ⇢1(Q) ✓
⇢1(P ).

A hyperplane ⇡ separates two geometric objects in Rd if they are contained in

opposite halfspaces supported by ⇡, note that both objects can contain points lying

on ⇡. We obtain the main result of this section illustrated in Figure 4.4.

x

⇢0(Q)
Q

0

⇢(x)

⇢1(P )

P

Figure 4.4: The statement of Theorem 4.3.7 where a point x lies in the intersection of P
and ⇢0(Q) if and only if ⇢(x) separates Q from ⇢1(P ).

Theorem 4.3.7. Let P and Q be two polyhedra. The polyhedra P and ⇢0(Q) intersect

if and only if there is a hyperplane that separates ⇢1(P ) from Q. Also, (1) if x 2
P \ ⇢0(Q), then ⇢(x) separates ⇢1(P ) from Q, and (2) if � is a hyperplane that

separates ⇢1(P ) from Q such that � is tangent to ⇢1(P ), then ⇢(�) 2 P \ ⇢0(Q).

Moreover, the symmetric statements of (1) and (2) hold if we replace all instances of

P ( resp. 1) by Q ( resp. 0) and vice versa.

Proof. Let x be a point in P \ ⇢0(Q). Because x 2 P , by Lemma 4.3.4 we know that

⇢1(P ) ✓ ⇢1(x). Moreover, since x 2 ⇢0(Q), by Lemma 4.3.3, Q ✓ ⇢0(x). Therefore,

⇢(x) is a hyperplane that separates ⇢1(P ) from Q.

In the other direction, let �0 be a hyperplane that separates ⇢1(P ) from Q. Then,

there is a hyperplane � parallel to �0 that separates ⇢1(P ) from Q such that � is

tangent to ⇢1(P ). Therefore, ⇢(�) is a point on the boundary of P by Lemma 4.3.5.

Because ⇢(�) 2 P , Lemma 4.3.4 implies that ⇢0(P ) ✓ �0 while ⇢1(P ) ✓ �1 . Because
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� separates ⇢1(P ) from Q and from the fact that ⇢1(P ) ✓ �1 , we conclude that

Q ✓ �0 . Consequently, by Lemma 4.3.3 ⇢(�) 2 ⇢0(Q). That is, ⇢(�) is a point in the

intersection of P and ⇢0(Q). The symmetric statements have analogous proofs.

Notice that if 0 2 P , then P and ⇢0(Q) trivially intersect. Moreover, ⇢1(P ) = ;
implying that every hyperplane trivially separates ⇢1(P ) from Q. Therefore, while

being always true, this result is non-trivial only when 0 /2 P .

4.4 Polyhedra in 3D space

In this section, we focus on polyhedra in R3. Therefore, we can consider the 1-skeleton

of a polyhedron being the planar graph connecting its vertices through the edges of

the polyhedron.

Given a polyhedron P , a sequence P
1

, P
2

, . . . , Pk is a DK-hierarchy of P if the

following properties hold [38].

A1. P
1

= P and Pk a tetrahedron.

A2. Pi+1

✓ Pi, for 1  i < k.

A3. V (Pi+1

) ✓ V (Pi), for 1  i < k.

A4. The vertices of V (Pi) \ V (Pi+1

) form an independent set in Pi, for 1  i < k.

A5. The height of the hierarchy k = O(log n),
Pk

i=1

V (Pi) = O(n).

Given a polyhedron P on n vertices, a set I ✓ V (P ) is a P -independent set if (1)

|I| � n/10, (2) I forms an independent set in the 1-skeleton of P and (3) the degree

of every vertex in I is O(1).

Dobkin and Kirkpatrick [38] showed how to construct a DK-hierarchy. This con-

struction was later improved by Biedl and Wilkinson [19]. Formally, they start by

defining P
1

= P . Then, given a polyhedron Pi, they show how to compute a Pi-

independent set I and define Pi+1

as the convex hull of the set V (Pi) \ I.
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Using this data structure, they provide an algorithm that computes the distance

between two preprocessed polyhedra in O(log2 n) time [39]. As we show below how-

ever, a straightforward implementation of their algorithm could be much slower than

this claimed bound.

In our algorithm, as well as in the algorithm presented by Dobkin and Kirk-

patrick [39], we are given a plane tangent to Pi at a vertex v and want to find a

vertex of Pi�1

lying on the other side of this plane (if it exists). Although they

showed that at most one vertex of Pi�1

can lie on the other side of this plane and

that it has to be adjacent to v, they do not explain how to find such a vertex. An

exhaustive walk through the neighbors of v in Pi�1

would only be fast enough for

their algorithm if v is always of constant degree. Unfortunately this is not always the

case as shown in the following example.

Start with a tetrahedron Pk and select a vertex q of Pk. To construct the polyhe-

dron Pi�1

from Pi, we refine it by adding a vertex slightly above each face adjacent

to q. In this way, the degree of the new vertices is exactly three. After k steps, we

reach a polyhedron P
1

= P . In this way, the sequence P = P
1

, P
2

, . . . , Pk defines a

DK-hierarchy of P . Moreover, when going from Pi to Pi�1

, a new neighbor of q is

added for each of its adjacent faces in Pi. Thus, the degree of q doubles when going

from Pi to Pi�1

and hence, the degree of q in P
1

is linear. Note that this situation can

occur at a deeper level of the hierarchy, even if every vertex of P has degree three.

A solution to this problem is described by O’Rourke [78, Chapter 7]. In the next

section, we provide an alternative solution to this problem by bounding the degree of

each vertex in every polyhedron of the DK-hierarchy.

4.4.1 Bounded hierarchies

Let c be a fixed constant. We say that a polyhedron is c-bounded if at most c faces of

this polyhedron can meet at a vertex, i.e., the degree of each vertex in its 1-skeleton

is bounded by c.

Given a polyhedron P with n vertices, we describe a method to modify the struc-

ture of Dobkin and Kirkpatrick to construct a DK-hierarchy where every polyhedron

other than P is c-bounded. As a starting point, we can assume that the faces of P
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⇡
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i+1
P
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Figure 4.5: A polyhedron P and a vertex v of large degree. A plane ⇡ that separates v
from V (P ) \ {v} is used to split the edges adjacent to v. New vertices are added to split
these edges. Finally, the removal of v from the polyhedron leaves every one of its neighbors
with degree three while adding a new face.

are in general position (i.e., no four planes of S(P ) go through a single point) by

using Simulation of Simplicity [43]. This implies that every vertex of P has degree

three. To avoid having vertices of large degree in the hierarchy, we introduce the

following operation. Given a vertex v 2 V (P ) of degree k > 3, consider a plane ⇡

that separates v from every other vertex of P . Let e
1

, e
2

, . . . , ek be the edges of P

incident to v. For each 1  i  k, let vi be the intersections of ei with ⇡. Split the

edge ei at vi to obtain a new polyhedron with k more vertices and k new edges; for

an illustration see Figure 4.5 (a) and (b).

To construct a c-bounded DK-hierarchy (or simply BDK-hierarchy), we start

by letting P
1

= P . Given a polyhedron Pi in this BDK-hierarchy, let I be a Pi-

independent set. Compute the convex hull of V (Pi) \ I, two cases arise: Case 1. If

ch(V (Pi) \ I) has no vertex of degree larger than c, then let Pi+1

= ch(V (Pi) \ I).
Case 2. Otherwise, let W be the set of vertices of Pi with degree larger than 3.

For each vertex of W , split its adjacent edges as described above and let Pi+1

be

the obtained polyhedron. Notice that Pi+1

is a polyhedron with the same num-

ber of faces as Pi. Moreover, because each edge of Pi may be split for each of its

endpoints, Pi+1

has at most three times the number the edges of Pi. Therefore

|V (Pi+1

)|  (2/3)|E(Pi+1

)  2|E(Pi)|  6|V (Pi)| by Euler’s formula.

Because each vertex of W is adjacent only to new vertices added during the split

of its adjacent edges, the vertices in W form an independent set in the 1-skeleton of

Pi+1

. In this case, we let Pi+2

be the convex hull of V (Pi+1

)\W . Therefore, (1) every

vertex of Pi+2

has degree three, and (2) the vertices in V (Pi+1

) \ V (Pi+2

) form an
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independent set in Pi+1

; see Figure 4.5(c). Note that Pi+1

and Pi+2

have new vertices

added during the splits. However, we know that |V (Pi+2

)|  |V (Pi+1

)|  6|V (Pi)|.
Furthermore, we also know that Pi+2

✓ Pi+1

✓ Pi.

We claim that by choosing c carefully, we can guarantee that the depth of the

BDK-hierarchy is O(log n). To prove this claim, notice that after a pruning step,

the degree of a vertex can increase at most by the total degree of its neighbors that

have been eliminated. Let v be a vertex with the largest degree in Pi. Note that

its neighbors can also have at most degree �(v), where �(v) denotes the number of

neighbors of v in Pi. Therefore, after removing a Pi-independent set, the degree of

v can be at most �(v)2 in Pi+1

. That is, the maximum degree of Pi can be at most

squared when going from Pi to Pi+1

.

Therefore, if we assume Case 2 has just been applied and that every vertex of Pi

has degree three, then after r rounds of Case 1, the maximum degree of any vertex

is at most 32
r
. Therefore, the degree of any of its vertices can go above c only after

log
2

(log
3

c) rounds, i.e., we go through Case 1 at least log
2

(log
3

c) times before running

into Case 2.

Since we removed at least 1/10-th of the vertices after each iteration of Case 1 [19],

after log
2

(log
3

c) rounds the size of the current polyhedron is at most (9/10)log2(log3 c)|Pi|.
At this point, we run into Case 2 and add extra vertices to the polyhedron. However,

by choosing c su�ciently large, we guarantee that the number of remaining vertices

is at most 6 · (9/10)log2(log3 c)|Pi| < ↵|Pi| for some constant 0 < ↵ < 1. That is, after

log
2

(log
3

c) rounds the size of the polyhedron decreases by constant factor implying

a logarithmic depth. We obtain the following result.

Lemma 4.4.1. Given a polyhedron P , the previous algorithm constructs a BDK-

hierarchy P
1

, P
2

, . . . , Pk with following properties.

B1. P
1

= P and Pk is a tetrahedron.

B2. Pi+1

✓ Pi, for 1  i  k.

B3. The polyhedron Pi is c-bounded, for 1  i  k.

B4. The vertices of V (Pi) \ V (Pi+1

) form an independent set in Pi, for 1  i < k.
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B5. The height of the hierarchy k = O(log n),
Pk

i=1

V (Pi) = O(n).

The following property of a DK-hierarchy of P was proved in [39] and is easily

extended to BDK-hierarchies because its proof does not use property A3. Note that

all properties of DK and BDK hierarchies are identical except for B3 6= A3.

Lemma 4.4.2. Let P
1

, . . . , Pk be a BDK-hierarchy of a polyhedron P and let H be

a plane defining two halfspaces H+ and H�. For any 1  i  k such that Pi+1

is

contained in H+, either Pi ✓ H+ or there exists a unique vertex v 2 V (Pi) such that

v 2 H� \H.

4.5 Detecting intersections in 3D

In this section, we show how to independently preprocess polyhedra in 3D-space so

that their intersection can be tested in logarithmic time.

4.5.1 Preprocessing

Let P be a polyhedron in R3. Assume without loss of generality that the origin lies in

the interior of P . Otherwise, modify the coordinate system. To preprocess P , we first

compute the polyhedron ⇢0(P ) being the polarization of P . Then, we independently

compute two BDK-hierarchies as described in Section 4.4, one for P and one for ⇢0(P ).

Recall that in the construction of BDK-hierarchies, we assume that the faces of the

polyhedra being processed are in general position using Simulation of Simplicity [43].

Assuming that both P and ⇢0(P ) have vertices in general position at the same time is

not possible. However, this is not a problem as only one of the two BDK-hierarchies

will ever be used in a single query. Therefore, we can independently use Simulation

of Simplicity [43] on each of them.

4.5.2 Preliminaries of the algorithm

Let P and R be two independently preprocessed polyhedra with combinatorial com-

plexities n and m, respectively. Throughout this algorithm, we fix the coordinate sys-

tem used in the preprocessing of R, i.e., 0 2 R. For ease of notation, let Q = ⇢0(R).

Because 0 2 R, Lemma 4.3.2 implies that R = ⇢0(Q).
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The algorithm described in this section tests if P and R = ⇢0(Q) intersect. There-

fore, we can assume that P and ⇢0(Q) lie in a primal space while ⇢1(P ) and Q lie

in a polar space. That is, we look at the primal and polar spaces independently and

switch between them whenever necessary. To test the intersection of P and ⇢0(Q) in

the primal space, we use the BDK-hierarchies of P and Q stored in the preprocessing

step. In an intersection query, we are given arbitrary translations and rotations for

P and ⇢0(Q) and we want to decide if they intersect. Note that this is equivalent to

answering the query when only a translation and rotation of P is given and ⇢0(Q)

remains unchanged. This is important as we fixed the position of the origin inside

R = ⇢0(Q). The idea of the algorithm is to proceed by rounds and in each of them,

move down in one of the two hierarchies while maintaining some invariants. In the

end, when reaching the bottom of the hierarchy, we determine if P and ⇢0(Q) are

separated or not.

Let k and l be the depths of the hierarchies of P and Q, respectively. We use

indices 1  i  k and 1  j  l to indicate our position in the hierarchies of P and

Q. The idea is to decrement at least one of them in each round of the algorithm.

To maintain constant time operations, instead of considering a full polyhedron

Pi in the BDK-hierarchy of P , we consider constant complexity polyhedra P ⇤
i ✓

Pi and Q⇤
j ✓ Qj. Intuitively, both P ⇤

i and Q⇤
j are constant size polyhedra that

respectively represent the portions of Pi and Qj that need to be considered to test

for an intersection.

We also maintain a special point p⇤ in the primal space which is a vertex of both

P ⇤
i and Pi, and a plane ' whose properties will be described later. In the polar space,

we keep a point q⇤ which is a vertex of both Q⇤
j and Qj and a plane �.

For ease of notation, given a polyhedron T and a vertex v 2 V (T ), let T \v denote

the convex hull of V (T ) \ {v}. The star invariant consists of two parts, one in the

primal and another in the polar space. In the primal space, this invariant states that

if i < k, then (1) the plane ' separates Pi \ p⇤ from ⇢0(Qj) and (2) ⇢(') 2 Qj. In the

polar space, the star invariant states if j < l, then (1) the plane � separates Qj \ q⇤
from ⇢1(Pi) and (2) ⇢(�) 2 Pi. Whenever the star invariant is established, we store

references to ' and �, and to the vertices p⇤ and q⇤.



43

Other invariants are also considered throughout the algorithm. The separation

invariant states that we have a plane ⇡ that separates Pi from ⇢0(Q
⇤
j) such that ⇡

is tangent to Pi at one of its vertices. The inverse separation invariant states that

there is a plane µ that separates ⇢1(P ⇤
i ) from Qj such that µ is tangent to Qj at one

of its vertices.

Before stepping into the algorithm, we need a couple of definitions. Given a

polyhedron T and a vertex v 2 V (T ), let Nv(T ) be a polyhedron defined as the

convex hull of v and its neighbors in T . Let v(T ) be the convex hull of the set of

rays apexed at v shooting from v to each of its neighbors in T . That is, v(T ) is

a convex cone with apex v that contains T and has complexity O(�(v)), where �(v)

denotes the number of neighbors of v in T . We say that v(T ) separates T from

another polyhedron if the latter does not intersect the interior of v(T ).

4.5.3 The algorithm

To begin the algorithm, let i = k and j = l, i.e., we start with P ⇤
i = Pi and Q⇤

j = Qj

being both tetrahedra. Notice that for the base case, i = k and j = l, we can

determine in O(1) time if Pi and ⇢0(Qj) = ⇢0(Q
⇤
j) intersect. If they do not, then we can

compute a plane separating them and establish the separation invariant. Otherwise,

if Pi and ⇢0(Qj) intersect, then by Theorem 4.3.7 we know that ⇢1(Pi) = ⇢1(P ⇤
i ) does

not intersect Qj. Thus, in constant time we can compute a plane tangent to Qj in

the polar space that separates ⇢1(Pi) = ⇢1(P ⇤
i ) from Qj. That is, we can establish

the inverse separation invariant. Thus, at the beginning of the algorithm the star

invariant holds trivially, and either the separation invariant or the inverse separation

invariant holds (maybe both if Pi and ⇢0(Qj) are tangent).

After each round of the algorithm, we advance in at least one of the hierarchies

of P and Q while maintaining the star invariant. Moreover, we maintain at least

one among the separation and the inverse separation invariants. Depending on which

invariant is maintained, we step into the primal or the polar space as follows (if both

invariants hold, we choose arbitrarily).



44

4.5.4 A walk in the primal space

We step into this case if the separation invariant holds. That is, Pi is separated from

⇢0(Q
⇤
j) by a plane ⇡ tangent to Pi at a vertex v.

We know by Lemma 4.4.2 that there is at most one vertex p in Pi�1

that lies

in ⇡0 \ ⇡. Moreover, this vertex must be a neighbor of v in Pi�1

. Because Pi�1

is

c-bounded, we scan the O(1) neighbors of v and test if any of them lies in ⇡0 \⇡. Two
cases arise:

Case 1. If Pi�1

is contained in ⇡1 , then ⇡ still separates Pi�1

from ⇢0(Q
⇤
j) while

being tangent to the same vertex v of Pi�1

. Therefore, we have moved down one level

in the hierarchy of P while maintaining the separation invariant.

To maintain the star invariant, let P ⇤
i�1

= Nv(Pi�1

) and let p⇤ = v 2 V (P ⇤
i�1

) \
V (Pi�1

). Because Pi�1

is c-bounded, we know that P ⇤
i�1

has constant size. Since

⇢0(Q
⇤
j) has constant size, we can compute the plane ' parallel to ⇡ and tangent to

⇢0(Q
⇤
j) in O(1) time, i.e., ' also separates Pi�1

from ⇢0(Q
⇤
j). Because ⇢0(Q

⇤
j) ◆ ⇢0(Qj)

by Lemma 4.3.6 and from the fact that Pi�1

\ p⇤ ⇢ Pi�1

, we conclude that (1) '

separates Pi�1

\ p⇤ from ⇢0(Qj). Moreover, because ⇢(') 2 Q⇤
j by Lemma 4.3.5 and

from the fact that Q⇤
j ✓ Qj, we conclude that (2) ⇢(') 2 Qj. Thus, the star invariant

is maintained in the primal space.

In the polar space, if j < l, then since ⇢1(Pi�1

) ✓ ⇢1(Pi) by Lemma 4.3.6, (1)

the plane � that separates Qj \ q⇤ from ⇢1(Pi) also separates Qj \ q⇤ from ⇢1(Pi�1

).

Moreover, because Pi ✓ Pi�1

and from the fact that ⇢(�) 2 Pi, we conclude that (2)

⇢(�) 2 Pi�1

. Thus, the star invariant is also maintained in the polar space and we

proceed with a new round of the algorithm in the primal space.

Case 2. If Pi�1

crosses ⇡, then by Lemma 4.4.2 there is a unique vertex p of Pi�1

that lies in ⇡0 \⇡. To maintain the star invariant, let P ⇤
i�1

= Np(Pi�1

) and let p⇤ = p.

Then, proceed as in to the first case. In this way, we maintain the star invariant in

both the primal and the polar space.

Recall that p⇤(Pi�1

) is the cone being the convex hull of the set of rays shooting

from p⇤ to each of its neighbors in Pi�1

. Since Pi�1

is c-bounded, p⇤ has at most c

neighbors in Pi�1

. Thus, both p⇤(Pi�1

) and ⇢0(Q
⇤
j) have constant complexity and we



45

can test if they intersect in constant time. Two cases arise:

Case 2.1. If p⇤(Pi�1

) and ⇢0(Q
⇤
j) do not intersect, then as Pi�1

✓ p⇤(Pi�1

), we

can compute in constant time a plane ⇡0 tangent to p⇤(Pi�1

) at p⇤ that separates

Pi�1

✓ p⇤(Pi�1

) from ⇢0(Q
⇤
j). That is, we reestablish the separation invariant and

proceed with a new round in the primal space.

Case 2.2. Otherwise, if p⇤(Pi�1

) and ⇢0(Q
⇤
j) intersect, then because Pi�1

\ p⇤ ✓
⇡1 and ⇢0(Q

⇤
j) ✓ ⇡0 , we know that this intersection happens at a point of P ⇤

i�1

, i.e.,

P ⇤
i�1

intersects ⇢0(Q
⇤
j). Therefore, by Theorem 4.3.7 there is a plane µ0 that separates

⇢1(P ⇤
i�1

) from Q⇤
j in the polar space. In this case, we would like to establish the

inverse separation invariant which states that ⇢1(P ⇤
i�1

) is separated from Qj. Note

that if j = l, then Qj = Q⇤
j and the inverse separation invariant is established.

Therefore, assume that j < l and recall that q⇤ 2 V (Q⇤
j) \ V (Qj).

By the star invariant and from the assumption that j < l, the plane � separates

Qj \ q⇤ from ⇢1(Pi�1

), i.e., Qj \ q⇤ ✓ �0 . In this case, we enlarge P ⇤
i�1

by adding

the vertex ⇢(�) to it, i.e., we let P ⇤
i�1

= ch(Np(Pi�1

) [ {⇢(�)}). Note that this

enlargement preserves the star invariant as p⇤ is still a vertex of the refined P ⇤
i�1

.

Moreover, because ⇢(�) 2 Pi�1

by the star invariant, we know that P ⇤
i�1

✓ Pi�1

.

Because ⇢(�) 2 P ⇤
i�1

, Lemma 4.3.4 implies that ⇢1(P ⇤
i�1

) ✓ �1 . Since Qj \q⇤ ✓ �0 ,

� separates ⇢1(P ⇤
i�1

) from Qj \q⇤. Because µ0 separates ⇢1(P ⇤
i�1

) from Q⇤
j ◆ Nq⇤(Qj),

we conclude that there is a plane that separates ⇢1(P ⇤
i�1

) from Qj and it only remains

to compute it in O(1) time.

In fact, because Qj \ q⇤ ✓ �0 , all neighbors of q⇤ in Qj lie in �0 and hence, the

cone q⇤(Qj) does not intersect ⇢1(P ⇤
i�1

). Since q⇤(Qj) and ⇢1(P ⇤
i�1

) have constant

complexity, we can compute a plane µ tangent to q⇤(Qj) at q⇤ such that µ separates

q⇤(Qj) from ⇢1(P ⇤
i�1

). Because Qj ✓ q⇤(Qj), µ separates Qj from ⇢1(P ⇤
i�1

) while

being tangent to Qj at q⇤. That is, we establish the inverse separation invariant. In

this case, we step into the polar space and try to move down in the hierarchy of Q in

the next round of the algorithm.
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4.5.5 A walk in the polar space

We step into this case if the inverse separation invariant holds. That is, we have a

plane tangent to Qj at one of its vertices that separates ⇢1(P ⇤
i ) from Qj. In this

case, we perform an analogous procedure to that described for the case when the

separation invariant holds. However, all instances of Pi (resp. P ) are replaced by Qj

(resp. Q) and vice versa, and all instances of ⇢1(⇤) are replaced by ⇢0(⇤) and vice

versa. Moreover, all instances of the separation and the inverse separation invariant

are also swapped. At the end of this procedure, we decrease the value of j and

establish either the separation or the inverse separation invariant. Moreover, the star

invariant is also preserved should there be a subsequent round of the algorithm.

4.5.6 Analysis of the algorithm

After going back and forth between the primal and the polar space, we reach the

bottom of the hierarchy of either P or Q. Thus, we might reach a situation in which

we analyze P
1

and ⇢0(Q
⇤
j) in the primal space for some 1  j  l. In this case, if the

separation invariant holds, then we have computed a plane ⇡ that separates P
1

from

⇢0(Q
⇤
j) ◆ ⇢0(Q). Because P = P

1

, we conclude that ⇡ separates P from R = ⇢0(Q).

We may also reach a situation in which we test Q
1

and ⇢1(P ⇤
i ) in the polar space

for some 1  i  k. In this case, if the inverse separation invariant holds, then we

have a plane µ that separates Q
1

from ⇢1(P ⇤
i ). Since ⇢1(P ⇤

i ) has constant complexity,

we can assume that µ is tangent to ⇢1(P ⇤
i ) as we can compute a plane parallel to µ

with this property. Because Q = Q
1

, we conclude that µ is a plane that separates

Q from ⇢1(P ⇤
i ) such that µ is tangent to ⇢1(P ⇤

i ). Therefore, Theorem 4.3.7 implies

that ⇢(µ) is a point in the intersection of P ⇤
i ✓ P and ⇢0(Q), i.e., P and R = ⇢0(Q)

intersect.

In any other situation the algorithm can continue until one of the two previously

mentioned cases arises and the algorithm finishes. Because we advance in each round

in either the BDK-hierarchy of P or the BDK-hierarchy of Q, after O(log n+ logm)

rounds the algorithm finishes. Because each round is performed in O(1) time, we

obtain the following result.

Theorem 4.5.1. Let P and R be two independently preprocessed polyhedra in R3
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with combinatorial complexities n and m, respectively. For any given translations

and rotations of P and R, we can determine if P and R intersect in O(log n+ logm)

time.

4.6 Detecting intersections in higher dimensions

In this section, we extend our algorithm to any constant dimension d at the expense

of increasing the space to O(nbd/2c+�) for any � > 0. To do that, we replace the BDK-

hierarchy and introduce a new hierarchy produced by recursively taking "-nets of the

faces of the polyhedron. Our objective is to obtain a new hierarchy with logarithmic

depth with properties similar to those described in Lemma 4.4.2. For the latter, we

use the following definition.

Given a polyhedron P , the intersection of (d + 1) halfspaces is a shell-simplex of

P if it contains P and each of these (d + 1) halfspaces is supported by a (d � 1)-

dimensional face of P .

Lemma 4.6.1. Let P be a polyhedron in Rd with k vertices. We can compute a set

⌃(P ) of at most O(kbd/2c) shell-simplices of P such that given a hyperplane ⇡ tangent

to P , there is a shell-simplex � 2 ⌃(P ) such that ⇡ is also tangent to �.

Proof. Without loss of generality assume that 0 2 P . Note that ⇢0(P ) has exactly

k (d � 1)-dimensional faces. Using Lemma 3.8 of [34] we infer that there exists a

triangulation T of ⇢0(P ) such that the combinatorial complexity of T is O(kbd/2c).

That is, T decomposes ⇢0(P ) into interior disjoint d-dimensional simplices.

Let s be a simplex of T . For each v 2 V (s), notice that since v 2 ⇢0(P ), P ✓ ⇢0(v)

by Lemma 4.3.4. Therefore, P ✓ \v2V (s)⇢0(v) = ⇢0(s), i.e., �s = ⇢0(s) is a shell-

simplex of P obtained from polarizing s. Finally, let ⌃(P ) = {�s : s 2 T} and notice

that |⌃(P )| = O(kbd/2c).

Because 0 2 P , Lemma 4.3.2 implies that P = ⇢0(⇢0(P )). Let ⇡ be a hyperplane

tangent to P = ⇢0(⇢0(P )) and note that its polar is a point ⇢(⇡) lying on the boundary

of ⇢0(P ) by Lemma 4.3.5. Hence, ⇢(⇡) lies on the boundary of a simplex s of T . Thus,

by Lemma 4.3.4 we know that �s ✓ ⇡0 . Because ⇢(⇡) lies on the boundary of s, ⇡ is

tangent to �s yielding our result.



48

4.6.1 Hierarchical trees

Let P be a polyhedron with combinatorial complexity n. We can assume that the

vertices of P are in general position (i.e., no d+1 vertices lie on the same hyperplane)

using Simulation of Simplicity [43].

Let F (P ) be the set of all faces of P . Consider the family G such that a set g 2 G

is the complement of the intersection of d + 1 halfspaces. Let (F (P ),GF (P )

) be the

geometric set system induced by G on F (P ) (see Section 3.1).

To compute the hierarchy of P , let 0 < " < 1 and consider the set system defined

by F (P ) and GF (P )

. Since the VC-dimension of this set system is finite by Theo-

rem 3.1.2, we can compute an "-net N of (F (P ),GF (P )

) of size O(1
"
log 1

"
) = O(1)

using Theorem 3.1.3. Because the vertices of P are in general position, each face of

P has at most d+ 1 vertices. Therefore, ch(N) has O(|N |) vertices, i.e., ch(N) has

constant complexity. By Lemma 4.6.1 and since |N | = O(1), we can compute the set

⌃(ch(N)) having O(|N |bd/2c) shell-simplices of ch(N) in constant time.

Given a shell-simplex � 2 ⌃(ch(N)), let �̄ 2 G be the complement of �. Because

ch(N) ✓ �, �̄ intersects no face of N . Let F�̄ = {f 2 F (P ) : f \ �̄ 6= ;} be the set

of faces of P intersected by �̄. Therefore, since N is an "-net of (F (P ),GF (P )

), we

conclude that F�̄ contains at most "|F (P )| faces of P .

We construct the hierarchical tree of a polyhedron P recursively. In each recursive

step, we consider a subset F of the faces of P as input. As a starting point, let

F = F (P ). The recursive construction considers two cases: (1) If F consists of a

constant number of faces, then its tree consists of a unique node storing a reference to

ch(F ). (2) Otherwise, compute the "-net N of F as described above and store ch(N)

together with ⌃(ch(N)) at the root node. Then, for each shell-simplex � 2 ⌃(ch(N))

construct recursively the tree for F�̄ and attach it to the root node. Because the size

of the "-net is independent of the size of the polyhedron, we obtain a hierarchical

structure being a tree rooted at ch(N) with maximum degree O(|N |bd/2c).

Lemma 4.6.2. Given a polyhedron P in Rd with combinatorial complexity n and any

� > 0, we can compute a hierarchical tree for P with O(log n) depth in O(nbd/2c+�)

time using O(nbd/2c+�) space.
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Proof. Because we reduce the number of faces of the original polyhedron by a factor

of " on each branching of the hierarchical tree, the depth of this tree is O(log n).

The space S(n) of this hierarchical tree of P can be described by the following

recurrence S(n) = O(|N |bd/2c)S("n) + O(1). Recall that |N | = O(1
"
log 1

"
) by The-

orem 3.1.1. Moreover, if we let r = 1/", we can solve this recurrence using the

master theorem and obtain that S(n) = O(n
bd/2c log(Cr log r)

log r ) for some constant C > 0.

Therefore, by choosing r = 1/" su�ciently large, we obtain that the total space is

S(n) = O(nbd/2c+�) for any � > 0 arbitrarily small. To analyze the time needed

to construct this hierarchical tree, recall that an "-net can be computed in linear

time [67] which leads to the following recurrence T (n) = O(|N |bd/2c)S("n) + O(n).

Using the same arguments as for the space we solve this recurrence and obtain that

the total time is T (n) = O(nbd/2c+�) for any � > 0 arbitrarily small.

4.6.2 Testing intersection in higher dimensions

Using hierarchical trees, we extend the ideas used for the 3D algorithm presented

in Section 4.5 to higher dimensions. We start by describing the preprocessing of a

polyhedron.

4.6.3 Preprocessing

Let P be a polyhedron Rd with combinatorial complexity n. Assume without loss of

generality that the origin lies in the interior of P . Otherwise, modify the coordinate

system. To preprocess P , we first compute the polyhedron ⇢0(P ) being the polar-

ization of P . Then, we compute two hierarchical trees as described in the previous

section, one for P and another for ⇢0(P ). Similarly to the 3D case, because only

one of the two hierarchical trees will ever be used in a single intersection query, we

can independently use Simulation of Simplicity [43] in the construction of each of the

trees. Because |F (⇢0(P ))| = |F (P )| = n by Corollary 2.14 of [92], the total size of

these hierarchical trees is O(nbd/2c+�).
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4.6.4 Preliminaries of the algorithm

Let P and R be two independently preprocessed polyhedra in Rd with combinatorial

complexities n and m, respectively. Throughout this algorithm, we fix the coordinate

system used in the preprocessing of R, i.e., we assume that 0 2 R. For ease of

notation, let Q = ⇢0(R). Because 0 2 R, Lemma 4.3.2 implies that R = ⇢0(Q).

Assume that P and ⇢0(Q) lie in a primal space while ⇢1(P ) and Q lie in a polar

space. As in the 3D-algorithm, we look at the primal and polar spaces independently

and switch between them whenever necessary.

To test the intersection of P and R = ⇢0(Q), we use the hierarchical trees of P

and Q computed during the preprocessing step. The idea is to walk down these trees

using paths going from the root to a leaf while maintaining some invariants.

Throughout the algorithm, we prune the faces of P and keep only those that

can define an intersection. Formally, we consider a set F ⇤(P ) ✓ F (P ) such that P

intersects ⇢0(Q) if and only if a face of F ⇤(P ) intersects ⇢0(Q). In the same way, we

prune F (Q) and maintain a set F ⇤(Q) ✓ F (Q) such that Q intersects ⇢1(P ) if and

only if a face of F ⇤(Q) intersects ⇢1(P ). If these properties hold, we say that the

correctness invariant is maintained.

At the beginning of the algorithm let F ⇤(P ) = F (P ) and F ⇤(Q) = F (Q). In

each round of the algorithm we discard a constant fraction of either F ⇤(P ) or F ⇤(Q)

while maintaining the correctness invariant. Note that these sets are not explicitly

maintained.

Throughout, we consider constant size polyhedra PN ✓ P and QN ✓ Q being

the convex hull of "-nets of F ⇤(P ) and F ⇤(Q), respectively. The algorithm tests if

PN and ⇢0(QN) intersect to determine either the separation or the inverse separation

invariant, both analogous to those used by the 3D-algorithm. Formally, the separation

invariant states that we have a hyperplane ⇡ that separates PN from ⇢0(QN) such

that ⇡ is tangent to PN at one of its vertices. The inverse separation invariant states

that there is a hyperplane µ that separates ⇢1(PN) from QN such that µ is tangent

to QN at one of its vertices. By Theorem 4.3.7 at least one of the invariants must

hold.

At the beginning of the algorithm, we let PN ✓ P and QN ✓ Q be the convex hulls
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of the "-nets computed for F (P ) and F (Q) at the root of their respective hierarchical

trees. Because they have constant complexity, we can test if the separation or the

inverse separation invariant holds. Depending on which invariant is established, we

step into the primal or the polar space as follows (if both invariants hold, we choose

arbitrarily).

4.6.5 Separation invariant

If the separation invariant holds, then we have a hyperplane ⇡ tangent to PN at a

vertex v such that ⇡ separates PN from ⇢0(QN). Therefore, by Lemma 4.6.1 there is

a simplex � 2 ⌃(PN) such that ⇡ is also tangent to � at v. Because we stored ⌃(PN)

in the hierarchical tree, we go through the O(1) shell-simplices of ⌃(PN) to find �.

Recall that F�̄ is the set of faces of F ⇤(P ) that intersect the complement of �. Thus,

every face of P intersecting the halfspace ⇡0 belongs to F�̄.

Because ⇡ separates PN from ⇢0(Q) ✓ ⇢0(QN) ✓ ⇡0 , the only faces of F ⇤(P ) that

could define an intersection with ⇢0(Q) are those in F�̄, i.e., a face of F ⇤(P ) intersects

⇢0(Q) if and only if a face of F�̄ intersects ⇢0(Q). Because the correctness invariant

held prior to this step, we conclude that a face of F�̄ intersects ⇢0(Q) if and only if P

intersects ⇢0(Q).

Recall that we have recursively constructed a tree for F�̄ which hangs from the

node storing PN . In particular, in the root of this tree we have stored the convex hull

of an "-net of F�̄. Therefore, after finding � in O(1) time, we move down one level to

the root of the tree of F�̄. Then, we redefine PN to be the convex hull of the "-net of

F�̄ stored in this node. Moreover, we let F ⇤(P ) = F�̄ which preserves the correctness

invariant. Then, we test if the new PN and ⇢0(QN) intersect to determine if either

the separation or inverse separation invariant holds. In this way, we moved down one

level in the hierarchical tree of P and proceed with a new round of the algorithm.

4.6.6 Inverse separation invariant

If the inverse separation invariant holds, then we have a hyperplane that separates

⇢1(PN) from QN . Applying an analogous procedure to the one described for the

separation invariant, we redefine QN and move down one level in the hierarchical tree
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of Q while maintaining the correctness invariant. Then, we test if ⇢1(PN) intersects

the new QN to determine if either the separation or inverse separation invariants

holds and proceed with the algorithm.

After O(log n+logm) rounds, the algorithm reaches the bottom of the hierarchical

tree of either P or Q. If we reach the bottom of the hierarchical tree of P and the

separation invariant holds, then because ⇢0(QN) ◆ ⇢0(Q) by Lemma 4.3.6, we have a

hyperplane that separates PN = ch(F ⇤(P )) from ⇢0(QN). That is, no face of F ⇤(P )

intersects ⇢0(QN). Because P and ⇢0(Q) intersect if and only if a face of F ⇤(P )

intersects ⇢0(Q) by the correctness invariant, we conclude that P and R = ⇢0(Q) do

not intersect.

Analogously, if we reach the bottom of the hierarchical tree of Q and the in-

verse separation invariant holds, then we have a hyperplane that separates QN =

ch(F ⇤(Q)) from ⇢1(PN) ◆ ⇢1(P ). That is, no face of F ⇤(Q) intersects ⇢1(P ).

Thus, by the correctness invariant, we conclude that Q and ⇢1(P ) do not intersect.

Therefore, Theorem 4.3.7 implies that P and R = ⇢0(Q) intersect.

In any other situation the algorithm can continue until one of the two previously

mentioned cases arises and the algorithm finishes. Recall that the hierarchical trees

of P and Q have logarithmic depth by Lemma 4.6.2. Because in each round we move

down in the hierarchical tree of either P or Q, after O(log n + logm) rounds the

algorithm finishes. Moreover, since each round can be performed in O(1) time, we

obtain the following result.

Theorem 4.6.3. Let P and R be two independently preprocessed polyhedra in Rd

with combinatorial complexities n and m, respectively. For any given translations

and rotations of P and R, we can determine if P and R intersect in O(log n+ logm)

time.

Note that this algorithm does not construct a hyperplane that separates P and

⇢0(Q) or a common point, but only determines if such a separating plane or intersec-

tion point exists. In fact, if P is disjoint from ⇢0(Q), then we can take the O(log n)

hyperplanes found by the algorithm, each of them separating some portion of P from

⇢0(Q). Because all these hyperplanes support a halfspace that contains ⇢0(Q), their
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intersection defines a polyhedron S that contains ⇢0(Q) and excludes P . Therefore,

we have a certificate of size O(log n) that guarantees that P and ⇢0(Q) are separated.

Similarly, if Q is disjoint from ⇢1(P ), then we can find a polyhedron of size

O(logm) whose boundary separates Q from ⇢1(P ). In this case, we have a certificate

that guarantees that Q and ⇢1(P ) are disjoint which by Theorem 4.3.7 implies that

P and ⇢0(Q) intersect.



Part II

Voronoi Diagrams and Facility

Location
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Chapter 5

Incremental Voronoi

Let S be a set of n sites in the plane. The graph structures of di↵erent kinds of

Voronoi diagrams capture much of the proximity information of that set and have

several applications in computational geometry, shape reconstruction, computational

biology, and machine learning.

One of the most popular algorithms for constructing Voronoi diagrams inserts sites

in random order, incrementally updating the diagram [35]. In that case, backward

analysis shows that the expected number of changed edges in V(S) is constant, o↵ering
some hope that an e�cient dynamic—or at least semi-dynamic—data structure for

maintaining V(S) could exist. These hopes, however, are rapidly squashed, as it is

easy to construct examples where the complexity of each successively added face is

⌦(n), and thus each insertion changes the position of a linear number of vertices

and edges of V(S). The goal of this chapter is to show that despite this worst-case

behavior, the amortized number of structural changes to the graph of the Voronoi

diagram of S, that is, the minimum number of edge-insertions and edge-deletions

needed to update V(S) throughout any sequence of site insertions to S, is much

smaller.

To overcome the worst-case behavior, Aronov et al. [8] studied what happens in

the specific case of points in convex position added in clockwise order using the more

elementary link (add an edge) and cut (delete an edge) operations in the Voronoi

diagram. They show that, in that model, it is possible to reconfigure the tree after

each site insertion while performing O(log n) links and cuts, amortized; however their

proof is existential and no algorithm is provided to find those links and cuts. Pet-

tie [82] shows both an alternate proof of that fact using forbidden 0-1 matrices and a

matching lower bound.

55
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5.1 Flarbs

In the mid-1980’s it was observed that a number of variants of Voronoi diagrams

and Delaunay triangulations using di↵erent metrics (Euclidean distance, Lp norms,

convex distance functions) or di↵erent kinds of sites (points, segments, circles) could

all be handled using similar techniques. To formalize this, several abstract frameworks

were defined, such as the one of Edelsbrunner and Seidel [44] and the two variants of

abstract Voronoi diagrams of Klein [61, 62]. In this chapter we define a new abstract

framework to deal with Voronoi diagrams constructed incrementally by inserting new

sites.

Let G be a 3-regular embedded plane graph with n vertices1. We seek to bound the

number of edge removals and insertions needed to implement the following operation,

hereafter referred to as a flarb: Given a simple closed curve C in the plane whose

interior intersects G in a connected component, split both C and all the edges that

it crosses at the point of intersection, remove every edge and vertex that lies in the

interior of C, and add each curve in the subdivision of C as a new edge; see Figure 5.1.

This operation can be used to represent the insertion of new regions in di↵erent types

of Voronoi diagrams. It can also be used to represent the changes to the 1-skeleton

of a polyhedron in R3 after it is intersected with a halfspace.

G

C C
G(G, C)

e1
e2

e3

e4

e5
e6

w1
w2

w3

w4
w5w6

w1
w2

w3

w4
w5

w6

Figure 5.1: The flarb operation on a graph G induced by a flarbable curve C, produces a
graph G(G, C) with 2 more vertices. Fleeq-edges crossed by C are shown in red.

1While the introduction used n for the number of sites in S, the combinatorial part of this article
uses n for the number of vertices in the Voronoi diagram. By Euler’s formula, those two values are
asymptotically equivalent, up to a constant factor.
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5.2 Results

We show that the amortized cost of a flarb operation, where the combinatorial cost is

defined to be the minimum number of edge insertions and removals needed to perform

it, is O(
p
n). We also show a matching lower bound: some sequences of flarbs require

⌦(
p
n) links and cuts per flarb, even when the graph is a tree (or more precisely a

Halin graph—a tree with all leaves connected by a cycle to make it 3-regular). This

contrasts with the O(log n) upper bound of Aronov et al. [8] for the Voronoi diagram

of points in convex position (also a tree) when points are added in clockwise order.

We complement these combinatorial bounds with an algorithmic result. We

present an output-sensitive data structure that maintains the farthest-point Voronoi

diagram of a set S of n points in convex position as new points are added to S. Upon

an insertion, the data structure finds the minimum (up to within a constant factor)

number K of edge insertions and deletions necessary to update the farthest-point

Voronoi diagram of S. The running time of each insertion is O(K log7 n), and by our

combinatorial bounds, K = O(
p
n) amortized. This solves the open problem posed

by Aronov et al. [8].

The distinguishing feature of this data structure is that it explicitly maintains

the graph structure of the farthest-point Voronoi diagram after every insertion, a

property that is not provided by any farthest (or nearest) neighbor data structure

that uses decomposable searching problem techniques. Further, the data structure

also maintains the farthest-point Voronoi diagram in a grappa tree [8], a variant of

the link-cut trees of Sleator and Tarjan [86] that allows a powerful query operation

called oracle-search. Roughly speaking, the oracle-search query has access to an oracle

specifying a vertex to find. Given an edge of the tree, the oracle determines which

of the two subtrees attached to its endpoints contains that vertex. Grappa trees use

O(log n) time and oracle calls to find the sought vertex. A grappa tree is in some

sense a dynamic version of the centroid decomposition for trees, which is used in many

algorithms for searching in Voronoi diagrams. Using this structure, it is possible to

solve a number of problems for the set S at any moment during the incremental

construction, for example:

• Given a point q, find the Voronoi region containing q in O(log n) time. This not
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only gives the nearest neighbor of q, but a pointer to the explicit description of

its region.

• Find the smallest disk enclosing S, centered on a query segment [pq], in O(log n)

time [23].

• Find the smallest disk enclosing S, centered on a query circle C, in O(log n)

time [14].

• Given a convex polygon P (counterclockwise array of its m vertices), find the

smallest disk enclosing S and excluding P in O(log n+ logm) time [5].

The combinatorial bound for Voronoi diagrams also has direct algorithmic con-

sequences, the most important being that it is possible to store all versions of the

graph throughout a sequence of insertions using persistence in O(n3/2) space. Since

the entire structure of the graph is stored for each version, this provides a founda-

tion for many applications that, for instance, would require searching the sequence of

insertions for the moment during which a specific event occurred.

5.3 Outline

The main approach used to bound the combinatorial cost of a flarb is to examine

how the complexity of the faces changes. Notice that faces whose size remains the

same do not require edge insertions and deletions. The other faces either grow or

shrink, and a careful counting argument reveals that the cost of a flarb is at most the

number faces that shrink (or disappear) upon execution of the flarb (Section 5.4). By

using a potential function that sums the sizes of all faces, the combinatorial cost of

shrinking faces is paid for by the reduction of their potential. To avoid incurring a

high increase in potential for a large new face, the potential of each face is capped at
p
n. Then at most O(

p
n) large faces can shrink without changing potential and are

accounted for separately (Section 5.5). The matching ⌦(
p
n) lower bound is presented

in Section 5.6, and Section 5.7 presents the data structure for performing flarbs for

the farthest-point Voronoi diagrams of points in convex position.
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5.4 The flarb operation

In this section we formalize the flarb operation that models the insertion of new sites

in Voronoi diagrams, and present a preliminary analysis of the cost of a flarb.

Let G = (V,E) be a planar 3-regular graph embedded in R2 (not-necessarily with

a straight-line embedding). Let C be a simple closed Jordan curve in the plane. Define

in(C) to be the set of vertices ofG that lie in the interior of C and let ex(C) = V \in(C).
We say that C is flarbable for G if the following conditions hold:

1. the graph induced by in(C) is connected,

2. C intersects each edge of G either at a single point or not at all,

3. C passes through no vertex of G, and

4. the intersection of C with each face of G is path-connected.

In the case where the graph G is clear from context, we simply say that C is

flarbable. The fleeq of C is the circular sequence EC = e
1

, . . . , ek of edges in E that are

crossed by C; we call the edges in EC fleeq-edges. A face whose interior is crossed by C
is called a C-face. We assume without loss of generality that C is oriented clockwise

and that the edges in EC are ordered according to their intersection with C. Given a

flarbable curve C on G, we present the following definition.

Definition 1. For a planar graph G and a curve C flarbable for G, we define a flarb

operation F(G, EC) which produces a new 3-connected graph G(G, C) as follows (see

Figure 5.1 for a depiction):

1. For each edge ei = (ui, vi) in EC such that ui 2 in(C) and vi 2 ex(C), create a

new vertex wi = C \ ei and connect it to vi along ei.

2. For each pair ei, ei+1

of successive edges in EC, create a new edge (wi, wi+1

)

between them along C. We call (wi, wi+1

) a C-edge (all indices are taken mod-

ulo k).

3. Delete all vertices of in(C) along with their incident edges.
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Lemma 5.4.1. For each flarbable curve C for a 3-regular planar graph G, G(G, C)
has at most 2 more vertices than G does.

Proof. Let EC = e
1

, . . . , ek be the fleeq of C and let f be the new face in G(G, C)
that is bounded by C and created by the flarb operation F(G, EC). Notice that the

vertices of f are the points w
1

, . . . , wk along edges e
1

, . . . , ek, where wi = C\ei. Since
C is flarbable, the subgraph induced by the vertices of in(C) [ {w

1

, . . . , wk} is also a

connected graph T with w
1

, . . . , wk as its leaves and every other vertex of degree 3; see

Figure 5.1. Therefore T has at least k� 2 internal vertices. The flarb operation adds

k vertices, namely w
1

, . . . , wk, and the internal vertices of T are deleted. Therefore,

the net increase in the number of vertices is at most 2.

Since each newly created vertex has degree three and all remaining vertices are

una↵ected, the new graph is 3-regular. In other words, the flarb operation F(G, EC)
creates a cycle along C and removes the portion of the graph enclosed by C. Note

that for any point set in general position (no four points lie on the same circle), its

Voronoi diagram is a 3-regular planar graph, assuming we use the line at infinity to

join the endpoints of its unbounded edges in clockwise order. Therefore, a flarb can

be used to represent the changes to the Voronoi diagram upon insertion of a new site.

Observation 5.4.2. Given a set S of points in general position, let V(S) be the graph
of the farthest-point Voronoi diagram of S. For a new point q, there exists some curve

Cq
S such that G(V(S), Cq

S) = V(S)(S[{q}); namely, Cq
S is the boundary of the Voronoi

region of q in V(S)(S [ {q}). The same holds for the nearest-point Voronoi diagram

of S.

More generally, convex polytopes defined by the intersection of halfspaces in R3

behave similarly: the intersection of a new halfspace with a convex polytope modifies

the structure of its 1-skeleton by adding a new face. This structural change can be

obtained performing a flarb operation in which the flarbable curve consists of the

boundary of the new face.

Definition 2. Given a C-face f of G, the modified face of f is the face f 0 of G(G, C)
that coincides with f outside of C. In other words, f 0 is the face that remains from
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f after performing the flarb F(G, EC). We say that a C-face f is preserved (by the

flarb F(G, EC)) if |f | = |f 0|. Moreover, we say that each edge in a preserved face is

preserved (by F(G, EC)). Denote by P(G, C) the set of faces preserved by F(G, EC)
and let B(G, C) be the set of faces wholly contained in the interior of C.

Since a preserved C-face bounded by two fleeq-edges ei and ei+1

has the same size

before and after the flarb, there must be an edge e of G connecting ei with ei+1

which

is replaced by a C-edge e⇤ after the flarb. In this case, we say that the edge e reappears

as e⇤.

The following auxiliary lemma will help us bound the number of operations needed

to produce the graph G(G, C), and follows directly from the Euler characteristic of

connected planar graphs:

Lemma 5.4.3. Let H be a connected planar graph with vertices of degree either 1, 2

or 3. For each i 2 {1, 2, 3}, let �i be the number of vertices of H with degree i. Then,

H has exactly 2�
1

+ �
2

+ 3FH � 3 edges, where FH is the number of bounded faces

of H.

Given a 3-regular graph G = (V,E) and a flarbable curve C we want to analyze

the number of structural changes that G needs to undergo to perform F(G, EC). To

this end, we define the combinatorial cost of F(G, EC), denoted by cost(G, C), to
be the minimum number of links and cuts needed to transform G into G(G, C) (note
that the algorithm may not implement the flarb operation according to the procedure

described in Definition 1). We assume that any other operation has no cost and is

therefore not included in the cost of the flarb.

Consider the fleeq EC = e
1

, . . . , ek and the C-edges created by F(G, EC). Let e be

an edge adjacent to some ei and ei+1

that reappears as the C-edge e⇤. Notice that we
can obtain e⇤ without any links or cuts to G: simply shrink ei and ei+1

so that their

endpoints in in(C) now coincide with their intersections with C. Then modify e to

coincide with the portion of C connecting the new endpoints of ei and ei+1

. Using this

preserving operation, we obtain the C-edge e⇤ with no cost to the flarb. Intuitively,

preserved edges are cost-free in a flarb while non-preserved edges have a nonzero cost.

This notion is formalized in the following lemma.
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Lemma 5.4.4. For a flarbable curve C,

(|EC|+ |B(G, C)|� |P(G, C)|)/2  cost(G, C)  4|EC|+ 3|B(G, C)|� 4|P(G, C)|.

Proof. For the upper bound, we construct G(G, C) from G using at most |EC| +
3|B(G, C)|�4|P(G, C) link and cuts. Consider the subgraph GC induced by in(C)[{v :

v is an endpoint to some edge in EC}. Since C is flarbable, we know that GC is a con-

nected graph such that each vertex of in(C) has degree 3 while the endpoints of the

fleeq-edges outside of C have degree 1. Note that if two preserved faces share a non-

fleeq edge e, then there are four neighbors of the endpoints of e that lie outside of C.
Since GC is connected, e and its four adjacent edges define the entire graph GC and

the bound holds trivially. Therefore, we assume from now on that no two preserved

faces share a non-fleeq-edge.

Note that the bounded faces of GC are exactly the bounded faces in B(G, C).
Since GC has |EC| vertices of degree 1, no vertex of degree 2, and |B(G, C)| bounded
faces, by Lemma 5.4.3, GC has at most 2|EC| + 3|B(G, C)| edges. We consider every

edge of GC that is not preserved and remove it with a cut operation (we remove

isolated vertices afterwards). Note that each preserved face contains at least three

preserved edges, two fleeq-edges and a third edge of G. Since we assumed that no

two preserved faces share a non-fleeq-edge, the third edge is not double-counted,

while the fleeq-edges may be counted at most twice. Therefore, we can charge each

preserved face with at least 2 preserved edges, meaning that we perform a total of

at most 2|EC|+3|B(G, C)|� 2|P(G, C)| cut operations. Note that each non-preserved

fleeq-edge has been cut and we need to reintroduce it later to obtain G(G, C).
Recall that no edge bounding a preserved face has been cut. For each preserved

face, perform a preserving operation on it which requires no link or cut operation.

Since no two preserved faces share a non-fleeq edge, we obtain all the C-edges bounding
the preserved faces after the flarb with no cost. To complete the construction of

G(G, C), create each fleeq-edge that is not preserved and then add the remaining C-
edges bounding non-preserved C-faces. Because at least |P(G, C)| fleeq-edges were

preserved, we need to reintroduce at most |EC| � |P(G, C)| fleeq-edges. Moreover,

since only |EC|� |P(G, C)| C-faces are not preserved, we need to create at most |EC|�
|P(G, C)| C-edges. Therefore, this last step completes the flarb and construct G(G, C)
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using a total of at most 2|EC| � 2|P(G, C)| link operations. Consequently, the total

number of link and cuts needed to obtain G(G, C) fromG is at most 4|EC|+3|B(G, C)|�
4|P(G, C)| as claimed.

To show that cost(G, C) > (|EC| + |B(G, C)| � |P(G, C)|)/2, simply note that in

every non-preserved C-face, the algorithm needs to perform at least one cut, either

to augment the size or reduce the size of the face. Because G and C define exactly

|EC| + |B(G, C)| faces, and since in all but |P(G, C)| of them at least one of its edges

must be cut, we conclude that at least |EC| + |B(G, C)| � |P(G, C)| edges need to be

cut. Since an edge belongs to at most two faces a cut can be over-counted at most

twice and the claimed bound holds.

5.5 The combinatorial upper bound

In this section, we define a potential function to bound the amortized cost of each

operation in a sequence of flarb operations. For a 3-regular embedded planar graph

G = (V,E), we define two potential functions: a local potential function µ to measure

the potential of each face, and a global potential function � to measure the potential

of the whole graph.

Definition 3. Let F be the set of faces of a 3-regular embedded planar graph G =

(V,E). For each face f 2 F , let µ(f) = min{dp|V |e, |f |}, where |f | is the number

of edges on the boundary of f . The potential �(G) of G is defined as follows:

�(G) = �
X

f2F
µ(f),

for some su�ciently large positive constant � to be defined later.

Notice that the potential µ(f) of a C-face f remains unchanged as long as |f |, |f 0| �
p|V |, where f 0 is the modified face of f after the flarb. Since there is no change in

potential that we can use within large C-faces, we exclude them from our analysis

and focus only on smaller C-faces. We formalize this notion in the following section.
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Figure 5.2: Left: A flarbable sub-curves � is contained in a flarbable curve C. The graph
Y� is the union of all edges bounding a �-face. Right: The path ⇧� connects the endpoints
of the first and last fleeq-edges crossed by � by going along the boundary of the outer-face
of Y� .

5.5.1 Flarbable sub-curves

Given a flarbable curve C, a (connected) curve � ✓ C is a flarbable sub-curve. Let

✏� = e
1

, . . . , ek (or simply ✏) be the set of fleeq-edges intersected by � given in order of

intersection after orienting � arbitrarily. We call ✏ the subfleeq induced by �. We say

that a face is a �-face if two of its fleeq-edges are crossed by � (if � has an endpoint

in the interior of this face, it is not a �-face).

Consider the set of all edges of G intersected or enclosed by C that bound some

�-face. Since EC is flarbable, these edges induce a connected subgraph Y� of G with

|✏| = k leaves (vertices of degree 1), namely the endpoints outside of C of each fleeq-

edge in ✏; see Figure 5.2. Notice that Y� may consist of some bounded faces contained

in the interior of C. Let H� be the set of bounded faces of Y� and let �
2

be the number

of vertices of degree 2 of Y�. Since Y� consists of k vertices of degree 1, Lemma 5.4.3

implies the following result.

Corollary 5.5.1. The graph Y� consists of exactly 2k + �
2

+ 3|H�|� 3 edges.

Recall that a C-face f is preserved if its corresponding modified face f 0 in G(G, C)
has the same number of edges, i.e., |f 0| = |f |. We say that f is augmented if |f 0| =
|f | + 1 and we call f shrinking if |f 0| < |f |. Notice that these are all the possible

cases as f gains at most one new edge during the flarb, namely the C-edge crossing

this face.

In the context of a particular flarbable sub-curve �, let a�, s� and p� be the number
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of augmented, shrinking and preserved �-faces, respectively (or simply a, s and p if

� is clear from the context). We further di↵erentiate among the s shrinking �-faces.

A shrinking �-face is interior if it contains no vertex of degree 2 of Y� and does not

share an edge with an augmented �-face. Let sa be the number of shrinking �-faces

that share an edge with an augmented face, let sb be the number of shrinking �-faces

not adjacent to an augmented face that have a vertex of degree 2 of Y�, and let sc

be the number of interior shrinking �-faces. Therefore, s = sa + sb + sc is the total

number of shrinking �-faces.

Since each augmented face has at most two edges and because there are a aug-

mented faces, we know that sa  2a. Let v
1

and vk be the endpoints of the edges e
1

and ek that lie inside C. Let ⇧� be the unique path connecting v
1

and vk in Y� that

traverses along the boundary of the outer face of Y� and stays in the interior of C; see
Figure 5.2.

Notice that ⇧� contains all the edges of �-faces that may bound a �0-face for some

other flarbable sub-curve �0 disjoint from �. In the end, we aim to have bounds on

the number of edges that will be removed from the �-faces during the flarb, but some

of these edges may be double-counted if they are shared with a �0-face. Therefore,

we aim to bound the length of ⇧� and count precisely these possible-shared edges.

Lemma 5.5.2. The path ⇧� has length at most k + 3|H�|+ �
2

� a� sc.

Proof. Notice that no fleeq-edge can be part of ⇧� or this path would go outside of

C, i.e., there are k fleeq-edges of Y� that cannot be part of ⇧�.

We say that a vertex is augmented if it is incident to two fleeq-edges and a third

edge that is not part of ✏, which we call an augmented edge. Because each augmented

�-face has exactly one augmented vertex, there are exactly a augmented vertices in

Y�. Moreover, ⇧� contains at most 2 augmented vertices (if v
1

or vk is augmented).

Thus, at most two augmented edges can be traversed by ⇧� and hence, at least a� 2

augmented edges of Y� do not belong to ⇧�.

Let f be an internal shrinking �-face. Since f is not adjacent to an augmented

�-face, it has no augmented edge on its boundary. We claim that f has at least

one edge that is not traversed by ⇧�. If this claim is true, then there are at least

sc non-fleeq non-augmented edges that cannot be used by ⇧�—one for each internal
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shrinking �-face. Thus, since Y� consists of 2k + 3|H�|+ �
2

� 2 edges, the number of

edges in ⇧� is at most

2k + 3|H�|+ �
2

� 2� (k + a� 2 + sc) = k + 3|H�|+ �
2

� a� sc.

It remains to show that each internal shrinking �-face f has at least one non-fleeq

edge that is not traversed by ⇧�. If ⇧� contains no edge on the boundary of f ,

then the claim holds trivially. If ⇧� contains exactly one edge of f , then since f is

shrinking, it has at least 4 edges and two of them are not fleeq-edges. Thus, in this

case there is one edge of f that is not traversed by ⇧�. We assume from now on that

⇧� contains at least two edges of f .

We claim that that ⇧� needs to visit a contiguous sequence of edges along the

boundary of f . To see this, note that each face of Y� lying between ⇧� and the

boundary of f cannot be crossed by C. Therefore, if we consider the first edge of ⇧�

that is not on f after visiting f the first time, the this edge is incident to the outer

face of Y� and the only face of Y� that it is incident with does not intersect C. This

is a contradiction, since this edge should not be part of Y� by definition. Therefore,

⇧� visits a contiguous sequence of edges along f .

If ⇧� visits 2 consecutive edges of f , then the vertex in between them must have

degree 2 in Y�, as the two edges are incident to the outer face—a contradiction since

f is an internal shrinking face with no vertex of degree 2. Consequently, if f is an

internal shrinking face, it has always at least one non-fleeq edge that is not traversed

by ⇧�.

5.5.2 How much do faces shrink in a flarb?

In order to analyze the e↵ect of the flarb operations on flarbable sub-curves, we

think of each edge as consisting of two half-edges, each adjacent to one of the two

faces incident to this edge. For a given edge, the algorithm may delete its half-edges

during two separate flarbs of di↵ering flarbable sub-curves.

We define the operation F(G, �) to be the operation which executes steps 1 and

2 of the flarb on the flarbable sub-curve � and then deletes each half-edge with both

endpoints in in(C) adjacent to a �-face. Since F(G, �) removes and adds half-edges,
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we are interested in bounding the net balance of half-edges throughout the flarb. To

do this, we measure the change in size of a face during the flarb.

Recall that a, s and p are the number of augmented, shrinking and preserved �-

faces, respectively. The following result provides a bound on the total “shrinkage” of

the faces crossed by a given flarbable sub-curve.

Theorem 5.5.3. Given a flarbable curve C on G and a flarbable sub-curve � crossing

the fleeq-edges ✏ = e
1

, . . . , ek, let f1, . . . , fk be the sequence of �-faces and let f 0
1

, . . . , f 0
k

be their corresponding modified faces after the flarb F(G, �). Then,

kX

i=1

(|fi|� |f 0
i |) � s/2. (5.1)

Proof. Recall that no successive �-faces can both be augmented unless EC consists

of three edges incident to a single vertex. In this case, at most 3 �-faces can be

augmented, so
Pk

i=1

(|fi| � |f 0
i |) = 3 and the result holds trivially; hence, we assume

from now on that no two successive faces are both augmented.

Let � be the number of half-edges removed during F(G, �). Notice that to count

how much a face fi shrinks when becoming f 0
i after the flarb, we need to count the

number of half-edges of fi that are deleted and the number that are added in f 0
i . Since

exactly one half-edge is added in each f 0
i , we know that

Pk
i=1

(|fi|� |f 0
i |) = ��k. We

claim that � � k + s/2. If this claim is true, then
Pk

i=1

(|fi| � |f 0
i |) � s/2 implying

the theorem. In the remainder of this proof, we show this bound on �.

Let T = (VT , ET ) be the subgraph of Y� obtained by removing its k fleeq-edges.

Therefore, we know that |ET | = k + 3|H�| + �
2

� 3 by Corollary 5.5.1. To have a

precise counting of �, notice that for some edges of T , F(G, �) removes only one of

their half-edges and for others it will remove both of them. Since the fleeq-edges are

present in each of the faces f
1

, . . . , fk before and after the flarb, we get that

� = 2|ET |� ST , (5.2)

where ST denotes the number of edges in T with only one half-edge incident to a face

of f
1

, . . . , fk.

Note that the edges of ST are exactly the edges on the path ⇧� bounded in

Lemma 5.5.2. Therefore, ST  k+ 3|H�|+ �
2

� a� sc. By using this bound in (5.2),
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we get

� � 2(k + 3|H�|+ �
2

� 3)� (k + 3|H�|+ �
2

� a� sc) = k + 3|H�|+ �
2

+ a+ sc � 6.

Since each shrinking �-face accounted for by sb has a vertex of degree 2 in Y�,

we know that �
2

� sb. Moreover, sa  2a as each shrinking �-face can be adjacent

to at most two augmented �-faces. Therefore, since s = sa + sb + sc, we get that

� � k+ 3|H�|+ sa/2 + sb + sc � k+ s/2, where s is the number of shrinking �-faces

proving the claimed bound on �.

5.5.3 Flarbable sequences

Let G0 = G. A sequence of curves C = C
1

, . . . , Ck is flarbable if for each i 2 [k], Ci is
a flarbable on

Gi = G(Gi�1, Ci).

As a notational shorthand, let F i denote the flarb operation F(Gi�1, Ci) when C is a

flarbable sequence for G.

Theorem 5.5.4. For a 3-regular planar graph G = (V,E) and some flarbable se-

quence C = C
1

, . . . , CN of flarbable fleeqs, for all i 2 [N ],

cost(Gi�1, Ci) + �(Gi)� �(Gi�1)  O(
p
|Vi|),

where Vi is the set of vertices of Gi.

Proof. Split Ci into smaller curves �
1

, . . . , �h such that for all j 2 [h], �j is a maximal

curve contained in Ci that does not intersect the interior of a face with more than
p|Vi|

edges (we ignore the portion of Ci inside this large faces). Since there can be at most
p|Vi| faces of size

p|Vi|, we know that h p|Vi|. Let ✏j be the subfleeq containing

each fleeq-edge crossed by �j. Let aj, sj and pj be the number of augmented, shrinking

and preserved �j-faces, respectively. Notice that |✏j| = aj + sj + pj + 1. Moreover,

since each augmented face is adjacent to a shrinking face, we know that aj  sj + 1.

Therefore, |✏j|  2sj + pj + 2.

Let Li be the set of Ci-faces with at least
p|Vi| edges and let !i be the set of all

faces of Gi�1 completely enclosed in the interior of Ci.
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First, we upper bound cost(Gi�1, Ci). By Lemma 5.4.4, we know that

cost(Gi�1, Ci)  4|ECi |+ 3|B(Gi�1, Ci)|� 4|P(Gi�1, Ci)| (5.3)

= 4
hX

j=1

|✏j|+ 3|B(Gi�1, Ci)|� 4|P(Gi�1, Ci)| (5.4)

 4
hX

j=1

(2sj + pj + 2) + 3|B(Gi�1, Ci)|� 4|P(Gi�1, Ci)| (5.5)

Because each preserved face is crossed by exactly one flarbable sub-curve,
Ph

j=1

pj =

|P(Gi�1, Ci)|. Therefore,

cost(Gi�1, Ci)  4
hX

j=1

(2sj + 2) + 3|B(Gi�1, Ci)| = 8h+ 8
hX

j=1

sj + 3|B(Gi�1, Ci)| .

Since h p|Vi|, we conclude that

cost(Gi�1, Ci)  8
p
|Vi|+ 8

hX

j=1

sj + 3|B(Gi�1, Ci)| . (5.6)

Next, we upper bound the change in potential �(Gi)��(Gi�1). Given a flarbable

curve or sub-curve �, let A(�) denote the set of �-faces. Recall that for a �-face

f 2 A(�), f 0 is the modified face of f . Also, let fn be the new face created by

F i, i.e., the face of Gi bounded by Ci. Recall that for each face f 2 B(Gi�1, Ci), f
disappears and there is a drop in potential of µ(f) � 1. Using this, we can break up

the summation so that

�(Gi)� �(Gi�1) = µ(fn) + �
X

f2A(Ci)
(µ(f 0)� µ(f))� �

X

f2B(Gi�1,Ci)
µ(f) (5.7)

 µ(fn) + �
X

f2A(Ci)
(µ(f 0)� µ(f))� �|B(Gi�1, Ci)| . (5.8)

We now break up the first summation by independently considering the large faces

in Li and the remaining smaller faces which are crossed by some flarbable sub-curve.
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�(Gi)� �(Gi�1)  µ(fn) + �
hX

j=1

0

@
X

f2A(�j)

(µ(f 0)� µ(f))

1

A (5.9)

+ �
X

f2Li

(µ(f 0)� µ(f))� �|B(Gi�1, Ci)|. (5.10)

Since each face can gain at most one edge, in particular we know that µ(f 0)�µ(f)  1

for each f 2 Li. Moreover, µ(fn) 
p|Vi| by definition. Thus,

�(Gi)� �(Gi�1) 
p
|Vi|+ �

hX

j=1

0

@
X

f2A(�j)

(µ(f 0)� µ(f))

1

A+ �|Li|� �|B(Gi�1, Ci)|.

Note that µ(f) = |f | for each face f 2 A(�j), 1  j  h. Thus, applying Theo-

rem 5.5.3 to the first summation, we get

�(Gi)� �(Gi�1) 
p
|Vi|� �

2

hX

j=1

sj + �|Li|� �|B(Gi�1, Ci)|.

Since there can be at most
p|Vi| faces of size

p|Vi|, we know that |Li| 
p|Vi|.

Therefore,

�(Gi)� �(Gi�1)  (�+ 1)
p
|Vi|� �

2

hX

j=1

sj � �|B(Gi�1, Ci)| (5.11)

Putting (5.6) and (5.11) together, we get that

cost(Gi�1, Ci)+�(Gi)��(Gi�1)  (�+9)
p
|Vi|+(8� �

2
)

hX

j=1

sj +(3��)|B(Gi�1, Ci)|

By letting � be a su�ciently large constant (namely � = 16), we get that

cost(Gi�1, Ci) + �(Gi)� �(Gi�1) = O(
p
|Vi|).

Corollary 5.5.5. Let G be a 3-regular plane graph with ⌫ vertices. For a sequence

C = C
1

, . . . , CN of flarbable fleeqs for graph G = (V,E) where ⌫ = |V |,
NX

i=1

cost(Gi�1, Ci) = O(⌫ +N
p
⌫ +N),

where Vi is the set of vertices of Gi.
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Proof. Using the result of Theorem 5.5.4, we can write

NX

i=1

cost(Gi�1, Ci) + �(GN)� �(G) = O(N
p

|Vi|).

Because �(G) = �
P

f2F µ(f), we know that �(G) = O(⌫). Analogously, since each

flarb operation adds at most 2 vertices by Lemma 5.4.1, we know that the number of

vertices in GN is O(⌫+N) which, in turn, implies that �(GN) = O(⌫+N). Therefore,

NX

i=1

cost(Gi�1, Ci) = O(N
p
|Vi|+ �(G)� �(GN)) = O(⌫ +N

p
⌫ +N)

5.6 The lower bound

In Section 5.6, we present an example of a 3-regular Halin graph G with ⌫ vertices—a

tree with all leaves connected by a cycle to make it 3-regular—and a corresponding

flarb operation with cost ⌦(
p
⌫) that yields a graph isomorphic to G. Because this

sequence can be repeated, the amortized cost of a flarb is ⇥(
p
⌫).

Let ⌫ = 2k(k+1)�2 for some positive integer k. The construction of the 3-regular

graph with ⌫ vertices is depicted in Figure 5.3. In this graph, we show the existence of

a flarbable curve C (dashed in the figure) such that the flarb operation on G produces

a graph G(G, C) isomorphic to G. Moreover, C crosses at least k augmented C-faces
and k shrinking C-faces. Therefore, cost(G, C) � k = ⌦(

p
⌫) by Lemma 5.4.4. Since

we end up with a graph that is isomorphic to the original, we can produce a new

flarbable curve having the same e↵ect. That is, there is a sequence of N flarbable

curves C
1

, . . . , CN such that
PN

i=1

cost(Gi�1, Ci) = ⌦(N
p
⌫),
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· · · · · · · · ·· · · · · · · · ·
k 1 k � 1 2 k � 2 i k � i k � 1 1 k

· · · · · · · · ·· · · · · · · · ·
k k 1 k � 1 i � 1 k � i + 1 k � 2 2 k � 1 1

G(G, C)

G C

C

Figure 5.3: A 3-regular graph G with ⌫ = 2k(k + 1) � 2 vertices. A flarbable curve C
induces a flarb such that G(G, C) is isomorphic with G.

5.7 Computing the flarb

In this section, we describe a data structure to maintain the farthest-point Voronoi

diagram of a set S of n sites in convex position as new sites are added to S. Our

structure allows us to find the edges of each preserved face and ignore them, thereby

focusing only on necessary modifications to the combinatorial structure. The time we

spend in these operations is then proportional to the number of non-preserved edges.

Since this number is proportional to the cost of the flarb, our data structure supports

site insertions in time that is almost optimal (up to a polylogarithmic factor).

5.7.1 Grappa trees

Grappa trees [8] are a modification of link-cut trees, a data structure introduced

by Sleator and Tarjan [86] to maintain the combinatorial structure of trees. They

support the creation of new isolated vertices, the link operation which adds an edge

between two vertices in disjoint trees, and the cut operation which removes an edge,

splitting a tree into two trees.

We use this structure to maintain the combinatorial structure of the farthest-point

Voronoi diagram V(S) of a set S of sites in convex position throughout the incremen-

tal construction. Recall that each insertion defines a flarbable curve C, namely the
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boundary of the Voronoi region of the inserted site. Our algorithm performs this flarb

operation in time O(cost(V(S), C) log7 n), where n is the number of vertices inserted

so far. That is, we obtain an algorithm whose running time depends on the minimum

number of link and cut operations that the farthest-point Voronoi diagram, which is

a tree, must undergo after each insertion. Moreover, this Voronoi diagram answers

nearest neighbor queries in O(log n) time.

A grappa tree, as introduced by Aronov et al. [8], is a data structure is based

on the worst-case version of the link-cut tree construction of Sleator and Tarjan [86].

This structure maintains a forest of fixed-topology trees subject to many operations,

including Make-Tree, Link, and Cut, each in O(log n) worst-case time while using

O(n) space.

As in [8, 86], we decompose a rooted binary tree into a set of maximal vertex-

disjoint downward paths, called heavy paths, connected by tree edges called light

edges. Each heavy path is in turn represented by a biased binary tree whose leaf-

nodes correspond to the vertices of the heavy path. Non-leaf nodes represent edges

of this heavy path, ordered in the biased tree according to their depth along the

path. Therefore, vertices that are higher (closer to the root) in the path correspond

to leaves farther left in the biased tree. Each leaf node ` of a biased tree B represents

an internal vertex v of the tree which has a unique light edge lv adjacent to it. We

keep a pointer from ` to this light edge. Note that the other endpoint of lv is the root

of another heavy path which in turn is represented by another biased tree, say B0.

We merge these two biased trees by adding a pointer from ` to the root of B0. After

merging all the biased trees in this way, we obtain the grappa tree of a tree T . A

node of the grappa tree that is non-leaf in its biased tree represents a heavy edge and

has two children, whereas a node that is a leaf of its biased tree represents a vertex

of the heavy path (and its unique adjacent light edge) and has only one child. By a

suitable choice of paths and biasing, as described in [86], the grappa-tree has height

O(log n).

In addition, grappa trees allow us to store left and right marks on each of its

nodes, i.e., on each edge of T . To assign the mark of a node, grappa trees support

the O(log n)-time operation Left-Mark(T, v,ml) which sets the mark ml to every
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edge in the path from v to the super root of T (Right-Mark(T, v,ml) is defined

analogously). In our setting, we use the marks of an edge e to keep track of the

faces adjacent to this edge in a geometric embedding of T . Since T is rooted, we can

di↵erentiate between the left and the right faces adjacent to e.

The following definition formalizes the operations supported by a Grappa-tree.

Definition 4. Grappa trees solve the following data-structural problem: maintain a

forest of rooted binary trees with specified topology subject to:

T = Make-Tree(v): Create a new tree T with a single internal vertex v (not previously

in another tree).

T = Link(v, w): Given a vertex v in one tree Tv and the root w of a di↵erent tree Tw,

connect v and w and merge Tv with Tw into a new tree T .

(T
1

, T
2

) = Cut(e): Delete the existing edge e = (v, w) in tree T , splitting into T two

trees T
1

and T
2

containing v and w, respectively.

Evert(v): Make external node v the root of its tree, reversing the orientation (which

endpoint is closer to the root) of every edge along the root-to-v path.

Left-Mark(T, v,m`): Set the left mark of every edge on the root-to-v path in T to the

new mark m`, overwriting the previous left marks of these edges.

Right-Mark(T, v,mr): Set the right mark of every edge on the root-to-v path in T to

the new mark mr, overwriting the previous right marks of these edges.

(e,m⇤
` ,m

⇤
r) = Oracle-Search(T,Oe): Search for the edge e in tree T . The data struc-

ture can find e only via oracle queries: given two incident edges f and f 0 in T ,

the provided oracle Oe(f, f 0,m`,mr,m0
`,m

0
r) determines in constant time which

“side” of f contains e, i.e., whether e is in the component of T � f that con-

tains f 0, or in the rest of the tree (which includes f itself). The data structure

provides the oracle with the left mark m` and the right mark mr of edge f , as

well as the left mark m0
` and the right mark m0

r of edge f 0, and at the end, it

returns the left mark m⇤
` and the right mark m⇤

r of the found edge e.
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Theorem 5.7.1. [Theorem 7 from [8]] A grappa-tree maintains the combinatorial

structure of a forest and supports each operation described above in O(log n) worst-

case time per operation, where n is the total size of the trees a↵ected by the operation.

5.7.2 The Voronoi diagram

Let S be a set of n sites in convex position and let V(S) be the binary tree representing

the farthest-point Voronoi diagram of S. We store V(S) using a grappa tree. In

addition, we assume that each edge of V(S) has two face-markers, its left and right

markers which respectively store the site of S whose Voronoi region is adjacent to this

edge. While a grappa tree stores only the topological structure of V(S), with the aid

of the face-markers we can retrieve the geometric representation of V(S). Namely,

for each vertex v of V(S), we can look at its adjacent edges and their face-markers

to retrieve the point in the plane representing the location of v in the farthest-point

Voronoi diagram of S in O(1) time. Therefore, we refer to v also as a point in the

plane. Recall that each vertex v of V(S) is the center of a circle that passes through

at least three sites of S, we call these sites the definers of v and we call this circle the

definer circle of v.

Observation 5.7.2. Given a new site q in the plane such that S 0 = S [ {q} is in

convex position, the vertices of V(S) that are farther from q than from any other site

of S 0 are exactly the vertices whose definer circle does not contain q.

Let q be a new site such that S 0 = S [ {q} is in convex position. Let R(q, S0)

be the Voronoi region of q in the Voronoi diagram of S 0 and let @R(q, S0) denote its

boundary. Recall that we can think of V(S) as a Halin graph by connecting all its

leaves by a cycle to make it 3-regular. While we do not explicitly use this cycle, we

need it to make our definitions consistent. In this Halin graph, the curve @R(q, S0) can

be made into a closed curve by going around the leaf of V(S) contained in R(q, S 0);

namely the point at infinity of the bisector between the two neighbors of q along the

convex hull of S 0. In this way, @R(q, S0) becomes a flarbable curve. Therefore, we are

interested in performing the flarb operation it induces which leads to a transformation

of V(S) into V(S 0).
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5.7.3 Heavy paths in Voronoi diagrams

Recall that for the grappa tree of V(S), we computed a heavy path decomposition of

V(S). In this section, we first identify the portion of each of these heavy paths that

lies inside R(q, S 0). Once this is done, we test if any edge adjacent to an endpoint

of these paths is preserved. Then within each heavy path, we use the biased trees

built on it to further find whether there are non-preserved edges inside this heavy

path. After identifying all the non-preserved edges, we remove them which results in

a split of V(S) into a forest where each edge inside R(q, S 0) is preserved. Finally, we

show how to link back the disjoint components into the tree resulting from the flarb

operation.

We first find the heavy paths of V(S) whose roots lie in R(q, S 0). Additionally, we

find the portion of each of these heavy paths that lies inside R(q, S0).

Recall that there is a leaf ⇢ of V(S) that lies in R(q, S 0) being the point at infinity

of the bisector between the two neighbors of q along the convex hull of S 0. As a first

step, we root V(S) at ⇢ by calling Evert(⇢). In this way, ⇢ becomes the root of V(S)
and all the heavy paths have a root which is their endpoint closest to ⇢.

Let  be the set the of roots of all heavy paths of V(S), and let  q = {r 2  :

r 2 R(q, S0)}. We focus now on computing the set  q. By Observation 5.7.2, each

root in  q has a definer circle that contains q. We use a dynamic data structure that

stores the definer circles of the roots in  and returns those circles containing a given

query point e�ciently.

Lemma 5.7.3. There is a fully dynamic O(n)-space data structure to store a set of

circles (not necessarily with equal radii) that can answer queries of the form: Given

a point q in the plane, return a stored circle that does not contain q, where insertions

take O(log3 n) amortized time, deletions take O(log6 n) amortized time, and queries

take O(log2 n) worst-case time.

Proof. Chan [26] presented a fully dynamic randomized data structure that can an-

swer queries about the convex hull of a set of n points in three dimensions, where

insertions take O(log3 n) amortized time, deletions take O(log6 n) amortized time,

and extreme-point queries take O(log2 n) worst-case time. We use this structure to
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solve our problem, but first, we need to transform our input into an instance that can

be handled by this data structure.

Let C be the dynamic set of circles we want to store. Consider the paraboloid-

lifting which maps every point (x, y) 7! (x, y, x2 + y2). Using this lifting, we identify

each circle C 2 C with a plane ⇡C in R3 whose intersection with the paraboloid

projects down as C in the xy-plane. Moreover, a point q = (x, y) lies outside of C if

and only if point (x, y, x2 + y2) lies above the plane ⇡C .

Let ⇧ = {⇡C : C 2 C } be the set of planes corresponding to the circles in C . In the

above setting, our query can be translated as follows: Given a point q0 = (x, y, x2+y2)

on the paraboloid, find a plane ⇡C 2 ⇧ that lies below q0.

Using standard point-plane duality in R3, we can map the set of planes ⇧ to a

point set ⇧⇤, and a query point q0 to a plane q⇤ such that a query translates to a

plane query : Given a query plane q⇤, find a point of ⇧⇤ that lies above it.

Using the data structure introduced by Chan [26] to store ⇧⇤, we can answer plane

queries as follows. Consider the direction orthogonal to q⇤ pointing in the direction

above q⇤. Then, find the extreme point of the convex hull of ⇧⇤ in this direction in

O(log2 n) time. If this extreme point lies above q⇤, then we return the circle of C

corresponding to it. Otherwise, we return that no point of ⇧⇤ lies above q⇤ which

implies that no circle of C excludes q. Insertions take O(log3 n) time while removals

from the structure take O(log6 n) time.

For our algorithm, we store each root in  into the data structure given by

Lemma 5.7.3. Notice that after the insertion or deletion of an edge in the grappa

tree, there may be some new heavy paths created, and we need to insert their roots

in our data structure. Using this structure, we obtain the following result.

Lemma 5.7.4. We can compute each root in  q in total O(| q| log6 n) amortized

time.

Proof. After querying for a root whose definer circle excludes q, we remove it from

the data structure and query it again to find another root with the same property

until no such root exists. Since queries and removals take O(log2 n) and O(log6 n)

time, respectively, we can find all roots in  q in O(| q| log6 n) time.
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Given a root r 2  , let hr be the heavy path whose root is r. Because the portion

of V(S) that lies inside R(q, S 0) is a connected subtree, we know that, for each r 2  q,

the portion of the path hr contained in R(q, S0) is also connected. In order to compute

this connected subpath, we want to find the last vertex of hr that lies inside of R(q, S 0),

or equivalently, the unique edge of hr having exactly one endpoint in the interior of

R(q, S0). We call such an edge the q-transition edge of hr (or simply transition edge).

Lemma 5.7.5. For a root r 2  q, we can compute the transition edge of hr in

O(log n) time.

Proof. Let er be the transition edge of hr. We make use of the oracle search proper

of a grappa-tree to find the edge er. To this end, we must provide the data structure

with an oracle such that: given two incident edges f and f 0 in V(S), the oracle

determines in constant time which side of f contains the edge er, i.e., whether er is in

the component of V(S) \ f that contains f 0, or in the rest of the tree (which includes

f itself). The data structure provides the oracle with the left and the right marks of

f and f 0. Given such an oracle, a grappa-tree allows us to find the edge er in O(log n)

time by Theorem 5.7.1.

Given two adjacent edges f and f 0 of V(S) that share a vertex v, we implement

the oracle described above as follows. Recall that the left and right face-marks of f

and f 0 correspond to the sites of S whose Voronoi region is incident to the edges f

and f 0. Thus, we can determine the definers of the vertex v, find their circumcircle,

and test whether q lies inside it or not in constant time. Thus, by Observation 5.7.2,

we can test in O(1) time whether v lies in  q or not and hence, decide if er is in the

component of V(S) \ f that contains f 0, or in the rest of the tree.

5.7.4 Finding non-preserved edges

Observation 5.7.6. Given a 3-regular graph G and a flarbable curve C, if we can

test whether a point is enclosed by C in O(1) time, then we can test whether an edge

is preserved in O(1) time.

Proof. First note that we can test in O(1) time whether an edge reappears by testing

whether its two adjacent edges are fleeq-edges. Since a preserved edge is either an
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⇢

h
r

cell(q, S0)

u

v

Figure 5.4: Path hr contains two adjacent vertices u and v such that the light edge of u is
a left edge while the light edge of v is a right edge. The edge uv cannot be preserved.

edge that reappears or a fleeq-edge adjacent to an edge that reappears, this takes

only O(1) time.

Let Vq(S) be the subtree induced by all the edges of V(S) that intersect R(q, S0).

Now, we work towards showing how to identify each non-preserved edge of Vq(S) in

the fleeq induced by @R(q, S0). For each root r 2  q, we compute the transition edge

er of hr using Lemma 5.7.5 in O(log n) time per edge. Assume that w is the vertex of

er that is closer to r (or is equal to r). We consider each edge adjacent to w and test

whether or not it is preserved. Since each vertex of Vq(S) has access to its definers

via the faces markers of its adjacent edges, we can test if this vertex lies in R(q, S0).

Thus, by Observation 5.7.6, we can decide whether an edge of Vq(S) is preserved in

O(1) time.

We mark each non-preserved edge among them as shadow. Because we can test

if an edge is preserved in O(1) time, and since computing er takes O(log n) time by

Lemma 5.7.5, this can be done in total amortized O(| q| log n) time. In addition,

notice that if hr contains two adjacent vertices u and v such that the light edge of u

is a left edge while the light edge of v is a right edge (or vice versa), then the edge

uv cannot be preserved; see Figure 5.4. In this case, we say that uv is a bent edge.

We want to mark all the bent edges in Vq(S) as shadow, but first we need to identify

them e�ciently.

Note that it su�ces to find all the bent edges of hr for a given root r 2  q, and

then repeat this process for each root in  q. To find the bent edges in hr, we further

extend the grappa-tree in such a way that the biased tree representing hr allows us to

search for bent edges in O(log n) time. This extension is described as follows. Recall

that each leaf sv of a biased tree corresponds to a vertex v of the heavy path and has
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a pointer to the unique light edge adjacent to v. Since each light edge is either left

or right, we can extend the biased tree to allow us to search in O(log n) time for the

first two consecutive leaves where a change in direction occurs. From there, standard

techniques allow us to find the next change in direction in additional O(log n) time.

Therefore, we can find all the bent edges of a heavy path hr in O(log n) time per bent

edge. After finding each bent edge in hr, we mark it is as a shadow edge.

Lemma 5.7.7. An edge of Vq(S) is a preserved edge if and only if it was not marked

as a shadow edge.

Proof. Since we only mark non-preserved edges as shadow, we know that if an edge

is preserved, then it is not shadow.

Assume that there is a non-preserved edge uv of Vq(S) that is not marked as

shadow. If uv is a heavy edge, then it belongs to some heavy path hr for some

r 2  q. We know that uv cannot be the transition edge of hr since it would have

been shadowed when we tested if it was preserved. Thus, uv is completely contained

in R(q, S0). We can also assume that uv is no bent edge, otherwise uv would have

been shadowed. Therefore, the light children of u and v are either both left or both

right children, say left. Since uv is not preserved, either the light child of u or the

light child of v must be inside R(q, S0). Otherwise if both edges cross the boundary

of R(q, S 0), then uv is preserved by definition.

Assume that u has a light left child r0 that is inside R(q, S0). That is, r0 must be

the root of some heavy path and hence belongs to  q. However, in this case we would

have checked all the edges adjacent to u while processing the root r0 2  q. Therefore,

every edge that is non-shadow and intersects R(q, S0) is a preserved edge.

Let � be the number of shadow edges of V(S), which is equal to the number of

non-preserved edges by Lemma 5.7.7.

Corollary 5.7.8. It holds that � = ⇥(cost(V(S), @R(q, S 0))).

The following relates the size of  q with the value of �.

Lemma 5.7.9. It holds that | q| = O(� log n).
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Proof. Given a root r of  q, let pr be the parent of r and notice that the edge rpr is a

light edge that is completely contained in  q. Note that pr belongs to another heavy

path ht, for some t 2  q. If pr is the endpoint of the transition edge of ht closest to

the root, then we add a dependency pointer from r to t. This produces a dependency

graph with vertex set  q. Since there is only transition edge per heavy path, that the

indegree of each vertex in this dependency graph is one. Therefore, the dependency

graph is a collection of (oriented)dependency paths.

Since any path from a vertex to the root ⇢ of V(S) traverses O(log n) light edges,

each dependency path has length O(log n). Let r 2  q be the sink of a dependency

path. Consider the light edge rpr and notice that it cannot be preserved as pr is not

adjacent to a transition edge. Therefore, we can charge this non-preserved edge with

the dependency path with sink r. Since a non-preserved can be charged only once, we

have that � is at least the number of dependency paths. Finally, as each dependency

path has length O(log n), there are at least ⌦(| q|/ log n) of them. Therefore � =

⌦(| q|/ log n), or equivalently, | q| = O(� log n) which yields our result.

5.7.5 The compressed tree

Let F be the forest obtained from Vq(S) by removing all the shadow edges (this is just

for analysis purposes, so far no cut has been performed). Note that each connected

component of F consists only of preserved edges that intersect R(q, S0). Thus, each

component inside R(q, S 0) is a comb, with a path as spine and each child of a spine

vertex pointing to the same side; see Figure 5.5. Thus, we have right and left combs,

depending on whether the children of the spine are left or right children.

Our objective in the long term is to cut all the shadow edges and link the remaining

components in the appropriate order to complete the flarb. To this end, we would

like to perform an Eulerian tour on the subtree Vq(S) to find the order in which the

subtrees of V(S) \ Vq(S) that hang from the leaves of Vq(S) appear along this tour.

However, this may be too expensive as we want to perform this in time proportional to

the number of shadow edges, and the size of Vq(S) can be much larger. To make this

process e�cient, we compress Vq(S) by contracting each comb of F into a single super-

node. By performing an Eulerian tour around this compressed tree, we obtain the
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C 0

CC

C 0

⇢

⇢

Figure 5.5: Two combs of F that are compressed into super-nodes with their respective
dummy leaves. An Eulerian tour around the compressed tree provides us with the order in
which the trees hanging outside of R(q, S0) should be attached.

order in which each component needs to be attached. We construct the compressed

flarb and then we decompress as follows.

Note that each comb has exactly two shadow edges that connect it with the rest

of the tree. Thus, we contract the entire component containing the comb into a

single super-node and add a left or right dummy child to it depending on whether

this comb was left or right, respectively; see Figure 5.5. After the compression, the

shadow edges together with the super-nodes and the dummy vertices form a tree

called the compressed tree that has O(�) vertices and edges, where � is the total

number of shadow edges.

Lemma 5.7.10. We can obtain the compressed tree in O(� log �) time.

Proof. Notice that each shadow edge is adjacent to two faces, its left and its right

face. Recall that each face is bounding the Voronoi region of a site of S and that each

shadow edge has two markers pointing to the sties defining its adjacent faces. Using

hashing, we can group the shadow edges that are adjacent to the same face in O(�)

time. Since preserved faces have no shadow edge on their boundary, we have at most

O(�) groups.

Finally, we can sort the shadow edges adjacent to a given face along its boundary.

To this end, we use the convex hull position of the sites defining the faces on the other

side of each of these shadow edges. Computing this convex hull takes O(� log �)

time. Once the shadow edges are sorted along a face, we can walk and check if

consecutive shadow edges are adjacent or not. If their are not, then the path between
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them consists only of preserved edges forming a comb; see Figure 5.5. Therefore, we

can compress this comb and continue walking along the shadow edges. Since each

preserved edge that reappears is adjacent to a face containing at least one shadow

edge (namely the face that is not preserved), all the combs will be compressed during

this procedure.

The compressed tree is then a binary tree where each super-node has degree three

and each edge is a shadow edge. We now perform an Eulerian tour around this

compressed tree and retrieve the order in which the leaves of this tree are visited.

Some leaves are dummy leaves and some of them are original leaves of Vq(S); see

Figure 5.5.

5.7.6 Completing the flarb

We now proceed to remove each of the shadow edges which results in a (compressed)

forest with O(�) components. Note that each of the original leaves of Vq(S) was con-

nected with its parent via a shadow edge and hence it lies now as a single component

in the resulting forest. For each of these original leaves of Vq(S), we create a new

anchor node and link it as the parent of this leaf. Moreover, there could be internal

vertices that become isolated. In particular this will be the case of the root ⇢. These

vertices are deleted and ignored for the rest of the process. To complete the flarb,

C C 0

C
C 0

v2

v4

v5

v2
v4

v5

Y⇢0 ⇢00

Figure 5.6: Left: An anchor node is created for each isolated leaf of Vq(S) and attached
as its parent. Other isolated nodes are ignored. Right: A super comb is created connecting
two new leaves ⇢0 and ⇢00 through a path. This path connects anchor and super-nodes in
the order retrieved by the Eulerian tour around the compressed tree.

we create two new nodes ⇢0 and ⇢00 which will be the two new leaves of the Voronoi

diagram, one of them replacing ⇢. Then, we construct a path with endpoints ⇢ and ⇢0

that connects the super-nodes and the anchor nodes according to the traversal order
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of their leaves; see Figure 5.6. The resulting tree is a super comb Y , where each vertex

on the spine is either a super-node or an anchor node, and all the leaves are either

dummy leaves or original leaves of Vq(S). Since we glued O(�) components into a

tree, we need O(�) time.

We proceed now to decompress Y . To decompress a super-node of Y that corre-

sponds to a comb, we consider the two neighbors of the super-node in Y and attach

each of them to the ends of the spine of the comb. For an anchor node, we simply

note that there is a component of V(S) hanging from its leaf; see Figure 5.7. In this

way, we obtain all the edges that need linking. After the decompression, we end with

the tree V(S 0) resulting from the flarb. Thus, the flarb operation of inserting q can

be implemented with O(�) link and cuts.

C C 0
v2

v4

v5

Y

v2
v4

v5

C
C 0

V(S0)
⇢0 ⇢00 ⇢0 ⇢00

Figure 5.7: The tree V(S0) achieved after the decompression.

Recall that any optimal algorithm needs to perform a cut for each edge that is

not preserved. Since each non-preserved edge is shadow by Lemma 5.7.7, the optimal

algorithm needs to perform at least ⌦(�) operations. Therefore, our algorithm is

optimal and computes the flarb using ⇥(�) link and cuts. Moreover, by Lemmas 5.7.4

and 5.7.5 we can compute the flarb in O(| q| log6 n + � log n) amortized time using

⇥(�) link and cuts. Since | q| = O(� log n) by Lemma 5.7.9, we obtain the following.

Theorem 5.7.11. The flarb operation of inserting q can be implemented with O(K)

link and cuts, where K is the cost of the flarb. Moreover, it can be implemented in

O(K log7 n) amortized time.



Chapter 6

Constrained Minimum Enclosing Circle

Let P be a set of n points in the plane. The minimum enclosing circle problem,

originally posed by Sylvester in 1857 [89], asks to identify the center and radius of the

minimum enclosing circle of P . For ease of notation we say that every circle enclosing

P is a P -circle. Megiddo [70] settled the complexity of this problem presenting a

⇥(n)-time algorithm using prune and search.

Finding the minimum P -circle is also known as the 1-center facility location prob-

lem: Given the position of a set of clients (represented by P ), compute the optimal

location for a facility such that the maximum distance between a client and its clos-

est facility is minimized. The aforementioned algorithm provides a solution to this

problem. However, in most situations the location of the facility is constrained by ex-

ternal factors such as the geography and features of the terrain. Therefore, the study

of constrained versions of the 1-center problem is of importance and has received

great attention from the research community [21, 22, 23, 56].

Bose et al. [23] addressed the query version of the problem and proposed an

O(n log n)-time preprocessing on P , that allows them to find the minimum P -circle

with center on a given query line in O(log n) time. Using this result, they showed

how to compute the minimum P -circle, whose center is constrained to lie on a set

of m segments, in O((n + m) log n) time. However, when m = O(1), the problem

can be solved in O(n) time by using Megiddo’s algorithm [70] a constant number of

times. Moreover, when n = O(1), the problem can be solved in O(m) time by finding

the farthest point of P from every given segment. Therefore, one would expect an

algorithm that behaves like the algorithm presented in [23] when m = O(n) but that

converges to a linear running time as the di↵erence between n and m increases (either

to O(n) or to O(m)). In this chapter we show that such an algorithm exists and prove

its optimality. When constraining the center to lie on a simple m-gon however, the

85
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order of the vertices along its boundary allows us to further speed up our algorithm,

provided that m is larger than n.

Let M be a set of m points, let S be a set of m segments and let Q be a simple

polygon on m vertices. We say that a P -circle C has its center on M , on S or

on Q if the center of C is either a point of M , lies on a segment of S or belongs

to Q, respectively. The (P,M)-optimization problem asks to find the minimum P -

circle with center on M . Given a radius r, the (P,M)r-decision problem asks if

there is a P -circle of radius r with center on M . Analogous problems exist for S

and Q. In Section 6.3, we show a ⇥((n + m) log!)-time algorithm for the (P, S)r-

decision problem where ! = min{n,m}. In Section 6.4, we transform this decision

problem into the (P, S)-optimization problem and solve it in the same running time.

In Section 6.6, we show a matching lower bound in the algebraic decision-tree model

provided that n  m for the case when the center is restricted to be in a set of

either points, lines, segments or even in a simple polygon. When m > n however, we

only prove a matching lower bound when the center is restricted to be on a set of

points, segments or lines, yet the lower bound breaks down when the restriction is on

a simple polygon. Indeed, given a simple m-gon Q, we show an ⇥(m+ n log n)-time

algorithm for the (P,Q)-optimization problem. To put this in perspective, note that

whenever m = ⌦(n log n), the algorithm runs in ⇥(m) time. Since the bottleneck of

this algorithm is the computation of the farthest-point Voronoi diagram, if we assume

that P is the set of vertices of a given convex n-gon we can reduce the running time

to ⇥(m + n) [1, 63]. Finally, we show a matching lower bound for these algorithms,

thereby solving the problem for all ranges of n and m and all possible restrictions on

points, lines, segments and simple polygons.

As a side note, while proving these lower bounds, we stumbled upon the following

problem: Given two subsets A and B of R of sizes m and n, respectively, is A ✓ B?

While a lower bound of ⌦(n log n) is known in the case where n = m [17], no lower

bounds were known whenm and n di↵er. Using a method of Yao [91] and the topology

of a�ne subspace families, we were able to prove an ⌦(n logm) lower bound, even

when A is restricted to be a sorted set of m real numbers.

Although the main techniques used in this chapter have been around for a while [32,
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66], they are put together in a di↵erent way in this work, showing the potential of

several tools that were not specifically designed for this purpose. Furthermore, these

results provide significant improvements over previous algorithms when n andm di↵er

widely as it is the case in most applications.

6.1 Outline

Let P be a set of n points in the plane. Let S be a set ofm segments and let r be a real

number larger than the radius of the minimum enclosing circle of P . In Section 6.3

we present an O((n+m) log!)-time algorithm to solve the (P, S)r-decision problem,

where ! = min{n,m}.
To this end, we use divide a conquer to decide if there is a segment of S that has

a point belonging to all the disks of radius r centered at points of P . The partition

is obtained by careful applications of "-nets. While these techniques have been used

before, in most cases the subproblems are not disjoint which leads to a “blow up”

in the running time. In our algorithm however, we are able to make each of the

subproblems disjoint using several geometric observations.

Intuitively, we obtain our partition by constructing a constant number of cones

having the center of the minimum enclosing circle of P as an apex. Each of these

cones is in turn refined by intersecting it with some circles of radius r centered on

specific points of P obtained by the "-nets. This creates a constant number “slices”.

Using these slices, we are able to create subproblems: For a given slice, we consider

only the segments of S intersecting this slice. Moreover, we consider only the points

of P such that the circle of radius r centered on them intersects this slice. The use

of "-nets allows us to guarantee that only a constant fraction of the points and a

fraction of the segments belong to each subproblem. Moreover, a careful selection of

the slices guarantees that a segment of S (or a point of P ) belongs to at most one

of the subproblems. These creates disjoint subproblems such that the main decision

problem has a positive solution only if one of the subproblems has a positive solution.

This allows us to define a recursive procedure having O(log!) depth and such that the

size of each level of the recursion is O(n+m). This leads to the O((n+m) log!)-time

algorithm to solve the (P, S)r-decision problem.
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In Section 6.4, we use the technique presented in Section 3.2 to transform a de-

cision algorithm into an optimization algorithm. This technique requires an e�cient

algorithm to partition the problem into smaller subproblems, where the global solu-

tion is the minimum among the subproblems solutions. Using techniques to those in

Section 6.3, we are able to partition the problem in linear time and use the technique

presented in Section 3.2 to solve the (P, S)-optimization problem in O((n+m) log!)

time.

6.2 Preliminaries

In this section, we provide some of the definitions that will be used throughout this

chapter.

6.2.1 P -circles

Given a subsetX of the plane, the interior and convex hull ofX are denoted by int(X)

and ch(X), respectively. A point x is enclosed by a circle C if x 2 ch(C); otherwise

we say that x is excluded by C. An X-circle is a circle that encloses every point of X.

Let P be a set of n points in the plane. Given a point x 2 R2, let #r(x) be the

circle with radius r and center on x. Given W ✓ P , let ⇤r(W ) = \p2Wch(#r(p)),

i.e., the intersection of every disk of radius r with center at a point of W . Notice

that ⇤r(W ) is a convex set whose boundary is composed of circular arcs each with

the same curvature.

A point p 2 W contributes to ⇤r(W ) if there is an arc of the circle #r(p) on the

boundary of ⇤r(W ). We refer to this arc as the contribution of p to ⇤r(W ) and we

denote it by ↵r(p,W ). As the curvature of all circles is the same, a point contributes

with at most one arc to the boundary of ⇤r(W ) as shown in the following lemma.

Lemma 6.2.1. Let W ✓ P . If a point p 2 W contributes to ⇤r(W ), then there is

exactly one arc ↵r(p,W ) on the boundary of ⇤r(W ) contained in #r(p).

Proof. Let x, y be two points on #r(p) \ @⇤r(W ). The shortest arc joining x with

y along #r(p) is contained in ⇤r(W ); otherwise, there would be a point q 2 W such

that #r(q) contains x and y but excludes another point lying on ↵. However, this
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can only happen if #r(q) has a radius greater than #r(p). Therefore #r(p) \ ⇤r(W )

is connected and consists of at most one arc, namely ↵r(p,W ).

Given two subsets X and Y of the plane, let BX (Y ) be the minimum X-circle

with center on Y and let bX(Y ) be its center.

If X = P , we let ⇢(Y ) denote the radius of BP (Y ), i.e., ⇢(Y ) is the radius of

the minimum P -circle with center on Y . When referring to a single point x, let

BP (x) = BP ({x}) and let ⇢(x) be the radius of BP (x). Let CP be the minimum

P -circle, cP be its center and rP be its radius.

Observation 6.2.2. Given a point x 2 R2 and a real number r � rP , ⇢(x)  r if

and only if x 2 ⇤r(P ). Moreover, ⇢(x) = r if and only if x lies on the boundary of

⇤r(P ).

Proposition 6.2.3. Let x and y be two points in R2. If z is a point contained in the

open segment (x, y), then BP (z) ✓ BP (x)[BP (y). Moreover, ⇢(z) < max{⇢(x), ⇢(y)}.

Proof. Let a and b be the two points of intersection between BP (x) and BP (y) and

let Cz be the circle with center at z passing through a and b. It is clear that BP (x)\
BP (y) ✓ Cz and since P ⇢ BP (x) \ BP (y), we infer that Cz is a P -circle, therefore

BP (z) ✓ Cz. Furthermore, since Cz ✓ BP (x) [ BP (y) by construction, we conclude

that BP (z) ✓ BP (x) [ BP (y) and therefore, ⇢(z) < max{⇢(x), ⇢(y)}.

Proposition 6.2.4. If S is a set of segments in the plane, then bP (S) is visible

from cP . That is, the open segment joining bP (S) with cP intersects no segment of S.

Proof. Let w be the open segment joining bP (S) with cP . Note that BP (S) and CP

intersect since both are P -circles. From Proposition 6.2.3, we know that for every z

in w, ⇢(z) < max{⇢(S), ⇢(cP )} = ⇢(S). Therefore, no segment of S intersects w as

otherwise this intersection would be the center of a P -circle with smaller radius than

BP (S)—a contradiction with the minimality of BP (S). In other words, bP (S) must

be visible from cP .
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6.3 Solving the decision problem on a set of segments

Let S be a set of m segments and let r > rP . In this section we present an O((n +

m) log!) time algorithm to solve the (P, S)r-decision problem for the given radius r,

where ! = min{n,m}.
Notice that by Observation 6.2.2, if we could compute ⇤r(P ), we could decide if

there is a P -circle of radius r with center on S by checking if there is a segment of S

that intersects ⇤r(P ). However, we cannot compute ⇤r(P ) explicitly as this requires

⌦(n log n) time. Thus, we approximate it using "-nets and use it to split both S

and P into a constant number of subsets each representing a subproblem of smaller

size. Using Divide-and-conquer we determine if there is an intersection between S

and ⇤r(P ) by solving the decision problem recursively for each of the subproblems.

The algorithm runs in O(min{log n, logm}) phases and on each of them we spend

O(n+m) time. Further details are required to bound the size of the subproblems on

each level of the recursion.

6.3.1 The algorithm

Initially compute the minimum P -circle CP , its center cP and its radius rP in O(n)

time [70]. In O(m) time we can verify if cP lies on a segment of S. If it does, then

CP is the minimum P -circle with center on S. Otherwise, as we assume from now

on, the radius of BP (S) is greater than rP .

Consider a family of convex sets G defined as follows. A set G 2 G is the inter-

section of A
1

\ . . . \ A
6

, where each Ai is either the interior of a circle or an open

halfplane supported by a straight line (Ai may be equal to Aj for some i 6= j).

Fix a constant 0 < "  1 and consider the set system (S,GS) induced by G on S.

As the VC-dimension of this range space is finite by Theorem 3.1.2, we can compute

an "-net NS of (S,GS) of size O(1) in O(m) time using Theorem 3.1.3. That is, each

set G 2 G that intersects more than "m segments of S intersects at least one segment

of NS.

For each segment s of NS, compute BP (s) in O(n) time [70] and mark at most

two points of P that uniquely define this circle by lying on its boundary. Let rmin be

the radius of the minimum circle among the P -circles computed in the previous step.
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If rmin  r, then there is a positive answer to the (P, S)r-decision problem and

the decision algorithm finishes. Otherwise, let MP ⇢ P be the set of marked points

and note that |MP |  2|NS| = O(1).

By the minimality of rmin, the interior of ⇤rmin(MP ) intersects no segment of NS.

Since we assumed that rmin > r, we know that ⇤r(MP ) ⇢ ⇤rmin(MP ) and hence

⇤r(MP ) intersects no segment of NS.

We refine this intersection using another "-net. Let C = {#r(p) : p 2 P} be the

set of circles of radius r centered at the points of P . Consider the set system (C,GC)

induced by G on C. Compute an "-net NP of this set system in O(n) time using

Theorem 3.1.3. That is, if a convex set G 2 G intersects more than "n circles of C,
then G intersects at least one circle of NP .

Let WP = {p 2 P : #r(p) 2 NP} i.e., WP is the subset of P defining NP where

|WP | = O(1). Notice that for every p 2 WP , ⇤r(WP ) is enclosed by #r(p), i.e. the

circle #r(p) does not intersect the interior of ⇤r(WP ). Let P+ = MP [ WP . As

⇤r(P+) is contained in both ⇤r(MP ) and ⇤r(WP ), we observe the following.

Lemma 6.3.1. No segment of NS and no circle of NP intersects the interior of

⇤r(P+).

Because r > rP , cP is enclosed by #r(p) for every p 2 P , i.e., cP lies in the

interior of ⇤r(P+). Our idea is to partition ⇤r(P+) by connecting cP with the vertices

of ⇤r(P+). This operation produces “slices” of ⇤r(P+) which are convex sets that

belong to G and do not intersect eitherNS orNP . Therefore, each “slice” is intersected

by few segments of S and few circles from C. This is the idea behind our Divide-and-

conquer algorithm. However, we would like to go even further and guarantee that

each segment of S (and each circle in C) appears only in one slice.

To achieve this, we construct a set of points ⇧ � P+ of constant size such that ⇧

retains the properties of P+, but whose “slices” allow us to partition both S and C.
We detail the construction of ⇧ below.

6.3.2 Constructing slices

Because ⇤r(P+) is a convex set whose boundary is composed of circular arcs, we

can think of it as described by the sequence of vertices in clockwise order along its
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Figure 6.1: Left: The set P+ and the convex set ⇤r(P+) with vertices v
1

, . . . , v
4

are
depicted in blue. In green the points q⇤

1

, . . . , q⇤
4

such that the #r(q⇤i ) is the first circle of C
intersected by the ray µi going from cP towards vi. Right: The set P ⇤ = {q⇤

1

, p⇤
1

. . . , q⇤
4

, p⇤
4

}
such that the set Y = {y

1

, . . . , y
4

} is contained in the boundary of ⇤r(P ⇤). For every
1  i  4, no circle in C intersects the open segment (cP , yi). The rays from cP towards
each yi split the plane into cones �

1

, . . . ,�
4

.

boundary. Assume that ⇤r(P+) = (v
1

, . . . , vk) where k = O(1). Recall that cP lies in

the interior of ⇤r(P+). For each 1  i  k, let µi be the ray with apex cP that passes

through vi. Let q⇤i be a point of P such that #r(q⇤i ) is the first circle of C intersected

by µi when going from cP towards vi.

As O(1) rays are considered, we can compute the set {q⇤
1

, . . . , q⇤k} in O(n) time.

By construction, each q⇤i contributes to ⇤r(P ) as no circle in C intersects the portion

of µi between cP and its intersection with #r(q⇤i ).

For every 1  i  k, we can compute in O(n) time the arc ↵r(q⇤i , P ) by intersecting

#r(q⇤i ) with every other circle in C. Let yi be the most clockwise endpoint of ↵r(q⇤i , P )

and let Y = {y
1

, . . . , yk}; see Fig. 6.1.

Notice that each yi is the intersection of #r(q⇤i ) and #r(p⇤i ) for some point p⇤i 2 P .

Let P ⇤ = {q⇤
1

, p⇤
1

, . . . , q⇤k, p
⇤
k} and notice that for every 1  i  k, p⇤i and q⇤i contribute

to ⇤r(P ) and yi is the point where their contributions intersect; we observe the

following.

Observation 6.3.2. Let X be a set of points such that P ⇤ ✓ X ✓ P . Every point of

Y lies on the boundary of ⇤r(X).

Consider the k rays with apex at cP that pass through y
1

, . . . , yk. These rays split

the plane into k cones D = {�
1

, . . . ,�k} such that the boundary of �i contains yi
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and yi+1

; see Fig. 6.1. By Observation 6.3.2 and by convexity, ch(Y ) is contained

in ⇤r(P ) ⇢ ⇤r(P ⇤). If there is a segment of S intersecting ch(Y ), then the (P, S)r-

decision problem has a positive answer. Since we can test every segment of S for

intersection with ch(Y ) in O(m) time, we assume from now on that no segment of S

intersects ch(Y ). Under this assumption, we obtain the following.

Lemma 6.3.3. Let X be a set of points such that P ⇤ ✓ X ✓ P . For every s 2 S, if

s intersects ⇤r(X), then s \ ⇤r(X) is contained in exactly one cone of D.

Proof. Since every point of Y lies on the boundary of ⇤r(X) by Observation 6.3.2,

the di↵erence Y = ⇤r(X) \ ch(Y ) consists of k disjoint components. Let x and y

be two points on di↵erent components of Y . By convexity of ⇤r(X), the segment

[x, y] must intersect ch(Y ). Therefore, there is no segment that intersects two or

more components of Y without intersecting ch(Y ). Finally note that each disjoint

component of Y is completely contained in some cone of D.

The following lemma shows that not only the segments can be classified using the

cones in D, but also the points of P that contribute to ⇤r(P ).

Lemma 6.3.4. For any point p 2 P , if p contributes to ⇤r(P ), then its contribution

↵r(p, P ) is contained in exactly one cone of D.

Proof. If p 2 P \ P ⇤ contributes to ⇤r(P ) then #r(p) must intersect ⇤r(P ⇤) and this

happens only if #r(p) excludes some vertex v of ⇤r(P ⇤) such that v /2 Y . Notice that

at most one vertex of ⇤r(P ⇤) lies inside each cone�i (p⇤i may be equal to q⇤i and hence,

there may be no vertex of ⇤r(P ⇤) inside �i). Let yi, yi+1

2 Y be the two neighbors of

v along the boundary of ⇤r(P ⇤). Since #r(p) excludes v, #r(p) intersects ⇤r(P ⇤) but

must enclose both yi and yi+1

. Therefore, there is one arc � of #r(p) that intersects

⇤r(P ⇤) and � is completely contained in �i. Furthermore, by Lemma 6.2.1, � is

the only intersection between #r(p) and ⇤r(P ⇤); that is, ↵r(p, P ) ✓ � is completely

contained in �i. By construction, the contribution of each point in P ⇤ to ⇤r(P ) is

contained in exactly one cone of D.

Let ⇧ = P+[P ⇤ and notice that |⇧| = O(1). Intuitively, ⇧ inherits the properties

from both P+ and P ⇤. For every 1  i  k, let Ri = �i \ ⇤r(⇧) be a ⇧-slice of

⇤r(⇧). Let R = {R
1

, . . . , Rk} be the set of ⇧-slices.
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Since at most four points of ⇧ contribute to ⇤r(⇧) inside each cone of D (two

from P ⇤ and at most two from P+), we infer that each ⇧-slice of R belongs to G.
By Lemma 6.3.1, the interior of each region Ri intersects no segment of NS and

no circle of NP . Thus, as NS and NP are both "-nets, we obtain the following result.

Corollary 6.3.5. For each 1  i  k, at most "m segments of S intersect the region

Ri and at most "n circles of C intersect Ri.

6.3.3 Divide-and-conquer

The idea is to use Divide-and-conquer using Corollary 6.3.5. That is, we split both

P and S into k subsets according to their intersection with the elements of R, each

pair of which represents a subproblem. Finally, we will prove that the (P, S)r-decision

problem has a positive answer if and only if some subproblem has a positive answer.

We first described how to partition the set S.

Lemma 6.3.6. We can compute sets S
1

, . . . , Sk ⇢ S in O(m) time such that
Pk

i=1

|Si|  m and |Si| < "m. Moreover, Si contains all segments of S that intersect

⇤r(⇧) inside Ri.

Proof. Note that segments that do not intersect ⇤r(⇧) can be discarded as they

cannot contain a point being the center of a P -circle of radius r.

Let Si be the set of segments of S that intersect Ri. The construction of S
1

, . . . , Sk

can be performed in O(m) time since the size of Ri is constant. By Lemma 6.3.3, a

segment of S belongs to at most one element of the partition and hence,
Pk

i=1

mi  m.

By Corollary 6.3.5, for any 1  i  k at most "m segments of S intersect Ri.

Consequently, |Si| < "m.

In a similar way, we describe how to partition the set of points P .

Lemma 6.3.7. We can compute sets P
1

, . . . Pk ⇢ P in O(n) time such that p⇤i , q
⇤
i+1

2
Pi, |Pi| < "n,

Pk
i=1

|Pi|  n and ⇤r(P ) = ⇤r(P1

[ . . . [ Pk). Moreover, if a point

p 2 Pi contributes to ⇤r(P ), then ↵r(p, P ) intersects Ri.

Proof. Let Pi = {p 2 P : #r(p) intersects Ri \ Y } (we remove Y since yi+1

belongs to

both Ri and Ri+1

leading some points to belong to more than one Pi). This partition
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of P can be computed in O(n) time as the size of Ri is constant. For each point

p 2 P that contributes to ⇤r(P ), #r(p) has to intersect ⇤r(⇧) and hence, ↵r(p, P )

intersects at least one region of R. By Lemma 6.3.4, a point of P contributes to

⇤r(⇧) ⇢ ⇤r(P ⇤) inside only one cone of D. Thus, a point of P belongs to at most

one of the computed subsets. Moreover, by Corollary 6.3.5, at most "n circles of C
intersect Ri, i.e., |Pi| < "n. By construction, p⇤i and q⇤i+1

have their contribution to

⇤r(P ) contained in Ri and hence, both belong to Pi.

The following theorem states that the partitions of P and S induce subproblems

in such a way that the solution to the decision problem can be retrieved from the

subproblems’ solutions.

Theorem 6.3.8. The (P, S)r-decision problem has positive answer if and only if there

is a Pi-circle of radius r with center on Si, for some 1  i  k.

Proof. !) Let C be a P -circle of radius r with center c lying on a segment s 2 S.

Since the cones of D partition the plane, c belongs to some cone�i for some 1  i  k.

Thus, s intersects the cone �i. By Observation 6.2.2, s intersects ⇤r(P ) ⇢ ⇤r(⇧).

Consequently, by Lemma 6.3.6, s belongs to Si. Assume that c lies on the arc ↵r(p, P )

being the contribution of some point p 2 P . Since c belongs to �i and lies on the

boundary of ⇤r(P ) ⇢ ⇤r(⇧), #r(p) intersects ⇤r(⇧)\�i = Ri. Thus, by Lemma 6.3.7,

p belongs to Pi. That is, there is a Pi-circle of radius r with center on Si.

 ) Let C be a Pi-circle of radius r with center c lying on a segment s of Si. Suppose

that C is not a P -circle, i.e., assume that there is a point p 2 P such that p is not

enclosed by C. Thus, #r(p) does not enclose c. We claim that c 2 Ri; if this claim

is true, then as cP is enclosed by #r(p), #r(p) must intersect Ri in order to exclude

c. However, #r(p) intersects Ri if and only if p belongs to Pi—a contradiction since

every point of Pi is enclosed by C.

We proceed to prove our claim (c 2 Ri). By Lemma 6.3.7, we know that Pi

contains the points p⇤i and q⇤i+1

of P ⇤. Let L = ch(#r(p⇤i ))\ ch(#r(q⇤i+1

)) and notice

that the points yi and yi+1

of Y lie on the boundary of L. Therefore, the segment

[yi, yi+1

] splits L into two convex sets L+ and L�. As both yi and yi+1

belong to

�i, either L+ or L� is completely contained in �i. As P ⇤ ⇢ ⇧ and p⇤i , q
⇤
i+1

2 Pi,
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both ⇤r(Pi) and ⇤r(⇧) are contained in L. Since s 2 Si, by definition s intersects

⇤r(⇧) inside �i and hence, s intersects L inside �i; assume wlog that s intersects L+.

Therefore, no point of s can lie inside ⇤r(Pi)\�i as it would be in L� and by convexity,

s would intersect the segment [yi, yi+1

]; however, we assumed that no segment of S

intersects ch(Y ). As c lies in �i, c 2 Ri since ⇤r(Pi) \�i ⇢ ⇤r(⇧) \�i = Ri.

By Lemmas 6.3.6 and 6.3.7, in O(n + m) time we can either give a positive

answer to the decision algorithm, or compute sets P
1

, . . . , Pk and S
1

, . . . , Sk in order

to define k decision subproblems each stated as follows: Decide if there is a Pi-circle of

radius r with center on Si. Because Theorem 6.3.8 allows us to solve each subproblem

independently, we proceed until we find a positive answer on some branch of the

recursion, or until either Pi or Si reaches O(1) size and can be solved in linear time.

Since |Si| < "m and |Pi| < "n by Lemmas 6.3.6 and 6.3.7, the number of recursion

steps needed is O(min{log n, logm}). Furthermore, by Lemmas 6.3.6 and 6.3.7, the

size of all subproblems at the i-th level of the recursion is bounded above by n+m.

Lemma 6.3.9. Given sets P of n points and S of m segments and r > 0, the (P, S)r-

decision problem can be solved in O((n+m) log!) time, where ! = min{n,m}.

6.4 Converting decision to optimization

In the previous section we showed an algorithm for the (P, S)r-decision problem.

However, our main objective is to solve its optimization version. To do that, we

use Lemma 3.2.1. This technique requires an e�cient algorithm to partition the

problem into smaller subproblems, where the global solution is the minimum among

the subproblems solutions. By presenting an O(n + m)-time partition algorithm,

we obtain a randomized algorithm for the (P, S)-optimization problem having an

expected running time of O((n+m) log!), where ! = min{n,m}. As the partition of

the plane into cones used in the previous section has no correlation with the structure

of ⇤r(P ) as r changes, the partition of P used in this section requires a di↵erent

approach. However, the partition of S is very similar. We present the statement of

the main result and will spend the rest of the section proving it.
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Lemma 6.4.1. We can compute sets P 0
1

, . . . , P 0
h ⇢ P and S 0

1

, . . . , S 0
h ⇢ S in O(n+m)

time such that |P 0
i | < "n, |S 0

i| < "m and BP (S) is the circle of minimum radius in

{BP 0
1

(S 0
1

), . . . , BP 0
h
(S 0

h)}.
We introduce some notation that will help us prove our result. The farthest-point

Voronoi diagram of a point set X ⇢ R2 can be seen as a tree with n unbounded edges

and is denoted by V(X) (see [35] for further information on this diagram). For any

point x of X, let R(x) be the farthest-point Voronoi cell associated with x in V(X),

i.e., the region of the plane containing the points that are farther from x than from

any other point of X.

Observation 6.4.2. Let r > rP . For every point p 2 P that contributes to ⇤r(P ), a

point x lies on ↵r(p, P ) if and only if x lies in the Voronoi cell of p in V(P ).

Given any subset of R2, it can be embedded into R3 by identifying R2 with the

plane Z
0

= {(x, y, z) 2 R3 : z = 0}. To prove Lemma 6.4.1, we start by partitioning

P using a di↵erent "-net defined in R3.

Given a point p in Z
0

, let �p be the boundary of the 3-dimensional cone, lying

above p, with apex at p and 45 � slope with respect to the plane Z
0

. That is �p =

{(x, y, z) 2 R3 : (x � px)2 + (y � py)2 = z2}. Let �+

p be the open set containing all

the points lying above �p.

Embed P into R3 and let � = {�p : p 2 P}. Recall that the furthest-point Voronoi
diagram of P is the upper envelope of � when projected to the plane Z

0

. That is, a

point x in the plane Z
0

belongs to R(p) if and only if �p is the last cone intersected

by a ray shooting upwards, orthogonally to the plane Z
0

, from x.

To do the partition, we consider the following set system. Consider the family

of convex sets H defined as follows. A convex region H belongs to H if for some

x 2 Z
0

, H = h
1

\ h
2

\ h
3

\ �+

x , where each hi is a halfspace supported by a halfplane

orthogonal to Z
0

.

Consider the set system (�,H
�

) induced by H on �. Since each element of G

and of H is a semialgebraic set of constant description, this set system has finite

VC-dimension by Theorem 3.1.2.

Fix a su�ciently small constant " and compute an "-net NP of (�,H
�

) in O(n)

time such that |NP | = O(1) (see Theorem 3.1.3). Let P+ = {p 2 P : �p 2 NP}, i.e.,
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P+ is the constant size subset of P defining NP . Compute the upper envelope of NP ,

denoted by U , in constant time and let U+ be the set of points in R3 lying strictly

above U .

Observation 6.4.3. The interior of U+ intersects no cone of NP .

Given a point x in R3, let `x be the vertical line passing through x in 3D-space.

Given a set Y ⇢ R2, the vertical lifting of Y is the set V L(Y ) = [x2Y `x obtained

after embedding Y into R3. For any set that partitions the plane into k disjoint max-

imal components, its vertical lifting partitions R3 into the same number of maximal

connected components.

Compute the farthest-point Voronoi diagram of P+, denoted by V(P+), in O(1)

time. Notice that V(P+) is the projection on Z
0

of U . Complete the planar graph

V(P+) to a triangulation T in O(1) time by adding edges greedily (some triangles

have the point at1 as a vertex); see Fig. 6.4. Embed T in R3 and compute its vertical

lifting V L(T ) in constant time. Since T partitions the plane, V L(T ) partitions R3

into O(1) solid prisms, each defined by the intersection of two or three halfspaces.

Finally, intersect each of these prisms with U+ to obtain a family of convex regions

F = {F
1

, . . . , Ft} for some t 2 O(1).

Since each region Fi projects on Z
0

inside exactly one Voronoi cell R(pi) of V(P+)

for some pi 2 P+, we can uniquely associate the point pi with Fi (pi may be equal to

pj for i 6= j) and hence Fi 2 H. Moreover, the cone �pi is the “floor” of the region

Fi. By Observation 6.4.3 no region of F intersects a cone of the "-net NP . By the

properties of "-nets, we obtain the following result.

Observation 6.4.4. For each 1  i  t, at most "n cones of � intersect Fi.

We now compute an "-net of S that will allow us to complete the partition. Using

the set of ranges GS defined in Section 6.3, compute in O(n) time an "-net NS of

(S,GS). For each segment s of NS, compute BP (s) in O(n) time [70] and mark

the points of P that lie on the boundary of this circle. Let r
min

be the radius of the

minimum circle among the computed P -circles and let P ⇤ be the set of marked points.

Therefore, the interior of ⇤r
min

(P ⇤) intersects no segment of NS. Let (v
1

, . . . , vk) be

the set of vertices of ⇤r
min

(P ⇤) given in clockwise order. Triangulate ⇤r
min

(P ⇤) by
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joining cP with every vertex of ⇤r
min

(P ⇤) and let A ⇢ G be the obtained set of k

slices (two sides are straight-line segments and one an arc of a circle). Therefore, no

segment of NS intersects the interior of a slice in A. Thus, at most "m segments of

S intersect each slice in A.

Intersect each region of F with the vertical lifting of each slice in A and let

Y = {Y
1

, . . . , Yh} be the set containing all the obtained intersections. That is, each

Yj is the intersection of some region Fi and the vertical lifting of some slice of A.

Since |F| = O(1) and |A| = O(1), Y can be computed in constant time.

We are ready to provide the proof of Lemma 6.4.1.

Proof of Lemma 6.4.1. For every 1  i  h, let P 0
i = {p 2 P : �p \ Yi 6= ;} and

note that P 0
i can be computed in O(n) time. Since Yi ⇢ F for some F 2 F , by

Observation 6.4.4, |P 0
i | < "n.

Let S 0
i = {s 2 S : V L(s) \ Yi 6= ;} and note that S 0

i can be computed in O(m)

time. Since the orthogonal projection of Yi onto Z
0

is contained in some slice A 2 A
and the interior of A intersects no segment of NS, |S 0

i| < "m. Let r⇤ be the radius of

BP (S). Since bP (S) lies in ⇤r⇤(P ) and ⇤r⇤(P ) ⇢ ⇤r(P ) ⇢ ⇤r(P ⇤), the point bP (S)

lies inside ⇤r(P ⇤).

Let s⇤ 2 S be the segment where bP (S) lies and let p 2 P be a point on the

boundary of BP (S). We claim that s⇤ and p belong to the same subproblem, i.e., s⇤

and p belong to S 0
j and P 0

j , respectively, for some 1  j  k. Notice that if this claim

is true, then all the points of P through which BP (S) passes belong to P 0
j . That

is, BP 0
j
(S 0

j) and BP (S) are defined as the circles with center on s⇤ passing through

the same set of points, i.e., BP 0
j
(S 0

j) = BP (S). Thus, by computing BP 0
i
(S 0

i) for each

1  i  k, the minimum P -circle with center on S can be obtained by choosing the

minimum among BP 0
1

(S 0
1

), . . . , BP 0
h
(S 0

j).

We proceed now to prove that s⇤ and p belong to the same subproblem. Since

bP (S) lies in ⇤r(P ⇤), bP (S) lies inside the projection of Yj for some 1  j  h. i.e,

s⇤ 2 S 0
j. Consider the ray � shooting upwards (perpendicular to Z

0

) from bP (S). Since

p lies on the boundary of BP (S), p is farther away from bP (S) than any other point of

P . That is, �p is the last cone intersected by � (there may be other cones intersected

at the same time). Therefore, �p intersects Yj and consequently p 2 P 0
j .
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Figure 6.2: a) The farthest-point Voronoi diagram of P+ extended to a triangulation T by
adding the red edges. b) Simple polygon Q and the rectangle R containing both cP and Q.
By removing Q from R we obtain a polygon with one hole. c) After connecting this hole
with the boundary we obtain a simple polygon Q containing cP in its interior. In red the
polygonal chain VQ obtained after computing the visibility polygon Vis of Q from cP and
removing the edges adjacent to the boundary of R.

By Lemmas 6.3.9 and 6.4.1, we can use Lemma 3.2.1 to obtain the following result.

Theorem 6.4.5. Given a set P of n points and a set S of m segments in the plane,

the (P, S)-optimization problem can be solved in expected O((n+m) log!) time where

! = min{n,m}.

6.5 Constraining to a simple polygon

Let Q = (v
1

, . . . , vm) be a simple polygon. In this section we present an algorithm to

find the minimum P -circle with center inQ running in O(m+n log n) time. To achieve

this running time, we use the underlying structure given by the order of the vertices

along the boundary of Q. We present an algorithm for the (P,Q)r-decision problem

running in O(n +m) time after computing the farthest-point Voronoi diagram of P

(see Section 3.4). Therefore, by Lemma 6.4.1 we can use Lemma 3.2.1 to obtain an

algorithm for the (P,Q)-optimization problem running in expected O(m + n log n)

time. This results improve upon Theorem 6.4.5 whenever m > n.

6.5.1 Star-shaped regions

A polygonal chain N is star-shaped if there exists a set of points called its kernel

such that every point on this chain is visible from every point x in its kernel, i.e., the
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open segment joining x with every point on N does not intersect N . A key result to

improve the algorithm presented in Section 6.3 is the following.

Lemma 6.5.1. Let r > rP . Given a star-shaped chain N of m vertices with cP in its

kernel and ⇤r(P ) as the sequence of the h vertices along its boundary, we can decide

if N intersects ⇤r(P ) in O(h+m) time.

Proof. Let N = (v
1

, . . . , vm), let (b
1

, . . . , bh) be the sequence of vertices along the

boundary of ⇤r(P ) and assume that both sequences are given in counterclockwise

order. Given a point x in the plane, let ✓(x) be the angle 0  ✓(x) < 2⇡ that the

ray emanating from cP and passing through x makes with the positive x-axis. Let

ei denote the edge [vi, vi+1

] and let ↵j denote the arc (bj, bj+1

). Assume wlog that

✓(v
1

) = 0 and assume that ↵
1

is the arc intersected by the ray emanating from cP

that passes through v
1

. Otherwise, relabel the vertices of ⇤r(P ) in O(h) time. If

at some point during the execution the algorithm detects an intersection, finish and

report a positive answer to the intersection problem. The algorithm works as follows.

Step 0: If v
1

lies inside ⇤r(P ) finish and report that N intersects ⇤r(P ). Other-

wise let i = j = 1 and proceed with Step 1.

Step 1: Test the edge ej and the arc ↵i for intersection. If ✓(vj+1

)  ✓(bi+1

)

proceed and test the next edge of N . Let j  j + 1 and repeat Step 1. Otherwise, if

✓(vj+1

) > ✓(bi+1

) proceed with the next arc of ⇤r(P ). Let i i+1 and repeat Step 1.

If at some point j > k (we have no edges of N left to test) finish and report

that no intersection exists. On each step of the algorithm we advance and consider

the next arc or the next edge either on ⇤r(P ) or on N , respectively. Therefore, this

algorithm has an O(h + m) running time. By walking the two sequence of vertices

in clockwise order, we test every edge e on N only with the arcs on the boundary of

⇤r(P ) that intersect the triangle T = CH(e [ {cP }). Therefore, we considered every

possible intersection between the boundary of ⇤r(P ) and N .
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6.5.2 The decision problem on a simple polygon

We will use the farthest-point Voronoi diagram to speed up the decision algorithm.

Start by computing CP and its center cP . If cP lies in the interior of Q, then CP is

the trivial solution of the optimization problem. Thus, we will assume from now on

that cP does not belong to Q. Compute V(P ) in O(n log n) time using Theorem 3.4.6.

Assume that each edge of V(P ) has pointers to the points of P defining it.

Lemma 6.5.2. After computing the farthest-point Voronoi diagram of P in O(n log n)

time, we can compute ⇤r(P ) in O(n) time for any given radius r > rP .

Proof. By Observation 6.2.2, for each point x on the boundary of ⇤r(P ), ⇢(x) = r.

Moreover, as long as x belongs to R(p) for some p 2 P , x must lie on ↵r(p, P ) by

Observation 6.4.2. Consequently, the vertices of ⇤r(P ) are the points on the tree

V(P ) such that their value under ⇢ is equal to r.

Thus, if we determine all vertices of ⇤r(P ) in clockwise order, we can construct

⇤r(P ) by adding the arcs of fixed curvature between them in O(n) time. Let e be an

edge of V(P ) and notice that it is contained in the bisector of two points p and q of

P . If x is a point lying on e, then ⇢(x) = d(x, p) = d(x, q). As we assumed that e has

pointers to both p and q, in O(1) time we can determine if there is a point x lying on

e such that ⇢(x) = r. By walking along an Eulerian tour of V(P ) and testing every

edge on it, we can compute the set of vertices of ⇤r(P ) in counterclockwise order in

O(n) time.

Given r > rP , compute ⇤r(P ) in O(n) time using Lemma 6.5.2. Our objective is

to decide if there is an edge of Q that intersects ⇤r(P ). In this section we show how

to do it in O(m+ n) time.

Let R be a su�ciently large rectangle to enclose Q and cP in its interior. Note

that R can be computed in O(m) time. Let Q = R�int(Q) which is a simple polygon

with one hole. Shoot a ray � from cP that intersects the interior of the hole. Let x

and x0 be the two intersections lying farther from cP between � and the boundary of

Q (one of them on the boundary of R). Remove the hole from Q by joining x and

x0 with a su�ciently small corridor. This way, Q becomes a simple polygon without
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holes that can be computed in O(m) time. Moreover, cP lies in the interior of Q; see

Fig. 6.4.

Compute the visibility polygon Vis of Q from the point cP in O(m) time using

the algorithm from Joe and Simpson [58]. Finally, let VQ be the polygonal chain

obtained by removing the edges of the boundary of Vis that have an endpoint lying

on the boundary of the rectangle R (there may be none). Since every point in the

boundary of ⇤r(P ) is visible from cP , ⇤r(P ) intersects Q if and only if ⇤r(P ) intersects

VQ. As VQ is star-shaped and has cP in its kernel, by Lemma 6.5.1 we can decide if

VQ interests ⇤r(P ) in O(n + m) time. Therefore, we can solve the (P,Q)r-decision

problem in linear time. By considering the set of segments on the boundary of

Q, we can use Lemma 6.4.1 to construct O(1) subproblems so that the solution of

the (P,Q)-optimization problem is the minimum among the subproblems solutions.

Consequently, we can use Lemma 3.2.1 to obtain the following result.

Theorem 6.5.3. Given a set P of n points and a simple polygon Q of m vertices,

the (P,Q)-optimization problem can be solved in expected O(m+ n log n) time.

Notice that the bottleneck of this algorithm is the construction of the farthest-

point Voronoi diagram. Therefore, if P is the set of vertices of a convex polygon, we

can compute its farthest-point Voronoi diagram in linear time using Theorem 3.4.6.

Corollary 6.5.4. Let N and Q be two convex polygons on n and m vertices, respec-

tively. The minimum enclosing circle of N , whose center is constrained to lie in Q,

can be found in expected ⇥(m+ n) time.

6.6 Lower bounds

In this section,we prove lower bounds for the decision problems: We show inputs

where the decision problem is equivalent to answering a membership query in a set

with “many” disjoint components. We then use Theorem 3.3.1 to obtain lower bounds

for any decision algorithm that solves this membership problem.
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Figure 6.3: a) The construction presented in Section 6.6.1. A set P representing the
vertices of a regular n-gon. The region ⇤r(P ) is enclosed by C and intersects it at n points
being the n vertices of ⇤r(P ). b) The removal of the set ⇤r(P ) from C splits it into n
disconnected components that define the set '

0

. No point on '
0

supports a P -circle of
radius r.

6.6.1 Lower bounds when constraining to a set of points

Let r > 0. In this section, we construct a set of points P such that for any point

set M (with certain constraints), the (P,M)r-decision problem has a lower bound of

⌦(m log n).

Let r0 be a number such that 0 < r0 < r. Let P be the set of vertices of a regular

n-gon circumscribed on a circle of radius r0. Because r > r0, ⇤r(P ) is a non-empty

convex region whose boundary is composed of circular arcs. Given a point set M , the

(P,M)r-decision problem has an a�rmative answer if and only if there is a point of

M lying in ⇤r(P ) (see Observation 6.2.2).

Let C be the circumcircle of the vertices of ⇤r(P ). Partition this circle into

'
1

= C \ ⇤r(P ) and '
0

= C � '
1

. Because '
1

consists of exactly n points being the

vertices of ⇤r(P ), '
0

consists of n disconnected open arcs all lying outside of ⇤r(P ).

Moreover, a point on C supports a P -circle of radius r if and only if it lies on '
1

; see

Fig. 6.3(a).

Theorem 6.6.1. Let P be a set of n points and a let M be a set of m points (m

segments or m lines). Given a radius r, the (P,M)r-decision problem has a lower

bound of ⌦(m log n) in the algebraic decision-tree model.
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Proof. Consider the restriction of the (P,M)r-decision problem where M is con-

strained to be a subset of C. Notice that any lower bound for this restricted problem

is also a lower bound for the general decision problem.

Consider the space of all multi-sets of m points constrained to lie on C. Notice

that an input of m points can also be seen as a point in R2m. That is, the space of

inputs for the restricted decision problem defines a subset Cm of R2m. Moreover, Cm

can be partitioned into to subsets, the “yes” and the “no” sets (with respect to the

(P,M)r-decision problem), where the “no” region is equal to �
0

= 'm
0

. That is, a

point (x
1

, y
1

, x
2

, y
2

, . . . , xm, ym) lies in the “no” region �
0

if for every index 1  j  m,

the point (xj, yj) lies inside '
0

⇢ C.

Because '
0

contains n disjoint components, �
0

= 'm
0

contains O(nm) disjoint

components being the product-space of m copies of '
0

. Recall that the (P,M)r-

decision problem is equivalent to the membership problem in 'm
0

. Therefore, by

Theorem 3.3.1 we obtain a lower bound of ⌦(m log n) for every decision algorithm in

the algebraic decision-tree model. Notice that this lower bound implies a lower bound

for the decision problem where the center is constrained to lie on a set of segments.

This proof can be slightly modified to work when the P -circle is constrained to have

its center on a set of lines by constraining each line of the input to be tangent to

C.

6.6.2 Lower bound when constraining to a simple polygon

Let r > 0. In this section, we construct a simple m-gon Q such that for a any input

P on n points, the (P,Q)r-decision problem has a lower bound of ⌦(m+ n log n).

Let r" = r + " for some " > 0 to be specified later. Let N = {p
1

, . . . , pn} be the

set of vertices of a regular n-gon whose circumcircle C has radius r and center on c.

Because r" is greater than r, the radius of C, ⇤r"(N) is non-empty.

Consider the middle points of every arc along ⇤r"(N) and label them so that mi

is the middle point on the arc opposite to pi. Let C 0 be a circle with center on c and

radius 2r. For each 1  i  n, let qi be the point of intersection between C 0 and the

ray from c to pi. Let Q0 be a star-shaped polygon with vertex set {m
1

, . . . ,mn} [
{q

1

, . . . , qn} where edges connect consecutive vertices in the radial order around c; see
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Figure 6.4: a) The construction of the star-shaped polygon Q0 used in Section 6.6.2. b)
The polygon Q constructed in Section 6.6.2 being disjoint from ⇤r"(P ). The arc ↵

6

(in red)
is the arc of C excluded by #r"(q6). Moreover, ↵

6

contains exactly one point (say p
1

) of P .

Fig. 6.4(a).

Let R be a su�ciently large rectangle to enclose Q0 and let Q = R \ int(Q0).

Remove the star-shaped hole of Q by connecting the boundary of R with an edge of

Q using a small corridor; see Fig. 6.4(b) for an illustration.

Observation 6.6.2. The points m
1

, . . . ,mn are the only points of intersection be-

tween Q and ⇤r"(N).

Consider the restriction of the (P,Q)r-decision problem, where every point of P is

constrained to lie on C. Note that any lower bound for this restricted problem is also

a lower bound for the general problem. We show now a lower bound of ⌦(m+n log n)

for this restricted problem.

Recall that every input of n points constrained to lie on C can be seen as a point

in Cn ⇢ R2n and vice versa. Formally, for each point X = (x
1

, y
1

, . . . , xn, yn) 2 Cn let

PX = {(x
1

, y
1

), . . . , (xn, yn)} be the set of n points contained in C that corresponds

to X.

Let �
0

⇢ Cn such that X 2 �
0

if and only if the (PX , Q)r-decision problem has a

negative answer. Let �
1

= Cn � �
0

be the set defining the positive answers.

Because r < r", Observation 6.6.2 implies that ⇤r(N) does not intersect Q, i.e.,



107

N 2 �
0

. Notice that every permutation of the same input of n points induces a

di↵erent point in R2n. That is, a set of n points in the plane can be represented by n!

di↵erent points in R2n. Therefore, every one of the n! points representing N in R2n

lies in �
0

.

We claim that each of these n! points lie in di↵erent connected components of �
0

.

The idea is that any continuous transformation between two of these permutations

will reach a state in which the point it represents becomes part of �
1

. A formal proof

is provided below.

Theorem 6.6.3. Let P be a set of n points and let Q be a simple polygon on m

vertices such that m � n. Given a radius r, the (P,Q)r-decision problem has a lower

bound of ⌦(m+ n log n) in the algebraic decision-tree model.

Proof. Since there are n! permutations of N and each of them belongs to a di↵erent

connected component in �
0

, we conclude that �
0

contains at least n! disjoint connected

components. Because the (P,M)r-decision problem is equivalent to the membership

problem in �
0

, by Theorem 3.3.1 we obtain a lower bound of ⌦(n log n) for the re-

stricted (P,M)r-decision problem in the algebraic decision-tree model. To obtain this

lower bound, the m-gon Q needs to have at least n vertices, i.e., m � n.

Finally, notice that any decision algorithm has also a lower bound of ⌦(m) since

every vertex of Q has to be considered. Otherwise, an adversary could perturb a

vertex so that the solution switches from a negative to a positive answer without

a↵ecting the execution of the algorithm.

This theorem provides the same lower bound for the (P, S)r-decision problem,

where S is a set of m segments. Furthermore, this proof can be easily modified to

bound the (P,M)r-decision problem where M is a set of m points by considering the

vertices of Q with even indices as the points of M .

Many disjoint components with negative answer

In this section, we show that the n! points in Cn that represent the di↵erent permu-

tations of N lie in n! disconnected components.
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Note that every point ofN lies inside #r(mi) except for pi, i.e., there is a connected

portion of C excluded by #r(mi). For every 1  i  n, let ↵i be the arc of C excluded

by the circle #r(mi) where pi lies on ↵i. By letting " su�ciently small, ↵i is disjoint

from ↵j for any i 6= j. Moreover, every point lying on C \ ↵i is enclosed by #r(mi).

Observation 6.6.4. Let X be a point in Cn. If the set PX contains no point lying

on the arc ↵i, for some 1  i  n, then X 2 �
1

.

Proof. If PX has no point lying on ↵i for some 1  i  n, then there exists mi 2 Q

such that #r(mi) is a PX-circle of radius r, i.e., PX belongs to �
1

.

Let XN be the set of n! points of Cn such that for each X 2 XN , PX = N , i.e., the

n! points that correspond to the permutations of N . We are now ready to complete

the proof of Theorem 6.6.3 by showing that each two points of XN lie in di↵erent

connected components of �
0

.

Lemma 6.6.5. Let X
0

and X
1

be two points in XN . Any continuous path contained

in Cn joining X
0

with X
1

intersects �
1

.

Proof. Let X(t) be a continuous curve contained in Cn joining X
0

with X
1

, t 2 [0, 1].

That is, X(0) = X
0

, X(1) = X
1

and for every t 2 [0, 1], X(t) is a set of n points

contained in Cn. Notice that for each point p 2 X
0

, P (t) induces a continuous curve

�p(t) contained in C such that �p(0) = p and �p(1) 2 X
1

. Since X
0

and X
1

are

di↵erent permutations of P , there exists a point in X
0

that needs to change position

during the continuous transition. In order to do that, the points changing position

will move outside the arc ↵i where it originally lied on and will reach a di↵erent arc

↵j at the end of the transition, i 6= j. Let t
0

be the first time when a point of P (t)

abandons its arc and assume that ↵j is the abandoned arc at time t
0

. Therefore,

by choosing " su�ciently small, at time t
0

no point of P (t
0

) lies on ↵j. Thus, by

Observation 6.6.4, P (t
0

) belongs to �
1

.

6.6.3 Another lower bound when constraining to sets of points

Let A and B be two sets of m and n real numbers in [0, 1], respectively, such that

m  n and A is sorted in increasing order. The A-B-subset problem asks if A is a

subset of B.
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In this section, we show that any A-B-subset problem can be reduced in linear

time to a (P,Q)r-decision problem for some simple polygon Q. Hence, any lower

bound for the A-B-subset problem is a lower bound for the (P,Q)r-decision problem.

We show that the A-B-subset problem has a lower bound of ⌦(n logm) which yields

the same lower bound for the (P,Q)r-decision problem.

The reduction

We start by showing the connection between the A-B-subset problem and the (P,Q)r-

decision problem.

Lemma 6.6.6. Any A-B-subset problem can be reduced in linear time into a (P,M)r-

decision problem for a set M of m points (or a (P,Q)r-decision problem for a simple

m-gon Q).

Proof. Assume that A = {a
1

, . . . , am} and that B = {b
1

, . . . , bn}. Let C be a circle

with center on c = (0, 0) and radius r. For any point w on C, let ✓(w) be the angle

that the ray with apex on c passing through w forms with the positive x-axis. For

each ai 2 A, let qi be the point on C such that ✓(qi) = ⇡ai. Let M = {q
1

, . . . , qn}.
For each qi 2 M , let wi be the point lying opposite to qi on the circle C, that is the

point on C such that ✓(wi) = ⇡ + ✓(qi). Therefore, W = {w
1

, . . . , wn} is a set of n

points lying on C (actually on the lower half of the circle while the points of M lie

on the upper half).

For each bi 2 B, let pi be the point on C such that ✓(pi) = ⇡ + bi⇡ and let

P = {p
1

, . . . , pn}. We claim that the radius of BP (M) is equal to 2r if and only if

A ✓ B. Note that 2r is an upper bound for the radius BP (M) since the circle #
2r(qi)

is a P -circle for every qi 2 M . Moreover, the radius of BP (M) is exactly 2r if and

only if there is a point in P lying at distance 2r from every point in M , i.e., if and

only P contains every point of W . However, a point wi 2 W belongs to P if and only

if there is a point pj 2 P such that ⇡ + ⇡ai = ⇡ + ✓(qi) = ✓(wi) = ✓(pj) = ⇡ + bj⇡,

i.e., wi 2 P if and only if there is bj 2 B such that ai = bj. Since wi 2 P if and only

if ai 2 A, we conclude that BP (M) has radius 2r if and only if A ✓ B.

An analogous proof follows for simple polygons by considering a serrated simple

polygon Q having, alternately, one vertex coinciding with a point in M and the next
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one lying outside of C. Since A is sorted in increasing order, the construction of Q

can be performed in linear time.

By Lemma 6.6.6, any lower bound for the A-B-subset problem is a lower bound for

the (P,M)r-decision problem (or the (P,Q)r-decision problem, where Q is a simple

polygon). In fact, the lower bound we prove for the A-B-subset problem considers

arbitrary sets of real numbers. Furthermore, the lower bound holds when A is given

as a fixed sorted set prior to the design of the algorithm.

6.6.4 The A-B-subset problem

Let A = {a
1

, . . . , am} be a sorted set of m distinct real numbers and think of it as

a point in Rm. Note that any input set of n real numbers can be represented by a

point in Rn. Let �
1

be the subspace of Rn containing all points representing a set B

such that A ✓ B, i.e., the “yes” region.

An A-constraint is an equation of the form (xi = aj) for some 1  i  n, 1 
j  m. Two A-constraints (xi = aj) and (xh = ak) are compatible if i 6= h (j

may be equal to k). A point X 2 Rn satisfies an A-constraint (xi = aj) if its i-th

coordinate is equal to aj. A set ' of pairwise compatible A-constraints is complete

if it contains exactly one A-constraint of the form (xj = ai) for every ai 2 A, i.e., it

contains exactly m A-constraints, one for each element of A. Given a complete set '

of A-constraints, let K' = {X 2 Rn : X satisfies every A-constraint in '}.
Notice that dim(K') = n � m and codim(K') = m. Moreover, if a point B

belongs to K', then A ✓ B, i.e., every point in K' belongs to �
1

. Additionally,

if A ✓ B, then B belongs to some K'0 for some complete set '0 of A-constraints.

Therefore, if we let A = {K' : ' is a complete set of A-constraints}, then �
1

= [A .

Note that K' \K'0 = K'['0 since the elements in K' \K'0 have to satisfy both sets

of constraints.

Consider the poset induced by the intersection semilattice of A , denoted by LA ,

ordered by the reverse inclusion and let 0̂ = Rn denote the minimum of this poset.

Since the elements of LA are the intersection of the elements of A , it holds that

for every K 2 LA , K = K' for some set ' of A-constraints such that ' contains a

complete set of A-constraints (|'| � m).
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Consider the Möebius function µ defined on the elements of LA . Recall that

µ(0̂) = µ(0̂, 0̂) = 1 and for any K 2 LA such that 0̂ 6= K, µ(K) = µ(0̂, K) =

�PK(G µ(G).

Lemma 6.6.7. For every K' 2 LA such that K' 6= 0̂, µ(K') = (�1)codim(K')�m�1.

Proof. We prove it by induction on the co-dimension of K'. For the base case,

consider a setK' such that ' is a complete set ofmA-constraints, i.e.,K' 2 A . Since

0̂ is the only element in LA that constains K', µ(K') = �µ(0̂) = �1 = (�1)m�m�1.

Let K' 2 A such that |'| = k > m, i.e., codim(K') = k. By definition,

µ(K') = �
0

@
X

K'(K�

µ(K�)

1

A .

Notice that for every K� 2 LA , K' ( K� if and only if � is a set of A-constraints

such that � ( ' and |�| � m. In other words, by dropping some A-constraints of '

(but not more that k �m) we obtain a new a�ne space containing K' (we have to

drop at least one constraint to get a proper superset). For every 1  i  m, let 'i be

the subset of ' containing all the A-constraints of the form (xj = ai), i.e., the set of

constraints associated with the item ai 2 A. That is, ' = '
1

[. . .['m. Consequently,

K' ( K� if and only if � = [mi=1

�i where �i ✓ 'i, |�i| � 1 and not every �i is equal

to 'i (i.e.,
Pm

j=1

|�j | <
Pm

j=1

|'j |). Using this notion, we obtain that

µ(K') = �

0

BBBBBBBB@

µ(0̂) +
X

�i ✓ 'i, |�i| � 1

1  i  m
P |�j | <

P |'j |

µ(K�
1

[...[�m)

1

CCCCCCCCA

.

However, codim(K�
1

[...[�m) =
Pm

j=1

|�j|. Therefore, by induction hypothesis

µ(K�
1

[...[�m) = (�1)
Pm

j=1

|�j |�m�1 = (�1)|�1

| . . . (�1)|�m|(�1)�m�1. Using this fact

and rearranging the terms,
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µ(K') = �

0

BBBBBBBB@

µ(0̂) + (�1)�m�1

X

�i ✓ 'i, |�i| � 1

1  i  m
P |�j | <

P |'j |

(�1)|�1

| . . . (�1)|�m|

1

CCCCCCCCA

.

In order to simplify this expression, we would like to drop the constraint in the

summation given by
Pm

j=1

|�j| <
Pm

j=1

|'j|. To do this, notice that

(�1)
Pm

i=1

|'i|
+

X

�i ✓ 'i, |�i| � 1

1  i  m
P |�j | <

P |'j |

(�1)|�1

| . . . (�1)|�m| =
X

�i ✓ 'i, |�i| � 1

1  i  m

(�1)|�1

| . . . (�1)|�m|.

Let z = (�1)Pm
i=1

|'i|�m�1 = (�1)k�m�1. Therefore, if we add and subtract the term z

inside the brackets, then we complete the summation and are left with one negative z.

µ(K') = �

0

BBBBB@
µ(0̂)� z + (�1)�m�1

X

�i ✓ 'i, |�i| � 1

1  i  m

(�1)|�1

| . . . (�1)|�m|

1

CCCCCA
.

Since the term (�1)|�i| depends only on the summation on i and since µ(0̂) = 1,

we can rearrange the terms as follows:

µ(K') = �

0

BBBBB@
1� z + (�1)�m�1

X

�
1

✓ '
1

|�
1

| � 1

(�1)|�1

| X

�
2

✓ '
2

|�
2

| � 1

(�1)|�2

| . . .
X

�m ✓ 'm

|�m| � 1

(�1)|�m|

1

CCCCCA
.

Notice that for any 1 < j  |'i|, there are
�|'i|

j

�
ways to choose j A-constraints

from 'i. Moreover, since
Pr

j=0

�
r
j

�
(�1)j = 0 for any integer r, we have that

X

�i ✓ 'i

|�i| � 1

(�1)|�i| =
|'i|X

j=1

✓|'i|
j

◆
(�1)j = �1.
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Therefore, µ(K') = �(1� z + (�1)m�m�1) = �(1� z � 1) = z = (�1)k�m�1.

Lemma 6.6.8. Let n,m be two integers such that n � m. For any A 2 Rm such

that A is given in sorted order, there is a lower bound of ⌦(n logm) in the algebraic

decision-tree model for the A-B-subset problem given any set B 2 Rn.

Proof. Let k = bn/mc. We claim that there are ⌦( n!
(k!)m�1

(n�km)!

) sets in LA with

non-zero value under µ. Assuming this claim and using result (16) of [91], we obtain

a lower bound of ⌦(log( n!
(k!)m�1

(n�km)!

)) for the membership problem in [A = �
1

.

Moreover, we have that

log

✓
n!

(k!)m�1(n� km)!

◆
= n log n� (m� 1)k log k � (n� km) log(n� km).

Since k = bn/mc, n� km  k and hence (n� km) log(n� km)  k log k. Thus,

log

✓
n!

(k!)m�1(n� km)!

◆
� n log n�mk log k � n log n�m(n/m) log(n/m) = n logm.

Consequently, we attain an ⌦(n logm) lower bound for the A-B-subset problem in

the algebraic decision-tree model.

To prove our claim, we exhibit n!
(k!)m�1

(n�km)!

distinct elements of LA with non-

zero value under µ. An index sequence is a sequence I = (i
1

, . . . , im) of m distinct

indices such that 1  ij  n for every j 2 {1 . . . ,m}. Given an index sequence

I = (i
1

, . . . , im), let '(I) = {(xij = aj) : the index ij appears in I} be the complete

set of A-constraints induced by I (i.e., the j-th index on the sequence defines an

A-constraint associated with aj). Moreover, if I and I 0 are disjoint index sequences

(no index belongs to both sequences), then '(I) [ '(I 0) is a compatible set of A-

constraints. Recall that A ✓ B if and only if there exists an index sequence I such

that B, seen as a point in Rn, belongs to K'(I), i.e., if the point B satisfies all the

constraints induced by I.

Given a set of pairwise disjoint index sequences I = {I
1

, . . . , It} 6= ;, let 'I =

[ti=1

'(Ii). Notice that K'I = \t
i=1

K'(Ii) and hence K'I 2 LA . Let I = {I
1

, . . . , Ik}
be a set of k = bn/mc pairwise disjoint index sequences. Notice that K'I has co-

dimension km since every A-constraint restricts a di↵erent coordinate of every point

in K'I . Additionally, since K'I 2 LA , by Lemma 6.6.7 we know that µ(K'I) =
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(�1)km�m�1 6= 0. Therefore, every set of k pairwise disjoint index sequences induces

a di↵erent element of LA with non-zero value under µ.

Using simple counting arguments, we can compute the number of k pairwise dis-

joint index sequences, and hence give a lower bound on the number of elements in

LA . Note that there are
�
n
k

�
ways to choose the first element of each of the k index

sequences (i.e., the elements that induce a constraint of the form (xj = a
1

)). Once the

first elements are chosen, there are
�
n�k
k

�
ways to choose the second element and so on.

In this way, we obtain that there are
�
n
k

��
n�k
k

��
n�2k

k

�
. . .
�
n�(m�1)k

k

�
= n!

(k!)m�1

(n�km)!

sets

of k pairwise index sequences, each inducing a di↵erent element of LA with non-zero

value under µ as claimed.

Corollary 6.6.9. Given a set P of n points and a simple polygon Q on m vertices

(or a set of m segments or a set of m points), the (P,Q)r-decision problem has a

lower bound of ⌦(n logm) in the algebraic decision-tree model.



Chapter 7

Geodesic Center

Let P be a simple polygon with n vertices. Given two points x, y in P (either on the

boundary or in the interior), the geodesic path ⇡(x, y) is the shortest path contained in

P connecting x with y. If the straight-line segment connecting x with y is contained

in P , then ⇡(x, y) is a straight-line segment. Otherwise, ⇡(x, y) is a polygonal chain

whose vertices (other than its endpoints) are reflex vertices of P . We refer the reader

to [73] for more information on geodesic paths.

The geodesic distance between x and y, denoted by |⇡(x, y)|, is the sum of the

Euclidean lengths of each segment in ⇡(x, y). Throughout this chapter, when referring

to the distance between two points in P , we mean the geodesic distance between them.

Given a point x 2 P , a (geodesic) farthest neighbor of x is a point fP (x) (or simply

f(x)) of P whose geodesic distance to x is maximized. To ease the description, we

assume that each vertex of P has a unique farthest neighbor. This general position

condition was also assumed by Aronov et al. [7] and can be obtained by applying a

slight perturbation to the positions of the vertices [43].

Let FP (x) be the function that maps each x 2 P to the distance to a farthest

neighbor of x (i.e., FP (x) = |⇡(x, f(x))|). A point cP 2 P that minimizes FP (x)

is called the geodesic center of P . Similarly, a point s 2 P that maximizes FP (x)

(together with f(s)) is called a geodesic diametral pair and their distance is known

as the geodesic diameter. Asano and Toussaint [9] showed that the geodesic center is

unique (whereas it is easy to see that several geodesic diametral pairs may exist).

In this chapter we show how to compute the geodesic center of P in O(n) time.

7.1 Outline

In order to compute the geodesic center, cP , Pollack et al. [83] introduced a linear time

chord-oracle. A chord of a polygon is an edge joining two non-adjacent vertices such

115
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that the open segment connecting them is contained in the interior of the polygon.

Given a chord C that splits P into two sub-polygons, the oracle determines which

sub-polygon contains cP . Combining this operation with an e�cient search on a

triangulation of P , Pollack et al. narrow the search for cP to be within a triangle (and

afterwards find the center using optimization techniques). Their approach however,

does not allow them to reduce the complexity of the problem in each iteration, and

hence it runs in ⇥(n log n) time.

The general approach of our algorithm described in Section 7.6 is similar: partition

P into O(1) cells, use an oracle to determine which cell contains cP , and recurse within

the cell. Our approach di↵ers, however, in two important aspects that allow us to

speed-up the algorithm. First, we do not use the chords of a triangulation of P to

partition the problem into cells. We use instead a cutting of a suitable set of chords.

Secondly, we compute a set ⌃ of O(n) functions, each defined in a triangular domain

contained in P , such that their upper envelope, �(x), coincides with FP (x). Thus, we

can “ignore” the polygon P and focus only on finding the minimum of the function

�(x).

The search itself uses "-nets and cutting techniques, which guarantee that both

the size of the cell containing cP and the number of functions of ⌃ defined in it

decrease by a constant fraction (and thus lead to an overall linear-time algorithm).

However, this search has two stopping conditions, (1) reach a subproblem of constant-

size complexity, or (2) find a triangle containing cP . In the latter case, we show that

�(x) is a convex function when restricted to this triangle. Therefore, to find its

minimum we can use standard optimization techniques based on cuttings in R3. This

procedure is described in Section 7.7.

The key to this approach lies in the computation of the functions of ⌃ and their

triangular domains. Each function g(x) of ⌃ is defined in a triangular domain 4
contained in P and is associated with a particular vertex w of P . Intuitively speaking,

g(x) maps points in 4 to their (geodesic) distance to w. We guarantee that, for each

point x 2 P , there is one function g defined in a triangle containing x, such that

g(x) = FP (x). To compute these triangles and their corresponding functions, we

proceed as follows.
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In Section 7.2, we use the matrix search technique introduced by Hershberger

and Suri [55] to decompose the boundary of P , denoted by @P , into connected edge-

disjoint chains. Each chain is defined by either (1) a consecutive list of vertices that

have the same farthest neighbor v (we say that v is marked if it has such a chain

associated to it), or (2) an edge whose endpoints have di↵erent farthest neighbors

(such edge is called a transition edge).

In Section 7.3, we consider each transition edge ab of @P independently and com-

pute its hourglass. Intuitively, the hourglass of ab, Hab, is the region of P between

two chains, the edge ab and the chain of @P that contains the farthest neighbors of

all points in ab. Inspired by a result of Suri [88], we show that the sum of the com-

plexities of all hourglasses defined on a transition edge is O(n). (The combinatorial

complexity, or simply complexity of a geometric object, is the total number of vertices

and edges that define it.) In addition, we provide a new technique to compute all

these hourglasses in linear time.

While the hourglasses cover a big part of P , to complete the coverage we need to

consider funnels from each marked vertex. Intuitively, the funnel of a marked vertex

v is the region of P that contains all the paths from v to every point of @P that is

farther from v than from any other vertex of P . In Section 7.4, we prove that the total

complexity of all the funnels of all marked vertices is O(n). Moreover, we provide an

algorithm to compute all these funnels in linear time.

In Section 7.5 we show how to compute the functions in ⌃ and their respective

triangles. We distinguish two cases: (1) Inside each hourglass Hab of a transition edge,

we use a technique introduced by Aronov et al. [7] that uses the shortest-path trees

of a and b in Hab to construct O(|Hab|) triangles with their respective functions (for

more information on shortest-path trees refer to [51]). (2) Inside the funnel of each

marked vertex v, we compute triangles that encode the distance from v. Moreover,

we guarantee that these triangles cover every point of P whose farthest neighbor is

v. Overall, we compute the O(n) functions of ⌃ in linear time.
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P
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v2

v3

v4

v5

Figure 7.1: Each vertex of the boundary of P is associated with a farthest neighbor which is
then marked. The boundary is then decomposed into vertex-disjoint chains, each associated
with a marked vertex, joined by transition edges (blue) whose endpoints have di↵erent
farthest neighbors.

7.2 Decomposing the boundary

In this section, we decompose the boundary of P into chains of consecutive vertices

that share the same farthest neighbor and edges of P whose endpoints have distinct

farthest neighbors.

Using a result from Hershberger and Suri [55], in O(n) time we can compute

the farthest neighbor of each vertex of P . Recall that the farthest neighbor of each

vertex of P is always a convex vertex of P [9] and is unique by our general position

assumption. The (geodesic farthest-point) Voronoi region of a vertex v of P is the

set of points R(v) = {x 2 P : FP (x) = |⇡(x, v)|} (including boundary points).

We mark the vertices of P that are farthest neighbors of at least one vertex of

P . Let M denote the set of marked vertices of P (clearly this set can be computed

in O(n) time after applying the result of Hershberger and Suri). In other words, M

contains all vertices of P whose Voronoi region contains at least one vertex of P .

Given a vertex v of P , the vertices of P whose farthest neighbor is v appear

contiguously along @P [7]. Therefore, after computing all these farthest neighbors,

we e↵ectively split the boundary into subchains, each associated with a di↵erent

vertex of M ; see Figure 7.1.

Given two points x and y on @P , let @P (x, y) be the polygonal chain that starts at

x and follows the boundary of P clockwise until reaching y. We say that three (non-

empty) disjoint sets A,B and C contained in @P are in clockwise order if B ⇢ @P (a, c)



119

for any a 2 A and any c 2 C. (To ease notation, we say that three points x, y, z 2 @P

are in clockwise order if {x}, {y} and {z} are in clockwise order).

Let a and b be the endpoints of an edge of @P such that b is the clockwise neighbor

of a along @P and f(a) 6= f(b). Recall that we have computed f(a) and f(b) in the

previous step and note that a, b, f(a), f(b) are in clockwise order. For any vertex

v 2 @P such that f(a), v, f(b) are in clockwise order, we know that there cannot be

a vertex u of P such that f(u) = v. As proved by Aronov et al. [7, Corollary 2.7.4],

if there is a point x on @P whose farthest neighbor is v, then x must lie on the open

segment (a, b). In other words, the Voronoi region R(v) restricted to @P is contained

in (a, b).

7.3 Hourglasses

For any polygonal chain C = @P (p
0

, pk), the hourglass of C, denoted by HC , is

the simple polygon contained in P bounded by C, ⇡(pk, f(p0)), @P (f(p
0

), f(pk)) and

⇡(f(pk), p0); see Figure 7.2. We call C and @P (f(p
0

), f(pk)) the top and bottom

chains of HC , respectively, while ⇡(pk, f(p0)) and ⇡(f(pk), p0) are referred to as the

walls of HC .

We say that the hourglass HC is open if its walls are vertex-disjoint. We say

that C is a transition chain if f(p
0

) 6= f(pk) and neither f(p
0

) nor f(pk) are interior

vertices of C. In particular, if an edge ab of @P is a transition chain, we say that it

is a transition edge (see Figure 7.2).

Lemma 7.3.1. [Restatement of Lemma 3.1.3 of [7]] If C is a transition chain of @P ,

then the hourglass HC is an open hourglass.

Note that by Lemma 7.3.1, the hourglass of each transition chain is open. In the

remainder of this chapter, all the hourglasses considered are defined by a transition

chain. That is, they are open and their top and bottom chains are edge-disjoint.

The following lemma is depicted in Figure 7.2 and is a direct consequence of the

Ordering Lemma proved by Aronov et al. [7, Corollary 2.7.4].

Lemma 7.3.2. Let C
1

, C
2

, C
3

be three edge-disjoint transition chains of @P in clock-

wise order. Then, the bottom chains of HC
1

, HC
2

and HC
3

are also edge-disjoint and
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Figure 7.2: Given two edge-disjoint transition chains, their hourglasses are open and the
bottom chains of their hourglasses are also edge-disjoint. Moreover, these bottom chains
appear in the same cyclic order as the top chains along @P .

are in clockwise order.

Let � be a geodesic path joining two points on the boundary of P . We say that �

separates two points x
1

and x
2

of @P if the points of X = {x
1

, x
2

} and the endpoints

of � alternate along the boundary of P . We also say that � separates x
1

and x
2

if either of them coincides with an endpoint of �. We say that a geodesic path �

separates an hourglass H if it separates the points of its top chain from those of its

bottom chain.

Lemma 7.3.3. Let C
1

, . . . , Cr be edge-disjoint transition chains of @P . Then, there

is a set of t  10 geodesic paths �
1

, . . . , �t with endpoints on @P such that for each

1  i  r there exists 1  j  t such that �j separates HCi. Moreover, this set can be

computed in O(n) time.

Proof. Aronov et al. showed that there exist four vertices v
1

, . . . , v
4

of P and geodesic

paths ⇡(v
1

, v
2

), ⇡(v
2

, v
3

), ⇡(v
3

, v
4

) such that for any point x 2 @P , one of these paths

separates x from f(x) [7, Lemma 2.7.6]. Moreover, they show how to compute this

set in O(n) time.

Let � = {⇡(vi, vj) : 1  i < j  4} and note that v
1

, . . . , v
4

split the boundary

of P into at most four connected components. If a chain Ci is completely contained

in one of these components, then one path of � separates the top and bottom chain

of HCi . Otherwise, some vertex vj is an interior vertex of Ci. However, because the

chains C
1

, . . . , Cr are edge-disjoint, there are at most four chains in this situation.

For each chain Ci containing a vertex vj, we add the geodesic path connecting the
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endpoints of Ci to �. Therefore, � consists of at most 10 geodesic paths and each

hourglass HCi has its top and bottom chain separated by some path of �. Since only

O(1) additional paths are computed, this can be done in linear time.

Lemma 7.3.4. [Restatement of Lemma 3.4.3 of [7]] Let C
1

, . . . , Cr be a set of edge-

disjoint transition chains of @P in clockwise order. Then each chord of P appears in

O(1) hourglasses among HC
1

, . . . , HCr .

Proof. Note that chords can appear only on walls of hourglasses. Because hourglasses

are open, any chord must be an edge on exactly one wall of each of these hourglasses.

Assume, for the sake of contradiction, that there exist two points s, t 2 P whose

chord st is in three hourglasses HCi , HCj and HCk
(for some 1  i < j < k  r)

such that s is visited before t when going from the top chain to the bottom one along

the walls of the three hourglasses. Let si and ti be the points in the in the top and

bottom chains of HCi , respectively, such that ⇡(si, ti) is the wall of HCi that contains

st (analogously, we define sk and tk).

Because Ci, Cj, Ck are in clockwise order, Lemma 7.3.2 implies that the bottom

chains of Ci, Cj and Ck are also in clockwise order. Therefore, Cj lies between si and

sk and the bottom chain of HCj lies between ti and tk. That is, for each x 2 Cj

and each y in the bottom chain of HCj , the geodesic path ⇡(x, y) is “sandwiched”

between the paths ⇡(si, ti) and ⇡(sk, tk). In particular, ⇡(x, y) contains st for each

pair of points in the top and bottom chains of HCj . However, this implies that the

hourglass HCj is not open—a contradiction that comes from assuming that st lies in

the wall of three open hourglasses, when this wall is traversed from the top chain to

the bottom chain. Analogous arguments can be used to bound the total number of

walls that contain the edge st (when traversed in any direction) to O(1).

Given two points x and y in P , let #[x, y] denote the number of edges in the

path ⇡(x, y).

Lemma 7.3.5. Let x, u, y, v be four vertices of P in clockwise order. Given the

shortest-path trees Tx and Ty of x and y in P , respectively, such that Tx and Ty can

answer lowest common ancestor (LCA) queries in O(1) time, we can compute the
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path ⇡(u, v) in O(#[u, v]) time. Moreover, all edges of ⇡(u, v), except perhaps one,

belong to Tx [ Ty.

Proof. Let X (resp. Y ) be the set containing the LCA in Tx (resp. Ty) of u, y, and of

v, y (resp. u, x and x, y). Note that the points of X [ Y lie on the path ⇡(x, y) and

can be computed in O(1) time by hypothesis; see Figure 7.3. Moreover, using LCA

queries, we can decide their order along the path ⇡(x, y) when traversing it from x

to y. (Both X and Y could consist of a single vertex in some degenerate situations.)

Two cases arise, either (1) there is a vertex x⇤ 2 X lying after a vertex y⇤ 2 Y along

⇡(x, y) or (2), all vertices of X⇤ lie before those of Y ⇤ along ⇡(x, y).

u

x y

v

u

x y

v
T
x

T
y

X

Y

Figure 7.3: The shortest-path trees Tx and Ty are depicted as well as the set X and Y as
defined in the proof of Lemma 7.3.5.

Case 1. If there is a vertex x⇤ 2 X lying after a vertex y⇤ 2 Y along ⇡(x, y), then

the path ⇡(u, v) contains the path ⇡(y⇤, x⇤); see Figure 7.4 (top). Since x⇤ 2 ⇡(u, v),

⇡(u, v) can be partitioned into two paths ⇡(u, x⇤) and ⇡(x⇤, v). Note that y⇤ lies

either on ⇡(u, x⇤) or on ⇡(x⇤, v). Assume without loss of generality that y⇤ lies on

⇡(u, x⇤); otherwise swap the roles of u and v.

Because y⇤ lies on ⇡(u, x⇤), we conclude that ⇡(u, v) is the concatenation of the

paths ⇡(u, y⇤), ⇡(y⇤, x⇤) and ⇡(x⇤, v). Furthermore, these three paths are contained

in Tx[Ty as ⇡(u, x⇤) ✓ ⇡(y, u), ⇡(v, y⇤) ✓ ⇡(x, v), and ⇡(x⇤, y⇤) ✓ ⇡(x, y). Therefore,

⇡(u, v) can be computed in time proportional to the number of its edges by traversing

the corresponding shortest-path trees.

Case 2. In this case the vertices of X appear before the vertices of Y along

⇡(x, y). Let x0 (resp. y0) be the vertex of X (resp. Y ) closest to x (resp. y). Notice

that x0 is in fact the LCA in Tx of u and v as u, y and v are in clockwise order.

Analogously, y0 is the LCA in Ty of u and v.
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Let u0 be the last vertex of ⇡(u, x) that is also in ⇡(u, y) (maybe u itself). There-

fore, ⇡(u0, x) and ⇡(u0, y) coincide only at u0. Note that u0 can be constructed by

walking from u0 towards x until the path towards y diverges. Thus, u0 can be com-

puted in O(#[u, u0]) time. Define v0 analogously and compute it in O(#[v, v0]) time.

Because u0 2 ⇡(u, x) \ ⇡(u, v) by definition and since y, v and x are in clockwise

order, the path ⇡(u, v) contains u0. Analogously, we know the path ⇡(u, v) contains

v0. Therefore, the path ⇡(u, v) is the union of ⇡(u, u0), ⇡(u0, v0) and ⇡(v0, v). Because

⇡(u, u0) and ⇡(v0, v) can be computed in time proportional to the number of their

edges, it su�ces to compute ⇡(u0, v0) in O(#[u0, v0]) time.

Let P 0 be the polygon bounded by the geodesic paths ⇡(x0, u0), ⇡(u0, y0), ⇡(y0, v0)

and ⇡(v0, x0). By the definitions of x0, y0, u0 and v0, and since the vertices of X appear

before the vertices of Y along ⇡(x, y), we know the four paths bounding P 0 are pairwise

interior-disjoint, i.e., P 0 is a simple polygon; see Figure 7.4 (bottom). We claim that

P 0 is a pseudo-quadrilateral with only four convex vertices being x0, u0, y0 and v0. To

show this, recall that each path bounding P 0 is a shortest path. Thus, the path

⇡(x0, u0) contains only reflex vertices of P 0; otherwise, the shortest path from x0 to u0

restricted to P 0 would be shorter than ⇡(x0, u0) which is a contradiction as P 0 ✓ P .

Thus, each interior vertex of the path ⇡(x0, u0) is a reflex vertex of P 0. The same

argument holds for each of the other three paths bounding P 0. Therefore, P 0 is a

simple pseudo-quadrilateral with x0, u0, y0 and v0 as its four convex vertices.

Consequently, the shortest path from u0 to v0 can have at most one diagonal edge

connecting distinct reflex chains of P 0. Since the rest of the points in ⇡(u0, v0) lie on

the boundary of P 0 and because each edge of P 0 is an edge of Tx [ Ty, we conclude

all edges of ⇡(u, v), except perhaps one, belong to Tx [ Ty. In fact, this was already

shown by Suri [88, Lemma 4].

We want to find the common tangent from either ⇡(u0, x0) or ⇡(u0, y0) to either

⇡(v0, x0) or ⇡(v0, y0) that belongs to the shortest path ⇡(u0, v0). Assume that the

desired tangent lies between the paths ⇡(u0, x0) and ⇡(v0, y0), we consider the other

three possible cases later. Since these paths consist only of reflex vertices, the problem

can be reduced to finding the common tangent of two convex polygons. By slightly

modifying the linear time algorithm to compute this tangent, we can make it run in



124

u u0

u

v

x y

u

v

x

y

u

x y

Y

X

x

X

v

x

y

x0

Y

u

v

P 0

y0

v0

x⇤y⇤

v

x0

y y0

Figure 7.4: (top) Case 1 of the proof of Lemma 7.3.5 where the path ⇡(u, v) contains a
portion of the path ⇡(x, y). (bottom) Case 2 of the proof of Lemma 7.3.5 where the path
⇡(u, v) has exactly one edge being the tangent of the paths ⇡(u0, y0) and ⇡(v0, x0).

O(#[u0, v0]) time.

Since we do not know if the tangent lies between the paths ⇡(u0, x0) and ⇡(v0, y0),

we process the four pairs of paths in parallel and stop when finding the desired

tangent. Therefore, we can compute ⇡(u0, v0) in O(#[u0, v0]) time and consequently,

we can compute ⇡(u, v) in O(#[u, v]) time.

Lemma 7.3.6. Let P be a simple polygon with n vertices. Given k disjoint transition

chains C
1

, . . . , Ck of @P , it holds that

kX

i=1

|HCi | = O(n).

Proof. Because the given transition chains are disjoint, Lemma 7.3.2 implies that the

bottom chains of their respective hourglasses are also disjoint. Therefore, the sum of

the complexities of all the top and bottom chains of these hourglasses is O(n). To

bound the complexity of their walls we use Lemma 7.3.4. Since no chord is used more

than a constant number of times, it su�ces to show that the total number of chords

used by all these hourglasses is O(n).

To prove this, we use Lemma 7.3.3 to construct O(1) paths �
1

, . . . , �t such that

for each 1  i  k, there is a path �j that separates the top and bottom chains of
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HCi . For each 1  j  t, let

Hj = {HCi : the top and bottom chain of HCi are separated by �j}.

Since the complexity of the shortest-path trees of the endpoints of �j is O(n) [51],

and from the fact that the chains C
1

, . . . , Ck are disjoint, Lemma 7.3.5 implies that

the total number of edges in all the hourglasses of Hj is O(n). Moreover, because

each of these edges appears in O(1) hourglasses among C
1

, . . . , Ck, we conclude that

X

H2Hj

|H| = O(n).

Since we have only O(1) separating paths, our result follows.

7.3.1 Building hourglasses

Let E be the set of transition edges of @P . Given a transition edge ab 2 E, we say

that Hab is a transition hourglass. In order to construct the triangle cover of P , we

construct the transition hourglass of each transition edge of E. By Lemma 7.3.6, we

know that
P

ab2E |Hab| = O(n). Therefore, our aim is to compute the cover in time

proportional to the size of Hab.

By Lemma 7.3.3 we can compute a set � of O(1) paths such that for any transition

edge ab, the transition hourglass Hab is separated by one (or more) paths in this set.

For each endpoint of the O(1) paths of �, we compute its shortest-path tree in linear

time [28, 51]. In addition, we preprocess these trees in linear time to support constant

time LCA queries [54]. Both computations need linear time per endpoint and useO(n)

space. Since we perform this process for a constant number of endpoints, overall this

preprocessing takes O(n) time.

Let � 2 � be a separating path. Note that � separates the boundary of P into two

chains S� and S 0
� such that S�[S 0

� = @P . LetH(�) be the set of transition hourglasses

separated by � whose transition edge is contained in S� (whenever an hourglass is

separated by more than one path, we pick one arbitrarily). Note that we can classify

all transition hourglasses into the sets H(�) in O(n) time (since |�| = O(1)).

Lemma 7.3.7. Given a separating path � 2 �, it holds that
P

H2H(�) |H| = O(n).

Moreover, we can compute all transition hourglasses of H(�) in O(n) time.
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Proof. Since all transition hourglasses in H are defined from disjoint transition edges,

Lemma 7.3.6 implies that
P

H2H(�) |H| = O(n).

By construction, each wall of these hourglasses consists of a (geodesic) path that

connects a point in S� with a point in S 0
�. Let u 2 S� and v 2 S 0

� be two vertices

such that ⇡(u, v) is the wall of a hourglass in H(�). Because LCA queries can be

answered inO(1) time, Lemma 7.3.5 allows us to compute this path inO(#[u, v]) time.

Therefore, we can compute all hourglasses of H(�) in O(
P

H2H(�) |H| + n) = O(n)

time.

Because |�| = O(1) and since every transition hourglass is separated by at least

one path in �, we obtain the following result.

Corollary 7.3.8. The total complexity of the transition hourglasses of all transition

edges of P is O(n). Moreover, all these hourglasses can be constructed in O(n) time.

7.4 Funnels

Let C = (p
0

, . . . , pk) be a chain of @P and let v be a vertex of P not in C. The

funnel of v to C, denoted by Sv(C), is the simple polygon bounded by C, ⇡(pk, v)

and ⇡(v, p
0

); see Figure 7.5 (a). Note that the paths ⇡(v, pk) and ⇡(v, p
0

) may coincide

for a while before splitting into disjoint chains. We call C the main chain of Sv(C)

while ⇡(pk, v) and ⇡(v, p
0

) are referred to as the walls of the funnel. See Lee and

Preparata [64] or Guibas et al. [51] for more details on funnels.

A subset R ⇢ P is geodesically convex if for every x, y 2 R, the path ⇡(x, y) is

contained in R. This funnel Sv(C) is then the minimum geodesically convex set that

contains v and C.

Given two points x, y 2 P , the (geodesic) bisector of x and y is the set of points

contained in P that are equidistant from x and y. This bisector is a curve, contained

in P , that consists of straight-line segments and hyperbolic arcs. Moreover, this curve

intersects @P only at its endpoints [6, Lemma 3.22].

Lemma 7.4.1. Let v be a vertex of P and let C be a transition chain such that

R(v) \ @P ⇢ C and v 62 C. Then R(v) is contained in the funnel Sv(C).
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Figure 7.5: a) The funnel Sv(C) of a vertex v and a chain C contained in @P are depicted.
b) The decomposition of Sv(C) into apexed triangles produced by the shortest-path map
of v.

Proof. Let a and b be the endpoints of C such that a, b, f(a) and f(b) are in clockwise

order. Because R(v) \ @P ⇢ C, we know that f(a), v and f(b) are in clockwise

order by Lemma 7.3.2. Moreover, we also know that |⇡(a, v)| < |⇡(a, f(a))| and
|⇡(b, v)| < |⇡(b, f(b))| as a, b /2 R(v).

Assume for a contradiction that there is a point of R(v) lying outside of Sv(C).

Since R(v) \ @P ⇢ C and by continuity, the boundaries of R(v) and Sv(C) must

intersect at a point w not in @P . Recall that the boundary of Sv(C) is exactly the

union of C and the paths ⇡(v, a) and ⇡(v, b). Therefore, w lies in either ⇡(v, a) or

⇡(v, b). Assume without loss of generality that w 2 ⇡(v, b), the case where w lies in

⇡(v, a) is analogous. Because w 2 ⇡(v, b), we know that |⇡(b, w)|+|⇡(w, v)| = |⇡(b, v)|.
Moreover, since w 2 R(v), we know that |⇡(w, f(b))|  |⇡(w, v)|.

By the triangle inequality and since w /2 @P , we get that

|⇡(b, f(b))|  |⇡(b, w)|+ |⇡(w, f(b))|  |⇡(b, w)|+ |⇡(w, v)| = |⇡(b, v)|.

However, we knew that |⇡(b, v)| < |⇡(b, f(b))|—contradicting the assumption that

R(v) is not contained in Sv(C).

7.4.1 Funnels of marked vertices

Recall that for each marked vertex v 2M , we know at least of one vertex on @P such

that v is its farthest neighbor.
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For any marked vertex v, let u
1

, . . . , uk�1

be the vertices of P such that v = f(ui)

and assume that u
1

, . . . , uk�1

are in clockwise order. Let u
0

and uk be the neighbors of

u
1

and uk�1

other than u
2

and uk�2

, respectively. Note that both u
0

u
1

and uk�1

uk are

transition edges of P . Let Cv = (u
0

, . . . , uk) and consider the funnel Sv(Cv) defined

by v.

Lemma 7.4.2. Let x be a point in P . If f(x) = v for some marked vertex v 2 M ,

then x 2 Sv(Cv).

Proof. Since f(u
0

) 6= f(uk), Cv is a transition chain. Moreover, Cv contains R(v)\@P
by definition. Therefore, Lemma 7.4.1 implies that R(v) ⇢ Sv(Cv). Since v = f(x),

we know that x 2 R(v) and hence that x 2 Sv(Cv).

We focus now on computing the funnels defined by the marked vertices of P .

Lemma 7.4.3. Given a marked vertex v such that Cv = (u
0

, . . . , uk), it holds that

|Sv(Cv)| = O(k+|Hu
0

u
1

|+|Huk�1

uk
|). Moreover, Sv(Cv) can be computed in O(|Sv(Cv)|)

time.

Proof. Since Hu
0

u
1

and Huk�1

uk
are transition hourglasses, we can assume that they

have been computed using Corollary 7.3.8.

Because v = f(u
1

) = f(uk�1

), we know that v is a vertex of both Hu
0

u
1

and

Huk�1

uk
. By definition, we have ⇡(v, u

0

) ⇢ Hu
0

u
1

and ⇡(v, uk) ⇢ Huk�1

uk
. Thus,

we can compute both paths ⇡(v, u
0

) and ⇡(v, uk) in O(|Hu
0

u
1

| + |Huk�1

uk
|) time [51]

and their complexities are O(|Hu
0

u
1

|) and O(|Huk�1

uk
|), respectively. So, overall, the

funnel Sv(Cv) has total complexity O(k+ |Hu
0

u
1

|+ |Huk�1

uk
|) and can be constructed

in linear time in its size.

Recall that, by Corollary 7.3.8, the total sum of the complexities of all transition

hourglasses is O(n). Therefore, Lemma 7.4.3 implies that

X

v2M
|Sv(Cv)| = O

 
n+

X

ab2E
|Hab|

!
= O(n).

Because the funnel of each marked vertex can be computed in linear time in its

size, we obtain the following result.

Corollary 7.4.4. The total complexity of the funnels of all marked vertices of P is

O(n). Moreover, all these funnels can be constructed in O(n) time.
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7.5 Covering the polygon with apexed triangles

An apexed triangle 4 = (a, b, c) with apex a is a triangle contained in P with an

associated distance function g4(x), called the apex function of 4, such that (1) a is

a vertex of P , (2) there is an edge of @P containing both b and c, and (3) there is a

vertex w of P , called the definer of 4, such that

g4(x) =

(
�1 if x /2 4,

|xa|+ |⇡(a, w)| = |⇡(x, w)| if x 2 4.

Intuitively, 4 bounds a constant complexity region where the geodesic distance

function from w is explicitly stored by our algorithm.

In this section, we show how to find a set of O(n) apexed triangles of P such

that the upper envelope of their apex functions coincides with FP (x). To this end,

we first decompose the transition hourglasses into apexed triangles that encode all

the geodesic distance information inside them. For each marked vertex v 2 M we

construct a funnel that contains the Voronoi region of v. We then decompose this

funnel into apexed triangles that encode the distance from v.

The same approach was already used by Pollack et al. in [83, Section 3]. Given

a segment contained in the interior of P , they show how to compute a linear num-

ber of apexed triangles such that FP (x) coincides with the upper envelope of the

corresponding apex functions in the given segment.

While the construction we follow is analogous, we use it in each transition hour-

glass Hab instead of the full polygon P . Therefore, we have to specify what is the

relation between the upper envelope of the computed functions and FP (x). We will

show that the upper envelope of the apex functions computed in Hab coincides with

FP (x) inside the Voronoi region R(v) of every vertex v in the bottom chain of Hab.

7.5.1 Inside a transition hourglass

Let ab be a transition edge of P such that b is the clockwise neighbor of a along @P .

Let Bab denote the open bottom chain of Hab. As noticed above, a point on @P can

be farthest from a vertex in Bab only if it lies in the open segment ab. That is, if v is

a vertex of Bab such that R(v) 6= ;, then R(v) \ @P ⇢ ab.
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Figure 7.6: (left) A vertex v visible from the segment ab lying on the bottom chain of Hab,
and the triangle 4v that contains the portion of ab visible from v. (right) The children u

1

and u
2

of v are visible from ab while u
3

is not. The triangle 4v is split into apexed triangles
by the rays going from u

1

and u
2

to v.

In fact, not only this Voronoi region is inside Hab when restricted to the boundary

of P , but we can further bound its location and show that R(v) ⇢ Hab. The next

result follows trivially from Lemma 7.4.1.

Corollary 7.5.1. Let v be a vertex of Bab. Then R(v) ⇢ Hab.

Our objective is to compute O(|Hab|) apexed triangles contained in Hab, each with

its distance function, such that the upper envelope of these apex functions coincides

with FP (x) restricted to Hab inside the Voronoi region of every vertex in Bab.

Let Ta and Tb be the shortest-path trees in Hab rooted at a and b, respectively.

We can compute these trees in O(|Hab|) time [51]. For each vertex v such that f(a), v

and f(b) are in clockwise order, let va and vb be the neighbors of v in the paths ⇡(v, a)

and ⇡(v, b), respectively. We say that a vertex v is visible from ab if va 6= vb. Note

that if va 6= a, then both va and vb lie inside the triangle 4(a, b, v). Thus, if vertex

v is visible, then the extension of the segments vva and vvb must intersect the top

segment ab at points xa and xb, respectively. Therefore, for each visible vertex v, we

obtain a triangle 4v = 4(v, xa, xb) as shown in Figure 7.6.

We further split 4v into a series of triangles with apex at v as follows: Let u be a

child of v in either Ta or Tb. As noted by Pollack et al. [83], v can be of three types,

either (1) u is not visible from ab (and is hence a child of v in both Ta and Tb); or

(2) u is visible from ab, is a child of v only in Tb, and vbvu is a left turn; or (3) u is

visible from ab, is a child of v only in Ta, and vavu is a right turn.

Let u
1

, . . . , uk�1

be the children of v of type (2) sorted in clockwise order around

v. Let c(v) be the maximum distance from v to any invisible vertex in the subtrees of
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Ta and Tb rooted at v; if no such vertex exists, then c(v) = 0. Define a function dl(v)

on each vertex v of Hab in a recursive fashion as follows: If v is invisible from ab, then

dl(v) = c(v). Otherwise, let dl(v) be the maximum of c(v) and max{dl(ui)+ |uiv| : ui

is a child of v of type (2)}. Symmetrically, we define a function dr(v) using the

children of type (3) of v.

For each 1  i  k � 1, extend the segment uiv past v until it intersects ab at

a point si. Let s
0

and sk be the intersections of the extensions of vva and vvb with

the segment ab. We define then k apexed triangles contained in 4v as follows. For

each 0  i  k� 1, consider the triangle 4(si, v, si+1

) whose associated apexed (left)

function is

fi(x) =

(
|xv|+maxj>i{c(v), |vuj|+ dl(uj)}, if x 2 4(si, v, si+1

),

�1, otherwise.

In a symmetric manner, we define a set of apexed triangles induced by the type (3)

children of v and their respective apexed (right) functions.

Let g
1

, . . . , gr and 41

, . . . ,4r respectively be an enumeration of all the generated

apex functions and apexed triangles such that gi is defined in the triangle4i. Because

each function is determined uniquely by a pair of adjacent vertices in Ta or in Tb, and

since these trees have O(|Hab|) vertices each, we conclude that r = O(|Hab|).
Note that for each 1  i  r, the apexed triangle 4i has two vertices on the

segment ab and a third vertex, say ai, being its apex such that for each x 2 4i,

gi(x) = |⇡(x, wi)| for some vertex wi of Hab. Recall that wi is called the definer of 4i.

Lemma 7.5.2. Given a transition edge ab of P , we can compute a set Aab of O(|Hab|)
apexed triangles in O(|Hab|) time with the property that for any point p 2 P such that

f(p) 2 Bab, there is an apexed triangle 4 2 Aab with apex function g and definer

equal to f(p) such that

1. p 2 4 and

2. g(p) = FP (p).

Proof. Let p 2 P such that f(p) 2 Bab and let Aab be the set of apexed triangles

computed in Hab by the above procedure. We claim that p lies inside an apexed
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triangle of Aab. To show this, note that since p 2 R(f(p)), Corollary 7.5.1 implies

that p 2 Hab. Consider the path ⇡(p, f(p)) and let v be the successor of p along

this path. Because p 2 R(f(p)), the ray shooting from v towards p stays within

R(f(p)) until hitting the boundary of P as shown by Aronov et al. [7, Lemma 2.6.6].

Consequently, this ray must intersect the segment ab which implies that v is visible

from ab. Therefore, p lies inside 4v and hence it is contained in one of the apex

triangles defined by v during the construction of Aab. That is, there is an apexed

triangle 4 2 Aab with apex v and definer f(p) that contains p.

Since the apex function of 4 encodes the geodesic distance to a vertex of P

and because FP (x) is the upper envelope of all the geodesic functions, we know that

g(p)  FP (p).

To prove the other inequality, note that if v = f(p), then trivially g(p) = |pv| +
|⇡(v, w)| � |pv| = |⇡(p, f(p))| = FP (p). Otherwise, let z be the next vertex after v in

the path ⇡(p, f(p)). Three cases arise:

(a) If z is invisible from ab, then so is f(p) and hence,

|⇡(p, f(p))| = |pv|+ |⇡(v, f(p))|  |pv|+ c(v)  g(p).

(b) If z is a child of type (2), then z plays the role of some child uj of v in the

notation used during the construction. In this case:

|⇡(p, f(p))| = |pv|+ |vz|+ |⇡(z, f(p))|  |pv|+ |vuj|+ dl(uj)  g(p).

(c) If z is a child of type (3), then analogous arguments hold using the (right)

distance dr.

Therefore, regardless of the case FP (p) = |⇡(p, f(p))|  g(p).

To bound the running time, note that the recursive functions dl, dr and c can be

computed in O(|Ta|+ |Tb|) time. Then, for each vertex visible from ab, we can process

it in time proportional to its degree in Ta and Tb. Because the sum of the degrees of

all vertices in Ta and Tb is O(|Ta|+ |Tb|) and from the fact that both |Ta| and |Tb| are
O(|Hab|), we conclude that the total running time to construct Aab is O(|Hab|).

In other words, Lemma 7.5.2 says that no information on farthest neighbors is

lost if within Hab we consider only the functions of Aab. In the next section we use a
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similar approach to construct a set of apexed triangles (and their corresponding apex

functions) to encode the distance from the vertices of M .

7.5.2 Inside the funnels of marked vertices

We now proceed to split a given funnel into O(|Sv(Cv)|) apexed triangles that encode

the distance function from v. To this end, we use the algorithm described by Guibas

et al. [51, Section 2] to compute the shortest-path map of v in Sv(Cv) in O(|Sv(Cv)|)
time. This algorithm produces a partition of Sv(Cv) into O(|Sv(Cv)|) interior-disjoint
triangles with vertices on @P , such that each triangle consists of all points in Sv(Cv)

whose shortest path to v consists of the same sequence of vertices; see Figure 7.5 (b).

Let 4 be a triangle in this partition and let a be its apex, i.e., the first vertex found

along each path ⇡(x, v), where x 2 4. We define the apex function g4(x) of 4 as

follows:

g4(x) =

(
|xa|+ |⇡(a, v)| if x 2 4,

�1 otherwise.

Notice that for each x 2 4, g4(x) = |⇡(x, v)|.

Lemma 7.5.3. The shortest-path map of v in Sv(Cv) can be computed in O(|Sv(Cv)|)
time and produces O(|Sv(Cv)|) interior-disjoint apexed triangles such that their union

covers Sv(Cv). Moreover, for each point x 2 R(v), there is an apexed triangle 4 with

apex function g(x) such that (1) x 2 4 and (2) g(x) = FP (x).

Proof. The above procedure splits Sv(Cv) into O(|Sv(Cv)|) apexed triangles, such

that the apex function in each of them is defined as the geodesic distance to v. By

Lemma 7.4.2, if x 2 R(v), then x 2 Sv(Cv). Therefore, there is an apexed triangle

4 with apex function g(x) such that x 2 4 and g(x) = |⇡(x, v)| = FP (x). Thus, we

obtain properties (1) and (2).

7.6 Prune and search

With the tools introduced in the previous sections, we can describe the prune-and-

search algorithm to compute the geodesic center. The idea of the algorithm is to
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partition P into O(1) cells, determine in which cell of P the center lies and recurse

on that cell as a new subproblem with smaller complexity.

We can discard all apexed triangles that do not intersect the new cell containing

the center. Using cuttings to produce this partition of P , we can show that both the

complexity of the cell containing the center, and the number of apexed triangles that

intersect it decrease by a constant fraction in each iteration of the algorithm. This

process is then repeated until either of the two objects has constant descriptive size.

Let ⌧ be the set of all apexed triangles computed in previous sections. Corol-

lary 7.3.8 and Lemma 7.5.2 bound the number of apexed triangles constructed inside

the transition hourglasses, while Corollary 7.4.4 and Lemma 7.5.3 do so inside the

funnels of the marked vertices. We obtain the following.

Corollary 7.6.1. The set ⌧ consists of O(n) apexed triangles.

Let �(x) be the upper envelope of the apex functions of the triangles in ⌧ (i.e.,

�(x) = max{g(x) : 4 2 ⌧ and g(x) is the apex function of 4}). The following result

is a direct consequence of Lemmas 7.5.2 and 7.5.3, and shows that the O(n) apexed

triangles of ⌧ not only cover P , but their apex functions su�ce to reconstruct the

function FP (x).

Corollary 7.6.2. The functions �(x) and FP (x) coincide in the domain of points of

P , i.e., for each p 2 P , �(p) = FP (p).

Given a chord C of P a half-polygon of P is one of the two simple polygons into

which C splits P . A k-cell of P is a simple polygon obtained as the intersection of at

most k half-polygons. Because a k-cell is the intersection of geodesically convex sets,

it is also geodesically convex.

The recursive algorithm described in this section takes as input a 4-cell (initially

equal to P ) containing the geodesic center of P and the set of all apexed triangles of

⌧ that intersect it. In each iteration, it produces a new 4-cell of smaller complexity

that intersects just a fraction of the apexed triangles and contains the geodesic center

of P . By recursing on this new cell, the complexity of the problem is reduced in each

iteration by a constant fraction.
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Let R be a 4-cell of P (initially equal to P ) containing the geodesic center of P and

let ⌧R be the set of apexed triangles of ⌧ that intersect R. Let mR = max{|R|, |⌧R|},
where |R| denotes the combinatorial complexity of R. Recall that, by construction

of the apexed triangles, for each triangle of ⌧R at least one and at most two of its

boundary segments are chords of P . Let CR be the set containing all chords that

belong to the boundary of a triangle of ⌧R. Therefore, |CR|  2|⌧R|  2mR.

To construct "-nets, we need some definitions (for more information on "-nets

refer to [67]). Let ' be the set of all open 4-cells of P . For each t 2 ', let CR(t) =
{C 2 CR : C \ t 6= ;} be the set of chords of CR intersected by t. Finally, let

'CR = {CR(t) : t 2 '} be the family of subsets of CR induced by '. Consider the set

system (CR,'CR) (denoted by (CR,') for simplicity) defined by CR and '. The proof

of the next lemma is deferred to Section 7.8 for ease of readability.

Lemma 7.6.3. The set system (CR,') has constant VC-dimension.

Let " > 0 be a su�ciently small constant whose exact value will be specified later.

Because the VC-dimension of the set system (CR,') is finite by Lemma 7.6.3, and

Theorems 3.1.1 and 3.1.3, we can compute an "-netN of (CR,') inO(|CR|/") = O(mR)

time [67]. The size of N is O(1
"
log 1

"
) = O(1) and its main property is that any 4-cell

that does not intersect a chord of N will intersect at most "|CR| chords of CR.
Observe that N partitions R into O(1) sub-polygons (not necessarily 4-cells). We

further refine this partition to obtain 4-cells. That is, we shoot vertical rays up and

down from each endpoint of N , and from the intersection point of any two segments of

N , see Figure 7.7. Overall, this partitions R into O(1) 4-cells such that each either (i)

is a convex polygon contained in P of at most four vertices, or otherwise (ii) contains

some chain of @P . Since |N | = O(1), the whole decomposition can be computed in

O(mR) time (the intersections between segments of N are done in constant time, and

for the ray shooting operations we walk along the boundary of R once).

In order to determine which 4-cell contains the geodesic center of P , we extend

each edge of a 4-cell to a chord C. This can be done with two ray-shooting queries

(each of which takes O(mR) time). We then use the chord-oracle from Pollack et

al. [83, Section 3] to decide which side of C contains cP . The only requirement of this

technique is that the function FP (x) coincides with the upper envelope of the apex
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N

P

N

P

R0

RR

Figure 7.7: The ✏-net N splits R into O(1) sub-polygons that are further refined into a
4-cell decomposition using O(1) ray-shooting queries from the vertices of the arrangement
defined by N .

functions when restricted to C. This holds by Corollary 7.6.2 and from the fact that

⌧R consists of all the apexed triangles of ⌧ that intersect R.

Because the chord-oracle described by Pollack et al. [83, Section 3] runs in time

linear in the number of functions defined on C, we can decide in total O(mR) time in

which side of C the geodesic center of P lies. Since our decomposition into 4-cells has

constant complexity, we need to perform O(1) calls to the oracle before determining

the 4-cell R0 that contains the geodesic center of P .

Note that the chord-oracle computes the minimum of FP (x) restricted to the chord

before determining the side containing the minimum. In particular, if cP lies on any

chord bounding R0, then the chord-oracle will find it. Therefore, we can assume that

cP lies in the interior of R0. Moreover, since N is a "-net, we know that at most "|CR|
chords of CR intersect R0.

Observe that both the complexity of R0 and ⌧R0 decrease by a constant fraction.

Indeed, by construction of the cutting at most 2"mR apexed triangles can intersect

R0 (and thus |⌧R0 |  2"mR).

In order to bound the complexity of R0 we use Corollary 7.6.2: function FP (x) is

defined at each point of R0, and in particular for each vertex v of R0 there must exist

an apexed triangle � 2 ⌧R0 such that v 2 �. By definition of apexed triangles, each

such triangle can contain at most three vertices of R0. Combining this fact with the

bound of |⌧R0 | we obtain that R0 has at most 3|⌧R0 |  6"mR vertices. Thus, if we

choose " = 1/12, we guarantee that both the size of the 4-cell R0 and the number of

apexed triangles in ⌧R0 are at most mR/2.

In order to proceed with the algorithm on R0 recursively, we need to compute the
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set ⌧R0 with the at most "|CR| apexed triangles of ⌧R that intersect R0 (i.e., prune the

apexed triangles that do not intersect with R0). For each apexed triangle 4 2 ⌧R,

we can determine in constant time if it intersects R0 (either one of the endpoints

is in R0 \ @P or the two boundaries have non-empty intersection in the interior of

P ). Overall, we need O(mR) time to compute the at most "|CR| triangles of ⌧R that

intersect R0.

By recursing on R0, we guarantee that after O(logmR) iterations, we reduce the

size of either ⌧R or R0 to constant. In the former case, the minimum of FP (x) can

be found by explicitly constructing function � in O(1) time. In the latter case, we

triangulate R0 and apply the chord-oracle to determine which triangle will contain

cP . The details needed to find the minimum of �(x) inside this triangle are given in

the next section.

Lemma 7.6.4. In O(n) time we can find either the geodesic center of P or a triangle

containing the geodesic center.

7.7 Finding the center within a triangle

In order to complete the algorithm it remains to show how to find the geodesic center

of P for the case in which R0 is a triangle inside P . If this triangle is in the interior

of P , it may happen that several apexed triangles of ⌧ (up to a linear number) fully

contain R0. Thus, the pruning technique used in the previous section cannot be

further applied. We solve this case with a di↵erent approach.

Recall that �(x) denotes the upper envelope of the apex functions of the triangles

in ⌧ , and the geodesic center is the point that minimizes �. The key observation is

that, as with chords, the function �(x) restricted to R0 is convex.

Let ⌧R0 = {4
1

,4
2

, . . . ,4m} be the set of m = O(n) apexed triangles of ⌧ that

intersect R0. Let ai and wi be the apex and the definer of 4i, respectively. Let gi(x)

be the apex function of 4i such that

g(x) =

(
|xai|+ i if x 2 4i

�1 otherwise
,

where i = |⇡(ai, wi)| is a constant.
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By Corollary 7.6.2, we have �(x) = FP (x). Therefore, the problem of finding the

center is equivalent to the following optimization problem in R3:

(P1). Find a point (x, r) 2 R3 minimizing r subject to x 2 R0 and

gi(x)  r, for 1  i  m.

Thus, we need to find the solution to (P1) to find the geodesic center of P . We

use some ideas due to Megiddo in order to simplify the description of (P1) [71].

To simplify the formulas, we square the equation |xai|  r � i:

kxk2 � 2x · ai + kaik2 = |xai|2  (r � i)
2 = r2 � 2ri + 2

i .

And finally for each 1  i  m, we define the function hi(x, r) as follows:

hi(x, r) =

(
kxk2 � 2x · ai + kaik2 � r2 + 2ri � 2

i if x 2 4i

�1 otherwise
.

Therefore, our optimization problem can be reformulated as:

(P2). Find a point (x, r) 2 R3 such that r is minimized subject to x 2 R0 and

hi(x, r)  0 and r > max{i}, for each i such that x 2 4i.

Let h0
i(x, r) = kxk2 � 2x · ai + kaik2 � r2 + 2ri � 2

i be a function defined in the

entire plane and let (P20) be an optimization problem equivalent to (P2) in which

every instance of hi(x, r) is replaced by h0
i(x, r). The optimization (P20) was studied

by Megiddo in [71]. We provide some of the intuition used by Megiddo to solve this

problem.

Although the functions h0
i(x, r) are not linear, they all have the same non-linear

terms. Therefore, for i 6= j, we get that equation h0
i(x, r) = h0

j(x, r) defines a separat-

ing plane

�i,j = {(x, r) 2 R3 : 2(i � j)r � 2(ai � aj) · x+ kaik2 � kajk2 � 2

i + 2

j = 0}

As noted by Megiddo [71], this separating plane has the following property: If the

solution (x, r) to (P20) is known to lie to one side of �i,j, then one of the constraints

is redundant.
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Thus, to solve (P20) it su�ced to have a side-decision oracle to determine in which

side of a plane �i,j the solution lies. Megiddo showed how to implement this oracle

so that the running time is proportional to the number of constraints [71].

Once we have such an oracle, problem (P20) can be solved using a prune-and-

search approach: pair the functions arbitrarily, and consider the set ofm/2 separating

planes defined by these pairs. For some constant t, compute a 1/t-cutting in R3 of

the separating planes. A 1/t-cutting is a partition of the space into O(t3) = O(1)

convex regions each of which is of constant complexity and intersects at most m/2t

separating planes. A cutting of planes can be computed in linear time in R3 for any

t = O(1) [67]. After computing the cutting, determine in which of the regions the

minimum lies by performing O(1) calls to the side-decision oracle. Because at least

(t � 1)m/2t separating planes do not intersect this constant complexity region, for

each of the corresponding pairs of functions we can discard one of them as redun-

dant. Thereby eliminating a constant fraction of the constraints. By repeating this

algorithm recursively we obtain a linear running time.

To solve (P2) we follow a similar approach, but our set of separating planes needs

to be extended in order to handle apex functions which are defined only in triangular

domains. Note that no vertex of an apexed triangle can lie inside R0.

7.7.1 Optimization problem in a convex domain

In this section we describe our algorithm to solve the optimization problem (P2).

We start by pairing the apexed triangles of ⌧R0 arbitrarily to obtain m/2 pairs. By

identifying the plane where P lies with the plane Z
0

= {(x, y, z) : z = 0}, we can

embed each apexed triangle in R3. A plane-set is a set consisting of at most five

planes in R3. For each pair of apexed triangles (4i,4j) we define its plane-set as

follows: For each chord of P bounding either 4i or 4j (at most two chords on each

triangle), consider the line extending this chord and the vertical extrusion of this line

in R3, i.e., the plane containing this chord orthogonal to Z
0

. The set containing these

planes, together with the separating plane �i,j, is the plane-set of the pair (4i,4j).

Let � be the union of all the plane-sets defined by the m/2 pairs of apexed trian-

gles. Because the plane-set of each pair (4i,4j) consists of at most five planes, at
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least one of which is unique to this pair, namely �i,j, we infer that m/2  |�|  5m/2.

Using Theorem 3.1.4, compute a 1/t-cutting of � in O(m) time for some constant

t to be specified later. Because t is constant, this 1/t-cutting splits the space into

O(1) convex regions, each bounded by a constant number of planes [67]. Using a

side-decision algorithm (to be specified later), we can determine the region Q of the

cutting that contains the solution to (P2). Because Q is a region of the 1/t-cutting

of �, we know that at most |�|/t planes of � intersect Q. In particular, at most |�|/t
plane-sets intersect Q and hence, at least (t� 1)|�|/t � (t� 1)m/2t plane-sets do not

intersect Q.

Let (4i,4j) be a pair whose plane-set does not intersect Q. Let Q0 be the

projection of Q on the plane Z
0

. Because the plane-set of this pair does not intersect

Q, we know that Q0 intersects neither the boundary of 4i nor that of 4j. Two cases

arise:

Case 1. If either 4i or 4j does not intersect Q0, then we know that their apex

function is redundant and we can drop the constraint associated with this apexed

triangle.

Case 2. If Q0 ⇢ 4i\4j, then we need to decide which constraint to drop. To this

end, we consider the separating plane �i,j. Notice that inside the vertical extrusion

of 4i \4j (and hence in Q), the plane �i,j has the property that if we know its side

containing the solution to (P2), then one of the constraints can be dropped.

Regardless of the case, if the plane-set of a pair (4i,4j) does not intersect Q,

then we can drop one of its constraints. Since at least (t� 1)m/2t plane-sets do not

intersect Q, we can drop at least (t � 1)m/2t constraints. By choosing t = 2, we

are able to drop at least (t � 1)m/2t = m/4 constraints. Consequently, after O(m)

time, we are able to drop a constant fraction of the apexed triangles. By repeating

this process recursively, we end up with a constant size problem in which we can

compute the upper envelope of the functions explicitly and find the solution to (P2)

using exhaustive search. Thus, the running time of this algorithm is bounded by the

recurrence T (m) = T (3m/4) + O(m) which solves to O(m). Because m = O(n), we

can find the solution to (P2) in O(n) time.

The last detail is the implementation of the side-decision algorithm. Given a
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plane �, we need to determine on which side the solution to (P2) lies. To this end,

we solve (P2) restricted to �, i.e., with the additional constraint of (x, r) 2 �. This

approach was used by Megiddo [71]; the idea is to recurse by reducing the dimension

of the problem. Another approach is to use a slight modification of the chord-oracle

described by Pollack et al. [83, Section 3].

Once the solution to (P2) restricted to � is known, we can follow the same idea

used by Megiddo [71] to find the side of � containing the global solution to (P2).

Find the apex functions that define the minimum restricted to �. Since �(x) = FP (x)

is locally defined by these functions, we can decide in which side the minimum lies

using convexity. We obtain the following result.

Lemma 7.7.1. Let R0 be a convex trapezoid contained in P such that R0 contains the

geodesic center of P . Given the set of all apexed triangles of ⌧ that intersect R0, we

can compute the geodesic center of P in O(n) time.

The following theorem summarizes the result presented in this chapter.

Theorem 7.7.2. We can compute the geodesic center of any simple polygon P of n

vertices in O(n) time.

7.8 Bounding the VC-dimension

In this section we provide the proof of Lemma 7.6.3. That is, we want to prove that

the set system (CR,') has constant VC-dimension. Recall that CR is a set of chords

of P and ' is the set of all open 4-cells of P .

Let A ✓ CR be a subset of chords. We say that A is shattered by ' if each of the

subsets of A can be obtained as the intersection of some Z 2 ' with A, i.e., if for

each � ✓ A, there exists Z 2 ' such that � = Z \ A. The VC-dimension of (CR,')
is the supremum of the sizes of all finite shattered subsets of CR.

Let H = {H : H is a half-polygon of P}. Because each 4-cell of P is the intersec-

tion of at most four half-polygons of P , the following result is a direct consequence

of Proposition 10.3.3 of [68, Chapter 10].

Lemma 7.8.1. If (CR,H) has VC-dimension d, then (CR,') has VC-dimension O(d).
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Let A be an arbitrary subset of CR such that |A| =  for some constant  > 6 to

be determined later. Recall that if no subset of CR of size  is shattered by H, then

the VC-dimension of (CR,H) is at most � 1.

By Lemma 7.8.1, it su�ces to show that A is not shattered by H to bound the

VC-dimension of (CR,H) and hence of (CR,'). We spend the remainder of this section

proving that A is not shattered by H.

A 6-cell is strict if it is defined as the intersection of six half-polygons, none of

them redundant, i.e., the removal of any of them modifies the 6-cell.

Lemma 7.8.2. If there are six chords of A supporting six half-polygons whose inter-

section defines a strict 6-cell �, then A is not shattered by H.

Proof. Let C
1

, . . . , C
6

be the chords supporting the six half-polygons whose intersec-

tion defines �. Assume that C
1

, . . . , C
6

appear in this order when walking clockwise

along the boundary of �. Note that any half-polygon that intersects C
1

, C
3

and C
5

must intersect either C
2

, C
4

or C
6

. Therefore, the set {C
1

, C
3

, C
5

} ✓ A cannot be

obtained as the intersection of some half-polygon H 2 H with A. Consequently A is

not shattered by H.

Given two chords C
1

and C
2

of A, we say that C
1

and C
2

are separated if there

exists a chord S 2 A such that C
1

and C
2

lie in di↵erent open half-polygons supported

by S. In this case, we say that S separates C
1

from C
2

.

Note that if A contains two chords C
1

and C
2

that are separated by a chord S 2 A,

then any half-polygon that intersects both C
1

and C
2

must also intersect S. In this

case, the subset {C
1

, C
2

} cannot be obtained as the intersection of a half-polygon

H 2 H with A, i.e., A is not shattered by H. Therefore, we assume from now on that

no two chords of A are separated.

Let GA be the intersection graph of A, i.e., the graph with vertex set A and an edge

between two chords if they intersect. An Erdös-Szekeres type result from Harborth

and Möller [53] shows that every arrangement of nine pseudo-lines determines a sub-

arrangement with a hexagonal face. Thus, if GA has a clique of size nine, then this

subset of chords is a set of pseudo-lines. Therefore, it contains a subset of 6 chords

that define a strict 6-cell. In this case, Lemma 7.8.2 implies that A is not shattered

by H. Consequently, we assume from now on that GA has no clique of size nine.
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Turán’s Theorem [90] states that if GA has no clique of size nine, then it has at

most (7/16)2 edges. Let C
1

be the chord in A with the smallest degree in GA. Notice

that C
1

has degree at most 7/8. Therefore, there are at least /8 chords of A that

do not intersect C
1

. Consider the two half-polygons supported by C
1

and note that

one of them, say P 0, contains at least /16 chords of A that do not intersect C
1

. Let

A0 be the set containing these chords.

Let G0
A be subgraph of GA induced by A0 and let C

2

be the chord of A0 with

smallest degree in G0
A. Because G0

A has no clique of size nine, we infer that C
2

has

degree at most 7|A0|/8. Repeating the same argument, there is a set A00 of at least

|A0|/8 chords of A0 that intersect neither C
2

nor C
1

. Because we assumed that no

two chords of A are separated, all chords in A00 must be contained in the half-polygon

supported by C
2

that contains C
1

. Otherwise, C
1

and some of these chords are

separated by C
2

.

Let G00
A be the subgraph of GA induced by A00. Repeating the above procedure

recursively on G00
A and A00 four more times, we obtain a set C

1

, . . . , C
6

of pairwise

disjoint chords such that for each 1  i  6, C
1

, . . . , Ci�1

are contained in the same

half-polygon supported by Ci. Consequently, the set {C
1

, . . . , C
6

} bounds a strict

6-cell.

The above process can be applied as long as
✓

1

16

◆✓
1

8

◆
4

 � 1.

That is, as long as |A| � 65, 536 we can always find 6 such chords defining a strict

6-cell. In this case, Lemma 7.8.2 implies that A is not shattered by H. Consequently,

no set of 65,536 chord is shattered, i.e., the set system (CR,H) has VC-dimension at

most 65,535. By Lemma 7.8.1, we obtain the following result which concludes the

proof presented in this chapter.

Lemma 7.6.3. The set system (CR,') has constant VC-dimension.

7.9 Concluding remarks and future work

In this chapter we studied the complexity of computing the geodesic center of a simple

n-gon. We presented a deterministic algorithm that computes this geodesic center in
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O(n) time.

Another way to compute the center of a simple polygon is to compute the farthest-

point Voronoi diagram of its vertices using the geodesic distance. While the best

known algorithm for this task runs in O(n log n log n) time [77], no lower bound is

known for this instance of the problem. Therefore, it is natural to ask if the farthest-

point Voronoi diagram of the set of vertices of a simple polygon can be computed in

O(n) time.

To generalize the result presented in this chapter, we ask the following question.

Given a set S of m points inside of a simple polygon P with n vertices, how fast

can we compute the center of S inside P? That is, the point in P that minimizes

the maximum geodesic distance to a point of S. While the (geodesic) farthest-point

Voronoi diagram of S provides the answer in O(n log log n + m logm) time, we ask

whether it is possible to compute this center in O(n+m) time.



Bibliography

[1] A. Aggarwal, L. Guibas, J. Saxe, and P. Shor. A linear time algorithm for
computing the Voronoi diagram of a convex polygon. In Proceedings of the ACM
symposium on Theory of computing, pages 39–45, New York, NY, USA, 1987.
ACM. ISBN 0-89791-221-7.

[2] A. Aggarwal, L. J. Guibas, J. Saxe, and P. W. Shor. A linear-time algorithm for
computing the Voronoi diagram of a convex polygon. Discrete & Computational
Geometry, 4:591–604, September 1989. ISSN 0179-5376.

[3] H. K. Ahn, L. Barba, P. Bose, J.-L. D. Carufel, M. Korman, and E. Oh. A
Linear-Time Algorithm for the Geodesic Center of a Simple Polygon. In L. Arge
and J. Pach, editors, 31st International Symposium on Computational Geometry
(SoCG 2015), volume 34 of Leibniz International Proceedings in Informatics
(LIPIcs), pages 209–223, Dagstuhl, Germany, 2015. Schloss Dagstuhl–Leibniz-
Zentrum fuer Informatik. ISBN 978-3-939897-83-5.

[4] S. Allen, L. Barba, J. Iacono, and S. Langerman. Incremental Voronoi diagrams.
In S. Fekete and A. Lubiw, editors, 32nd International Symposium on Computa-
tional Geometry (SoCG 2016), volume tbd of Leibniz International Proceedings
in Informatics (LIPIcs), page tbd, Dagstuhl, Germany, 2016. Schloss Dagstuhl–
Leibniz-Zentrum fuer Informatik.

[5] G. Aloupis, L. Barba, and S. Langerman. Circle separability queries in logarith-
mic time. In Proceedings of the 24th Canadian Conference on Computational
Geometry, CCCG’12, pages 121–125, August 2012.

[6] B. Aronov. On the geodesic Voronoi diagram of point sites in a simple polygon.
Algorithmica, 4(1-4):109–140, 1989.

[7] B. Aronov, S. Fortune, and G. Wilfong. The furthest-site geodesic Voronoi
diagram. Discrete & Computational Geometry, 9(1):217–255, 1993.

[8] B. Aronov, P. Bose, E. Demaine, J. Gudmundsson, J. Iacono, S. Langerman,
and M. Smid. Data structures for halfplane proximity queries and incremental
voronoi diagrams. In LATIN 2006: Theoretical Informatics, volume 3887 of
Lecture Notes in Computer Science, pages 80–92. Springer Berlin / Heidelberg,
2006. ISBN 978-3-540-32755-4.

[9] T. Asano and G. Toussaint. Computing the geodesic center of a simple polygon.
Technical Report SOCS-85.32, McGill University, 1985.

145



146

[10] F. Aurenhammer and R. Klein. Voronoi diagrams. Handbook of Computational
Geometry, 5:201–290, 2000.

[11] S. W. Bae, M. Korman, and Y. Okamoto. The geodesic diameter of polygonal
domains. Discrete & Computational Geometry, 50(2):306–329, 2013.

[12] S. W. Bae, M. Korman, and Y. Okamoto. Computing the geodesic centers of a
polygonal domain. In Proceedings of CCCG, 2014.

[13] S. W. Bae, M. Korman, Y. Okamoto, and H. Wang. Computing the L
1

geodesic
diameter and center of a simple polygon in linear time. In Proceedings of LATIN,
pages 120–131, 2014.

[14] L. Barba. Disk constrained 1-center queries. In Proceedings of the Canadian
Conference on Computational Geometry, CCCG’12, pages 15–19, 2012.

[15] L. Barba and S. Langerman. Optimal detection of intersections between convex
polyhedra. In Proceedings of the Twenty-Sixth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 1641–1654. SIAM, 2015.

[16] L. Barba, P. Bose, and S. Langerman. Optimal algorithms for constrained 1-
center problems. In LATIN 2014: Theoretical Informatics, pages 84–95. Springer,
2014.

[17] M. Ben-Or. Lower bounds for algebraic computation trees. In Proceedings of the
15th ACM Symposium on Theory of Computing, pages 80–86, New York, NY,
USA, 1983. ACM. ISBN 0-89791-099-0.

[18] J. L. Bentley and J. B. Saxe. Decomposable searching problems i. static-to-
dynamic transformation. Journal of Algorithms, 1(4):301–358, 1980.

[19] T. Biedl and D. F. Wilkinson. Bounded-degree independent sets in planar graphs.
Theory of Computing Systems, 38(3):253–278, 2005.
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