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Abstract 

Fugitive emissions, such as leaking components, are important sources of methane and 

other pollutants within the oil and gas sector.  These gas emission sources are difficult to 

mitigate because their existence, location, and magnitude are unknown, especially within 

facilities which may have thousands of potential source components.  Improving the speed 

at which these sources are characterized (located and quantified) can improve these 

mitigation efforts. 

Using sparse concentration information (from finite sensor locations) and estimated wind 

fields, a scalar transport adjoint-based optimization approach was developed to 

characterize both single and multiple simultaneous gas releases representative of the 

fugitive emissions problem.  This approach was tested using data from an open-field gas 

release to determine a single source location within 5 m and source magnitude within 13%.  

Simulated simultaneous releases over a complex 3D geometry based on an Alberta gas 

plant were also characterized using both detailed transient wind and wind fields 

approximated with a series of steady-state wind simulations more readily implemented in 

a field application.  Magnitudes were predicted within 10% and major regions located. 

By extending the method with a database of pre-computed retro-tracers generated on 

simplified steady-state wind fields, the required computational time for the solution 

optimization was reduced by a factor of 200-600, making computations feasible on a 

desktop machine and raising the possibility of near-continuous fugitive emissions 

quantification in the future.  Major sources were successfully located, and magnitudes 

estimated within –75 to –32%, even with limited wind coverage (60° direction variation). 

Turbulent Schmidt number selection (which scales diffusivity) had little effect on estimated 

source locations, but strongly influenced estimated magnitudes.  For a tested turbulent 

Schmidt number range of 0.33 (diffuse) to 2.0 (highly advective), the predicted emission 

rates for the open field release varied between –35 to +128% of actual.  Buildings 

dampened this effect, suggesting that open-field estimates can act as an error bound.    
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Chapter 1 Introduction 

 

1.1 Motivation 

Fugitive emissions in the form of “unmonitored, unintended and/or uncontrolled” gas 

releases (Brereton & Johnson, 2012a) are important sources of atmospheric greenhouse 

gases and volatile organic compounds.  Official inventory estimates suggest that fugitive 

methane from the oil and gas sector makes up 25-33% of methane emissions in the United 

States and Canada (USEPA, 2016a; ECCC, 2017).  Given the importance of methane as a 

short-term climate forcer (with global warming potential 34/96 times worse than CO2 on a 

100/20-year time horizon, Gasser et al., 2017), the reduction of methane emissions is an 

important part of any climate change mitigation strategy.  Additionally, fugitive methane 

emissions usually represent lost product and can result in safely hazards, giving companies 

additional incentives to find and repair equipment responsible for such releases.  Typical 

sources for fugitive emissions in the oil and gas sector are leaking valves, seals, fittings; 

evaporation losses; and process faults (Carras, 2006).  These are often economic to mitigate 

once they are known, however, the largest challenge to mitigating fugitive emission 

sources is the difficulty in locating and quantifying them.  A typical plant may have miles 

of piping and thousands of potential release locations, some in hazardous locations.  

Improved methods for fugitive emission location and quantification could unlock 

significant environmental benefit.  Additionally, locating and quantifying sources (or 

source term estimation) is applicable to a large number of other industries and problems.  

Characterizing releases from sparse concentration measurements is useful in applications 

as diverse as agricultural emissions determination (Wilson et al., 2012) to global inversion 

of atmospheric CO2 data to estimate emissions (Liu et al., 2016).   Further applications 

include using limited concentration information to determine the source and/or rate of 

releases of hazardous material from nuclear reactor accidents (Zhang et al., 2014), nuclear 

weapons tests for nuclear treaty compliance (De Muetter et al., 2017), or terrorism 

incidents (Norige et al., 2009).   
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1.2 Thesis Objectives 

This thesis focusses on the location and quantification of fugitive emissions within the 

upstream oil and gas industry.  Reducing the time to locate sources of emissions and scaling 

their release rates to prioritize repair could produce significant greenhouse gas reductions, 

cost savings, and safety benefits.  This is approached as a source term estimation problem 

using modelled gas releases, assuming that sparse concentration measurements, general 

wind information (from anemometers), and facility geometry are available.  Although 

fugitive methane emissions are considered the most significant target for this application, 

other gases could readily be considered if concentration measurements can distinguish 

them from background concentration levels.   

The objectives of this thesis are to: 

• research an adjoint-based optimization method capable of quantifying multiple 

unknown simultaneous sources with complex 3D domains, 

• develop and implement the method code using open source tools, 

• explore the robustness of the method and ability to use simplified wind fields as 

input, 

• research potential for using pre-computed information to reduce computational 

cost, 

• investigate the effects of turbulent Schmidt number selection for the developed 

technique, and 

• assess the potential for using the developed techniques for a real-world application. 

1.3 Thesis Overview 

The focus of this thesis is proof of concept and robustness testing of an adjoint-based 

inverse method of locating and quantifying emission sources from sparse networks of 

concentration sensors on the scale of an oil and gas facility. 

Chapter 2 gives a summary of fugitive emissions from the oil and gas industry.  Current 

estimations of emission importance, emission source distribution, and current detection and 

measurement technology are overviewed. 
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Chapter 3 summarizes relevant approaches to characterizing sources from sparse 

concentration sensor networks before proposing the approach investigated in this thesis 

specifically aimed at fugitive emission source location and quantification within potentially 

complex bluff-body dominated oil and gas facilities. 

Chapter 4 consists of a paper outlining an adjoint-based optimization method for 

determining multiple source locations and magnitudes simultaneously from sparse sensor 

network information, as well as a demonstration on multiple proof-of-concept test cases. 

Chapter 5 consists of a paper that outlines and demonstrates an approach to achieve 

significant computational resource savings using pre-computed inverse scalar transport 

solutions.  Compared with full gas transport solutions, this approach could make the 

method practical to use in the field. 

Chapter 6 consists of a paper investigating the influence of turbulent Schmidt number 

selection on the ability to accurately locate and quantify unknown fugitive sources. 

Chapter 7 summarizes the main conclusions and outlines potential avenues for future work. 
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Chapter 2 Fugitive Emissions in the Oil and Gas 

Industry 

 

Methane is a potent greenhouse gas with a global warming potential (GWP) 34/96 times 

stronger than CO2 over a 100/20 year period (Gasser et al., 2017).  Given methane’s 

potency as a climate forcer in the near-term, methane emission mitigation becomes an 

important short-term climate change strategy in conjunction with longer-term CO2 

reductions (Shoemaker et al., 2013). Within Canada, the oil and gas sector is the largest 

contributor to methane emissions, totaling 1728 kt (~40% of the country total) in 2015 

(ECCC, 2017).  Approximately two thirds of these emissions are from the province of 

Alberta, one quarter from Saskatchewan, and the remaining ~9% from other provinces.   

Across the upstream (or exploration and production) oil and gas sector, there are three main 

emission source categories of methane emissions (Lyon, 2016a): 

1. vented (expected and deliberate), 

2. incomplete combustion, and 

3. fugitive (unexpected and unintentional) emissions. 

Focusing on the upstream oil and gas (UOG) sector of Alberta, fugitive emissions are the 

largest source of methane emissions, accounting for an estimated 39% of total UOG 

methane (Johnson et al., 2017).  An additional 31% comes from unreported venting sources 

(Johnson et al., 2017) (e.g. instrument vent gas, compressor start gas, purge gas discharged 

to atmosphere, dehydrator still column off-gas etc., Clearstone Engineering Ltd., 2014a), 

which in general are poorly estimated.   
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Figure 2.1: Methane emissions from upstream oil and gas production in Alberta, 

Canada in 2014 (based on Johnson et al., 2017)  

Fugitive emissions can generally be thought of as unintentional losses of gas from sources 

such as leaking components.  Within the upstream oil and gas industry, such leaks can arise 

from (Clearstone Engineering Ltd, 2014b) 

• normal wear and tear, 

• improper/incomplete component assembly, 

• inadequate material specification, 

• manufacturing defects, 

• damage (from installation or use), 

• corrosion, 

• fouling, or 

• environmental effects (e.g. vibrations, temperature changes). 

Individual sources of fugitive emissions are often located within facilities with hundreds 

or thousands of components.  Finding and quantifying leaks for repair prioritization is 

usually more costly than fixing the leaks themselves (Brandt et al., 2016). 

Traditionally, facility surveys are performed with manual component inspection or 

qualitative optical gas imaging (OGI).  The U.S. EPA’s original Method 21 mandates the 

use of a “portable instrument used to detect VOC [volatile organic compound] leaks from 

individual sources” (USEPA, 2017) and is intended to locate and classify leaks.  A leak 

threshold of 10,000 ppm is defined for methane.  In the original document, some suggested 
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detector types include catalytic oxidation, flame ionization, infrared absorption, and photo 

ionization.  Leaks may also be found by applying soap solution and checking for bubbles 

under certain component conditions.  This process is very labour intensive, and potentially 

hazardous, leading to approximately 20% of components not being checked on a regular 

basis (Chambers, 2006).   

An alternative working practice allowing OGI (Method 21 AWP) was proposed in 2006 

(USEPA, 2006) and formally added in 2008.  This increases the screening speed 

significantly, though is qualitative.  The most common type of OGI used for methane 

detection is with IR (infrared) cameras as methane and other hydrocarbons absorb at this 

spectrum (Ravikumar et al., 2017).  The cameras themselves are expensive (~100K USD) 

(Ravikumar et al., 2017) and require trained operators.  Thus, surveys are also performed 

intermittently.  Overall, OGI finds an order of magnitude fewer leaking components than 

the original Method 21 screening (Ravikumar & Brandt, 2017), but is more effective for 

large emitters (Ravikumar et al., 2017).   

IR camera leak detection effectiveness can be influenced by (Ravikumar & Brandt, 2017): 

• environmental conditions, 

• operator practices, 

• underlying leak distribution, and 

• gas composition. 

High wind adversely affects OGI surveys and, especially important for Canadian climates, 

effectiveness drops abruptly at freezing temperatures (Ravikumar & Brandt, 2017).   

Besides traditional survey methods, in recent years more work has been done on mobile 

surveys, though these are typically best suited for screening emissions from entire facilities 

or regions rather than individual leaking components.  Vehicles equipped with cavity-ring 

down spectrometers have been used to map natural gas pipeline leaks (e.g. Jackson et al., 

2014; Phillips et al., 2013).  Facility-level methane emissions with measurements in a 

mobile laboratory have been quantified using downwind tracer flux measurements, before 

being combined with onsite IR cameras to identify emission points in natural gas gathering 

and processing facilities (e.g. Mitchell et al., 2015).  Well pad total emissions have been 
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quantified using a vehicle equipped with a methane analyzer, anemometer, and GPS (e.g. 

Rella et al., 2015).  Similarly, a vehicle-based campaign in a region with unconventional 

natural gas development subsequently linked emissions to nearby facilities (Atherton et al., 

2017).  Airborne measurement studies to locate and quantify emission sources, using both 

emission mapping techniques and mass balance based on wind and multiple airborne 

measurements have also been used for regions, and/or facilities (e.g. Thompson et al., 

2015; Thorpe et al., 2016; Tratt et al., 2014; Karion et al., 2013; Lavoie et al., 2015; 

Johnson et al., 2017).  While these surveys are useful to estimate total regional emissions 

or find super-emitting facilities, they are still by necessity sporadic and not used as part of 

a regular leak survey schedule.   

Component surveys at regular intervals are mandated in many jurisdictions.  In Alberta, 

Directive 060 in 2007 required formal leak detection and maintenance programs.  A report 

published by the Canadian Association of Petroleum Producers (CAPP) suggested that 

following the implementation of directed inspection and maintenance programs by several 

companies, their estimated fugitive emissions decreased by as much as 75% (Clearstone 

Engineering Ltd., 2014b).  However, currently fugitive emissions are still significant as 

shown by Figure 2.1.  In fact, the significance may be underestimated by inventory reports. 

A review of Canadian and American literature by Brandt et al. (2014) suggested that not 

only is the oil and natural gas sector an important methane contributor, but inventories are 

consistently low and measured leakage rates are higher than official estimates.  Zimmerle 

et al. (2015) has suggested that total emissions from natural gas transmission and storage 

are under-reported by a factor of 2.6 under the U.S. EPA’s Greenhouse Gas Reporting 

Program (GHGRP) rules.   

In Canada, a recent “top-down” airplane study and comparison with “bottom-up” inventory 

estimates for two regions in Alberta (Johnson et al., 2017) noted similar discrepancies.  

While comparisons of the airplane measurements agreed well with the inventory in Red 

Deer Alberta area, 19% of emissions came from fugitive leaks and 53% from unreported 

venting, giving a total of ~70% of emissions from unidentified and/or unreported sources.  
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In the Lloydminster region of Alberta, aircraft measured emissions were ~3.6 times higher 

than bottom-up inventory estimates. 

Brandt et al. (2014) suggested several potential reasons for these underestimations in 

emission inventories: 

1. sampled devices do not represent current practices, 

2. sample sizes are too limited (due to expense), 

3. emissions have “heavy-tails” rather than normal distributions so small sample 

sizes are unrepresentative, and 

4. activity and device counts are not representative. 

A review of ~15,000 measurements from 18 studies was performed by Brandt et al. (2016) 

and found that natural gas leakage is indeed heavy-tailed with 5% of leaks contributing to 

the majority of emissions.  This heavy-tailed distribution was ubiquitous across all data 

sets for various facility types, components, and scales.  Zimmerle et al. (2015) noted a long 

tail distribution in most emission models based on field study and partner data and that, for 

most models, 5% of measurements are responsible for at least 30% of emissions.  Allen et 

al. (2015) found that, for pneumatic controllers, a small subset of devices (19%) was 

responsible for 95% of emissions.  On a site level, 15% of production sites are functionally 

super-emitters within the Barnett Shale area and are responsible for approximately three-

fourths of methane emissions (Zavala-Araiza et al., 2015).  

Super-emitters, or the small percent of leaking sources responsible for a large percent of 

total leakage (Brandt et al., 2016), are made up of three main types (Munnings & Krupnick, 

2017):  

1. chronic and predictable, 

2. episodic with high emissions over brief periods, and 

3. stochastic. 

The third type (stochastic) are generally created by leaks which are difficult to predict.  

Work by Brantley et al. (2014) found that only 10% of methane emission variation could 

be explained by production rate changes, suggesting that unpredictable events are 

important.   
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Brandt et al. (2016) recommended formal leak detection and repair (LDAR) programs and 

frequent checkups as the best way to deal with such sources.  However, even with regular 

LDAR, leaks can emit for months before they are found.  Ravikumar et al. (2017) took this 

further by suggesting that continuous monitoring, though perhaps with reduced sensor 

sensitivity to reduce costs, as a future direction to reduce leak duration.  Johnson et al. 

(2017), who found that significant emissions are from unmeasured or unreported sources, 

suggested that focus on these emissions is necessary for future mitigation. 

Overall, reduction in leak duration, especially of large leaks, can have a significant impact 

on total green-house gas emissions.  The faster leaks can be identified, and their importance 

scaled, the sooner they can be mitigated for maximum benefit.  Lyon (2016b) investigated 

the use of single continuous sensors on gas pad sites and concluded that 6 scfh (standard 

cubic feet per hour) leaks could be noticed within a few days for tested sites (useful for 

directing maintenance to super-emitting sites), though these had relatively simple 

geometries.  An attractive option is to identify the leaking components as well as leaking 

sites on this or shorter timescales.  While multiple sensors are required, this reduces survey 

time and labour to find the component, so repairs can be made quickly, especially for larger 

facilities and/or when facility geometries become more complex.  Additionally, continuous 

monitoring data both before and after maintenance provides proof of effective mitigation, 

which can improve operations management while opening the door to regulatory strategies 

based on carbon pricing and/or crediting. 
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Chapter 3 Fugitive Source Characterization from 

Sparse Concentration Sensors 

 

Determining emission sources from sparse concentration information is a type of ill-posed 

problem that has been studied on a variety of scales for decades.  Locating and quantifying 

potentially multiple unknown fugitive emission sources from a network of concentration 

sensors falls within the larger context of source-term estimation problems.  In general, gas 

transport is modelled and compared with measurements at sensor locations to determine 

the best representation of emission releases.  In the target application, the sensor 

measurements will be sparse (i.e. the number of available sensors and measurements will 

be limited compared with the variables representing the emission releases); thus, the 

problem is ill-posed and a unique solution cannot be guaranteed.  Appropriate approaches 

to the transport model, problem type, and solution procedure depend on the requirements 

of the specific application.  This chapter reviews the main approaches for each and 

subsequently discusses their relation to the target application.   

3.1 Gas Transport Modelling 

The first key component to estimating unknown source releases is choosing a method to 

determine the species transport from estimated emission releases that can be compared with 

measurement data.  Traditional methods of modelling gas dispersion used in source-term 

estimation (such as Gaussian plume models, Lagrangian particle tracking, puff models, and 

the Eulerian approach to the advection-diffusion equation) are summarized in Appendix A.  

Overall, these models march the release of the gas forward in time, using various 

simplifications of the governing fluid mechanics with the most popular being the Gaussian 

plume model (Hutchinson et al., 2017).   

Since it is computationally intractable to simply guess forward transport solutions for all 

possible unknown source locations until predicted dispersion matches sensor readings, an 

alternate approach is necessary.  Unlike the traditional forward gas transport that starts with 
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the release of a gas at a location and marches forward in time to see where this gas is 

transported, inverse transport modelling flips this paradigm to consider where the gas could 

have originated upstream of a sensor location.  The release is modelled from where and 

when the sample was measured and marched backward in time against the wind.  The intent 

is to determine the sensitivity of that sensor measurement to locations in the domain.  

Simplistically, for a high concentration measurement, there is likely some gas source 

upstream of the measurement location.  Conversely, for a low concentration measurement, 

it is unlikely that there is a source upstream of the sensor.  Since the number of sensors is 

limited and known, while the potential sources are unknown, in some cases inverse 

transport may reduce computational cost while still providing similar information (such as 

concentration or sensitivity) to multiple forward transport simulations.  It is also possible 

to perform weight regularization or renormalization of this inverse model (Issartel et al., 

2007) to take advantage of geometry statistics (locations of sensors, buildings etc.), which 

can be used as a priori information in certain data assimilation techniques or for the 

reduction of artifacts near sensor locations. 

3.2 Types of Source Characterization Problems 

The allowable source types for a particular problem, the gas transport model, and the 

methods best suited to determine these sources(s) are inter-related.  Sources are generally 

defined by location and emission rate (which may be constant or time-varying), with the 

location type potentially varying between point, area, and line sources.  A summary of the 

main problem types is given below. 

3.2.1 Single Source Estimation Problems 

3.2.1.1 Single source with known location and unknown emission rate 

The simplest problem type is determining the emission rate of a known source from 

downstream measurements.  In the most common application, the emission rate is assumed 

constant, although there are scenarios where determining varying emission rates is desired 

(e.g. the Fukushima accident) (Hutchinson et al., 2017). 
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3.2.1.2 Single source with unknown location and unknown emission rate 

This is the typical scenario under study for most source term estimation research.  The 

variables being determined are minimal, even in cases in which additional plume variables 

(such as wind speed or direction) are defined.   

3.2.2 Multi-Source Estimation Problems 

Estimation of multiple simultaneous sources increases the complexity (and computational 

cost) from single source estimation.  If plume models for each source must be performed 

in various combinations, the challenge grows with every source added.  Due to problem 

complexity, studies looking at multiple sources are notable (e.g. Peneko et al., 2002; Allen 

et al., 2007; Yee, 2008; Lane et al., 2009; Huang et al., 2010; Konda et al., 2010; Annuzio 

et al., 2012; Sharan et al., 2012; Wade and Senocak, 2013; Cantelli et al., 2015; Singh and 

Rani, 2015).   

Sources are typically defined by, at minimum, a position and an emission rate.  Usually, a 

limited number of sources (or maximum number) is defined in advance (e.g. Allen et al., 

2007; Cantelli et al., 2015; Sharan et al., 2012; Huang et al., 2010; Wade and Senocak, 

2013; Singh and Rani, 2015).  In some cases, comparisons are made between assumptions 

of source number (Wade and Senocak, 2013) and these are compared to find the optimal 

number.  In other cases, source strength is neglected as a useful value (Annunzio et al., 

2012) to reduce the number of unknown terms.  As an alternative to using plume release 

coordinates, a mesh of potential emission positions can be defined (e.g. Konda et al., 2010).  

The latter lends itself to working in an Eulerian framework, as it is already discretized into 

a spatial mesh and plume modelling does not increase in complexity if more sources are 

defined within the domain.   

3.2.3 Other Types of Source Characterization Problems 

In some cases, best values for other variables in addition to the source location and strength 

are also desired.  These can be related to selected transport model inputs, allowing them to 

be treated as part of the optimization rather than specified in advance of the source 

characterization procedure.  Some examples from other researchers include wind speed 
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(e.g. Kopka et al., 2016; Mons et al., 2017), wind direction (e.g. Kopka et al., 2016; Mons 

et al., 2017), and dispersion estimates (e.g. Konda et al., 2010). 

3.3 Approaches to Solving Source Characterization Problems 

There are several possible approaches for quantifying and locating emissions from 

downstream measurements.  In these types of inverse problems, the solution gives the 

model parameters that generate a desired model response.  Potential methods can be 

categorized in several ways.  For this review, they will be separated into direct trajectory-

based methods, sequential data assimilation methods, and variational data assimilation 

methods, and discussed in the context of source term estimation.  Advantages and 

disadvantages of each major type are summarized in Table 3.1 at the end of the section. 

3.3.1 Trajectory Statistical Methods 

Trajectory statistical methods (TSMs) are some of the simplest direct inverse methods.  To 

determine where contaminated gas could be originating, the wind field is inverted and 

Lagrangian trajectories are calculated backwards in time from each concentration 

measurement location.  Rather than attempt to determine emission rates, the areas that these 

trajectories pass through or near are weighted to determine regions in the domain that may 

have caused high concentration readings.   

TSMs were developed for continental scale problems where they have been used 

extensively (e.g. Hsu et al., 2003; Ashbaugh et al., 1985, Lupu & Maenhaut, 2002; Cheng 

& Lin, 2001).  Previous work (Brereton & Johnson, 2012a; Brereton & Johnson, 2012b) 

performed proof-of-concept testing of various trajectory-based methods over a synthetic 

industrial gas-plant domain and focused on assessing algorithm robustness to noise and the 

possibility of wind simplification to speed up computational processing.  The major 

weakness of such trajectory-based methods is that, while capable of giving location 

information with very low computational time, release size is only indicated in a relative, 

qualitative sense.   

3.3.2 Sequential Data Assimilation Methods 

Sequential data assimilation evolves the estimation of a system state forward in time with 

corrections that use the difference between the predicted observations and measured 
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observations as observations become available (Nichols, 2003).  Two popular sequential 

methods are Bayesian inference (Lee, 1989) and Kalman filtering (Kalman, 1960).  These 

approaches determine a probability density function of the desired model parameters 

instead of a single solution, which has the advantage that uncertainty estimation is inherent 

to each method. 

3.3.2.1 Bayesian Inference 

Bayes’ theorem for source reconstruction is (Monache et al., 2008) 
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where p() is a probability distribution, S is the state vector of source parameters, and M is 

the measured observations.  Bayes’ theorem relates the probability of a certain emissions 

state given a measurement state (the posterior), to the probability of certain measurements 

given a source state (given here as p(M|S) also called the likelihood function).  p(S) is 

known as the prior distribution and, if the source is permitted to be located anywhere within 

the domain, is chosen to be uniform (Chow et al., 2008).  p(M) is the prior predicative 

distribution and used to normalize the posterior (Chow et al., 2008).  Computing the 

likelihood function is difficult and cannot be done analytically.  Thus, sampling and Monte 

Carlo Markov-Chaining (MCMC) methods (or similar) are used to approximate the 

posterior distribution (Chow et al., 2008).   

Substantial performance loss can be experienced when using experimental data due to poor 

models of the likelihood function (Hutchinson et al., 2017).  In addition to traditional 

Bayesian inference, Approximate Bayesian Computation (ABC) can be used to replace the 

likelihood function in the Monte-Carlo algorithm with a measure of differences between 

predicted and measured concentrations to improve estimates with noisy data or model 

inaccuracies (Hutchinson et al., 2017). 

Bayesian inference combined with MCMC has the advantage of determining a probability 

distribution and uncertainty directly (Senocak et al., 2008).  Probability methods do not 

require selecting an objective function and result in the probability around critical points 

(Keats et al., 2007).   
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Bayesian inference techniques have been used to estimate the source distribution for 

numerous studies, including for small scale releases.  Sohn et al. (2003) determined release 

locations in an office building.  Keats et al. (2007) estimated emission location, rate and 

start/end times for a single source for the Mock Urban Setting Test and Joint Urban 2003 

data sets.  Chow et al. (2008) also applied Bayesian inference to the Joint Urban 2003 data 

set and successfully identified emissions sources.  Yee (2008) used a Bayesian framework 

to determine multiple sources, though this was computationally expensive.  Kopka et al. 

(2016) used an approximate Bayesian computation to examine contamination from mobile 

sources for seven source parameters.  Wang et al. (2017) provided a comparison of 

Bayesian source estimation method likelihood functions and distance measures for a single 

open field release with Gaussian plume models.  Other examples of Bayesian framework 

include Ristic et al. (2015), Senocak et al. (2008), Rajaona et al. (2015), Lucas et al., 

(2016), Huang et al., (2010), and Lane et al. (2009). 

A disadvantage of Bayesian inference is that it requires extensive release simulations to 

estimate the probability distribution, which becomes computationally expensive, especially 

for complex 3D domains.  For example, Chow et al. (2008) were forced to simplify and 

reduce the potential release locations to make the problem tractable.  Senocak et al. (2008) 

utilized Bayesian inference combined with MCMC to locate the source of chemical and 

biological agents and use of the Gaussian plume dispersion model allowed quick 

computation of the forward simulations.  However, these authors only considered simple 

steady flow fields.  Guo et al. (2009) performed a probabilistic single source 

characterization with a finite volume release able to characterize the complex flow typical 

of urban settings.  Zheng and Chen (2011) noted the inefficiency of these probability-based 

methods due to this computational cost and the extensive literature review by Hutchinson 

et al. (2017) noted that multiple source releases “posed a significant problem”.  The 

additional computational time to determine the source number and characterize each is a 

significant increase from single source cases (Hutchinson et al., 2017).    

3.3.2.2 Kalman Filter 

The Kalman filter (Kalman, 1960) is a data assimilation method to estimate system state 

with a wide array of applications including inverse modelling (e.g. Hartley & Prinn, 1993).  
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In general, the state vector (e.g. vector of emission rates) is combined with the results of a 

forward transport model and this model’s output is used to update the state vector to 

improve the match with the observations (Rao, 2007).  Hartley and Prinn (1993) 

demonstrated the use of a linear Kalman filter in inverse sources-estimation modelling to 

determine surface fluxes of CFCl3 on a regional scale using: 

 ( )model
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where the source strengths S at time t, are updated at time t+1 based on a comparison of 

mixing ratios at each measurement station (M) and an updated gain matrix: 
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For Equation (3.3), tD is the covariance matrix of errors in the estimated emissions; tP  is 

the partial derivative matrix at each measurement station with respect to the source 

strengths; and tN  is the “noise matrix” or covariance matrix of measurement errors at each 

site (Hartley & Prinn, 1993).  Determining the covariance matrix is the difficult portion of 

this method (Rao, 2007), and this restricts the problem size.   

An ensemble Kalman filter (EnKF) is an approximate filtering method that attempts to deal 

with this complexity by representing the state distribution with an ensemble of draws from 

the state distribution, effectively reducing the problem dimensionality (Katzfuss et al., 

2015).  A variation of the EnKF is the Local Ensemble Transform Kalman filter (LETKF) 

(Hunt et al., 2007), which performs calculations independently for each particular grid 

point using only “nearby” data (Liu et al., 2016), lending itself to parallelization. 

Mulholland and Seinfeld (1995) applied Kalman filtering to improve CO emissions 

inventory for the California Air Resources Board.  Hass-Laursen et al. (1996) extended the 

work of Hartley & Prinn (1993) to deal with time varying sources on global scale emissions 

problems.  Zhang et al. (2014) applied a modified EnKF for use in emergency releases of 

a known source location (but unknown buoyancy and wind).  Liu et al. (2016) compared 

LETKF with 4D-Variational data assimilation methods for global CO2 flux inversion, 

finding the largest difference in results in sparse data regions. 
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3.3.3 Variational Data Assimilation 

Solving inverse problems is, in general, a two-stage process of estimation and appraisal 

(Sneider, 1998).  In the estimation phase, a set of model parameters is predicted based on 

the observed data.  In the appraisal stage, the correspondence of the generated data and the 

observations is evaluated (Addepalli et al., 2009).  This measure of misfit is known as the 

cost or objective function and may also include penalties for distance away from an 

expected emissions source characterization.   

Variational data assimilation methods attempt to minimize the objective function by 

optimizing solution candidates iteratively.  Numerous algorithms exist to perform both 

global and local optimizations.  A brief overview of some common methods that have been 

used for source estimation problems are given below. 

3.3.3.1 Global Optimization 

Genetic Algorithms 

Genetic algorithms (Holland, 1975) represent model inputs on the idea of a chromosome.  

A population of initial solutions is generated randomly and the fitness of potential solutions 

is determined.  These potential solutions are recombined, using the idea of “mating” to 

shuffle parameters and add random mutations to prevent getting stuck in local minima 

(Cartwright & Harris, 1993).  In the case of emission releases, fitness can be evaluated by 

modelling a forward gas release and evaluating the cost function.  Allen et al. (2007) used 

simple Gaussian plume models to evaluate the fitness of solutions to dispersion in an empty 

field.  Haupt et al. (2007) expanded this work with the addition of puff dispersion models 

and testing additional cost functions.  Khalafi et al. (2009) characterized sources on 

regional scales using Gaussian plume dispersion and genetic algorithms.  Annunzio et al. 

(2012) found multiple release locations but did not estimate source strength to reduce 

unknown values.  Cantelli et al. (2015) looked at emission rates and position of up to three 

sources with a Gaussian dispersion model.  For multiple sources and sensors, a single string 

chromosome no longer contains all the necessary information and must be replaced by a 

matrix of dimensions # of sensors × # of sources (Cartwright & Harris, 1993).  When the 

number of sources is unknown, the size of this matrix becomes a matter of user judgment 
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given that all possible solutions must be simulated forward in time, which adds to the 

computational cost. 

Simulated Annealing 

Simulated annealing uses the annealing principle to introduce random perturbations, which 

are reduced in a controlled fashion to find a global minimum (Spall, 2003).  After 

simulating neighbouring states to the current state, a probabilistic decision is made whether 

to move to a new state or remain at the current one.  The method avoids local minima by 

allowing occasional moves to states that increase the cost function (Bertsimas & Tsitsiklis, 

1993).   

Forward transport simulations are generally used to determine the cost function to allow 

for a comparison between states.  Thomson et al. (2007) used simulated annealing with 

Gaussian plume models and random search algorithms to estimate ethane sources in a 

desert environment.  The computational time for use with a more complex gas dispersion 

model is prohibitive.  Ma et al. (2013) performed comparison tests including both genetic 

algorithms, simulated annealing, pattern search, neural networks, Nelder-Mead simplex 

and several hybrid optimization schemes for single source identification and found that 

simulated annealing showed poorer than expected robustness and took many iterations if 

the initial guess was poor. 

3.3.3.2 Local Optimization 

Direct search 

Also called derivative-free or black box methods, direct methods use the cost function 

directly and do not require that the cost function be differentiable or continuous, expanding 

the range of possible problems that can be solved and giving more reliable solutions when 

the function is noisy or has multiple local minima (Pulkkinen, 2008).  Some examples are 

Rosenbrock (Rosenbrock, 1960), pattern search (Hooke & Jeeves, 1961), or hill climbing 

(Nolle, 2006).  However, the convergence rates are typically slower than methods that take 

advantage of the gradient (Pulkkinen, 2008).  Zheng and Chen (2011) used a pattern search 

method for source determination related to emergency releases. 
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Gradient-based methods 

Gradient based optimization algorithms take advantage of the cost function gradient to 

move toward a minimum of the cost function.  These are especially useful when there are 

many parameters and the cost function is continuous, such as the current case for multi-

source releases with unknown locations.  Additionally, inverse transport can be used to 

estimate gradient values in place of multiple forward transport simulations.  Disadvantages 

of these methods are that the cost function gradient must be known or estimated, and they 

provide a local optimization so may converge to local rather than global minima depending 

on starting conditions.  Common algorithm types include Newton’s method, related quasi-

Newton techniques such as Broyden-Fletcher-Goldfarb-Shanno (BFGS), and gradient 

descent.  More detail on the BFGS and related methods can be found in Appendix B.  Ruder 

(2016) provides an overview of methods within the gradient-descent family.  Nocedal and 

Wright (2006) provide an extensive review of other gradient-based optimization methods 

including Newton and quasi-Newton families.  For large numbers of parameters, BFGS is 

recommended due to its efficiency (Zhang, 2007).  Limited memory BFGS (L-BFGS) (Liu 

& Nocedal, 1989) was employed by Elbern et al. (2000) to quantify synthetic emissions 

sources.  Joynes (2013) also did an extensive study on synthetic releases in two-

dimensional gas-plant domain using limited memory BFGS with promising results, but this 

work required extension into three dimensions and additional robustness tests to be 

practically useful.  Bieringer et al. (2015) used L-BFGS as part of combined method of 

rapid source identification for hazardous releases. 
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Table 3.1: Summary of major source characterization methods 

Method Advantages/Disadvantages Examples 

Trajectory-based methods Very low computational cost 

No quantitative emission estimate 

Brereton & Johnson, 2012a 

Sequential Data Assimilation   

     Bayesian inference No objective/cost function required 

Includes uncertainty estimate 

High computational cost (large number 

of samples required) 

Keats et al. 2007 

Yee, 2008 

Kopka et al., 2016 

Wang et al., 2017 

     Kalman filter High computational cost Hartley & Prinn, 1993 

Zhang et al., 2014 

Variational Data Assimilation   

    Genetic Algorithms Global optimization 

Requires parameter range and number 

pre-specification 

Number of parameters may become 

very large 

High computational cost (large number 

of simulations to determine fitness) 

Allen et al. 2007 

Annunzio et al., 2012 

Cantelli et al., 2015 

    Simulated Annealing Global optimization 

Does not require objective function 

derivative 

High computational cost (large number 

of simulations required) 

Thomson et al., 2007 

Ma et al., 2013 

    Direct Search Local optimization 

Does not require objective/cost 

function gradient 

Slower convergence than gradient-

based methods 

Zheng & Chen, 2011 

    Gradient-based Local optimization 

Improves convergence for large 

optimization problems 

Good for optimizing many parameters 

Requires objective/cost function 

gradient 

Joynes, 2013 

Bieringer et al., 2015 

 

3.4 Target Application and Proposed Approach 

The target application of this work is locating and quantifying unknown fugitive emission 

sources within a domain potentially containing multiple buildings, bulk equipment, 

extensive piping, and many possible leaking components (potentially thousands).  Ideally, 

this could be accomplished in a relatively short timeframe, potentially on a continuous or 

near-continuous basis.  Wind information (from anemometers) and concentration data from 
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a sparse network of sensors could be gathered over the course of several days during 

favourable weather conditions.  This information could be used to estimate flow fields 

within the domain and subsequently synthesize the data into an estimate of likely emission 

sources and magnitudes to aid in their mitigation.   

Determining fugitive emissions from a sparse sensor network and some wind knowledge 

has specific requirements.  First, the domain can vary from the comparatively small and 

simple (e.g. a 30-m wide single well oil or gas production site) to the large and complex 

(e.g. a gas plant hundreds of meters in size with buildings, equipment, piping, and 

thousands of potential release regions).  Second, the number and location of sources is also 

unknown.  Third, computational cost is a consideration if the method is to be used for 

practical purposes.  Ideally, it would be desirable to detect and quantify sources on a regular 

basis. 

3.4.1 Dispersion Model Selection 

The potential domain complexity rules out the use of the Gaussian plume model as plumes 

are expected to bend and meander and have non-Gaussian shapes.  Even industrial models 

with corrections such as AERMOD have difficulty with certain building configurations 

and are primarily meant for stacks.  Lagrangian-based particle tracking models are 

computationally costly if used to determine concentration.  While puff models can deal 

with some flow-field complexity, Eulerian-based dispersion modelling using the 

advection-diffusion equation naturally deals with increasing complexity, bluff bodies and 

terrain, and even porosity (which may be appropriate for some configurations of piping, 

for example).  The geometric complexity can be defined by the user during the geometry 

and discretization phase. 

The use of the advection-diffusion equation in an Eulerian framework assumes that the gas 

concentration is small and is unlikely to affect the bulk flow in any significant way.  This 

allows the gas transport modelling to be separated from the wind flow.  However, even if 

the velocity field is completely known statistically, closure assumptions must be made due 

to the number of unknowns (Tavoularis, 2018).  One simple closure method is using the 

gradient transport concept (Tavoularis, 2018).  Turbulent diffusivity relates the 
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concentration gradient to turbulent diffusion (analogous to the molecular diffusion 

coefficient and Fick’s law, but caused by turbulent flow fluctuations).  Detail of the 

advection-diffusion equation and its derivation from mass conservation can be found in 

Appendix A. 

Turbulent diffusivity is implemented as a scalar field, determined from the eddy viscosity 

predicted for the wind field and scaled based on the turbulent Schmidt number (ratio of 

turbulent eddy viscosity to turbulent mass diffusivity) selection.  The turbulent Schmidt 

number selection, range, and effects are discussed in depth in Chapter 6.   

However, diffusivity is not necessarily independent of direction, such as for high shear 

flows, and may be more accurately represented by the second-order turbulent diffusivity 

tensor (Tavoularis, 2018).  Thus, while the presented test cases use a scalar field, the 

equations and derivations presented in Chapter 4 assume that diffusivity may vary with 

direction for potential use in other implementations. 

3.4.2 Source Definition 

The selected approach must be capable of dealing with multiple sources.  For dispersion 

modelling with the advection-diffusion equation in an Eulerian framework, once the 

domain is discretized, combinations of cells can be used to represent various types and 

numbers of sources without increasing problem complexity.  Treating each cell as a 

potential source with an unknown emission rate meets the criteria of allowing multiple 

sources at unknown locations.  This is a more complex version of the single-height grid of 

potential sources used by Konda et al. (2010) with the Gaussian plume model in an open 

field.  The sources are then restricted by the mesh discretization and to volumetric regions, 

rather than by a small finite number. 

3.4.3 Optimization Algorithm 

A gradient-based algorithm approach is selected for computational efficiency and ability 

to deal well with a large number of optimization parameters.  Specifically, the bounded 

version of L-BFGS (L-BFGS-B) was chosen (see Appendix B for details on the algorithm 

itself).  This bounded version naturally allows known sinks, sources, or no-source regions 

to be specified with no changes to the code if more information about the domain is 
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available.  Similar selections were made by Joynes (2013) for 2D proof-of-concept testing, 

but a 2D domain is unrealistic for bluff-body flows.  This earlier work is extended to three-

dimensions and significantly expanded to determine the overall performance and 

practicality.   

3.4.4 Cost Function 

The cost function, in addition to reducing as source distribution estimates improve, should 

be differentiable by the model concentration and source terms (from the advection-

diffusion equation used to model the forward gas transport).  The cost function was 

therefore defined based on the least-squared difference between modelled and desired 

(observed) concentration sensor measurements.  Sensor measurements are sparse, with no 

more than one sensor within a single cell of the discretized domain, and each sensor 

measurement was given equal weighting in the cost function.  A regularization term was 

not applied (using the difference from an expected source distribution) as earlier tests 

showed that this resulted in diffuse location predictions with no appreciable benefit for this 

type of problem (Joynes, 2013).  Such a formulation assumes that sensor observations are 

uncorrelated and have the same measurement error.  Other cost functions could be used 

with the presented source characterization approach.  For example, for some setups 

(especially with mixed sensor types) it could be useful to weight sensor importance or 

normalize by measurement error (such as in Eq. 3.3).   

3.4.5 Cost Function Gradient 

The gradient of the cost function is also required to use a gradient-based optimization 

approach such as L-BFGS.  While the gradient can in theory be obtained by running a very 

large number of forward gas transport simulations, the computational cost is prohibitive.  

Instead, the gradient of the cost function can also be obtained efficiently using inverse 

dispersion modelling via the advection-diffusion (or scalar transport) adjoint.  The 

derivation of the cost function gradient based on this method is presented in Chapter 4.   
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Chapter 4 Fugitive Emission Source 

Characterization Using a Gradient-Based 

Optimization Scheme and Scalar Transport Adjoint 

 

This chapter has been peer-reviewed and was published in Atmospheric Environment. 

Only minor clarifications and formatting edits have been made following feedback 

from the thesis examination committee and for formatting consistency throughout the 

thesis.  It should be cited as: 

Brereton, C. A., Joynes, I., Campbell, L. J., Johnson, M. R., 2018. Fugitive Emission 

Source Characterization Using a Gradient-Based Optimization Scheme and Scalar 

Transport Adjoint. Atmos. Environ., 181, 106-116 (doi: 

10.1016/j.atmosenv.2018.02.014). 

 

This paper was co-authored by the thesis author, Carol Brereton, her thesis supervisors 

Prof. Matthew Johnson and Prof. Lucy Campbell, as well as former student Ian Joynes.  

Ms. Brereton set-up, developed, and tested the relevant procedures and code; generated 

synthetic test cases; performed the relevant test cases and initial data analysis; and wrote 

the first draft of the manuscript.  Theory development, final data analysis, and editing and 

revision of the manuscript were conducted jointly.  

 

4.1 Abstract 

Fugitive emissions are important sources of greenhouse gases and lost product in the 

energy sector that can be difficult to detect, but are often easily mitigated once they are 

known, located, and quantified.  In this paper, a scalar transport adjoint-based optimization 

method is presented to locate and quantify unknown emission sources from downstream 
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measurements.  This emission characterization approach correctly predicted locations to 

within 5 m and magnitudes to within 13% of experimental release data from Project Prairie 

Grass.  The method was further demonstrated on simulated simultaneous releases in a 

complex 3-D geometry based on an Alberta gas plant.  Reconstructions were performed 

using both the complex 3-D transient wind field used to generate the simulated release data 

and using a sequential series of steady-state RANS wind simulations (SSWS) representing 

30 s intervals of physical time.  Both the detailed transient and the simplified wind field 

series could be used to correctly locate major sources and predict their emission rates 

within 10%, while predicting total emission rates from all sources within 24%.  This SSWS 

case would be much easier to implement in a real-world application and gives rise to the 

possibility of developing pre-computed databases of both wind and scalar transport adjoints 

to reduce computational time. 

4.2 Introduction 

Fugitive emissions, defined for the purposes of this paper as unintended and/or 

uncontrolled gas releases, are an important source of greenhouse gas and volatile organic 

compound (VOC) emissions.  This work is primarily motivated by the energy sector, where 

fugitive releases are often economic to mitigate when their sources are known.  However, 

the approach may also be applicable to other domains where locating and quantifying 

unknown gas releases is of interest.   Complex facilities such as gas processing plants may 

contain almost innumerable potential sources spread over many thousands of fittings, seals, 

valves, tanks, etc. and connected by miles of piping.  This makes the process of identifying 

release source(s) difficult.  Efficient detection, location, and quantification of individual 

fugitive sources within this type of environment would allow for prioritization of repairs, 

lower emissions, and significantly improved emissions reporting.   

Traditional fugitive characterization methods include manual component testing or 

qualitative viewing with IR cameras to visualize escaping gas (USEPA, 2016b).  In recent 

years, progress has been made on emission quantification with IR cameras (Gålfalk et al., 

2016), mobile drive-by surveys (e.g. Jackson et al., 2014; Mitchell et al., 2015; Phillips et 

al., 2013; Rella et al., 2015; Albertson et al., 2016; Atherton et al., 2017; Roscioli et al., 

2018; Zavala-Araiza et al., 2018) and airborne fly-overs (e.g. Thompson et al., 2015; 
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Thorpe et al., 2016; Tratt et al., 2014; Karion et al., 2013; Lavoie et al., 2015; Johnson et 

al., 2017).  These methods, however, by design provide intermittent, qualitative screening 

of leaking components or snapshots of overall emissions at facilities.  This potentially 

allows leaks to go unnoticed for significant periods due to necessarily long measurement 

intervals.  Reducing this time between surveys would allow maintenance and repair to be 

directed to release locations faster and decrease overall emissions. 

The motivation and target application for the current study is location and quantification 

of unknown fugitive emissions sources (i.e. leaks) within an oil and gas facility, or 

industrial plant environment of similar scale and complexity.  A fixed position network of 

concentration sensors installed within the facility would allow for quasi-continuous 

monitoring.  However, because a complex facility could contain thousands of valves, seals, 

and fittings (each a potential emitter), practicality and cost would necessarily prohibit 

monitoring all possible sources individually.  Instead, data from a comparatively sparse 

network of sensors could be leveraged in an optimization-based scalar-transport modelling 

framework to determine source regions and quantify release magnitudes. This combination 

of a continuous sensor network and quasi-continuous modelling could be used to quickly 

direct maintenance to new leaks within a small search space, reducing both GHG release 

and lost product.  Such a system could also potentially be configured to permit external 

data transmission sufficient for third-party verification of pollution mitigation and 

emissions crediting.   

Emission source characterization, i.e. determining emission locations and rates that best 

describe downstream concentration measurements, has been studied on various domain 

scales from continental (e.g. Houweling et al., 1999) to urban (e.g. Chow et al., 2008) to 

agricultural fields (e.g. Wilson et al., 2012).  Genetic algorithms (Allen et al., 2007), 

Bayesian inference (Keats et al., 2007; Rajaona et al., 2015) and direct search methods 

(Zheng and Chen, 2011) are all data assimilation methods that have been directed at source 

characterization.  Additionally, inverse dispersion modelling has been applied successfully 

at various scales and applications (Wilson et al., 2012; Wilson et al., 2009).  Rao (2007) 

provides an overview of general source characterization methodologies.   
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For the target application, in which there may be multiple simultaneous releases at 

unknown locations within complex domains containing multiple building-scale bluff-

bodies, source characterization is especially challenging.  Modelling all possible forward 

releases to compare with measurements is intractable.  Gas transport adjoint modelling, 

also known as inverse plume modelling, is a lower computational cost alternative that seeks 

to use data from known sensor measurement locations to determine where detected gas has 

originated.  Such adjoint methods have been successfully used for continental scale studies, 

as in Hakami et al. (2007) who presented the adjoint for various atmospheric processes on 

a large scale atmospheric model.  This approach has a parallel in the backwards-in-time-

and space (trajectory) method as exploited for inverse dispersion in urban environments by 

many authors (e.g. Wilson et al., 2009).   

Emergency release event prediction takes advantage of this computational savings but is 

often unconcerned with detailed quantification.  For example, Huang et al. (2015) noted 

that for short term pollution episodes, potential source area deduction was more practical 

than precise back-calculation.  Rudd et al. (2012) and Singh and Rani (2014) optimized 

variables for characterizing single sources rather than multiple sources as the current 

application requires.  Crenna et al. (2008) investigated quantifying multiple source releases 

simultaneously and found that wind direction and sensor-source geometry were the key 

factors for feasibility.  In principle, there is no reason multiple sources cannot be quantified 

with appropriate sensor placement and a variation in wind directions.  Proof-of-concept 

tests (Brereton & Johnson, 2012a) suggested that multiple sources on an industrial scale 

could be quickly located with inverse trajectories from sensor locations given sufficient 

wind direction coverage and/or good sensor placement, though this approach did not 

quantify emission rates. 

The current paper presents an adjoint-based optimization approach for characterizing 

fugitive emissions, allowing for both complex flow fields and multiple sources.  A proof-

of-concept numerical analysis is presented using two distinct test cases: (i) real-world, 

single source releases from Project Prairie Grass (PPG) (Barad, 1958), and (ii) numerical 

simulations of a 3D geometry based on an actual gas plant facility with multiple 
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simultaneous sources.  Approaches to speeding computations using simplified wind fields 

are also considered. 

4.3 Adjoint-based optimization methodology 

The target problem of interest is locating and quantifying an unknown number of gas 

releases within a physical domain, where concentration data would only be available from 

a sparse network of sensors.  Depending on the facility, the physical domain could range 

from tens to hundreds of meters in size and contain buildings, pipes, and equipment.  This 

physical domain is represented as a 3-D computational domain discretized in space and 

time, with sufficient detail to capture major wind effects on observed concentrations, such 

as wakes of buildings and equipment.  

Within this discretized domain, the source characterization is represented by a finite 

number of potential gas release locations within the spatial domain and their emission rates 

(allowing for zero emissions).  In this paper, which takes an Eulerian approach, these 

locations correspond to the volumetric mesh cells of the discretized spatial domain (Ω), 

and the desired emission rates are assumed to constant over the modelled timeframe. 

To determine these emission rates, source characterization was treated as an optimization 

problem utilizing both forward and inverse modelling methods.  Before beginning the 

optimization, the wind fields are estimated.  Subsequently, the optimization loop is 

initialized with a starting source characterization, or initial source guess, such as a zero 

emission rate field and the forward evolution of the gas release is modelled using the 

estimated wind fields.  While an Eulerian perspective is used for this transport model in 

this paper, there is no fundamental reason a Lagrangian approach could not be applied.  

The modelled concentrations are compared with observations from the physical domain to 

evaluate the current source guess.  If the match is poor, an inverse model determines 

upstream location sensor sensitivity and the optimization algorithm determines how source 

rates should be updated.  A flow chart of the optimization procedure is shown in Figure 

4.1, and the major steps are detailed in subsequent subsections.   
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Figure 4.1: Simplified optimization steps with corresponding paper section numbers 

and major variable names.  Source parameters refer to emission rate per cell for 

this paper. 

For the optimization algorithm itself, the quasi-Newton gradient-based L-BFGS-B (Liu & 

Nocedal, 1989) was chosen for its efficiency with large numbers of parameters, since 

potentially millions of variables (corresponding to the number of cells) must be optimized.   

4.3.1 3D Wind Field Data 

Before the optimization loop can be performed, 3D wind fields must be estimated 

(including a measure of unresolved turbulent wind fluctuations) and used as input for 

transport models corresponding to the pre-computation step in Figure 4.1.  Wind field 

calculations could be implemented in many ways with varying levels of accuracy.  In the 

simplest case, a horizontally-uniform field of wind statistics may be assumed, 

parameterized by the friction velocity, Obukov length, roughness height, and mean wind 

direction.  The most complex cases with substantially varied wind statistics in both vertical 

and horizontal planes may only be simulated in elaborate computations.  For the present 

test cases, wind fields were determined either by directly mapping a vertically varying 

profile based on measured data (simplest case) or by simulating 3-D flows (either as a 

transient flow or as a series of varied inlet steady flows) using CFD.  For a specified inlet 

boundary condition and duration, this wind simulation can be performed as a single pre-

computation since the bulk wind flow will not be affected by low concentration plume 

transport.  This significantly reduces overall computational time by avoiding the need to 
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determine the wind field concurrent with the forward model of the tracer gas plume, which 

may need to be computed 100 s of times.  

4.3.2 Source Guess 

In the present test cases, the emission source rates (referred to as the Source Guess in Figure 

4.1) of the optimization loop were initiated assuming no fugitive sources were present (i.e. 

the emission rate at each cell in the domain was set to zero).  The effects of assuming 

different initial conditions are shown for the Project Prairie Grass test case in Appendix F.  

In principle, known sources, sinks, and/or non-emitting areas could be easily considered 

by specifying values in selected cells as model constants not varied by the optimization 

scheme.  Similarly, area, line, and point sources could be represented as different groupings 

of cells, with varying source strength, location, and number.  Source distribution is then 

restricted to the chosen mesh resolution used for the forward model and adjoint sensitivity 

and assumed to maintain the same rate and location for all input data (i.e. constant in time 

over the course of the simulations).   

4.3.3 Forward Scalar Transport Model 

Atmospheric dispersion encompasses transport models on a variety of scales ranging from 

the greatly simplified (e.g. Gaussian plumes, Reible, 1999) to the complex (e.g. large scale 

reactive weather dependent flows, Peters et al., 1995) depending on application.  For the 

current work, the low computational cost of the simple plume models is desirable, but 

temporal variation, building wakes, and recirculation zones must be considered as sensors 

and sources are likely to be within a built area.   

Assuming a known time-varying mean, non-divergent velocity field [length/time] (u) and 

diffusivity [length2/time] (D) which parameterizes the unresolved turbulent fluctuations, 

for gas sources (or sinks) [mass/time/length3] (S) of a dilute non-reacting/depositing 

species, the evolution of concentration [mass/length3] (C) with time t may be predicted 

with the advection-diffusion equation: 

 𝜕𝐶

𝜕𝑡
+ ∇ ∙ (𝐶𝐮 − 𝐷∇𝐶) − 𝑆 = 0. (4.1) 
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The advection-diffusion equation is a statistically-based statement of mass conservation 

using the gradient-diffusion approximation to deal with turbulent motions.  As 3-D external 

bluff-body flows are of interest, the standard three component cartesian directions are 

assumed throughout this paper.  The diffusivity, 𝐷, may be a tensor of diffusivity 

coefficients in cases where directionality has an effect (Kuzmin, 2010), though this is 

generally taken as a scalar and implemented as such in this paper.  

Buoyancy of the target pollutant species (e.g. methane) may be neglected as long as 

downstream sensors can be expected to be sensitive to the upstream release plumes.  Due 

to entrainment of air, neutrally buoyant source gases are not required as shown by 

successful oil and gas facility tracer studies with sensors up to several kilometers 

downwind (Roscioli et al., 2014).  When applied to the spatial domain (Ω) with boundaries 

(Γ), outlets use zero gradient boundary conditions and the inlets must specify flux.  In the 

current cases, no upstream sources were considered.  However, even in the presence of 

upstream sources, these settings can be used with the expectation of additional sources 

predicted near the upstream domain boundary.  Outputs of this forward transport model, in 

conjunction with the observed sensor concentrations, allow the value of the cost function 

to be determined (Figure 4.1). 

4.3.4 Cost Function 

A measure of misfit (here termed g) between the modelled concentrations C (with guessed 

source strengths in each cell p) and the field observed concentrations Cobs was defined for 

positions x and times t as:  

 𝑔(𝐱, 𝑡, 𝐩) = 1/2[𝐹(𝐱, 𝑡)𝐶(𝐱, 𝑡, 𝐩) − 𝐶𝑜𝑏𝑠(𝐱, 𝑡)]2 (4.2) 

where Cobs is defined as non-zero only where and when observations exist.  These 

measurements are sparse and no more than one observation is considered per discretized 

cell volume.  Likewise, the function F is set to unity at the positions and times at which 

observations are measured and zero otherwise such that misfit comparisons are only made 

when observations exist.  Eq. 4.2 defines a dimensional misfit for ease of implementation 

with the solvers described in Section 4.4, but an appropriate normalization could also be 

applied if desired and units of the subsequent definitions modified accordingly.  The term 
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g is then integrated from the initial (t0) to final (tf) times and over spatial domain (Ω) to 

determine the cost function, J:  

 

𝐽(𝐩) = ∫ ∫ 𝑔𝑑𝐱𝑑𝑡

Ω

𝑡𝑓

𝑡0

. (4.3) 

Optimizing for the minimum of the cost function will then find the best least-squared fit 

between the measured and modelled concentration fields.  While an additional 

regularization term can be added to the cost function to encourage the solution towards an 

initial solution estimate, earlier testing (Joynes, 2013) on the current problem found this 

had little benefit while tending to diffuse the source location predictions. 

4.3.5 Adjoint Sensitivity and Cost Function Gradient 

To optimize the emission characterization, both the cost function and its gradient are 

required by the L-BFGS optimization algorithm.  The first can be determined by computing 

the modelled concentration as described above and then using the values at the 

measurement locations to determine the cost function value defined in above.  However, 

the derivative of Eq. 4.3 with respect to the emission rate in each cell pi,  

 
𝜕𝐽

𝜕𝑝𝑖
= ∫ ∫

𝜕𝑔

𝜕𝑝𝑖
𝑑𝐱𝑑𝑡

Ω

𝑡𝑓

𝑡0

= ∫ ∫ (
𝜕𝑔

𝜕𝐶

𝜕𝐶

𝜕𝑝𝑖
+

𝜕𝑔

𝜕𝑆

𝜕𝑆

𝜕𝑝𝑖
) 𝑑𝐱𝑑𝑡,

Ω

𝑡𝑓

𝑡0

 (4.4) 

contains 𝜕𝐶 𝜕𝑝𝑖⁄  which is difficult and costly to compute.  For the current source and cost 

function definitions, Eq. 4.4 can be re-derived in a more useful form to reduce 

computational cost.  As the left side of Eq. 4.1 is zero, Eq. 4.1 multiplied by the scalar 

adjoint variable λ may be subtracted from the misfit within the integrals of Eq. 4.3 without 

altering the cost function:   

 

𝐽 = ∫ ∫ 𝑔 − 𝜆(
𝜕𝐶

𝜕𝑡
+ ∇ ∙ (𝐶𝐮 − 𝐷∇𝐶) − 𝑆)𝑑𝐱𝑑𝑡

Ω

𝑡𝑓

𝑡0

 (4.5) 
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The units of the adjoint variable itself depend on the selection of misfit function g.  For the 

current case, if the concentration values are in units of kg/m3, the adjoint variable λ should 

have units of kg s/m3.  The derivative of Eq. 4.5, which gives the gradient of the cost 

function required by the optimization scheme, is taken with respect to the model parameters 

with the last four integrals referring to the evolution, advection, diffusion, and source terms 

respectively.   
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Ω
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𝜕
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𝜕𝑝𝑖
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(4.6) 

If the diffusivity coefficient matrix D is restricted to be diagonal, divergence theorem and 

integration by parts allow Eq. 4.6 to be rearranged as: 

 
𝜕𝐽

𝜕𝑝𝑖
= ∫ ∫ (

𝜕𝜆

𝜕𝑡
+ 𝐮 ∙ ∇𝜆 + ∇ ∙ (𝐷𝑇∇𝜆) +

𝜕𝑔

𝜕𝐶
)

𝜕𝐶

𝜕𝑝𝑖
Ω

𝑡𝑓

𝑡0
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𝜕𝑔

𝜕𝑆
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𝜕𝑝𝑖
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𝜕𝐶

𝜕𝑝𝑖
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𝜕𝐶

𝜕𝑝𝑖
𝐷𝑇∇𝜆) ∙ 𝐧𝑑𝐱𝑑𝑡

Γ

𝑡𝑓

𝑡0

 

(4.7) 

Finally, it is possible to select an adjoint variable that eliminates 𝜕𝐶 𝜕𝑝𝑖⁄  entirely from the 

cost function gradient computation by reducing terms containing it to zero.  The 

appropriate adjoint variable can be found by solving  
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−

𝜕𝜆

𝜕𝑡
+ ∇ ∙ (−𝜆𝐮 − 𝐷𝑇∇𝜆) −

𝜕𝑔

𝜕𝐶
= 0 (4.8) 

with conditions 

 𝜆(𝐱, 𝑡 = 𝑡𝑓) = 0 

(∇𝜆) ∙ 𝐧 = 0 where 𝐮 ∙ 𝐧 ≤ 𝟎 

(𝜆𝐮 + 𝐷𝑇∇𝜆) ∙ 𝐧 = 0 where 𝐮 ∙ 𝐧 > 𝟎. 

 

(4.9) 

Eq. 4.8 is similar in form to the forward release (Eq. 4.1) with inverted signs, showing the 

same form as the analogy driven adjoint operator derivation of Pudykiewicz (1998) (or 

scalar transport adjoint) with a differing source term appropriate to the current problem 

determined by the definition of the misfit g.  It is worth noting that Eq. 4.8 effectively 

describes inverse plumes from sensor locations.  Substituting in Eq. 4.8 and its boundary 

conditions into Eq. 4.7 gives the cost function derivative 

 
𝜕𝐽
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𝜕𝑆
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𝜕𝑆
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𝑡𝑓

𝑡0

 (4.10) 

Since the misfit, g, as defined in the previous section is independent of the source terms, 

this simplifies to 

 
𝜕𝐽

𝜕𝑝𝑖
= ∫ ∫ 𝜆

𝜕𝑆

𝜕𝑝𝑖
𝑑𝐱𝑑𝑡.

Ω

𝑡𝑓

𝑡0

 (4.11) 

 

With the source definition in the previous section, 𝜕𝑆 𝜕𝑝𝑖⁄  has a value of one for cell i and 

zero elsewhere.  Summation over the domain allows the gradient to be computed for each 

emissions parameter, in this case the source strength in each cell.  The gradient is then fed 

into the optimization scheme (Figure 4.1) and used to improve the source guess.   
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4.4 Implementation 

The optimization loop (see Figure 4.1) employed the limited-memory variation of 

Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm, implemented starting from the 

C-wrapped FORTRAN subroutines for bounded L-BFGS of Zhu et al. (2011).  As 

necessary, the optimization loop requests the cost function and cost-function gradients 

from external solvers for specific optimization parameter arrays (in this case, the field of 

emission rates for the domain).  L-BFGS was previously investigated for source 

characterization using synthetic test releases (Elbern et al., 1997; Joynes, 2013).  The 

required maximum corrections for the limited memory matrix was set to five.  Sinks were 

precluded by setting a minimum source bound of zero emissions in each cell.  No upper 

bound constraints were applied. 

The external solvers to determine the cost function value and its gradient were implemented 

using the partial differential equation solvers in the OpenFOAM toolkit, which contains 

extensive existing libraries appropriate for finite-volume CFD and related applications.  

Both forward (Eq. 4.1) and adjoint (Eq. 4.8) transport solvers could read precomputed 

velocity and diffusivity information in matching OpenFOAM CFD formats.  Sensor 

reading locations in time and space, likewise, were treated as temporally variable fields.  

The cost function and gradient were concurrently numerically integrated in time, and 

subsequently in space, corresponding to Eq. 4.3 and Eq. 4.11.    

4.5 Results 

Two test cases were chosen to investigate the potential of the described characterization 

method.  The benchmark simple open-field release experiment, Project Prairie Grass 

(Barad, 1958), was selected as the initial test case.  This is a well-known and documented 

set of atmospheric gas dispersion experiments often used to demonstrate the validity of 

plume models.  The emission rate optimization method could then be tested separately from 

the ability to model wind complexities introduced by bluff bodies.  The second test case 

was a simplified industrial geometry based on a gas plant in Alberta, Canada, containing 

multiple bluff bodies more representative to the envisioned target application.  Multiple, 

simultaneous releases were simulated in this latter test case.  Potential for using simplified 



 

53 

wind fields, consisting of piece-wise assemblies of 30-s duration steady flow simulations, 

were also considered.   

4.5.1 Project Prairie Grass Test Case 

Project Prairie Grass (PPG) experiments (Barad, 1958) consisted of 68 individual SO2 

releases in an open field conducted throughout the summer of 1956.  Ten-minute average 

concentrations at an elevation of 1.5 m were measured at sensors 50 m, 100 m, 200 m, 

400 m, and 800 m from the release location at 0.46 m elevation.  Additional measurements 

were collected on six 17.5 m wind towers, 100 m from the release location.  For the test 

simulations, the domain was restricted to an area encompassing the first two arcs of sensors 

(which includes the towers) where the highest readings could be found, forming a 300 m × 

200 m × 50 m volume as shown from a top-down view in Figure 4.2.  Mesh statistics are 

shown in Table 4.1 (and mesh convergence information is given in Appendix D).  Sensor 

locations were reduced where necessary to prevent data from multiple sensors within a 

single cell region.  As the elevation of the field in which the releases were performed varied 

by only ±1 m over the relevant area, the open field was taken as flat.   

Eq. 4.9 gives a description of the necessary boundary conditions for the adjoint transport 

equation.  In contrast to the forward case, where the inlet concentration is typically set 

(Dirichlet condition), the reverse inlet (forward outlet) for the adjoint has a zero-flux 

condition.  However, this is more difficult to implement for many solvers.  The effects of 

using either Dirichlet or flux boundary conditions on the adjoint transport equations were 

investigated (tested using a mesh coarsened by a factor of ~3 to speed computations).  Final 

emission rates with these two conditions differed by less than 1% with no visible location 

changes.  This is likely to remain true for any outlets where advective transport dominates. 

Two release experiments with matching release rates (101.8 and 102.0 g/s) but different 

wind directions, and without missing data or other experimental problems, were selected 

(releases 19 and 49) from within the PPG data sets.  Two wind directions represent the 

minimum amount of data that can be expected to successfully find source locations, and 

thus represents a conservative (more challenging) test case.  Preliminary tests incorporating 

various combinations with additional experimental data sets produced no substantial 
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changes in results.  Wind fields for the PPG test case were not simulated with CFD.  

Instead, profiles were mapped onto the domain directly based on the experimental friction 

velocity, Obukhov length, and an assumed roughness height of 0.006 m.  A detailed 

discussion and review of appropriate profiles for various stability classes can be found in 

Alinot (2003) (and Appendix C).  For these particular cases, both data sets correspond to 

an unstable atmosphere.  The appropriate turbulent Schmidt number is often assumed to be 

near unity, but a review by Gualtieri et al., (2017) shows that for atmospheric dispersion 

there is no fixed value.  A range of 0.6-0.7 is likely more appropriate (Wilson et al., 2009; 

Wilson, 2013; Wilson, 2015).  Thus, a value of 0.67 was used in the present simulations.  

Future work (Brereton et al., 2018c) is underway to explore the sensitivity of results to 

turbulent Schmidt number selection. 

Forward release and scalar transport adjoint solves were performed when called by the 

optimization loop (see Figure 4.1) with input from the 10-minute average wind fields.  The 

transport solves used a first-order Euler temporal scheme with a 0.1 s timestep for a total 

of 60 s physical time.  Observations and model concentrations were compared at the end 

of this physical interval to determine the cost function.  Tests showed minimal differences 

in reconstructed emission fields from simulating the full transient over 600 s with various 

timesteps and averaging to match the PPG experimental conditions.   

Table 4.1: PPG Mesh Statistics 

Number of 

Cells 

Domain bounding 

size [m] 

Vertical spacing 

at ground [m] 

Max vertical cell 

expansion ratio 

3 Avg CellVolume  

[m] 

1.5 Million 300 × 200 × 50  0.1 1.2 0.8 
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Figure 4.2: PPG domain with source (star) and sensor locations for 1.5 m height 

(small dark circles) and towers (unfilled boxes) 

4.5.2 PPG Open Field Reconstruction Results 

Figure 4.3 plots the convergence of the cost function (normalized by initial value and 

shown on the right axis), predicted emission rate integrated over the entire domain 

(normalized by actual emission rate), and predicted emission rate within a connected 

volume near the identified source (also normalized by actual emission rate) for the adjoint 

optimization of the PPG experiment.  The boundary of the connected predicted source 

volume was determined by applying a minimum threshold of 1% relative to the maximum 

predicted emission rate per volume, and has the effect of capturing most emissions while 

avoiding prediction noise near sensor locations.  Within fifty iterations, the cost function 

had decreased by nearly a factor of twenty-five, and the predicted total emission rate was 

within 20% of the final iteration.  After 181 iterations, the predicted mass flow rate of the 

release converged to a final value that was within 37% of the expected emission rate for 

the entire domain, and within 13% when only considering the region near the predicted 

source.  Although it is noted that the predicted magnitude is affected by the choice of the 

turbulent Schmidt number, this agreement demonstrates the utility of the adjoint-

optimization approach. 
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Figure 4.3: Cost function and mass flow rate convergence 

The predicted release location for the adjoint-optimization of the PPG experiment is shown 

in Figure 4.4.  By iteration fifty, the emission prediction location is already giving useful 

information about the location.  Intermediate predicted locations during convergence are 

presented in Appendix E.  Observing the final iteration, the source location has tightened 

in three dimensions and is clearly visible (highlighted by the circle), with a smear around 

the source location of lower emitting cells.  Very little source emission is now predicted at 

the 3 m level.   

In addition to the main source location, there are cells of high emission rate close to the 

sensors (the majority of which are located at 1.5 m vertical height) for both iterations 

shown.  This prediction noise near sensors acts as a compensating factor for measurements 

unexplained by mutual upstream locations and are caused by model errors due to wind field 

and dispersion estimation.  The difference between the mass convergence of the entire 

domain and the inner region (see Figure 4.3) is the result of this effect.  The emission rate-

weighted average location of the main emission source was within 4.6 m of the actual 

release location. 
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Figure 4.4: Cell emission rate predictions for various iterations at 0.5 m, 1.5 m, and 

3 m heights from the ground (lines represent 50 m horizontal increments) 

 

4.5.3 Simulated Gas Plant Test Case 

4.5.3.1 Simulation of Measured Concentration Data 

In the second test case, a 400 m by 300 m by 100 m subsection of a gas plant in Alberta, 

Canada containing 15 rectangular bluff bodies ranging in height from 3 m to 10 m was 

used to create an industrially-relevant bluff-body dominated geometry.  These bluff bodies 
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may be considered buildings or represent large blocks of equipment that block air flow as 

typically found in such an environment.  While not used for this demonstration case, for 

specific domains it may be more appropriate to treat equipment blocks in more detail or 

treat them as porous.  As shown in top-down view in Figure 4.5a, the rectangular region of 

interest was situated within a larger triangular domain (3200 m base and height with 400 m 

vertical thickness).  The buildings were placed a minimum of 300 m from the outlet with 

sufficient vertical clearance to be unaffected by the top boundaries.  Duplicates of the 

buildings were added near the entrance of the triangular domain as a fetch (Figure 4.5) to 

disturb the flow during the CFD wind simulation.  Mesh sizes are summarized in Table 4.2 

and a close-up view of the mesh around the building region is shown in Figure 4.5b. 
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Figure 4.5: Building a) full domain with inner domain cutout marking large (L) and 

small (S) source locations and sensors (black dots), b) mesh detail 

Table 4.2: Mesh details for the simulated gas plant test case 

Mesh Domain bounding size Number of 

Cells 

3 Avg CellVolume  [m] 

Full 3200 m × 3200 m × 400 m 10316272 5.83 

Inner 400 m × 350 m × 100 m 1411061 2.15 
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To generate an appropriate flow field on which to compute virtual sensor concentrations, 

time-varying inlet wind velocity was taken from a randomly chosen continuous 14 minutes 

of 10 m-height tower data of the National Wind Technology Center (NREL, 2011) with 

temporal gusts added by Gaussian randomization based on the measured tower statistics 

towards the North-West (see Figure 4.6).  This information was subsequently fitted to the 

Richards and Hoxey (1993) profile equations appropriate for neutral stability and specified 

at the upstream inlet boundaries in the South and East of the domain.   

 

Figure 4.6: Wind at 10 m input height 

These inlet conditions were used in a detailed transient incompressible URANS wind 

simulation was performed using pimpleFoam, with a maximum timestep of 0.03 s (varying 

to maintain a Courant number less than 1.0).  The simulation used the first-order Euler 

temporal scheme and a k-epsilon RNG turbulence model with a maximum convergence 

residual of 1x10-6.  Initial conditions were set to a simpleFoam steady RANS simulation 

based on the initial inlet profiles.  This detailed bluff-body simulation (with mesh sized to 

sufficiently resolve influence of building wakes, see Figure 4.5) served as a basis for 

generating a synthetic gas release to be used in subsequent tests.  For the synthetic release 

generation, only concentrations in the inner domain region surrounding the building were 

of interest so the subsequent transport modelling was confined to this region and the 

temporal resolution was reduced to 0.21 s.    
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To generate simulated sensor measurement data, four simultaneous release locations were 

chosen (see Figure 4.5) at 1.0 m heights, with large (L) and small (S) release rates set to 

normalized mass emission rates of 10 and 1 per second respectively.  Fugitive emissions 

survey data suggest that a small number of leaks are typically responsible for the vast 

majority of fugitive emissions (Picard et al., 1998), represented here by the large sources, 

while smaller sources may also be present.  Forward releases were performed using 

timesteps of 0.21 s and the first-order Euler temporal scheme and a Gauss limited linear 

divergence scheme.  Virtual concentration sensors were placed every 50 m in a grid from 

(-50 m, 50 m) to (250 m, 300 m) at a 1.5 m height (working level).  Sensors falling within 

buildings were subsequently removed, leaving a total of forty-one sensors.  Concentrations 

were extracted from these virtual sensors on the detailed wind simulation at these locations 

every 30 s.  Additionally, the 30 s average concentrations were also extracted at the 

sensors. 

4.5.3.2 Evaluation of the Adjoint Optimization Approach 

The ability of the adjoint optimization procedure to correctly predict the locations and 

magnitudes of simulated releases within the complex gas plant geometry was evaluated in 

two different scenarios.  For the first scenario, referred to as the “ideal” case, the simulated 

instantaneous concentration data was read every 30 s (representing a limited sensor 

response time) and the detailed wind field (matching that used when generating the test 

concentration observations) was used in the forward and adjoint transport solves.  This 

allowed for a proof-of-concept trial under idealized conditions with perfect wind data and 

no noise or sensitivity floor in the extracted sensor observations.   

The second case was based on what information could be more practically obtained in the 

field: the basic geometry, general wind direction and speed, and average concentration 

values in 30-s intervals.  Instead of a transient wind field, a series of steady incompressible 

RANS simulated winds (with different inflow boundary conditions) were used to 

approximate the temporal variation.  Thirty-second average velocities at a 10 m height 

were extracted upstream of the central building group (see Figure 4.5).  Using neutral 

boundary profiles based on these velocities (Richards & Hoxy, 1993), steady RANS 

simulations were performed with simpleFOAM and a k-epsilon RNG turbulence model 
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until residuals stabilized.  A series of these steady RANS wind field simulations (each 

representing 30 s of physical time) were stitched consecutively to model a 14-minute 

period (matching the simulated physical time of the comparable fully transient URANS 

simulation).  Figure 4.7 shows the wind rose and the time-varying inlet velocities at an 

example height of 10 m for the series of steady wind simulations (SSWS).  This SSWS 

was used in all forward and adjoint transport solves during the optimization loop, testing 

the robustness of the algorithm to imperfect, low quality wind data.  In addition, rather than 

using exact instantaneous sensor concentration data, 30-s-averaged concentrations were 

extracted from the original detailed transient simulation.  These lower-resolution data were 

used as the observed concentrations (𝐶𝑜𝑏𝑠) during the optimization procedure, again testing 

the robustness of the method.  Although additional noise was not added to the sensor 

readings prior to taking the 30 s averages, separate simulations by Joynes (2013) have 

shown that the method is highly robust to sensor noise. 

 

Figure 4.7: Inlet wind at 10 m height for SSWS case 

4.5.4 Simulated Gas Plant Case Results 

4.5.4.1 Ideal transient matching wind field 

For the ideal case with the same wind field used to generate both the observed and forward 

model concentrations, information loss is primarily due to the scarcity of concentration 
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sensor locations and temporal readings.  Figure 4.8 shows the predicted source locations 

for this case on both linear and logarithmic intensity scales for a vertical slice of the domain 

corresponding to the release height.  The large sources are accurately located and clearly 

distinguishable from the background.  Although at one-tenth the source strength the smaller 

sources are not easily seen on the linear scale plot, the log-scale plot reveals predicted 

emissions in the vicinity of each of these sources.  However, there are additional low-level 

emissions between source L2 and S2 of similar magnitude to S2.  This could act as a false 

positive for an additional small source.  However, it is again noted that the present results 

were achieved using only 14 minutes of simulated wind data, blowing predominantly from 

the south-east.  Additional simulation time, especially from a broader range of wind 

directions would tighten these predictions, where computations with easterly or westerly 

winds could be expected to eliminate the false source between L2 and S2.  Regardless, 

even with limited simulation time, the overall predicted emission rates were within 13% of 

the actual release rate.   

4.5.4.2 Identification of Most Important Sources and Magnitudes  

A simple algorithmic, post-processing approach was tested to objectively locate and 

quantify the significant predicted sources.  First, all cells with predicted emission rates 

greater than 1% of the maximum predicted emission rate in the domain were selected.  Next 

regions of connected cells were identified.  The emission rates within each of these 

potential source regions were summed, and regions contributing more than a nominal 5% 

of the total emission rate of the domain were considered significant.  Figure 4.8c,d plots 

these selected regions on linear and log scales.  The computed horizontal positions of the 

emission-rate-weighted centroids of each region are indicated with a black dot.  These 

predicted locations were both within 4 m of release location of the large sources.  For L1, 

the predicted emission rate in the identified region was 8% higher that the specified release, 

whereas for L2, the predicted emission rate was 7% higher.    
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Figure 4.8: Predicted emissions at 1 m height using 30-sec transient ideal wind data 

with marked actual release locations (white circles) and 50-m sensor grid (white 

points) for a) linear scale, b) log scale, c) linear scale with regional filter, and d) log 

scale with regional filter. Emission centroids are marked with black dots.   

4.5.4.3 Series of steady wind simulations and averaged concentrations 

The much more challenging scenario (but easier to implement in a real-world application) 

is where the 3D transient wind field is approximated by a series of simplified steady RANS 

simulated wind fields.  Results of this scenario are shown in Figure 4.9.  Even with only 

14 minutes of physical wind time considered, the large source locations are still readily 

apparent.  However, the predicted sources are also smeared over a longer distance in the 

predominant south-easterly wind direction and, as shown on a log-scale in Figure 4.9b, the 

smaller sources are no longer distinguishable from small predictions made upstream of 

sensors.  This is likely because for the 14-minute duration of the wind simulation, both S1 

and S2 are downstream of L2 whose plume is complicated in both horizontal and vertical 

directions by building wakes further obscuring the ten-times smaller S1 and S2.  Additional 
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simulation time with more easterly or westerly winds would reduce the smearing and 

tighten the predictions, even when using this simplified wind field approximation.   

Figure 4.9c shows the identified major source regions using the simple post-processing 

algorithm described previously.  The emission-rate weighted centroid of the region near 

source L2 was within 12.5 m of the actual release location.  Similarly, the location of source 

L1 was predicted within 4 m.  Peak emission rate values are higher in the L1 region than 

the L2 region, where the closest downstream sensor is behind a set of buildings.  

 

Figure 4.9: Predicted emissions at 1 m height using the series of steady wind 

simulations (SSWS) and averaged sensor data with marked actual release locations 

(white circles) and 50-m sensor grid (white points) for a) linear scale, b) log scale, c) 

linear scale with regional filter, and d) log scale with regional filter. Emission 

centroids are marked with black dots.   

Figure 4.10 plots the predicted emission rates for the identified source regions near L1 and 

L2 and for the overall domain and compares results for the ideal and the simplified series 

of steady wind simulation (SSWS) scenarios.  Despite the wind field and concentration 
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data simplifications, the total overall emission rate prediction in this scenario was still 

within 24% of the actual release rate.  Both simulation scenarios were able to predict the 

magnitudes of the two large sources with similar accuracies.  Source L1 was overpredicted 

by 8% in the ideal scenario, and underpredicted by 2% for the SSWS scenario.  Predictions 

for L2 were 7% high for the ideal scenario and 9% low for the SSWS scenario.  The main 

differences in overall emission rate between the two scenarios are from outside the major 

predicted source regions.  This is consistent with the results of the PPG case.  As illustrated 

in Figure 4.9, the larger overestimation in the SSWS scenario is attributable to the 

appearance of non-negligible source contributions in the North-East tailing around sensors 

near S2 and downstream of L2. 

 

Figure 4.10: Comparison of normalized emissions per second for predicted and 

actual major source regions for the actual, ideal, and series of steady wind 

simulations (SSWS)  

That these results were achievable based on only 14 minutes of physical wind data with 

one primary direction is very encouraging.  Increasing the amount of data available to the 

algorithm is likely to improve the estimations.  Brereton and Johnson (2012) noted the 

importance of sensor coverage from varying wind directions in locating emission sources 

in a complex environment.  For a real case, the desired application would allow selection 
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of multiple appropriate data subsets over the course of a few days, which would likely 

include more wind variation than the current test case.  The applicability of simplified 

steady wind flows gives rise to the notion of a precomputation database for common 

conditions that could be used to increase the computational tractability of on-the-fly 

calculations.   

Both the ideal and SSWS tests presented here were limited to relatively in-plane sensor 

and source release locations, but, as demonstrated by the PPG releases, this is not a 

requirement.  Future work concurrent with extending the potential of pre-computed field 

database for reducing overall computational cost includes increased variability in source 

position (including vertical), sensor density, and the robustness to measurement error. 

4.6 Conclusions 

The adjoint-optimization approach was successfully applied to experimental release data 

from Project Prairie Grass, predicting the release location within 4.6 m and emission 

magnitude within 13%.  The approach was then further evaluated in numerically simulated 

releases in a complex, 3-D, bluff-body geometry based on a gas plant in Alberta, Canada.  

Initial proof of concept tests using only 14-minutes of a transient wind field, demonstrated 

the ability to locate multiple simultaneous sources, while predicting overall emissions 

within 13%.  More importantly however, adjoint-optimization calculations using a series 

of steady wind simulations (SSWS) were also found to be capable of correctly locating 

major sources and predicting overall emission rates within 24%.  This latter scenario would 

be much easier to implement in a real-world application and gives rise to the possibility of 

developing pre-computed databases of both wind and scalar transport adjoints to reduce 

computational time.  A larger wind data set size would likely improve estimates, but even 

the present short sample time appears sufficient to meet the objectives of locating and 

quantifying major sources to direct mitigation actions.  
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Chapter 5 Computationally Efficient Quantification 

of Unknown Fugitive Emissions Sources 

 

This chapter has been written as a paper intended for future submission to 

Atmospheric Environment. 

Brereton, C. A., Campbell, L. J., Johnson, M. R., 2018. “Computationally Efficient 

Quantification of Unknown Fugitive Emissions Sources”, draft manuscript to be 

submitted to Atmospheric Environment. 

 

This paper was co-authored by the thesis author, Carol Brereton, her thesis supervisors 
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tested the relevant procedures and code; generated synthetic test cases; performed the 

relevant test cases and initial data analysis; and wrote the first draft of the manuscript.  
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5.1 Abstract 

Fugitive emissions or unintentional losses of gas (e.g. leaks) are a significant source of 

greenhouse gas within the oil and gas sector.  Previous work has demonstrated the potential 

of a scalar transport adjoint method for using sparse sensor data to locate and quantify 

multiple simultaneous unknown fugitive emission sources within a bluff-body dominated 

facility environment.  This paper builds directly on that work and demonstrates the 

significant computational time reductions that can be achieved by modifying this approach 

to use a database of pre-computed retro-tracers (PRT).  The computational cost, as well as 

estimated source emission rates and locations, were compared for both an open field release 

and multiple releases in a bluff-body dominated domain when using the PRT method 

versus the concurrent gas transport solves used in previous work.  For the open-field 
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release, given the same wind input there were no significant differences in emission rate 

and location predictions of the two approaches.  For the bluff-body dominated multiple 

source case (a domain representative of an actual gas plant in the upstream energy sector), 

using simplified wind fields for the PRT database generation allowed major sources to be 

successfully located and their emission rates predicted within –75 to –32%.  When the wind 

direction coverage was increased to 110° from ~60°, the emission rate was predicted within 

~–30% to ~–25%.  The total computational cost for both methods was of a similar order of 

magnitude when including the initial database generation for the PRT method, but non-

reusable computational time was reduced by a factor of 200-600 times making the PRT 

method feasible on a standard desktop computer once the database is generated.  This is a 

noteworthy achievement as it gives rise to the possibility of continuous or near-continuous 

characterization of unknown fugitive emissions sources within a complex facility which 

could allow sources to be identified as they arise. 

5.2 Introduction 

Fugitive emissions, such as leaks, are an important source of greenhouse gases and can 

result in safety hazards and lost product.  Within the upstream oil and gas industry, these 

sources are often economic to mitigate, but only once they are found.  Facilities can range 

in size from tens to hundreds of meters and contain buildings, equipment, and piping with 

numerous valves and fittings that are all potential fugitive release sources.  Characterizing 

fugitive emission sources is essentially a problem of locating and quantifying an unknown 

number of gas release sources at unknown locations.  This type of source term estimation 

using sparse concentration information and wind estimates is an ill-posed inverse problem 

that is relevant in a variety of applications over a range of physical scales.  An overview of 

the main solution approaches is available in Rao (2007) and Hutchinson et al. (2017).   

Brereton et al. (2018a) recently demonstrated the potential for characterizing unknown 

sources via a gradient-based optimization procedure using the scalar-transport adjoint, 

while placing minimal restrictions on source location(s).  Results showed that wind field 

information and concentration data at sparse measurement locations within or downstream 

of a facility could be used to locate and quantify multiple simultaneous unknown sources 

within a large, bluff-body dominated 3-D domain.  However, the computational resource 
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requirements of this approach were potentially prohibitive in a practical application.  For 

large and complex domains, the computation time on a desktop workstation could run from 

days to weeks, or even longer.   

Simplified wind fields (which can be computed in advance as part of a database of common 

flows to reduce computational cost) can be effective input for locating and quantifying 

sources (Brereton et al., 2018a).  However, this idea of a pre-computed database can be 

extended further.  If sensor positions are fixed (i.e. non-mobile or on pre-set paths), inverse 

(or adjoint) transport modelling can be performed in advance for common wind fields and 

re-used.  Similar inverse transport computations for source term estimation are often used 

in the context of Bayesian inference on a specific wind field to render Monte-Carlo 

sampling tractable (e.g. Xue et al., 2017).  However, for the present application, wind 

simplifications will also necessarily be considered, as well as the effects of wind directional 

coverage when these wind simplifications are present. 

This paper demonstrates the significant potential computational saving of inverse sensor-

based pre-computations as an extension of the method demonstrated in Brereton et al. 

(2018a).  Computational time savings and results are compared for an open field point 

release based on a subset of Project Prairie Grass (Barad, 1958) where the wind fields are 

the same for both methods.  Emission characterization predictions are also compared for a 

synthetic bluff-body case where detailed transient wind fields are approximated by a series 

of steady RANS simulations used to generate a pre-computed inverse transport database.   

5.3 Fugitive Emissions 

Leaks in the oil and gas industry have a long tail distribution, with outliers being 

responsible for the majority of gas released (Brandt et al., 2016).  Traditionally, fugitive 

emissions are located by manual component or qualitative visual IR camera inspection 

(USEPA, 2016b).  Such inspections can be labor intensive, require trained personnel, and 

may require expensive specialized equipment.  As a result, inspections are performed on 

an intermittent basis.  While recent progress has been made in the area of mobile surveys 

both by motor-vehicle (e.g. Zavala-Araiza et al., 2018; Roscioli et al., 2018; Atherton et 

al., 2017; Rella et al., 2015; Mitchell et al., 2015; Jackson et al., 2014; Phillips et al., 2013) 
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and aircraft (e.g. Johnson et al., 2017; Thorpe et al., 2016; Lavoie et al., 2015; Thompson 

et al., 2015; Tratt et al., 2014; Karion et al., 2013), these methods are also generally limited 

to providing intermittent snapshots of facility emissions.  Fugitive sources can potentially 

release gas for months or longer before being discovered. 

Minimizing the time between the appearance of a release source and its repair is critical in 

reducing fugitive gas emissions.  Ideally, fugitive sources would be discovered as they arise 

for quick mitigation using a continuous monitoring system.  Cost and practicality, however, 

prohibits installation of sensors at every possible source.  Instead, sparse sensor 

concentration network data can be used in conjunction with sufficiently diverse wind to 

characterize emission sources.  This approach also allows for quantification of source 

emission rates.  As the required time to process acquired concentration and wind data and 

derive emission source locations and magnitudes is reduced, the potential advantages of 

this approach become even more significant. 

5.4 Emission Characterization Methodology 

Details of the scalar transport-adjoint method for characterizing unknown fugitive sources 

are provided in Brereton et al. (2018a) and are summarized in Figure 5.1a.  A 3D 

computational representation of the physical domain of interest is divided into cells, each 

with an estimated emission rate.  Gas releases are modelled forward in time and compared 

with concentration sensor network readings.  If the mismatch is too large, an inverse 

approach is used to compute the sensitivity of the mismatch from the sensors, which feeds 

a gradient-based quasi-Newton optimization scheme (L-BFGS-B, Liu & Nocedal, 1989).  

Wind field estimates are required as input and performed in advance.  Beginning with an 

initial estimation of no sources, the emission characterization is improved iteratively.  

Source resolution is limited only by mesh size.  Area, line, and point sources can be treated 

as combinations of cells where emission rates are assumed to be constant over the chosen 

measurement interval.   

5.4.1 Concurrent-Transport-Computation (CTC) Approach 

Figure 5.1a outlines the Concurrent-Transport-Computation (CTC) approach, where the 

transport models are solved within each optimization loop iteration.  The forward transport 
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solve determines model concentrations at sensors and the adjoint transport solve 

determines sensitivity of upstream locations to the current mismatch at the sensors as 

described in the following subsections.  Pre-computed wind field information is used as 

input for both transport models.  

5.4.1.1 Forward transport 

Model concentrations at sensors must be determined to compare with sensor measurements 

for the emission rates estimate.  Assuming an incompressible flow field that is not impacted 

by the gas release, concentration (C) evolution over time (t) may be found with the 

advection-diffusion equation, 

 𝜕𝐶

𝜕𝑡
+ ∇ ∙ (𝐶𝐮 − 𝐷∇𝐶) − 𝑆 = 0. (5.1) 

Eq. 5.1 is an expression of mass conservation using the gradient-diffusion approximation 

(sometimes called gradient-transfer theory, eddy-diffusivity theory, or K-theory) (Wallace 

and Hobbs, 2006) for turbulent scale motions.  The velocity (u) [length/time], diffusivity 

(D) [length2/time], and source term (S) [mass/length3/time] must be specified. 

5.4.1.2 Cost function and its gradient 

The cost function (J) is a measure of how well the emission characterization matches the 

sensor readings and is defined as  

 

𝐽(𝐩) = ∫ ∫ 𝑔𝑑𝐱𝑑𝑡

Ω

𝑡𝑓

𝑡0

 (5.2) 

where the misfit 𝑔 was selected to provide a least-square minimization of the difference 

between model and measured concentrations where observations exist (Brereton et al., 

2018a). 

The gradient of the cost function with respect to an individual source parameter pi (the 

emission rate in cell i) is (Brereton et al., 2018a) 
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𝜕𝐽

𝜕𝑝𝑖
= ∫ ∫ 𝜆

𝜕𝑆

𝜕𝑝𝑖
𝑑𝐱𝑑𝑡,

Ω

𝑡𝑓

𝑡0

 (5.3) 

where 𝜕𝑆 𝜕𝑝𝑖⁄  has a value of one in cell i and zero elsewhere.  The appropriate λ is the 

solution to  

 
−

𝜕𝜆

𝜕𝑡
+ ∇ ∙ (−𝜆𝐮 − 𝐷𝑇∇𝜆) −

𝜕𝑔

𝜕𝐶
= 0 (5.4) 

with boundary conditions 

 𝜆(𝐱, 𝑡 = 𝑡𝑓) = 0, 

(∇𝜆) ∙ 𝐧 = 0 where 𝐮 ∙ 𝐧 ≤ 0, 

(𝜆𝐮 + 𝐷𝑇∇𝜆) ∙ 𝐧 = 0 where 𝐮 ∙ 𝐧 > 0. 

 

(5.5) 

Once the cost function and its gradient are known, these are used by the optimization loop 

to improve the source parameters or end the optimization process. 

5.4.1.3 CTC Approach with pre-computed, simplified wind fields 

Modelling the transient wind field, as required to enable subsequent transport modelling, 

requires significant computation time.  However, common flow conditions can be modelled 

in advance and used and re-used during appropriate reoccurring conditions to reduce this 

computational expense.  Brereton et al. (2018a) successfully replaced detailed transient 

wind fields with a series of steady wind simulations (SSWS) (with different inlet 

conditions) stitched consecutively in time.  Using this SSWS, concentrations could then be 

modelled with Eq. 5.1 and used in the optimization procedure outlined in Figure 5.1a.  The 

duration of each steady-flow period must be chosen to allow the wind field to be 

representative of the actual transient wind but is not otherwise related to measurement 

intervals or locations, domain size, or velocity.  

5.4.2 Pre-computed Retro-Tracer (PRT) Approach 

As noted in the introduction, a key objective of this paper is to extend the idea of a pre-

computed series of steady wind simulations to seek further computational savings that 
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might allow real-time or near-real-time characterization of fugitive sources within a 

facility.  The premise of this approach is that a retro-tracer concentration representing how 

much air from a particular location reaches a sensor during its measurement interval can 

be used as an alternative to computing concentrations with the advection-diffusion 

equation.  A collection of retro-tracers can then be used to determine sensor concentration 

for any combination of source distributions, as is discussed at length in Hourdin and 

Talagrand (2006).  The critical advantage of this approach is that it makes it possible to 

pre-compute a database of retro-tracers, extending the benefit of pre-computed wind fields 

and allowing transport solutions to also be precomputed and reused.  This has the potential 

for significant computational savings.  This pre-computed retro-tracer (PRT) approach is 

outlined in Figure 5.1b. 

5.4.2.1 Retro-tracer transport and sensor concentration 

In an Eulerian reference frame and assuming incompressible flow, the retro-tracer equation 

(Hourdin and Talagrand, 2006) may be rearranged into its volumetric form, which is 

equivalent to Eq. 5.1.  Using backward integration, 

 
−

𝜕𝐶∗

𝜕𝑡
+ ∇ ∙ (−𝐶∗𝐮 − 𝐷𝑇∇𝐶∗) − 𝜇 = 0 (5.6) 

allows the retro-tracer concentration (C*) to be found for a measurement distribution μ 

(where a unit release per volume is made at the measurement cell location over the 

measurement interval).  Integrating over the spatial (Ω) and temporal domain from initial 

(ti) to final (tf) times, the mean concentration at the sensor (Csensor) over the release interval 

is 

 
𝐶𝑠𝑒𝑛𝑠𝑜𝑟 = ∫ ∫ 𝑆𝐶∗𝑑𝐱𝑑𝑡

𝛺

𝑡𝑓

𝑡𝑖

 (5.7) 

Unlike the advection-diffusion equation (Eq. 5.1), determining the concentrations with Eq. 

5.6 and Eq. 5.7 requires a separate solution for each sensor measurement.  However, the 

transport solution can be found without specifying the source distribution S, which is only 

required for the final integration in Eq. 5.7.  Thus, the retro-tracer transport solution can be 

re-used to determine sensor concentration for different source distributions.  Since Eq. 5.6 
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is the same form as Eq. 5.4 and the equations are linear, the retro-tracer pre-computations 

can be re-used to determine the cost function gradient (Eq. 5.4) if the source term is 

appropriately re-scaled. 

5.4.2.2 Challenge of Initial Conditions when Pre-Computing Gas Transport 

There is one important complication that arises when pre-computing the transport solution 

for a domain with varying inlet wind conditions.  Essentially, the pre-computed transport 

solution can only account for source influence within the equivalent replaced time interval.  

Gas already in the domain from the previous time-interval needs to be accounted for as an 

initial condition.  Unfortunately, this is impractical to implement in a precomputed library.  

For each given inlet wind condition (direction and speed) during a selected time-interval 

for pre-computation of the transport solution, there could be many different initial 

conditions (based on the range of possibilities of the wind condition for the previous 

interval).  In a practical application, the permutations of all wind conditions and previous 

interval wind conditions are likely too numerous to facilitate creation and storage of a pre-

computed library of solutions.   

The alternative is to allow time for the gas initially in the domain to be transported out prior 

to comparing model concentrations with observations.  Thus, by purposely ignoring sensor 

data at the start of each new interval (corresponding to a changed inlet condition) the 

sensors are only influenced by gas emitted within the interval.  In practice, the required 

wait time can be simply specified as the estimated residence time of gas in the domain 

based on the current inlet wind condition.  While this reduces the amount of concentration 

data available for comparison during the optimization, it is necessary to preclude model 

error due to unmatched initial conditions.  This loss of data can also be compensated for 

by collecting more data at a broader range of conditions, as further discussed below.   

5.4.3 Comparison of Approaches and Implementation 

The outlines of both the original (CTC) and pre-computed retro tracer (PRT) procedures 

for characterizing unknown sources are given in Figure 5.1, which highlights the wind 

determination and transport solution steps.  Not including the precomputed wind field 

estimation, in the CTC approach, solving the transport equations (Eq. 5.1 and Eq. 5.4) is 
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most of the computational cost.  The overall solution time depends on both the cost of an 

individual transport solution and how many times these solutions must be computed.   

For the PRT approach (Figure 5.1b), retro-plume concentrations are used as pre-computed 

input, allowing the transport solver calls (Eq. 5.6) to remain outside of the iterative 

optimization process.  Note that an equivalent advection-diffusion (Eq. 5.1) database would 

require that computations be performed for every cell within the domain rather than the 

limited number of cells containing sensor positions.   

For one-off source characterizations, any computational savings caused by removing the 

transport solves from the optimization loop may be offset by the need to compute retro-

tracers for each sensor and wind combination.  However, for a permanent sensor setup on 

a geometry that is unlikely to change, these pre-computations become re-useable under 

similar wind conditions.  Additionally, if a database of transport solves is performed for 

common wind conditions in advance, the optimization procedure no longer requires 

concurrent access to computational resources capable of detailed CFD modelling.  Such 

resources are now only required during the initial setup phase.  Scaling and summing the 

pre-computed transport solutions becomes feasible on a typical desktop machine even for 

highly detailed meshes. 
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Figure 5.1: Simplified optimization steps with major variables using a) concurrent 

transport computations (CTC) (modified from Brereton et al., 2018a), and b) pre-

computed database of retro-plumes 

 

5.4.3.1 Implementation 

Transport solvers were implemented with the OpenFOAM toolkit and the L-BFGS-B 

algorithm used the code by Zhu et al. (2011) as described in Brereton et al. (2018a).  The 

optimization implementation was the same for both the CTC and pre-computed 

approaches, but requests for the cost function and its gradient were satisfied differently. 

When using the concurrent transport solver solutions, the optimization loop called a remote 

supercomputer to run the transport model for the current source guess before continuing 

with the optimization.  When instead using the pre-computations, requests for the cost 

function and its gradient result were completed by the local desktop machine, which could 

efficiently sum and scale the pre-computed fields.  These latter operations were performed 

in serial but could be parallelized to further increase computational speed. The pre-

computation database consisted of steady unit inverse releases on all relevant wind fields 

for each test case.  In the results presented below, computational times have been adjusted 

to an equivalent single processor for comparison purposes. 
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5.5 Results 

Two main test cases were chosen, which matched those used in Brereton et al. (2018a) 

allowing results with and without the pre-computation approach to be directly compared.  

The first test case considered a subset of two releases from the Project Prairie Grass (Barad, 

1958) open field experiments.  The second test case considered multi-source release 

simulations in a simplified industrial geometry based on a gas plant in Alberta, Canada.  

Results for each case are discussed separately below. 

5.5.1 Open Field Test Case 

Project Prairie Grass (PPG) (Barad, 1958) consisted of a set of SO2 releases in an 

approximately flat open field (vertical variation ~1 m) under a variety of conditions.  Ten-

minute average concentration data were recorded from sensors at 1.5 m vertical heights in 

five sensor arcs (50 m, 100 m, 200 m, 400 m, and 800 m from the source location) and on 

six 17.5 m tall towers 100 m from the source. 

A 300 m × 200 m × 50 m simulation domain was chosen, which encompassed the first two 

sensor arcs and tower sensors.  This domain was discretized into a 1.5 million cell 

rectangular mesh (minimum 0.1 m vertical ground spacing with a maximum cell height 

expansion ratio of 1.2 between adjacent cells).  From the PPG data sets, a subset of two 

releases (Run 19 and Run 49) were chosen.  These had similar release rates but different 

wind directions (where a minimum of two different wind directions is necessary for source 

location) with no tracer gas entering the domain from outside.   

Wind profiles (Alinot, 2003) based on the experimental Obukhov length and friction 

velocity, with specified roughness height of 0.006 m for each release were mapped onto 

the domain mesh with an assumed turbulent Schmidt number of 0.67.  These wind fields 

were used as input in the Concurrent-Transport-Computation (CTC) method (see Figure 

5.1a) or when generating the pre-computed database of unit retro-tracer (PRT) releases (see 

Figure 5.1b).  Results were compared with the original CTC results presented in Brereton 

et al. (2018a). 
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5.5.1.1 Location prediction 

Figure 5.2 shows the predicted source emission rates per volume at a 0.5 m vertical slice 

of the domain.  Results using the CTC approach are shown in Figure 5.2a and results using 

the PRT approach are shown in Figure 5.2b.  In each figure, the actual source location is 

marked by the white circle.  The results are nearly identical for the two approaches.  The 

same major prediction region shapes are visible, including trails near sensors that 

compensate for model error.  Although the variability of cell emission rates within the 

source region is slightly higher for the PRT approach, this difference is not likely to be 

significant.  The emission-rate-weighted centroid of the predicted source region (calculated 

for connected cells around the cell with the highest emission rate per volume and having 

greater than 1% of this rate) differed by less than 1 m (less than 1 cell width) between the 

two methods.   
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Figure 5.2:Emission rate predictions at 0.5 m vertical height using sensor 

concentrations and cost function gradient computed with a) the CTC method 

(Brereton et al., 2018a), and b) PRT method  

 

5.5.1.2 Comparison of Emission Rate Predictions, Cost Function Convergence, 

and Required Computational Effort 

Figure 5.3a compares the convergence of the cost function and predicted emissions for the 

two approaches.  Figure 5.3b compares the required computational time.  The convergence 

characteristics of the two approaches are so similar they are difficult to distinguish.  The 
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overlap of the blue and black lines and symbols in Figure 5.3a suggests the PRT on its own 

(i.e. without additional wind field simplifications) results in no loss of accuracy.  However, 

as shown in Figure 5.3b, the computational time savings are substantial.   

 

Figure 5.3: a) Convergence of the predicted emission rate (normalized by the actual 

release value) and cost function (normalized by the cost function for no sources) for 

the CTC (black) and PRT (blue) methods. b) Equivalent single processor 

computational time for the CTC and PRT methods.  Potentially reusable 

computations are shown in blue diagonal hatching and non-reusable computations 

are shown in red cross-hatching. 

 

Converting computational times to a single processor equivalent (actual transport solves 

were performed in parallel) shows that even the overall computational time is reduced by 

more than half when using the pre-computed approach.  However, more importantly, as 

indicated by the blue diagonal hatching, almost all of time in the PRT approach is spent 

generating the reusable transport computations.  Stored in a database, results of these 

computations could be re-used indefinitely so long as the domain and sensor network 

geometry does not change.  Less than 0.5% of the total time for the PRT method was spent 

on the optimization loop (non-reusable computations).  Thus, once the initial database was 

created, the PRT approach ran approximately 600 times faster than the CTC method for 

the open-field test case.  This computational savings is sufficient to allow the optimization 

to efficiently run on a modern desktop computer.  This is a noteworthy achievement as it 
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gives rise to the possibility of near-continuous characterization of unknown fugitive 

emissions sources, which could allow sources to be identified as they arise. 

5.5.2 Bluff Body Test Case Based on an Alberta Gas Plant Geometry 

The more challenging test case was based on an Alberta gas plant geometry and consisted 

of a collection of buildings ranging in height from 3 m to 10 m within a 400 m × 350 m × 

100 m domain.  As described in Brereton et al. (2018a), when simulating wind fields to 

generate the initial case, this inner domain was placed within a larger triangular 3200 m × 

3200 m × 400 m domain with buildings copies placed upstream as a fetch. 

An initial detailed URANS transient wind simulation using the k-epsilon RNG turbulence 

model was computed on this building configuration (including the upstream fetch) for 

slightly less than 14.5 minutes of physical time with the wind blowing primarily from the 

South-East (total direction variation of ~60 degrees, Figure 5.4a).  Inlet boundaries were 

based on neutral conditions with speed and direction taken from wind tower data.  

Additionally, for this paper, three additional shorter transient wind simulations (each 

representing 5 minutes physical time) were performed for which the inlet profile speed was 

identical to the initial five minutes of physical time of the transient simulation, but 

directions were varied (creating data sets with wind from the South-East with different 

velocity components, East, and South) modestly increasing the total wind direction 

variation to ~110 degrees (Figure 5.4b).  These additional simulations were used to 

investigate the benefits of greater wind direction coverage in compensating for data loss 

associated with using the PRT method.  Previous work (Brereton & Johnson, 2012a) 

identified broader wind coverage as a key to better source location.  Wind directions Figure 

5.4) at 10 m vertical height for the upstream tower location (see Figure 5.5) are shown in 

a-b.   
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Figure 5.4: Wind rose at 10 m height ahead of main building cluster for a) original 

transient wind directions, b) original transient plus additional wind directions, c) 

steady wind intervals for original directions, and d) steady wind intervals with 

additional directions  

For each detailed transient wind field, four simultaneous gas releases were simulated 

consisting of two large sources (L) ten times the emission rate of two of small sources (S) 

(see Figure 5.5) at 1.0 m elevation.  Concentrations were subsequently extracted at virtual 

sensors within the domain located on a nominal 50 m grid (omitting sensors that would 
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overlap with buildings) resulting in 41 sensors at 1.5 m elevation.  Data from these virtual 

sensors were use as inputs in the optimization loops (see Figure 5.1).   

Results from two CTC cases from Brereton et al. (2018a) were compared with results from 

different cases using the PRT method.  In the first CTC case, the detailed transient wind 

(Trans.) was used as input to the optimization loop, with instantaneous concentrations 

compared every 30 s of physical time.  For the second CTC case, a simplified series of 

steady wind simulations (SSWS) was used in place of the detailed transient wind field, 

while 30 s average sensor concentrations were extracted from the initial detailed transient 

simulation.  Each steady RANS simulation in the SSWS represented 30 s of physical time, 

and 28 of these were stitched together in series to create an equivalent 14-minute duration 

matching the fully transient case.  Each RANS simulation was performed on the inner gas 

plant domain using wind profiles based on the average velocity at a 10 m height ahead of 

the main building cluster (representing a condition that could be implemented from a single 

10-m wind anemometer).  Further detail is provided in Brereton et al. (2018a). 

For the PRT method, precomputation of the retro-tracers requires a priori specification of 

the wind fields.  Thus, it is only practical to pre-compute retro-tracers for different steady 

RANS simulations.  As noted previously, the retro-plumes can be used to compute sensor 

concentrations, but within a pre-computed database it is not practical to consider myriad 

initial conditions corresponding to all possible concentration fields initially within the 

domain.  To overcome this consideration, sufficient time must be given for the gas already 

within the domain to clear (so initial conditions do not affect the measured concentrations).  

A multi-criteria algorithm was used to identify quasi-steady wind intervals and select 

appropriate wait times.   

First, wind speeds were extracted from 10 m high virtual wind towers (shown in Figure 

5.5) within the detailed URANS simulations.  This approach matches what would be easily 

achieved in a real-world field application.  Using the tower most upstream of the building 

region, average wind speeds at a 2 m height were estimated (from the boundary profile 

equations).  The required time for the flow to clear the domain was estimated using this 

average wind speed and the longest distance from a sensor to the domain boundary.  This 
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clearance time plus an additional 30 s of usable measurement time, was identified as a 

candidate PRT interval.  Intervals were selected with the criteria that the variation in wind 

direction during this PRT interval was sufficiently steady – defined as having a standard 

deviation of wind angle of less than 10 degrees over the entire period (including the sensor 

measurement time) – and the 30 s of usable sensor measurement intervals did not overlap 

that of any other chosen PRT interval.  This assessment is computationally fast and could 

easily be used to select PRT intervals on the fly. 

From the available 14.5-minutes of physical time, 17 quasi-steady PRT intervals were 

identified (ranging from 96 s to 171 s clearance time plus an additional 30 s of useable 

sensor measurement time for each).  For cases including the additional wind direction 

coverage, the additional URANS simulations each allowed for five extra intervals 

(clearance times of 130 s-150 s plus 30 s of useable sensor measurement time).  Figure 

5.4c-d show the selected steady-interval PRT wind directions compared with original wind 

data in Figure 5.4a-b. 

Thus, while 30 s physical measurement intervals (instantaneous and average) were used in 

all cases, the number of actual comparisons between the modelled and observed 

concentrations differed.  The total number of measurement sets compared by the cost 

function in each case is given in Table 5.3.  Convergence of the optimization loop was set 

to a consistent cost-function drop of less than 0.01% of the initial value between iterations.   

Table 5.3:  Number of measurement intervals available for comparison for each gas 

plant data set 

Data set Number of measurement 

comparisons 

CTC with transient wind  29 

CTC with SSWS  29 

PRT covering original wind period only  17 

PRT with additional wind coverage   32 
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Figure 5.5: a) Top view of inner 3D building domain marking large (L) and small 

(S) sources (filled circles), wind towers (T) locations (unfilled circles), and 50 m 

spaced sensor locations (dots) and b) mesh detail (Brereton et al., 2018a). 

5.5.2.1 Location Prediction 

Figure 5.6 shows the emission rate per volume predictions at 1.5 m elevation (which 

provides the best visibility of major source regions in all cases).  Results using the CTC 

method with the SSWS are shown in Figure 5.6a, and results using the PRT method in 

Figure 5.6b and c.  The horizontal position of major emission regions (>5% of the total 

domain emissions) are marked with black circles (although these may be at varying 

elevations) and actual source locations indicated in white.  To determine major emission 

regions, cells with rates at least 10% of the domain maximum were selected and then 

aggregated with contiguous bounded cells having 1% of the maximum per region.   
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The overall maximum cell emission rate was higher for the PRT cases (Figure 5.6b-c) 

compared with the SSWS case (Figure 5.6a).  The major source regions are clearly visible 

for all cases except the PRT with the original 17 wind directions.  With only these wind 

directions, the source prediction for L2 is downstream of the buildings next to the actual 

source.  Source L1 is predicted with all methods, through the spread differs between the 

CTC and PRT cases.  With even a small amount of additional wind coverage (total wind 

direction variation of 60 vs. 110 degrees), the L1 source region shrinks by removing some 

of the predicted tail (reducing the search space) although two separate sources are 

indicated.  For source L2, the location prediction is improved greatly with the inclusion of 

additional wind, with source P4 becoming a significant emission prediction region (more 

significant than P3). 

If the smaller wind data set is used (Figure 5.6b), two additional spurious sources appear 

toward the bottom of the image which are 18% and 11% larger than source prediction near 

S2.  Increasing the directional coverage (Figure 5.6c) reduces the influence of this region, 

eliminating one of the sources as a significant region and reducing the other by 30%.  This 

suggests that added wind coverage can compensate for the simplifications and wind data 

exclusion (i.e. as required for domain clearance time between changes in averaged wind 

direction) inherent to the PRT method. 
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Figure 5.6: Emission rate predictions at 1.5 m slice for a) the SSWS case using the 

CTC method, b) the original wind case using the PRT method, and c) the PRT 

method with modest increase in wind directional coverage.  Source locations (white 

circles), sensor locations (white dots) and major source prediction region centroids 

(black dots) are marked. 
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5.5.2.2 Emission rate prediction 

Emission rates of predicted sources using the PRT and CTC methods are compared in 

Figure 5.7.  For the PRT case with the smallest data set (see Figure 5.6b), the main emission 

region (P1) is ~50% lower than the actual rate of L1.  If the nearby source P2 (overlapping 

the region predicted by the CTC method) is included, the combined rate increases to within 

~30%.  Adding a modest amount of additional wind directions as shown in (Figure 5.6c) 

improves the overall emission rate estimate slightly, but increases the proportion correctly 

attributed at the actual location of L1.  

The predictions for source L2 are also underestimated in both PRT cases.  For this source, 

sensor concentrations are heavily influenced by the presence of nearby buildings.  For the 

PRT method with the smaller dataset, the nearest predicted source at P3 underestimated L2 

by ~75%.  The added wind coverage improved this to an underestimation of ~25% with 

the majority of the emissions now coming from P4 (which is closer to the actual source 

location than P3).  It is expected that any additional wind data from the east or north would 

further improve the results.   
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Figure 5.7: Emission rate predictions for sources L1 and L2 for various methods 

and data sets.  Specific source points P1, P2, P3, P4 defined in previous figure. 

 

Overall, emission rates of source L1 and L2 could each be predicted within ~30% even 

with under 30 minutes of wind data and limited directional coverage.   While the predicted 

emission rates with the PTC method were less accurate that those using the CTC method 

in Brereton et al. (2018a), the CTC cases also benefit from greater temporal wind variation.  

Extrapolating the improvements seen with the increase in wind directions suggest that the 

PRT could potentially match the accuracy of the CTC method. 

5.5.2.3 Computational Cost 

Figure 5.8 compares the computational time for full CTC cases with detailed wind 

information to the computational time to develop and use the pre-computed transport 
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database (PRT method).  The time to generate the PRT database is comparable (25 to 85% 

longer) to that required to the complete CTC case runs.  However, the PRT database has 

the significant advantage that it can be reused in the future during similar wind conditions.  

Additionally, it is not necessary to perform the computations in series (allowing for greater 

parallelization).  Less than 0.5% of the computational time in the PRT approach was 

dedicated to the non-reusable optimization loop iterations as compared with 100% of time 

for the CTC method.  This represents a factor of ~200 increase in on the fly solution speed.  

Database generation computational time approximately scales by the number of sensors 

and wind directions.  If the database is already generated, the optimization loop can be 

performed on a regular desktop machine in hours, which can potentially be further 

improved through parallelization. 

 

Figure 5.8: Computational time using a single processor for CTC method (Brereton 

et al., 2018a) using a full transient wind field, CTC method using a series of steady 

state RANS wind simulations (SSWS) consecutively placed in 30 s intervals to 

approximate the transient flow, and PRT method (original wind directions).   

 

5.6 Conclusions 

A pre-computed retro-tracer approach to solving the scalar transport adjoint was able to 

predict major source locations for both the open field and synthetic bluff body releases 
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with equivalent results to CTC method.  Using the PRT method (which also requires a 

limited number of steady-state wind flows) gave comparable emission location predictions 

to the CTC method when steady-state wind information was used.  The accuracy of the 

emission rate quantification was reduced when the wind was further simplified as part of 

the database generation process for the bluff body cases, although this could be at least 

partially and possibly fully compensated for with increased wind direction coverage.  

However, even with the limited (<30 minutes) of wind data used in the test cases, the 

emission rates could be usefully estimated with the PRT method and large source locations 

could be distinguished while reducing computational time.  Most significantly, non-

reusable computational cost was reduced between 200-600 times in the cases tested.  For 

practical applications, this enables useful location and source magnitude calculations on a 

typical desktop computer in hours, rather than days, weeks, or longer.  The PRT method is 

a promising development in the goal of near-continuous fugitive emissions source location 

and quantification within industrial facilities. 
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Chapter 6 Influence of Turbulent Schmidt Number 
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6.1 Abstract 

Finding and quantifying unknown (fugitive) gas releases from downstream concentration 

data is a critical, challenging problem with important environmental, safety, economic, and 

health implications.  Many proposed solutions involve wind and gas dispersion modelling 

for which a turbulent Schmidt number (Sct), the ratio of the eddy kinematic viscosity to the 

turbulent diffusivity, is usually chosen to scale the estimated diffusivity within an 

optimization process.  This model constant has a range of physically reasonable values.  

Numerical simulations were performed on multiple test cases to quantify the impact of Sct 

uncertainty on the ability to locate and quantify fugitive emissions sources.  Both a 

gradient-based optimization scheme with unconstrained location and an emission rate only 

optimization with prescribed point locations were investigated.  An initial control case 
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considered synthetic open field point releases generated with different prescribed Sct,actual 

values (ranging from 0.33 to 2.0) after which sources were characterized using a different 

range of Sct,assumed.  Additional test cases used published Project Prairie Grass field data.  A 

second case examined synthetic releases within a more complex bluff-body geometry 

based on an actual gas-plant and investigated source characterization with various Sct with 

and without additional wind and sensor response error.  Although major source location 

predictions were relatively independent of turbulent Schmidt number, it strongly 

influenced emission rate quantification.  For the controlled open field cases, assuming a 

midrange Sct,assumed value of 0.67 resulted in a predicted emission rate within of –33% to 

+48% of actual for the unconstrained location method over all Sct,actual values considered.  

This range increased for fixed location predictions.  With the same Sct,assumed = 0.67, the 

field experiment release was predicted with a ~10% overestimation using the unconstrained 

location approach, though results could vary from –35% to +128% for 0.33 ≤ Sct,assumed  ≤ 

2.0.  The presence of bluff bodies and additional wind error tended to dampen the Sct 

effects.  This suggests that if computational restrictions do not allow for multiple Sct values 

to be tested during source characterization procedures, open field results could be used to 

provide a conservative error estimate.  

6.2 Introduction 

Emission source characterization or determining unknown emission locations and rates 

from downstream measurements, is useful for a wide variety of applications and has been 

investigated on spatial scales ranging from continental (Houweling et al., 1999), to urban 

environments (Chow et al., 2008; Wilson et al., 2009), to industrial plants (Brereton et al., 

2018a), to agricultural fields (Wilson et al., 2012).  The turbulent Schmidt number can be 

an influential parameter in these techniques, but it is generally not known with high 

precision.  This paper investigates the effects of the turbulent Schmidt number selection on 

source characterization.  The research is motivated by the problem of finding, quantifying, 

and fixing sources of fugitive gas emissions within complex industrial facilities typical of 

the energy sector, though it is relevant to other domains where unknown sources must be 

quantified from sparse concentration data.   
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Fugitive emissions, such as leaking valves and fittings, or other uncontrolled and/or 

unintended gas releases, are important pollutant sources and significant contributors of 

greenhouse gas (UNFCCC, 2015) and volatile organic compound (VOC) emissions 

(Brantley et al., 2015).  They can also result in safety concerns and induce economic losses 

due to lost product.  Common approaches to locating unknown fugitive sources include 

intermittent surveys or snapshots using manual component testing and qualitative IR 

cameras (USEPA, 2016b).  Recent work has been done on mobile surveys, both drive-by 

(e.g. Jackson et al., 2014; Mitchell et al., 2015; Phillips et al., 2013; Rella et al., 2015; 

Atherton et al., 2017; Roscioli et al., 2018; Zavala-Araiza et al., 2018) and airborne (e.g. 

Thompson et al., 2015; Thorpe et al., 2016; Tratt et al., 2014; Karion et al., 2013; Lavoie 

et al., 2015; Johnson et al., 2017), as well as attempts at IR camera quantification (Gålfalk 

et al., 2016).  These methods, however, still require manual labour by trained personal and 

are, by necessity, infrequent.  

An alternative to intermittent measurement surveys is continuous monitoring of a sparse 

network of sensors distributed throughout a facility (Brereton et al., 2018a, Brereton and 

Johnson, 2012a), where inverse analysis leveraging knowledge of the domain geometry 

and wind conditions can be used to locate and quantify unknown sources of gas 

contributing to readings at downstream sensors.  Related source characterization 

methodologies are overviewed in Rao (2007) at various problem scales.  Some examples 

include genetic algorithms (Allen et al., 2007), Bayesian inference techniques (Keats et al., 

2007; Rajaona et al., 2015), direct search methods (Zheng and Chen, 2011), and inverse 

dispersion modelling (Wilson et al., 2009; Wilson et al., 2012).  

While wind fields (and associated turbulent diffusivity information) used in these 

approaches can be modelled in a variety of ways, practical computational requirements 

generally restrict wind simulations to RANS CFD models.  To determine the diffusivity 

from these RANS simulated wind fields, most standard methods require the specification 

of the turbulent Schmidt number (the ratio of the eddy kinematic viscosity to the turbulent 

diffusivity, Sct), a model constant which has no universal value (Gualtieri et al., 2017).  For 

known emission source locations and rates, the selection of the turbulent Schmidt number 

has potentially strong effects on model results (Tominaga and Stathopoulos, 2007; 
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Gualtieri et al., 2017).  This is exacerbated in the current application, in which the source 

location(s) and release rate(s) may also vary. 

This paper investigates the effects of incorrectly estimating the turbulent Schmidt number 

when determining emission rates from both unknown and known release locations.  For 

the first scenario, tests were performed using the scalar transport adjoint sensor-based 

methodology outlined in Brereton et al., (2018a).  This source characterization approach 

allows for multiple sources at unknown locations which are located and quantified through 

optimization of emission rates within cells of a computational model of the physical 

domain.  For the second scenario, source rate optimization was performed assuming known 

point source locations using a global simulated annealing optimization scheme.  

Simulations were completed using both an open-field geometry, drawing on experimental 

data from the Project Prairie Grass experiments (Barad, 1958), and a complex bluff body 

geometry based on an actual gas plant in Alberta, Canada.  For each geometry, the influence 

of different assumed Schmidt number values on the ability to correctly locate and quantify 

unknown source(s) or to quantify sources with known locations was evaluated.  Results of 

these simulations help bound the potential range of turbulent Schmidt number induced 

uncertainty in source characterization problems as specifically relevant to fugitive 

emissions detection.  

6.3 Turbulent Schmidt Number and Scalar Transport Modelling 

In Brereton et al. (2018a), forward gas releases for a guessed or estimated source 

characterization were modelled using the advection-diffusion (or scalar transport) equation 

in an Eulerian framework.  The source characterization was then updated via an 

optimization procedure.  This approach was tractable using inverse (or adjoint) modelling 

to determine the sensitivity of potential sources to downstream sensors, significantly 

reducing the amount of transport modelling required (Brereton et al., 2018a).  Both the 

forward scalar transport equation, Eq. 6.1 below, and its adjoint (which determines 

upstream sensitivity to sensors) require diffusivity and velocity fields as inputs.     

Using mass conservation and assuming that the time-varying mean velocity field u 

[length/time] is unaffected by input of a dilute gas species, for gas sources (or sinks) S 
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[mass/time/length3], the evolution of concentration C [mass/length3] of this dilute species 

with time t may be predicted with the advection-diffusion (or scalar transport) equation: 

 𝜕𝐶

𝜕𝑡
+ ∇ ∙ (𝐶𝐮 − 𝐷∇𝐶) − 𝑆 = 0. (6.1) 

The gradient-diffusion approximation, with diffusivity D [length2/time], is used to capture 

the effects of turbulent motions not dealt with by the bulk velocity.  While the velocity 

field may be determined through separately performed wind modelling, the diffusivity still 

requires assumptions.  Generally, for wind flows, diffusion is dominated by turbulent 

effects and molecular diffusion can be neglected (Gualtieri et al., 2017).  The relation 

between momentum and mass diffusivity is usually determined by assuming a turbulent 

Schmidt number, the non-dimensional ratio of the eddy kinematic viscosity (νt) to the 

turbulent diffusivity (Dt): 

 𝑆𝑐𝑡 =
𝜈𝑡

𝐷𝑡
 (6.2) 

As the eddy kinematic viscosity is estimated by the wind model, specifying the turbulent 

Schmidt number and neglecting molecular diffusion effects gives a scalar diffusivity of: 

 𝐷 =
𝜈𝑡

𝑆𝑐𝑡
 (6.3) 

Unlike the analogous Schmidt number for molecular scales, 𝑆𝑐𝑡 has no universal value 

(Gualtieri et al., 2017).  Spalding (1971) and Launder (1978) suggested values of 0.7 and 

0.9, respectively, based on various experimental observations and these are often used as 

default values in commercial codes (Tominaga and Stathopoulos, 2007).  A wider range, 

however, has been determined from various atmospheric measurement studies, and 

numerical studies have found that modifying this value may improve plume dispersion 

results. 

Tominaga and Stathopoulos (2007) and Gualtieri et al. (2017) provide extensive reviews 

of 𝑆𝑐𝑡 values for atmospheric flows in various measurement or numerical studies.  

Tominaga and Stathopoulos (2007) noted that the optimal 𝑆𝑐𝑡 values for atmospheric flows 

could range from 0.2 to 1.3, while having significant impacts on the predicted dispersion 

results. They recommended that 𝑆𝑐𝑡 be selected only after considering the dominant 
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turbulent mass transport effects for each individual case.  They also gave a tentative 

recommendation of 𝑆𝑐𝑡 = 0.3 for open country but noted that this may be compensation for 

RANS model errors for this type of flow.  The more recent review by Gualtieri et al. (2017) 

of values selected for atmospheric flows showed an even larger range of 0.1 to 2.5.   

Flesch (2002) estimated turbulent Schmidt number for various stability and wind 

conditions using pesticide emissions by comparing a turbulent Schmidt number dependent 

flux-gradient emission rate computation with a second independent flux estimate.  A range 

of 0.18 to 1.34 was found with an average value of 0.6.  Additionally, there was no clear 

relationship between stability, time of day, or wind velocity.  Simulation work by Riddle 

et al. (2004) found that, for isolated stacks in flat terrain, a value of 0.3 improved over the 

“standard value” of 0.7 when comparing ground level concentrations.  Blocken et al. (2008) 

compared numerical results for pollutant dispersion for isolated stacks and buildings, as 

well as high momentum exhaust when surrounded by several rooftop structures and found 

concentration profiles were highly sensitive to turbulent Schmidt number selection.   

Wilson et al., (2009) calibrated forward models based on Project Prairie Grass release 

experiments. Wilson et al. (2013) measured different vertical fluxes to determine turbulent 

Schmidt number values. Wilson (2015) compared flux footprints, or zone upwind of an 

instrument that contributes to flux measurements.  These works indicated that an 𝑆𝑐𝑡 range 

of 0.6-0.7 may be more appropriate than selecting unity for atmospheric flows.   

Numerical experiments by Yu and Thé (2016), while comparing both turbulence models 

and turbulent Schmidt number selections for numerical releases around rectangular 

buildings, noted better performance in various concentration profile metrics at 𝑆𝑐𝑡< 0.7, 

with a final selection of 0.4.   

To the authors’ knowledge, only the recent paper by Xue et al. (2017) concentrated on 

turbulent Schmidt number effects on unknown location source term estimation.  Working 

with a Bayesian inference framework on a single-source, single wind direction case in a 

symmetric geometry well-covered by downstream sensors, this study found that different 

values could move the predicted location (higher values tended to move the location 

upstream) and change the emission rate prediction.  This further raises important questions 
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for the desired fugitive emissions application, where multiple sources are expected within 

a complex, asymmetric domain and computational cost restrictions most likely prohibit a 

Bayesian inference framework in a practical application.  Additionally, data from multiple 

wind directions would be important since site logistics and cost restrictions would likely 

result in poor sensor coverage of source regions (since fugitive emissions can occur at any 

one of thousands of possible emission source locations).   

Overall, while loose guidelines exist for different flow types, there is no universal value of 

turbulent Schmidt number for atmospheric flows.  Additionally, most numerical studies 

have been limited to known locations and/or emission rates.  In the current paper, the 

influence of 𝑆𝑐𝑡 effect on location estimation as well as emission rate prediction is 

investigated for both single and multiple simultaneous sources using an optimization 

framework with multiple wind directions and two different domains of varying complexity. 

6.4 Emission Characterization 

The overall goal is to use concentration readings from a sparse sensor network combined 

with wind field estimates to locate and quantify (i.e. characterize) an unknown number of 

gas release sources in an outdoor domain potentially containing buildings, pipes and 

equipment.  The physical domain, which might range from tens to hundreds of meters in 

size depending on the target facility, is represented by a 3D computational domain 

discretized in space and time.  This discretization must be sufficiently detailed to capture 

important wind effects on plume dispersion such as wakes and recirculation zones of 

buildings or other bluff bodies.  Although low gas concentrations allow the wind field to 

be treated separately from the gas transport, practical limits on computational time typically 

necessitate the use of RANS (Reynolds-averaged Navier-Stokes) for environmental CFD 

simulations on this scale (Gualtieri et al., 2017).  This paper utilizes an Eulerian framework 

in which the computational domain is divided into discrete cell volumes.  For unknown 

location optimization, all cells are considered as potential emitters, limiting source 

prediction resolution to mesh resolution.  In specific test cases when locations are assumed 

to be known, emissions were allowed to vary from zero only in the cells identified as 

emission sources. 
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6.4.1 Optimization procedure to determine unknown source location(s) with 

unknown emission rate(s) 

Figure 6.1 shows an overview of the simulation and optimization procedure to identify 

unknown emission sources and quantify emissions rates.  This approach is fully detailed in 

Brereton et al. (2018a) and only briefly reviewed here.  Using either pre-computed wind 

field simulations or mapped experimental wind profiles with pre-computed retro-tracers 

(Brereton et al., 2018b), initially guessed source distributions are iteratively improved via 

a gradient-based optimization approach, where the source gradients are determined via 

adjoint transport modelling.   

 

Figure 6.1: Simplified optimization steps with major variables (modified from 

Brereton et al., 2018a) 

6.4.1.1 Forward Transport Model and Cost Function 

To determine the fitness of the source guess, gas releases are modelled forward in time for 

comparison with the observed sensor concentration network readings (Cobs).  The 

advection-diffusion (or scalar transport) equation presented in Eq. 6.1 was used.  Inlets to 

the computational domain (based on wind direction) had set concentration values, while 

outlet and wall boundaries utilized zero gradient boundaries.  Input model parameters (p) 

are the emission rate in each cell of the domain.  The misfit measure (g) was defined as 

half the squared difference between model concentrations and observations (Cobs) where 

measurements existed, and zero elsewhere.  Integrating the misfit over both the spatial and 

temporal domain gives the cost function, 𝐽, which the optimization procedure minimizes.  
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6.4.1.2 Cost Function Gradient and Inverse Model 

The optimization scheme requires the cost function gradient (𝜕𝐽 𝜕𝑝𝑖⁄ ) with respect to the 

optimization parameters (i.e. the emission rate in each cell) to determine where to increase 

or decrease emission rate estimates.  The gradient of the cost function with respect to the 

source parameters can be determined using the scalar transport adjoint with a forcing term 

based on the model misfit from observations (details may be found in Brereton et al., 

2018a).  

The adjoint equation has a similar form to Eq. 6.1 (including the diffusivity term), though 

is now marched backwards in time against the flow.  This can be thought of as an inverse 

plume run from the sensor locations backwards in time.  Also note that to obtain the 

necessary diffusivity for both the forward and adjoint model calculations, a value for the 

turbulent Schmidt number must be specified.  Once the gradient is known, this can be fed 

into the optimization scheme to make an iterative improvement to the source guess (Figure 

6.1) as part of a least-squares minimization of the cost function. 

6.4.1.3 Optimization Scheme 

Optimizing the source guess, or emission rate in each cell, could require that millions of 

variables be considered.  The quasi-Newton, gradient-based optimization scheme L-BFGS-

B (Liu & Nocedal, 1989) as implemented by Zhu et al., (2011) was selected for its speed 

and ability to handle large numbers of variables.  Emission rates of each cell were 

optimized from a starting guess of no sources and assumed to be constant throughout the 

modelled simulation. 

6.4.2 Optimization procedure assuming known source location(s) but unknown 

emission rate(s) 

The simpler problem of known source locations but unknown emission rates could arise in 

cases where additional domain knowledge is available (e.g. detected leaks of unknown 

magnitude from IR camera investigation) or as a follow-on analysis using location results 

of the unconstrained characterization described above in Section 6.4.1.  For example, in 

this latter case one might assign a point source location to the centroid of an identified 

potential source region, or an operator might recognize a particular piece of equipment as 
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the likely source within an area.  This simpler scenario is also relevant to closely related 

applications in which inverse methods might be used with fenceline or mobile survey data 

to estimate magnitudes from known sites.   

Relative to the unconstrained case, required variables for optimization are significantly 

reduced from every cell in the domain to only those few cells containing identified sources.  

Thus, for the known source location case, the global optimization simulated annealing 

algorithm (Spall, 2003) was thus adopted since it is more appropriate than the gradient-

based L-BFGS-B scheme.  This simulated annealing method requires only the cost function 

magnitude.  Taking advantage of the linearity of Eq. 6.1, forward unit releases were made 

from each known source location and sensor concentrations from any combination of 

source strengths could be found by scaling and superposition.  A key question to be 

answered was whether the influence of unknown turbulent Schmidt number might be 

reduced if source locations were known or could be assumed a priori. 

6.5 Transport Solver Implementation 

Transport solvers for the forward source release, Eq. 6.1, and the adjoint sensitivity release, 

were implemented with the OpenFOAM toolkit, which contains libraries appropriate for 

finite volume CFD modelling.  These transport solvers or the pre-computed data they 

generated were called at appropriate intervals during the optimization loop (see Figure 6.1).  

The same forward transport solver was used for the forward unit release required by the 

simulated annealing optimization (Section 6.4.2).  Wind field information, sensor location, 

and concentration observations were read from separate data files, with the turbulent 

Schmidt number treated as a constant scalar value used by both forward and adjoint solvers.   

6.6 Results 

Two main test cases representing both open and built-up areas were chosen to test the 

effects of turbulent Schmidt number selection.  Chavez et al. (2011), studying the effects 

of adjacent buildings on pollutant releases using both CFD and wind tunnel experiments, 

noted that adjacent buildings reduced the impact of turbulent Schmidt number selection on 

numerical simulation of pollutant dispersion, while isolated stack releases and buildings 

showed the strongest dependence.  An open field domain where the highest turbulent 
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Schmidt number dependence is expected was thus taken as the initial test scenario so that 

there would be no bluff-body influence on the gas release.  However, as built environments 

are the domains of interest for most fugitive emissions source location applications, a 

second test case using building geometries based on an Alberta gas plant was created as 

previously used in Brereton et al. (2018a). 

6.6.1 Open Field Case 

6.6.1.1 Test Case Details 

The open field domain was based on the classic emission release experiment Project Prairie 

Grass (PPG) (Barad, 1958), where 68 individual SO2 releases were performed under 

various conditions in a flat field (vertical variation ±1 m).  Ten-minute average 

concentrations were measured using sensors at 1.5 m heights arranged in arcs 50 m, 100 m, 

200 m, 400 m, and 800 m from the source and mounted on six 17.5 m tall sensor towers 

100 m from the source.  The source release height was 0.46 m. 

A 300 m x 200 m x 50 m model domain was chosen which encompassed the first two 

sensor arcs (see Figure 6.2).  A minimum of two wind directions is required to determine 

a distinct source location.  Two release data sets with no missing data or experimental 

problems, corresponding to PPG experimental runs 19 and 49, were chosen as a base case 

(corresponding to Brereton et al., 2018a).  The releases rates were similar (within 1%), but 

wind directions differed.  The domain itself was divided into a mesh of 1500000 cells with 

0.1 m vertical cell spacing at the ground and increasing with a maximum ratio of 1.2 

between adjacent cells.   
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Figure 6.2: PPG Domain with source (star), sensor (dot) and tower (unfilled square) 

locations (Brereton et al., 2018a) 

Wind profiles were mapped directly onto the mesh with an assumed roughness height of 

0.006 m and measured experimental friction velocity and Obukhov length.  For these 

particular releases, atmospheric conditions were unstable.  Additional details can be found 

in Brereton et al. (2018a).   

Pre-computed inverse releases from the sensors were performed using adjoint transport.  

These inverse releases ran backward in time from sensors using each wind field and 

selected turbulent Schmidt numbers as described in Brereton et al. (2018b).  Sensor 

concentrations for specific emission distributions were then computed by appropriate 

scaling and integration of these inverse releases (see Brereton et al., 2018b for details).  

The cost function gradient was also computed by scaling and summing these pre-computed 

inverse releases.  As detailed in Brereton et al. (2018b), optimization results using pre-

computations are equivalent to those obtained using the standard advection-diffusion 

equation with gradient computations (Brereton et al., 2018a), but are orders of magnitude 

more computationally efficient.  Timesteps of 0.2 s were used for a physical duration of 

60 s for all transport solves.  The criteria for convergence was set to a cost function decrease 

of less than 0.1% of the initial cost function value over 20 iterations. 
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Forward gas releases were numerically computed for turbulent Schmidt numbers from 0.33 

to 2.0 based on the range of possible values suggested in the literature reviewed in Section 

6.3.  The source release rate matched that of the chosen PPG sets.  Extracting the computed 

concentrations at sensor locations, these synthetic data sets were treated as the observation 

input (Cobs) to the optimization scheme where the ‘actual’ turbulent Schmidt number 

(𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 for the purposes of the discussion) is known.  Optimizations were performed 

using various ‘assumed’ 𝑆𝑐𝑡 values from the same full range (i.e. 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 = 0.33 to 

2.0), but not necessarily matching the specified value used to generate the test data.  This 

allowed the potential errors induced by incorrect 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 used during the optimization 

procedure to be isolated and explored over the extreme ranges of a potential mismatch with 

𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 consistent with the observations.  Subsequent simulations used the actual 

measured concentration values from PPG experiments while attempting to quantify the 

source for various 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑.  This allowed the combined influence of 𝑆𝑐𝑡 error and all 

other complexities of a real-world scenario (e.g. wind model and sensor measurement 

error) to be investigated.   

6.6.1.2 𝑺𝒄𝒕 influence on unknown release location with unknown emission rate 

Using the simulated test data described in the previous section, source characterizations 

were performed assuming various turbulent Schmidt numbers from 0.33 to 2.0 during the 

optimization procedure, starting from an initial guess of no sources in the domain.  For all 

combinations of 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 vs. 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑, the central location of the estimated release 

region remained within 1.6 m of the actual release location (i.e. less than 2 horizontal cell 

widths).  Figure 6.3 shows the extremes of the predicted source location variation for the 

cases where 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 = 2.0 or 0.33 while 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙= 0.33 or 2.0.  When the diffusivity 

is over-estimated, the predicted location is tight.  By contrast, the predicted location is 

spread when the diffusivity is significantly under-estimated (Figure 6.3b).  The general 

height of the predicted source region also increases when 𝑆𝑐𝑡 is underestimated (note that 

the sensors are higher than the actual source location).  In addition, spurious source 

estimations near the sensor locations increase, presumably compensating for the increased 

model input error.  For extreme underestimations, spurious sources near sensors are also 
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visible, though at fewer locations.  The overall prediction spread is smaller when 

𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 under predicts 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙.   

 

Figure 6.3: Isolated Sct effects on predicted emission rate locations at 1.5 m height 

(main sensor level) for extremes of Sct  mismatch. a) Synthetic data set generated 

with Sct,actual  = 2.0 while using an assumed Sct,assumed  = 0.33 during the source 

characterization optimization, and b) a synthetic data set generated with a Sct,actual = 

0.33 while using Sct,assumed = 2.0 during the source optimization.  The actual location 

of the release is marked by white circle. 

The influence of 𝑆𝑐𝑡 mismatch on the accuracy of the predicted source magnitude is plotted 

in Figure 6.4.  The total emission rate within the contiguous area of the main emission 

region (region boundaries determined using a boundary threshold of 1% of the maximum 

emission rate per volume) was used as the predicted emission rate.  This avoided influence 
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of spurious predictions that sometimes occur at sensor locations in compensation for model 

errors.  The predicted emission rate was normalized by the actual emission rate used to 

generate the data set and plotted as a function of 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑.   

Even with 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 = 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 there is a slight over prediction in the source magnitude.  

This is anticipated given that even with the excellent sensor coverage the predicted source 

is diffused over a larger area than the actual source.  In general, the predicted emission 

rates show similar trends.  For a given 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙, higher 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 values 

(underestimating the diffusivity) reduce the predicted emission rates.  Highly advective 

flows (higher 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙) tend to be over-predicted and highly diffusive flow (lower 

𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙) underpredicted for the ranges considered.  

 

Figure 6.4: Isolated Sct effects on normalized predicted emission rate with unknown 

and unconstrained location.   

The emission rates when the location is unconstrained range from –66% to +109% of the 

actual rate for combinations of Sct between 0.33 and 2.0.  However, considering a single 

assumed turbulent Schmidt number of Sct,assumed = 0.67 (i.e. a midrange value frequently 

cited as appropriate for an open-field geometry) with actual values 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 still varying 

between 0.33 to 2.0, the predicted emission rates lie within a narrower range of –33% to 

+48% of the actual emission rate.  A similar total range is found at each Sct,assumed 

considered.  The turbulent Schmidt number selection is clearly an important factor in 

determining the emission rate of an upstream source at unknown location.   
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6.6.1.3 𝑺𝒄𝒕 influence on known location but unknown emission rate 

Two scenarios were considered in which the source location could be known or constrained 

prior to attempting to estimate its magnitude.  In Figure 6.5a, the influence of incorrect 

𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 on predicted source magnitude is considered in a case where the actual location 

is known (e.g. from site knowledge, camera observation, etc.).  Figure 6.5b considers the 

case where the predicted location from the unconstrained adjoint case is assumed prior to 

seeking the source magnitude via simulated annealing.  In both cases, the trends in the 

predicted emission rate error are similar to those of Figure 6.4.  However, now the absolute 

range of the spread increases as Sct,assumed is decreased and magnitudes of the prediction 

errors are generally larger.   

For the exactly known location case shown in Figure 6.5a, the predicted emission rate has 

a broader range of uncertainty – between –80% and +267% of the actual release rate for 

the tested range of 𝑆𝑐𝑡 mismatch.  Selecting a mid-range turbulent Schmidt number 

(Sct,assumed=0.67) results in a predicted emission rate between –55% to +90% of the actual 

emission release rate for 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 = 0.33 to 2.0.  Notably, these error ranges are greater 

than that for the unspecified location optimization.   

In Figure 6.5b, the locations were assumed to be at the centroid of the prediction region 

from the unknown location procedure after which the emission rates were predicted via 

simulated annealing.  For low Sct,assumed values (high assumed diffusivity), the results are 

nearly identical to the known location results of Figure 6.5a.  However, at higher Sct,assumed 

values, the slight changes in position have measurable effects on the predicted emission 

rate.  For cases where Sct,assumed = Sct,actual, emissions are consistently overestimated by 

~20% when the predicted location is used.  This is a larger error than the unknown location 

case in Figure 6.4.  The emissions now range between –74% to +261% the actual rate 

(slightly less than using the actual locations in Figure 6.5a, but still more than the 

unconstrained case of Figure 6.4).  With Sct,actual = 0.33 to 2.0, selecting a mid-range 

turbulent Schmidt number (Sct,assumed=0.67) results in a predicted emission rate between –

33% to +109% times the actual emission release rate (still worse than the –33% to +48% 

times error obtained in the unconstrained location case).  
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Figure 6.5: Isolated Sct effects on normalized predicted emission rate from 

simulated annealing procedure with a) known point source location, and b) 

predicted point source location based on unconstrained location prediction.   

In the unknown location cases, model error tends to result in spurious sinks/sources in 

regions with minimal mutual information, or overlap between regions upstream of sensors, 

usually directly at sensors.  However, for the specified location method, encompassing 

everything into a single variable (the single emission rate) appears to be less robust to 

model error.  This may be exacerbated by the imperfections in point source implementation 

as volumes found in Eulerian framework dispersion.  Overall, fixing the location (either to 

a known or prediction point) did not improve the error ranges over the unknown location 

(unconstrained) method in the open field test case. 

6.6.1.4 Influence of 𝑺𝒄𝒕 error in combination with all other error sources using 

Project Prairie Grass field measurement data 

The effects of 𝑆𝑐𝑡 variation were also investigated using field measured concentration data 

from the PPG measurements (Barad, 1958).  This allowed 𝑆𝑐𝑡 error effects to be considered 

in combination with other factors such as measurement uncertainty, wind model error, etc. 

that are relevant in a field application.  Simulations evaluated the accuracy of the predicted 

source location and magnitude for a range of 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 from 0.33 to 2.0.  As illustrated 

in Figure 6.6a-c the central location of the emissions prediction region remained within a 

5.3 m distance of the actual release location for all turbulent Schmidt numbers tested.  

Similar to the synthetic data test cases of Figure 6.3, the strongly advective plumes seen at 

high 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 (Figure 6.6c) produce irregular, less smoothly varying source prediction 

regions.  Compared with Figure 6.3 where Schmidt number effects were considered in 

isolation, the predicted source area using the field observations is spread over a larger area.   
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Figure 6.6: Combined effects of Sct mismatch and measurement and wind modelling 

error on the predicted source location in the Project Prairie Grass data set.  The 

images show the 400 m × 300 m domain at 0.5 m vertical height for with Sct,assumed of 

a) 0.33, b) 0.67 and c) 1.33.  Actual location of release is marked by a white circle. 

The normalized emission rate was plotted versus 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 in Figure 6.7.  The unknown 

source location, known source location, and predicted location emission rate estimations 

are shown together.  For the unknown source location case, the emission rate is calculated 

from the sum of predicted rates in connecting cells composing the main source region.  The 

centroid of this region was used as the source position for the assumed source location case.   

Although the actual source emission rate is known from the experimental data, 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 

is unknown.  In general, the unknown source location case predicts a stronger source, the 
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known location a weaker source, and the assumed location case falls in between.  Overall, 

for an assumed turbulent Schmidt number range of 0.33-2.0, the predicted emission rates 

were within –35% to +128% (range of ~170%), –75% to +47% (range of ~120%), and  

–65% to +99% (range of ~160%) of the actual emission rate for the unknown, known, and 

assumed locations respectively.   

Although the error range is slightly reduced using the known or predicted location methods, 

there is a greater tendency toward underprediction.  When assuming a mid-range turbulent 

Schmidt number appropriate for an open field of Sct,assumed=0.67, the predicted emission 

rates are +9%, –41%, and –29% of the actual value for the unknown, known, and predicted 

locations.  This suggests that the unknown source location method (scalar-adjoint 

approach) is still likely to give better results in similar situations matching the isolated 𝑆𝑐𝑡 

results presented in previous sections.  However, the field data results of Figure 6.7 show 

that over an extreme range of 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑, each method can have a case where it provides 

the closest estimate of the actual source magnitude.  Interpolating on Figure 6.7, the implied 

𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 to give a normalized emission rate prediction of unity is 0.76 for the unknown 

location, 0.45 for the exactly known location, and 0.6 for the predicted location cases.   

 

Figure 6.7: Normalized prediction of source emission rate in PPG experimental test 

data versus reciprocal of assumed turbulent Schmidt number.  Curves show results 

assuming either an unknown location, known exact location, or fixed location based 

on predicted centroid from unknown location method. 
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6.6.2 Partial Gas Plant (Bluff Body) Test Case 

6.6.2.1 Test Case Details 

Turbulent Schmidt number sensitivity was also investigated in a more complicated 3D 

domain based on an Alberta gas plant relevant to the target application of detecting and 

quantifying fugitive emissions within industrial facilities.  The test geometry (see Figure 

6.8) features irregularly placed buildings ranging in height from 3 m to 10 m within a 

400 m × 350 m × 100 m domain discretized into 1411061 cells.  Four release locations (see 

Figure 6.8) were chosen, each at a vertical height of 1.0 m.  Non-dimensional mass 

emission rates of 10/s and 1/s were selected, creating two large (L) and two small (S) 

sources (representing insignificant sources).  Further detail can be found in Brereton et al. 

(2018a). 

Brereton et al. (2018a) found that it was possible to use as sequence of steady RANS 

simulations (with different inlet boundary conditions) to reasonably approximate transient 

URANS wind fields during the optimization process.  Brereton et al. (2018b) showed that 

this approach could also be used with a pre-computed flow database based on the steady 

flow wind data approximations.  In this paper, due to practical computational restrictions 

in simulating multiple cases, these approaches were adopted.  For the transient URANS 

simulations, inlets were based on varying 10 m vertical velocities of wind tower data 

representing approximately 30 min. of physical time.  Inlet wind profiles were represented 

by the recommended neutral stability profiles of Richards and Hoxey (1993) for a 

roughness height of 0.04 m and an additional fetch of buildings were added upstream of 

the region of interest.  Detail of these transient simulations can be found in Brereton et al. 

(2018a, 2018b).  Using average velocities at 10 m height ahead of the main built region, 

this transient wind field was approximated with thirty-two steady-state RANS simulations 

with wind primarily from the South-East.  Each interval consisted of 30 s of useable 

measurement time preceded by 96 s to 171 s of domain clearance time, which allowed time 

for the plume within the domain to clear after each wind direction change.  This is discussed 

in more detail in Brereton et al. (2018b). Measurement intervals were fully independent 

and did not overlap.  The convergence criterion was a consistent cost function decrease of 

less than 0.01% of the first iteration value.  Known emission location rates were also found 
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with the simulated annealing optimization assuming both the actual locations and locations 

estimated from the initial unknown location procedure. 

This series of steady RANS simulations was initially treated as a known wind field so the 

effects of turbulent Schmidt number selection could be isolated.  The four virtual releases 

were again simulated with 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 ranging from 0.33–2.0 on each steady RANS 

simulated wind field.  Concentrations were extracted at sparse virtual sensor locations (see 

Figure 6.8).  This virtual sensor network was set to a rectangular grid of sensors at 50 m 

spacing and a vertical height of 1.5 m.  These synthetic concentration data sets (each with 

a different 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙) were treated as the concentration observations.  Inverse releases were 

subsequently performed with 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑=1.0 from each sensor backwards in time to create 

a database of pre-computed transport flows.  These results were used to calculate model 

concentrations during the optimization loop.  Thus, in these tests the wind input used within 

the optimization procedure can, baring the turbulent Schmidt number selection, match the 

observation generation.  The general wind directions were chosen so that sources L2 and 

S2 interfere to investigate the effects of poor source discernment.   

In addition to these known wind field cases, additional test cases considered the combined 

effects of 𝑆𝑐𝑡 error, wind error, and sensor response limitations.  Virtual releases with 

𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 ranging from 0.33–2.0 were performed on the transient URANS wind fields to 

generate sets of raw concentration data at the virtual sensors (see Brereton et al., 2018a, 

2018b).  The source characterization was then performed using the same steady-state 

RANS simulations as the previous cases (Brereton et al., 2018b).  Thirty-second average 

concentrations at sensor locations were extracted from the transient case (representing 

limited sensor response) at the end of each selected period represented by the steady-state 

RANS simulation.  Thus, the wind fields used in the optimization only approximated the 

transient URANS fields used to generate the test sensor data.  As noted above, during the 

source optimization procedure 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 was fixed at a nominal value of 1.0.  Thus, with 

𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 varied in the original transient URANS simulations, the predicted source 

locations and magnitudes were subject to the combined effects of 𝑆𝑐𝑡 error, wind error, and 

sensor response. 
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Figure 6.8: a) Top view of 3D building domain marking large (L) and small (S) 

sources (circles) and sensor locations (dots) and b) mesh detail (Brereton et al., 

2018b) 

6.6.2.2 Unknown locations with unknown emission rates 

For 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑=1.0 and starting from an initial guess of no sources while allowing the 

scalar adjoint optimization scheme to predict source locations without constraint, Figure 

6.9 shows predicted source regions for different 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙.  In Figure 6.9a-c, the wind fields 

used to generate the test sensor data exactly match those used in the source characterization, 

so that only the effects of 𝑆𝑐𝑡 error are apparent.  In Figure 6.9d-f, the sensor observations 

were generated with detailed transient wind fields that differed from the simplified data 

used in the source characterization.  Thus, 𝑆𝑐𝑡 mismatch errors are no longer isolated and 

instead are compounded with errors in the wind modelling and sensor response as would 

be expected in a practical application.  In all cases, the centroids of the significant predicted 

source regions (i.e. regions representing >5% of total predicted emissions) are shown in 
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black and emission rates, location, and location prediction spread are compared for the 

closest significant emission source to the actual major release locations.   

Results correctly predict the large sources regardless of the actual turbulent Schmidt 

number, though as with previous work (Brereton et al., 2018a), smaller sources cannot be 

discerned.  However, tails and recirculation zones are also estimated as potential emission 

regions.  These regions are expected given the limited wind data set (Brereton et al., 2018a).   

When isolating for the effects of mismatch between the actual and assumed turbulent 

Schmidt numbers (Figure 6.9a-c), additional spurious sources become more important as 

the actual source plumes become more advective, though no additional regions become 

significant.  However, this is not necessarily the case when including additional wind 

model errors during source characterization (Figure 6.9d-f).   

Figure 6.10 plots location error (i.e. distance between the predicted source centroid and the 

actual source location) and spread of the predicted source (i.e. the emission-rate weighted 

average distance of each cell in the prediction region to the centroid – a convenient single-

value measure of the spread of the source location prediction).  Figure 6.10a shows the 

results when isolating for turbulent Schmidt number mismatch.  The predicted locations 

are always within 4 m of the actual source.  However, there is no consistent trend in the 

location error or spread with turbulent Schmidt number.  

Figure 6.10b shows corresponding location error and predicted source spread results when 

sensor observations were generated with detailed transient, varying wind fields such that 

the errors of incorrect 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 are combined with wind modelling and sensor response 

errors as would be expected in a practical application.  The distance between the predicted 

source centroid and the actual source location again shows little dependence on 

𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑, but has increased to a maximum of 10 m from the actual source for L2.  The 

spread of the predicted source regions is slightly larger than the matching wind cases but 

show little dependence on turbulent Schmidt number mismatch.  
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Figure 6.9: Predicted emission rate locations at 1.5 m height for Sct,assumed of 1.0.  (a-

c) observations were generated on the same wind fields (isolating the effects Sct 

mismatch) with Sct,actual of a) 0.33, b) 1.0, c) 2.0.  (d-f) observations generated 

detailed transient wind fields (combining effects of Sct mismatch and wind and 

sensor error) with Sct,actual of d) 0.33, e) 1.0, and f) 2.0.  Actual location of released 

marked by circles. Horizontal centroid position of important (>5% total) emission 

regions are marked with black dots. 
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Figure 6.10: a) Isolated effects of Sct, and b) combined effects of Sct and wind error 

on source location accuracy (distance from predicted centroid to actual release 

location) and spread of predicted source (emission-weighted average spread from 

predicted centroid).   

 

6.6.2.3 Emission rate predictions for unknown, known, and assumed source 

locations 

Figure 6.11a compares predicted and actual emission rates for different 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 values 

using observations and optimization model concentrations generated on the same wind 

fields, which isolates the effects of 𝑆𝑐𝑡 mismatch.  The three plots show results using the 

unknown (unconstrained) location method, the known location with simulated annealing, 

and the predicted location with simulated annealing.  Figure 6.11b compares the same 

prediction types, but with observations generated using the transient wind fields (i.e. 

incorporating both 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 and wind modelling error).  Predicted emission rates are 

plotted for each of the contiguous high emission regions corresponding to L1 and L2 (with 

boundaries defined by a threshold of 1% of the highest emission rate per volume).   

Considering the effects of 𝑆𝑐𝑡 in isolation (i.e. with matching wind fields), for source L1 

the emission rate prediction increases from –33% to +31% of the actual source as 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 

increases.  Source L2, which compared to L1 is poorly covered by the sensor network for 

these wind directions, has a similar trend (rising from –41% to +36% of the actual emission 

rate).  When wind model error is also considered (Figure 6.11b), both sources are under-
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predicted for all 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙, however the range of predicted values is notably reduced  

(–61% to –48% for source L1, and –65% to –44% for source L2). 

Specifying source locations as known values, such as a case where an IR camera is used to 

verify location, does not reduce the general sensitivity to 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙.  With known wind 

fields (Figure 6.11a) knowing the location does seem to improve quantification accuracy, 

but this does not hold when wind error is also considered (Figure 6.11b).  If the predicted 

source locations are specified prior to estimating source magnitude via simulated 

annealing, the sensitivity to 𝑆𝑐𝑡,𝑎𝑐𝑡𝑢𝑎𝑙 is potentially worse in both cases.  In general, the 

presence of bluff-bodies tends to reduce the sensitivity to 𝑆𝑐𝑡 error in comparison to the 

open-field cases, although this remains an important limitation in all cases.  The bounds of 

the turbulent Schmidt number effects on emission rate predictions from the open field cases 

could be useful as a conservative error estimate in lieu of other information. 

 

Figure 6.11: Normalized emission rate versus turbulent Schmidt number for the 

unknown (unconstrained), known, and predicted locations using Sct,assumed =1.0 for 

a) wind fields matching between model and observations, and b) wind field 

approximation.  

6.7 Conclusions 

Clearly the selection of turbulent Schmidt number is an important criterion for quantifying 

emission sources using a modelling approach.  However, source location accuracy is not 

particularly sensitive to turbulent Schmidt number.  For the open field cases with good 

sensor coverage, increasing the assumed diffusivity (decreasing 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑) increased the 

emission rate prediction.  For combinations of actual and assumed turbulent Schmidt 



 

120 

numbers spanning 0.33-2.0, the predicted emission rates could vary from –66% to +109% 

of the actual rate if locations were unspecified and were made worse (–80% to +267%) if 

the source location was prescribed.  However, by assuming a single nominal turbulent 

Schmidt number of 0.67, the unconstrained location method could predict emission rates 

within –33% to +48% over the same range of actual turbulent Schmidt numbers.   

For tests using the PPG experiment field data, if a mid-range 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 value of 0.67 

frequently cited as appropriate for an open-field geometry was selected, the unconstrained 

location approach predicted the actual source within ~10%.  However, results could still 

vary from –35 to +128% of the actual emission rate if 𝑆𝑐𝑡,𝑎𝑠𝑠𝑢𝑚𝑒𝑑 values between 2.0 and 

0.33 were selected.  Higher errors observed when prescribing the source location (even 

when specifying the actual source locations) were attributed to the restricted model being 

less able to compensate for model errors, though all methods could reproduce the 

experimental emission rate by assuming specific turbulent Schmidt numbers within the 

physically reasonable range.   

The presence of bluff bodies and additional wind modelling error tended to reduce the 

turbulent Schmidt number dependence, consistent with Chavez et al. (2011), however 

spurious sources could arise especially with strongly advective plumes.  Emission rates 

prediction did not improve by prescribing the predicted location as a point source prior to 

estimating its magnitude via simulated annealing. 

Given the observed results, an ideal approach to placing bounds on turbulent Schmidt 

number dependence in source characterization applications would be to perform multiple 

characterizations using a range of different turbulent Schmidt number assumptions.  

However, in the limits of computational time and cost, a more practical alternative would 

be to use the open field case emission range as a conservative error bound for bluff-body 

cases.  Simulations show that the main predicted source locations are not expected to 

change even if actual turbulent Schmidt numbers differ.   
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Chapter 7 Conclusions and Future Work 

 

7.1 Conclusions 

The objective of this thesis was to investigate a scalar transport adjoint-based optimization 

approach that could efficiently locate and quantify unknown sources of fugitive emissions 

within potentially complex facilities.  Working toward a target application of fugitive 

emissions mitigation in oil and gas facilities, the approach uses sparse sensor data and 

simplified wind fields to meet the main requirement of being able to direct maintenance to 

key areas in a timely manner.  The technique was implemented using the partial differential 

equation solvers in the OpenFOAM toolkit and tested in multiple simulations. 

Results showed that single-source open-field releases, based on field release data from 

Project Prairie Grass, could be located within 5 m of the actual source location and 

quantified within 13% using measured data and estimated wind fields.  Tests of simulated 

multi-source releases on a complex 3D domain based on a partial Alberta gas plant were 

also successful in determining major source regions using only 14 min. of data.  This was 

true even if detailed transient winds were approximated by stitching together a series of 

steady-state wind estimates to cover the physical period and using 30 s average sensor 

concentrations.  This series of steady wind simulations would be much easier to implement 

for real-world applications and its success suggested that a pre-computed database of 

common flow conditions could be used to reduce computational time. 

Further work successfully demonstrated the utility of a database of plume retro-tracers 

(PRTs) developed as an extension of the use of steady-state wind series approximations.  

These retro-tracers could be performed using common flow conditions in advance, front-

loading computational cost to an initial system setup phase.  Compared to the original 

method which uses concurrent transport computations (CTC) during the optimization 

process, using the PRT to estimate transport solves improved computational time by a 

factor of 200 to 600.  The PRT method was shown to give equivalent results to the CTC 
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method on the open-field test case when using identical wind estimates.  However, there 

was some loss of accuracy when using the PRT method on the bluff-body dominated test 

case because of the need to use simplified wind fields when developing the database of 

retro-tracers.  In addition, with the PRT method, following each change in wind conditions, 

it is necessary to allow sufficient time for gas within the domain to clear.  Nevertheless, 

results of test simulations with the PRT method showed that major sources could be 

successfully located even with minimal data and wind directional coverage (i.e. less than 

30 min. of physical time with 110° of wind direction variation).  Emission rates of major 

sources were predicted within –30%, which is sufficient to distinguish them from 

insignificant sources and prioritize maintenance.  Results were also shown to improve with 

more data and increased wind coverage.  

A final phase of the thesis considered the importance of the turbulent Schmidt number 

value used for source characterization, which has not previously been investigated in multi-

source estimation problems.  Uncertainty in the value of the turbulent Schmidt number 

(required to estimate diffusivity) was found to have little impact on source location 

estimates but could strongly influence predicted emission rates.  For the open-field test 

case, if actual turbulent Schmidt number values ranged from 0.33 to 2.0, assuming a mid-

range value of 0.67 resulted in a predicted emission rate uncertainty of –33% to +48%.  

However, the presence of bluff bodies reduced the impact of the turbulent Schmidt number 

selection, suggesting that the open field case could be used as an error bound assuming 

computational costs preclude multiple tests with varying turbulent Schmidt number 

selections.   

7.2 Major Contributions 

The research presented in this thesis focused on an adjoint-optimization based approach 

for characterizing an unknown number of emission sources within potentially complex 3D 

domains.  This is appropriate for locating and quantifying sources of fugitive emissions 

within oil and gas industry facilities but could be broadly applicable to emission sources in 

other applications such as hazardous material releases, terrorism incidents, or the location 

and/or quantification of other industrial pollutants. 
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The method code was developed and implemented with OpenFOAM, an open-source set 

of partial differential equation solver libraries rather than proprietary software.  This use of 

open-source tools makes it much easier to adapt and extend the presented results into 

practical applications.  The method and code were investigated with both field release data 

and developed synthetic releases within a three-dimensional domain representative of the 

target application.   

In addition to demonstrating the utility of the approach in locating and quantifying 

unknown emission sources within a complex facility geometry, further work revealed the 

potential of using simplified wind input data to reduce computational overhead.  Compared 

with complex, transient wind inputs, simplified 30-s average wind data were shown to be 

sufficient to provide useful location and quantification information for unknown sources.   

A major extension of this result then demonstrated how pre-computed adjoint releases 

based on simplified average wind fields could be used to vastly reduce computational cost 

while still allowing major source regions to be located and emission rates scaled.  

Following an initial setup phase, this reduced computational time by 200 to 600 times, 

making near-continuous source determination feasible on a simple desktop computer.   

Tests on both single and multi-source releases revealed that turbulent Schmidt number 

selection did not significantly affect predicted source locations, making it reasonable to use 

a single turbulent Schmidt number for pre-computation database generation.  Although the 

turbulent Schmidt number was shown to affect quantification accuracy, bluff-bodies in the 

domain dampened this effect.  A further contribution of this work is the suggestion that 

results for the open-field test case can act as an upper bound to Schmidt number 

uncertainties in the bluff-body dominated domains, which are expected in the target 

application.  

Overall, this thesis has demonstrated the potential of the scalar transport adjoint-based 

optimization approach to locate and quantify unknown sources of fugitive emissions within 

complex facilities.  In a field application, this technique has the potential to greatly increase 

fugitive emission detection speed, allowing emitting components to be dealt with quickly 

by giving both approximate magnitude and location to prioritize maintenance and repair.  
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Further, the PRT method, once setup, is sufficiently fast that it gives rise to the possibility 

of continuous, or near-continuous, emission source identification.  Such a system would 

easily allow for external verification of emissions and reductions, directly enabling 

regulatory strategies based on carbon pricing and/or crediting.   

7.3 Future Work 

Several areas remain for future investigations.  Wind directional coverage, as well as sensor 

position relative to source locations, have been shown to have large impacts on the ability 

to estimate source magnitudes and narrow predicted source regions.  Additional test data 

sets, specifically for varying complexities and size of domain, sensor positioning, and 

wider range of wind direction values are aspects that need to be explored in the future to 

develop best practices for use.  This includes developing test data sets for field releases 

over representative bluff bodies and data sets with varying vertical source positioning with 

the goal of developing minimum data collection limits to facilitate automatic source 

characterization.  

In related work, the importance of sensor positioning also needs to be further explored to 

develop best practice placement guidelines and minimum levels of sensor coverage.  The 

current work used a regularly placed grid of sensors for the bluff-body tests, but it is 

possible that placement could be optimized for facility geometries and common wind 

conditions.  Determining the limits of the method with fence-line monitoring, and sensor 

density requirements for such a sensor setup, also may be useful in cases where monitoring 

cannot be allowed within facilities. 
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Appendix A: Plume and Gas Dispersion Modelling 

Modelling of gas transport, or plume dispersion modelling, is important for many 

atmospheric chemistry applications.  In addition to source characterization, modelling 

plumes can determine impacts of existing or proposed structures and facilities.  Various 

paradigms and simplifications exist depending on available resources or application, but 

are typically based on mass conservation. 

A.1 Mass Conservation and the Advection-Diffusion Equation 

For a fixed volume Ω with control surface boundaries Γ and a concentration c (per unit 

volume) of a tracer species (Kuzmin, 2010), 

 𝜕

𝜕𝑡
∫ 𝑐 𝑑𝐱

𝛺

+ ∫ 𝐟 ∙ 𝐧 𝑑𝛤
𝛤

= ∫ 𝑆 𝑑𝐱
𝛺

 (A.1) 

must be satisfied where 

 t is time, 

 S is the term for sources or sinks of mass within the control volume, 

 f is the flux vector which specifies the rate tracer species enters or leaves the volume 

through the boundaries, and 

  n is the outward normal unit vector at the surface. 

Applying divergence theorem, the evolution of c in time (t) is governed by (Kuzmin, 2010) 

 𝜕𝑐

𝜕𝑡
+ ∇ ∙ 𝐟 = 𝑆. (A.2) 

One form of mass transport for a tracer species is molecular diffusion.  Fick’s law relates 

this diffusion driven mass transport to concentration gradient and, in three dimensions, can 

be generalized to (Roberts and Webster, 2002) 

 𝐪 = −𝐷𝑐∇𝑐 (A.3) 

where 
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 q is the flux vector (mass transport rate per unit area per unit time), and 

 Dc is the molecular diffusion coefficient.   

The second major transport mechanism is advective transport (also sometimes called 

convective transport) and denoted Uc in three dimensions (Roberts and Webster, 2002) 

where U is the velocity vector.  Putting these transport mechanisms into the Eq. (A.2) gives 

 𝜕𝑐

𝜕𝑡
+ ∇ ∙ (𝐔𝑐 + 𝐪) =

𝜕𝑐

𝜕𝑡
+ ∇ ∙ (𝐔𝑐 − 𝐷𝑐∇𝑐) = 𝑆. (A.4) 

The source term S may contain terms for sources and sinks, including deposition, chemical 

decay, and radioactive decay.  Gravitational settling may be added to advection component 

if necessary. (Lagzi et al., 2013) 

Using Reynolds decomposition, both the wind and concentration terms can be split into 

mean (ensemble-average) and perturbed components, 

 𝐔 = 𝐮 + 𝐮′, (A.5) 

and 

 𝑐 = 𝐶 + 𝑐′. (A.6) 

Substituting these split terms into Equation (A.4) and averaging results in  

 𝜕𝐶

𝜕𝑡
+ ∇ ∙ (𝐮𝐶) + ∇ ∙ (−𝐷𝑐∇𝐶) +

∂(𝑢′c′̅̅ ̅̅ ̅)

∂𝑥
+

∂(𝑣′𝑐′̅̅ ̅̅ ̅)

∂𝑦
+

∂(𝑤′𝑐′̅̅ ̅̅ ̅)

∂𝑧
= 𝑆 (A.7) 

where u’, v’, and w’ are the perturbed velocity components.  The three new terms on the 

left hand side are the turbulent flux (Roberts and Webster, 2002).  The x-component of the 

molecular dispersion and turbulent flux can be written as (Roberts and Webster, 2002) 

 𝜕 (−𝐷𝑐
𝜕𝐶

𝜕𝑥
+ 𝑢′c′̅̅ ̅̅ ̅)

𝜕𝑥
. (A.8) 
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Dc is usually very small so  𝑢′c′̅̅ ̅̅ ̅ ≫ 𝐷𝑐
𝜕𝐶

𝜕𝑥
  and the molecular transport is generally neglected 

unless considering small scale mixing (Roberts and Webster, 2002), retaining the turbulent 

transport only.  Other components directions are similar.  A common assumption to treat 

the turbulent transport is based on gradient theory and treats the directional turbulent flux 

as proportional to the concentration gradient (Lagzi et al., 2013).  Using this assumption, 

Equation (A.7) can be expressed as  

 𝜕𝐶

𝜕𝑡
+ ∇ ∙ (𝐮𝐶 − 𝐷∇𝐶) = 𝑆 (A.9) 

where D is the matrix turbulent diffusion coefficients and is a property of the flow.  

Equation (A.9), often referred to as the advection-diffusion equation or the convection-

diffusion equation, may be solved in a number of ways, but the three main approaches are 

(Lagzi et al., 2013): 

1. Gaussian, where the equation is solved analytically with simplifying assumptions,  

2. Lagrangian, a stochastic approach where the concentration field is given by 

particle superposition, and 

3. Eulerian, where a spatially discretized mesh is used. 

Each of these approaches and common industry implementations are discussed below. 

A.2 Gaussian Plume Dispersion 

Assuming a homogenous steady-state flow and source, Equation (A.9) can be solved 

analytically.  Assuming coordinate directions where the x-axis is aligned with the wind 

direction, the basic form of the standard Gaussian plume model is (Jung et al., 2003) 

 
𝐶 =

�̇�

2𝜋𝑈𝜎𝑦𝜎𝑧
𝑒𝑥𝑝 [−

𝑦2

2𝜎𝑦
2

] 𝑒𝑥𝑝 [−
(𝑧 − 𝐻)2

2𝜎𝑧
2

] (A.10) 

where C is the steady-state concentration, �̇� is the emission rate, U is the wind speed at 

the release height, y the horizontal distance from the plume center, z the distance from the 

ground and H the effective release height (which may include compensation for plume 

buoyancy).  𝜎𝑦 and 𝜎𝑧 are the standard deviations in spread for their respective coordinate 
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directions and describe the crosswind and vertical plume mixing respectively.  They are 

typically assumed to be proportional to time and/or distance (Reible, 1999) and depend on 

atmospheric stability.  Additional corrections for ground and inversion layer reflection can 

also be added.  The model itself is very fast to compute even by hand, a trade-off with its 

simplifications (see Table A.1) and is typically used for source characterization research 

(Hutchinson et al., 2017).   

Table A.1:  Typical Gaussian plume model property representation (Lagzi et al., 

2013) 

Represented in most Gaussian models Neglected in most Gaussian models 

Advection 

Horizontal and vertical diffusion 

Ground and inversion layer reflection 

Elevated sources 

Buoyancy (effective stack height 

correction) 

Multiple point sources 

Wind shear 

Temporal wind change 

Source rate/location change over time 

Deposition 

Gravitational settling 

Chemical reactions and decay 

Complex terrain 

3D diffusion 

 

A.2.1 AERMOD 

One of the most utilized Gaussian-based models for industrial settings (including upstream 

oil and gas) is AERMOD.  AERMOD was developed collaboratively by AERMIC 

(American Meteorological Society/U.S. Environmental Protection Agency Regulatory 

Model Improvement Committee) and is an EPA preferred model for regulatory purposes.   

The model itself includes turbulence parameterization (based on Monin-Obukhov theory) 

and models for complex terrain and urban boundary layers.  Downwash is handled by 

PRIME (Plume RIse Model Enhancements) (Schulman et al., 2000), but has difficulty with 

some types of building configurations (Peterson et al., 2017).   

A.3 Lagrangian Dispersion Models 

In Lagrangian-based dispersion models, pollutant particles move along trajectories 

determined by velocity, buoyancy and turbulent effects (Lagzi et al., 2013).  Particle 

tracking on a wind field is computationally simple and stochastic estimations of 
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concentration can be found from the final distribution if a large number of particles are 

used (Lagzi et al., 2013).  The particle tracking itself is grid free (Lagzi et al., 2013), but a 

typical method of determining concentration is to use a volume average over a grid cell, 

though determining appropriate cell sizes can pose difficulties with random fluctuations at 

small volumes or detail loss at large volumes (de Haan, 1999).  For sufficient particle 

densities at high detail levels, computational time can become quite large compared with 

Gaussian or Eulerian counterparts (Windtrax, 2018).  Alternatively, a density distribution 

can be used to distribute particles in space rather than using large numbers of particles (de 

Haan, 1999).  This leads to the two main types of Lagrangian-based dispersion models 

(Lagzi et al., 2013): 

1. Trajectory models:  

Trajectory models estimate each particle as a point and use the distribution of 

many particles to determine concentration.   

2. Puff models 

Puff models generally assume Gaussian dispersion inside each particle and use 

superposition of multiple particles to determine concentration. 

For a typical puff model, puff mass maintains equivalence with the mass released during 

the initial prescribed time interval and the puff evolves through time.  For a single puff, the 

central location moves with the computed trajectory and the concentration distribution 

takes a Gaussian form such as (Jung et al., 2003), 

 
𝐶 =

𝑚

(2𝜋)3/2𝜎𝑦
2𝜎𝑧

𝑒𝑥𝑝 [−
𝑥2

2𝜎𝑦
2

] 𝑒𝑥𝑝 [−
𝑦2

2𝜎𝑦
2

] 𝑒𝑥𝑝 [−
(𝑧 − 𝐻)2

2𝜎𝑧
2

] (A.11) 

where m is the mass of the puff released.  Concentrations are summed for multiple puffs.   

A.3.1 Windtrax 

Windtrax (available at http://www.thunderbeachscientific.com/) is a short-range 

atmospheric dispersion modelling software based on Lagrangian stochastic trajectory 

particle models.  In particular, trajectories can be computed in both forward (from sources) 

and backward (from sensors backwards in time) modes and the software can calculate 

emission rates for known source locations and estimate sensitivity of source/receptor 
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relationships for multiple source cases.  An example application for emission calculation 

for a dairy farm can be found in Flesch et al. (2009). 

A.3.2 CALPUFF 

Another preferred U.S. EPA model is CALPUFF (available at http://www.src.com/) 

recommended for long range transport at distances where winds cannot be considered 

steady and homogenous throughout.  CALPUFF consists of a meteorological model, an air 

dispersion model based on non-steady-state puffs and a post processing package.  The use 

of puffs allows for multiple species to be represented and has algorithms for subgrid scale 

effects such as terrain impingement.  

A.3.3 SCIPUFF 

SCIPUFF, or Second-order closure model, is a 3D Gaussian puff model with diffusion 

parameters based on turbulence closure theory.  Continuous, instantaneous, moving, and 

stack sources can be modelled for both buoyant and non-buoyant releases for short and 

long range transport.  SCIPUFF has been used in several source characterization studies 

(e.g. Bieringer et al., 2015; Kopka et al., 2016; Allen et al., 2007) 

A.4 Eulerian Approach to Dispersion Modelling 

Eulerian-based models numerically solve Equation (A.9) on a spatially discretized mesh.  

This becomes an initial value problem that is marched forward in time in a manner similar 

to more familiar CFD codes.  Depending on the domain and problem, this can be simple 

or complex and Eulerian-based models naturally scale between both.  For complex domains 

and near-source regions, CFD and chemical reactions can be performed in conjunction 

(Lagzi et al., 2013). 
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Appendix B: L-BFGS Optimization Scheme 

Gradient-based optimization schemes are often-used methods for their computational 

efficiency.  The BFGS (Broyden,Fletcher, Goldfarb, Shanno) scheme falls within this 

category of optimization methods, as does its limited memory counterpart.  Overall, the 

goal is to find the minimum cost function value (a fitness measure), with the cost function 

definition depending on the problem itself. 

B.1 Gradient Descent 

Gradient descent (GD) methods are frequently used in function optimization (Cheng, 

2013).  To find the minimum of a function, GD methods choose a step direction that is the 

opposite of the function gradient since this is the direction the function decreases fastest 

(Cheng, 2013).  This can be expressed as (Cheng, 2013) 

 
1k k k k+ = +p p d  (B.1) 

   

where αk is the step length and dk is the step direction at step k at point p.   

B.1.1 Newton’s Method 

For Newton’s method, the second order Taylor expansion of the cost function J around pk 

at point p is (Andrew, 2008) 

 
( ) ( )21

( ) ( ) ( ) ( ) ( )
2

T T

k k k k k k km J J J= + −  + −  −p p p p p p p p  (B.2) 

   

where ( )2

kJ  is the Hessian matrix (symmetric matrix of second-order partial 

derivatives), which represents the curvature of J.  This quadratic approximation is 

minimized when the gradient with respect to p is the zero vector.  Thus, if the gradient is  

 ( )2( ) ( )k k k km J J = + −p p p , (B.3) 

   

p may be found with the local quadratic approximation of J, 

 ( )
12( )k k kJ J
−

− = − p p . (B.4) 
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The inverse of the Hessian matrix, however, requires considerable computational resources 

that may not be feasible for a large number of model parameters (Andrew, 2008), as is the 

case for the present source characterization problem. 

B.1.2 Quasi-Newton Methods 

Quasi-Newton methods reduce the expense of evaluating the Hessian by updating a 

running approximation of the Hessian (or its inverse).  DFP (Davidon, 1959) was the first 

quasi-Newton method, but this was superseded by BFGS (Broyden,Fletcher, Goldfarb, 

Shanno) discovered in 1970.  While DFP approximates the Hessian, BFGS approximates 

its inverse. 

B.1.3 BFGS 

Using an approximate Hessian, Bk, updated each iteration, and dk as the search direction, 

Equation (B.2) can be rewritten as (Blomgren, 2012) 

 
( ) ( ) ( )

1

2

T T

k k k km J J= + +d p p d d B d  (B.5) 

   

and Equation (B.4) as 

 ( )1

k k kJ−= − d B p  (B.6) 

   

Once the search direction dk and the step length αk are known, Equation (B.1) (see Gradient 

Descent) can be used to find the next point 1k+p .  The step length must satisfy the Wolfe 

conditions (Blomgren, 2012) 

 ( ) ( ) ( )

( ) ( )

1

2

1 20 1

T

k k k k k k k

T T

k k k k k k

J J c J

J c J

c c

 



+  + 

 +  

  

p d p d p

d p d d p  (B.7) 

   

The approximate Hessian Bk, unlike in the actual Newton’s method, is not actually the 

matrix of second partial derivatives.  Using the curvature information of the current step, 

this matrix is updated to Bk+1 (Blomgren, 2012) with 
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( ) ( ) ( )1 1 1 1

1

2

T T

k k k km J J+ + + += + +d p p d d B d  (B.8) 

   

Since the Hessian should not change significantly between iterations, the Hessian 

approximation Bk should have a gradient equal to the function gradient for steps k and k+1 

(Andrew, 2008).  Thus (Blomgren, 2012),  

 ( ) ( ) ( )

( ) ( )

1 1 1

1 1

k k k k k k k k

k k k k k

m J J

J J

 



+ + +

+ +

 − = − =

= −

d p B d p

B d p p
 (B.9) 

   

Defining  

 

( ) ( )
1

1

k k k k k

k k kJ J

+

+

= − =

= −

s p p d

y p p
 (B.10) 

   

this condition, the Secant Equation, is (Blomgren, 2012) 

 
1k k k+ =B s y  (B.11) 

   

Rather than determine Bk+1, for BFGS the form of this equation is updated to determine its 

inverse. 

 1

1 1k k k k k

−

+ += =H y B y s  (B.12) 

   

There are an infinite number of symmetric positive definite matrices that satisfy this 

condition.  To determine Hk+1 uniquely, it is chosen so that it is closest to the previous 

iteration using the weighted Frobenius norm (Blomgren, 2012). 

 ( ) ( ) ( )1 1/

where 

T T T T

k k k k k k k k k k k k k k

T

   + = − − + =

=

H I s y H I y s s s y s

H H
 (B.13) 

   

Thus, the BFGS algorithm, assuming a starting point of p0, a convergence tolerance of ε, 

and an initial Hessian approximation of H0 (this can be selected in various ways, including 

setting it to the identify matrix) can be summed up as (Blomgren, 2012) 
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k=0 

while( ( )kJ  p  ) 

( )k k kJ= − d H p  

( )1 ,...k klinesearch+ =p d  

1k k k+= −s p p  

( ) ( )1k k kJ J+= −y p p  

( )1/ T

k k k = y s  

( ) ( )1

T T T

k k k k k k k k k k kI I  + = − − +H s y H y s s s  

k = k + 1 

end-while 

BFGS is considered the most popular and effective of the quasi-Newton  methods (Skaaja, 

2010).  It is strongly self-correcting of bad matrix information after only a few updates and 

is robust (Skaaja, 2010).   

B.1.4 Limited Memory BFGS 

For a large number of variables, storing and manipulating the approximate inverse Hessian 

becomes difficult.  The limited memory version of the BFGS algorithm (Nocedal, 1980) 

stores a compressed version of the approximate inverse Hessian (an n x n dense matrix) by 

using a limited history of vectors pairs sk and yk (each of size n) instead for matrix 

operations (Blomgren, 2012).  Rather than containing updates from the initial step, the 

limited memory only uses recent updates.  The equivalent starting matrix (at the beginning 

of the stored updates) is one that is easy to store, for example, a scalar multiple of the 

identity matrix based on the most recent gradient change (Andrew, 2008).  If n is large, the 

limited memory BFGS can have significant increases in speed over the BFGS algorithm 

(Skaaja, 2010).  Byrd et al. (1994) developed a bounded version of the algorithm (L-BFGS-

B) that restricts the values of the predictions, which is useful in the target application where 

emission sources are positive emissions and chemical sinks are negligible. 
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Appendix C: Wind Profiles for Varying Atmospheric Stability 

C.1 Atmospheric Turbulence, Stability, and the Obukhov Length 

Atmospheric turbulence is made up of two main effects: wind shear causing mechanical 

turbulence, and thermal turbulence from buoyancy (Lagzi et al., 2013).  The first of these 

is highly influenced by terrain, while the second by atmospheric stability and surface 

radiation (Lagzi et al., 2013). 

Atmospheric stability, which describes the tendency to encourage or discourage vertical 

air motion, can be described in a number of ways.  An early, and still popular, method is 

the Pasquill’s stability classes which accounts for wind speed, sun elevation, and cloud 

cover to define mixing efficiency (Lagzi et al., 2013).  However, as Pasquill’s classes 

define only six discrete turbulence intensity values, other methods have increased in usage 

over time. 

One such method is the use of the Obukhov length (also called the Monin-Obukhov length), 

which combined vertical turbulent momentum and heat fluxes into a dimensioned length 

value (Lagzi et al., 2013) 

 

𝐿 = − 
(−𝑢′𝑤′̅̅ ̅̅ ̅̅ )

3

2

𝜅
𝑔

𝑇
𝑇′𝑤′̅̅ ̅̅ ̅̅

 (C.1) 

   

where T’, u’, w’ are temperature, horizontal, and vertical wind fluctuations, T is the 

temperature and κ is the von Karman constant (~0.4).  Using the turbulent heat flux (q) 

and friction velocity (u*) (Alinot, 2003), 

 

𝑢∗ = √
𝜏𝑤

𝜌
 (C.2) 

   

this can be expressed as (Foken, 2006) 

 
𝐿 = −

𝑢∗3

𝜅
𝑔

𝑇

𝑞

𝑐𝑝𝜌

 (C.3) 
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where cp is the specific heat and ρ the density of air.  A dimensionless parameter can be 

obtained by scaling the height from the ground (z) by the Obukhov length.  Table C.1 

summarizes the implications of this non-dimensional parameter. 

Table C.1:  Obukhov length and atmospheric stability (Alinot, 2003) 

z/L Atmospheric stratification Implication 

z/L>0 Stable Mechanical turbulence 

reduced by thermal 

stratification 

z/L=0 Neutral Purely mechanical 

turbulence 

z/L<0 Unstable Turbulence increased by 

thermal stratification 

 

C.2 Wind Profiles and Obukhov Length 

Turbulent viscosity, μT, may also be expressed as a function of height (z), friction velocity 

(u*), and the Obukhov length (L) (Alinot, 2003) as 

 
𝜇𝑇 =

𝜌𝜅𝑢∗𝑧

𝜙𝑚(𝑧/𝐿)
 (C.4) 

   

 

where the function 𝜙𝑚varies with atmospheric stability and the most common expressions 

are given in Table C.2. 

Table C.2: Expressions of 𝝓𝒎 for different atmospheric conditions (Alinot, 2003) 

Stability 𝝓𝒎(
𝒛

𝑳
)  

Neutral 1 

Stable 1+5(z/L) 

Unstable (1-16z/L)-1/4 

 

The velocity profile (u), for various stratifications with roughness height z0, is (Alinot, 

2003)  
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𝑢 =

𝑢∗

𝜅
[ln (

𝑧

𝑧0
) − Ψ𝑚 (

𝑧

𝐿
)] (C.5) 

   

where Ψ𝑚(
𝑧

𝐿
)  for various conditions may be found in Table C.3. 

Table C.3: Expressions of 𝚿𝒎 for different atmospheric conditions (Alinot, 2003) 

Stability 𝚿𝒎(
𝒛

𝑳
)  

Neutral 0 

Stable -5(z/L) 

Unstable 
ln [(

1+(1/𝜙𝑚)2

2
) (

1+(1/𝜙𝑚)

2
)

2

] −2𝑎𝑟𝑐𝑡𝑎𝑛 (
1

𝜙𝑚
) +

𝜋

2
  

 

Turbulent energy dissipation can also be expressed in the form (Alinot, 2003) 

 
𝜀 =

𝑢∗3

𝜅𝑧
𝜙𝜀(𝑧/𝐿) (C.6) 

   
 

where the function 𝜙𝜀varies with atmospheric stability and the most common expressions 

are given in Table C.4. 

Table C.4: Expressions of 𝝓𝜺 for different atmospheric conditions (Alinot, 2003) 

Stability 𝝓𝜺(
𝒛

𝑳
)  

Neutral 1 

Stable 𝜙𝑚 (
𝑧

𝐿
) − (

𝑧

𝐿
)  

Unstable 1 − (
𝑧

𝐿
)  
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Appendix D: Project Prairie Grass Mesh Refinement 

Forward transport releases were performed on three grids of varying refinements, using the 

same source definitions, based on the Project Prairie Grass Release 19 (Barad, 1958).  The 

region considered and source location are outline in Chapter 4.  The medium mesh (M) 

corresponds to the mesh used throughout this work.  Details are found in Chapter 4. 

Table D.1: Mesh spacing compared with Medium Mesh 

Mesh Number of Cells Cell side length compared 

with Medium Mesh 

Coarser (C) 190 thousand 2 

Finer (F) 12 million 0.5 

 

For comparison purposes, the source definition (which is volumetric) was maintained for 

each simulation.  Similarly, concentrations were compared for the same measurement 

volumes corresponding at the 50 m arc positions.  Details of Richardson extrapolation and 

grid convergence index (GCI) can be found at Slater (2008).  

D.1 Grid convergence index: maximum concentration at 50 m 

Order of convergence: 4.3 

Coarser to Medium Mesh: GCICM =1.968% 

Medium to Fine Mesh: GCIMF=0.079% 

Asymptotic convergence range check (should be approximately 1.0): 1.015   

D.2 Grid convergence index: concentration spread at 50 m 

The plume spread at 50 m was compared with the angle of 1% of the maximum 

concentration (using the Richardson extrapolated definition) on both sides of the plume. 

Left side: 

Order of convergence: 1.8 

Coarser to Medium Mesh: GCICM =0.51% 
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Medium to Fine Mesh: GCIMF=0.14% 

Asymptotic convergence range check (should be approximately 1.0): 0.996 

Right side: 

Order of convergence: 0.9 

Coarser to Medium Mesh: GCICM =3.2% 

Medium to Fine Mesh: GCIMF=1.7% 

Asymptotic convergence range check (should be approximately 1.0): 1.014 

For all comparisons, the GCI was less than 5%, making the medium mesh sufficiently 

representative of the expected plume dispersion. 
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Appendix E: Pre-convergence Location Predictions for Project Prairie 

Grass 

Useful information about the location prediction can be obtained even before convergence 

is achieved.  Intermediate location predictions for the Project Prairie Grass case (described 

in Section 4.5.1) are presented here at a vertical height of 0.5 m (approximately equal to 

the release height).   

 

Figure E.1: Project Prairie Grass emission rate prediction at a height of 0.5 m for 

various convergence iterations.  Actual release location is marked by white circle. 
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Appendix F: Optimization from Different Initial Conditions 

Throughout the results presented in the thesis, initial conditions were started by assuming 

no emissions throughout the domain.  This provided the fast convergence and did not bias 

the result towards a particular initial location.  However, as the optimization scheme chosen 

is a local optimization, beginning at a different initial condition can tend towards a different 

local minimum point.  Using the Project Prairie Grass test case, convergence from several 

different initial conditions (summarized with the actual release information in Table F.1) 

are shown here.  Cold restarting (treating the previous guess as a new initial condition and 

removing the time-history from the Hessian calculation) was also attempted in some cases 

to test convergence as further noted below.   

Table F.1: Actual Release Information and Tested Initial Conditions for Project 

Prairie Grass 

Actual / Initial Condition Release Description 

Actual release from PPG (desired 

result) 

Point source (0.102 kg/s) at (0 m 0 m 0.46 m) 

No release No release within domain (results presented in thesis) 

10× larger point release near 

actual source location  

1 kg/s at (0 m 0 m 5 m) 

Horizontally offset point release 

of same magnitude that affects 

sensor readings 

0.1 kg/s at (–25 m, 0, 0.5 m) 

10× larger point at high elevation 

(minimal effect on sensor 

readings) 

1 kg/s at (0 m 0 m 50 m) 

Volumetric release of correct 

magnitude dispersed in cube 

offset from actual source 

0.0001 kg/m3/s (0.1 kg/s) in cube volume from (-5 m 10 m 0 m) to 

(5 m 20 m 10 m) 

 

For the results shown below, emission regions were computed (using a 1% of the maximum 

threshold to define region boundaries).  However, for cases where an excessively large 

(10×) initial guess source could obscure actual sources, comparisons are also shown 

including other regions where necessary.  The presented normalized cost functions are all 

normalized by the cost function of a zero-emission release throughout for consistency and 

are presented at the same absolute convergence criteria (a consistent change of less than 

0.01% of the initial value per iteration) unless otherwise stated. 
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F.1 Initial Condition of a Large Point Release Near Actual Source Location 

A large point release (an order of magnitude greater than the actual release), 4.5 m above 

the actual release location, was investigated as a second initial condition case.  Results are 

summarized in Figure F.1 and Figure F.2.  A cold restart was performed at iteration 2021.  

Compared to a zero-source initial guess (Figure 4.3), the convergence is more than an order 

of magnitude slower.  Nevertheless, after 3502 iterations, the algorithm predicts a source 

with close to the correct magnitude (within 12%) but still at the initial guess location.  

However, this location error of 4.5 m is comparable to the 4.6 m error for the zero initial 

source guess case considered in Chapter 4.   

 

Figure F.1: Project Prairie Grass emission rate prediction with an initial guess of a 

10× larger source, 5 m above the actual source.  Actual release location is marked by 

white circle.  Results after 3502 iterations showing (a) predicted sources at 0.5 m 

elevation (elevation of the actual source) and (b) predicted sources at 5 m elevation 

(elevation of initial guess source), with enlarged image of region within white circle 

illustrating a source predicted at initial guess location. 
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Figure F.2: Predicted emission rates and convergence for PPG with an initial guess 

of a 10× larger source, 5 m above the actual source.   

 

F.2 Initial Condition of a Horizontally Offset Point Release of Similar 

Magnitude 

Results for the initial guess case of a horizontally offset source at same elevation (-25 m 0 

m 0.5 m) and similar magnitude to the actual source are shown in Figure F.3 and Figure 

F.4.  A cold-restart was performed at iteration 1700 and the convergence criteria was met 

at approximately 2000 iterations.  As shown in Figure F.3, the centroid of the predicted 

source region is within 3 m of the actual source, as good or better than the zero initial 

source guess case considered in Chapter 4.  Figure F.4 shows the convergence of the cost 

function, as well as the evolution of predicted emission rates in the entire domain, at the 

initial guess release location, and in dominant predicted source region (which is near the 

actual source location).  The algorithm reduces the initial guess source in a slow, nearly 

linear fashion with the number of iterations.  The main predicted source region (near the 

actual source) converges within 13% of the actual source emission rate (which is the same 

as the zero initial source guess case) within 175 iterations.  This is comparable to the 191 

iterations for convergence of the zero initial source guess case. 
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Figure F.3: Project Prairie Grass emission rate prediction with an initial guess of a 

horizontally offset source at same elevation (-25 m 0 m 0.5 m) and similar 

magnitude to the actual source.  Actual source location is marked by white circle.  

Results showing predicted sources at 0.5 m elevation after 2000 iterations.  

 

 

Figure F.4: Predicted emission rates and convergence for PPG with an initial guess 

of a horizontally offset source at same elevation (-25 m 0 m 0.5 m) and similar 

magnitude to the actual source.   

 



 

159 

F.3 Initial Condition of a Large Point Release at High Elevation 

A large point release (an order of magnitude greater than the actual release rate), 50 m 

above the actual release location, was also tested as an initial condition.  As shown in Figure 

F.5 and Figure F.6, the algorithm essentially ignored this initial source, which was too high 

in elevation to significantly affect the sensors in the domain.  A separate source was 

correctly predicted near the actual source location (within 4.4 m) at the correct magnitude 

(within 1%), which was of similar accuracy as the zero initial source guess case considered 

in Chapter 4.  Convergence was only slightly slower than the for no-release case for the 

same convergence criteria.   

 

Figure F.5: Project Prairie Grass emission rate prediction with an initial guess of a 

10× larger source, 50 m above the actual source.  Actual release location is marked 

by white circle.  Results shown at 0.5 m elevation after 216 iterations.   
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Figure F.6: Predicted emission rates and convergence for PPG with an initial guess 

of a 10× larger source, 50 m above the actual source.   Black lines and symbols show 

the zero initial source guess case of Chapter 4 for comparison.  Emission rate of the 

initial guess location (blue triangle) remains effectively unchanged, while predict 

source near actual iterates toward correct answer.   

 

 

F.4 Initial Condition of a Volume Release 

Figure F.7 and Figure F.8 show the predicted source location and convergence 

characteristics for an initial condition of a volumetric release of the correct magnitude in a 

~10 m×10 m×10 m cube located at (0 m, +15 m, +5 m), which is 15 m north and 4.5 m 

above the actual source.  The algorithm predicts the correct source location and magnitude 

with similar accuracy as the zero initial source guess case considered in Chapter 4. 
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Figure F.7: Project Prairie Grass emission rate prediction with an initial guess of a 

~10 m×10 m×10 m volumetric source 15 m north and 4.5 m above the actual source.  

Results shown at a height of 0.5 m for iteration 191.  Actual release location is 

marked by white circle. 

 

 

Figure F.8: Predicted emission rates and convergence for PPG with an initial guess 

of ~10 m×10 m×10 m volumetric source 15 m north and 4.5 m above the actual 

source.  
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F.5 Summary of Effects of Different Initial Conditions 

The different initial condition cases examined in this Appendix suggest that although the 

problem is ill-posed and the optimization scheme could be subject to local minima, the 

algorithm is robust.  Correct solutions with comparable accuracy to a zero-initial source 

guess case were found even when starting with incorrect guessed source magnitudes and 

locations.  Convergence time could be significantly increased however as noted in the case 

of an initially guessed 10× larger than actual source near the true source location.  Initial 

guessed sources outside the coverage region of the sensors were effectively ignored 

without impacting convergence times.  While the problem remains ill-posed such that there 

are likely initial guess conditions that would cause the algorithm to fail, all results in this 

thesis suggest that a starting guess of zero sources in the domain should consistently and 

efficiently produce useful solutions.   


