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Abstract

We obtain a formula expressing the character values of the almost difference

sets associated with the Sidelnikov-Lempel-Cohn-Eastman (SLCE) sequences

in terms of certain Jacobi sums. As a result, we are able to obtain new insight

into the pseudo-randomness properties of the SLCE sequences.

We consider the problem of determining maximal sets of shift-inequivalent

decimations of SLCE sequences, or rather the equivalent problem of deter-

mining the multiplier groups of the SLCE almost difference sets. Using our

character formula in conjunction with some tools from algebraic number

theory (such as Stickelberger’s Theorem) we obtain a numerical necessary

condition for a residue to be a multiplier of an SLCE almost difference set.

We use this necessary condition to prove that if p is a prime congruent to

3 modulo 4, the multiplier group of an SLCE almost difference set over the

prime field of order p must be trivial. Consequently, we obtain families of

shift-inequivalent decimations of SLCE sequences.

We also consider the problem of determining the linear complexity of the

SLCE sequences. Due to certain technical considerations, this problem is

rather difficult and has resisted the efforts of a number of mathematicians

over the past 15 years. Making use of our character formula together with

explicit evaluations of Jacobi sums in the pure and small index cases, we

obtain new upper bounds on the linear complexity of these sequences.



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Symbol Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

1 Introduction 1

2 Feedback shift register sequences and their applications 8

2.1 Stream-cipher cryptography . . . . . . . . . . . . . . . . . . . 9

2.1.1 Private key crypto-systems . . . . . . . . . . . . . . . . 9

2.1.2 Feedback shift registers . . . . . . . . . . . . . . . . . . 12

2.1.3 Cryptographic imperatives . . . . . . . . . . . . . . . . 17

2.1.4 Golomb’s randomness postulates . . . . . . . . . . . . 19

2.1.5 Another statistical property . . . . . . . . . . . . . . . 24

2.1.6 Linear complexity . . . . . . . . . . . . . . . . . . . . . 26

2.2 Spread spectrum communications systems . . . . . . . . . . . 31

2.3 m-sequences and related sequence families . . . . . . . . . . . 35

2.3.1 m-sequences . . . . . . . . . . . . . . . . . . . . . . . . 36

2.3.2 Array structure . . . . . . . . . . . . . . . . . . . . . . 40

iii



iv

2.3.3 Decimations and sequence families . . . . . . . . . . . 42

2.4 Sidelnikov Sequences . . . . . . . . . . . . . . . . . . . . . . . 45

2.4.1 Array structure of the Sidelnikov sequences . . . . . . . 48

2.4.2 Families of Sidelnikov sequences . . . . . . . . . . . . . 51

2.4.3 Research . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3 Group rings and difference sets 55

3.1 Difference sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.1.1 Cyclotomic difference sets . . . . . . . . . . . . . . . . 58

3.1.2 Constructing difference sets using projective geometry . 64

3.2 Almost difference sets . . . . . . . . . . . . . . . . . . . . . . . 71

3.3 Group rings and characters . . . . . . . . . . . . . . . . . . . . 74

3.4 Background from Algebraic Number Theory . . . . . . . . . . 81

3.5 Some applications of the character method . . . . . . . . . . . 86

3.5.1 Galois conjugates and multipliers . . . . . . . . . . . . 86

3.5.2 Prime ideals and linear complexity * . . . . . . . . . . 87

4 Gauss and Jacobi sums 91

4.1 Stickelberger’s Theorem . . . . . . . . . . . . . . . . . . . . . 94

4.2 Explicit evaluations of Gauss and Jacobi sums . . . . . . . . . 95

4.2.1 Gauss and Jacobi sums of small order . . . . . . . . . . 96

4.2.2 Pure Gauss and Jacobi sums * . . . . . . . . . . . . . . 98

4.2.3 Small index Gauss and Jacobi sums * . . . . . . . . . . 101

4.3 Jacobi sums, Jacobsthal sums, and cyclotomic numbers . . . . 106



v

4.4 The character formula * . . . . . . . . . . . . . . . . . . . . . 108

5 Shift-inequivalent decimations of the SLCE sequences 112

5.1 A necessary condition coming from Stickelberger’s Theorem * 113

5.2 Multipliers of SLCE almost difference sets over prime fields * . 117

6 Progress towards determining the linear complexity of the

SLCE sequences 125

6.1 The state of the art . . . . . . . . . . . . . . . . . . . . . . . . 126

6.2 New divisibility conditions * . . . . . . . . . . . . . . . . . . . 129

7 Future work 141

7.1 General questions . . . . . . . . . . . . . . . . . . . . . . . . . 141

7.2 Questions about decimations . . . . . . . . . . . . . . . . . . . 142

7.3 Questions about linear complexity . . . . . . . . . . . . . . . . 143



vi

Symbol Index

Symbol page Symbol page

R− 1 19 G(χ) 91

R− 2 20 J(χ, φ) 92

a′ 22 K(χ) 93

Ca,b(τ) 22 χP 95

R− 3 23 ρ 96

a[t] 25 a, b 103

L(b0b1b2...) 25 In(a) 107

TrL/K 38 Hn(a) 107

NL/K 39

1 , ..., p − 1 47

Y 47

S 47

(v, k, λ) 56

(i, j) 59

PG(d,Fq) 65

(v, k, λ, r) 71

Z[G] 74

ζn 79

h(K) 85



Chapter 1

Introduction

I

In this chapter, we give an overview of the contents of this thesis. How-

ever, we wish to begin by making a quick note for the reader. We have

found it necessary to include a large amount of expositional material in this

document, so for the sake of clarity, we have labelled the sections including

original work with a ∗. In a few of these sections, the original work amounts

to little more than routine extensions of known results; however, other sec-

tions include ideas which, we hope, are at least somewhat novel. In Section

4.4, we present the character formula that forms the basis of all of our original

work in this thesis. We deduce consequences of this formula in Sections 5.1,

5.2, and 6.2. Besides the character formula given in Section 4.4, we consider

the necessary condition for a residue to be a multiplier of an SLCE almost
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difference set proven in Section 5.1 to be our most mathematically interesting

result.

II

It has long been known that periodic binary sequences possessing certain

special properties have applications in electrical engineering. These applica-

tions include the generation of secure key-streams for use in stream-cipher

cryptography as well as the design of signals for use in RADAR and direct

sequence spread spectrum radio communication systems (see, for instance,

[92], [39, Section 5.1 and Chapter 12], and [42, Section 1.5]).

In a 1955 report for the Glenn L. Martin company, Solomon Golomb

identifies several properties a sequence might possess that would render it

optimal for use in cryptographic applications [37]; he claims that, ideally, a

sequence would be balanced, have nearly ideal autocorrelation, and possess

the run property. Since Golomb’s report, several other desiderata have been

identified. In order to be cryptographically secure, a sequence must have large

linear complexity [42, Chapter 15]. For direct sequence spread spectrum

applications, one would like to have families of sequences with low cross-

correlation [39, Section 5.1 and Chapter 12].

Many classes of sequences possess some desirable properties, but no known

class possesses all of them. The well-known m-sequences have all three of

Golomb’s pseudo-randomness properties [39, Section 5.2]. However, they
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also have small linear complexity and so are not suitable for direct use in

cryptographic applications.

In some cases, it is still an open question whether or not a class of se-

quences possesses a given property. Thus, researchers focus both on searching

for new sequences with desirable properties and on studying the properties

of known classes of sequences. In this thesis, we analyze a class of sequences

that were originally discovered by Sidelnikov [86] and then independently

rediscovered by Lempel, Cohn, and Eastman [62]. We shall refer to these

sequences as the Sidelnikov-Lempel-Cohn-Eastman (SLCE) sequences. The

SLCE sequences are balanced and have nearly optimal autocorrelation. It is

therefore of interest to determine whether they have other desirable proper-

ties as well (so that one can judge whether they might be useful in applica-

tions).

III

The existence of periodic binary sequences with nice autocorrelation prop-

erties is equivalent to the existence of certain combinatorial objects. Depend-

ing on the sequences in question, these combinatorial objects might be differ-

ence sets or almost difference sets (both of which are special types of subsets

of finite groups). Group characters are a useful tool for studying difference

sets and almost difference sets: making use of characters, one can show that

the existence of a difference set or an almost difference set is equivalent to the
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existence of an integer in a cyclotomic field satisfying certain equations (see,

for instance, [12, Section VI.3] and [6]). Thus, tools from algebraic number

theory can be brought to bear on questions concerning these combinatorial

objects.

IV

Gauss and Jacobi sums are special types of character sums defined on

finite fields. These sums have numerous interesting applications, both in

number theory and in information theory (see, for instance, [11, Chapters 3,

4, and 11] and [53, Chapters 6 and 8]). It turns out that the character values

of two important classes of difference sets can be expressed in terms of Gauss

and Jacobi sums; indeed, we discuss these character evaluations in Section

4.4 of this thesis.

We prove a new formula that expresses the character values of the almost

difference sets associated with the SLCE sequences in terms of certain Jacobi

sums. This formula, which is also discussed in Section 4.4, is the fundamental

tool in our investigation of the SLCE sequences.

V

By applying special types of transformations, it is sometimes possible to

use a single sequence to generate a family of sequences with desirable proper-
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ties. One such transformation is a called a decimation. For instance, the sets

consisting of all shift-inequivalent decimations of an m-sequence are some-

what nice families of sequences: they have the virtue that each sequence they

contain has nearly ideal autocorrelation. Despite the fact that m-sequences

have been studied since the 50s, it is still an open problem to determine the

cross-correlation properties of these families of sequences [42, Section 10.6].

One can also obtain other families of sequences from the m-sequences.

For instance, the Gold sequence family consists of term-wise sums of m-

sequences with shifts of decimations of m-sequences. It is known that the

Gold family has nice cross-correlation properties but that the sequences in

this family have worse autocorrelation than the m-sequences themselves [39,

Section 10.2]. Interestingly, the Gold sequences are currently used in the

civilian C/A code for the US Global Positioning System (see [42, Section

11.2, Exercise 2]).

It is also possible to generate sequence families from the SLCE sequences

(see, for instance, [23], [24], and [40]). However, prior to our work in this

thesis, very little was known about which decimations of SLCE sequences

give rise to shift-inequivalent sequences. We make significant progress to-

wards solving this problem using our character formula in conjunction with

some tools from algebraic number theory, such as Stickelberger’s Theorem

(which gives the prime ideal factorizations of the ideals generated by Gauss

or Jacobi sums in rings of cyclotomic integers). In particular, we give an

easily checkable numerical sufficient condition that enables one to determine
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whether or not two decimations of an SLCE sequence are shift inequivalent.

Furthermore, using this tool, we are able to completely specify maximal sets

of shift-inequivalent decimations of SLCE sequences in an important special

case. Thus, we obtain new sequence families, each of whose members has

nearly ideal autocorrelation. If it turns out that these sequence families have

low cross-correlation, then they could be useful in applications.

The constructions of the other known families of sequences that can be

generated from the SLCE sequences are similar in spirit to the construction

of the Gold sequences from the m-sequences: they are obtained by forming

term-wise sums of SLCE sequences with shifts of SLCE sequences (or shifts

of decimations of SLCE sequences). Furthermore, the relation of our new

families to these other Sidelnikov families is similar to the relation of the

families of shift-inequivalent decimations of m-sequences to the families of

Gold sequences. The other Sidelnikov families are larger and are known to

have good cross-correlation properties (whereas the cross-correlation proper-

ties of our families are as of yet unknown) but our families do have the virtue

that each sequence they contain has nearly ideal autocorrelation.
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VI

We also use our theoretical framework to investigate another property of

the SLCE sequences. It is an important open problem to determine the lin-

ear complexity of these sequences. However, due to technical considerations,

this problem seems to be quite difficult and so has resisted the attempts of a

number of mathematicians over the past 15 years. We are able to make some

progress towards determining the linear complexity of the SLCE sequences

using our character formula in conjunction with explicit evaluations of Gauss

sums in the pure and small index cases. We discuss our new results in this

direction in Chapter 6.

VII

A number of interesting questions about Sidelnikov sequences remain

open. Furthermore, although we have made progress towards solving some

of these problems, the results from this thesis also point towards new open

problems. Possible directions for future work are discussed in Chapter 7.



Chapter 2

Feedback shift register

sequences and their

applications

In this chapter, we discuss feedback shift register sequences in detail. We be-

gin with the application that motivated the study of these sequences in the

first place: the problem of generating secure key streams for use in stream

cipher cryptography. In particular, we introduce feedback shift registers and

discuss the properties that make sequences useful for cryptographic applica-

tions. Next, we explore the use of feedback shift register sequences in direct

sequence spread spectrum applications. Finally, we give an overview of the

well-known m-sequences (and some related sequence families) as well as a

thorough discussion of the SLCE sequences.

8
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2.1 Stream-cipher cryptography

2.1.1 Private key crypto-systems

Suppose that a sender A wishes to send a secret message to a receiver B

over an insecure channel. One type of scheme for accomplishing this task is

a private key (or symmetric) crypto-system. In such a scheme, both A and

B are in possession of a secret key; A encrypts a message using the key and

sends it to B, who then decrypts the message using the same key (or some

simple transformation of that key). Note that in order for such a system to

be secure, the secret key would need to have been communicated from A to

B (or vice-versa) over a secure channel.

Symmetric crypto-systems have been in use since antiquity. Julius Caesar

used a simple private key crypto-system to encrypt his messages: he replaced

each letter he wanted to send with the letter appearing three spaces to the

left in the alphabet. For instance, he would replace D by A, he would replace

B by Y, and so forth. Caesar’s crypto-system likely worked well at the time

but would not provide much protection from modern cryptanalysis (see [79,

Section 3.1.1]).

A more sophisticated historical example is provided by the Enigma ma-

chines that were used by Nazi Germany to encode secret messages during

World War II (see, for instance, [19, Chapter 9]). These machines generated

a type of cipher in which the letters of a plaintext message were replaced,

seemingly at random, by different letters: for each letter in the message, the
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machines would pseudorandomly generate a permutation of the alphabet and

would then apply that permutation to the letter in question. The Enigmas

applied different permutations to each of the different letters appearing in a

message.

Through the joint efforts of Polish, French, British, and American cryp-

tographic agencies, the Allies were able to decipher many of the messages

sent by the Enigma machines. The intelligence gleaned from these messages

is thought to have played an important role in determining the outcome of

the war [96].

The following model, which is taken from the introduction of [92], de-

scribes (very generally) the way many modern symmetric crypto-systems

work. A wants to send B the binary sequence m1,m2, ... But, before sending

this sequence, A enciphers it as follows: to each bit of the sequence, A adds

the corresponding bit of the key sequence x1, x2... (here, the addition is per-

formed modulo 2). Then A sendsB the enciphered message c1 = m1+x1, c2 =

m2+x2, ..., which B in turn deciphers by adding back the key sequence bit by

bit to obtain c1+x1, c2+x2, ... = (m1+x1)+x1, (m2+x2)+x2, ... = m1,m2, ...

Interestingly, there do exist private-key crypto-systems that are immune

to even the most sophisticated cryptanalysis. In order for a symmetric

crypto-system to be secure, it should be difficult for an eavesdropper to guess

the original message m1,m2, ... being sent, even if they are able to intercept

the enciphered message c1, c2, ... Now, it is possible to generate a truly ran-

dom key sequence x1, x2, ... If a key is truly random and is used only once,
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the corresponding symmetric crypto-system is called a one-time pad. Claude

Shannon proved that if a message is transmitted using a one-time pad, then

the enciphered message provides no information about the original message

[84].

Despite providing perfect security, one-time pads are costly to implement

and so are rarely used. The main problem is that in order to use such a

system, one would have to generate a sequence of random numbers as long as

the plaintext message being sent, which is a computationally expensive task.

As an illustrative example, following the Cuban missile crisis, a secure line of

communication known as the “hotline” was set up between the Pentagon and

the Kremlin, and this line of communication was encrypted using a one-time

pad. However, even in this case, the one-time pad was eventually replaced

by a more conventional crypto-system [82, Section 2].

In contrast to the one-time pad, many contemporary symmetric crypto-

systems are inexpensive to implement but also somewhat vulnerable to attack

(see [25] and [42] for general discussions of such cryptosystems). An alterna-

tive is provided by public key (or asymmetric) crypto-systems, such as the

well-known RSA crypto-system. These schemes are commonly described in

introductory algebra and number theory courses, and they are not salient to

our work in this thesis, so we will not describe them here.

However, we do note that while public key crypto-systems are not prov-

ably unbreakable like the one-time pad, they are known to provide excellent

security: for instance, there is no known method to break the RSA crypto-
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system. That being said, relative to private key crypto-systems, public key

crypto-systems are also rather expensive to implement (see, for example, the

comparison given in [58, p.88] or the comment at the bottom of [25, p.81]).

For this reason, many modern cryptographic protocols are designed using

a mix of symmetric and asymmetric cryptography. A secret key is passed

between A and B using an asymmetric crypto-system, and then messages

are sent between A and B using a symmetric crypto-system based on that

key [25, Section 4.1].

2.1.2 Feedback shift registers

Suppose again that A wishes to send B a secret message over an insecure

channel, but now assume also that it is not known in advance how long the

message is going to be. For instance, A and B might be soldiers communi-

cating to one another electronically in an unpredictable, hostile environment.

Alternatively, A might be a wireless router providing an internet connection

to a laptop B in a coffee shop.

In practice, there are two types of symmetric crypto-systems that are

used to accomplish such a task: block-ciphers and stream-ciphers. In block-

ciphers, plaintext messages are encrypted one block at a time (for blocks of

bits of some fixed length). The disadvantage of such a scheme is that if the

length of a plaintext message does not wind up being a multiple of the length

of the blocks, then one has to add “padding” (such as a string of null bits)

to the plaintext message to make it a multiple of said length, creating an
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obvious inefficiency.

By contrast, in stream-ciphers, plaintext messages are enciphered one let-

ter at a time. Key streams for stream-ciphers can be generated by machines

called feedback shift registers. These devices are computationally inexpensive

to implement, and they can be used to generate sequences which, although

not truly random, are in a sense pseudorandom [42, Section 1.2].

An n-stage binary shift register is a circuit of n consecutive two-state

storage units (which are called stages). The state of each stage is shifted to

the next stage to the right at intervals regulated by a single clock. A binary

feedback shift register is a simple machine comprised of a shift register, a

feedback loop, and a mechanism for outputting binary sequences. The state

of the rightmost stage is output as part of the output sequence, and the

feedback loop is used to determine the state of the leftmost stage from the

previous states of all n stages. The following diagram, which is essentially

[39, Figure 4.1], illustrates the functionality of these machines.
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Xn-1 Xn-2
... X1 X0

output

f

The vectors of n states appearing at some point in the shift register

are also called states. There is of course an initial state (a0, ..., an−1). Fur-

thermore, at each pulse, a new state is determined from the previous state

according to the feedback loop, whose design is based on a Boolean func-

tion f of n variables called a feedback function. Indeed, the state following

(x0, x1, x2, ..., xn−1) is (x1, x2, ..., xn−1, f(x0, x1, ..., xn−1)). Naturally, the se-

quence a0, a1, ..., an, ... output by the feedback shift register is called a feed-

back shift register sequence.

We digress to mention that it is possible to construct feedback shift reg-

isters that output sequences with elements from any finite ring [42, Section

1.2]. The design of such machines is similar to the design of the binary

feedback shift registers (see, for example, [39, Section 4.1.2]). Considering
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sequences defined over rings other than F2 opens up new possibilities for

sequence design. However, feedback shift registers that generate sequences

over rings other than F2 do generally require more circuitry to implement

than binary feedback shift registers (again, see [39, Section 4.1.2]).

Let us now return to binary feedback shift registers. In the special case

in which the feedback function of one of these machines a is linear function

f(x0, ..., xn−1) = qnx0 + ...+ q1xn−1 (for some q1, ..., qn ∈ F2) we call the ma-

chine a linear feedback shift register (LFSR). Otherwise, we call it a nonlinear

feedback shift register (NLFSR).

Example 2.1.1. [This is [39, Example 4.2].] Consider the 3 stage LFSR

with feedback function f(x0, x1, x2) = x0 + x1. If we set the initial state of

this LFSR to 100, then the LFSR outputs the sequence 10010111001011...

The following diagram describes the functionality of this LFSR. Here, ⊕

is used to represent a mod 2 adding machine.
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x0x1x2

As is clear from the above diagram, LFSRs are particularly simple to

implement in hardware. Furthermore, they can be readily analyzed math-

ematically (indeed, some of the basic theory of LFSRs is presented later in

this chapter). By contrast, the mathematical properties of NLFSRs are not

well understood (see, for instance, the comment about periods of NLFSR

sequences at the bottom of [39, Section 4.1.1]).

Unfortunately, it is difficult to generate a cryptographically secure se-

quence using an LFSR with a reasonable number of stages. For this reason,

sequence generators have been designed that make use of several LFSRs

in concert; these devices combine the output sequences of their component

LFSRs in various ways, thus producing cryptographically strong sequences

with well-understood mathematical properties (consider, for example, the
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sequence generator described in [13]).

2.1.3 Cryptographic imperatives

Notation 2.1.2. We denote the binary sequence a0a1a2... by a. Suppose that

there exist integers v > 0, u ≥ 0 such that ai+v = ai for each i ≥ u. Then

we say that a is ultimately periodic. The number v is called a period of a.

When u = 0, we say that a is periodic.

N.b. The least period of a sequence is sometimes referred to as the period

of the sequence.

For example, the shift register sequence 10010111001011... from Example

2.1.1 is periodic of period 7.

The basic properties of shift-register sequences were developed by Golomb

and Zierler in the 50s (see [37], [38], [39], or [100]). The following simple result

establishes an important property of these sequences.

Theorem 2.1.3. An n-stage binary feedback shift register sequence is ul-

timately periodic with period v ≤ 2n. If the feedback function of the shift

register is linear, then v ≤ 2n − 1.

Proof. Note that an n-stage binary shift register has 2n possible states.

But each state uniquely determines its successor. So, the first time a previous

state is repeated, the output sequence starts re-cycling through an earlier

period.
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Furthermore, if the feedback function is linear, then the successor state

to 00 · · · 0 is again 00 · · · 0. Thus, for an LFSR, 00 · · · 0 cannot be part

of any nonzero period. So, an LFSR emitting a nonzero periodic sequence

can cycle through at most 2n − 1 possible states. Hence, for these machines,

v ≤ 2n − 1.

The most significant consequence of this result is that since feedback

shift register sequences are periodic, they cannot be truly random. So, it

is perhaps not surprising that in practice, the level of security achieved by

stream ciphers generated by feedback shift registers falls far short of the

perfect secrecy guaranteed by one-time pads [82, Chapter 6].

In [92], Wanders describes the requirements a feedback shift register se-

quence should meet in order to provide practical security.

1. Predicting the full key sequence on partial observation must be

very difficult. Suppose the cryptanalyst has managed to obtain

some piece of the ciphertext and corresponding plaintext. By

adding ci ⊕mi = xi, he can obtain a piece of the key sequence.

It must be infeasible to calculate the key from this piece of the

key sequence, or to predict the full key sequence in some other

manner, without explicitly calculating the key.

2. The key sequence must appear random, i.e. the key sequence

must not exhibit ‘statistical regularities’ that may help the crypt-

analyst to restore part of the message, even though breaking the

cryptogram entirely remains impossible.
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We discuss Wanders’ second requirement in the next two sections; subse-

quently, we discuss his first requirement.

2.1.4 Golomb’s randomness postulates

In a 1955 report for the Glenn L. Martin company [37], Solomon Golomb

states three “randomness postulates”: properties a feedback shift register

sequence should satisfy in order to achieve the second requirement identified

by Wanders. Our discussion of the randomness postulates in this section

essentially follows the exposition given in [92].

Golomb’s first postulate is known as the balance property [39, Section

5.1].

R-1 [If a periodic binary sequence is to be used as a key sequence

for a stream cipher, then in every period of the sequence,] the

number of zeroes must be nearly equal to the number of ones.

More precisely, this disparity is not to exceed one.

There is an analogue of this postulate that applies to sequences with elements

from any finite ring (see [42, Section 8.2]). There is also a slightly stronger

requirement one can make of a sequence: a property known as equidistribution

(again, see [42, Section 8.2]).

In order to understand the motivation for R-1, consider the following

example (which is taken from [92]).

Example 2.1.4. Suppose that a key sequence is used to encipher a message
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and that roughly three quarters of the bits of the key sequence are zeroes (and

the rest are ones). Assume that an eavesdropper is able to obtain the cipher-

text together with a piece of the plaintext. Using this information, she will be

able to calculate a piece of the key sequence. Furthermore, by examining this

piece, she will likely observe that roughly one quarter of the bits are ones.

She may then infer (correctly) that roughly one quarter of the bits in the

entire key sequence are ones. So, even though she may still not know the

key sequence, she does have some nontrivial information about it, and she

might be able to use this information to recover more of the message from

the cipher-text.

As the authors of [42] note, by narrowing our focus to binary sequences

that satisfyR-1, we are already considering a very restricted set of sequences.

Indeed, if a binary sequence of even period v satisfies R-1, then it must

contain as many ones as zeroes in a given period. However, the proportion of

binary sequences of period v that satisfy this condition is
(

v
v/2

)
/2v, and it is a

simple consequence of Stirling’s formula that this expression is asymptotically

equal to
√

2
πv
.

If a is a binary sequence of period v, then a string of k consecutive zeroes

(or ones) preceded by one (or zero) and followed by one (or zero) occurring

in a is called a run of zeroes (or ones) of length k. Golomb’s second postulate

is known as the run property [39, Section 5.1].

R-2 [If a periodic binary sequence is to be used as a key sequence

in a stream cipher, then in every period of the sequence,] half



21

the runs have length one, one fourth have length two, one eigth

have length three, and so on, as long as the number of runs so

indicated exceeds one. Moreoever, for each of these lengths, there

are equally many runs of zeroes and of ones occurring in the

sequence.

There is also an analogue of this property that applies to sequences with

elements from any finite ring (see [42, Section 8.2]).

Example 2.1.5. Let us return to our previous example but abandon the

assumption about the proportion of ones and zeroes. If the cryptographer

who enciphered the message is to succeed in keeping his message secret from

the eavesdropper, then he ought to have designed his key sequence so that

it is as likely for a one occurring in the sequence to be followed by a zero

as it is for it to be followed by a one. If, for instance, it’s more likely that

a one is followed by another one than that it is followed by a zero and the

eavesdropper notices this, then she has a nontrivial piece of information that

she may be able to use to recover part of the plaintext message from the

cipher-text. Likewise, it should be equally likely for a string of two zeroes to

be followed by a zero as it is for it to be followed by a one, and so forth.

The correlation function in signal processing is a way of determining how

much a signal has in common with time shifted versions of itself. Here, we

just give the definition of the unnormalized periodic correlation of two binary

periodic sequences. For a more general discussion of the correlation function,
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see [39, Chapter 1].

Notation 2.1.6. Let M be a positive integer. For an element a of the ring

Z/MZ, let a′ denote the unique positive integer less than M belonging to a.

Let a = a0a1a2 . . . and b = b0b1b2 . . . be binary sequences of period v. The

(periodic) correlation Ca,b of a and b is defined as follows: for each positive

integer τ,

Ca,b(τ) :=
v−1∑
t=0

(−1)(at+bt+τ )′ .

The function Ca,a is called the autocorrelation function of a, and the values

Ca,a(τ) for 1 ≤ τ ≤ v − 1 are called the out-of-phase autocorrelation values

of a.

Example 2.1.7. Consider the feedback shift register sequence 10010111001011...

from Example 2.1.1. Let us call this sequence a. Notice that we can compute

(say) Ca,a(3) as follows. We match up the first period of a with the period

of a starting 3 entries from the first position and we subtract the number of

pairs of non-matching bits (misses) from the number of pairs of matching

bits (hits).

1 0 0 1 0 1 1

1 0 1 1 1 0 0

We get Ca,a(3) = hits−misses = 3− 4 = −1.

Golomb’s third postulate is known as the two-valued autocorrelation prop-

erty [39, Section 5.1].
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R-3 [If a binary sequence a of period v is to be used as a key

sequence for a stream-cipher, then] the autocorrelation function

Ca,a is two-valued, given by

Ca,a(τ) =

⎧⎪⎪⎨⎪⎪⎩
v if τ ≡ 0 (mod v)

t if τ ̸≡ 0 (mod v).

where t is a constant. [The out-of-phase autocorrelation values

should be close to zero.] If t = −1 for v odd or t = 0 for v even,

then we say that the function has an ideal two-level autocorrela-

tion function.

For analogues of this property that apply to sequences with elements in

various different finite rings, see, for instance, [39, Chapter 1] or [42, Section

8.3].

Example 2.1.8. Let us again return to our earlier example (but forgo the as-

sumption about the proportion of zeroes and ones). Suppose the key sequence

a used to encipher the message does not have low out-of-phase autocorrela-

tion (let us say that Ca,a(10) is large). Assume the eavesdropper has obtained

the following piece of ciphertext:

101101100110111010010 · ··

(here, the underlines and the overlines are added to emphasize strings of bits
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that match up with one another).

By comparing the first string of ten elements with the following string

of ten elements, the eavesdropper may notice that they match up more often

than not and so (correctly) infer that Ca,a(10) is large. Thus, she might obtain

a piece of nontrivial information about the key sequence, and she may be able

to use this information to recover more of the plaintext message from the

cipher-text.

In [92], Wanders argues that the requirements in all three of Golomb’s

postulates can be relaxed somewhat without significant cryptographic conse-

quences. Furthermore, he suggests replacingR-3 with the following postulate

CR-3 [If a periodic binary sequence a is to be used as a key

sequence for a stream-cipher, then] the out-of-phase values of

the autocorrelation function [Ca,a] should be as close to zero as

possible.

According to Wanders, “... [constructions] of key sequences with a perfect,

i.e. two-valued, autocorrelation function appear to be mainly of combinato-

rial interest.”

2.1.5 Another statistical property

In this section, we discuss another statistical regularity a sequence might

posses that could render it vulnerable to cryptanalysis. We have not found a

discussion like the one we give here in the literature. However, in principle,
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every structural property a deterministically generated sequence possesses is

a manifestation of the fact that the sequence is not truly random. Conse-

quently, every such property represents a cryptographic weakness.

We now introduce two simple transformations, each of which can be

applied to a periodic sequence to obtain another periodic sequence. Let

a = a0a1a2... be a periodic sequence, and let t ≥ 1 be an integer. Then the

t-fold decimation of a is the sequence whose ith entry is ati. Following [42,

Section 10.2], we denote the t-fold decimation of a by a[t]. For instance, if a

is the m-sequence 1001011... from Example 2.1.1, then a[3] = 1110100...,

Let F∞
2 denote the vector space of binary sequences. Let L be the

linear transformation from F∞
2 to itself defined by the rule that for each

b = b0b1b2... ∈ F∞
2 , L(b0b1b2b3...) = b1b2b3...; L is called the left shift opera-

tor. We say that a sequence b ∈ F∞
2 is a shift of a if there exists a positive

integer i such that a = Li(b) (in this case, we also say that a and b are shift

equivalent).

Notice that if a again denotes the m-sequence 1001011... from Example

2.1.1, then a[2] = 1001011 = L0(a). So, a[2] and a are shift-equivalent (in

fact, they are identical). On the other hand, it is easily checked that a is

shift-inequivalent to a[3].

If a and b are sequences of period v that are shift-equivalent to one

another (say, with a = Lℓ(b)) then Ca,b can be obtained from Ca,a by a

simple formula. If τ ≥ ℓ, then Ca,b(τ) = Ca,a(τ − ℓ); if τ < ℓ, then Ca,b(τ) =

Ca,a(τ + v− ℓ). If a and b are shift-inequivalent, then we say that Ca,b is the
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periodic cross-correlation of a and b.

Example 2.1.9. Let us once more return to the example from the previous

section but forgo all of the various assumptions made about the key sequence.

Assume that the eavesdropper has obtained a piece of the cipher text of length

r. Suppose that the key sequence a used to encipher the message is shift

equivalent to its decimation a[t]. Suppose further that t is a small number

relative to r. By computing a portion of the cross-correlation of this piece of

cipher text with its decimation by t, she may notice that one of the values of

the cross-correlation is high. Thus, she may correctly infer that a is shift-

equivalent to a[t] and she may be able to use this information to recover more

of the plaintext message from the cipher-text.

Notice that the assumption that t is small relative to r is crucial in the

above example. For, if ti > r, then the eavesdropper would initially not

be able to determine ati since she has only received the first r entries of a

period of a. Thus, t needs to be small enough relative to r that she is able

to compute enough entries of a[t] to suspect that a is shift-equivalent to a[t].

But, if this assumption is satisfied, she likely could exploit this structural

property to deduce nontrivial information about the key sequence a.

2.1.6 Linear complexity

In this section, we identify the property sequences must have in order to

satisfy Wanders’ first requirement. However, in order to explore this property
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thoroughly, we need to begin by developing some of the basic theory of

LFSRs.

Let a be a periodic binary sequence of period v. Note that a is necessarily

a linear feedback shift register sequence since a can be generated by the LFSR

with linear feedback function h(x0, ..., xv−1) = x0 whose initial state is the

first period of a. Of course, it is possible that a could also be generated by a

LFSR with fewer stages.

Suppose that a can be generated by an n-stage LFSR with feedback

function f(x0, ..., xn−1) = qnx0+ · · ·+q1xn−1. Set q(x) = 1+q1x+ · · ·+qnx
n ∈

F2[x]. Then q(x) is called the connection polynomial of the LFSR.

For a polynomial r(x) of degree m, the polynomial r∗(x) := xmr(1/x)

is called the reciprocal polynomial of r(x). We note the following useful fact

about reciprocal polynomials (see [42, Lemma 3.1.5]).

Lemma 2.1.10. Let r(x) ∈ F2[x] have a nonzero constant term. Then r(x)

and r∗(x) have the same degree. Furthermore, r(x) factors as s(x)t(x) if and

only if r∗(x) factors as s∗(x)t∗(x).

The reciprocal polynomial q∗(x) = xn + q1x
n−1 + · · ·+ qn of q(x) is called

the characteristic polynomial of the LFSR.

It follows directly from the definition of LFSRs that for each k ≥ n,

ak = q1ak−1 + · · ·+ qnak−n. (2.1.1)
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We can rephrase this recurrence relation in terms of the left shift operator:

Lna = (q1L
n−1 + · · ·+ qn−1L+ qnI)a. (2.1.2)

So, we deduce that

q∗(L)a = 0. (2.1.3)

Conversely, if for some polynomial r(x) ∈ F2[x], r(L)a = 0, then r(x) is the

characteristic polynomial of an LFSR that generates a.

Let I be the subset of F2[x] consisting of all polynomials r(x) such that

r(L)a = 0. It is easy to see that I is an ideal. Recall that since F2 is a

field, F2[x] is a PID, and every nontrivial proper ideal of F2[x] is generated

by a polynomial of minimal degree belonging to that ideal. Furthermore,

since we are working over F2, every ideal has a unique such polynomial of

minimal degree. We denote the polynomial that generates I as m∗(x). It

follows by Lemma 2.1.10 that a has a unique connection polynomial of least

degree, namelym(x), and that this polynomial divides every other connection

polynomial of a. We call m(x) the minimal polynomial of a. Note that the

degree, ℓ, of the minimal polynomial is the number of stages in the smallest

LFSR that can be used to generate a. We refer to the number ℓ as the linear

complexity (or, linear span) of a.

Let F2[[x]] denote the ring of formal power series over F2.We recall the fol-

lowing result, which describes exactly which elements of F2[[x]] are invertible
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(see [42, Lemma 3.4.2]).

Lemma 2.1.11. Let b(x) =
∑∞

i=0 bix
i ∈ F2[[x]] be a power series. Then b(x)

is invertible in F2[[x]] if and only if b0 ̸= 0.

It follows from Lemma 2.1.11 that 1/q(x) ∈ F2[[x]].

Let a(x) := a0+a1x+a2x
2+··· ∈ F2[[x]]. Let g(x) :=

∑n−1
m=0 (

∑m
i=0 qiam−i)x

m.

It is a simple consequence of Equation 2.1.1 that g(x)/q(x) = a(x). It is not

hard to prove that the converse of this result is also true (see [42, Theorem

3.5.1]).

Lemma 2.1.12. If for some polynomials s(x), t(x) ∈ F2[x], s(x)/t(x) = a(x),

then t(x) is a connection polynomial for an LFSR that generates a, and so a

can be generated by an LFSR of length deg(t(x)).

Let r(x)/m(x) = a(x) = s(x)/t(x), for some r(x), s(x), t(x) ∈ F2[x] and

where, as before,m(x) denotes the minimal polynomial of a. Then, by Lemma

2.1.12, t(x) is a connection polynomial of a, and it follows that there exists

h(x) ∈ F2[x] such that t(x) = h(x)m(x). Hence, r(x)h(x)m(x) = s(x)m(x).

So, since F2[x] is an integral domain and m(x) ̸= 0, we deduce that s(x) =

r(x)h(x). Therefore, if the fraction s(x)/t(x) is in lowest terms, then t(x) =

m(x). Consequently, m(x) = t(x)/gcd(s(x), t(x)).

Let A(x) :=
∑v−1

i=0 aix
i ∈ F2[x]. Note that a(x) = A(x)(1+xv+x2v+···) =

A(x)/(1− xv). Thus, we obtain the following well-known result, which plays

a crucial role in the work presented in Chapter 6 of this thesis.
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Theorem 2.1.13. The minimal polynomial of a is

xv − 1

gcd(A(x), xv − 1)
.

Consequently, the linear complexity of a is v − deg(gcd(A(x), xv − 1)).

We are now in a position to explain why linear complexity is relevant to

Wanders’ first requirement for cryptographically secure key streams. Recall

that the continued fractions algorithm is a procedure by which one can ob-

tain a sequence of rational approximations to a given real number. These

approximations are best possible in the sense that relative to the magnitudes

of their denominators, they are the closest rational numbers to the real num-

ber they are approximating. The continued fractions algorithm has many

interesting applications, such as generating solutions to Pell’s equation and

factoring large integers (see, for instance, [65, Chapter 9]).

It is possible to extend the continued fractions algorithm to many different

settings. Indeed, whenever it is possible to regard the elements of a ring

as having an “integer part” and a “fractional part,” one can define some

version of this algorithm. In particular, one can define a continued fractions

algorithm on the ring of formal Laurent series in the variable x−1 (see [42,

Appendix D.2.3]).

Now, there is a well-known procedure, called the Berlekamp-Massey al-

gorithm, that can be used to compute the minimal polynomial of a sequence

a by obtaining successively better approximations to a(x) = r(x)/m(x) in
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the ring of formal power series F2[[x]]. This algorithm, which was first for-

mulated by Berlekamp [9] as a decoding algorithm for BCH codes and later

reformulated by Massey as a means of cryptanalyzing stream ciphers [71],

is similar to the continued fractions algorithm in the ring of formal Laurent

series. For a precise account of the relation between these two algorithms,

see [42, Section 15.2.4].

Recall that ℓ denotes the linear complexity of a. The Berlekamp-Massey

algorithm takes as input 2ℓ consecutive entries of a and outputs the minimal

polynomial of a in quadratic time. So, if a cryptanalyst is able to intercept 2ℓ

consecutive bits of a plaintext message along with the corresponding bits of

the enciphered message (which has been enciphered using the key sequence

a) she will easily be able to obtain the entire key sequence and thus decipher

the entire message. Consequently, in order for a sequence to satisfy Wanders’

first requirement, it is necessary that it have large linear complexity. Ideally,

the linear complexity of a periodic sequence should be nearly as large as its

period [39, Section 5.1].

2.2 Spread spectrum communications systems

One major challenge in the design of radio communications systems is finding

ways of accommodating numerous users on systems that are constrained to

operate within limited bandwidths. There are several commonly used types

of schemes for allocating bandwidth. One method is to simply divide up
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the bandwidth so that each pair of users within the system is permanently

allocated a small part of the spectrum. This is sometimes called frequency

division multiplexing (see [28, Section 2.3.1]). Another approach is division

by time, or time division multiplexing. For this approach, each pair of users

is allocated part of the spectrum, but only for short periods of time (see [28,

Section 2.3.2]).

Alternatively, one can make use of what are known as spread spectrum

systems. In these schemes, signals are deliberately spread through all or most

of the spectrum and pairs of signals are distinguished from one another via

a clever use of pseudorandom sequences. Spread spectrum communications

systems have several virtues, including cryptographic security and resistance

to jamming (see, for instance, [90, Preface] or [75]).

Frequency hopping spread spectrum is a technique whereby signals are

rapidly switched between different frequencies according to the dictates of

a pseudorandom sequence known both to the sender and the receiver. Fre-

quency hopping schemes have found numerous military applications. For in-

stance, frequency hopping is currently employed in several US military radio

communications systems (see, for example, [27] and [55]). Famously, during

World War II, actress Hedy Lamarr and composer George Antheil patented a

frequency hopping system for radio guided torpedoes: the pseudorandom se-

quences in their system assign 88 different frequencies according to the notes

appearing in piano rolls [42, Section 11.9]. Lamarr and Antheil’s system was

never put into use; however, it is possible to design practical frequency hop-
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ping systems using some of the sequences we discuss in this thesis, such as

the m-sequences, which are treated in the next section (see, for instance, [42,

Section 11.9]).

Direct sequence spread spectrum (DSSS) is a technique whereby signals

are “modulated” (in a sense explained below) by spreading codes based on

pseudorandom sequences. Perhaps the most important use of DSSS is the

role it plays in the design of the Global Positioning System (GPS), which

is a major navigational system owned by the US government (see, for in-

stance, [54, Section 1.3]). A type of DSSS, called code division multiple

access (CDMA), played a prominent role in the design of 3rd Generation

(3G) cellular networks [39, Section 12.10]. These networks have largely been

replaced (or are being replaced) by other technologies. However, some pro-

posed schemes for 5G communications networks do incorporate certain types

of CDMA [52, Section 1.1]. Of course, the landscape of communications net-

work design is rather complex, so it is difficult to predict what role CDMA

might play in future wireless communications technologies.

In order to design a DSSS system, one needs a reasonable way of mea-

suring how much two sequences have in common with one another: periodic

cross-correlation is such a measure. Let a and b be two binary sequences of

period v. If the magnitude of Ca,b(τ) is close to 0 for each τ ̸= 0 (mod v),

then a and b have almost nothing in common; if the magnitude of Ca,b(τ) is

close to v for some τ ̸= 0 (mod v), then a and b are very nearly identical.

In DSSS, each communicator is assigned a unique m-bit chip sequence. A
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communicator’s chip sequence modulates the messages it sends: to transmit

“1,” the communicator sends its entire chip sequence, and to transmit “0,”

the communicator sends the complement of its chip sequence. For instance,

suppose that communicator X is assigned the 7-bit chip sequence 1001011

(which is actually just the first period of the sequence from Example 2.1.1).

Then, in order to send the message “101,” X actually transmits

100101101101001001011

(here, the chip sequence is underlined and its complement is over-lined).

A receiver interprets signals sent by a communicator by correlating the

received input against the periodic sequence whose first period is the commu-

nicator’s chip sequence. In order for a message sent by communicator A to be

distinguishable from a message sent to a receiver C by another communicator

(say, B) it is necessary that the periodic sequence a whose first period is A’s

chip sequence have low cross-correlation with the periodic sequence b whose

first period is B’s chip sequence. Furthermore, in order to be certain that

C receives the message A intended to send, it is necessary that a have low

out-of-phase autocorrelation (so that a time shifted version of the message

sent by A is not mistaken for the actual message sent by A).

Thus, for DSSS applications, one is interested in obtaining families of

periodic sequences with low out-of-phase autocorrelation and pairwise low

cross-correlation. Ideally, the out-of-phase autocorrelation of the sequences
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in a family should be close to 0 (although, in practice, sometimes sequences

are used which have good, but nowhere near ideal, autocorrelation properties;

an example is provided by the Gold sequences, which are discussed later in

this chapter).

TheWelch bound [94] is a fundamental result concerning the cross-correlation

of sequences. See [42, Section 11.1] for a proof.

Theorem 2.2.1. Let a1, ..., an be a set of n pairwise shift distinct binary

sequences of (least) period v. For each ai, let a
0
i , a

1
i , ..., a

v−1
i denote the set

of v cyclic shifts of ai. Let Cmax := max{Caj
i ,a

t
s
(τ)|0 ≤ τ ≤ v − 1, 1 ≤ i, s ≤

n, i ̸= s, 0 ≤ j, t ≤ v − 1}. Then C2
max ≥ v2(n− 1)/(nv − 1).

Since v2(n−1)/(nv−1) ∼ v, for large values of n, the family of sequences

{aj
i |1 ≤ i ≤ n, 0 ≤ j ≤ v − 1} will contain pairs whose cross-correlation is

lower bounded (roughly) by
√
v. Following [39, Section 5.1], we say that a

family of sequences has good cross-correlation if the pairwise cross-correlation

of the sequences in the family is upper bounded by δ
√
v + ϵ, for some small,

positive integers δ and ϵ.

2.3 m-sequences and related sequence fami-

lies

In this section, we introduce the m-sequences as well as some closely related

sequence families. The classes of sequences discussed in this section are per-
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haps the best known and most useful types of sequences. However, even these

sequences have their limitations. Consequently, considerable research energy

continues to be spent searching for new classes of sequences and analyzing

the properties of promising known classes of sequences.

In the next section, we introduce the Sidelnikov-Lempel-Cohn-Eastman

sequences, which are the focus of our work in this thesis. In chapter 3,

we introduce several more classes of sequences as part of our discussion of

difference sets and almost difference sets.

2.3.1 m-sequences

We define m-sequences with elements from any finite field. Even though

our primary interest is in binary sequences, m-sequences with elements from

other finite fields serve as useful auxiliary objects for our purposes.

For a prime power q, a q-ary sequence generated by an n-stage LFSR is

a maximal length sequence (or, m-sequence) if it has period qn− 1. It follows

by the obvious generalization of Theorem 2.1.3 to sequences over finite fields

that qn − 1 is indeed the maximum possible period for a sequence over Fq

generated by an n-stage LFSR.

The following theorem provides the key to constructing m-sequences (see

[39, Theorem 4.8]).

Theorem 2.3.1. Let a be an LFSR sequence over Fq with minimal polyno-

mial m(x). Assume that m(x) is an irreducible polynomial over Fq of degree
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n. Let α be a root of m(x) in the extension field Fqn . Then the (least) period

of a is equal to the order of α.

Thus, we can generate an m-sequence over Fq using an n-stage LFSR for

which the corresponding characteristic polynomial is a primitive polynomial

over Fq. For instance, the binary sequence 1001011... from Example 2.1.1 is

an m-sequence of period 23 − 1 = 7 and has minimal polynomial x3 + x+ 1,

which is primitive over F2.

It turns out that m-sequences have remarkable statistical properties. Con-

sider the sequence 1001011...Notice that in each period of this sequence, there

are four ones and three zeroes. Hence, this sequence has randomness prop-

erty R-1. Furthermore, 1001011... has four runs in each period (we count the

one at the beginning with the two ones at the end as a run of length three).

Of these runs, half have length one and one fourth have length two. So,

this sequence has randomness property R-2. Finally, 1001011... has out-of-

phase autocorrelation −1. Consequently, this sequence also has randomness

property R-3.

Theorem 2.3.2. [39, Properties 5.3, 5.4, and 5.5] Every binary m-sequence

has randomness properties R-1, R-2, and R-3.

It can also be shown that q-ary m-sequences satisfy generalized versions

of Golomb’s randomness postulates.

Perhaps the main drawback of the m-sequences is that they have low lin-

ear complexity. Indeed, since an m-sequence generated by an n-stage LFSR
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is, by definition, a sequence with the largest possible period that can be

generated by an n-stage LFSR, the ratio of the linear complexity of an m-

sequence to its period is as bad as possible. For this reason, m-sequences are

not well-suited for direct use in cryptographic applications. However, LFSRs

that generate m-sequences can be used as components of more complex se-

quence generators that do produce cryptographically strong sequences (see,

for instance, [39, Chapter 11] and [13]).

We finish this section by introducing an alternative characterization of

m-sequences. To that end, we recall some ideas from abstract algebra (for

further discussion of these ideas, see [26, Section 14.2]). Let K be a field, let

L be a Galois extension of K, and let Gal(L/K) denote the group of Galois

automorphisms of L fixing K. We define the trace from L to K to be the

map that sends each α ∈ L to the sum of its Galois conjugates:

TrL/K(α) =
∑

σ∈Gal(L/K)

σ(α).

Note that for each α ∈ L, TrL/K(α) is fixed by every σ ∈ Gal(L/K).

So, TrL/K(α) is, in fact, an element of K. Furthermore, if we view both L

and K as vector spaces over K, then it is easy to see that TrL/K is a linear

transformation from L onto K. We note that if M is a Galois extension of

L, then TrM/K = TrL/K ◦ TrM/L.

We also introduce another map from L to K, even though we will not

need it until later in this thesis. We define the norm from L to K to be the



39

map that sends each α ∈ L to the product of its Galois conjugates:

NL/K(α) =
∏

σ∈Gak(L/K)

σ(α).

Note that for each α ∈ L, NL/K(α) is fixed by every σ ∈ Gal(L/K).

So, NL/K is, in fact, an element of K. Furthermore, the norm induces a

homomorphism from the multiplicative group L∗ of L to the multiplicative

group K∗ of K. We note that if M is a Galois extension of L, then NM/K =

NL/K ◦ NM/L.

Now, consider the case in which L = Fqn is a Galois extension of the finite

field Fq (for some prime power q). We have that Gal(L/K) = ⟨q⟩. So, for

each α ∈ L,

TrL/K(α) =
n−1∑
i=0

αqi ,

and

NL/K(α) =
n−1∏
i=0

αqi = α
qn−1
q−1 .

For future reference, we note the obvious facts that for each α ∈ L, TrL/K(α
q) =

TrL/K(α) and NL/K(α
q) = NL/K(α).Additionally, we note that |Ker(TrL/K)| =

qn−1.

The following theorem elucidates the connection between the trace map

and m-sequences (see [39, Corollary 4.6]).

Theorem 2.3.3. Let q be a prime power, let a = a0a1a2... be a sequence over

Fq, let n be a positive integer, and let α be a primitive element of F∗
qn . Then
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a is an m-sequence with period qn− 1 if and only if there exists β ∈ F∗
qn such

that for each positive integer i, ai = TrFqn/Fq(βα
i).

For instance, let α be a root of x3+x+1 (over F2). Then α is a primitive

element of F∗
23 , and the m-sequence a = a0a1a2... = 1001011... from Example

2.1.1 is obtained by the rule the for each positive integer i, ai = Tr(αi).

2.3.2 Array structure

Let q be a prime power, and let n be a positive integer. Recall that for each

positive integer m, Fqm is a subfield of Fqn if and only if m|n. It turns out

that m-sequences have an interesting structural property that reflects this

fact about finite fields.

Consider the following example. Let q = 2, and let n = 6. Since m = 3

divides n, it follows that F23 is a subfield of F26 . Note that x6 + x + 1 is

a primitive polynomial of degree 6 over F2. Let a be the m-sequence with

minimal polynomial x6+x+1 and initial state 000001. We arrange the 26−1
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entries in the first period of a in lexicographic order in a (23 − 1)× 9 array.

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 1 0 0 0

0 1 1 0 0 0 1 0 1

0 0 1 1 1 1 0 1 0

0 0 1 1 1 0 0 1 0

0 1 0 1 1 0 1 1 1

0 1 1 0 0 1 1 0 1

0 1 0 1 1 1 1 1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Examining the columns of this array, it is apparent that besides the first

column, which is all zeroes, every column is a cyclically shifted version of the

first period of the m-sequence 1110100.. over F23 .

More generally, we have the following theorem, whose proof essentially

follows from the trace representation of the m-sequences and the fact that

TrFqn/Fq = TrFqm/Fq ◦ TrFn
q /Fqm

(see [39, Theorem 5.2]).

Theorem 2.3.4. Let n be a composite number, let m be a proper factor of n,

and let d = qn−1
qm−1

. Then any m-sequence over Fq of degree n can be arranged

into a (qm− 1)× d array, where each column sequence is either a cyclic shift

of the first period of some fixed m-sequence of degree m over Fq or a zero

sequence.

The discovery of the array structure of m-sequences is essentially due to

Gordon, Mills, and Welch [41]. It is possible to exploit this array structure
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to construct a class of sequences that are essentially different than the m-

sequences (see [41]); the sequences so obtained are sometimes called Gordon-

Mills-Welch (GMW) sequences.

2.3.3 Decimations and sequence families

In this section, we discuss how m-sequences can be used to construct families

of shift-inequivalent sequences with good autocorrelation and pairwise low

cross-correlation. The key to these constructions is the decimation transfor-

mation we introduced in Section 2.1.5.

Recall that the sequences in families with low cross-correlation are nec-

essarily shift distinct. Consequently, it is natural to ask which decimations

of m-sequences give rise to shift-inequivalent sequences.

Now, if a is an m-sequence over Fq with minimal polynomial m(x) of

degree n, then since a has period qn−1, it follows that every nonzero n-tuple

of elements from Fq appears at some point in a. Consequently, if b is another

m-sequence of degree n that is shift equivalent to a, then the string of the

first n entries of b occurs at some point in a, and the subsequent entries of

both a and b are determined by the LFSR of a. So, a and b both have m(x)

as their minimal polynomial. Conversely, it is easy to see that if a and b

are m-sequences having the same minimal polynomial, then they are shift

equivalent.

See [39, Theorem 4.12] for a proof of the following theorem.
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Theorem 2.3.5. Let m(x) be an irreducible polynomial over Fq of degree n,

and let s be a positive integer. Let α be a root of m(x) in the extension Fqn .

If m(x) is the minimal polynomial of a sequence a, then if a[s] ̸= 0, then the

minimal polynomial of a[s] is equal to the minimal polynomial of αs over Fq.

If m(x) is a minimal polynomial of an m-sequence a of degree n over

Fq, then it is primitive and, consequently, irreducible. Thus, if α is a root of

m(x), then the set of roots of m(x) is identical to the set of Galois conjugates

of α. But since the Galois group of Fqn/Fq is ⟨q⟩, it follows by Theorem 2.3.5

that for each positive integer t, a[t] is shift equivalent to a if and only if t

is a power of q. Indeed, we have the following theorem (see [42, Proposition

10.2.1]).

Theorem 2.3.6. Let q be a prime power, and let n be a positive integer. Let

a be an m-sequence of degree n over Fq.

1) Every m-sequence of degree n over Fq is a shift of a decimation of a.

2) The decimation a[t] is again an m-sequence if and only if t is relatively

prime to qn − 1.

3) The decimation a[t] is a shift of a if and only if t is a power of q.

4) There are φ(qn − 1)/n shift inequivalent m-sequences of degree n over Fq.

Thus, the set of decimations F = {a[t]} (where t ranges over a set of

integers congruent to representatives of the distinct cosets of ⟨q⟩ in (Z/(qn−

1)Z)∗) is a family of φ(qn − 1)/n shift inequivalent m-sequences. In the case

that q = 2, F is a family of binary sequences with optimal autocorrela-
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tion properties. It is still an open problem to determine the precise cross-

correlation values of the pairs of sequences in F . However, cross-correlation

values are known in certain special cases. If t = 1 + qi for some i, then we

say that a[t] is a quadratic decimation, and the precise values taken on by

the function Ca,a[t] are known (see [32], [46], [72], and [80]; alternatively, see

the discussion in [42, Section 10.6]). Also, if t = −1, then in some cases, the

values taken on by Ca,a[t] are known (see [60]; the results from [60] are also

briefly discussed in [42, Section 10.6.4]).

Even though the cross-correlation properties of the families of shift in-

equivalent m-sequences are unknown in general, several researchers have

used decimations of m-sequences to generate families of shift-inequivalent se-

quences with predictable (and reasonably good) correlation properties. We

conclude this section by describing one such family.

We define the termwise sum of the sequences a = a0a1a2... and b =

b0b1b2... to be the sequence whose ith term is ai+ bi. Let a be an m-sequence

of degree n over F2. Let t = 1+2i, where 1 ≤ i ≤ (n−1)/2 and gcd(n, i) = 1.

Let b := a[t], so that b is a quadratic decimation of a. For each 0 ≤ j < 2n−1,

let sj := Lja + b. Then, for each j, sj is called a Gold-pair sequence. Let

Gt := {sj|0 ≤ j < 2n − 1}. Then Gt is called a Gold sequence family (this

family of sequences was originally discovered by Gold [36]).

If a is the m-sequence 1001011... from Example 2.1.1, then since 3 = 1+2,
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we can set b = a[3] = 1110100... So, we get that

G3 = {s0 = 0111111..., s1 = 1100011..., s2 = 1011010..., s3 = 0101000...

s4 = 1001101..., s5 = 0000110..., s6 = 0010001...}

It is known that Gt is a family of 2n − 1 shift-inequivalent sequences and

that the cross-correlation and out-of-phase autocorrelation of any pair of

sequences (or any sequence) in Gt is contained in the set {−1,−1 ± 2m+1},

where i = 2m + 1 [39, Corollary 10.1]. Thus, the Gold family is a large

sequence family with good autocorrelation and cross-correlation properties.

Indeed, the Gold family is currently used in the US Civilian C/A code for

the Global Positioning System (see [42, Exercise 2, Chapter 11]).

There are several other decimations that can be used to create sequence

families in lieu of the quadratic decimations used in the construction of the

Gold families (see [39, Section 10.2] for a discussion of the sequence families

so obtained). It is also possible to construct families of sequences of period

2n using similar techniques (see, for instance, the discussion of the Kasami

sequences in [39, Section 10.3]).

2.4 Sidelnikov Sequences

We now discuss another class of sequences, which are similar to the m-

sequences in that their definition relies on both the multiplicative and ad-
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ditive structures of finite fields. Let p be an odd prime, let d be a posi-

tive integer, and let q = pd. Let α be a primitive element of Fq, and let

M |q − 1. Following the notation from [40], for 0 ≤ k ≤ M − 1, we set

Dk = {αMi+k − 1|0 ≤ i < (q − 1)/M}. The M-ary Sidelnikov sequence

s = s0s1s2 . . . is the sequence of period q − 1 whose first q − 1 elements are

defined as follows: for 0 ≤ j < q − 1,

sj =

⎧⎪⎪⎨⎪⎪⎩
0 if αj = −1

k if αj ∈ Dk

.

For instance, consider the case in which p = 17, d = 1, α = 3, and M = 2.

Here, we get thatD0 = {0, 1, 3, 7, 8, 12, 14, 15} = {0, α0, α1, α11, α10, α13, α9, α6},

D1 = {2, 4, 5, 6, 9, 10, 11, 13} = {α14, α12, α5, α15, α2, α3, α7, α4}, and α8 =

16 = −1. So, in this case, s = 0011110100001011...

The Sidelnikov sequences were originally discovered by Sidelnikov in 1969

[86]. In the binary case (i.e. the case in which M = 2) these sequences

were rediscovered independently by Lempel, Cohn, and Eastman in 1977

[62]. Consequently, we follow the authors of [59] in referring to the M-ary

Sidelnikov sequences as Sidelnikov-Lempel-Cohn-Eastman (SLCE) sequences

in the case that M = 2.

It is known that the SLCE sequences have three-valued autocorrelation,

with out-of-phase autocorrelation values of magnitude at most 4 [62]; we

provide Lempel, Cohn, and Eastman’s proof of this fact in Chapter 3 of this
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thesis (indeed, the fact follows as a direct consequence of Theorem 3.3.1).

The M -ary Sidelnikov sequences also have out-of-phase autocorrelation val-

ues of magnitude at most 4 in terms of a more general version of the auto-

correlation function [86]. Furthermore, it is clear from the definition of the

SLCE sequences that they have the balance property (in fact, the M -ary

Sidelnikov sequences satisfy a generalized version of the balance property).

Consequently, the class of Sidelnikov sequences is one of the best known

classes of sequences. So, it is of interest to determine which other properties

these sequences posses, in order to determine whether they might be useful

for applications.

We conclude this section by presenting an alternative characterization of

the SLCE sequences, due to Lempel, Cohn, and Eastman [62], that plays a

central role in our work in this thesis. We adopt the following convention.

Notation 2.4.1. For an integer i ∈ {1, . . . , p − 1}, we refer to the corre-

sponding element of F∗
p by italicizing i .

Notation 2.4.2. Let Y := {y ∈ F∗
q | y = x(1 − x) for some x ∈ F∗

q}. Let

S := D1 (for the case in which M = 2).

Theorem 2.4.3. Sc = −4Y.

Proof. For γ, x ∈ F∗
q,

x(1− x) = γ ⇐⇒ (2x− 1)2 = 1− 4γ ⇐⇒ γ = −4−1((2x− 1)2 − 1).
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If we let x run through the elements of F∗
q \{1}, then −4−1((2x−1)2−1) runs

through the elements of−4−1D0 save for 0 (twice) as well as−4−1(−1) = 4−1

(once). Hence, Y = −4−1Sc, and so Sc = −4Y.

2.4.1 Array structure of the Sidelnikov sequences

In this section we present some nice structural results due to Gong and Yu

[40] that deepen the analogy between the Sidelnikov sequences and the m-

sequences. If γ is a generator of the finite field Fq, then for x ∈ F∗
q, we set

logγ(x) = i, where i is the unique integer such that 0 ≤ i ≤ q−2 and γi = x.

For the remainder of this subsection, let p be an odd prime, let d = 2m,

for some positive integer m, let q = pd, let α be a primitive element of Fq,

let M |pm − 1, and let β = αpm+1, so that β is a primitive element of Fpm .

The following result from [40] shows how Sidelnikov sequences over Fq can

be determined via computations in the subfield Fpm .

Theorem 2.4.4. The first period of an M-ary Sidelnikov sequence over Fq

can be represented as follows: for 0 ≤ t ≤ q − 2,

st ≡ logβ(β
t + TrFq/Fpm

(αt) + 1) (mod M).

This result enables relatively efficient implementation of Sidelnikov se-

quences over Fq via circuitry designed for computations in Fpm . Since Fq

is a degree 2 extension of Fpm , it follows that the term TrFq/Fpm
(αt) in the

above expression is an element of an m-sequence that can be implemented
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by a two-stage LFSR. This m-sequence can be summed term-wise modulo p

with the sequence of elements of the form βt + 1; one can then apply logβ

to the resulting sequence and, finally, reduce the sequence so obtained mod

M. The following diagram, which is essentially Figure 1 from [40], illustrates

this implementation.

2-stage LFSR

Bt
+1

log Mod M

st

Using Theorem 2.4.4, Gong and Yu are able to show that the Sidelnikov

sequences have an array structure somewhat similar to the array structure

of the m-sequences, at least in the case that q is an even power of an odd

prime [40, Theorem 2].

Theorem 2.4.5. Let s be an M-ary Sidelnikov sequence over Fq. Arrange

the entries of the first period of s lexicographically into a (pm − 1)× (pm +1)

array. Let v� be the �-th column of this array, and denote the entry from row
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t, column ℓ as vℓ(t). If M = 2, then v0 = 0 and if M > 2, then v0 is equal to

a constant (from Z/MZ) times the vector whose entries are taken from the

first period of a M-ary Sidelnikov sequence over Fpm . For 1 ≤ ℓ ≤ ⌊pm+1
2

⌋,

vpm+1−ℓ(t) = vℓ(t− ℓ+ 1).

Hence, for 1 ≤ ℓ ≤ ⌊pm+1
2

⌋, vℓ is cyclically equivalent to vpm+1−ℓ. Further-

more, the column v pm+1
2

has period dividing pm−1
2

.

Consider the following example (which is Example 1 from [40]). Let p = 7,

m = 1, and M = 6. Note that one can construct the finite field F72 from F7

using the primitive polynomial x2 + x + 3. We arrange the first period of a

6-ary Sidelnikov srquence of period 72 − 1 into a (7 − 1) × (7 + 1) array as

follows. ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4 1 5 0 5 1 5 1

2 4 4 2 2 2 5 4

2 4 3 3 1 0 4 4

0 5 0 3 5 2 3 5

4 1 3 1 2 3 0 1

0 0 5 2 1 3 3 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
The first column, v0, is equal to 2 times the first period of the 6-ary Sidelnikov

sequence 241053... of period 7 − 1. Furthermore, for each t, v7(t) = v1(t),

v6(t) = v2(t− 1), and v5(t) = v3(t− 2). Finally, v4 has period (7− 1)/2.

We conclude by noting that the authors of [57] have obtained further
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results concerning the array structure of the Sidelnikov sequences.

2.4.2 Families of Sidelnikov sequences

Several authors have used Sidelnikov sequences to construct families of se-

quences with low cross-correlation in a manner similar to the way that m-

sequences are used to construct the Gold sequences. This technique is some-

times called the “shift and add” method. If c ∈ Z/MZ, then we stipulate

that ca is the sequence whose ith entry is cai and we say that ca is a constant

multiple of a. The authors of [23] consider a family consisting of term-wise

sums of constant multiples of a Sidelnikov sequence with constant multiplies

of one of its shifts. The authors from [24] enlarge the family from [23] by

adding in termwise sums of constant multiples of a Sidelnikov sequence with

constant multiples of its decimation by −1.

The authors of [23] and [24] have given upper bounds on the cross-

correlation of the sequences from their Sidelnikov families. It is convenient

for us to quote the result from [24] since we will make use of it later.

Theorem 2.4.6. Let q be a prime power, and let s be an M-ary Sidelnikov

sequence over Fq. Let F be the family consisting of all termwise sums of

constant multiples of s and its decimation by −1. Then the maximum cross-

correlation of two sequences from F is less than or equal to 4
√
q + 5.

Finally, we note that the authors of [40] have obtained large families of

sequences with good cross-correlation properties by combining the families
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from [23] with sequences obtained from the columns of the array representa-

tions of the Sidelnikov sequences described in the previous section.

2.4.3 Research

The practical applications mentioned earlier in this chapter have motivated

a significant amount of research into finding sequences with good proper-

ties and determining the properties of known classes of sequences. Thus,

they have given rise to a new branch of theoretical (but potentially appli-

cable) mathematics: the study of the pseudo-randomness properties of se-

quences with elements from finite rings. There are essentially two general

problems considered by researchers in this field: the problem of finding new

sequences with good properties, and the problem of determining the prop-

erties of promising known classes of sequences. The theoretical business of

answering these questions is different than the practical matter of deciding

which sequence will work best for a given application. But, of course, the

hope of any researcher in this field is that their work might wind up being

useful.

Since the SLCE sequences are known to be balanced sequences with nearly

ideal autocorrelation, there is sufficient motivation to try to determine what

other properties they might have. In this thesis, we consider two open prob-

lems concerning these sequences.

Firstly, we attempt to determine which decimations of the SLCE se-

quences give rise to shift-inequivalent sequences. Thus, we attempt to find
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an analogue of Theorem 2.3.6 for SLCE sequences. This problem was origi-

nally considered by Lempel, Cohn, and Eastman [62]. They mention that it

“appears to be a hard problem” [62]. Indeed, very little progress has been

made in this direction since the work of Lempel, Cohn, and Eastman. The

authors of [6] also mention this problem as being open.

Secondly, we attempt to determine the linear complexity of the SLCE

sequences. Unlike the m-sequences, the SLCE sequences are not defined in

terms of their minimal polynomials. So, it is not a trivial matter to solve

this problem. Indeed, due to certain technical considerations, this problem

is, in fact, quite hard. Despite the efforts of a number of authors over the

past fifteen years, it is still unsolved (see [49], [59], and [73]).

We make significant progress towards solving both of these problems (al-

though we are unable to completely solve either of them). Our results to-

wards determining the shift-inequivalent decimations of the SLCE sequences

are presented in Chapter 5, and our results towards determining the linear

complexity of the SLCE sequences are presented in Chapter 6. There are

many open questions concerning the SLCE (and, more generally, the Sidel-

nikov) sequences. We identify a number of these problems in Chapter 7.

In the next two chapters, we develop the theoretical framework used in

our study of the SLCE sequences. In Chapter 3, we introduce difference sets

and almost difference sets (which are combinatorial objects that are closely

related to the sequences discussed in this chaper), and we also introduce some

of the tools that are used to study these combinatorial objects, such as group
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rings and characters. In Chapter 4 we introduce Gauss and Jacobi sums, and

we prove our formula for the character values of the almost difference sets

associated with the SLCE sequences.



Chapter 3

Group rings and difference sets

In this chapter, we introduce combinatorial objects called difference sets (and

almost difference sets). As we will see, the existence of one of these objects is

equivalent to the existence of a periodic binary sequence with certain pseudo-

randomness properties. Indeed, the combinatorial language of the theory of

difference sets provides a convenient view point from which to study the

pseudo-randomness properties of periodic binary sequences.

The existence of a difference set (or almost difference set) is equivalent

to the existence of a group ring element satisfying certain equations. By

applying characters to such a group ring element, one can deduce that the

existence of a difference set (or almost difference set) implies the existence

of elements in certain cyclotomic fields satisfying certain special equations.

Thus, tools from algebraic number theory can be brought to bear on existence

(and structural) questions concerning difference sets (and almost difference

55
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sets).

In this chapter and the next, we review all of the facts from algebraic

number theory that we make use of later in this thesis. We conclude this

chapter by explaining how group characters and facts about cyclotomic fields

can be used to gain insight into problems of the type with which we are

concerned: namely, determining the linear complexity of a periodic binary

sequence and determining which decimations of that sequence give rise to

shift-inequivalent sequences.

3.1 Difference sets

Let v, k, and λ be positive integers. Let (G,+) be a (finite) group of order

v. A subset D ⊆ G of size k is called a (v, k, λ) difference set if for every

g ∈ G \ {0}, there exist exactly λ pairs di, dj ∈ D such that di − dj = g.

We shall be most interested in the case in which G is a cyclic group. In this

case, we generally just consider G to be Z/vZ (so that D is a subset of the

residues mod v). When G is cyclic, D is called a cyclic difference set.

Example 3.1.1. Let v = 7, k = 4, and λ = 2. The subset {0, 3, 5, 6} of Z/7Z

is a (v, k, λ) cyclic difference set.

We note three simple facts about cyclic difference sets. There are ana-

logues of these facts that hold for difference sets more generally, but we shall

not need them. It is particularly simple to justify all of these facts using the

group ring structure that we introduce in Section 3.3.
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Let D ⊆ Z/vZ be a (v, k, λ) cyclic difference set.

• For each x ∈ Z/vZ, x +D is also a (v, k, λ) cyclic difference set. The

sets of the form x+D are called shifts of D.

• For each t ∈ (Z/vZ)∗, tD is also a (v, k, λ) cyclic difference set. The

sets of the form tD (for t ∈ (Z/vZ)∗) are called multiples of D.

• The set complement Dc of D in Z/vZ is a (v, v − k, v − k − λ) cyclic

difference set.

There is a simple connection between cyclic difference sets and periodic

binary sequences.

Notation 3.1.2. Let v be a positive integer, and let A ⊆ Z/vZ. The periodic

binary sequence corresponding to A is the sequence a = a0a1a2... of period

v whose first v elements are defined by the rule that for i′ ∈ {0, ..., v − 1},

ai′ = 1 if i ∈ A and ai′ = 0 otherwise.

Suppose D ⊆ Z/vZ is a (v, k, λ) cyclic difference set. Let d be the

periodic binary sequence corresponding to D. It is not hard to show that d

has two-valued autocorrelation

Cd,d(τ) =

⎧⎪⎪⎨⎪⎪⎩
v − 4(k − λ) if τ ̸= 0,

v if τ = 0.

Conversely, given a periodic binary sequence with two-valued autocorrelation,

one can easily obtain a cyclic difference set (see [39, Section 7.1.2] for proofs

of both these claims).
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Example 3.1.3. Using the (7, 4, 2) cyclic difference set {0, 3, 5, 6} from Ex-

ample 3.1.1, we obtain the sequence 1001011... from Example 2.1.1. We have

already seen that this sequence has two-valued autocorrelation.

We are particularly interested in cyclic difference sets that give rise to

periodic sequences with good randomness properties. Let t be a positive

integer. Let v = 4t − 1, k = 2t − 1, and λ = t − 1. Suppose D is a (v, k, λ)

cyclic difference set. Then the periodic binary sequence d associated with D

is (clearly) balanced and has out of phase autocorrelation v−4(k−λ) = −1.

Hence, d has properties R-1 and R-3.

Difference sets with parameters v = 4t − 1, k = 2t − 1, and λ = t − 1

are called Hadamard difference sets. The name is due to the fact that these

difference sets can be used to construct other useful combinatorial objects

called Hadamard matrices (see [39, Section 7.1.2 and Section 2.5]). For a

discussion of Hadamard matrices, see [51].

Example 3.1.4. Let v = 7 = 4×2−1, k = 3 = 2×2−1, and λ = 1 = 2−1.

Then {1, 2, 4} ⊆ Z/7Z is a (v, k, λ) cyclic Hadamard difference set.

In the next two subsections, we will discuss some of the known construc-

tions of cyclic Hadamard difference sets.

3.1.1 Cyclotomic difference sets

Let p be an odd prime, let q = pd (for some positive integer d) and let e|q−1

(so that q = ef + 1, for some positive integer f). Let α be a generator of
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F∗
q. Then the eth cyclotomic classes are the sets Ci defined as follows: for

i = 0, ..., e − 1, Ci := {αes+i : s = 0, 1, ..., f − 1}. For instance, if q = p (i.e.

if q is prime) and e = 2, then C0 is the set of quadratic residues mod p and

C1 is the set of quadratic non-residues mod p.

Several authors have used cyclotomic classes (and unions of cyclotomic

classes) to construct difference sets in the additive groups of finite fields. Note

that such difference sets are cyclic exactly when the finite fields in question

have prime order.

The earliest result of this type is due to Paley [77].

Theorem 3.1.5. Let p be a prime equivalent to 3 mod 4. Let C0 and C1 be

the 2nd cyclotomic classes in F∗
p (so that C0 is the set of quadratic residues

mod p). Then C0 is a cyclic Hadamard difference set in (Fp.+).

For example, {1, 3, 4, 5, 9} ⊆ F11 is a (11, 5, 2) cyclic Hadamard difference

set.

It is natural to ask for which p and e the cyclotomic class C0 winds up

being a cyclic difference set. The answer to this question can be given in

terms of mathematical objects called cyclotomic numbers. These objects

were first defined and used by Gauss in his celebrated work on the problem

of constructing regular polygons using only a straight edge and compass (see,

for instance, [88, Section 1.1]).

Let q be an odd prime power, and let e|(q−1). For fixed i, j ∈ {0, 1, ..., e−

1}, we stipulate that the cyclotomic number (i, j) is the number of solutions
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of the equation

zi + 1 = zj, zi ∈ Ci, zj ∈ Cj.

Thus, the cyclotomic numbers encode nontrivial information: insight into

the connection between the multplicative and additive structures of Fq.

In the 1950s, Emma Lehmer showed how cyclotomic numbers can be used

to decide whether or not C0 is a difference set (for a given p and e) [63].

Theorem 3.1.6. Let p be an odd prime, and let e|(p− 1). C0 is a difference

set in Fp if and only if (i, 0) = (f − 1)/e for i = 0, 1, ..., e− 1.

So long as one can evaluate the cyclotomic numbers (i, 0), one can use

Theorem 3.1.6 to decide whether (for a given p and e) C0 is a difference set

in Fp. It can be shown that for an odd prime p, C0 can only be a difference

set in Fp when e is even and p = ef + 1, for some odd number f [88], so we

consider what is known about cyclotomic numbers for even numbers e.

In the case that e = 2, the formulae for the cyclotomic numbers are quite

simple . Indeed, this case was first considered in Gauss’s work on constructing

regular polygons (see [88, Lemma 2.6]).

Theorem 3.1.7. Let q be an odd prime power, let e = 2, and let q = 2f +

1. Then the cyclotomic numbers are given as follows. If f is even, then

(0, 0) = (f − 2)/2, and (0, 1) = (1, 0) = (1, 1) = f/2. If f is odd, then

(0, 0) = (1, 0) = (1, 1) = (f − 1)/2, and (0, 1) = (f + 2)/2.

It is a simple matter to use Theorem 3.1.7 in conjunction with Lehmer’s
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criterion (Theorem 3.1.6) to recover Paley’s result on quadratic residue dif-

ference sets (Theorem 3.1.5).

For larger values of e, the formulae expressing the cyclotomic numbers

are more complicated. As an example, we present the formulae for the case

in which e = 4 and f is odd. Firstly, we note that it can be shown by

elementary techniques that in this case, the cyclotomic numbers take on five

different values, which we shall denote A, B, C, D, and E. Furthermore, one

can show that the cyclotomic numbers take on these values according to the

dictates of the following table, wherein the entry in row i, column j is the

cyclotomic number (i, j).

A B C D

E E D B

A E A E

E D B E

For proofs of these claims, see [88, Section 2.1].

It is known that for a prime power q ≡ 1 (mod 4), there exists a unique

integer s and an integer t (unique up to sign) such that q = s2 + 4t2,

gcd(s, q) = 1, and s ≡ 1 (mod 4) [65, Section 7.2]. We say that q = s2 + 4t2

is the proper representation of q. The following result was originally proven

by Gauss using elementary techniques [33] but has since been re-proven using

more modern methods (see, for example, [88, Lemma 19]).

Lemma 3.1.8. Let q be an odd prime power congruent to 1 mod 4, and let
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q = s2 +4t2 be its proper representation. Let e = 4. Assume that q = ef +1,

for some odd number f. Then the numbers A, B, C, D, and E from the above

array satisfy the following relations: 16A = q−7+2s, 16B = q+1+2s−8t,

16C = q + 1− 6s, 16D = q + 1 + 2s+ 8t, and 16E = q − 3− 2s.

Using Lemma 3.1.8 in conjunction with Theorem 3.1.6, it is easy to deduce

the following result, which was originally proven by Chowla using different

techniques [22].

Theorem 3.1.9. If p ≡ 1 (mod 4) and e = 4, then C0 forms a difference

set in Fp if and only if there exists an integer t such that p = 1 + 4t2.

As e gets larger, the formulae for the cyclotomic numbers become increas-

ingly more complicated, to the extent that for large values of e, it is generally

deemed infeasible to explicitly derive expressions for these numbers (see, for

instance, the comment on p.2 of [76]). However, explicit evaluations are

known for values of e less than or equal to 24 [11, p.99]. In terms of differ-

ence sets, cyclotomic numbers have been employed to show that when e = 8,

C0 is sometimes a difference set but that for many other values of e, C0 is

never a difference set (see [88, Part I]).

Now, C0 can only be a Hadamard difference set when e = 2. However, it is

possible to construct Hadamard difference sets by taking unions of cyclotomic

classes. Marshall Hall discovered Hadamard difference sets of this type in the

case that e = 6 [44]. Hall’s work also relies on cyclotomic numbers.

It turns out that cyclotomic numbers are closely related to certain types
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of character sums called Gauss and Jacobi sums [11, Theorems 2.5.1 and

2.1.3]. Because of the difficulty of working directly with cyclotomic numbers

for large values of e, some authors have elected to study difference sets using

character sums instead (see, for example, the comment on p. 246 of [30]).

For instance, in [30], Feng and Xiang use Gauss sums to prove the validity of

a construction of (non-cyclic) difference sets in the additive groups of certain

finite fields formed by taking unions of cyclotomic classes.

We take an analogous approach in this thesis. Cyclotomic numbers have

proven to be useful tools for studying the SLCE sequences. Indeed, we sum-

marize some of the results obtained using cyclotomic numbers in Chapter 6.

However, we have elected to study the SLCE sequences using Jacobi sums.

We conclude by mentioning that it is possible to extend the approach out-

lined in this section from prime fields to rings of the form Zpr, where p and r

are primes. Whiteman was able to show that these rings have a multiplica-

tive structure somewhat analogous to that of finite fields. Furthermore, he

defined versions of cyclotomic classes and cyclotomic numbers in these rings.

Whiteman was able to use his theoretical framework to prove the existence

of cyclic Hadamard difference sets in rings of the form Zp(p+2), where p and

p+2 are both primes [95]. For a thorough discussion of Whiteman’s results,

as well as an exploration of various generalizations, see [88].
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3.1.2 Constructing difference sets using projective ge-

ometry

In this section, we present some constructions of cyclic Hadamard differ-

ence sets using tools from projective geometry. But before presenting the

constructions themselves, we begin by recalling some relevant facts about

projective geometry.

Background from projective geometry

In the 17th century, Johannes Kepler and Gérard Desargues independently

had the insight that the process of solving certain problems in Euclidean inci-

dence geometry could be facilitated by the introduction of new mathematical

objects called points at infinity. To each set of parallel lines in the Euclidean

plane, they associate a new point (a point at infinity) and stipulate that this

point lies on each line in the set (and on no other lines). They also stipulate

the existence of an additional line, called a line at infinity. The line at in-

finity passes through all of the points at infinity, but not through any other

points. Thus, in the extended Euclidean plane, every pair of lines intersect

one another in exactly one point.

The extended Euclidean plane is an example (indeed, the prototypical

example) of a type of incidence structure called a projective geometry. For

a statement of the axioms of projective geometry, see [14, Section 1.2]. A

Desarguesian projective geometry is a projective geometry in which the The-
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orem of Desargues is true (see, for instance, [20, Section 2.3] for a statement

of Desargues’ Theorem). The Theorem of Desargues is true in the extended

Euclidean plane. So, Desarguesian projective geometries have more in com-

mon with the extended Euclidean plane than do projective geometries in

general.

We mention that projective geometries need not have infinitely many

points (see, for instance, [14, p.89, Exercise 5]). Indeed, in this thesis, we will

only be interested in finite, Desarguesian projective geometries. It turns out

that one can construct such structures using ideas similar to the ideas used

to coordinatize the extended Euclidean plane with homogeneous coordinates

(see [20, Sections 12.1-12.3]).

Let q be a prime power, and let d ≥ 2 be a positive integer. Let Fd+1
q

denote the vector space of all (d + 1)-tuples of elements from Fq. Define an

incidence structure PG(d,Fq) on the subspaces of Fd+1
q as follows. Call the

one dimensional subspaces points, the two-dimensional subspaces lines, and

the three dimensional subspaces planes. In general, call the k-dimensional

subspaces of Fd+1
q (k−1)-dimensional subspaces of PG(d,Fq). Finally, call the

d-dimensional subspaces of Fd+1
q hyperplanes of PG(d,Fq). Incidence amongst

the objects in PG(d,Fq) is inherited from set-theoretical containment in Fd+1
q .

The points and lines of PG(d,Fq) form a Desarguesian projective geometry.

Let v = (qd+1 − 1)/(q − 1), and let k = (qd − 1)/(q − 1). It is easy to

show that PG(d,Fq) contains v points and that each hyperplane of PG(d,Fq)

contains k points [14, Theorem 1.5.3].
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Finally, we note that one of the original applications of projective geome-

try was proving incidence results pertaining to conics in the Euclidean plane

(see, for example, Pascal’s Theorem [20, Theorem 9.23]). Now, an oval in a

projective geometry is a set of points, no three of which are collinear, and

each of which lies on exactly one tangent. All of the conics are ovals.

In the sequel, we shall be interested in a slight relaxation of the concept

of an oval. A hyperoval in a projective geometry is a set of points, no three

of which are collinear.

The constructions

Recall that the additive group of Fqd+1 is isomorphic to Fd+1
q . Hence, we can

impose a multiplicative structure on Fd+1
q by identifying each (d + 1)-tuple

in Fd+1
q with an element of Fqd+1 . For each β ∈ F∗

qd+1 , let [β] denote the point

of PG(d,Fq) containing the (d+ 1)-tuple associated with β.

Let α be a generator of F∗
qd+1 . Singer proved that the points [1], [α], [α2],

..., [αv−1] are all distinct. Hence, since PG(d,Fq) contains only v points,

it follows that one can impose a cyclic group structure on the points of

PG(d,Fq). Indeed, we write G = ⟨[α]⟩ to denote the group of points of

PG(d,Fq).

Let λ = (qd−1−1)/(q−1). The following important result is due to Singer

[87].

Theorem 3.1.10. Let H be the set of points in G contained in some hyper-

plane of PG(d,Fq). Then H is a (v, k, λ) cyclic difference set.
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In the special case that q = 2, H is a cyclic difference set with parameters

(2d+1−1, 2d−1, 2d−1−1). So, in this case, H is a cyclic Hadamard difference

set.

For each β ∈ F∗
qd+1 , TrF

qd+1/Fq(βx) is a linear transformation from Fqd+1

onto Fq. Hence, by the Dimension Theorem, the nullity of this map is d. In

other words, Ker
(
TrF

qd+1/Fq(βx)
)
is a hyperplane in PG(d,Fq). Furthermore,

it is straightforward to show that every hyperplane can be obtained as the

kernel of such a map [8, p. 103].

Thus, we have a method for generating Singer difference sets. For each

β ∈ F∗
qd+1 , the set

Hβ = {[γ] ∈ G : TrF
qd+1/Fq(βγ) = 0} (3.1.1)

is a Singer difference set.

In the special case that q = 2, it is clear that G ∼= F∗
2d+1 . Also, in this case,

each one-dimensional subspace of Fd+1
2 contains only one nonzero element.

So, we can identify the points of PG(d,F2) with the elements of F∗
2d+1 . Note

that the Singer difference sets in G can be generated as follows: for each

β ∈ F∗
2d+1 , simply set Hβ = {γ ∈ F∗

2d+1 : TrF
2d+1/F2(βγ) = 0}.

For example, let α be a root of the irreducible polynomial x3+x+1 over

F2. Then H1 = {α, α2, α4}. In residue ring notation, H1 is the difference set

{1, 2, 4} in Z/7Z. Note that H1 is the complement of the difference set from

Example 3.1.1. Indeed, it is clear from their respective definitions that for
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q = 2, the Singer difference sets are the complements of the difference sets

associated with the m-sequences.

We note also that the Singer difference sets have an array structure similar

to the array structure of the m-sequences outlined in Section 2.4.1 (see, for

instance, [8, Section V.A]). By exploiting this array structure, Gordon, Mills,

and Welch were able to use the Singer difference sets to construct another

important family of difference sets, which are now known as the Gordon-

Mills-Welch (or, GMW) difference sets [41]. However, we will not explore

their construction in this thesis.

We conclude this section by outlining a recent geometric construction

of (2d+1 − 1, 2d − 1, 2d−1 − 1) cyclic Hadamard difference sets that are fun-

damentally different from the Singer difference sets (in the sense that the

decimations of the sequences associated with these difference sets are shift-

inequivalent to the m-sequences associated with the Singer difference sets).

This construction is due to Maschietti [70]. Our outline essentially follows

the discussion given in [12, Section VI.17].

A permutation polynomial on a finite field Fq is a polynomial with co-

efficients from Fq that induces a bijection from Fq to itself. For instance,

let α be a root of the polynomial x2 + x + 1 (which is irreducible over F2).

Then F22 = {0, 1, α, α2}. Let f(x) = x2. It is easily verified that f(x) is a

permutation polynomial on F22 .
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For a polynomial f(x) on F2d+1 , define the set H(f) as follows:

H(f) = {(1, x, f(x)) : x ∈ F2d} ∪ {(0, 1, 0), (0, 0, 1)}. (3.1.2)

Segre proved that if f(x) is a permutation polynomial on F2d+1 of degree at

most 2d+1−2 with f(0) = 0 and f(1) = 1 such that the map fs defined by the

rules that fs(0) = 0 and for x ̸= 0, f(x) = f(x+s)+f(s)
x

is also a permutation

polynomial on F2d+1 for each s ∈ F2d+1 , then the set H(f) is a hyperoval in

PG(2,F2d+1). Segre also established that every hyperoval in PG(2,F2d+1) is

essentially the same as a hyperoval of this form (see [50, Theorem 8.4.2] for

a proof of Segre’s result).

As an example, we can make use of the permutation polynomial men-

tioned above to construct the following hyperoval in PG(2,F22):

H(f) = {(1, 0, 0), (1, 1, 1), (1, α, α2), (1, α2, α)} ∪ {(0, 1, 0), (0, 0, 1)}.

Indeed, this is Example 9.4 from [39].

If, as in our example, the permutation polynomial is a monomial (say

f(x) = xk) then we say that H(f) is a monomial hyperoval. The following

list comprises all known monomial hyperovals in PG(2,F2d). In fact, Glynn

has conjectured that there are no others [35].

• The translation hyperovals, which have the formH(x2n), where gcd(n, d) =

1. These objects were discovered independently by Segre and Bartocci [7] and

Payne [78].
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• The Segre hyperovals, which have the form H(x6), for odd d ≥ 5. These

objects were discovered by Segre and Bartocci [7].

• The Glynn hyperovals, which have the form H(xσ+γ) and H(x3σ+γ) for

odd d ≥ 7. Here, we have that σ = 2(d+1)/2; for d = 4m− 1, γ = 2m, and for

d = 4m+ 1, γ = 23m+1.

For a given positive integer k, let τ : F2d+1 → F2d+1 be the map defined

by the rule τ(x) = xk + x. Let D(xk) be the set defined as follows:

D(xk) = τ(F2d+1) \ {0}. (3.1.3)

The following important result is due to Maschietti [70].

Theorem 3.1.11. Let k and d be positive integers. The set H(xk) is a

hyperoval in PG(2,F2d+1) if and only if the set D(xk) is a (2d+1 − 1, 2d −

1, 2d−1 − 1) cyclic difference set in F∗
2d+1 .

Maschitetti also proved that H(xk) is a translation hyperoval if and only

ifD(xk) is a Singer difference set [70]. However, Evans et al were able to show

that for large enough values of d, the cyclic difference sets corresponding to

Segre and Glynn hyperovals arising from Theorem 3.1.11 are essentially dif-

ferent from all other known cyclic diffference sets having the same parameters

[29].
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3.2 Almost difference sets

As we mentioned in Section 2.1.4, one can relax Randomness Postulate R-3

somewhat without significant cryptographic consequences. Cyclic difference

sets have been shown to correspond to periodic binary sequences with two-

valued autocorrelation. Many authors have been led to consider combina-

torial objects corresponding to periodic binary sequences with three-valued

autocorrelation. There are several generalizations of difference sets that have

been considered in the literature, two of the most prominent being partial

difference sets and relative difference sets. For a discussion of partial differ-

ence sets, see [67]. For a discussion of relative difference sets, see [12, Section

VI.10]. In this section, we discuss a different generalization, which is more

relevant for our purposes.

Let v, k, λ, and r be positive integers. Let (G,+) be a (finite) group of

order v. A subset D ⊆ G of size k is called a (v, k, λ, r) almost difference set

if there exists a set R ⊆ G\{0} of size r such that for each g ∈ R, there exist

exactly λ pairs di, dj ∈ D such that di−dj = g, and for each g ∈ (G \ {0})\R,

there exist exactly λ+ 1 pairs di, dj ∈ D such that di − dj = g. Note that in

the case that r = v − 1 (so that R = G \ {0}) a (v, k, λ, r) almost difference

set is just a (v, k, λ) difference set. We shall be most interested in the case

in which G is a cyclic group. In this case, we generally just consider G to be

Z/vZ (so that D is a subset of the residues mod v). When G is cyclic, D is

called a cyclic almost difference set.
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Example 3.2.1. Let v = 13, k = 6, λ = 2, and r = 6. The subset

D = {1, 3, 4, 9, 10, 12} of Z/13Z is a (v, k, λ, r) cyclic almost difference set.

Here R = {1, 3, 4, 9, 10, 12}. So, R = D in this case. This phenomenon is

not characteristic of almost difference sets. However, D is also a partial

difference set.

We note that shifts, multiples, and complements of cyclic almost differ-

ence sets are also cyclic almost difference sets.

Suppose D ⊆ Z/vZ is a (v, k, λ, r) cyclic almost difference set. Let d be

the periodic binary sequence corresponding to D. It is not hard to show that

d has three-valued autocorrelation

Ce,e(τ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
v − 4(k − λ) if τ ∈ R,

v − 4(k − λ− 1) if τ ∈ Z/vZ− {R ∪ {0}},

v if τ = 0.

Conversely, given a periodic binary sequence with three-valued autocorrela-

tion, one can easily obtain a cyclic almost difference set [6].

Example 3.2.2. Using the (13, 6, 2, 6) cyclic almost difference set {1, 3, 4, 9, 10, 12}

from Example 3.2.1, we obtain the sequence 0101100001101..., which has

three-valued autocorrelation.

We are particularly interested in cyclic almost difference sets that cor-

respond to balanced sequences. These cyclic almost difference sets are the
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natural analogues of the cyclic Hadamard difference sets. Several such fam-

ilies of almost difference sets can be constructed using cyclotomic classes.

Many of these constructions are due in part to the work of Cunsheng Ding.

However, the most basic construction of this type is given by the following

theorem, which is due to Paley [77] (and was known prior to the formaliza-

tion of the concept of an almost difference set); see [6] for a discussion of the

methods one could use to prove this result.

Theorem 3.2.3. Let p be a prime equivalent to 1 mod 4. Let C0 and C1 be

the 2nd cyclotomic classes in F∗
p (so that C0 is the set of quadratic residues

mod p). Then C0 is a cyclic almost difference set in (Fp.+).

The almost difference set from Example 3.2.2 can be generated using the

construction given in Theorem 3.2.3. For an overview of several other cyclo-

tomic (and generalized cyclotomic) constructions of cyclic almost difference

sets, see [6].

Let p be an odd prime, let d be a positive integer, and let q = pd. Let s

be an SLCE sequence defined over F∗
q. Then, as we mentioned in Section 2.4,

s has a three-valued autocorrelation function. Indeed, we will prove this fact

in the next section by showing that the set S ⊆ F∗
q defined in Section 2.4 is

a cyclic almost difference set.
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3.3 Group rings and characters

We now introduce another way of thinking about sequences and difference

sets. Let G be a finite cyclic group of order v with its operation written

multiplicatively. The integral group ring Z[G] consists of all formal sums∑
g∈G agg, where ag ∈ Z and with addition and multiplication defined as

follows:

∑
g∈G

agg +
∑
g∈G

bgg =
∑
g∈G

(ag + bg)g

and

(∑
g∈G

agg
)(∑

h∈G

bhh
)
=

∑
f∈G

( ∑
gh=f

agbh

)
f.

For any subset A ⊆ G, we identify A with the group ring sum of all the

elements in A; indeed, we refer to this sum as A. More generally, if B is a

multiset consisting of the elements g1, ..., gk of G and for each i = 1, ..., k, the

element gi appears in B bi times, we associate B with the group ring element∑
bigi.

Let t ∈ (Z/vZ)∗, let A =
∑

agg be a group ring element, and let A(t) :=∑
agg

t′ . It is easy to see that D ⊆ G is a (v, k, λ) cyclic difference set in G

if and only if D satisfies the group ring equation

DD(−1) = (k − λ) + λG. (3.3.1)
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Similarly, it is easy to see the E ⊆ G is a (v, k, λ, r) cyclic almost difference

set if and only if there exists a set R ⊆ G \ {1} of size r for which E satisfies

the group ring equation

EE(−1) = k + λR + (λ+ 1)((G \ {1}) \R). (3.3.2)

As a first application of the group ring machinery, we will prove that the

set S ⊆ F∗
q defined in Section 2.4 is a cyclic almost difference set. Indeed,

the following result implies that the SLCE sequences have three valued au-

tocorrelation of magnitude at most 4. The proof we give is due to Lempel,

Cohn, and Eastman [62].

Theorem 3.3.1. Let p be an odd prime, let d be a positive integer, and

let q = pd. The set S ⊆ F∗
q is a cyclic almost difference set. Indeed, let

k = (q − 1)/2. If k is odd, then there is a set R ⊆ F∗
q \ {1} such that

SS(−1) = k +
k − 1

2
R +

k + 1

2
((F∗

q \ {1}) \R).

If k is even, then there is a set R ⊆ F∗
q \ {1} such that

SS(−1) = k +
k − 2

2
R +

k

2
((F∗

q \ {1}) \R).

Proof. Let

SS(−1) =
∑
g∈F∗

q

agg.
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Recall the set D0 defined in Section 2.4. Let

D0S
(−1) =

∑
g∈F∗

q

bgg,

and let

−1S(−1) =
∑
g∈F∗

q

cgg.

Now, −1+S+D0 = F∗
q, and F∗

qS
(−1) = kF∗

q. So, for each g ∈ F∗
q, cg+ag+bg =

k, i.e.

ag + bg = k − cg. (3.3.3)

Let α be a primitive root of F∗
q, and for 1 ≤ i, j ≤ k−1, let di := α2i+1−1

and ej := α2j − 1. Note that for each 1 ≤ i, j ≤ k − 1,

1− α2i+1 − 1

α2j+1 − 1
=

α2j+1 − α2i+1

α2j+1 − 1

α−(2j+1)

α−(2j+1)
=

α2(i−j) − 1

α2(k−1−j)+1 − 1
.

Consequently, for i ̸= j, 1−did
−1
j = ei−jd

−1
k−1−j. So, we deduce that for g ̸= 1,

ag = b1−g. (3.3.4)

Let g ̸= 1. Applying equations (3.3.3) and (3.3.4) to the elements g, g−1, and

(1− g)−1, we obtain the following equations:

ag + a1−g = k − cg, (3.3.5)
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ag−1 + a1−g−1 = k − cg−1 , (3.3.6)

and

a(1−g)−1 + a1−(1−g)−1 = k − c(1−g)−1 . (3.3.7)

Note that (SS(−1))(−1) = SS(−1). Hence, for each h ∈ F∗
q,

ah = ah−1 . (3.3.8)

Note also that

(1− g)(1− g)−1 = 1 =⇒ −g(1− g)−1 = 1− (1− g)−1

=⇒ (−g−1(1− g))−1 = 1− (1− g)−1 =⇒

(1− g−1)−1 = 1− (1− g)−1. (3.3.9)

It follows from equations (3.3.8) and (3.3.9) that when we perform the equa-

tion arithmetic (3.3.5) + (3.3.6)− (3.3.7), we obtain

2ag = k + c(1−g)−1 − cg − cg−1 . (3.3.10)

Since for each h ∈ F∗
q, ch is either 0 or 1 and since ag must be an integer, the
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result follows from equation (3.3.10).

Note that for a given g ∈ F∗
q \ {1}, the answer to the question of whether

or not g ∈ R depends on equation (3.3.10). Indeed, there is no known sim-

ple, explicit description of the set R. However, computations of S and R for

specific values of q show that, in general, S is neither a relative difference

set nor a partial difference set. Finally, we remark that although we are

unable to obtain an entirely satisfactory description of the set R, the size

of R can be determined by a straightforward counting argument. Indeed, if

k is odd, then |R| = (3q−5)/4, and if k is even, then |R| = (q−1)/4 (see [6]).

We say that t is amultiplier of A if there exists γ ∈ G such that A(t) = γA,

and we say that t is a strong multiplier of A if A(t) = A. Let Ac denote the

complement of A in G. Note that t is a multiplier of A if and only if t is a

multiplier of Ac. The elements of (Z/vZ)∗ which are multipliers of A form a

group; we refer to this group as the multiplier group H of A. Similarly, the

elements of (Z/vZ)∗ which are strong multipliers also form a group; we refer

to this group as the strong multiplier group H0 of A.

Let E be an almost difference set, and let e be the sequence corresponding

to E. Then E(t) is the group ring element corresponding to the decimation

e[t′] of e (and to the multiple of E by t). Furthermore, t is a multiplier of E

if and only if e[t′] is a shift of e; likewise, t is a strong multiplier of E if and

only if e[t′] = e.

Let I be a complete set of distinct coset representatives of H. The set
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{e(t′) : t ∈ I} is a maximal set of shift-inequivalent decimations of e. Thus,

the problem of determining the shift-inequivalent decimations of e is equiv-

alent to the problem of determining the multiplier group H.

Because of the connection between Singer difference sets and m-sequences,

it is clear from Theorem 2.3.6 that when p = 2, the multiplier group of a

Singer difference set is ⟨2⟩. Indeed, it is known that the multiplier group of

a Singer difference set defined over Fp is ⟨p⟩ (see [41]).

The use of characters in the study of difference sets dates back to the work

of Marshall hall in the 40s (see [43]). As Beth et al mention [12, p. 315], this

approach became standard after the paper of Turyn from 1965 [91].

Notation 3.3.2. Let n be a positive integer. We write ζn to denote a prim-

itive, complex nth root of unity.

Let G be a cyclic group of order v. A group character is a homomorphism

χ : G → ⟨ζv⟩. Such a homomorphism can be extended by linearity to a map

from Z[G] to Z[ζv], the ring of integers of the cyclotomic field Q(ζv) of order

v [81, p. 265-268].

The order of the character χ is equal to the largest order of the complex

roots of unity χ(g) (as g ranges over G). It is known that for each n|v, there

exist exactly φ(n) characters defined on G having order n.

Notation 3.3.3. The characters of a group G of order v themselves form a

group of order v, which we shall denote Ĝ.

We will make use of the following result, commonly known as the in-
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version formula, relating character values to group ring elements (see [12,

Lemma VI.3.5]).

Lemma 3.3.4. Let G be a cyclic group of order v, and let A ∈ Z[G]. Then

the coefficients of A can be recovered from χ(A) as follows. For h ∈ G,

ah =
1

|G|
∑
χ∈Ĝ

χ(A)χ(h−1).

Consequently, if for A,B ∈ Z[G] χ(A) = χ(B) for every χ ∈ Ĝ, then A = B.

Using Lemma 3.3.4 in conjunction with (3.3.2), it is easy to see that

D ⊆ G is a (v, k, λ) cyclic difference set in G if and only if for each nontrivial

χ ∈ Ĝ,

|χ(D)|2 = k − λ.

Characters allow us to translate questions about difference sets and almost

difference sets to questions about cyclotomic integers. Thus, they allow us to

bring tools from algebraic number theory to bear on questions about periodic

binary sequences. In the next section, we give an overview of the facts about

algebraic number fields that we shall need in the sequel.
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3.4 Background from Algebraic Number The-

ory

An algebraic number field K is an extension of Q in which each element is

the root of a polynomial with rational coefficients. The ring of (algebraic)

integers of K is the subring OK of K consisting of all elements that are

roots of monic polynomials with integral coefficients. Let v be a positive

integer. Then the cyclotomic field Q(ζv) is (obviously) an algebraic number

field, and it is known that Z[ζv] (the ring of all integer linear combinations

of the vth roots of unity) is its ring of integers (see, for instance, [81, p.

265-268]). Algebraic number fields are primarily used as a tool for studying

the integers; indeed, cyclotomic fields were originally defined and studied by

mathematicians trying to prove Fermat’s Last Theorem (see [31, Chapter 18]

for a history).

Many early false proofs of Fermat’s last theorem were based on the in-

correct assumption that the rings of integers of cyclotomic fields are unique

factorization domains (again, see [31, Chapter 18]); this is not so. However,

it is known that the rings of integers of cyclotomic fields are Dedekind do-

mains (indeed, all rings of algebraic integers are Dedekind domains; see, for

instance, [3, Theorem 8.1.1]). So, every ideal in Z[ζv] factors uniquely as a

product of prime ideals.

For each j ∈ (Z/vZ)∗, let σj denote the automorphism of Q(ζv) that maps

ζv to ζj
′

v . Recall that Gal(Q(ζv)/Q) = {σj|j ∈ (Z/vZ)∗} (see, for example,
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[53, Proposition 13.2.1]). This result is important for our investigation of the

multiplier groups of the SLCE almost difference sets.

The following technical result, which is stated as Theorem 2.1.9 in [11],

also plays a crucial role in our investigation of these multiplier groups.

Lemma 3.4.1. Let m be a positive integer greater than 1. Then the norm of

1− ζm in Q(ζm) is given as follows:

N(1− ζm) =

⎧⎪⎪⎨⎪⎪⎩
ℓ if m is a power of a prime ℓ,

1 otherwise.

Let m and v be positive integers greater than 1, and let m|v. It follows

from the Fundamental Theorem of Galois Theory (specifically, [26, Theorem

14.14, (3)]) that Q(ζv)/Q(ζm) is Galois (say, with Galois group H). Further-

more, by [26, Theorem 14.14, (4)], Gal(Q(ζv)/Q)/H ∼= Gal(Q(ζm)/Q). So, if

Nv denotes the norm in Q(ζv) and Nm denotes the norm in Q(ζm), then

Nv(1− ζm) =
∏

σ∈Gal(Q(ζv)/Q)

σ(1− ζm)

=
∏

σ∈Gal(Q(ζm)/Q)

σ(1− ζm)
φ(v)/φ(m)

= Nm(1− ζm)
φ(v)/φ(m).

Thus, we obtain the following corollary of Lemma 3.4.1.

Corollary 3.4.2. Let v and m be positive integers greater than 1, and let
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m|v. Then the norm of 1− ζm in Q(ζv) is given as follows:

N(1− ζm) =

⎧⎪⎪⎨⎪⎪⎩
ℓφ(v)/φ(m) if m is a power of a prime ℓ,

1 otherwise.

The next theorem gives the prime ideal factorization of the principal

ideal generated by a prime number in the ring of integers of a cyclotomic

field. Furthermore, it shows how cyclotomic fields can be used to construct

finite fields (see, for instance, [53, Theorem 13.2.2]). This connection between

cyclotomic fields and finite fields is important for both of our lines of inquiry

in this thesis.

Theorem 3.4.3. Let p be a prime, let q = pd, for some positive integer d,

and let k be a positive integer that is not divisible by p. Suppose further that

d is the order of p (mod k). Also, let P be a prime ideal lying over ⟨p⟩ in

Z[ζk], and let T be a set of distinct coset representatives of ⟨p⟩ in (Z/kZ)∗.

Then

⟨p⟩ =
∏
j∈T

σj(P ).

Additionally, Z[ζk]/P ∼= Fq, and the set {ζ ik + P |0 ≤ i < k} contains all k of

the kth roots of unity in Z[ζk]/P.

We are also interested in another class of algebraic number fields: quadratic

fields (i.e. degree two extensions of Q). These fields play an important role

in number theory, particularly in the search for integral solutions to certain
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Diophantine equations (see, for instance, [3, Section 14.2]).

The following result relates quadratic and cyclotomic fields. It is because

of this result that we able to employ facts about quadratic fields in our study

of SLCE almost difference sets, even though the character values of these

difference sets are elements of cyclotomic fields. See [53, p. 199] for a proof.

Theorem 3.4.4. Let ℓ be a prime. Then Q
(√

(−1)(ℓ−1)/2ℓ
)
is the unique

quadratic field contained in the cyclotomic field Q(ζℓ).

It is well known that for any quadratic field K, there exists a unique

square-free integer n such that K = Q(
√
n), see [3, p. 95] or [53, p. 188].

An integral basis of a ring of algebraic integers OK is a subset B =

{b1, ..., bt} of OK such that each element of OK can be written as an integer

linear combination of elements of B in a unique way. Knowing an integral

basis for a ring of algebraic integers greatly facilitates computations in that

ring of integers. The following result specifies the rings of integers of a certain

class of quadratic fields and it gives integral bases for these rings (see [3, p.

96] or [53, p. 189]).

Theorem 3.4.5. Let n ≡ 1 (mod 4). Let K = Q(
√
n) be a quadratic field.

Then the ring OK of algebraic integers in K is given by

OK = Z+ Z
(−1 +

√
n

2

)
.

The next result tells us how the principal ideal generated by 2 factors in
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certain quadratic fields; it is a special case of Theorem 10.2.1 from [3, pp.

242-245].

Theorem 3.4.6. Let K = Q(
√
n) be a quadratic field. If n ≡ 1 (mod 8),

then the ideal ⟨2⟩ factors into a product of two prime ideals as

⟨2⟩ = P1P2 = ⟨2, 1
2
(1 +

√
n)⟩⟨2, 1

2
(1−

√
n⟩.

Further, OK/Pi is a finite field of order 2 for i = 1, 2.

Let K = Q(
√
n) be a quadratic field. It is known that the set I(K) of

all nonzero fractional and integral ideals of K forms an Abelian group under

multiplication [3, Theorem 8.3.4]. Let P (K) be the subgroup consisting

of principal ideals. The quotient group H(K) = I(K)/P (K) is finite [3,

Theorem 12.5.4]. We call the order of this group the class number of the

field K and refer to it as h(K).

There are algorithms for computing the class number of a given quadratic

field (see, for example, [3, p. 315]). Furthermore, Dirichlet has shown that

class numbers of quadratic fields can be expressed as the evaluations of certain

sums of Legendre symbols [3, Theorem 12.6.1].

Class numbers play an important role in many number theoretic inves-

tigations, and they also make an appearance in some of our results in this

thesis.
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3.5 Some applications of the character method

The character method (i.e. the character theoretic approach by which alge-

braic number theory is used to study difference sets and related combinatorial

objects) is perhaps best known as a technique for proving non-existence re-

sults about difference sets (see, for instance, the papers of Turyn [91] and

Schmidt [83]). However, we use this method to prove structural results con-

cerning the SLCE almost difference sets. In this section, we give an outline

of the techniques we use to prove our results.

3.5.1 Galois conjugates and multipliers

Multipliers have two distinct uses in the theory of difference sets. On the

one hand, determining the multiplier group of a known class of difference

sets yields maximal sets of shift-inequivalent decimations of the sequences

associated with those difference sets. On the other hand, it turns out that

if one can guarantee that difference sets having certain parameters must

have a certain multiplier, then one can sometimes prove that difference sets

with those parameters do not exist (see, for instance, [12]). Consequently,

multipliers have been studied intensively by difference set theorists. Many

different methods have been employed to study these objects (again, see [12])

including a character theoretic approach.

For example, Xiang makes use of characters and algebraic number theory

to prove multiplier theorems in [98]. An early version of this approach can
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also be found in a paper by Yamamoto from 1963 [99].

Let v is a positive integer, and let t ∈ (Z/vZ)∗, so that σt ∈ Gal(Q(ζv)).

Let G = Z/vZ. If t is a multiplier of A ∈ Z[G], then there exists γ ∈ G such

that A(t) = γA. Consequently, for each character χ of G,

σt(χ(A)) = χ(A(t)) = χ(γA) = χ(γ)χ(A) = ζχ(A), (3.5.1)

for some (not necessarily primitive) vth root of unity ζ.

The group of all Galois conjugates fixing an ideal I of Z[ζv] is called the

decomposition group of I. It follows from Equation 3.5.1 that the multiplier

group H of A is a subgroup of the decomposition group of ⟨χ(A)⟩ (where χ

is any character of G).

In Chapter 5, we prove some results concerning the multiplier group of

an SLCE almost difference set S by determining the decomposition group of

⟨χ(S)⟩ (for certain characters χ).

3.5.2 Prime ideals and linear complexity *

Let a = a0a1a2... be a binary sequence of period v, and letA(x) =
∑v−1

i=0 aix
i ∈

F2[x]. Recall that by Theorem 2.1.13, the linear complexity of a is v −

deg(gcd(A(x), xv − 1)). So, if one can compute gcd(A(x), xv − 1), then one

can determine the linear complexity of a. Furthermore, even if one cannot

completely calculate this gcd, simply proving that some polynomial p(x) di-

vides gcd(A(x), xv − 1) yields an upper bound on the linear complexity of



88

a.

If 2 does not divide v, then xv − 1 splits into distinct linear factors in

some extension of F2; however, if 2|v, then this is not the case [66, Theorem

2.42]. Thus, it is easier to determine gcd(A(x), xv − 1) when 2 does not

divide v than when 2|v. For, if 2 does not divide v, then one simply needs

to determine the linear factors of gcd(A(x), xv − 1), while if 2|v, one needs

to determine both which linear polynomials divide gcd(A(x), xv − 1) and the

multiplicity with which they divide it. This may partially explain why the

problem of determining the linear complexity of the SLCE sequences is still

open (since these sequences have even periods).

Several authors have used a character-theoretic approach to determine the

linear complexity of certain classes of sequences of odd period. For example,

this approach was applied successfully by MacWilliams and Mann [68] as well

as by Evans, Hollmann, Krattenthaler, and Xiang [29]. These authors make

use of the following theorem to obtain their results [12, Lemma VI.17.16].

Theorem 3.5.1. Let v be an odd, positive integer, let a be a binary sequence

of period v, let G = Z/vZ, and let A ∈ Z[G] be the group ring element

corresponding to a. Let P be a prime ideal lying above 2 in Z[ζv]. Then the

linear complexity of a is equal to the number of characters χ of G for which

χ(A) ̸≡ 0 (mod P).

In order to study the linear complexity of the SLCE sequences, we make

use of a rather obvious refinement of Theorem 3.5.1, which, to the best of

our knowledge, originally appeared in our paper [2]. In what follows, we
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assume that q is an odd prime power, s = s0s1s2... is an SLCE sequence over

F∗
q, and S2(x) :=

∑q−2
i=0 six

i ∈ F2[x]. We wish to (at least partially) calculate

gcd(S2(x), x
q−1 − 1)

Notation 3.5.2. Let k|q−1 (k ≥ 3) and let f be the order of k mod 2. Since

F∗
2f

is a cyclic group of order 2f −1, it has a subgroup of order k. Hence, the

polynomial xk + 1 = (1 + x)(1 + x + · · · + xk−1) splits completely over F2f .

Let β ∈ F2f be an element of order k, so that β is a root of 1+x+ · · ·+xk−1.

Let Iβ(x) be the minimal polynomial of β over F2.

Note that Iβ(x)|1+ x+ · · ·+ xk−1; indeed, 1+ x+ · · ·+ xk−1 is a product

of distinct minimal polynomials of elements of F2f of order dividing k. Since

k|q − 1, β is a root of xq−1 + 1, and so Iβ(x) is a factor of xq−1 + 1 (and,

indeed, 1 + x + · · · + xk−1|xq−1 + 1). We want to determine whether or not

Iβ(x) and/or 1 + x + · · · + xk−1 divide S2(x). Note that Iβ(x)|S2(x) if and

only if S2(β) = 0, where S2(β) is an element of F2f .

Let P be a prime ideal lying over 2 in Z[ζk]. By Theorem 3.4.3, we have

F2f ≃ Z[ζk]/P . Let φ : F2f → Z[ζk]/P be an isomorphism. Of course,

φ(0) = 0 + P and φ(1) = 1 + P . Since β has order k, there exists η ∈ F2f

such that β = η(2
f−1)/k, and, consequently, φ(β) = φ(η)(2

f−1)/k. Hence, there

exists a unique (in this case, primitive) kth root of unity congruent to φ(β)

(mod P).

Let ζ denote the unique primitive kth root of unity congruent to φ(β)

(mod P). Let χ denote the unique group character mapping α to ζ. Let
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Sz(x) be the polynomial in Z[x] obtained by replacing each coefficient of

S2(x) with its counterpart (0 or 1) from Z.

We note that φ(S2(β)) is the equivalence class modulo P containing Sz(ζ),

and

χ(S) + P = Sz(ζ) + P = φ(S2(β)).

Hence,

Iβ(x)|S2(x) ⇐⇒ χ(S) ≡ 0 (mod P). (3.5.2)

Thus, even though the periods of the SLCE sequences are even, we can still

use characters to determine the divisors of gcd(S2(x), x
q−1 − 1). However,

as it stands, our method tells us nothing about the multiplicity with which

these divisors factor into this gcd.

We conclude this section by deducing a slightly modified version of (3.5.2),

which is more convenient for our purposes. Since χ is nontrivial, we have

χ(S) = χ(G− Sc) = −χ(Sc), so that

χ(S) ≡ 0 (mod P) ⇐⇒ χ(Sc) ≡ 0 (mod P).

Hence, we have deduced the following result.

Iβ(x)|S2(x) ⇐⇒ χ(Sc) ≡ 0 (mod P). (3.5.3)



Chapter 4

Gauss and Jacobi sums

Let p be a prime, d a positive integer, and q = pd. Let α be a primitive

element of Fq. Let χ be a character on F∗
q. It is common to extend χ to a

map on Fq by setting χ(0) = 0. The Gauss sum G(χ) is the character sum

G(χ) :=
∑
α∈Fq

χ(α)e2πi(tr(α))
′/p,

where tr is the field trace from Fq to Fp. If |χ| = k, then we say that G(χ) is

a Gauss sum of order k.

Gauss sums have many applications, both in number theory and informa-

tion theory (see [76, Introduction] for a summary of some of the many uses of

these character sums). Of course, Gauss sums were originally considered by

C. F. Gauss, who made use of them in two of his proofs of the law of quadratic

reciprocity (see [53, Section 6.3] for a slight variant of one of Gauss’ proofs).

91
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The ideas behind Gauss’s proofs can be applied more generally: Gauss sums

can be used to prove several higher reciprocity laws. See [53, Chapters 9 and

14] for an account of the use of Gauss sums in proving reciprocity laws.

Let χ and φ be characters of Fq. The Jacobi sum J(χ, φ) is the character

sum

J(χ, φ) :=

q−2∑
i=0

χ(αi)φ(1− αi).

If lcm(|χ|, |φ|) = m, then we say that J(χ, φ) is a Jacobi sum of order m.

Jacobi sums also have many applications in number theory and infor-

mation theory (again, see [76, Introduction]). Of course, Jacobi sums were

originally considered by C. G. J. Jacobi. A. Weil [93] showed that these

sums have a natural application to the problem of counting the number of

solutions to certain equations over finite fields (see [53, Sections 8.3-8.7] for

an account of Weil’s technique).

For many applications, it would be useful to be able to evaluate Gauss

and Jacobi sums explicitly. However, while it is easy to show that if the

characters involved in either type of sum are nontrivial, then the sum in

question has absolute value
√
q (see, for instance, [53, Proposition 8.2.2 and

Theorem 8.3.1(d)]) in general, the exact values of these sums are not known.

But Gauss and Jacobi sums have been evaluated in certain special cases; these

evaluations play an important role in our study of the linear complexity of

the SLCE sequences. We give a brief account of the known evaluations of

Gauss and Jacobi sums later in this chapter.
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Let χ be a character of order k on Fq, and let ρ be the quadratic character

on Fq. We are particularly interested in the Jacobi sum

K(χ) := J(χ, ρ).

This Jacobi sum plays a fundamental role in the derivation of explicit for-

mulae for Jacobi sums of order k. The usual strategy for evaluating Jacobi

sums is to first evaluate K(χ) directly, and then use the resulting formulae in

concert with certain identities relating different Jacobi sums to one another

to obtain formulae for other Jacobi sums (see [11, Chapter 3]).

It is known (see, for instance, [11, Theorem 2.1.4]) that

K(χ) := χ(4 )J(χ, χ).

This alternative formulation ofK(χ) is actually more useful for our purposes.

We also make note of the following useful fact about these sums (see [11,

Theorem 2.1.8]).

Lemma 4.0.1. Let q be an odd prime power, and let χ be a character on Fq

of order k > 1. Then

K(χ) ≡ −q (mod 2(1− ζk)).

Finally, we state a formula that gives a relation between certain Gauss

and Jacobi sums (see [53, Theorem 8.3.1(d)]). If χ, φ, and χφ are non-trivial
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characters on Fq, then

J(χ, φ) =
G(χ)G(φ)

G(χφ)
. (4.0.1)

In particular, if χ is a character of order greater than 2, we have

K(χ) = J(χ, ρ) =
G(ρ)G(χ)

G(χρ)
. (4.0.2)

4.1 Stickelberger’s Theorem

Stickelberger’s congruence gives a congruence for Gauss sums in certain ex-

tensions of Q (see [11, Theorem 11.2.1]). Stickelberger’s theorem, which is

a direct consequence of Stickelberger’s congruence, describes the prime ideal

factorizations of Jacobi sums and certain powers of Gauss sums in cyclotomic

fields (see [11, Theorem 11.2.2 and Theorem 11.2.3]). Stickelberger’s theo-

rem is the basis of most known evaluations of Gauss and Jacobi sums (see,

for example, the evaluations Gauss and Jacobi sums of small order given in

[11, Chapters 3 and 4] or the evaluations of small index Gauss sums given

in [61]). Furthermore, it plays a crucial role in our study of the multiplier

groups of the SLCE sequences. In this section, we describe a special case of

this important result.

For the rest of this section, let p be a prime, let k be a positive integer

that is not divisible by p, let d be the order of p (mod k), and let q = pd.

Furthermore, let P be a prime ideal lying over (p) in Z[ζk], and let T be a

set of distinct coset representatives of ⟨p⟩ in (Z/kZ)∗.
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Recall that by Theorem 3.4.3, Z[ζk]/P ∼= Fq, and the set {ζ ik +P |0 ≤ i <

k} contains all k of the kth roots of unity in Z[ζk]/P. Let χP : Z[ζk]/P → C

be the function defined by the rule that for α+P ∈ Z[ζk]/P, χ(α+P ) = ζ ik,

where ζ ik is the unique power of ζk congruent to α
(q−1)/k (mod P ). Then χP is

called a Techimuller character. Any character of order k on Fq can be viewed

as a Techimuller character by identifying a generator α+P of (Z[ζk]/P )∗ with

a generator γ of F∗
q such that χP (α + P ) = χ(γ).

The next theorem, which gives the prime ideal factorization of (K(χ)) in

Z[ζk], is a consequence of Stickelberger’s Theorem (see [11, Corollary 11.2.4

and Theorem 11.2.9]).

Theorem 4.1.1.

(K(χP )) =
∏
j∈T

σj−1(P )d−
∑d−1

i=0 {⌊
2j′pi

k
⌋−2⌊ j′pi

k
⌋}.

As the authors of [11] note, the term {⌊2j′pi

k
⌋−2⌊ j′pi

k
⌋} appearing in The-

orem 4.1.1 equals 1 or 0 according to whether the remainder upon dividing

j′pi by k is greater than k/2 or not.

4.2 Explicit evaluations of Gauss and Jacobi

sums

There are three cases in which there are known evaluations of Gauss and

Jacobi sums: the small order case, the pure case, and the small index case.
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4.2.1 Gauss and Jacobi sums of small order

Explicit evaluations of Gauss and Jacobi sums over certain characters of

small order have been computed. See [11, Chapters 3 and 4] for an overview

of many such computations.

The first such evaluation was given by Gauss himself, who gave formulae

for the so-called quadratic Gauss sums over prime fields (see [11, Theorem

1.2.4] for a proof).

Theorem 4.2.1. Let p be an odd prime, and let ρ be the quadratic character

of Fp. Then

G(ρ) =

⎧⎪⎪⎨⎪⎪⎩
√
p if p ≡ 1 (mod 4),

i
√
p if p ≡ 3 (mod 4).

Gauss’s formulae for the quadratic Gauss sums can be extended to finite

fields Fq of odd order using a result called the Hasse-Davenport lifting the-

orem. Let p be an odd prime, d a positive integer, and q = pd. Let k|q − 1,

and let χ be a character on Fq of order k. Let m ≥ 1 be an integer, and

let χ′ := χ ◦ N, where N is the field norm from Fqm to Fq. Then χ′ is a

character on Fqm of order k, which is called a lifted character. Note that

every character on Fqm of order k can be obtained as a lifted character from

a character of Fq of order k. We mention the following important identity,

which is known as the Hasse-Davenport Lifting Theorem (see [11, Theorem

11.5.2]).

G(χ′) = (−1)m−1(G(χ))m. (4.2.1)
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The following is the general formulae for quadratic Gauss sums over finite

fields (see [11, Theorem 11.5.4] for a proof).

Theorem 4.2.2. Let m be a positive integer, and let ρ be the quadratic

character on Fpm . Then

G(ρ) =

⎧⎪⎪⎨⎪⎪⎩
(−1)m−1pm/2 if p ≡ 1 (mod 4),

(−1)m−1impm/2 if p ≡ 3 (mod 4).

Most formulae for small order Gauss and Jacobi sums are obtained by

the following procedure. First, formulae for sums of the form K(χ) are com-

puted by representing the sums as integer linear combinations of elements of

an integral basis of a cyclotomic field of small order, and then Stickelberger’s

theorem is used to make inferences about the coefficients in the linear combi-

nation. Next, formulae for other Jacobi sums are computed from the formu-

lae for K(χ) using relations between Jacobi sums of different types. Finally,

formulae for Gauss sums are deduced using facts relating Gauss and Jacobi

sums to one another, such as (4.0.1). A number of evaluations of Gauss and

Jacobi sums are derived in [11, Chapters 3 and 4] using this method. Unfor-

tunately, this procedure becomes increasingly more difficult to execute, and

the resulting formulae become increasingly complicated and more difficult to

apply, as one considers Gauss and Jacobi sums over characters of increasingly

large order.

As an example of the types of evaluations one can obtain for Gauss and
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Jacobi sums of small order, we state the following result (see [11, Theorem

3.1.3] for a proof).

Theorem 4.2.3. Let p be an odd prime congruent to 1 mod 3, and let g be

a primitive root of F∗
p. Let χ be a character of order 3 on Fp. Then

K(χ) =
1

2
(r + si

√
3),

where r and s are integers such that r2 + 3s2 = 4p, r ≡ 1 (mod 3), s ≡ 0

(mod 3), and 3s ≡ (2g(p−1)/3 + 1)r (mod p).

4.2.2 Pure Gauss and Jacobi sums *

A Gauss sum is called pure if some positive integral power of it is real. Pure

Gauss sums were first considered by Stickelberger in the 1890s. The following

theorem, which is partially due to his work, completely classifies pure Gauss

sums (see [11, Section 11.6]).

Theorem 4.2.4. Let p be a prime, let m be a positive integer, and let q = pm.

Let n|q − 1, and let ϵ be a character of order n on Fq. Then G(ϵ) is pure if

and only if there exists a positive integer x such that

px ≡ −1 (mod n). (4.2.2)

Furthermore, if there exist integers satisfying (4.2.2) and t is the least
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such integer, then there exists a positive integer s such that m = 2ts, and

G(ϵ) = (−1)s−1+(pt+1)s/npm/2.

A Jacobi sum is also called pure if some positive integral power of it is

real. Pure Jacobi sums of the form K(χ) were studied in [1] and [85]. The

authors of [1] and [85] showed that if m is odd, then no Jacobi sum defined on

Fpm can be pure. They also completely determined conditions under which

Jacobi sums are pure when m = 2.

Theorem 4.2.5. Let p be a prime, m = 2, and q = pm. Let χ be a character

on Fq of order k. Then K(χ) is pure if and only if k is a divisor of p+ 1, k

is an even divisor of 2(p − 1), k = 24 and p ≡ 17, 19 (mod 24), or k = 60

and p ≡ 41, 49 (mod 60).

In the case that k is odd, an explicit evaluation of K(χ) is given in [10,

Theorem 2.14].

Theorem 4.2.6. Let m = 2, and let k be an odd divisor of p + 1. Then

K(χ) = p.

However, rather than make direct use of the results from [1], [85], and

[10], which apply only to finite fields of the form Fp2 , we use Theorem 4.2.4 in

conjunction with the extension of Gauss’s evaluation of the quadratic Gauss

sums given in Theorem 4.2.2 and (4.0.2) to obtain formulae for pure Jacobi

sums of the form K(χ) that apply much more generally.
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Let p be an odd prime, m a positive integer, and q = pm. Let k be an

odd divisor of q − 1, χ a character on Fq of order k, and ρ the quadratic

character on Fq. We now assume that there exists a positive integer x such

that px ≡ −1 (mod k); indeed, we refer to the least such integer as t. Then,

by Theorem 4.2.4, G(χ) is a pure Gauss sum. Since k is odd and pt + 1 is

even, then k|pt + 1 ⇐⇒ 2k|pt + 1. Hence, since t is the smallest positive

integer satisfying pt ≡ −1 (mod k), then t is also the smallest positive in-

teger satisfying pt ≡ −1 (mod 2k). We note that χρ is a character of order

lcm(2, k) = 2k. Thus, G(χρ) is a pure Gauss sum. So, in this case, we can

use Theorem 4.2.4, (4.2.2), and (4.0.1) to evaluate the Jacobi sum K(χ). We

note that by Theorem 4.2.4, m = 2ts for some positive integer s. Since the

evaluation in (4.2.2) breaks into two cases, our evaluation also breaks into

two cases.

First, we assume that p ≡ 1 (mod 4). Then

K(χ) =
(−1)m−1pm/2(−1)s−1+(pt+1)s/kpm/2

(−1)s−1+(pt+1)s/(2k)pm/2
= (−1)1+(pt+1)s/(2k)pm/2.

Let us consider the special case in whichm = 2 and k|p+1 (so that t = s = 1).

Since p ≡ 1 (mod 4), it follows that (pt + 1)/2k is odd. Then by Theorem

4.2.6, the evaluation ofK(χ) given above reduces to the evaluationK(χ) = p.

Next, we assume that p ≡ 3 (mod 4). Then

K(χ) =
(−1)m−1impm/2(−1)s−1+(pt+1)s/kpm/2

(−1)s−1+(pt+1)s/(2k)pm/2
= (−1)1+m/2+(pt+1)s/(2k)pm/2.
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Again, let us consider the special case in which m = 2 and k|p + 1 (so that

s = t = 1). Since p ≡ 3 (mod 4), it follows that (pt+1)/2k is even. Then by

Theorem 4.2.6, the evaluation of K(χ) given above reduces to the evaluation

K(χ) = p.

Corollary 4.2.7. Let p be a an odd prime, let m be a positive integer, and

let k be an odd divisor of pm − 1. Let χ be a character of order k on Fpm .

Assume that there exist positive integers x such that px ≡ −1 (mod k), and

let t be the least such integer. Then there exists s ∈ N such that m = 2ts,

and

K(χ) =

⎧⎪⎪⎨⎪⎪⎩
(−1)1+(pt+1)s/(2k)pm/2 if p ≡ 1 (mod 4),

(−1)1+m/2+(pt+1)s/(2k)pm/2 if p ≡ 3 (mod 4).

4.2.3 Small index Gauss and Jacobi sums *

Finally, a third case in which there are known evaluations for Gauss and

Jacobi sums is that of the small index Gauss and Jacobi sums. We will

discuss the sums K(χ) in this context. As usual, let p be an odd prime, m

a positive integer, q = pm, and α a primitive element of Fq. Let k be an

odd divisor of q − 1, and let χ be a character on Fq of order k. Recall that

Gal(Q(ζk)) ∼= (Z/kZ)∗ . Let σp ∈ Gal(Q(ζk)) be the automorphism mapping

ζk to ζpk . Then, since the Froebenius map is an automorphism of Fq fixing
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the elements of Fp, we have that

σp(K(χ)) = σp(χ(4))

q−2∑
i=1

σp(χ(α
i))σp(χ(1− αi))

= χ(4p)

q−2∑
i=1

χ((αi)p)χ(1p − (αi)p)

= χ(4)

q−2∑
i=1

χ(αi)χ(1− αi) = K(χ).

Thus, K(χ) is in the fixed field of σp, and by the Fundamental Theorem of

Galois Theory, this field has degree [(Z/kZ)∗ : ⟨p⟩] as an extension of Q.

Since we know how to evaluate K(χ) when there exist positive integers x

such that px ≡ −1 (mod k), we can confine ourselves to the case in which

there exist no such integers. Having made this assumption, we see that the

quotient group (Z/kZ)∗/⟨p⟩ must contain the (non-identity) element −1+⟨p⟩

and so (by Lagrange’s Theorem) must have even order.

The small index assumption is the assumption that [(Z/kZ)∗ : ⟨p⟩] is a

small positive integer. By making this assumption, we can infer that K(χ)

lies in an algebraic number field of small degree and can therefore use facts

about such number fields to evaluate K(χ). Explicit evaluations have been

obtained for Gauss sums in the index 2 and index 4 cases. It is sometimes

possible to translate these Gauss sum evaluations into evaluations of K(χ).

Let us assume that [(Z/kZ)∗ : ⟨p⟩] = 2. It is easy to see that

(Z/kZ)∗ ∼= ⟨p⟩ × ⟨−1⟩.
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Thus, (Z/kZ)∗ contains at most 3 elements of order 2, and it follows easily

from the Chinese Remainder Theorem that (since k is odd) either k = ℓr11 or

k = ℓr11 ℓr22 for some odd primes ℓ1 and ℓ2, and some positive integers r1 and

r2.

The following evaluation is due to Langevin [61]. We note that the congru-

ence condition ℓ ≡ 3 (mod 4) is actually forced by the index 2 assumption,

as Langevin demonstrates in his paper. Furthermore, the hypothesis in the

evaluation below that ℓ > 3 is only necessary to obtain a nice expression

for the Gauss sum in terms of the class number of a certain quadratic field.

We have rephrased Langevin’s result in the manner in which it was stated in

[97].

Theorem 4.2.8. Let p be an odd prime, let m be a positive integer, and let

k|pm−1. Let χ be a character of order k on Fpm . Assume k = ℓr, where ℓ > 3

is a prime congruent to 3 (mod 4) and r is a positive integer. We suppose

that [(Z/kZ)∗ : ⟨p⟩] = 2 and m = φ(k)/2. Then

G(χ) = p
1
2
(m−h)

(
a+ b

√
−ℓ

2

)
,

where h = h(Q(
√
−ℓ)) is the class number of Q(

√
−ℓ), and the integers a

and b satisfy the three conditions

a, b ̸≡ 0 (mod p), 4ph = a2 + ℓb2, and a ≡ −2p
1
2
(m+h) (mod ℓ).
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Furthermore, these conditions are sufficient to determine a completely and

to determine b up to sign.

In the above formula, in place of the expression
(

a+b
√
−ℓ

2

)
, Langevin had

originally used the expression a′ + b′
(

−1+
√
−ℓ

2

)
, where a′, b′ ∈ Z. Note that

a′ + b′
(
−1 +

√
−ℓ

2

)
=

(2a′ − b′) + b′
√
−ℓ

2
.

The integers a and b in the version from [97] (and from Theorem 4.2.8 above)

are obtained by setting a = 2a′ − b′ and b = b′. As a result, we also have the

condition (not stated explicitly in our version of Theorem 4.2.8) that a ≡ b

(mod 2).

Note also that [(Z/2kZ)∗ : ⟨p⟩] = 2. Xia and Yang have evaluated index

2 Gauss sums over characters of order 2ℓr [97]. Their result breaks into two

separate cases: one in which ℓ ≡ 3 (mod 8) and one in which ℓ ≡ 7 (mod 8).

We only make use of the result for the case in which ℓ ≡ 7 (mod 8).

Theorem 4.2.9. Let p be an odd prime, let m be a positive integer, and

let k|pm − 1. Assume that k = ℓr, where ℓ > 3 is a prime congruent to 7

(mod 8) and r is a positive integer. We supppose that [(Z/2kZ)∗ : ⟨p⟩] = 2

and m = φ(k)/2. Let ϵ be a character on Fpm of order 2k. Then

G(ϵ) = (−1)r
p−1
2

√
(−1)(p−1)/2

p
m
2 .

Let us make a slight modification to our earlier hypotheses. Assume s is
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a positive integer, and let m = φ(k)s/2. So, we are now considering a larger

class of prime powers pm. Let us set e = φ(k)/2, so that m = es. Let ℓ ≡ 7

(mod 8). We consider two cases.

Case 1: p ≡ 1 (mod 4). By Theorems 4.2.1, 4.2.2, and 4.2.9, we have

that

K(χ) =
(−1)es−1pes/2(−1)s−1p(e−h)s/2

(
a+b

√
−ℓ

2

)s

(−1)s−1+r(p−1)s/2+(p−1)s/4pes/2
.

Since e is odd and (p− 1)/2 is even, we deduce that

K(χ) = (−1)s−1−(p−1)s/4p(e−h)s/2

(
a+ b

√
−ℓ

2

)s

.

Case 2: p ≡ 3 (mod 4). By Theorems 4.2.1, 4.2.2, and 4.2.9, we have

that

K(χ) =
(−1)es−1+es/2pes/2(−1)s−1p(e−h)s/2

(
a+b

√
−ℓ

2

)s

(−1)s−1+r(p−1)s/2+(p−1)s/4pes/2
.

Since e and (p− 1)/2 are odd, we deduce that

K(χ) = (−1)s−1−rs+(e+1)s/2p(e−h)s/2

(
a+ b

√
−ℓ

2

)s

.

We collect these observations for later reference.

Corollary 4.2.10. Let p be an odd prime, let m be a positive integer, and let

k|pm − 1. Let χ be a character of order k on Fpm . Assume that k = ℓr, where

ℓ is a prime congruent to 7 (mod 8) and r is a positive integer. We suppose

that [(Z/kZ)∗ : ⟨p⟩] = 2 and m = φ(k)s/2, where s is a positive integer.
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If p ≡ 1 (mod 4), then

K(χ) = (−1)s−1−(p−1)s/4p(e−h)s/2

(
a+ b

√
−ℓ

2

)s

.

If p ≡ 3 (mod 4), then

K(χ) = (−1)s−1−rs+(e+1)s/2p(e−h)s/2

(
a+ b

√
−ℓ

2

)s

.

4.3 Jacobi sums, Jacobsthal sums, and cyclo-

tomic numbers

In this section, we briefly explore the connections between Jacobi sums, Ja-

cobsthal sums, and cyclotomic numbers. These connections are relevant to

our work in this thesis since we have elected to study the SLCE sequences us-

ing Jacobi sums, whereas other authors have made use of cyclotomic numbers

and Jacobsthal sums (see, for example, [59] and [73]).

In order to state a formula relating cyclotomic numbers and Jacobi sums,

we introduce a slightly altered type of Jacobi sum. In lieu of the definition

for J(χ, φ) given in 4, we define the Jacobi sum J∗(χ, φ) by the rule

J∗(χ, φ) :=

q−2∑
i=2

χ(αi)φ(1− αi).

The following theorem relates Jacobi sums and cyclotomic numbers over
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prime fields (see [11, Theorem 2.5.1] for a proof).

Theorem 4.3.1. Let p be a prime, and let k be an integer with k ≥ 2 such

that k|p − 1. Indeed, let p = kf + 1, for some positive integer f. Let g be

a fixed primitive root (mod p), let β := e(2πi)/k, and let χ be a character of

order k on Fp such that χ(g) = β. For s, t = 0, 1, ..., k − 1,

k2(s, t) =
k−1∑
u=0

k−1∑
v=0

(−1)ufβ−su−tvJ∗(χu, χv).

Theorem 4.3.1 is the primary tool for evaluating cyclotomic numbers.

Hence, the increasing complexity of the formulae for cyclotomic numbers

for increasing k is a direct consequence of the increasing complexity of the

evaluations of Jacobi sums for increasing k. Note that one must be able to

evaluate a number of different Jacobi sums in order to apply this result to

find formulae for cyclotomic numbers.

Let q be an odd prime power, and let ρ be the quadratic character on Fq.

Following the notation from [59], we stipulate that for a ∈ F∗
q and n ∈ N, the

sums

In(a) :=
∑
c∈F∗

q

ρ(cn + a) and

Hn(a) :=
∑
c∈F∗

q

ρ(c)ρ(cn + a)

are called Jacobsthal sums. For some applications of Jacobsthal sums to

number theory, see [11, Section 6.3].

The following theorem specifies a connection between Jacobi sums and
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Jacobsthal sums over prime fields (see [11, Theorems 6.1.14 and 6.1.15] for a

proof).

Theorem 4.3.2. Let k be a positive integer, and let p be a prime with p ≡ 1

(mod 2k). Let χ be a character on Fp of order 2k, and let ρ be the quadratic

(Legendre) character on F∗
p. Then for a ∈ F∗

p and n ∈ N

Hn(a) = χ(−1)
k−1∑
j=0

χk+2j+1(a)K(χ2j+1) and

In(a) = ρ(a)
k−1∑
j=1

χ2j(a)K(χ2j)− ρ(a).

Note that one would have to be able to evaluate many Jacobi sums in

order to use Theorem 4.3.2 to evaluate Jacobsthal sums.

4.4 The character formula *

In this section, we explore two uses of Gauss and Jacobi sums in the theory

of difference sets, and we prove the formula expressing the character values

of the SLCE almost difference sets in terms of Jacobi sums of the form K(χ)

that serves as the cornerstone for our work in this thesis.

Let q be a prime power, d a positive integer, and Hβ the Singer difference

set defined in (3.1.1). Let χ be a character on Fqd whose restriction to Fq is
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trivial. Yamamoto [99] proved that

χ(Hβ) =
1

q
G(χ). (4.4.1)

He was able to use his formula to obtain an alternative proof that the set Hβ

is, in fact, a difference set. His proof is, in a sense, simpler than the proof

given by Singer in [87].

Let k and d be positive integers. Let H(xk) be the subset of PG(2,F2d+1)

defined by (3.1.2). Assume that H(xk) is a hyperoval. Let D(xk) be the set

defined by (3.1.3). Let χ be a nontrivial character on F.
2d

Evans, Hollmann,

Krattenthaller, and Xiang [29] proved that there exists a nontrivial character

φ on F2d such that χ = φk−1 and

χ(D(xk)) =
1

2
J(φ, χ). (4.4.2)

Evans et al were able to use their formula to obtain an alternative proof

that the set D(xk) is, in fact, a difference set [29]. Their proof is, in a sense,

simpler than the proof given by Maschietti [70]. They were also able to use

their formula to compute the linear complexities of sequences associated with

various hyperovals [29].

We now state and prove our character formula. A version of this result

appeared in our recent paper [2].

Theorem 4.4.1. Let q be an odd prime power, and let k|q − 1. Let χ be a
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character on Fq, and let S be the SLCE almost difference set in F∗
q. Then

χ(Sc) =
1

2
χ(−1 )(K(χ) + 1).

Proof. The reasoning in the next two sentences is taken from [11, Theorem

2.14], where it serves a different purpose. Let γ ∈ F∗
q be fixed. An element

x ∈ F∗
q satisfies the equation x(1 − x) = γ if and only if it satisfies the

equation (2x−1 )2 = 1 −4γ. Hence, the number of solutions of the equation

x(1 − x) = γ in F ∗
q is 1+ ρ(1 − 4γ), where ρ denotes the (unique) quadratic

character on Fq. It follows that every element of F∗
q is represented either

twice or zero times in the form x(1 − x), save for 4−1, which is represented

once. Consequently, the multiset {x(x − 1) : x ∈ F∗
q} can be represented in

the group ring Z[F∗
q] by 2Y − 4−1.

Making use of Lemma 2.4.3, we see that

χ(−1 )K(χ) = χ(−4 )
∑
x∈F∗

q

χ(x)χ(1 − x)

= χ(−4 )
∑
x∈F∗

q

χ(x(1 − x)) = χ(−4 )χ(2Y − 4−1)

= χ(2Sc − (−1 )) = 2χ(Sc)− χ(−1 ).

So, we deduce that

χ(Sc) =
1

2
χ(−1 )(K(χ) + 1).
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Note that it follows from Lemma 4.0.1 that the expression we have found for

χ(Sc) is indeed an algebraic integer.



Chapter 5

Shift-inequivalent decimations

of the SLCE sequences

In this chapter, we consider the problem of determining maximal sets of shift-

inequivalent decimations of the SLCE sequences, or rather the equivalent

problem of determining the multiplier groups of the SLCE almost difference

sets.

The problem of determining the multiplier groups of these almost dif-

ference sets was considered in [62]. Let p be an odd prime, d a positive

integer, and S an SLCE almost difference set in F∗
q. The authors of [62]

were able to show that ⟨p⟩ is a subgroup of the group H0 of strong mul-

tipliers of S. Furthermore, they explicitly computed the multiplier groups

of SLCE almost difference sets in a number of cases. They found that

for most of the SLCE almost difference sets that they considered, ⟨p⟩ com-

112
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prised the entire multiplier group. However, they did find a case in which

⟨p⟩ was actually a proper subgroup of the multiplier group: when p = 3

and d = 2, the multiplier group H of the SLCE almost difference set S

is (Z/(32 − 1)Z)∗ = {1, 3, 5, 7} ≠ {1, 3} = ⟨p⟩. The authors of [62] mention

that the problem of determining the multiplier groups of the SLCE sequences

seems to be a hard problem. Furthermore, it is noted in [6] that this problem

is still open.

5.1 A necessary condition coming from Stick-

elberger’s Theorem *

Notation 5.1.1. For the remainder of this chapter, let p be an odd prime,

d a positive integer, and q = pd. Let S be an SLCE almost difference set

defined on F∗
q, and let T be a set of distinct coset representatives of ⟨p⟩ in

(Z/(q − 1)Z)∗.

We begin by showing how the result we proved in Section 4.4 can be used

to recover a theorem of Lempel, Cohn, and Eastman [62].

Theorem 5.1.2. ⟨p⟩ is a subgroup of the strong multiplier group of S.

Proof (new). Let χ be a character on F∗
q, and let i be a positive integer.

Then, by Lemma 4.4.1 and the Child’s Binomial Theorem,

χ((Sc)(p
i)) = σpi(χ(S

c)) =
1

2
σpi(χ(−1 )(K(χ) + 1))



114

=
1

2
χ(−1 )p

i

(
∑
x∈F∗

q

χ(xpi)χ((1−x)p
i

)+1) =
1

2
χ(−1 )(

∑
x∈F∗

q

χ(xpi)χ((1−xpi))+1)

=
1

2
χ(−1 )(K(χ) + 1) = χ(Sc).

It follows by Lemma 3.3.4 that (Sc)p
i
= Sc. Consequently, Spi = S.

As a result of Theorem 5.1.2, the problem of determining the multiplier

group of S reduces to determining which elements of T are multipliers of S.

To that end, we now establish a necessary condition for an element t ∈ T to

be a multiplier of S.

Theorem 5.1.3. Let p be an odd prime, let d be a positive integer, and let q =

pd. Let S be an SLCE almost difference set over Fq. Let T be a set of distinct

coset representatives of ⟨p⟩ in (Z/(q− 1)Z)∗, and let t ∈ T be a multiplier of

S. Then the sets S0 = {j ∈ T : d −
∑d−1

i=0 {⌊
2(j−1)′pi

q−1
⌋ − 2⌊ (j−1)′pi

q−1
⌋} > 0} and

tS0 are either identical or disjoint.

Proof. Notice that t is also a multiplier of D = 2(−1 )Sc (where 2 ∈ Z

and −1 ∈ F∗
q−1). So, there exists g ∈ F∗

q−1 such that D(t) = gD. Let P be a

prime ideal lying over p in Z[ζq−1]. Recall that the Techimuller character χP

can be treated as a character on F∗
q−1. We have that

χP (D
(t)) = χP (g)χP (D) = ζχP (D) = ζ(K(χP ) + 1),

where ζ is some (not necessarily primitive) (q − 1)th root of unity. But, we
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also have that

χP (D
(t)) = σt(χP (D)) = σt(K(χP ) + 1) = σt(K(χP )) + 1.

Consequently,

σt(K(χP ))− ζK(χP ) = ζ − 1. (5.1.1)

Now, assume there is a prime ideal Q lying over p that contains both K(χP )

and σt(K(χP )). Then, by (5.1.1), ζ − 1 ∈ Q. Note that ζ is a primitive mth

root of unity for some m dividing q − 1.

By Lemma 3.4.2, if m is a product of more than one prime, then N(1−

ζ) = 1, and it follows that ζ − 1 is a unit. However, since ζ − 1 ∈ Q, this

implies that Q = Z[ζq−1], which is a contradiction. On the other hand, if

m = ℓs, for some prime ℓ and some positive integer s, then by Lemma 3.4.2,

N(1 − ζ) = ℓφ(q−1)/φ(m), and so ℓφ(q−1)/φ(m) ∈ Q. But, since ℓ|m|(q − 1),

we have that gcd(p, ℓφ(q−1)/φ(m)) = 1. So, since p ∈ Q also, the Euclidean

Algorithm implies that 1 ∈ Q. Once again, we get the contradiction that

Q = Z[ζq−1].

The remaining possibility is that m = 1, i.e. that ζ = 1. In this case, 5.1.1

implies that σt(K(χP )) = K(χP ). So, if any prime ideal lying over K(χP )

also lies over σt(K(χP )), then every prime ideal lying over K(χP ) also lies

over σt(K(χP )). Consequently, by Theorem 4.1.1, S0 and tS0 are either iden-

tical or disjoint.
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It is known that −1 is never a multiplier of a nontrivial cyclic difference

set [8, Theorem 3.3]. Interestingly, in the case that p = 3 and d = 2, −1

actually is a multiplier of S. Naturally, it is of interest to determine when S

has −1 as a multiplier. However, at least in the case d = 1, it is easy to see

that our condition never rules out −1 as a multiplier of S.

Let d = 1. In this case, the set S0 has a particularly simple description:

namely,

S0 = {j ∈ (Z/(p− 1)Z)∗ : (j−1)′ < (p− 1)/2}.

Hence, it is clear that j ∈ S0 if and only if (j−1)′ < (p − 1)/2 if and only if

(−j−1)′ > (p− 1)/2 if and only if −j /∈ S0. So, in this case, S0 and −S0 are

disjoint and so our condition does not rule out −1 as a multiplier.

Fortunately, we do have another tool at our disposal to help determine

whether −1 is a multiplier of S. For, if −1 is a multiplier of S, then for some

τ = 1, ..., q − 1, Cs,s[−1](τ) = q − 1. However, by Theorem 2.4.6, Cs,s[−1](τ) ≤

4
√
q+5. So, we must have that q−1 ≤ 4

√
q+5, i.e. that q−4

√
q ≤ 6. But, for

x > 4, x− 4
√
x is an increasing function, and for q = 27, q − 4

√
q ≈ 6.2. So,

if q > 25, then −1 is not a multiplier of S. It can be checked directly that for

q ≤ 25, −1 is a multiplier of S if and only if q = 3, q = 5, or q = 9. Thus, the

following proposition is a direct consequence of the cross-correlation bound

from [24].

Theorem 5.1.4. −1 is a multiplier of S if and only if q = 3, 5, or 9.
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There is another case in which Theorem 5.1.3 is not applicable. Suppose

again that d = 1; additionally, assume that p ≡ 1 (mod 4). Note that (p −

1)/2 − 1 ∈ (Z/(p − 1)Z)∗. Furthermore, note that (p − 1)/2 − 1 is its own

inverse. For j ∈ (Z/(p − 1)Z)∗, ((p − 1)/2 − 1)j ∈ S0 if and only if (((p −

1)/2 − 1)j)−1)′ < (p − 1)/2 if and only if (((p − 1)/2 − 1)j−1)′ < (p − 1)/2

if and only if (since (j−1)′ is odd) (j−1)′ < (p − 1)/2 if and only if j ∈ S0.

So, ((p − 1)/2)S0 = S0: our condition does not rule out the possibility that

(p− 1)/2− 1 = (p− 3)/2 and −((p− 1)/2− 1) = (p+ 1)/2 are multipliers.

5.2 Multipliers of SLCE almost difference sets

over prime fields *

As an application of Theorem 5.1.3, we shall prove that in the case d = 1,

when p ≡ 3 (mod 4), the multiplier group of S is trivial and when p ≡ 1

(mod 4) and p > 702 + 1, the multiplier group of S is a proper subgroup of

the group ⟨(p− 3)/2, (p+ 1)/2⟩ of order 4.

Notation 5.2.1. Let S1 := {j ∈ (Z/(p− 1)Z)∗ : j′ < (p− 1)/2}.

Lemma 5.2.2. Let p be an odd prime, and let S be an SLCE almost differ-

ence set over F∗
p. Let t ∈ (Z/(p− 1)Z)∗ be a multiplier of S not equal to ±1.

Then there exists a ∈ S1 such that aS1 = S1 and a ̸= 1.

Proof. Since the multipliers of S form a group, t−1 is also a multiplier of

S. Hence, by Theorem 5.1.3, t−1S0 = S0 or t−1S0 ∩ S0 = ∅.
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Assume first that t−1S0 = S0. Then for each j ∈ (Z/(p− 1)Z)∗, (j−1)′ <

(p−1)/2 if and only if (tj−1)′ < (p−1)/2. Hence, for each j ∈ (Z/(p−1)Z)∗,

(j)′ < (p − 1)/2 if and only if (tj)′ < (p − 1)/2. Therefore, S1 = tS1.

Furthermore, since 1 ∈ S1, S1 = tS1 implies t ∈ S1.

Now assume that t−1S0 ∩ S0 = ∅. It then follows from the fact that

| − t−1S0| = |S0| = |Sc
0| and the definition of S0 that −t−1S0 = S0. Thus,

we can apply the above argument with “−t” in place of “t” to deduce that

S1 = −tS1 (and that −t ∈ S1).

As it turns out, the problem of deciding which elements a ∈ (Z/(p−1)Z)∗

(a ̸= 1) satisfy the equation aS1 = S1 is very similar to a problem which

arises in the study of pure Jacobi sums. As we mentioned in Chapter 4,

in [1], Akiyama determines the conditions under which Jacobi sums of the

form K(χ) defined over Fp2 are pure. Like our work in this paper, Akiyama’s

work relies on Stickelberger’s Theorem: indeed, he shows that a Jacobi sum is

pure exactly when a condition holds that is almost identical to the necessary

condition for a residue to be a multiplier given in Lemma 5.2.2.

Theorem 5.2.3. Let p be an odd prime, let k|p2−1, and let χ be a character

on Fp2 of order k. Let R1 = {x ∈ (Z/kZ)∗ : x′ ∈ [1, k/2) ∩ Z}. Then K(χ)

is pure if and only if there exists a ∈ R1 such that aR1 = R1 and p ≡ −a

(mod k).

As a result of the similarity between our condition and Akiyama’s condi-

tion, we are able to apply the methods from [1] almost directly. Akiyama’s
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classification of pure Jacobi sums breaks into a number of cases, as does our

study of the multiplier group of S over a prime field.

The proof of the following corollary is a straightforward modification of

the proof of Lemma 4 in [1].

Corollary 5.2.4. Let p be a prime congruent to 3 mod 4, and let S be an

SLCE almost difference set over F∗
p. Then the multiplier group of S is trivial.

Proof. Let t ̸= ±1 be a multiplier of S. Then, by Lemma 5.2.2, there

exists a ∈ S1 such that a ̸= 1 and aS1 = S1. Pick an integer i such that

p− 1

2i+1
< a′ (5.2.1)

and

a′ ≤ p− 1

2i
. (5.2.2)

Since a ̸= 1, it follows from (5.2.2) that (p− 1)/2i+1 ≥ 1 and so that

2i ≤ (p− 1)/2. (5.2.3)

Since p ≡ 3 (mod 4), there exists a congruence class y ∈ (Z/(p − 1)Z)∗

containing (p− 1)/2− 2i. It follows from (5.2.3) that y ∈ S1. Since a
′ is odd,

we have that

a′
(
p− 1

2
− 2i

)
≡ p− 1

2
− 2ia′ (mod p− 1).
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By (5.2.1) and (5.2.2),

p− 1

2
< 2ia′ ≤ p− 1.

Ergo, ay ∈ Sc
1. But this contradicts Lemma 5.2.2.

So, if t is a multiplier of S, then t = ±1. But, by Theorem 5.1.4, −1 is

never a multiplier of S. Hence, the multiplier group of S is trivial.

The proof of the next result is a straightforward modification of the proof

of Lemma 5 from [1].

Corollary 5.2.5. Let p be a prime congruent to 1 mod 8 and greater than

142+1. Let S be an SLCE almost difference set over F∗
p. Then the multiplier

group of S is a proper subgroup of the group ⟨(p− 3)/2, (p+1)/2⟩ of order 4.

Proof. Let t ̸= ±1, (p − 3)/2, (p + 1)/2 be a multiplier of S. Then, by

Lemma 5.2.2, there exists a ∈ S1 such that a ̸= 1 and aS1 = S1. For c, d ∈ Z+,

set T (c, d) = {x ∈ (Z/(p − 1)Z)∗ : x′ ∈ [c, d) ∩ Z}, and for j = 1, 2, 3, 4, set

Tj = T (((j − 1)(p− 1)/4, j(p− 1)/4).

Note that since (p − 1)/2 is even and a′ is odd, there is a residue y ∈

S1 containing (p − 1)/2 − a′. Furthermore, since every integer belonging to

a congruence class in S1 is odd, the condition aS1 = S1 is equivalent to

the condition yS1 = S1. Hence, we may assume a ∈ T1. Indeed, since t ̸=

±1, (p− 3)/2, (p+ 1)/2, we can assume that a′ ∈ [3, (p− 1)/4). Let us begin

by assuming a′ ∈ [8, (p− 1)/4) ∩ Z.
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Let i be the positive integer such that

a′ ∈
[
p− 1

2i+2
,
p− 1

2i+1

)
. (5.2.4)

Write p − 1 = 2em, where e ≥ 3 and m is odd. Let A, B, C, and D

be elements of (Z/(p − 1)Z)∗ containing (p − 1)/2e + 2i, (p − 1)/2e + 2i+1,

(p−1)/2e+(p−1)/4+2i, and (p−1)/2e+(p−1)/4+2i+1, respectively. Note

that since a′ ≤ (p− 1)/2i+1 and a′ ≥ 8, we have that 2i+4 ≤ 2i+1a′ ≤ p− 1.

Hence, A,B,C,D ∈ S1.

Assume for the sake of contradiction that aA, aB, aC, and aD are all in

S1. First, note that

(
p− 1

2e
+ 2i+1

)
−
(
p− 1

2e
+ 2i

)
= 2i,

and by (5.2.4),

2ia′ ∈
[
p− 1

4
,
p− 1

2

)
.

Hence, aB − aA ∈ T2. So, if aA ∈ T2. then aB ∈ T3 and so aB ∈ Sc
1, which

contradicts our assumption. Thus, aA ∈ T1, and aB ∈ T2.

Since a′ is odd, we consider the following two cases.

1) (a′ ≡ 1 (mod 4)) In this case,

a′
(
p− 1

2e
+

p− 1

4
+ 2i+1

)
≡ p− 1

4
+ a′

(
p− 1

2e
+ 2i+1

)
(mod p− 1).
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Hence, since aB ∈ T2, it follows that aD ∈ T3 and so aD ∈ Sc
1, which

contradicts our assumption.

2) (a′ ≡ 3 (mod 4)) In this case,

a′
(
p− 1

2e
+

p− 1

4
+ 2i

)
≡ 3(p− 1)

4
+ a′

(
p− 1

2e
+ 2i

)
(mod p− 1).

Hence, since aA ∈ T1, it follows that aC ∈ T4 and so aC ∈ Sc
1, which

contradicts our assumption. Thus, aA, aB, aC, and aD cannot all lie in S1

simultaneously; the equation aS1 = S1 cannot be true.

It remains to consider the cases a′ = 3, 5, 7. But, note that aS1 = S1

implies a2S1 = S1. Also, (p− 1)/4 > 72 implies that for each of these choices

of a′, (a2)′ ∈ [8, (p − 1)/4) and so the above argument can be applied to

obtain a contradiction.

Thus, if t is a multiplier of S, then t = ±1, (p − 3)/2, (p + 1)/2. But, by

Proposition 5.1.4, −1 is never a multiplier of S. Also, since the product of

two multipliers is a multiplier and since ((p − 3)/2)((p + 1)/2) = −1, it is

not possible that both (p − 3)/2 and (p + 1)/2 are multipliers. Hence, the

multiplier group of S is a proper subgroup of the group ⟨(p− 3)/2, (p+1)/2⟩

of order 4.

For proofs of the next three corollaries, see the proofs of Lemma 6, Lemma

7, and Lemma 8, respectively, in [1].

Corollary 5.2.6. Let p be a prime satisfying p−1 = 4m for some integer m
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such that (m, 3) = 1. Let p be greater than 102+1. Let S be an SLCE almost

difference set over F∗
p. Then the multiplier group of S is a proper subgroup of

the group ⟨(p− 3)/2, (p+ 1)/2⟩ of order 4.

Corollary 5.2.7. Let p be a prime satisfying p − 1 = 4m for some integer

m which is odd and not square free. Let p be greater than 462 + 1. Let S be

an SLCE almost difference set over F∗
p. Then the multiplier group of S is a

proper subgroup of the group ⟨(p− 3)/2, (p+ 1)/2⟩ of order 4.

Corollary 5.2.8. Let p be a prime satisfying p−1 = 12m for some integer m

that has a prime factor greater than 6. Further assume that (m, 6) = 1. Let p

be greater than 702+1. Let S be an SLCE almost difference set over F∗
p. Then

the multiplier group of S is a proper subgroup of the group ⟨(p−3)/2, (p+1)/2

of order 4.

Let S be an SLCE almost difference set over F∗
p. Assume that p > 702+1.

By Corollary 5.2.4, the multiplier group of S is trivial unless 4|(p−1). Assume

p− 1 = 4m, for some integer m. By Corollary 5.2.5, the multiplier group of

S is a proper subgroup of the group ⟨(p − 3)/2, (p + 1)/2⟩ of order 4 unless

m is odd. Assume m is odd. By Corollary 5.2.6, the multiplier group of S is

a proper subgroup of the group ⟨(p− 3)/2, (p+1)/2⟩ unless 3|m. So, assume

p − 1 = 12m′, for some integer m′. By Corollaries 5.2.5 and 5.2.7, unless

m′ is square free and relatively prime to 6, then the multiplier group of S a

proper subgroup of ⟨(p − 3)/2, (p + 1)/2⟩. Assume m′ is indeed square free

and relatively prime to 6. Then, by Corollary 5.2.8, the multiplier group of
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S is a proper subgroup of ⟨(p− 3)/2, (p+1)/2⟩, unless m′ = 5, in which case

p < 702 + 1, contradicting our assumption.

Hence, we have proven the following theorem.

Theorem 5.2.9. Let p be an odd prime, let S be an SLCE almost difference

set over F∗
p, and let s be the periodic binary sequence corresponding to S. If

p ≡ 3 (mod 4), then the multiplier group of S is trivial, and F1 = {s[t′] : t ∈

(Z/(p− 1)Z)∗} is a family of φ(p− 1) shift inequivalent decimations of s. If

p > 702 + 1 and p ≡ 1 (mod 4), then the multiplier group of S is a proper

subgroup of the group ⟨(p− 3)/2, (p+ 1)/2⟩ of order 4.



Chapter 6

Progress towards determining

the linear complexity of the

SLCE sequences

In this chapter, we use our character formula to deduce information about

the linear complexity of the SLCE sequences. The problem of determining

the linear complexity of these sequences seems to be quite difficult, likely for

the reason mentioned in Chapter 3: the SLCE sequences have even period.

Over the past 15 years, several authors have attempted to solve this problem,

and some progress has been made, but the problem is still open.

We begin by summarizing the state of the art prior to our work in this

thesis, and then we turn to the task of using our character formula to deduce

new information about the linear complexity of these sequences.

125
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6.1 The state of the art

The problem of determining the linear complexity of the SLCE sequences

was first considered by Helleseth and Yang [49] and subsequently taken up

by Kyureghan and Pott [59] and finally by Meidl and Winterhof [73].

We recall the notation of Section 3.5.2. Let q be an odd prime power, s =

s0s1s2... an SLCE sequence over F∗
q, and S2(x) :=

∑q−2
i=0 six

i ∈ F2[x]. Each of

the authors who have previously written on this problem have proceeded by

attempting to determine the divisors of gcd(S2(x), x
q−1 − 1).

Let k|q − 1, and let f be the order of k mod 2. Since F∗
2f

is a cyclic

group of order 2f − 1, it has a subgroup of order k. Let β ∈ F2f be an

element of order k, so that β is a root of 1 + x + · · · + xk−1. Let Iβ(x) be

the minimal polynomial of β over F2. We would like to determine whether

or not Iβ(x) and/or 1 + x + · · · + xk−1 divide S2(x). Furthermore, if Iβ(x)

and/or 1 + x + · · · + xk−1 do divide S2(x), we would like to determine the

multiplicity with which they divide it.

Note that Iβ(x)|S2(x) if and only if S2(β) = 0, where S2(β) is an element

of F2f . For a polynomial f(x) ∈ F2[x], let f (t)(x) denote the t-th formal

derivative of f(x). Note that Iβ(x)|S2(x) with multiplicity t if and only if

S
(t)
2 (β) = 0.

The authors of all three papers mentioned above have used cyclotomic

numbers to show that for certain elements β and certain values of t, S
(t)
2 (β) =

0. Thus, they have been able to infer that under certain conditions, certain
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polynomials divide gcd(S2(x), x
q−1 − 1). The connection between cyclotomic

numbers and expressions of the form S
(t)
2 (β) is given lucidly by the following

equation from [73]. Assume that q − 1 = 2ℓr, for some odd number r. Then

S2(β)
(t) =

r−1∑
h=0

2ℓ−1∑
i=t

(it)
=1

2ℓ−1r−1∑
j=0

(u(h, i), 2j + 1)2ℓrβ
h, (6.1.1)

where u(h, i) is the unique integer u such that 0 ≤ u ≤ 2ℓr − 1, u ≡ h +

k (mod r), and u ≡ i (mod 2ℓ). The applicability of (6.1.1) depends on

whether or not one is able to evaluate the relevant cyclotomic numbers. As

we mentioned in Section 3.1.1, explicit evaluations of cyclotomic numbers are

known for cyclotomic numbers of small order. These evaluations generally

depend on evaluations of Jacobi sums of small order. Consequently, most

applications of (6.1.1) essentially amount to translations of the information

from evaluations of Jacobi sums of small order into divisibility conditions for

S2(x). There are certain other special cases in which evaluations of cyclotomic

numbers are known, and these have also been exploited by the authors of [49],

[59], and [73].

The authors of all three papers have used (6.1.1) to deduce conditions

under which powers of x+1 divide S2(x). The most recent (and, consequently,

most general) such conditions are given in [73]. The authors of [73] have

deduced conditions under which certain other polynomials of low degree (such

as 1 + x+ x2) divide S2(x).
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Kyureghan and Pott also made use of a different approach to finding

divisors of S2(x). They proved the following result, which gives a criterion for

determining whether certain polynomials divide S2(x) in terms of Jacobsthal

sums in the case that q ≡ 5 (mod 8) [59].

Theorem 6.1.1. Let q be an odd prime such that q = ef + 1, where e is

odd, and 4|f. Let s = s0s1s2... be an SLCE sequence over F∗
q, and let S2(x) :=∑q−2

i=0 six
i ∈ F2[x]. Let α be a primitive element of Fq. Then gcd(S2(x), x

q−1−

1) is divisible by 1 + x+ · · ·+ xe−1 if and only if

Ie(1) ≡ −e (mod 4),

and

Ie(α
−t) ≡ 0 (mod 4)

for each 1 ≤ t ≤ e− 1.

Under certain number theoretical hypotheses, Kyureghan and Pott are

able to evaluate the congruences in Theorem 6.1.1 and thus obtain divisibility

conditions for gcd(S2(x), x
q−1 − 1).

Thus, the authors of [49], [59], and [73] have obtained a number of theo-

rems giving conditions under which certain polynomials divide gcd(S2(x), x
q−1−

1). Each such result yields an upper bound on the linear complexity of cer-

tain classes SLCE sequences. Consequently, there is sufficient motivation to

deduce more such results. In the next section, we use our character theorem
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to derive divisibility results for the SLCE sequences different than the ones

obtained in [49], [59], and [73]; the results we present all appeared in our

recent paper [2].

We conclude this section by mentioning that Meidl and Winterhof have

obtained a lower bound on the linear complexity of the SLCE sequences: in

[73], they show that the linear complexity is always greater than or equal to

√
q − 1.

6.2 New divisibility conditions *

Once again, we fix the notation of Section 3.5.2 throughout this section. We

assume that p is an odd prime, m is a positive integer, q = pm, s = s0s1s2...

is an SLCE sequence over F∗
q, and S2(x) :=

∑q−2
i=0 six

i ∈ F2[x].

Notation 6.2.1. Let k|q − 1 (k ≥ 3) and let f be the order of k mod 2. Let

β ∈ F2f be an element of order k, so that β is a root of 1+x+ · · ·+xk−1. Let

Iβ(x) be the minimal polynomial of β over F2. Let P be a prime ideal lying

over ⟨2⟩ in Q(ζk).

Using Condition 3.5.3 in concert with our character evaluation (Theorem

4.4.1) we deduce the following criterion for determining whether Iβ(x) divides

S2(x).

Theorem 6.2.2. We have

Iβ(x)|S2(x) ⇐⇒ 1

2
(K(χ) + 1) ≡ 0 (mod P).
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We use Theorem 6.2.2, in conjunction with the evaluations of the sums

K(χ) given in Section 4.2, to obtain new results concerning the divisors of

gcd(S2(x), x
q−1 + 1). We first apply the evaluations of the pure Jacobi sums

given in Corollary 4.2.7.

Lemma 6.2.3. Suppose that there exist positive integers x satisfying the

congruence px ≡ −1 (mod k), and let t be the least such integer. Hence, by

Theorem 4.2.4, m = 2ts for some positive integer s.

If p ≡ 1 (mod 4), then Iβ(x)|S2(x) ⇐⇒ s ≡ 0 (mod 2).

If p ≡ 3 (mod 4), then Iβ(x)|S2(x) ⇐⇒ either s ≡ 0 (mod 2) or ts is

odd.

Proof. By Corollary 4.2.7, K(χ) is pure; in fact, K(χ) ∈ Z. We know that

P ∩ Z = 2Z (see [3, Theorem 1.5.4]). Hence,

Iβ(x)|S2(x) ⇐⇒ 1

2
(K(χ)+1) ≡ 0 (mod 2) ⇐⇒ K(χ)+1 ≡ 0 (mod 4).

If p ≡ 1 (mod 4), then by Corollary 4.2.7, we have

Iβ(x)|S2(x) ⇐⇒ (−1)1+(pt+1)s/(2k)pm/2 + 1 ≡ 0 (mod 4)

⇐⇒ (−1)1+(pt+1)s/(2k) + 1 ≡ 0 (mod 4).

Since k is odd, we have

Iβ(x)|S2(x) ⇐⇒ (−1)1+s + 1 ≡ 0 (mod 4) ⇐⇒ s ≡ 0 (mod 2).
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If p ≡ 3 (mod 4), then by Corollary 4.2.7, we have

Iβ(x)|S2(x) ⇐⇒ (−1)1+m/2+(pt+1)s/(2k)pm/2 + 1 ≡ 0 (mod 4).

We first assume that ts is even. Thus, pm/2 ≡ 1 (mod 4). Hence,

Iβ(x)|S2(x) ⇐⇒ (−1)1+(pt+1)s/(2k) + 1 ≡ 0 (mod 4).

If t is even and s is odd, then 1 + (pt + 1)s/(2k) ≡ 0 (mod 2). On the other

hand, if s is even, then 1 + (pt + 1)s/(2k) ≡ 1 (mod 2). Hence, if ts is even,

then

Iβ(x)|S2(x) ⇐⇒ s ≡ 0 (mod 2).

We now assume that ts is odd. Then

Iβ(x)|S2(x) ⇐⇒ (−1)ts+(pt+1)s/(2k)+1 ≡ 0 (mod 4) ⇐⇒ (−1)+1 ≡ 0 (mod 4).

So, clearly Iβ(x)|S2(x) when ts is odd.

We use Lemma 6.2.3 to determine conditions under which

1 + x+ · · ·+ xk−1 | S2(x).

Theorem 6.2.4. Suppose that there exist positive integers x satisfying the

congruence px ≡ −1 (mod k), and let t be the least such integer. Hence, by

Theorem 4.2.4, m = 2ts for some positive integer s.
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If p ≡ 1 (mod 4), then 1 + x+ · · ·+ xk−1|S2(x) ⇐⇒ s ≡ 0 (mod 2).

If p ≡ 3 (mod 4), then 1+x+· · ·+xk−1|S2(x) ⇐⇒ either s ≡ 0 (mod 2)

or ts is odd.

Proof. Let ν ∈ F∗
q be an element of order n, where n|k. Since, pt ≡ −1

(mod k), it follows that pt ≡ −1 (mod n). Thus, the equation px ≡ −1

(mod n) has a positive integer solution x. Let t′ be the smallest such solution.

There exists unique integers y, r ≥ 0 such that t = yt′+r, r < t′. Furthermore,

−1 ≡ pt = pyt
′+r ≡ (−1)ypr (mod n).

Since r < t′, the above equation is only possible if r = 0. Hence, t′|t.

Now, by Theorem 4.2.4, there exists a positive integer s′ such that m =

2t′s′, so that 2t′s′ = 2ts = 2yt′s, and hence s′ = ys. Consequently, we have

s ≡ 0 (mod 2) =⇒ s′ ≡ 0 (mod 2).

Further, since ts = t′s′, we have

ts ≡ 1 (mod 2) =⇒ t′s′ ≡ 1 (mod 2).

So, it follows from Lemma 4.1 that the conditions guaranteeing that

Iβ(x)|S2(x) are also sufficient to guarantee that Iν(x)|S2(x), where ν is any

element of order dividing k. Thus, these conditions are sufficient to guarantee

that 1 + x + · · · + xk−1|S2(x). And, of course, they are also necessary. The
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result follows.

We now give some examples to illustrate Theorem 6.2.4.

Example 6.2.5. Let p = 19 and let s be the SLCE sequence of length 192 −

1 = 360 with corresponding polynomial S2(x). Note that 5|20 = 19+1. Thus,

we have p ≡ 3 (mod 4) and s = t = 1. Hence, ts is odd. Thus, Theorem

6.2.4 guarantees that 1 + x+ x2 + x3 + x4|gcd(S2(x), x
360 + 1).

We use Theorem 6.2.4 to interpret some of the numerical results from

[59].

Example 6.2.6. Let q = 52. The authors of [59] found (via computer com-

putations) that gcd(S2(x), x
q−1 + 1) = (x + 1)4. Hence, even though 3|5 + 1,

1 + x+ x2 - gcd(S2(x), x
q−1 + 1). Of course, this follows from Theorem 6.2.4

since p ≡ 1 (mod 4), but s = 1 ≡ 1 (mod 2).

Let q = 34. Note that 5|32+1 but 5 - 3+1. So, p ≡ 3 (mod 4), t = 2 and

s = 1. Hence, s ≡ 1 (mod 2) and ts is even, so that 1 + x + x2 + x3 + x4 -

gcd(S2(x), x
q−1 + 1). This agrees with the calculations in [59], where it was

found that gcd(S2(x), x
q−1 + 1) = (x+ 1)10.

Let q = 54. Note that 13|52 + 1 but 13 - 5 + 1. So, t = 2, s = 1,

and p ≡ 1 (mod 4). Since s ̸≡ 0 (mod 2), Theorem 6.2.4 guarantees that

1 + x + · · · + x13 - S2(x). This agrees with the calculations in [59], where it

was shown that gcd(S2(x), x
q−1 + 1) = (x+ 1)12(x2 + x+ 1)10.

Let q = 74. Note that 5|72 + 1. So, t = 2, s = 1, and p ≡ 3 (mod 4).

By Theorem 6.2.4, since s ̸≡ 0 (mod 2) and ts is even, 1 + x + x2 + x3 +
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x4 - S2(x). This agrees with the calculations in [59], where it was found that

gcd(S2(x), x
q−1 + 1) = (x+ 1)22(x2 + x+ 1)18(x4 + x+ 1)2(x4 + x3 + 1)2.

Let q = 36. Note that 7|33+1. So, t = 3, s = 1, and p ≡ 3 (mod 4). Thus,

ts is odd, and so Theorem 6.2.4 guarantees that 1+x+ · · ·+x6 | S2(x). This

agrees with the calculations in [59], where it was shown that

gcd(S2(x), x
q−1 + 1)

= (x+ 1)2(x3 + x+ 1)4(x3 + x2 + 1)4(x12 + x11 + · · ·+ x+ 1)2

= (x+ 1)2(1 + x+ · · ·+ x6)4(x12 + · · ·+ x+ 1)2.

Let q = 56. Now 3|5 + 1. In this case, t = 1, s = 3, and p ≡ 1 (mod 4).

So, by Theorem 6.2.4, 1 + x + x2 - S2(x). Also, 3
2|53 + 1. Here, t = 3 and

s = 1. So, by Theorem 6.2.4, 1+x+ · · ·+x8 - S2(x). Finally, 7|53+1. Here,

t = 3, and s = 1. So, by Theorem 6.2.4, 1 + x+ · · ·+ x6 - S2(x). This agrees

with the calculations in [59], where it was found that

gcd(S2(x), x
q−1 + 1) = (x5 + x3 + x2 + x+ 1)4(x5 + x4 + x3 + x2 + 1)4

×(x5 + x4 + x3 + x+ 1)4(x5 + x4 + x3 + x2 + 1)4.

Let q = 38. Now, 5|32+1. Here, t = 2, s = 2, and p ≡ 3 (mod 4). Hence,

since s ≡ 0 (mod 2), Theorem 6.2.4 guarantees that 1+x+x2+x3+x4|S2(x).

Also, 41|34 + 1. Here, t = 4, and s = 1. Hence, since s ̸≡ 0 (mod 2) and

since ts is even, Theorem 6.2.4 guarantees that 1+x+ · · ·+x40 - S2(x). This
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agrees with the calculations in [59], where it was shown that

gcd(S2(x), x
q−1 + 1) = (x+ 1)26(x4 + x3 + x2 + x+ 1)18.

We now apply the evaluations of the Jacobi sums of index 2 given in

Corollary 4.2.10 to deduce new divisibility conditions.

Lemma 6.2.7. Let k = ℓr, where ℓ is a prime congruent to 7 (mod 8) and r

is a positive integer. We suppose that [(Z/kZ)∗ : ⟨p⟩] = 2 and m = φ(k)s/2,

where s is a positive integer. Let e = φ(k)/2, so that m = es. Let a and b be

determined as in Theorem 4.2.8 (Langevin’s result).

If p ≡ 1 (mod 4), then

Iβ(x)|S2(x) ⇐⇒ (−1)s−1−(p−1)s/4

(
a+ b

2

)s

≡ 3 (mod 4).

If p ≡ 3 (mod 4), then

Iβ(x)|S2(x) ⇐⇒ (−1)s−1−rs+es+(1−h)s/2

(
a+ b

2

)s

≡ 3 (mod 4).

Proof. Since ℓ ≡ 3 (mod 4), Theorem 3.4.4 implies that K(χ) ∈ Q(
√
−ℓ).

Since P is a prime ideal lying over 2, P∩Q(
√
−ℓ) is a prime ideal of Q(

√
−ℓ)

lying over 2 (and conversely, for every prime ideal P ′ of Q(
√
−ℓ) lying above

2, there is a prime idealQ ofQ(ζk) lying above 2 for whichQ∩Q(
√
−ℓ) = P ′).

Also, note that the procedure we have outlined in this chapter allows us free

choice as to which prime ideal of Q(ζk) lying above 2 we choose as P . Finally,



136

recall that an explicit description of the prime ideals lying above 2 in Q(
√
−ℓ)

is given in Theorem 3.4.6. Without loss of generality, let us choose P so that

P ∩Q(
√
−ℓ) = ⟨2, −1 +

√
−ℓ

2
⟩.

In what follows, we will use the fact, mentioned above under Theorem

4.2.8, that a ≡ b (mod 2) (where a and b are determined as in Theorem

4.2.8) as well as the simple facts that

1

2
(K(χ) + 1) ≡ 0 (mod P) ⇐⇒ K(χ) + 1 ≡ 0 (mod 2P)

and that the squares mod 8 are congruent to either 0, 1, or 4.

Since p ≡ 1, 3 (mod 4), it follows that ph ≡ 1, 3 (mod 4). Hence, 4ph ≡ 4

(mod 8). If a and b are both odd, then a2, b2 ≡ 1 (mod 8). So, if we assume

that this is the case, then by Theorem 4.2.8,

4 ≡ 4ph = a2 + ℓb2 ≡ 1 + 7 · 1 ≡ 0 (mod 8),

which is clearly impossible. Consequently, a, b ≡ 0 (mod 2).

Case 1: p ≡ 1 (mod 4). By Corollary 4.2.10, we have

K(χ) + 1 = 1 + (−1)s−1−(p−1)s/4p(e−h)s/2

(
a+ b

√
−ℓ

2

)s

= 1 + (−1)s−1−(p−1)s/4p(e−h)s/2

(
a+ b

2
+ b

(
−1 +

√
−ℓ

2

))s

.
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Now, since 2P|⟨4⟩, it follows that p(e−h)s/2 ≡ 1 (mod 2P). Further, since

b ≡ 0 (mod 2) and since, by Theorem 3.4.5, −1+
√
−ℓ

2
∈ Z[

√
n], we have that

b
(

−1+
√
−ℓ

2

)
≡ 0 (mod 2P). Hence,

K(χ) + 1 ≡ 1 + (−1)s−1−(p−1)s/4

(
a+ b

2

)s

(mod 2P).

But 1 + (−1)s−1−(p−1)s/4
(
a+b
2

)s ∈ Z, and 2P ∩ Z = ⟨4⟩. Consequently,

Iβ(x)|S2(x) ⇐⇒ (−1)s−1−(p−1)s/4

(
a+ b

2

)s

≡ 3 (mod 4).

Case 2: p ≡ 3 (mod 4). By Corollary 4.2.10, we have

K(χ) + 1 = 1 + (−1)s−1−rs+(e+1)s/2p(e−h)s/2

(
a+ b

√
−ℓ

2

)s

= 1 + (−1)s−1−rs+(e+1)s/2p(e−h)s/2

(
a+ b

2
+ b

(
−1 +

√
−ℓ

2

))s

.

Now, since 2P|⟨4⟩, it follows that p(e−h)s/2 ≡ (−1)(e−h)s/2 (mod 2P). Further,

since b ≡ 0 (mod 2) and since, by Theorem 3.4.5, −1+
√
−ℓ

2
∈ Z[

√
n], we have

that b
(

−1+
√
−ℓ

2

)
≡ 0 (mod 2P). Hence,

K(χ) + 1 ≡ 1 + (−1)s−1−rs+es+(1−h)s/2

(
a+ b

2

)s

(mod 2P).

But 1 + (−1)s−1−rs+es+(1−h)s/2
(
a+b
2

)s
(mod 2P) ∈ Z, and 2P ∩ Z = ⟨4⟩.
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Consequently,

Iβ(x)|S2(x) ⇐⇒ (−1)s−1−rs+es+(1−h)s/2

(
a+ b

2

)s

≡ 3 (mod 4).

Let us now focus on the special case in which r = 1, so that k = ℓ.

Theorem 6.2.8. Let ℓ ≡ 7 (mod 8) be a prime, and let k = l. We suppose

that [(Z/kZ)∗ : ⟨p⟩] = 2 and m = φ(k)s/2, where s is a positive integer. Let

e = φ(k)/2, so that m = es. Let a and b be determined as in Theorem 4.2.8

(Langevin’s result).

If p ≡ 1 (mod 4) and b ≡ 0 (mod 4), then

1 + x+ · · ·+ xℓ−1|S2(x) ⇐⇒ (−1)s−1−(p−1)s/4

(
a+ b

2

)s

≡ 3 (mod 4).

If p ≡ 3 (mod 4) and b ≡ 0 (mod 4), then

1+x+ · · ·+xℓ−1|S2(x) ⇐⇒ (−1)s−1−rs+es+(1−h)s/2

(
a+ b

2

)s

≡ 3 (mod 4).

Proof. Note that 1+x+ · · ·+xℓ−1 is the product of the minimal polynomials

of the elements of F2f of order ℓ. So, if we can guarantee that the relevant

condition from Lemma 4.2 is the same for each element β of order ℓ, then we

can deduce conditions under which 1 + x+ · · ·+ xℓ−1|S2(x).

The explicit conditions given in Theorem 4.2.8 are sufficient to determine

a completely and to determine b up to sign. In order to determine the sign

of b, one must use Stickleberger’s congruence [30, Lemma 3.5]. However,
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we cannot guarantee that the sign of b will be same for Gauss/Jacobi sums

corresponding to different characters of order k [11, Section 11.2]. But, if we

assume that b ≡ 0 (mod 4), then the residue class mod 4 of a+b
2

is unaffected

by the sign of b.

We now give an example to illustrate Theorem 6.2.8.

Example 6.2.9. Let ℓ = 23 ≡ 7 (mod 8), let p = 13 ≡ 1 (mod 4), and

let s = 1. It is easy to check that [(Z/23Z)∗ : ⟨13⟩] = 2. In this case, m =

φ(23)/2 = 11, so that q = 1311. Referring to the class number table on

[3, p. 325], we see that h = h(Q(
√
−23)) = 3. Further, 4ph = 4 · 133 =

(74)2 + 23 · (12)2, so that a = ±74 and b = ±12, and since a ≡ −2p
1
2
(m+h)

(mod ℓ), we have that a = 74. By Theorem 6.2.8, we have

1 + x+ · · ·+ x22|S2(x) ⇐⇒ (−1)1−1−(13−1)·1/4
(
74± 12

2

)
≡ 3 (mod 4)

⇐⇒ −37 ≡ 3 (mod 4).

But −37 ≡ 3 (mod 4), and so 1 + x+ · · ·+ x22|S2(x).

We conclude with a few remarks regarding the applicability of Theo-

rem 6.2.8. The fastest way to compute the class number of Q(
√
−ℓ) is via

an algorithm due to Shanks, which requires at most O(ℓ1/4+ϵ) operations,

where ϵ is any positive number; see [21, Section 5.4]. The class number

of Q(
√
−ℓ) can be used to obtain divisibility results whenever p satisfies

[(Z/ℓZ)∗ : ⟨p⟩] = 2, and it follows by Dirichlet’s Theorem on primes in an



140

arithmetic progression that there are infinitely many primes p for which this

is true. When the class number h = 1, there exists a probabilistic poly-

nomial time algorithm, known as the modified Cornacchia algorithm, that

can be used to find the integers a and b satisfying 4ph = 4p = a2 + ℓb2; see

[21, Section 1.5.2]. In the general case, Hardy, Muskat, and Williams have

given a deterministic algorithm that finds a and b (up to sign) in at most

O((4ph)1/4(log4ph)3(loglog4ph)(logloglog(4ph))) operations [45].



Chapter 7

Future work

We conclude this thesis by listing some open problems and formulating some

research proposals concerning Sidelnikov sequences. This list is not compre-

hensive. Rather, it is a short list comprised of questions of particular interest

to the author.

7.1 General questions

1) Ming Su has recently proposed an analogue of the Sidelnikov sequences

in rings of the form Z/p(q − 1)Z, where p is an odd prime, q is a power of

an odd prime, and gcd(p, q) = 1 [89]. Furthermore, Su obtains some partial

results concerning the linear complexity of these sequences [89].

Is it possible to obtain more insight into the linear complexity of these se-

quences? Furthermore, can one determine what other randomness properties

141
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they possess?

2) Are Su’s new sequences the natural generalization of Sidelnikov se-

quences to residue rings not isomorphic to multiplicative groups of finite

fields? Are there other interesting generalizations that might be considered?

For instance, the generalized cyclotomic difference sets (and almost difference

sets) are constructed in rings of the form Zpq, where p and q are odd primes

and gcd(p, q) = 1. Can one define an analogue of the Sidelnikov sequences in

rings of this type? Of course, if new analogues could be defined, it would be

interesting to try to determine their randomness properties.

3) What are the run properties of the Sidelnikov sequences?

4) The formula for the character values of the SLCE sequences given in

Theorem 4.4.1 is similar to the formula for the character values of the hyper-

oval difference sets given in Equation 4.4.2. Is there an interesting geometric

interpretation one could give for the Sidelnikov sequences? If so, does this

geometric interpretation yield any insight into the pseudorandomness prop-

erties of these sequences?

7.2 Questions about decimations

5) What is the generalization of Theorem 4.4.1 from binary Sidelnikov se-

quences to M -ary Sidelnikov sequences? If one could compute character

values of M -ary Sidelnikov sequences, would it be possible to say anything

about the prime ideal factorization of the ideals generated by these character
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values? In other words, is it be possible to prove an analogue of Theorem

5.1.3 for M -ary Sidelnikov sequences?

6) As we mentioned in Chapter 2, in certain special cases it is possible

to compute the cross-correlation of two decimations of an m-sequence. Are

there cases in which one could explicitly compute the cross-correlation of two

decimations of a Sidelnikov sequence? If so, would it be possible to use some

of the decimations in question to enlarge the Sidelnikov families mentioned

in Section 2.4.2 without sacrificing too much in the way of cross-correlation?

7) Is it possible to use Theorem 5.1.3 to determine the multiplier groups

of SLCE sequences for d > 1?

7.3 Questions about linear complexity

8) Is it possible to generalize Theorem 4.4.1 to a formula for character val-

ues of group ring elements corresponding to formal derivatives of S2(x)? If

so, would it be possible to explicitly evaluate the resulting character sums

in certain special cases, as we were able to do with the sums arising from

Theorem 4.4.1, and thereby determine the multiplicity with which certain

polynomials divide gcd(S2(x), x
q−1 − 1)?

9) Evans et al use (4.4.2) in conjunction with Stickelberger’s Theorem

and Theorem 3.5.1 to determine the linear complexity of the sequences cor-

responding to Maschietti’s hyperoval difference sets. Is it possible to do

something similar with SLCE sequences (at least to the extent of determin-
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ing which polynomials divide gcd(S2(x), x
q−1 − 1), if not also determining

the multiplicity with which they divide it)?

There are at least two possible complications that would need to be over-

come. Firstly, equation 4.4.2 expresses the character values of the hyperoval

almost difference sets as multiples of Jacobi sums. Thus, Stickelberger’s

Theorem and Theorem 3.5.1 provide a clear path towards studying the lin-

ear complexity of these sequences. But Theorem 4.4.1 describes the character

values of the SLCE sequences as sums of the form 1
2
(K(χ) + 1). The “+1”

part of this expression somewhat complicates matters.

Secondly, the authors of [29] actually compute the linear complexities in

question by representing the exponents coming from Stickelberger’s theorem

as vectors of zeroes and ones and then performing computations with these

vectors. They are able to obtain this representation of the exponents in

question because the hyperoval difference sets are defined over finite fields

of characteristic two. To represent the exponents given by Stickelberger’s

theorem for Jacobi sums over a finite field of characteristic p, one would have

to make use of vectors with components from Fp. Thus, the complexity of

such computations increases along with the characteristic of the finite field

one is working over.

So, it may turn out not be feasible to use the method from [29] to study

SLCE sequences in the general case. However, it seems possible that it might

bear fruit for low values of p.
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