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Abstract 

A wave propagation based damage identification approach is proposed. This approach 

relies on a comparison of the structural wave speeds in the healthy and damaged 

structure. Estimates of the time of travel between two measurement locations, and hence 

of the wave speed, are obtained through cross-correlation analysis on the measured 

signals. The one-dimensional structural elements considered are a rod carrying 

non-dispersive wave in axial vibration and a beam conducting dispersive wave in lateral 

vibration. 

Waves generated by both random and transient excitations are considered. It is shown 

through computer simulation studies that the proposed method is successful in providing 

reasonably accurate estimates of both the location and extent of damage even in the 

presence of significant measurement noise and reflections from boundaries. Accuracy of 

the estimates can be improved by increasing the measurement locations. Certain 

limitations of the method and the related future research needs are identified. 

11 
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Chapter 1 

Introduction 

1.1 General 

The process of periodic or continuous inspection of the safety and functionality of a 

structure and the tests performed in order to understand the behavior mechanisms of 

structures are commonly referred to as Structural Health Monitoring (SHM) (Farrar and 

Sohn, 2001). SHM is an interdisciplinary field of research that involves a broad range of 

disciplines such as structural, material, computer and communications engineering 

(Mufti, 2001). SHM process consists of several tasks that can be summarized in seven 

steps (Mufti, 2001): 

1. Acquisition of Data 

2. Communication of Data 

3. Processing of Data 

4. Storage of Processed Data 

5. Extraction of Appropriate Information from Data (Diagnostics) 

6. Retrieval of Data 
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The most important step of this inspection process is the diagnostics step that includes 

extraction of useful information from stored data e.g. any information about the presence 

of damage in structure. This process is generally referred to as damage detection. 

Generally structural damage is any undesirable change in a structure that causes a 

negative effect on its serviceability (Amin, 2002). The damages in civil engineering 

structures are in the form of cracks, reinforcement fracture, delamination, broken welds, 

loose bolts, corrosion, etc (Amin, 2002). The detection procedure for such damages can 

be classified into four levels (Rytter, 1993): 

• Level 1: Determination that damage is present in the structure. 

• Level 2: Level 1 plus determination of the geometric location of the damage. 

• Level 3: Level 2 plus quantification of the severity of the damage. 

• Level 4: Level 3 plus prediction of the remaining service life of the structure. 

Damage detection methods can be grouped in various categories: 

(1) Destructive Evaluation Methods 

(2) Non-Destructive Evaluation Methods 

(3) Vibration Based Damage Identification Methods 

1. Destructive Evaluation Methods 

Destructive evaluation methods are those in which the entire structure or a part of it is 

destroyed after the evaluation is performed. Extracting core samples for testing from a 

structure and testing of the structure under the application of design load are examples of 
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methods that belong to this category. These methods are costly and generally impractical 

for the structures which are under service. 

2. Non-Destructive Evaluation Methods (NDE Methods) 

In these methods the physical condition of the known damaged area of the structure is 

interrogated directly by measurement. This measurement can be done in three ways: 

• Visual inspection 

• Static field test 

• Instrumental evaluation method 

Common NDE methods include ultrasonic, acoustic, X-ray and magnetic field tests. 

There are several limitations associated with the NDE methods (Xu, 2005): 

• The damage area must be known. 

• The damage area should be accessible. 

• Some types of damages cannot be identified by this method. 

• It is difficult to evaluate the extent of damage. 

For the foregoing reasons, application of NDE methods may become too expensive or 

impractical. Hence, Vibration Based Damage Identification (VBDI) methods are now 

being considered as alternative methods for the identification of damage. One of the 

major differences of these methods with NDE methods is that in VBDI techniques the 

damage is identified in a global sense by inspection of global parameters while in NDE 

methods evaluation of local parameters leads to detection of local damages. 
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3. Vibration Based Damage Identification Methods (VBDI Methods) 

The aforementioned drawbacks of the NDE methods have led to the development of 

global detection methods. In these methods, vibration signals are measured by sensors 

installed on the structure. These measured structural signals are processed in order to 

identify the vibration signatures of the structure. Any change in these signatures can be 

used as a tool to infer structural damage. In the next section a literature survey of the 

VBDI methods is presented. 

1.2 Literature Survey of Vibration Based Damage 

Identification Methods 

Vibration based damage identification methods are classified into the following two 

categories (Doebling et al., 1998): 

1. Model-based approaches 

2. Data-driven approaches 

1. Model-based approaches 

Traditional approaches in this category examine the changes in modal parameters as 

indicators of damage. Examples of such modal parameters or quantities derived from 

these modal parameters are (Humar et al., 2006): 

• Frequency 

• Mode Shape 

• Mode Shape Curvatures 
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• Strain Energy 

• Physical Property Matrices 

These parameters are extracted from both undamaged and damaged structures. The 

difference between the values of these parameters for the two cases relates to a change in 

the physical properties of structures such as mass, damping and stiffness. Damage can be 

inferred based on this comparison. In general, an analytical model of the structure must 

be developed to achieve this. A thorough survey of these approaches and their application 

can be found in Humar et al. (2006), Chang (2001, 2003) and Doebling et al. (1996, 

1998). These traditional approaches are still not widely accepted for the following 

reasons (Salvino et al, 2005): 

1. Insensitivity to localized damage 

2. Linearity assumptions 

3. Sensitivity to sensor locations 

4. Sensitivity to environmental effects 

Recently data assimilation techniques Such as extended Kalman filter and ensemble 

Kalman are used for the detection of damage. Relevant examples can be found in Yang et 

al. (2006) and Ghanem and Ferro (2006). One of the important features of these 

techniques is the capability to tackle non-linear problems. 

2. Data-driven approaches 

In the approaches discussed earlier, the measured signals are fitted to a specific 

mathematical model. These mathematical models may not successfully capture the true 

complexity of the structure (Salvino et al., 2005). Hence, the data-driven approaches have 
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recently attracted considerable interest. These methods are based on structural parameters 

that are extracted directly from the measurements. The parameters are extracted for both 

undamaged and damaged structure. Comparison between the parameter values in the two 

states leads to the identification of damage. 

A number of approaches have been reported in data-driven category, notably, studies of 

Lamb wave, electro-mechanical impedance, and electrical resistance (Yang et al., 2007). 

Some of these approaches exploit signal processing tools such as wavelet analysis (Hera 

and Hou, 2004, Staszewski, 1998) and Hilbert -Huang transform (Pines and Salvino, 

2006).Pines and Salvino (2006) use the difference of instantaneous phase function 

between two successive degrees of freedom to infer damage. In this approach it is 

assumed that damage changes the wave speed and consequently the time delay between 

two measurements of the structural elements. This time delay shift, induced by damage, 

will be reflected on the instantaneous phase function of the two degrees of freedom of the 

structural element. 

In the present study, the time delay is directly estimated by the application of 

cross-correlation analysis. Based on this estimation, the wave speeds in intact and 

damaged structures are compared to detect damage. Yang et al. (2007) have also used 

cross-correlation analysis for damage detection, but in the approach presented in this 

work, any change in the amplitude of cross-correlation reveals a change in the dynamic 

properties. 

Time delay estimation is a challenging problem, which has attracted considerable 

attention for more than three decades. Winter and Bies (1962) examined the applicability 

of cross-correlation analysis for speed detection in long thin bars excited by broad band 
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random process. In contrast, Novikov (1962) investigated the estimation of flexural wave 

speed in a beam subjected to narrow-band force. White (1969) showed the efficiency of 

cross-correlation analysis for time delay estimation in both non-dispersive and dispersive 

wave media. 

1.3 The Proposed Approach for Damage Detection 

In structural engineering, there are two kinds of one dimensional waveguides: The first 

types of waveguides are rods. They conduct longitudinal waves, which are examples of 

non-dispersive waves. The speed of longitudinal waves in rods depends on its physical 

properties. Hence any change in the physical properties of the rod, such as axial stiffness, 

will be reflected in the speed of axial wave. 

The second types of waveguides are beams. They conduct flexural waves, which are 

examples of dispersive waves. The speed of flexural waves relates to the physical 

properties of the medium and the excitation frequency. Stated differently, any change in 

the physical properties of the beam affect the flexural wave speed of a specific band of 

frequencies. 

The general idea of the proposed approach lies in the estimation of wave speed in the 

waveguides (i.e. rod or beam) before and after the introduction of damage. Consider an 

undamaged waveguide, in which measurement sensors are installed at two locations the 

distance between which is known. If the time delay of propagation between these two 

locations can be estimated, the ratio of the distance by the time delay results in the 

estimation of the wave speed in undamaged structure (In this study cross-correlation 
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analysis is used to estimate the time delay). The estimated wave speed in undamaged 

waveguide will be considered as a basis for the comparison with the wave speed in 

damaged waveguide. 

Once damage occurs, the time delay will be calculated for the damaged waveguide by 

using the cross-correlation analysis. This time delay consists of two parts: 

1. The first part of this time delay relates to the portion of the structure which is 

subjected to damage. The ratio of the length of this portion and the wave speed in 

the damaged area provides the estimate of the time delay corresponding to the 

damaged part. 

2. The second part of this time delay refers to the portion of the structure that is a 

part of propagation path but it is undamaged. So, the ration of this length and the 

wave speed in intact waveguide, defines the other part of time delay. If the 

damage length is known, this part can be calculated easily as the ratio of the 

undamaged length and the corresponding wave speed. 

In order to estimate each of the two aforementioned parts of the time delay, the damage 

length should be known. Here two cases are considered: 

Case 1: known damage length: 

It is assumed here that the damage length can be estimated roughly before the analysis is 

carried out. In a known propagation path in a one dimensional waveguide, the 

corresponding undamaged length can be easily calculated. 
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Case 2: unknown damage length: 

When a prior estimation of damage length is difficult, it is assumed that the entire 

propagation path of the wave is damaged (i.e. the second part of time delay discussed 

earlier is neglected). Hence it is assumed that wave travels the entire propagation path 

with the speed of damaged area. Obviously this is a crude approximation which can only 

serve as the first guess. For greater precision in identifying the damage location and the 

extent of damage more sensors at closer spacing would be needed. 

Based on these assumptions, the wave speed in the damaged length can be evaluated. 

Comparison of this wave speed with that of the intact waveguide would provide the 

estimate of damage extent. It is worth mentioning that the estimated damage extent when 

the damage length is unknown leads to only an average estimation of damage severity as 

the entire path is as assumed to be damaged. 

In summary, the proposed approach consists of the following steps: 

Step 1: 

In undamaged waveguide, the time delay between any response quantities (e.g. 

acceleration, velocity) of two measurement location can be estimated. From this time 

delay, the wave speed (axial or flexural) is calculated. 

Step 2: 

In damaged waveguide, the time delay of the same response is evaluated. An estimate of 

the damage length is obtained on the basis of measurements at two or more stations. The 

accuracy of this estimate depends on the number of measurement locations. Based on the 
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estimate of damage length, the wave speed in damaged portion of the waveguide is 

calculated. 

Step 3: 

The calculated wave speeds are compared and the extent of damage is estimated. 

As mentioned previously, cross-correlation analysis is used to estimate the time delay. 

This methodology is explained in detail in Chapter 4 for both non-dispersive and 

dispersive wave propagation. 

Finally, it should be mentioned that in the proposed approach a local parameter, namely 

wave speed, is used to infer local damages; therefore in this sense, the proposed approach 

can be considered as a non-destructive evaluation method. On the other hand, since the 

analysis is carried out on measured dynamic response of the structure, it can be 

considered as a VBDI technique. 

1.4 Objectives of the Present Study 

The objectives of the current investigation are as follow: 

1. Efficiency of cross-correlation analysis for time delay estimation in 

non-dispersive and dispersive waveguides through numerical simulation. 
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In this study both analytical and numerical solutions for one dimensional wave 

propagation is considered to examine the efficiency of cross-correlation analysis 

for time delay estimation in structural waveguides. 

2. Cross-correlation analysis for time delay estimation for stationary random and 

deterministic transient excitations. 

The efficiency of cross-correlation analysis is studied for different types of 

excitations, namely stationary narrow and broad band random and transient 

excitations. The frequency selective filter design, as required for dispersive wave 

propagation, is considered. 

3. The effect of reflected waves on cross-correlation analysis. 

For both non-dispersive and dispersive waveguides, FEM models are constructed 

that permit simulation of different boundary conditions. The effects of different 

boundary conditions on time delay estimation are investigated in details. 

4. Influence of measurement noise on cross-correlation analysis. 

In order to study the feasibility of time delay estimation procedure in practice, the 

effects of the magnitudes of measurement noise are examined in depth. 
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5. Applicability of time delay estimation in damage detection for structural health 

monitoring. 

Once the efficiency of cross-correlation analysis is validated, it is used for 

damage detection in non-dispersive and dispersive waveguides for different 

scenarios including damage location, damage extent and damage length. 

1.5 Layout of the Thesis 

The outline of thesis is as follows: 

Chapter (1): It begins with the introduction of structural health monitoring. A literature 

survey on vibration based damage identification is presented. The proposed approach to 

damage detection is briefly described and the objectives of the study are presented. 

Chapter (2): It includes theoretical background to random dynamical systems. The 

concept of cross-correlation function is elucidated. The relationships between random 

inputs and outputs of a linear system are derived 

Chapter (3): It consists of mathematical derivation of cross-correlation coefficient for 

time delay estimation in non-dispersive and dispersive wave propagation paths. The 

derivation considers both narrow-band and broad-band force. 
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Chapter (4): It describes the analytical and FEM solutions of elementary rod equation. 

The spectral solution of Bernoulli-Euler beam is derived and the concepts of phase speed 

and group speed is introduced. Next, FEM solution of the beam is presented. Numerical 

implementation of both analytical solution in frequency domain and the time domain 

based FEM solution are described. 

Chapter (5): It details the numerical illustration of cross-correlation analysis for time 

delay estimation in non-dispersive waveguide modeled by a rod. The model is validated 

by contrasting analytical solution with FEM solution. This model is used to examine the 

efficiency of cross-correlation analysis under different conditions i.e. different types of 

loadings, reflection from the boundaries and presence of noise. The analysis described in 

this study constitutes the basis for damage detection in non-dispersive waveguide. 

Chapter (6): It begins with contrasting a frequency domain based analytical solution 

with FEM model. Next, the acceleration measurements of the bending waves in beam are 

used to estimate the time delay between two sensor locations. A parametric numerical 

study is conducted considering different types of excitations, wave propagation path 

length, presence of different boundary conditions and the effects of measurement noise 

levels. Finally the time delay estimation is used damage detection in dispersive 

waveguides. 

Chapter (7): It summarizes the features of the current investigation culminating in 

conclusions and possible future research directions. 



Chapter 2 

Random Dynamical System 

2.1 Introduction 

The approach for structural health monitoring developed in this work relies on the 

estimation of time delay in the propagation of waves in a non-dispersive or dispersive 

travel path. Time delay estimates are closely linked to the many basic concepts of random 

dynamic analysis and in particular to correlation studies. Although such concepts are well 

known and are described in standard texts, it is useful to present a summary of those 

concepts that are relevant to this study, both for the sake of completeness and for ease of 

reference when their applications are presented in the subsequent chapters. 

In this chapter, a brief introduction to random dynamical system is presented. The 

concepts of random processes are introduced and autocorrelation and cross-correlation 

functions of two stationary random processes are described. Next, some important 

characteristics of an ideal linear system are briefly mentioned. For the steady state, the 

relationship between input and output processes is described in details. A similar 

relationship between input and output of the system is also provided for transient case. 
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The subsequent sections of this chapter closely follow the references Bendat and Piersol 

(1986), Bendat (1958), Bendat and Piersol (1993) and Bendat (1985). 

2.2 Random Data Analysis 

2.2.1 Random Process 

A random process (also called a time-series or a stochastic process) represents an 

ensemble of time functions {xk(t)},—oo < t < oo, k=l, 2, 3, ... , where the ensemble is 

characterized through statistical properties (Bendat and Piersol, 1986). 

2.2.2 Stationary Random Process 

The stationarity of a random process (xfc(t)} can be described in two senses (Huang et 

al., 1998): 

• Weak sense stationarity 

• Strict sense stationarity 

1. Weakly stationary random process 

A random process {xk(t)} is stationary in a weak sense if, for all t 

£(l* f c(t)2 | )<oo (2.1) 

E(xk(tj) = m (2.2) 
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C(xfc(ti),Xfc(t2)) = Cfakiti + r),xk(t2 + T ) ) 
(2.3) 

= Qx(f2 ~ h) 

where E is the expected value defined as the ensemble average of the quantity, and C is 

the covariance function. 

2. Strictly stationary random process 

A random process {xk(t)} is strictly stationary if, for all tt and T, the joint probability 

density function of [xk(t1),xk(t2),...,xk(tn)] and [xk{t1+T),xk(t2 + r),...,xk(tn + 

T)] are the same. 

2.2.3 Autocorrelation Function 

For the stationary random process [xk(t)}, the autocorrelation function is defined as 

RXX(T) = E[xk(f)xk(t + T)] (2.4) 

where E refers to the expected value of the associated random variable. The 

autocorrelation function of a stationary random process has two important properties: 

• Autocorrelation function is an even function. 

This property can be proved as follows: 

K * * ( - T ) = E[xk{t)xk{t - T)] (2.5) 
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Due to stationarity of xk(t), one can replace t by t + T in the above equation to obtain 

rtxx(-T) = E[xk(t + T)xk(t + T - T)] . (2.6) 

Using Equation (2.6), the following relationships can be obtained as 

K * * ( - T ) = E [Xk(! + T)xk(t)] = E[xfc(t)*fc(t + T)] 

(2.7) 
= «xxW 

• The autocorrelation function always has a peak atT = 0. 

This property will be proved in Section 2.2.4. 

The Fourier transform of the autocorrelation function is called the autospectral density 

function and is defined as: 

5**(6)) = 2^ J R**(T) e_iWT dT (2'8) 

It is worth mentioning that Sxx(aJ) is real and even. Next, the autocorrelation functions 

for two types of random processes are described (Bendat, 1985): 

I. Narrow-band white random process 

II. Broad-band white random process 
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/. Narrow-Band White Random Process 

The autospectral density function of narrow-band white random process is defined as 

(K B 
5«(6>)= 7 \<o±o>Q\<- ( 2 9 ) 

VO otherwise 

is 

where - is the amplitude spectrum, OJ0 is the central frequency and B is the bandwidth. 

The autospectral density function given by Equation (2.9) is plotted in Figure (2.1). 

Using Equation (2.8), the autocorrelation function can be derived from autospectral 

density function as 

B 

/•+oo r^o+y/e 
Rxx(j)=\ Sxx(a))eic0Tda) = 2 - c o s w r d w (2.10) 

or 

sin (-j-) 
Rxx(r) = KB—-±^-cos a>0T (2.11) 

The autocorrelation of narrow-band white random process is shown in Figure (2.2). 

Notice from the figure that the autocorrelation function is symmetric with respect 

to T = 0 and also has a peak at T = 0. 
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K/2 

SM 

Figure (2.1): Autospectral density function of narrow-band white random process 

Figure (2.2): Autocorrelation function of narrow-band white random process 
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//. Broad-Band White Random Process 

The autospectral density function of a broad-band white random process is given by 

(K 
Sxx(co) = 7 M " B (2-12) 

lo Otherwise 

The autospectral density function of broad-band white random process is presented in 

Figure (2.3). Using Equation (2.8), the autocorrelation function for broad-band white 

random process can be derived as 

,. + 00 

RXX(T) = Sxx(a>)eiMrdco 
J—c -00 

= 2 / o 2 

B K sinBr 
cos cor do) = KB —-— 

BT 

(2.13) 

Figure (2.4) shows the autocorrelation function of broad-band white random process. The 

peak of this function, similar to narrow-band white random process, occurs at T = 0. 

Comparison of Figure (2.2) and Figure (2.4) reveals that the peak in the broad-band case 

is more distinct than the narrow-band case. The broader the band is, the sharper the peak 

is in autocorrelation function. Note that (xfc(t)} and {xk(t + r)} are uncorrected at 

T = — ,n = 1,2,.... 
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s**<°>> 

K/2 

Figure (2.3): Autospectral density function for broad-band white random process 

R
XXW 

Figure (2.4): Autocorrelation function of broad-band white random process 
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2.2.4 Cross-Correlation Function 

The cross-correlation function of the two stationary random processes (xfc(t)} and 

(yfc(O) is given by: 

«xyW = E[xk(t)yk(t + T)] (2.14) 

The cross-spectral density function is defined as the Fourier transform of the 

cross-correlation function: 

Sxy{co) = — J Rxy(r) e~ioiT dx (2.15) 

An important feature of the cross-correlation of two random processes is called the 

cross-correlation inequality, given by 

\Rxy(.r)\2< Rxx(0)Ryy(0) (2.16) 

This relationship is proved in the following (Bendat and Piersol, 1986): 

For any real constants a and b the expected value E[(ax(t) + by(t + T ) ) 2 ] is always 

non-negative. Expanding this equation leads to 

a2Rxx(0) + 2abRxy(r) + b2Ryy{Q) > 0 (2.17) 
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The rearrangement of Equation (2.17) gives the following quadratic equation in (a/b) 

with (b =£ 0) 

Q2 * « ( 0 ) + 2 Q ^ ( T ) + ^ ( 0 ) > 0 (2.18) 

Since this quadratic equation is always non-negative, its discriminant should be 

non-positive, leading to 

4K X J , 2 (T) - 4/?xx(0)/?yy(0) < 0 (2.19) 

Thus 

Rxy
2(r) = \Rxy(T)\2 < Rxx(0)Ryy(.0) (2.20) 

Considering {^fc(t)} = (y/c(t)} , the special case of cross-correlation inequality leads to 

the autocorrelation inequality 

\Rxx(T)\ < Rxx(0) (2.21) 

Equation (2.21) proves one of the properties of autocorrelation function pointed out in 

Section (2.2.3). It states the fact that the autocorrelation function always has a peak at 

T = 0. It is also worth mentioning that Rxx(t = 0) is the mean square value of the 

random process {xk(t)} , one obtains 
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K**(0) = M =14 + ol (2.22) 

where \ix and ox are respectively the mean and variance of the process {xk(t)}. 

2.2.5 Cross-Correlation Coefficient 

For zero mean random processes, cross-correlation inequality gives rise to a coefficient 

that is commonly called cross-correlation coefficient defined by 

Pxy{j) ~ VO0)^/V(0) (223) 

On referring to Equation (2.22), one obtains 

Pxy(T) = - f — (2.24) 

where |pXy(T)| ^ 1 f° r a ^ T- As mentioned before, both Equations (2.23) and (2.24) are 

valid only when [xk(t)} and {yk(t)} are zero mean stationary random processes. For 

non-zero mean processes, general form of cross-correlation coefficient is expressed as 

(RXX{Q) - nxx)V
2 (Ryy(0) - n2

yy)
J PxyW = ._ . . . „ . . , . , , - TTI7I (2-25) 

where \ix and juy are the mean values of random processes [xk(i)} and [yk(_t)}, 

respectively. 
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2.3 Single Input/Single Output Relationships 

2.3.1 Ideal Dynamical System 

In this study, the system is assumed to be an ideal system with the impulse response 

function hit). An ideal system is a system with four properties (Bendat and Piersol, 

1993): 

1. Stable 

A system is called stable if for every bounded input, the output is bounded. 

2. Causal 

A system is causal if the output does not depend on the future value of input i.e. 

the output depends only on the input values up to the current time. 

3. Time-invariant 

A system is time-invariant if the output does not depend on the time at which the 

input is applied. 

4. Linear 

A system is linear if it satisfies superposition rule. 

If x(t) and y(t) are the input and the corresponding output from an ideal system 

respectively, their relationship is given by the convolution integral as 
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/•+00 

y(t) = I h(j)x(t - T) dx (2.26) 
J — QO 

Due to casual property, one obtains 

/•+00 

y ( t ) = I /i(T)x(t - T) dx (2.27) 
•'o 

The frequency response function H(oS) of an ideal system is defined as the Fourier 

transform of the impulse response function and is given by 

H(co) = — hit) e~ia,t dt (2.28) 

Taking the Fourier transform of Equation (2.26), the frequency domain relationship 

between the input and output of an ideal system is given by 

Y(o)) = //(oj)X(a)) (2.29) 

In general the Frequency Response Function (FRF) is complex valued function. FRF can 

be represented in the polar notation as a product of the amplitude and phase function as: 

H((o) = |//(<u)|e-Wu> (2.30) 
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Figure (2.5) shows an ideal single input/single output system. 

2.3.2 Stationary Input 

In order to investigate the applications of the concepts discussed in the previous section, 

consider that the input x(t) and the output y(t) are the samples of stationary random 

processes {xk(t)} and (yfc(t)}- According to Equation (2.27), one can write (Bendat and 

Piersol, 1993) 

/•+0O 

y{t + T) = h(Ox(t + T - O df (2.31) 
•'o 

Multiplying both sides by x(t) in Equation (2.31), one obtains 

/.+00 

x(t)y(t + T) = I h(Ox(t)x(t + T-()d( (2.32) 
•'o 

Taking the expected values of both sides gives rise to an important relation called 

input/output cross-correlation relation 

/•+00 

M T ) = « 0 « » ( T - 0 ^ (2-33) 

Equation (2.33) is a convolution integral. Fourier transform of Equation (2.33) leads to 

another import relationship called input/output cross-spectral relation 
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Sxy(o)) = H(o))Sxx(a)) (2.34) 

Further, it can easily be proved that 

Syy(co) = H*(G))Sxy(a>) = |//(o))|25xx(aj) (2.35) 

where (*) denote the complex conjugate operation 

x{t) 
fc(T) y(0 

Figure (2.5): An ideal single input/single output system 

2.3.3 Transient Input 

The input/output relationships for stationary case can be directly extended to tackle 

transient cases. Instead of using autospectral and cross-spectral density functions, energy 

spectral functions are considered and defined as (Bendat and Piersol, 1993) 

Sxx(u>) = TSxx(a>) (2.36) 
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Syyiai) = TSyydco) (2.37) 

where Sxx(a)) and Syy((o) are auto-energy spectral density functions of the transient 

records x(t) and y(t) for the duration of T. For cross-energy spectral density function 

Sxy(o)), the following relationships exist 

Sxy((o) = TSxy(co) co > 0 (2.38) 

Sxy((o) = Sxy(-(o) co< 0 (2.39) 

By a process similar to that used in deriving Equations (2.34) and (2.35), one obtains 

Sxyifl)) = H(<o)Sxx((o) (2.40) 

Syy(co) = //•(6>)SXy(a>) = | H((o)\2Sxx((o) (2.41) 

It should be mentioned that for simplicity, all the expressions presented in this chapter are 

for continuous input and output obtained from a continuous system. Since in practical 

problems, only discrete data are available, the discrete versions of all aforementioned 

expressions can be obtained using discrete operators such as Fast Fourier Transform 

(FFT). 



Chapter 3 

Time Delay Estimation and Path 

Identification 

3.1 Introduction 

The procedure of estimating the time that it takes a wave to travel a specific distance 

along its propagation path is commonly referred to as Time Delay Estimation. Time delay 

estimation arises is a class of engineering problems such as sonar and radar processing, 

acoustic noise, vibration control engineering and seismic data processing related to oil 

reservoir modeling etc. the time delay estimation techniques are developed to tackle wave 

propagation through both non-dispersive and dispersive media. The relevant 

characteristics of non-dispersive and dispersive waves are explained in the subsequent 

chapters in the details. 

The correlation techniques detailed in the previous chapter are extensively used for time 

delay estimation when measured input and output are corrupted by measurement noise. 

The first part of this chapter is therefore devoted to the application of cross-correlation 

analysis for time delay estimation of non-dispersive waves while the second part covers 

the analysis for a dispersive path. The subsequent sections of this chapter closely follow 
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the references Bendat and Piersol (1993), Bendat (1985), Bendat and Piersol (1986) and 

White (1969). 

3.2 Non-Dispersive Propagation Path Identification 

3.2.1 Noise Free Case 

For certain type of wave propagation problems, the speed of wave does not depend on its 

frequency. This type of wave propagation is referred as to Non-dispersive wave 

propagation. Because the wave speed does not depend on the frequency, the waveform 

does not change its shape during propagation. As a result for any input applied to a non-

dispersive medium, the corresponding output is merely a delayed and attenuated version 

of the input. Mathematically, this phenomenon can be represented as 

y(t) = ax(t - T) (3.1) 

where x(t) is the input (transmitted signal), y(t) is the output (received signal), a is the 

attenuation factor and r is the time delay between the input and output waves. Note that 

both a and T are assumed to be independent of frequency. The time delay T can be 

represented in terms of distance between the measurement locations of x(t) and y(t), 

and the wave speed, so that 
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r = d- (3.2) 
c 

where d is the distance and c is the wave speed. The methodology to estimate the time 

delay T is commonly referred to as time delay estimation. When the dynamic 

characteristics of the system are well known, the estimation of time delay provides an 

estimate of the length of propagation path. On the other hand, when the propagation path 

is known, time delay estimation reveals the dynamic characteristics of the system. As 

alluded previously, the correlation analysis is extensively used for time delay estimation 

as detailed next. 

Using Equation (3.1) the cross-correlation between the input and output is given by 

Rxy(z) = E[x(t)y(t + T)] = E[(x(t))(ax(t + T - T 0 ) ) ] 
(3.3) 

= aE[x(t)x(t + T — T0)] 

which gives 

Rxy(j) = aRxx(r - T0) (3.4) 

This relationship shows that Rxy(j) is similar to the autocorrelation function Rxx(j) , but 

delayed by T0 and attenuated by a. Calculation of the cross-correlation function at r = T0 

results in 
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K*y(T0) = aRxx(ti) (3.5) 

Since autocorrelation function peaks at T = 0 (based on autocorrelation inequality of 

Equation (2.21)), the cross-correlation function will also peak at T = T0. Assuming that 

xk(t) and y/c(t) are zero mean random processes, normalization of Equation (3.4) by the 

mean square values of these processes gives the cross-correlation coefficient described in 

Section (2.2.5), 

, ^ a^XX\T ~ T o ) &Rxx\T ~ T o ) 

fo>W = . ,n. r^== = — (3.6) y/Rxx(0yRyy(P) axoy 

The autocorrelation of the output {yfe(t)} is given by 

Ryy(j) = E{y{i)y(t + T)\ 

= E[{ax(t - T0))(ax(t + x - T 0 ) ) ] (3.7) 

= a2E[x(t — T0)x(t + T — T 0 ) ] = a2Rxx(r) 

In summary, it can be stated that: 

The cross-correlation coefficient function between two measurements along a 

non-dispersive propagation path has a peak that identifies the time needed for the wave to 

travel the distance between these measurement locations. 

In order to have a distinct peak in the cross-correlation function, it is necessary that the 

waves have acceptable bandwidth. However, in most cases, correlation analysis of non-
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dispersive wave propagation has a distinct peak from which the time delay can be readily 

detected. For detailed investigation of the important features of the cross-correlation 

coefficient, two types of random processes are considered: 

I. Narrow-band white random process 

II. Broad-band white random process 

/. Narrow-Band White Random Process 

As discussed in Section 2.2.3, the autocorrelation of a narrow-band white random input 

{xfc(t)}, is given by 

sin ( -^) 
RXX(T) = KB ^ C O S O J O T (3.8) 

(T) 

Applying Equation (3.4), one obtains 

Rxy(r) = aKB / g ( T _ T ) x cosfa)0O - T0) 

( 2 ) 

(3.9) 

Rxx(0) = KB (3.10) 

Ryy(0) = a2KB (3.11) 

Substitution in Equation (3.6) yields 
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sinffiip2) 
Pxy(j) = /g(T - T )\ C 0 S W<>0 ~ T0^ < 3 - 1 2 ) 

Figure (3.1) shows the cross-correlation coefficient between a narrow-band white input 

and the corresponding output for typical non-dispersive waves. There are some 

interesting features in this figure that are worth mentioning (Bendat and Piersol, 1986): 

1. There are two terms in Equation (3.12): cos CD0(T — T0) is the carrier function and 

s i n(*Izlo)) 
/B(T-T0)\ is t n e modulation function or envelope of pxy{rj. 
I i ) 

2. The peaks of carrier function occur at rn = T0 ± (—); where n is any integer. 
a>o 

3. At the time delay T0 = -, the peak value of the cross-correlation coefficient 

coincides with the peak value of the envelope. 



36 

sin (fl(t-t0) 12) 

Figure (3.1): Cross-correlation coefficient of narrow-band white input and output of a 

non-dispersive path 

//. Broad-Band White Random Process 

The autocorrelation of a broad-band white random input [xk(t)} is defined in Equation 

(2.13) as 

RXX{T) = KB-
sinBr 

BT 
(3.13) 

Applying Equation (3.4), one obtains 
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, „ sinBQv - T0) 
Rxy{r) = aKB—( f- (3.14) 

Rxx(0) = KB (3.15) 

/?yy(0) = a2 KB (3.16) 

Substitution in Equation (3.6) yields 

sinB(j — T0) 
P ^ ( T ) = fl(T-T0)

 ( 3 - 1 ? ) 

Cross-correlation coefficient of broad-band input and its output from a non-dispersive 

path is depicted in Figure (3.2). As shown in Equation (3.17), the cross-correlation 

coefficient is a sine function that has a peak at the time delay r = T0. Comparison of 

Figures (3.1) and (3.2) shows that as the bandwidth of the random process becomes 

wider, the peak in cross-correlation function becomes sharper, and thus the peak 

detection becomes easier. This property is one of the interesting features of the cross-

correlation in non-dispersive wave propagation. As it will be discussed in following 

sections, this property is not valid for dispersive wave propagation due to the dispersion 

effect. 
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Figure (3.2): Cross-correlation coefficient of broad-band white input and output of a 

non-dispersive path 

3.2.2 Noisy Case 

In general, all the measurements are corrupted by noise. In this section the effect of 

measurement noise in cross-correlation analysis will be investigated (Bendat, 1985). 

Assume that x(t) and y(t) are two noisy measured samples of the random processes 

[xk(t)} and {yk(t)} , which represent single input and single output in a non-dispersive 

propagation path. The two samples can be expressed as 

x(t) = s(t) + m(t) (3.18) 
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y(t) = r(i) + n(t) = as(t - T 0 ) + n(t) (3.19) 

in which s(t) and r(t) are clean measurements, and m(t) and n(t) represent the 

extraneous measurement noise. Cross- correlation of x(t) and y(t) is 

E[(s(t) + m(t))(as(t + T - T 0 ) + n(t + T ) ) ] 
(3.20) 

or 

Rxy(r) = aE[s(t)s(t + T- T 0 ) ] + E[s(.t)n(t + T)] 

+ aE[s(t + T - T0)m(t)] + £"[m(t)n(t + T)] 
(3.21) 

Assuming that the extraneous noises are uncorrelated to each other and to the clean input, 

one obtains 

Rxyto = aE[s(t)s(t + r- T 0 ) ] = aRss(r - T„) (3.22) 

This is an interesting result; it shows that if the noises are uncorrelated to each other and 

to the quantities to be measured, there is no effect of noise in the cross-correlation. On the 

other hand, the effect of noise appears when the cross-correlation coefficient is obtained; 

this is because the cross-correlation coefficient depends on mean square value of the 
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measured quantities. To explore this property, both Rxx(r) and Ryy(j) are needed, one 

obtains 

and 

RXX(T) = E[{s(t) + m(t))(s(t + T) + m(t + T ) ) ] 

= flss(r) + Rmm(j) 023) 

Ryyij) = E[(as(t — T 0 ) + n(t))(as(t + x — T 0 ) + n(t 
(3.24) 

+ T))] = a2Rss(z) + Rnn(j) 

where s(t), m(t) and n(t) are mutually uncorrelated. The cross-correlation coefficient 

is now given by 

, . aRss(_r-T0) 
pxv(j) = . . — (3 25) 

V« s s(0) + Rmm(0ya2Rss(0) + flnn(0) 

If s(t), m(t) and n(t) have zero mean, one obtains 

aRss(r - T0) 
Pxy(t) = i - - , , - (3.26) 

V°ss + aAmJa 2°ts + <*nn 

where a^m and oy[n are variances of the measurement noise m(i) and n(i). Clearly 

pxy(j) depends on the measurement noise in Equation (3.26). It is worth emphasizing 
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that the correlation analysis discussed in this section is applicable to other fields of 

engineering that deal with non-dispersive wave propagation, such as, electromagnetic 

radiation, longitudinal waves in air, water and structures (Bendat and Pier sol, 1993). One 

example of longitudinal structural wave is axial wave propagation in a rod. 

3.3 Dispersive Propagation Path Identification 

A type of propagation other than non-dispersive propagation is the so called dispersive 

wave propagation. In dispersive wave propagation, the wave speed depends on the 

frequency. Let us examine this property by recalling the following relation, which is a 

model of non-dispersive wave propagation, 

Rxyfr) = aRxx(j - T0) (3.27) 

Taking Fourier transform of both sides leads to 

-1 /-+0O 

Sxy(a>) =—j aRxx(j - x^e-^dx (3.28) 

Setting x = x — x0, one obtains 

a f+0° 
Sxy(co) = — J / ? X X ( T > - ^ T + T ° W (3.29) 
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or 

Sxy(co) = ^e-^o j R^e-^'dT 

= " e-icOT0S ( ^ ) 
lit xx 

Hence FRF is given by 

In polar notations, the FRF is defined as 

(3.30) 

H(oj) = ^ r 4 - = —e-1^ (3.31) 

| / / ( < o ) | = ^ (3.32) 

d (3.33) 
0(OJJ = (OT0 = (i) — 

C 

From Equations (3.32) and (3.33), two important conclusions can be drawn: 

1. The amplitude of the FRF of a non-dispersive propagation path is constant and 

independent of frequency. 

2. The phase of the FRF of a non-dispersive propagation path is a linear function of 

frequency and the constant of proportionality is the time delay. 

Unlike non-dispersive waves, the speed of dispersive waves depends on the frequency. 

Hence the phase function of the FRF of a dispersive path is a non-linear function of time. 
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Also, the amplitude of this function depends on frequency. Thus the FRF of a dispersive 

path can be represented as 

C ( \ 

H(co) = -P^- = A(cS)e-i(P^ (3.34) 
SxxW) 

According to Equation (3.34), each frequency component has different attenuation factor 

and time delay. This phenomenon introduces some difficulties because when a well 

defined wave packet propagates, its waveform deforms as it travels through the medium. 

After some time the wave packet will lose its correlation with the original wave. This 

property is called dispersion effect (White, 1969). 

Due to dispersion effect, the cross-correlation of two broad-band waves does not provide 

any meaningful result. In order to resolve this difficulty, the waves should be filtered 

within certain band of frequency (Bendat and Piersol, 1993). This bandwidth and the 

other properties of cross-correlation analysis in dispersive wave propagation are 

discussed under the following two categories 

I. Narrow-band random process 

II. Broad-band random process 

It should be emphasized that the correlation analysis in narrow-band random process 

closely follows the reference by White (1969). 
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/. Narrow-band random process 

The frequency response function of the dispersive wave propagation is defined as in 

Equation (3.34), namely, 

H((o) = A((o)e-i(P^ (3.35) 

Use of input/output cross-spectrum relation gives 

Sxy = Sxx(o>)H(<o) = Sxx{ay)A{oy)e-i(P^ (3.36) 

Hence the cross-correlation is given by 

/•-TOO 

RXy(r) = I 5xx(ft))i4(w)e-'«'^etoTda) 
J — CQ 

/ • +CO 

= I Sxx((o) A((o) COS[OJT — (p(a))] doi 
J — GO 

(3.37) 

It should be noted that the second equality in Equation (3.37) is valid because 

autospectral density function Sxx(oS) of a real quantity is real. In Equation (3.37), <p(a)) 

can be written in terms of wave speed and distance as 

<p(co) = GJT = a)— (3.38) 
c 
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where T is the time delay and c is the wave speed. In dispersive wave propagation two 

types of speeds are defined: (1) phase speed, and (2) group speed. The definition of each 

type and the differences between them will be discussed in details in Chapter 4. It is 

however worth mentioning that the general relationship between phase speed and group 

speed is defined as 

cg = (l-n)cp (3.39) 

where cg is the group speed, cp is the phase speed and n is defined as cp oc k~n, where k 

is the wave number. In the current investigation n = — 1, leading to 

cg = 2cp (3.40) 

cp oc co1'2 (3.41) 

Equation (3.41) is explained in greater details in Chapter 4. The time delay for the phase 

and group speed are defined as 

d a d a 
Xp=7p

 = '^'T9=Tg
 = 2^Jv2 ( 3-42) 

where a is the constant of proportionality. Substitution for zp in Equation (3.37) gives 
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r+co 

Rxy 0 ) = I Sxx (CO) A (0)) COS 
J -co 

0) T — 
a 

~T 
0J2, 

dw (3.43) 

Normalizing Equation (3.43), one obtains the following cross-correlation coefficient 

/•00 

PxyM = I SXX(0))COS 
J — QO 

6> T — 
a 

~T 
0)2/ 

dco (3.44) 

where 5xx(<u) is given by 

S'xx(oi) = 
5^(w)yl(aj) 

( / " $ * * (<w)d<u f™A2(.(o)Sxx((o)d<o) 
(3.45) 

In order to find the analytical solution of Equation (3.44), Sxx(<o) should be restricted to 

a special type of random process. Based on the difficulties in correlation analysis for 

broad-band process, which are discussed in earlier paragraphs, Sxx (OJ) is assumed to be a 

narrow-band random process given by 

Sxx(o)) = \2B 
.0 

B 
\co±0)0\ <-

otherwise 
(3.46) 

Using Equation (3.44), the cross-correlation coefficient becomes 
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cos CO T — 
a daj (3.47) 

This integral can be evaluated exactly but that is not convenient for engineering 

applications. Suggested by White (1969), one octave (the upper frequency limit is twice 

the lower limit) has become a widely acceptable bandwidth for the application of the 

cross-correlation technique. Cross-correlation of such filtered waves provides an estimate 

of the time delay that is fully consistent with the prediction of analytical formulas. Based 

on this suggestion, if the frequency band is an octave or less, several approximations can 

be applied to Equation (3.47). The most useful one comes by setting 

co = OJ0(1 + £) (3.48) 

where for one octave band £ is equal to 1/3. The argument of the cos function in 

Equation (3.47) is replaced by 

a a co\z r I = o)0(l + £)l T x 

= o>0(l + e)r - aCojo)1/^! + e)x'2 

(3.49) 

Using Taylor series 
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s e2 

{l + ey'2 = l + - - — +... (3.50) 
2 o 

Hence one obtains 

l. I 

OJ0(1 + £)T - a (w 0 ) 2 ( l + £)2 

1 / £ \ 
» a)0(l + £ )T-aa jo2( l + - ] 

v lJ (3.51) 

a \ / a 
w0 | T j I + a>0 T 1 j £ 

w 0 2/ V 2w02 

For one octave bandwidth this expression introduces one percent error, and for the 

bandwidth less than one octave, the error is even less. On referring to Equation (3.47), the 

cross-correlation coefficient becomes 

B 
CO0 f2o)0 / \ /" \ 

Pxy(T) =-jf\ B COS[<U0(T - TPJ + <o0{x - Tg)s] de (3.52) 

Expending the cos function, one obtains 

B 

Pxy(?) = ~^~cos wovT ~xv) I B COSO)0{T - x g ) e ds (3.53) 
~2(o0 

The final analytical solution for the cross-correlation coefficient of narrow-band random 

process is 
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sin 

fB{T-xgy 

Pxy(t) = COS <O0(T - Tp) — — ; rr— (3.54) 
lBV-T9)\ 

2 

Figure (3.3) shows a typical cross-correlation coefficient of narrow-band random process 

in a single dispersive path. There are some interesting features that are worthy of note 

(Bendat and Piersol, 1986): 

1. There are two terms in Equation (3.54): cos CO0(T — Tp) is the carrier function and 

s i n ( ^ ) 
/B(T-T )\ *s t n e modulation function or envelope of pxy(j)-
v 2 ) 

2. The peaks of carrier function occur at Tn = T„ ± (—); where n is any integer. 

3. The peak value of the envelope occurs at group wave time delay xg = — which, 
C9 

unlike non-dispersive wave propagation, does not generally coincide with the 

peak value of the cross-correlation coefficient. 
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Figure (3.3): Cross-correlation coefficient of narrow-band white input and output of a 

dispersive path. 

As shown in Figure (3.3), the peak of the envelope of the cross-correlation coefficient 

reveals the time delay of group wave. The envelope of the cross-correlation coefficient 

can be obtained by using the Hilbert transform. An introduction to Hilbert transform can 

be found in Bendat (1985). Applying this transformation, the envelope of Equation (3.54) 

can be derived as follows: 

The criterion imposed on the Equation (3.54) was that the bandwidth of the wave is one 

octave or less. In the limit let us assume that the bandwidth is one octave. For one octave 

bandwidth with the upper limit a)u, the lower limit o)h the central frequency a>0 and the 

bandwidth B, one obtains: 
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w u = - co0,0)i=-O)0 (3.55) 

and 

2 
B = - (o0 (3.56) 

Since B < co0, the Bedrosian theorem (Bedrosian, 1963) can be applied to the following 

equation 

• (BT\ sin I - y ) 
p*y(r + T S ) = cos OJ0(T - (TP + T 5 ) ) B (3.57) 

which gives 

J i l l I Q I 

Pxy(j + ?g) = sin OJ0(T - (TP + Tg)) / g (3.58) 
sing) 

where pxy(r + rg) is the Hilbert transform of pxy(r + Tfl).Using the shift property of 

Hilbert transform in Equation (3.58), gives 
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si„pfa2) 
Pxy 0 ) = sin o)0 (T - T P ) ——, TT— (3.59) 

Hence the analytical signal of the cross-correlation of Equation (3.54) is given by 

* (0 = Atyto + IPxyW (3.60) 

or 

z(t)= M,-^'^'1''"''1 

+ isin O)0(T — T P ) J 

It follows that the envelope of Equation (3.61) is 

B(r-rgy 

This is fully consistent with Figure (3.3). 

(3.61) 

sin. 2 . 
A*y = ~lh vT (3-62) 
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//. Broad-band random process 

As mentioned previously, broad-band correlation analysis does not provide any 

meaningful result. It order to resolve this difficulty, the broad-band wave should be 

filtered within certain band of frequency. This band of frequency is one octave or less. 

Here in this study, a frequency selective filter is designed to extract the desirable 

waveform from a broad-band wave. The general procedure, implemented in this study, is 

illustrated in Figure (3.4). As shown in Figure (3.4), the application of Fast Fourier 

Transform (FFT) to the broad-band wave provides its Fourier spectrum. The product of 

the Fourier transform of the wave by the designed filter results in the desirable form of 

wave in frequency domain. In this study the designed filter, H{cS) is defined as 

( B 
//(<u) = J 1 \<o±°>o\<2 (3.63) 

vO otherwise 

This filter sets all the undesirable frequency components equal to zero, and preserves 

only the desirable part. In the last step, the time domain representation of the wave is 

obtained by applying the Inverse Fast Fourier transform (iFFT).After filtering the 

waveforms within the specific band of frequency ( which is an octave or less) the cross-

correlation coefficient of Equation (3.54) can be evaluated as explained in the preceding 

sections. 
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Figure (3.4) Frequency selective band-pass filter 



Chapter 4 

Wave Propagation 

4.1 Introduction 

In the frequency domain perspective, two types of waves exist: non-dispersive and 

dispersive. The speed of propagation of non-dispersive wave is frequency independent 

while dispersive wave propagation speed depends on frequency. 

In the first part of this chapter, longitudinal wave propagation in a rod, which is an 

example of non-dispersive wave propagation, is considered. Spectral and finite element 

solutions of the vibration of a rod are derived. In the second part, flexural wave 

propagation in a beam, which is an example of dispersive wave propagation, is discussed. 

The notions of phase speed and group speed in the spectral representation of wave 

propagation in a beam are explained. At the end the finite element solution is 

investigated. 

In the last part of this chapter, numerical implementations of spectral and Finite Element 

solutions are presented. The subsequent sections of this chapter closely follow Doyle 

(1997) and Humar (2002). 
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4.2 Non-dispersive Wave Propagation 

The following assumptions are made in the elementary rod theory (Doyle, 1997): 

• The rod is long and slender. 

• The rod supports only axial stress. 

• The Poisson's ratio effect is negligible. 

The equation of motion of rod is given by 

d / du\ d2u du ,. ^ 

YAEAei)-m^-lTt=p^ <41) 

in which u(x) is the axial displacement, E is the modulus of elasticity, A is the cross-

sectional area of the rod, fh and c are mass and viscous damping per unit length and P(t) 

is the force per unit length. In the following sections, spectral and FEM derivations of 

this equation are discussed. 

4.2.1 Spectral Derivation 

Spectral representation of equation (4.1) yields 

+ (6J2m - i(oc)u = P (4.2) 
dx 

au 

dx. 
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If the area and modulus of elasticity do not change along the length of the rod, the 

homogenous form of Equation (4.2) is given by 

• 2 ~ 

EA--^ + (o)2fn - ia)c)u = 0 (4.3) 
ax1 

Since this equation has constant coefficients, the general solution has the following form 

(Doyle, 1997) 

u(x) = Ae~ikx + Be+ikx (4.4) 

in which k is defined as 

|o)2m — ia)c 
p ^ J ^ l (4.5) 

EA 

This relation is called the spectrum relation (Doyle, 1997). When damping is small, the 

spectrum relation can be approximated as (Doyle, 1997) 

k= l(*)\L-izL)2..(ia>±)2}^ |£L- , -y (4.6) 
J\EAJ\\ 2m) \ 2m) JEA\ 2m) 

Based on the general definition of dispersion relations, that is the relationship between 

group speed and frequency, and phase speed and frequency given by (Doyle, 1997) 
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(o da) , , „ 
<* = -k^ = Tk ( 4 7 ) 

one can derive expressions for the group speed and phase speed (for the small damping 

case) as 

cp = cg = c^ I— (4.8) 

Clearly the group speed and phase speed in the vibration of a rod are equal and 

independent of frequency. Consequently, the entire frequency band of the wave packet 

travels at the same speed and hence the wave packet is not distorted. As mentioned 

previously, this type of wave propagation is referred to as non-dispersive wave 

propagation. 

Figure (4.1) shows the typical velocity response of a rod subjected to a triangular 

impulsive force at the middle of the rod, that is, at x = 0 m. 
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Figure (4.1): Typical velocity response of an impacted rod 

As illustrated in Figure (4.1), the traveling wave packet is not distorted. Thus it can be 

concluded that the entire frequency band of the velocity wave is traveling with a constant 

speed. 
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4.2.2 FEM Derivation 

In this section FEM formulation for wave propagation in a rod is considered. Equation 

(4.1) for a uniform rod yields to the following equation when the inertia, damping and 

forcing are neglected 

d2u ,A m 
T - J = 0 (4.9) 
ox1 

The solution of Equation (4.9) is simply 

u(x) = a0 + axx (4.10) 

The constants a0 and ax are obtained based on the displacements at the ends of the 

element. The displacement u(x) at any location can therefore be written in terms of the 

nodal displacements ux and u2 as 

X\ X 
u(x) = ( l - - ) u 1 + (-)u2 (4.11) 

where L is the length of the element. Based on this expression the interpolation functions 

are: 

tfi(*) = l - £ (4.12) 
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tf2(*) = £ (4.13) 

The element stiffness matrix coefficients can be derived as (Humar, 2002) 

ktJ = EA\ t/>;U) \p'j(x)dx (4.14) 
Jo 

Substitution of interpolation functions into Equation (4.14) gives the element stiffness 

matrix,K\ as follows 

77 EA\1 " I *-Tli 71 

There are several ways of constructing the element mass matrices. The method, which is 

disscussed here, leads to a consistent mass matrix. The coefficients of consistent mass 

matrix can be derivd by using the virtual work principle as follows (Humar, 2002): 

rriij = m I ip^x) xpj(x)dx (4.16) 
•'o 

The element mass matrix is given by 

«-TG 3 
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The equation of for deriving the viscous damping coeeficients is similar to that used for 

the mass matrix coeeficients, that is 

ctj = c I ipi(x) ipj(x) dx (4.18) 

Thus one obtains 

6 U 2J 
(4.19) 

Matrices K, M and C are element stiffness, mass and damping matrices, respectively. In 

order to obtain the stiffness, mass and damping matrices of the system, K, Mand C of 

different elements should be assemled. This procedure leads to the assembled global 

stiffness matrix K, mass matrix M and damping matrix C. The governing equation of 

motion given by 

Mu + Cii + Ku = P (4.20) 

in which P is the vector of applied loads at the nodes. 
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4.3 Dispersive Wave Propagation 

The following assumptions are made in the derivation of Bernoulli-Euler beam theory 

(Doyle, 1997): 

• The beam is long and narrow. 

• The deflection of the centerline of the beam is small and only in the transverse 

direction. 

• Shear deformation is negligible. 

The equation of motion of the beam is given by 

d2 ( d2u\ d2u du 

where u(x) is the vertical displacement, E is the modulus of elasticity, / is the moment 

of inertia of the beam, fh and c are respectively the mass and viscous damping per unit 

length and P(t) is the force. In the following sections, spectral and FEM derivation of 

this equation are presented. 

4.3.1 Spectral Derivation 

Spectral representation of Equation (4.21) is given by 

+ (w2m - io)c)u = P (4.22) 
dx2 EI 

d2u 

dx7 
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Assuming that the beam has constant properties along its length, the simplified form of 

equation (4.22) becomes 

d4u 
EI-T-7 + (w2m - i(oc)u = 0 (4.23) 

Since this equation has constant coefficients, the solution is in the form of exponentials of 

kx or - kx, given by 

u = Ae~ikx + Be~kx + Ceikx + Dekx (4.24) 

where k is 

4lo)2m — io)C 
k = ^L^l -^1 (4.25) 

1 EI 

Equation (4.25) is the spectrum relation for beams. Based on the general definitions of 

group speed and phase speed given in Equation (4.7), the dispersion relations, for the 

cases of no damping (and for small damping), are 

cr 
= Vo) 

[EI 

vm 

nV4 
(4.26) 
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cg = 2-\/aJ 
EI 

ml 

1/4 

(4.27) 

Note from equations (4.26) and (4.27), the phase and group speeds of waves in beam are 

dependent on the frequency. Hence different wave trains travel at different wave speeds. 

This phenomenon makes the shape of the wave packet to be distorted. Consequently, this 

type of wave propagation is referred to as dispersive wave propagation. The example of a 

dispersive wave is deep water ocean wave (Bendat and Piersol, 1993). Figure (4.2) shows 

a typical velocity response of a beam subjected to an impact force at its middle (x = 0). 

As the wave speed is frequency dependent, the propagating wave packet deforms as it 

travels, as shown by Figure (4.2). The speed of each frequency component is called the 

phase speed. However it is the superposition of these frequency components that make an 

observed wave. Thus the behavior of the superposition of some neighboring components 

is investigated. These neighboring components of the wave are collectively called group 

waves or wave packets (Brillouin, 1960). The speed associated with this group of waves 

is called group speed. The notion of group speed is discussed in more details (Doyle, 

1997). 
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Figure (4.2): Typical velocity response of an impacted beam 

Let us consider Equation (4.28), as the general solution of dispersive wave propagation 

(Doyle, 1997): 

ufct) = pnCn(Me iWnt (4.28) 
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in which u(x) is displacement, Pn is the Fourier transform of the force and Gn(knx) is 

the frequency response function. For simplicity, we assume that the frequency response 

function has a simple exponential form with real wave number so that 

u{x, 0 = y Pne-ik^xei0)nt = V pne-Kknx-o>nt) ( 4 -29) 

This solution given by Equation (4.29) has two terms: 

1. The amplitude spectrum of the force: Pn 

2. The harmonic wave trains with different speeds given by cv = —- . 

As mentioned earlier, the speed of each propagating harmonic wave, is called phase 

speed. In order to define the group wave, two neighboring harmonic components are 

considered as 

u(x, t) = Pne-ik^xei0)nt + pn+ie-ikn+1xeia>n+1t ( 4 J O ) 

Assuming Pn = Pn+1, rewriting equation (4.30) in terms of sin and cos, and using the 

summation rules of sin and cos, yields 

u(x, t) = Pn[2cos (Aco t - Ak x)(cos(a)*t - k*x) 
(4.31) 

+ isin(a)*t-k*x))] 

In differential form, one obtains 
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u(x, t) = 2P*e-W*-"*t') cos I M ( X - A ) (4.32) 

in which 

P* = (Pn + P n + 1 ) /2 (4.33) 

k* = (fcn + fcn+1)/2 (4.34) 

ay* = (con + (Dn+1)/2 (4.35) 

Afc = (/cn+1 - fcn)/2 (4.36) 

Aco = (con+1 - w„)/2 (4.37) 

Equation (4.32) consists of three terms: 

1. The first term, P*, is the average amplitude spectrum. 

2. The second term, e-i(fc**-w*t); j s c an e ( j the carrier wave. The carrier wave is a 

sinusoid that is traveling with the average phase speed equal to cp* = — . 

3. The third term, cos I Ak (x — - ^ t J 1, is called the grow/? wave or the wave packet. 

This wave is the modulation of the carrier wave and includes the characteristics of 

the group of waves (in this example, the group of waves consists of two 

sinusoids). The phase speed of the modulated wave is called the group speed and 

is defined by 

*-£ 
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The notions of group speed and the phase speed can be easily understood in the 

movement of a caterpillar (Elmore and Heals, 1985). As the caterpillar moves forward, 

the ripples in its body move backward from head to tail. The movement of caterpillar's 

body shows an example of group wave behavior. The body is moving forward with the 

group speed while the ripples are moving in the opposite direction with a speed equal to 

the phase speed. Figure (4.3) illustrates the comparison between the carrier wave and 

group wave (Brillouin, 1960). 

CARRIER W A V E 

GROUP WAVE 

Figure (4.3): Carrier wave and group wave in dispersive wave propagation 

4.3.2 FEM Derivation 

The equation of motion of a uniform beam is given by 

d4u dzu du 
(4.39) 
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Neglecting the inertia, damping and applied force, Equation (4.39) becomes 

— - = 0 (4.40) 
dx4 

The solution of Equation (4.40) is simply 

u(x) = a0 + ctiX + a2x
2 + a3x

3 (4.41) 

The constants a0, a^ a2 and a3 are obtained based on the translation u and rotations 0 of 

the ends of the element. The displacement can be written in terms of the nodal 

displacements as follows: 

U(*) = [ l -3@ 2
 + 2@3]Ul 

+(z)H(zMz)2H 

+(r)>-2(z)K 

+ ( I ) 2 [ - 1 + ( I ) ] ^ 

(4.42) 

in which the interpolation functions are: 

^ ( x ) = l - 3 ( ^ ) 2 + 2 g ) 3 (4.43) 
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*2w = w[i-2© + ©2] 

*.M-©V*(z)] 

(4.44) 

(4.45) 

(4.46) 

Application of the principle of virtual work leads to the following expression for the 

coefficients of the stiffness matrix (Humar, 2002) 

ktj = EI I ipt (x) xpj (x) dx 
Jo 

(4.47) 

Hence, one obtains 

_ EI 
12 6L 
6L 4L2 

- 1 2 -6L 
6L 2L2 

- 1 2 6L 
-6L 2L2 

12 -6L 
-6L 4L2 

(4.48) 

where K is the element stiffness matrix. 

Among different ways of defining the mass matrix, the consistent mass matrix method is 

chosen in this study.The coefficients of the consistent mass matrix are obtained from 

(Humar, 2002) 
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m IJ = m I \pi(x) \l)j(x)dx 
Jo 

(4.49) 

Substitution of interpolation functions into equation (4.49) yields the element mass 

matrix, M, as follows: 

M = 
ml 

420 

156 22L 54 
22L 4L2 13L 
54 13L 156 

-13L -3Z2 TIL 

-13L 
-3L2 

-22L 
4L2 

(4.50) 

As in the case of stiffness and mass coeeficients, the viscous damping coefficients can be 

obtained from 

"ij =c I xpi(x)iljj(x)dx 
Jo 

(4.51) 

The element damping matrix is 

C = 
cL 

420 

156 22L 54 
22L 4L2 13L 
54 13L 156 

-13L -3L2 22L 

-13L 
-3L2 

-22L 
4L2 

(4.52) 

K , M and C are element stiffness, mass and damping matrices respectively. In order to 

obtain the stiffness and mass matrices of the system, K and M of different elements 

should be assemled. The assemblage procedure leads to the assembled stiffness K, 
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assembled mass M and assembled damping C matrices of the entire system and the 

following governing equation of motion 

Mix + Cii + Ku = P (4.53) 

in which P is the vector of applied loads at finite element nodes. 

4.4 Numerical Implementation 

4.4.1 Spectral Approach 

The unknown coefficients of equations (4.4) and (4.24) should be evaluated based on the 

information about the force and boundary conditions of any problem. Finding the 

coefficient, the (FRF) of force and displacement i.e. Hf_d(co) can be constructed. Next, 

in order to evaluate the analytical solution at different time steps and at discrete spatial 

locations, the numerical scheme of Figure (4.4) can be used (Doyle, 1997). 

As shown in Figure (4.4), the force history is first transformed to the frequency domain 

using Fast Fourier Transform. In the next step, the product of force function and FRF 

(Hf_d(a>)) is taken to obtain the response in the frequency domain. This step is 

performed in a loop over all frequency components. At the final step, the time history of 

displacements is obtained by taking the Inverse Fourier Transform of the frequency 

response. 



Time Function 
Pit) 

Frequency Function 

Frequency Function 

Time Function 

Forward Fast Fourier 
Transform 

FFT 

Do Loop 

u = Hf_d(a>)P 

Inverse Fast Fourier 
Transform 

iFFT 

Figure (4.4): Numerical scheme of spectral solution 
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In relation to the procedure described here, it is necessary to mention two important 

points. 

1. The product of FRF and the force history in frequency domain (//^_d(a))P)is 

performed only up to the Nyquist frequency, that is, over the first half of the 
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transformed force history. Since the time domain response should be real, the 

second half of the signal is considered as the complex conjugate of the initial part. 

2. The zero frequency component (DC term) does not propagate. In order to have 

meaningful result for the DC term, Doyle (1997) has suggested the following 

value for the DC term: 

w-i 

u0 = - £ un (4.54) 
n=l 

Choosing this value for the DC term, makes the first value of the time response 

equal to zero. This property is consistent with the fact that the system is quiescent 

before the arrival of the traveling wave. 

4.4.2 FEM Approach 

The numerical scheme implemented in FEM analysis is the Average Acceleration 

method. This method is unconditionally stable. The steps of this method are briefly 

illustrated in Figure (4.5). In Figure (4.5), Hi, lit and ut are respectively the acceleration, 

velocity and displacement at time step i, and h is the time step. Following this scheme, at 

the first step acceleration is calculated from the known values of initial displacement and 

velocity by using the equations of motion. Next, given the force history, displacement at 

the next time step is evaluated, and then, the velocity and acceleration are calculated. 

This iteration is continued until the response at the final step is obtained. 
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Initial displacement: u 0 

Initial velocity: Uo 

Initial acceleration 
u0 = M-1(P0-Cii0-Ku0) 

Force History 
Pi 

*« = \&M+\c+K]Xp<«+M&*+h<+*)+c(ji*+*j) 

I 
- U ( + ^ ( U j + 1 - U f - f t U j ) 

I 
W«+l = - " i + ^ ( " < + l - W f ) 

Figure (4.5): Numerical scheme of FEM solution 



Chapter 5 

Numerical Illustration: 

Non-Dispersive Wave Propagation 

5.1 Introduction 

This chapter is devoted to numerical illustration of the non-dispersive wave propagation 

analysis discussed in previous chapters. In the first part of this chapter, an FEM model is 

chosen to simulate the response of a rod to impulsive loading. This model is validated by 

an analytical solution. In the second part, correlation analysis is implemented to estimate 

the time delay between two measurements on the rod. The effect of different types of 

loading, reflection from boundaries and noise are investigated in detail. 

In the final part of the chapter, cross-correlation analysis is used as a tool to predict the 

presence of damage, its location, and its severity in non-dispersive wave propagation 

problems. 
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In the first section of this part, the analytical solution for an infinite rod is obtained. This 

solution is used as a benchmark to validate the FEM model presented in the second 

section. 

5.2.1 Analytical Model 

I. Problem Description 

As shown in Figure (5.1), the infinite rod with the modulus of elasticity E and the 

uniform cross- sectional area A, is subjected to a force history P at the center of the rod 

x = 0. 

00 • * - p(t) H . 

+x 
• > a) 

F(x = 0) * 
-> F{x = 0) 

Figure (5.1): Analytical model: infinite rod impacted at the center 
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The material chosen for this study is concrete with the properties presented in Table (5.1). 

Viscous damping density of concrete given in this table corresponds to 7% damping ratio. 

This relationship will be explained in Section 5.2.2. 

Material Property 

Elasticity Modulus (£) 

Mass Density 

Viscous Damping Density 

Value 

27.4 GN/m2 

2400 kg/m3 

178000 N.s/m4 

Table (5.1): Material properties of the rod model 

For A = .04 m2, Table (5.2) shows the properties per unit length. 

Material Property 

Mass per Unit Length (m) 

Viscous Damping per Unit Length (c) 

Value 

96 kg/m 

7000 N. s/m2 

Table (5.2): Material properties of rod model per unit length 

As shown in Equation (4.8), for a small magnitude of damping the longitudinal wave 

speed can be approximated as: 
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\EA 
c S — = 3379m/s 1 m 

(5.1) 

The rod is excited by a triangular impulsive force at the middle. The force history is 

depicted in Figure (5.2). The Fourier spectrum of the force, which is shown in Figure 

(5.3), is obtained using a time step of 0.00001 s in a period of 0.01 5 . This time step 

results in a Nyquist frequency of 50 kHz, which completely contains the frequency 

content of the force. 

15000 

1oooo -

5000 

1 i r 

T""\ \ I 
1 i i L 

0.002 0.004 0.006 
Time(s) 

0.008 0.01 

Figure (5.2): Triangular impulsive force applied at the center of infinite rod 
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Figure (5.3): Fourier spectrum of impulsive force 

X10 

II. Analytical Solution 

As shown in Equation (4.4), the general spectral solution of the equation of motion for 

the rod is: 

u(x, t) = V 4e-i(**-6>0 + V Be+i (kx+ait) (5.2) 

Hence the general solution for x > 0 is given by 

u(x, t) = y Ae l -i(kx-u>t) (5.3) 
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Coefficient A, should be selected so as to satisfy the boundary condition. For satisfying 

the boundary condition, the equilibrium equation for an infinitesimal element at the 

impacting site is considered. The Free Body Diagram (FBD) of this element is depicted 

in Figure (5.1). Based on the symmetry of the rod, the two internal axial forces, which are 

acting on the element, are equal. Hence, one obtains (Doyle, 1997) 

IF = IE A I = -P(f) (5.4) 
ox 

Expressing all the functions in their spectral representation, the boundary condition is 

given by 

2EA — Y u ( x ) e i M t = -\peiwt (5.5) 

Since this equation is valid for all times, one obtains 

du 
2EA—=-P (5.6) 

ax 

Substitution of spectral displacement from Equation (5.3) in Equation (5.6) results in the 

following equation at x = 0: 

2EA(-ikA) = -P (5.7) 
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A = —I— (5.8) 
lEAik 

The complete solution is therefore given by (Doyle, 1997) 

»<**>-ml*'-"™* <59) 

Based on Equation (5.9), the FRF that relates force to displacement can easily be derived 

as 

H'-*^=mrk
e-*' (510) 

III. Analytical Results 

The analytical solution of Equation (5.9) is numerically obtained using the scheme 

described in Section 4.4.1. Figure (5.4) shows the resulting velocity response of the rod at 

different locations. 
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Figure (5.4): Velocity response of an infinite rod impacted at the center 

Some interesting properties observed in Figure (5.4) are worth mentioning: 

1. The wave packet is traveling with a constant travel speed c = 3379 m/ s . This 

speed can be calculated from the time delay between the arrivals of velocity 

waves at different locations of the rod. 

2. Because all the frequency components are traveling at the same speed, there is 

no distortion in the shape of the wave packet. 

3. Because the axial wave in a rod does not disperse while it propagates, rods are 

categorized as non-dispersive waveguides. 
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5.2.2 FEM Model 

I. Problem Description 

As shown in Figure (5.5), the finite rod with modulus of elasticity E, uniform 

cross- sectional area A and length L, is subjected to a force history P at the center of the 

rod x = O.The boundary condition at each end is represented by a spring and a dashpot. 

Different cases with different values of the stiffness of spring and damping of dashpot are 

simulated. 

The material properties, geometric properties and force history used in this example are 

exactly the same as in Section 5.2.1, except that instead of an infinite rod, a finite rod 

with total length of 20 m is chosen. Here some considerations about the damping 

properties should be mentioned. 

fci 

rA/W 
Ci 

P(t) 

+x k2 

c2 

* 1 

69"=** 

Figure (5.5): FEM model: rod impacted at the center 
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The constant of proportionality of damping and mass per unit length is denoted by a, 

namely 

a = 4 (5.11) 
m 

From modal analysis, one obtains 

a = 2<wn (5.12) 

in which £ is the damping ratio and con is the nth modal frequency. From equations 

(5.11) and (5.12), a relationship for the damping ratio can be derived as 

< = o _ (5.13) 
2a)nm 

For a fixed-fixed rod the natural frequency is defined as 

7171 \ E A reiAS 

a)n=— — (5-14) 
L Am 

If the damping ratio is evaluated for the first natural frequency, one obtains 



cL 

2ny/rhEA 

Using Tables (5.1) and (5.2) gives 

( = 7% (5.16) 

Thus the damping ratio is 7%. 

II. FEM Mesh 

The properties of the finite element mesh are presented in Table (5.3) 

Properties 

Length of the rod 

Length of elements 

Number of elements 

Number of degrees of freedom 

Value 

20 m 

5 cm 

400 

401 

Table (5.3): FEM mesh properties 

Let us assume that the wavelength of the response is captured by n finite elements, 

namely, X = neh where ei is the element length. , The relationship between wavelength 

and wavenumber yields 
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(5.15) 
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2n lit 
k = — = — (5.17) 

Using the spectrum relation defined in Equation (4.6), one obtains 

O) —— = (5.18) 
EA net 

or 

»--U^ (5..9, 

Assuming that the maximum frequency needs to be captured is 17 kHz, substitution of 

the values given in Tables (5.2) and (5.3) in Equation (5.19) gives 

n = 4 (5.20) 

The calculated value for n shows that the wavelength corresponding to the maximum 

frequency needs to be captured is represented by four finite elements. This is a reasonable 

representation and shows that the FEM mesh is fine enough to capture the wave 

phenomena quite accurately. 
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III. FEM Results 

In this example numerical results for the problem described in the previous sections are 

presented for three different boundary conditions: 

1. Rod with absorbing boundary conditions. 

2. Rod with free boundary condition. 

3. Rod with fixed boundary condition. 

1. Rod with absorbing boundary condition 

In this case, the values of cxand c2 are adjusted such that the dashpots prevent any 

reflection from the boundaries. This value, which is obtained by simulated experiments, 

is 3.25 x 105 —. 
m 

Figure (5.6) shows the velocity response of the rod at different locations. This figure 

exactly matches with the response of impacted infinite rod in Figure (5.4). This analogy 

validates the FEM model and numerical scheme used in this simulation. It also shows the 

capability of FEM mesh to fully capture the wave phenomena. 

2. Rod with free boundary condition 

In order to investigate the effect of free boundary conditions on the propagation of wave 

packet, free boundary conditions are simulated here by setting stiffness and damping of 

springs and dashpots equal to zero. Response of rod under this condition is illustrated in 

Figure (5.7). Some interesting features of Figure (5.7) are worth mentioning: 
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1. In all subfigures of Figure (5.7), except the first one, the first wave packet is 

related to the incident wave, the second one corresponds to the reflected wave 

from right support and the third one shows the reflected wave from the left 

support. But in the subfigure for location x = 0, due to the symmetry of rod at 

that location, the reflected waves from left and right supports arrive at the same 

time and are superposed. 

2. The reflected wave packet has the same shape as the incident one. This is the 

effect of free boundary conditions. 
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Figure (5.6): Velocity response of impacted rod with absorbing boundary condition 
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Figure (5.7): Velocity response of impacted rod with free boundary condition 

3. Rod with fixed boundary condition 

Fixed supports at the boundaries are simulated by inserting large values for /qand k2. 

Figure (5.8) shows the velocity response for the rod with fixed supports to a triangular 

impact at the center. Interesting features are 

1. Similar to Figure (5.7), first wave packet shows the incident wave, second one is 

related to reflected wave from the right support and the third wave packet 

represents the reflected wave from the left support. At location x = 0, the incident 

and reflected waves are superposed. 
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2. Reflected waves from fixed support have a shape that is similar to an inverted 

incident wave. 
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Figure (5.8): Velocity response of impacted rod with fixed boundary condition 
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5.3 Time Delay Estimation 

In this part of Chapter 5, the time delay estimation for a rod, which is an example of a 

non-dispersive waveguide, is investigated. The effects of different types of loading, 

reflection from boundaries and presence of noise on the estimated time delay are 

explored. 

5.3.1 Problem Description 

The non-dispersive model is a rod shown in Figure (5.9). The material and geometric 

properties are exactly the same as given in Section 5.2.1. The rod is excited at the center 

and two sensors measure its velocity and acceleration responses. In the following parts of 

this thesis whenever reference is made to measurements, they are in fact simulated 

measurements. The locations of the load and the sensors are shown in Figure (5.9). The 

speed of the longitudinal wave for this problem is given by 

c= — = 3379 m/s (5.21) 

Since the length of the path, that is the distance between sensors A and B, is 4 m, the 

time delay will be: 

T = - = 0.0118 s (5.22) 
c 
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Figure (5.9): Rod model for time delay estimation problem 

5.3.2 Effect of Loading 

In this section the influence of the type of loading on the efficiency of the 

cross-correlation analysis in estimating the time delay between measurements at A and B 

is evaluated. As in Section 5.2.2, cx and c2 are chosen such that the supports provide 

absorbing boundary conditions. Because of this, reflection of waves has no effect in the 

responses. 

The effects of three types of loading are explored: 

I. Narrow-band force 

II. Broad-band force 

III. Transient force 

I. Narrow-band force 

The narrow-band force used in this analysis is a narrow-band white random process with 

central frequency a)0 = 2n x 6000 rad/s and a bandwidth B = 2n x 4000 rad/s . 
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Figure (5.10) illustrates a sample of the force history and Figure (5.11) shows the 

autospectral density function of the force. 

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 
Time (s) 

Figure (5.10): A sample of the narrow-band force history 

5000 10000 

Frequency (Hz) 

Figure (5.11): Autospectral density function of narrow-band force 
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One sample of each of the simulated measurements at sensors A and B obtained by using 

FEM model is depicted in Figure (5.12). Additional samples of simulated measurements 

are obtained by using different samples of narrow-band force histories. These 

measurements are noise free; and that is the reason the time delay can be readily detected 

from the figures. But in real problems, the responses are always corrupted by noise. The 

noisy cases will be explained in Section 5.3.4. 

Figure (5.13) shows autospectral density functions of the measurements at sensors A and 

B. It can be noted from this figure that the frequency range of the response is similar to 

that of the force. This is because all traveling waves are damped out at the boundaries. 

Even if there were some reflection from the boundaries, the short time window, in which 

the response is obtained, does not allow standing waves to be produced. 
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Figure (5.12): Acceleration response a) at sensor A b) at sensor 
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Figure (5.13): Autospectral density function of acceleration responses 

a) at sensor A b) at sensor B 

Cross-correlation coefficient of the measurements is given in Figure (5.14). Some 

important points may be noted by reference to this figure: 

1. The peak of the experimental cross-correlation coefficient coincides with 

analytically calculated cross-correlation coefficient given by Equation (3.12). 

2. As the rod is a non-dispersive waveguide, the peak of the experimental cross-

correlation coefficient exactly coincides with the peak of its envelope. 

3. In Figure (5.14), the ensemble average is performed using 10 samples. Increasing 

the number of samples does not improve the solution very much (in comparison 

to the exact solution) meaning the statistical sampling error is not significant here. 

This is mainly due to the existence of spurious frequency components in the high 

frequency range. Use of velocity response shows better match with the exact 
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solution as evident in Figure (5.15). This is due to the fact that the influences of 

spurious high frequency components are less sever for velocity than acceleration 

response. 
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Figure (5.14): Cross-correlation coefficient of acceleration response to narrow-band force 
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Figure (5.15): Cross-correlation coefficient of velocity response to narrow-band force 
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II. Broad-band force 

In this section, cross-correlation analysis of broad-band force is investigated. The 

broad-band force, implemented in this analysis, is a broad-band white random process 

with central frequency OJ0 = 2n x 6000 rad/s and a bandwidth of B = 2n x 

12000 rad/s. Figure (5.16) shows the cross-correlation coefficient between the 

acceleration measurements at sensors A and B, while Figure (5.17) presents the same 

quantity for the velocity measurements. As shown by these figures, in both cases the time 

delay is accurately detected. The cross-correlation of velocity measurements shows better 

agreement with the exact solution than acceleration response. This is due to the 

sensitivity of acceleration measurements to spurious high frequency response. 
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Figure (5.16): Cross-correlation coefficient of acceleration response to broad-band force 
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Figure (5.17): Cross-correlation coefficient of velocity response to broad-band force 

III. Transient force 

The transient force used in this section is a triangular impulsive force shown by Figure 

(5.18). Figure (5.19) illustrates the Fourier spectrum of the triangular force. As can be 

noticed from this figure, the main lobe of the Fourier spectrum appears in the bandwidth 

B = 2n x 5000 rad/s. Acceleration responses at sensors A and B are shown in Figure 

(5.20). This figure shows that the acceleration wave packet travels with axial wave speed 

c = 3379 m/s. 

According to discussion in Section 2.3.3, all concepts of correlation analysis are 

applicable even when the input and output of the system are transient. Figure (5.21) and 

Figure (5.22) show the results of correlation analysis. In both figures the time delay is 

accurately estimated with less than 1% error. 
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Figure (5.18): Triangular impulsive force 

Figure (5.19): Fourier spectrum of the triangular impulsive force 
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Figure (5.20): Acceleration response due to triangular impulsive force 

a) at sensor A b) at sensor B 
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Figure (5.21): Cross-correlation coefficient of acceleration response to transient force 
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Figure (5.22): Cross-correlation coefficient of velocity response to transient force 

5.3.3 Effect of Reflection 

In the previous section, the responses were measured on a rod with absorbing boundary 

conditions. Hence the responses contained only the incident waves. In this section the 

effect of reflected waves on the cross-correlation analysis is explained. Three different 

boundary conditions are considered in this analysis: 

I. Rod with absorbing-fixed ends 

II. Rod with fixed-absorbing ends 

III. Rod with fixed-fixed ends 

It should be mentioned that the force used in this analysis is a narrow-band force with 

central frequency co0 = 2n x 6000 and bandwidth B = 2n x 4000, applied at the center 

of the rod. 
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I. Rod with absorbing-fixed ends 

In this analysis cx is adjusted such that there is no reflection from the left boundary, and 

the value of k2 is set to a very large number in order to simulate the fixity of the right 

support. Figure (5.23) shows the aforementioned configuration. 

2 0 +x 0 
Location of 
Sensor A 0 0 Location of 

Sensor B 

Figure (5.23): Model of rod with absorbing-fixed ends 

As the force is applied at/, two non-dispersive waves start propagating: the forward wave 

(x > 0) and the backward wave (x < 0). The forward wave passes through ab, is 

reflected at e, again travels through ab and is damped out at d. The backward wave does 

not pass through path ab and is absorbed by the left support. Table (5.4) shows the 

calculations for the arrival time of incident and reflected waves at sensors A and B. 

Sensor A 

Sensor B 

Arrival of incident wave 

fa/c = 0.00006 s 

fb/c = 0.00124 s 

Arrival of reflected wave 

(fe+ea)/c = 0.00586 s 

(fe+eb)/c = 0.00468 s 

Table (5.4): Arrival time of incident and reflected waves in a rod with absorbing-fixed ends 



105 

In Table (5.4) c denotes the axial wave speed defined in Equation (5.21). Figure (5.24) 

shows the cross-correlation coefficient between the measurements at sensors A and B. 

There are two peaks in this figure: 

The first peak shows the time delay between the arrival of incident wave at sensors A and 

B. This peak also shows the time delay between the arrival of reflected wave at sensors A 

and B. This value, which is 0.00118 s, completely matches the calculated value shown in 

Table (5.4). The details of this peak are illustrated in Figure (5.25). One interesting aspect 

of this peak is the reduction of magnitude of the cross-correlation coefficient. This 

reduction happens because the incident wave travels from A to B while the reflected 

wave travels in the opposite direction. 

The second peak, which is depicted in Figure (5.26) in more detail, occurs at .00462 s. 

This value is related to the time delay between the arrival of reflected wave at B and the 

incident wave at A. One interesting feature of Figure (5.26) is that the peak in it is 

negative: as the right end is a fixed support, the incident wave is reflected with a similar 

shape but inverted. Hence the cross-correlation coefficient of the incident wave and the 

reflected wave has a negative peak. 
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Figure (5.24): Cross-correlation coefficient of acceleration response in rod with 

absorbing-fixed ends 

Experimental with reflection -
Experimental without reflection 

0.5 1 1.5 
Time Lag (sec) 

2.5 

X 1 0 

Figure (5.25): Cross-correlation coefficient of acceleration responses (first peak): 

comparison of rod with absorbing-absorbing and absorbing-fixed ends 
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Figure (5.26): Cross-correlation coefficient of acceleration response in rod with 

absorbing-fixed ends (second peak) 

II. Rod with fixed-absorbing ends 

In this case the cross-correlation analysis is carried out on the responses of a rod with 

fixed-absorbing ends. The configuration of the rod is shown in Figure (5.27). When the 

rod is subjected to the given force at the middle, a forward wave (x > 0) starts 

progressing to the right side. This wave passes through the path ab once and is damped 

out at e. A backward wave (x < 0) reflects from the boundary at d, travels through ab 

and is absorbed at the right support. Table (5.5) shows the evaluation of time delay 

between locations a and b. 
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Figure (5.27): Model of rod with fixed-absorbing ends 

Sensor A 

Sensor B 

Arrival of incident wave 

fa/c = 0.00006 s 

fb/c = 0.00124 s 

Arrival of reflected wave 

(fd+da)/c = 0.00598 s 

(fd+db)/c = 0.00716 s 

Table (5.5): Arrival time of incident and reflected waves in a rod with fixed-absorbing ends 

Figure (5.28) shows the cross-correlation coefficient of acceleration responses at A and 

B. This analysis reveals two distinct peaks. 

The first peak identifies the time delay between the arrival of incident as well as reflected 

wave at locations a and b. The peak is located approximately at 0.00118 s, closely 

corresponding to the estimated time delay given in Table (5.5). The only difference with 

the previous case is in the amplitude of cross-correlation coefficient. Unlike the previous 

case, this amplitude does not show any change in magnitude because both the incident 

and reflected waves travel the path ab from sensor A to B. This fact is clarified in the 

Figure (5.29). 
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The second peak, which is at time 0.00710 s, occurs at the time lag between the arrival of 

the reflected wave at B and the incident wave at A. Like the previous case, as the 

reflected wave has the inverted form compared to the incident wave, the cross-correlation 

coefficient peak is negative. This fact is evident from Figure (5.30). 

0 0.OO1 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 
Time Lag (sec) 

Figure (5.28): Cross-correlation coefficient of acceleration response in rod with 

fixed-absorbing ends 
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Figure (5.29): Cross-correlation coefficient of acceleration responses (first peak): 

comparison of rod with absorbing-absorbing and fixed-absorbing ends 

or 

5 
I 

Experimental with reflection 
Envelope 

6.4 6.6 6.8 7 7.2 
Time Lag (sec) 

7.4 7.6 

x 1 0 

Figure (5.30): Cross-correlation coefficient of acceleration response in rod with fixed-

absorbing ends (second peak) 
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III. Rod with fixed-fixed ends 

In this section, cross-correlation analysis of acceleration responses of a rod with 

fixed-fixed ends is presented. The model of the rod is shown in Figure (5.31). As the rod 

starts vibrating, two incident waves are generated: the forward incident wave passes 

through ab and is reflected from supports e, while the backward wave travels the path/d 

and is reflected at d. Both reflected waves progress towards the center of the rod with 

inverted shapes. Table (5.6) shows the evaluation of time delay between acceleration 

measurements at sensors A and B. 

0 
Location of 
Sensor A 

0 +x 0 

L0 QJ Location of 
Sensor B 

Figure (5.31): Model of rod with fixed-fixed ends 

Sensor A 

Sensor B 

Arrival of 

incident wave 

fa/c = 0.00006 s 

fb/c = 0.00124 s 

Arrival of reflected wave 

From left support 

(M+da)/c = 0.00598 s 

(fd+dt)/c = 0.00716 s 

From right support 

(fe+ea)/c = 0.00586 s 

(fe+eb)/c = 0.00468 s 

Table (5.6): Arrival time of incident and reflected waves in a rod with fixed-fixed ends 
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Figure (5.32) shows the results of cross-correlation between acceleration measurements 

at a and b. There are three peaks in that figure: 

1. A positive peak at 0.00118 s which shows the time delay between the arrival of 

incident waves at sensors A and B. This value also corresponds to the time delay 

between arrivals of reflected waves at the sensors. 

2. A negative peak at 0.00462 s which shows the time delay between the arrivals of 

reflected wave from right support at sensor B and the incident wave at sensor A. 

3. A negative peak at 0.0071 s which shows the time delay between the arrivals of 

the reflected wave from left support at sensor B and the incident wave at sensor 

A. 

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 

Time Lag (sec) 

Figure (5.32): Cross-correlation coefficient of acceleration response in 

rod with fixed-fixed end 
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5.3.4 Effect of Noise 

In this section the effect of noise on cross-correlation analysis is discussed. The noise 

level associated with the measurements is expressed by 

R = T 7 ^ (5-23) 

in which x(i) is the measurement, a is the rms value of the measurement noise and R is 

the noise level. The measurement noise obtained by using the function randn in 

MATLAB software is one sample of normally distributed random variable. Any two 

samples of generated random noise are expected to be almost uncorrelated. Fully 

uncorrelation may not be achieved because the samples represent finite and discrete 

measurement noise. The low degree of correlation forms the basis for formulation 

derived in chapter 3. 

The model chosen in this section is a fixed-fixed rod as depicted in Figure (5.31). It may 

be recalled that Figure (5.32) shows the results of cross-correlation analysis of the clean 

acceleration responses at sensors A and B. In order to compare the effect of noise two 

different levels of noise, R=15% and R=30%, are considered here. Figure (5.33) 

illustrates a sample of the acceleration response at sensor A, while Figure (5.34) shows 

the same quantity for sensor B. Figure (5.35) shows the corresponding autospectral 

density functions. 
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Figure (5.33): Response at sensor A a) acceleration b) noise (R=30%) c) noisy acceleration 
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Figure (5.34): Response at sensor B a) acceleration b) noise (R=30%) c) noisy acceleration 
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Figure (5.35): Autospectral density function of noisy acceleration (R=30%) response at 

a) sensor A b) sensor B 

Cross-correlation coefficient of the acceleration measurements with 30% noise is given in 

Figure (5.36). As can be noted from the figure, even in the presence of 30% noise, the 

time delays are accurately estimated with less than 1% error. Figures (5.37), (5.38) and 

(5.39) show the identified peaks in more detail. These figures also compare the effect of 

different levels of noise on the cross-correlation coefficients. The following important 

conclusion can be drawn from the results shown: 

As the level of noise increases, the amplitude of the cross-correlation coefficient 

decreases but the time delay is accurately predicted. 

In order to remove the effect of noise, the cross-correlation function can be used instead 

of the cross-correlation coefficient. As discussed in Section 3.2.2, the normalization 

factors in the cross-correlation coefficient depend on the level of noise while the 
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cross-correlation function is independent of noise. Figures (5.40), (5.41) and (5.42) 

clarify this fact. 

0.4 
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Figure (5.36): Cross-correlation coefficient of acceleration response 

in presence of 30% noise 
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Figure (5.37): Cross-correlation coefficient between noisy acceleration measurements: 

comparison of the effect of different levels of noise on first peak 
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Figure (5.38): Cross-correlation coefficient between noisy acceleration measurements: 

comparison of the effect of different levels of noise on second peak 
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Figure (5.39): Cross-correlation coefficient between noisy acceleration measurements: 

comparison of the effect of different levels of noise on third peak 
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Figure (5.40): Cross-correlation function between noisy acceleration measurements: 

comparison of the effect of different levels of noise on first peak 
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Figure (5.41): Cross-correlation function between noisy acceleration measurements: 

comparison of the effect of different levels of noise on second peak 
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Figure (5.42): Cross-correlation function between noisy acceleration measurements: 

comparison of the effect of different levels of noise on third peak 
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5.4 Damage Detection 

In this section, cross-correlation analysis is used as a tool to detect damage in a rod. The 

responses of the rod with fixed supports are measured at two sensors A and B, which are 

shown in Figure (5.9). It is assumed that the damage occurs at three different locations: 

• Left side of sensor A 

• Right side of sensor B 

• Between sensors A and B 

The damage is characterized by the length Ld denoting the spatial extent of damage and 

the quantity of damage s, that refers to the percentage of reduction in the axial stiffness of 

the rod within the damage length Ld. In this analysis, it is assumed that there is no change 

in the mass of the rod. Based on these assumptions, the wave speed in the length Ld is 

given by 

1 m J m 

where c and cd are the axial wave speed in the undamaged and damaged area of rod 

respectively. It should be mentioned that all the measurements used in this analysis are 

corrupted by 30% noise. 
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5.4.1 Damage on the Left Side of Sensor A 

The model used in this analysis is shown in Figure (5.43). The location where the force 

is applied is close to sensor A, so it is assumed that damage occurs to the left of this 

location. 

In this analysis, two scenarios are considered: 

I. Damage length is 2.5 m (Ld = 2.5 m). 

II. Damage length is 1 m (Ld = 1 m). 
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Figure (5.43): Model of rod with damage at left side of sensor A 

I. Damage length 2.5 m 

The cross-correlation function for the acceleration measurements at sensors A and B with 

10% damage and in presence of 30% noise is illustrated in Figure (5.44). This figure 

shows three distinct peaks. These peaks are illustrated in greater detail in Figures (5.45), 

(5.46) and (5.47). These figures also show a comparison of the effect of different 

amounts of damage. 
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Figure (5.44): Cross-correlation function of acceleration measurements: 10% damage on 

the left side of sensor A (damage length 2.5 m) 
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Figure (5.45): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the first peak (damage length2. 5 m) 
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Figure (5.46): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the second peak (damage length 2. 5 m) 
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Figure (5.47): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the third peak (damage length 2. 5 m) 
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The interesting properties observed from these figures are summarized in the following: 

• The first peak of cross-correlation function, which shows the time delay between 

the arrival of wave at sensors A and B (incident or reflected), remains unchanged 

• The second peak of cross-correlation function, which shows the time delay 

between the arrival of incident wave at sensor A and the arrival at B of the wave 

reflected from the right hand end, remains unchanged. 

• The third peak of cross-correlation function, which shows the time delay between 

the arrival of incident wave at sensor A and the arrival at B of the wave reflected 

from the left hand end of the rod, has shifted on account of the damage and the 

shift depends on the amount of damage. 

• Increase in damage extent results in longer shifts in time delays. This shows that 

time delay shifts are proportional to the extent of damage. This fact could be an 

indicator of the prediction of damage severity. 

Based on the foregoing observations it can be concluded that: 

• Damage occurs at the left side of sensor A. 

• Different amounts of damage reflect different amounts of time delay shifts 

appearing in the correlation function.The more severe the damge is, the longer the 

shift in the time delay estimation. 

In order to relate the time delay shifts to the extent of damage, the following steps are 

carried out: 

The time delay in the damaged rod is written in terms of the speed of acceleration wave 

in undamaged and damaged area using Equation (5.24). Table (5.7) shows these 
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calculations. On the other hand the, time delays in the damaged rod are detected from the 

peaks of cross-correlation functions, as shown by Figure (5.44). The comparison of the 

calculated and detected time delays results in an estimation of the damage extent. Table 

(5.8) shows the damaged extent results. It should be noted that in Tables (5.7) and (5.8), 

the time delay is calculated for two cases: in the first case it is assumed that the damage 

length is known Ld — 2.5 m. In the second case, it is assumed that the entire length on 

the left side of force is damaged; hence the value of the extent of damage represents the 

minimum of the possible damage extent on the left side of sensor. 

Undamaged 

Damaged 

Arrival of the 

incident 

wave at sensor A 

0.2 
— = 0.00006 s 
c 

0.2 
— = 0.00006 s 
c 

Arrival of reflected wave from left 

support at sensor B 

Known 

damage length 

24 2 
— : - = 0.00716 s 

c 

19.2 5 

c ( V l - s ) c 

Unknown 

damage length 

24 2 
— = 0.00716 s 

c 

4.2 20 

c ( V l - s ) c 

Calculated time delay 

Known 

damage length 

0.00710 s 

19 5 

c ( V l - s ) c 

Unknown 

damage length 

0.00710 s 

4 20 

c ( V l - s ) c 

Table (5.7): Calculation of time delay in undamaged and damaged rod 

(damage length 2.5 m) 

Damage case 1 (s=10%) 

Damage case 2 (s=20%) 

Damage case 3 (s=30%) 

Time delay estimation 

0.00717 s 

0.00726 s 

0.00737 s 

Extent of damage 

Known damaged length 

8.5% 

18.3% 

28.2% 

Unknown damaged length 

2.22% 

5.1% 

8.4% 

Table (5.8): Calculation of damage extent in damaged rod (damage length 2. 5 m) 
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II. Damage length 1 m 

In this case the damage is introduced in a 1 m length on the left side of sensor A. Similar 

to the previous case, the cross-correlation function of the two acceleration measurements 

at A and B show three distinct peaks. The first and second peaks remain unchanged but 

the third peak exhibits varying amounts of shifts caused by different amounts of damage. 

Figure (5.48) shows this fact. 

undamaged 
"-"-* 20% damage o-o-o 30% damage 

6.8 7 7.2 7.4 6.8 7 7.2 7.4 

Time Lag (sec) 

6.8 7 7.2 7.4 

Figure (5.48): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the third peak (damage length 1 m) 

In order to estimate the damage extent, a procedure similar to that in the previous case is 

carried out. Table (5.9) and Table (5.10) show the results. 
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Undamaged 

Damaged 

Arrival of the 

incident 

wave at sensor A 

0.2 
— = 0.00006 s 
c 

0.2 
— = 0.00006 s 
c 

Arrival of reflected wave from left 

support at sensor B 

Known 

damage length 

24 2 
—1- = 0.00716 s 

c 

22.2 2 

c ( V l - s ) c 

Unknown 

damage length 

24 2 
— : - = 0.00716 s 

c 

4.2 20 
— + —i 
c (Vl - s)c 

Calculated time delay 

Known 

damage length 

0.0071s 

22 2 

c (Vl - s)c 

Unknown 

damage length 

0.0071s 

4 20 

c (Vl - s)c 

Table (5.9): Calculation of time delay in undamaged and damaged rod (damage length lm) 

Damage case 1 (s=10%) 

Damage case 2 (s=20%) 

Damage case 3 (s=30%) 

Time delay estimation 

0.00712 s 

0.00716 s 

0.00720 s 

Extent of damage 

Known damaged length 

5.5% 

16.8% 

26.2% 

Unknown damaged length 

0.6% 

1.9% 

3.2% 

Table (5.10): Calculation of damage extent in damaged rod (damage length lm) 

From the analyses performed in this section, the following conclusions can be drawn: 

1. Any dynamical property change on the left side of sensor A will appear as a 

change in the time delay which is related to reflection from left support. This 

characteristic is a crude indicator of damage location. 

2. According to Table (5.8) and Table (5.10), if an estimate of the damage length 

already exist, time delay shifts will provide an fairly accurate estimate of the 

damage extent. In reality however providing any information about the damage 

length prior to an experiment is quite difficult. In that case the entire length of the 
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propagation path between two sensors, or between sensors and supports can be 

used to obtain a rough estimate of the damage extent. 

3. In this study only two sensors are used to measure the dynamic responses. In 

order to have a better estimation of damage location and damage extent, more 

mesurement points would be necessary. 

5.4.2 Damage on the Right Side of Sensor B 

In this section, it is assumed that the damage occurs on the right side of the sensor B. 

Figure (5.49) shows the configuration of the damage. 
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Figure (5.49): Model of rod with damage on righ side of sensor B 

Similar to previous section, two senarios will be disscussed: 

I. Damage length is 2.5 m (Ld = 2.5 m). 

II. Damage length is 1 m (Ld = 1 m). 
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I. Damage length 2 . 5 m 

Cross-correlation function of the acceleration measurements at sensors A and B is shown 

in Figure (5.50). Three peaks exist in this figure: 

1. The first peak which shows the time delay between arrival of the incident wave or 

reflected waves at sensor locations A and B. 

2. The second peak which shows the time lag between the arrival of incident wave at 

A and the arrival of the wave after reflection from the left support at B. 

3. The third peak which shows the time delay between the arrival of incident wave at 

A and the arrival at B of a wave after reflection from the right boundary. 

Figure (5.51) shows that the damage does not cause the first peak to shift along the time 

delay axis. Hence it can be concluded that damage does not occur between the two 

measurements locations. Unchanged location of third peak, which is depicted in Figure 

(5.52), implies that damage does not affect the response after reflection of the wave from 

the left boundary. Hence there is no induced damage in that area. But, as shown by the 

results presented in Figure (5.53), the second peak, which reflects the properties of the 

right side of sensor B, moves along the time axis, the extent of movement depending on 

the level of damage. The longer time delay in this path reveals a greater reduction in the 

wave speed. Since wave speed is proportional to square root of axial stiffness of the rod, 

the reduction in axial stiffness can be estimated. This dynamic property change is 

interpreted as damage. 



0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 
Time Lag (sec) 

Figure (5.50): Cross-correlation function of acceleration measurements: 10% damage on 

the right side of sensor B (damage length 2.5 m) 
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Figure (5.51): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the first peak (damage length 2.5 m) 
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Figure (5.52): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the third peak (damage length 2. 5 m) 
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Figure (5.53): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the second peak (damage length 2.5 m) 
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Following the procedure outlined in Section 5.4.1, the extent of damage can be estimated 

as shown in Tables (5.11) and (5.12). 

Undamaged 

Damaged 

Arrival of the 

incident 

wave at sensor A 

0.2 
— = 0.00006 s 
c 

0.2 
— = 0.00006 s 
c 

Arrival of reflected wave from right 

support at sensor B 

Known 

damage length 

15.8 
= 0.00468 s 

c 
10.8 5 

+ . 
c ( V l - s ) c 

Unknown damage 

length 

I C O 

— ^ = 0.00468 s 
c 

4.2 11.6 

c (Vl - s)c 

Calculated time delay 

Known 

damage length 

0.00462 s 

10.6 5 
+ , 

c ( V l - s ) c 

Unknown 

damage length 

0.00462 s 

4 11.6 

c ( V l - s ) c 

Table (5.11): Calculation of time delay in undamaged and damaged rod 

(damage length 2. 5 m) 

Damage case 1 (s=10%) 

Damage case 2 (s=20%) 

Damage case 3 (s=30%) 

Time delay estimation 

0.00469 s 

0.00478 s 

0.00488 s 

Extent of damage 

Known damaged length 

9.2% 

18.9% 

27.9% 

Unknown damaged length 

4.1% 

8.9% 

13.7% 

Table (5.12): Calculation of damage extent in damaged rod (damage length 2.5 m) 
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II. Damage length 1 m 

In this scenario, it is assumed that the damage length is 1 m. Thus the severity of damage 

is less than in the previous case. The analysis in this section clarifies how much the time 

delay and wave speed are sensitive to small magnitudes of damage. 

As in Figure (5.50), the cross-correlation analysis between the acceleration measurements 

at A and B, shows three different peaks. While the first and third peaks do not show any 

change, the second peak shifts, the amount of shift depending on the level of damage. 

Figure (5.54) shows these displacements along the time axis. Tables (5.13) and (5.14) 

show the calculation of damage extent for two cases: first when the damage length is 

already known, second when the whole propagation path is considered as the damage 

length. 

Referring to the analyses presented in this section, it is worth noting that 

1. Any dynamical changes on the right side of sensor B only changes the time delay 

which corresponds to reflections from the right support. 

2. 10% damage in 1 m of rod is a damage of very small magnitude. Detection of 

this kind of damage is a very difficult problem in the field of damage detection. 

Here also, as can be seen from Figure (5.54), time delay shift caused by this small 

amount of damage is very difficult to detect. But when the amount of stiffness 

reduction is substantial, the approach presented here appears to be a promising 

tool for the identification of local damage. 
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Figure (5.54): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the second peak (damage length 1 m) 

Undamaged 

Damaged 

Arrival of the 

incident 

wave at sensor A 

0.2 
— = 0.00006 s 
c 

0.2 
— = 0.00006 s 
c 

Arrival of reflected wave from right 

support at sensor B 

Known 

damage length 

15.8 
= 0.00468 s 

c 
13.8 2 

c (VI - s)c 

Unknown 

damage length 

15 8 
— = 0.00468 s 

c 

4.2 11.6 

c (Vl - s)c 

Calculated time delay 

Known 

damage length 

0.00462 s 

13.6 5 

c ( V l - s ) c 

Unknown 

damage length 

0.00462 s 

4 11.6 
c ( V l - s ) c 

Table (5.13): Calculation of time delay in undamaged and damaged rod 

(damage length 1 m) 
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Damage case 1 (s=10%) 

Damage case 2 (s=20%) 

Damage case 3 (s=30%) 

Time delay estimation 

0.00464 s 

0.00468 s 

0.00472 s 

Extent 

Known damaged length 

7.4% 

18.3% 

27.5% 

of damage 

Unknown damaged length 

1.3% 

3.6% 

5.8% 

Table (5.14): Calculation of damage extent in damaged rod (damage length 1 m) 

5.4.3 Damage Between Sensors A and B 

This section of Chapter 5 is devoted to a study of the effect of damage on 

cross-correlation function when the damage occurs between the measurement locations. 

The model for this problem is presented in Figure (5.55). 

< • 

i p(ty 

10 m • x 10 m 

10.2m ^4 Am ! 5.8m ^ 

Sensor A 

Random process xk(t) 

Sensor B 

Random process y^t) 

Figure (5.55): Model of damage between sensors A and B 
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In the analysis of this section, two scenarios are considered: 

I. Damage length is2.5 m . 

II. Damage length isl m. 

I. Damage length 2.5 m 

The cross-correlation function for the acceleration measurements at sensors A and B, in 

presence of 30% noise, and damage in 2.5 m of the 4 m length of AB, is depicted in 

Figure (5.56). This figure shows three different peaks which are illustrated in more 

details in Figure (5.57), Figure (5.58) and Figure (5.59). As illustrated in these figures, all 

the peaks are shifted, the amount of shift depending on the magnitude of damage. Tables 

(5.15), (5.16) and (5.17) show the calculation of damage extent. 
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O O.O01 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 
Time Lag (sec) 

Figure (5.56): Cross-correlation function of acceleration measurements: 10% damage 

between sensor A and B (damage length 2. 5 m) 
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Figure (5.57): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the first peak (damage length 2.5 m) 
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Figure (5.58): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the second peak (damage length 2.5 m) 
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*-'-* 20% damage 
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Time Lag (secf 
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Figure (5.59): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the third peak (damage length 2.5 m) 

Undamaged 

Damaged 

Arrival 

of the incident 

wave at sensor A 

0.2 
— = 0.00006 s 
c 

0.2 
— = 0.00006 s 
c 

Arrival 

of the incident 

wave at sensor B 

4.2 
— = 0.00124 s 
c 

4.2 -Ld 

c 

1 Ld 

( V l - s ) c 

Arrival of reflected wave at sensor B 

From left support 

24 2 
— : - = 0.00716 s 

c 

24.2 - Ld 

c 

1 Ld 

( V l - s ) c 

From right support 

15.8 
= 0.00468 s 

c 

15.8 -Ld 

c 

1 Ld 

(VI - s)c 

Table (5.15): Calculation of time delay in undamaged and damaged rod 

(damage length 2.5 m) 
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First peak 

Second peak 

Third peak 

Estimated time delay 

Is' case 

(s=10%) 

0.00123 s 

0.00466 s 

0.00713 s 

2nd case 

(s=20%) 

0.00126 s 

0.00469 s 

0.00718 s 

3 r d case 

(s=30%) 

0.00132 s 

0.00475 s 

0.00723 s 

Calculated time delay 

Known 

damage length 

1.5 2.5 
— + —i 
c (Vl - s)c 

13.1 2.5 

c ( V l - s ) c 

21.5 2.5 

c (Vl - s)c 

Unknown 

damage length 

4 

(VI - s)c 

11.6 4 

c (Vl - s)c 

20 4 

c (Vl - s)c 

Table (5.16): Calculated and estimated time delay in damaged rod 

(damage length 2. 5 m) 

Damage extent 

1st case 

(s=10%) 

2nd case 

(s=20%) 

3rd case 

(s=30%) 

Estimation 

from first peak 

Known 

damaged 

length 

11.4% 

17% 

28.7% 

Unknown 

damaged 

length 

7.4% 

11.7% 

19.6% 

Estimation 

from second peak 

Known 

damaged 

length 

10.7% 

17.1% 

28.2% 

Unknown 

damaged 

length 

6.9% 

11.3% 

19.2% 

Estimation 

from third peak 

Known 

damaged 

length 

6.9% 

18.0% 

27.2% 

Unknown 

damaged 

length 

4.4% 

11.8% 

18.4% 

Mean 

Known 

damaged 

length 

9.7% 

17.4% 

28.0% 

Unknown 

damaged 

length 

6.2% 

11.6% 

19.1% 

Table (5.17): Calculation of damage extent in damaged rod (damage length 2.5 m) 
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Four important conclusions can be drawn from the results presented in Figures (5.57), 

(5.58), and (5.59): 

1. Shifts in all the peaks of cross-correlation function reveals that damage occurs 

between the sensor locations. 

2. As shown by data presented in the tables, for each time delay shift, the new wave 

speed and thus the extent of damage can be calculated. The final damage extent is 

considered as the mean of the evaluated values. 

3. As the propagation path is shorter than in the previous cases, the estimated 

damage extents are more reasonable. 

4. For better prediction of damage location and damage extent, the propagation path 

should be restricted to a shorter length as emerged from this analysis. This fact 

demands the use of more sensors to measure responses at large number of points 

on the structure. 

II. Damage length 1 m 

In this case, the introduced damage between sensors A and B has 1 m length. 

Cross-correlation function is similar to Figure (5.56) exhibiting three peaks. The effect of 

the magnitude of damage on the location of these peaks is illustrated in Figures (5.60), 

(5.61) and (5.62). Tables (5.18), (5.19) and (5.20) show the calculation of damage extent. 
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Figure (5.60): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the first peak (damage length 1 m) 
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Figure (5.61): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the second peak (damage length 1 m) 
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Figure (5.62): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent on the third peak (damage length 1 m) 

Undamaged 

Damaged 

Arrival 

of the incident 

wave at sensor A 

0.2 
— = 0.00006 s 
c 

0.2 
— = 0.00006 s 
c 

Arrival 

of the incident 

wave at sensor B 

4.2 
— = 0.00124 s 
c 

4.2 - Ld 

c 

1 Ld 

( V l - s ) c 

Arrival of reflected wave at sensor B 

From left support 

24 2 
—i- = 0.00716 s 

c 

24.2 - Ld 

c 

1 Ld 

(VI - s)c 

From right support 

15.8 
= 0.00468 s 

c 
15.8 -Ld 

c 

1 Ld 

(VI - s)c 

Table (5.18): Calculation of time delay in undamaged and damaged rod 

(damage length 1 m) 
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First peak 

Second peak 

Third peak 

Estimated time delay 

1st case 

(s=10%) 

0.00119 s 

0.00462 s 

0.00711s 

2nd case 

(s=20%) 

0.00122 s 

0.00465 s 

0.00713 s 

3 rd case 

(s=30%) 

0.00124 s 

0.00467 s 

0.00714 s 

Calculated time delay 

Known 

damage length 

3 1 

c ( V l - s ) c 

14.6 1 

c ( V l - s ) c 

23 1 
— + , 
c (Vl - s)c 

Unknown 

damage length 

4 

(VI - s)c 

11.6 4 

c (Vl - s)c 

20 4 
— + , 
c (Vl - s)c 

Table (5.19): Calculated and estimated time delay in damaged rod (damage length 1 m) 

Damage extent 

ls l case 

(s=10%) 

2nd case 

(s=20%) 

3rd case 

(s=30%) 

Estimation 

from first peak 

Known 

damaged 

length 

4.0% 

20.6% 

29.4% 

Unknown 

damaged 

length 

1.0% 

5.8% 

8.9% 

Estimation 

from second peak 

Known 

damaged 

length 

2.0% 

19.1% 

28.1% 

Unknown 

damaged 

length 

1.0% 

5.4% 

8.4% 

Estimation 

from third peak 

Known 

damaged 

length 

4.6% 

16.0% 

21.0% 

Unknown 

damaged 

length 

1.2% 

4.4% 

6.0% 

Mean 

Known 

damaged 

length 

3.5% 

18.6% 

26.2% 

Unknown 

damaged 

length 

1.1% 

5.2% 

7.8% 

Table (5.20): Calculation of damage extent in damaged rod (damage length 1 m) 
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Based on the analysis carried out in the last three sections, the following general 

conclusion can be drawn 

1. The presented structural health monitoring approach is not model based, that is 

there is no need to construct a mathematical model for the structure. In the 

examples presented here, the FEM model is used to produce the simulated 

measurements. In real life cases the measurements would be obtained through 

instrumentation of the structure. 

2. This approach is entirely based on the measurements of structural response. 

3. Implementation of this approach does not need any information about the source 

or the nature of force. In other words it can deal with narrow-band and broad

band random forces as well as transient forces. 

4. This approach is based on the determination of a local parameter of the structure, 

namely the wave speed, while conventional modal analysis based approaches rely 

on the global parameters such as natural frequencies or mode shapes. 

5. In comparison to other methods of structural health monitoring, the approach 

presented here is less sensitive to the effect of measurement noises. Such noises in 

measurements taken at different locations of the structure are expected to be 

uncorrelated. As illustrated through examples presented in this chapter, even in 

the presence of 30% noise the changes in dynamical properties are identified with 

reasonable accuracy. 
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6. Computational simplicity is one of the important features of this approach when 

viewed in the context of structural health monitoring. 

7. Even with two measurement sensors, an initial prediction of location of damage is 

possible as illustrated here through examples. 

8. Using this approach, an average value of the damage extent can be estimated. 

Some of the limitations of this approach are as follows 

1. This approach suffers from the assumption of linearity. 

2. Detailed information on the location and extent of damage can be obtained only 

when measurements are made at sufficient number of closely spaced locations. 

3. In its present form the method would not work when there are multiple travel 

paths surrounding the damaged area. 

4. The type of noise considered in the current investigation is measurement noise. 

Such noise in the measurement samples taken from different locations is expected 

to be uncorrelated. In real life problems another type of noise namely model noise 

may exist. Examples of such noise are physical changes caused by temperature 

variations and mass accumulations. The analysis carried out in this thesis does not 

take into account this type of noise. 

5. If the damage is very local such as for example due to a crack in the rod, the 

estimated damage extent shows the severity of damage smeared over the entire 

length between measurement locations or the measurement location and 

boundaries. 



Chapter 6 

Numerical Illustration: 

Dispersive Wave Propagation 

6.1 Introduction 

In the first part of this chapter, an FEM model is developed to study dispersive wave 

propagation for bending waves in a beam. This model is validated by an analytical 

solution. Next cross-correlation analysis is used to estimate time delay of bending wave 

propagation. Effects of different types of loading, length of propagation path, reflection 

from the boundaries, and presence of measurement noise are discussed in more detail. 

Last part of this chapter is devoted to structural health monitoring of dispersive 

waveguides. Case studies on the estimation of damage location and damage extent are 

presented. 
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In this part, an analytical model is developed for a uniform beam. The analytical solution 

for the model is considered as a benchmark for the validation of FEM model as presented 

next. 

6.2.1 Analytical Model 

I. Problem Description 

In Figure (6.1), the infinite beam with modulus of elasticity E, uniform cross-sectional 

area A, and moment of inertia / is subjected to a force history P(t) at the center, x = 0. 

The material used in this model is concrete with properties shown in Table (6.1). The 

area and moment of inertia chosen for the model are A = 0.04 m2 and / = 133.3 x 

10 - 6 m4. Table (6.2) shows the material properties per unit length. 

00 < 

F(x = 0) I • I F(x = 0) 

P(t) 
A 

i +X 

- • oo 

Figure (6.1): Analytical model: infinite beam impacted at center 
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Material Property 

Elasticity Modulus (£) 

Mass Density 

Viscous Damping Density 

Value 

27.4 GN/m2 

2400 kg/m3 

178000 N.s/m4 

Table (6.1): Material properties of the beam model 

Material Property 

Mass per Unit Length (m) 

Viscous Damping per Unit Length (c) 

Value 

96 kg/m 

7000 N. s/m2 

Table (6.2): Material properties of beam model per unit length 

Using Equations (4.26) and (4.27), the group and phase speeds are determined as 

cp = yfaj 
\E1_ 

m 

,1 /4 

= 13.966Vw 

Cg = 2VO> 
EI 

fh 

1/4 

= 27.932Vw 

(6.1) 

(6.2) 

The force used in this analysis is a triangular impulsive force. Time history and Fourier 

spectrum of the force are plotted in Figures (6.2) and (6.3), respectively. The Fourier 

spectrum of the force is obtained using a time step of 0.00001 s and a period of 0.01 5 . 

This time step results in a Nyquist frequency of 50 kHz that completely contains the 

frequency content of the force. 
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Figure (6.2): Triangular impulsive force applied at the center of infinite beam 
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Figure (6.3): Fourier spectrum of impulsive force 
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II. Analytical Solution 

The general solution of the equation of motion of beam, presented in Section 4.3.1, is 

given by 

u(x, t) = V 4e-'««-6)0 + V Be-Cfc*-^) 

+ y Ce+I'(fe*+6Jt) + y J5e+( 
(6.3) 

\-(kx+cot) 

For positive (x > 0) propagating wave, one obtains 

u(x, t) = y iie-'(to-«o + V Be-(kx-a>t) ( 6 4 ) 

Coefficients i4 and B are selected so as to satisfy the boundary conditions. To enforce the 

boundary conditions, an infinitesimal element at the impact location (x = 0) is 

considered. The Free Body Diagram of this element is depicted in Figure (6.1). On 

account of the symmetry of the beam (Doyle, 1997): 

1. There is no rotation at this point. 

2. The two internal shear forces, which act on the element, are equal. 

Hence, one obtains 

du(x = 0,t) 
} dx (6.5) 
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and 

d3u(x = 0,t) 
II) IF = 2EI dx3 = P(t) 

The spectral form of these boundary conditions are expressed as 

(6.6) 

0|-0 

and 

II) 2F = 2EI ^ - 3 — - = P (6-8) 

Substituting of Equation (6.4) in Equation (6.5) and setting x = 0, one obtains 

-ikA - kB = 0 (6.9) 

or 

B = -iA (6.10) 

The solution thus becomes 



u(x,i) = YA (e~ikx - ie~kx) ei(0t (6.11) 

In order to find the coefficient A, the second boundary condition stated in Equation (6.8) 

is used 

2EIA (lik3) = P (6.12) 

or 

A = ~ (6.13) 
AElik3 

Thus the complete analytical solution is 

u(x, t) = Y — U r (e~ikx - ie~kx)eim (6.14) 
^ 4EIk3 

On the basis of Equation (6.14), the frequency response function of force and 

displacement is given by 

Hf_d(x, a)) = U, (e-ikx - ie~kx) (6.15) 
1 4EIk3 
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III. Analytical Results 

The numerical solution of Equation (6.14) is obtained using the procedure described in 

Section 4.4.1,. Figure (6.4) shows this solution. Some of the interesting features that can 

be observed from this figure are 

1. The wave packet disperses as it travels. The dispersion effect results in distortion 

of the wave packet. 

2. Dispersion effect occurs because each frequency component travels with its own 

speed. In other words, the wave speed depends on the frequency. 
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Figure (6.4): Velocity response of infinite beam impacted at the center 
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6.2.2 FEM Model 

I. Problem Description 

Figure (6.5) shows a finite beam with modulus of elasticity E, uniform cross-sectional 

area A and moment of inertia /. It is subjected to a force history P(t) at the center, x = 0. 

Different types of end conditions are enforced with translational and rotational springs. 

The solutions are obtained for different values of stiffness of spring. The cases modeled 

are: 

1. Beam with fixed-fixed boundary condition. 

2. Simply supported beam. 

The material and geometric properties of the beam are similar to properties of beam in 

section 6.2.1. The length of the beam is 20 m. 

Pit) 

k{ k\ 
+x k% k; 

k\ kl 

Figure (6.5): FEM model: finite beam impacted at center 
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II. FEM Mesh 

The properties of the FEM mesh modeled in this study are presented in Table (6.3) 

Properties 

Length of the Beam 

Length of Elements 

Number of Elements 

Number of Degrees of Freedom 

Value 

20 m 

5 cm 

400 

802 

Table (6.3): FEM mesh properties 

In order to examine the ability of the FEM mesh for capturing the wave characteristics, 

the following analysis is carried out. 

Suppose that the wavelength of the response is represented by n finite elements, namely 

A = net. Then the wavenumber can be obtained as 

In 
k= — 

nei 

(6.16) 

Using the undamped spectrum relation expressed in Equation (4.25) one obtains 

/ _ /m\ 1 ^ 4 2n 
(6.17) 

thus 



_ V2lr /g/\1 /4 

Assuming the maximum frequency that should be captured is 17 kHz, substitution of the 

numerical values given in Tables (6.1) and (6.2) in Equation (6.18) results in 

n = 5.4 (6.19) 

This result shows that the wavelength corresponding to the maximum frequency that 

should be captured is represented by more than five finite elements. This reveals that the 

FEM mesh approximates the continuous model quite accurately. 

III. FEM results 

In this section, two FEM model are considered: 

1. Beam with fixed-fixed supports 

2. Simply supported beam 

The solutions are obtained using the average acceleration method described in Section 

4.4.2. Figure (6.6) and Figure (6.7) show the velocity response of impacted beam with 

fixed-fixed supports and the simply supported beam respectively. These figures also 

show comparison with the response of infinite beam described in the previous section. 
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(6.18) 
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Time (s) 

Figure (6.6): Velocity response of impacted beam: 

_beam with fixed-fixed boundary infinite beam 

Some interesting observations that can be made on the basis of Figure (6.6) and Figure 

(6.7) are 

1. The time at which the solutions of infinite model and FEM model diverge is the 

time at which the reflected wave has reached the measurement location. 

2. Because of different boundary conditions, different types of reflected waves 

appear. 
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The reflected wave from a pinned supports, is inverted waveform of the incident 

waves. Due to dispersion effect, this property is not clear in the figure but it can 

be proved analytically. 

0.02 

-0.02 

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 

I I I I I I I I I 
I I - I - 1 U I I - I X . 

I I ^ I , , I ^ - ^ I ^ ^ , I 

I I I I I I I I I 

x=dm 

I I I I I I I I I 
t I I I I I I I I 

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 
Time (s) 

Figure (6.7): Velocity response of impacted beam: 

simply supported beam infinite beam 
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6.3 Time Delay Estimation 

In this part of Chapter 6, cross-correlation analysis is used for the estimation of time 

delay in a beam, which is a dispersive waveguide. This part is presented in four sections: 

1. Effect of loading 

2. Effect of propagation length 

3. Effect of reflection 

4. Effect of noise 

6.3.1 Effect of Loading 

Figure (6.8) sketches the model used in this analysis. 

P(t) 

00 -4- m 
0.2 m Am 

-> oo 

Sensor A 

Random process xk(t) 

Sensor B 

Random process yk(t) 

Figure (6.8): Beam model for time delay estimation problem: investigation of the effect of 

different types of loading 
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As shown in Figure (6.8), two sensors located 4 m apart measure the velocity and 

acceleration response of the beam. Using Equation (6.2), the time delay between the 

measurements at sensors A and B is given by 

t = — = 0.1432a; _ 1 / 2 (6.20) 
C9 

In this section three different force histories are considered, namely 

I. Narrow-band force 

II. Broad-band force 

III. Transient force 

I. Narrow-band force 

The narrow-band force used in this analysis is a white random process with the central 

frequency GJ0 = 2n x 6000 rad/s and bandwidth B = 2n x 4000 rad/s. Using 

Equation (6.2), for this central frequency the time delay works out to 

t = 0.0074 s (6.21) 

Figure (6.9) shows a sample of narrow-band force history. Figure (6.10) presents the 

corresponding autospectral density function of the narrow-band force. 
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Figure (6.9): A sample of the narrow-band force history 
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Figure (6.10): Autospectral density function of narrow-band force 
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The acceleration responses measured at sensors A and B are plotted in Figure (6.11). It is 

assumed that there is no noise in these measurements. The arrival time of highest 

frequency at sensor B can be readily detected. Such detection is not generally practical 

due to the presence of noise. 

200 

-200 

Time (s) 

Figure (6.11): Acceleration response a) at sensor A b) at sensor 

Figure (6.12) shows the autospectral density functions of the acceleration responses at 

sensors A and B. It may be noted that the spectra of these measurements spans the same 

frequency band of force. Cross-correlation coefficient of the acceleration and velocity 

measurements are plotted in Figure (6.13) and Figure (6.14) respectively. These figures 

reveal some interesting features that are worth mentioning here: 

1. The time delay detected by measurements exactly coincides with the exact 

solution of Equation (3.54). 
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2. As explained in Section 3.3 the time delay between two measurements along a 

dispersive path coincides with the peak of cross-correlation envelope. 

3. Velocity response shows better coincidence with the exact solution of cross-

correlation coefficient. 
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Figure (6.12): Autospectral density function of acceleration responses 

a) at sensor A b) at sensor B 
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Figure (6.13): Cross-correlation coefficient of acceleration response to narrow-band force 
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i i i i 

0 0.5 1 1.5 
Time Lag (sec) x 1 0

3 

Figure (6.14): Cross-correlation coefficient of velocity response to narrow-band force 

In order to have a distinct peak in the cross-correlation coefficient, the waves should have 

acceptable bandwidth. Two conflicting points arise here: 

1. To avoid the dispersion effect, the waves should have narrow-band. 

2. As the bandwidth of wave becomes narrower, the wave tends to become a 

monocomponent wave. For a monocomponent wave, cross-correlation coefficient 

is a sinusoid. Hence no distinct peak can be detected. 

In order to resolve this difficulty, a compromise between these two properties should be 

achieved. As shown in Figure (6.13), an octave bandwidth is an acceptable bandwidth 

(White, 1969). It is also interesting to investigate the cross-correlation coefficients for 

broader and narrower bandwidth responses. Broader bandwidth is investigated in the next 

section. The cross-correlation coefficient for a narrower bandwidth, namely one third of 
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an octave, but with the same central frequency, is shown in Figure (6.15). It may be noted 

that for a bandwidth equal to one third of an octave, the cross-correlation coefficient still 

exhibits distinct peak needed for the time delay detection. 

— - — - Exact Envelope 

0 0.5 1 1.5 
Time Lag (sec) x 1 0

3 

Figure (6.15): Cross-correlation coefficient of acceleration response to narrow-band force 

(with the bandwidth of 1/3 of an octave) 

II. Broad-band force 

The broad-band force used in this analysis is a white random process with the central 

frequency co0 = 2n x 6000 rad/s and bandwidth B = 2n x 12000 rad/s. As evident 

from Figure (6.16), the cross-correlation coefficient of a broad-band wave packet does 

not provide meaningful results (White, 1969). Hence, the acceleration responses are 

filtered using a bandpass filter as explained in Section 3.3. The pass band is an octave, 

namely 2n x 4000 rad/s with the central frequency In x 6000 rad/s. Figure (6.17) 
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shows one sample of filtered acceleration responses at sensors A and B while Figure 

(6.18) displays the autospectral density functions of these responses. The cross-

correlation coefficient of filtered response, which is plotted in Figure (6.19), shows 

accurate estimation of time delay. 

Experimental 
Experimental Envelope 
Exact Envelope 

0.5 1 
Time Lag (sec) x 1 0 

Figure (6.16): Cross-correlation coefficient of acceleration response to broad-band force 

Figure (6.17): A sample of filtered acceleration response a) at sensor A b) at sensor B 

(with the pass band of one octave) 
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Figure (6.18): Autospectral density function of filtered acceleration response 

a) at sensor A b) at sensor B 
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Figure (6.19): Cross-correlation coefficient of filtered acceleration response to 

broad-band force 
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III. Transient force 

The transient force used in this analysis is a triangular impulsive force. This transient 

force and its Fourier spectrum are plotted in Figures (6.20) and (6.21), respectively. It 

may be noted that the Fourier spectrum of the force spans up to 15 kHz.The dominant 

energy is contained in the frequency band 0 to 5 kHz. This proves that the transient force 

has a broad spectrum. Similar to broad-band random force, the acceleration responses are 

filtered with a frequency band B = 2n x 4000 rad/s and central frequency a)0 = 2JT X 

6000 rad/s. Figure (6.22) shows the resultant filtered acceleration responses and Figure 

(6.23) presents the Fourier spectrum of these filtered accelerations. Although the Fourier 

spectrum of the responses are not flat (which is expected for a random force), the peak of 

correlation coefficient envelope shows the time delay. This fact is illustrated in Figure 

(6.24). 
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Figure (6.20): Triangular impulsive force 
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Figure (6.21): Fourier spectrum of the triangular impulsive force 
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Figure (6.22): Filtered acceleration response a) at sensor A b) at sensor B 

(with the pass band of one octave) 
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Figure (6.23): Fourier spectrum of filtered acceleration response 

a) at sensor A b) at sensor B 
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ure (6.24): Cross-correlation coefficient of filtered acceleration response to transient 

force (B = 2it x 4000 rad/s , <o0 = 2it x 6000 rad/s) 
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In comparison with the previous cases, the peak of cross-correlation coefficient is less 

distinct; hence the detection of the peak maybe more difficult. The choice of the pass 

band of the filter in the main lobe of the Fourier spectrum produces a more identifiable 

peak. Figure (6.25) shows the cross-correlation coefficient for the case where the 

bandwidth of the filter is chosen to be B = 2n X 2000 rad/s with the central frequency 

co0 = 2n x 3000 rad/s. Recalling equation (6.20) the time delay of this band of wave 

is: 

t = 0.00104 sec (6.22) 

The location of peak in the cross-correlation coefficient in Figure (6.25) closely 

corresponds to the value calculated in Equation (6.22). 

Time Lag (sec) 

Figure (6.25): Cross-correlation coefficient of filtered acceleration response to transient 

force (B = 2TT x 2000 rad/s , <o0 = 2TI X 3000 rad/s) 
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6.3.2 Effect of Length of Propagation Path 

As the wave propagates through a non-dispersive path, the shape of the waveform 

remains unchanged. If there is no dissipation in the system, the measurements at any two 

locations along the propagation path are fully correlated. This property is however not 

valid for dispersive propagation path. Due to distortion effect in dispersive path, the 

waveform loses it coherency as it progresses through the path (White, 1969). In this 

section this property is examined in the model shown in Figure (6.26). In order to 

investigate how the length of propagation path affects the correlation analysis of 

dispersive wave, sensor A is kept fixed and sensor B is situated at different locations. The 

length of propagation path is denoted by Lp. The force history is a narrow-band white 

random process with the central frequency (o0 = 2n x 6000 rad/s and bandwidth 

B = 2n x 4000 rad/s. Three different lengths of path are considered: (1) Lp = 8m (2) 

Lp = 16m (3) Lp = 20m. Figures (6.27), (6.28) and (6.29) show the cross-correlation 

coefficients for these three cases respectively. 

P(t) 

oo -4-
y 

--!• • 

-> oo 

0.2 m 

Sensor A 

Random process xk(t) 

Sensor B 

Random process Vfc(t) 

Figure (6.26): Beam model for time delay estimation problem: investigation of the effect of 

propagation path length 
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Figure (6.27): Cross-correlation coefficient of acceleration response Lp = 8 m 
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Figure (6.28): Cross-correlation coefficient of acceleration response Lp = 16 m 
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Figure (6.29): Cross-correlation coefficient of acceleration response Lp = 20 m 

Based on the results of different simulated experiments two conclusions can be drawn: 

1. As Lp increases, the accuracy of the detected time delay decreases. 

2. As Lp increases, the correlation of two measurements at the time delay (where the 

peak happens) decreases. This fact happens because the group wave (one octave 

band of wave) deforms along the propagation path. 
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6.3.3 Effect of Reflection 

In this section the effect of reflected waves (from the boundaries of a simply supported 

beam) on the cross-correlation analysis is considered. The model chosen for this study is 

shown in Figure (6.30). As can be mathematically proved, the reflected waves in a simply 

supported beam are the inverted forms of incident waves. The force history is a 

narrow-band white random process with the central frequency o)Q = 2n x 6000 rad/s 

and bandwidth B = 2n x 4000 rad/s. 

When the load is applied, two incident waves are created: the forward wave (+x) and 

backward wave (—x). The forward wave passes through ab, is reflected from boundary at 

e in an inverted form, and again travels through ba. The backward wave travels from/ to 

d, is reflected in an inverted shape, then it passes through ab and reaches the other end of 

the beam. Table (6.4) shows the calculation of the times at which the incident and 

reflected waves arrive at the two sensors 

Sensor A 

Sensor B 

Arrival 

of incident wave 

fa/c = 0.00004 s 

fb/c = 0.0078 s 

Arrival of reflected wave 

From left support 

(fd+da)/c = 0.00372 s 

(fd+db)/c = 0.00446 s 

From right support 

(fe+ea)/c = 0.00366 s 

(fe+eb)/c = 0.00291 s 

Table (6.4): Arrival time of incident and reflected waves in a simply supported beam 
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Figure (6.30): Beam model for time delay estimation problem: investigation of the effect of 

reflection from boundaries 

Analogous to the non-dispersive propagation analysis discussed in Chapter 5, three peaks 

are expected in the envelope of cross-correlation coefficient: 

1. First peak, which is positive, reveals the time delay between the arrival of incident 

or reflected wave at sensors A and B. 

2. Second peak, which is negative, shows the time delay between the arrival of 

incident wave at A and reflected wave from right support at B. 
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3. Third peak, which is negative, shows the time delay between the arrival of 

incident wave at A and reflected wave from left support at B. 

Figure (6.31) shows the cross-correlation coefficient of the acceleration measurements. 

The peaks are detected and presented in Table (6.5). This table also shows the calculated 

time delay and the percentage of error of the estimation. 

2 3 4 
Time Lag (sec) x 1 0 

Figure (6.31): Cross-correlation coefficient of acceleration response 

in a simply supported beam 
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Figure (6.32): First peak of cross-correlation coefficient of acceleration responses: 

comparison of simply supported beam and infinite beam 
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Figure (6.33): Second peak of cross-correlation coefficient of acceleration responses 
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Figure (6.34): Third peak of cross-correlation coefficient of acceleration responses 

First peak 

Second peak 

Third peak 

Calculated 

time delay 

0.00074 s 

0.00287 s 

0.00442 s 

Estimated 

time delay 

0.00077 s 

0.00291s 

0.00440 s 

Percentage of error 

4.0% 

1.4% 

0.5 % 

Table (6.5): Percentage of error of estimated time delay 

Figures (6.32), (6.33) and (6.34) show time delays in greater detail. According to the 

analysis presented here, the following conclusions can be drawn: 
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1. The first peak detected in the cross-correlation coefficient is less accurate 

comparing to the previous cases. This happens because the reflected waves, 

traveling the path between sensors A and B, are less correlated to each other. 

2. The amplitude of the first peak is reduced because: 

• The reflected wave from right boundary passes ab from b to a while 

reflected wave from right boundary travels from a to b. 

• The reflected waves are not completely correlated due to the dispersion 

effect in dispersive path. 

• Dissipation (damping) in the system and numerical dispersion due to FEM 

discretization effect also create some degree of decorrelation. 

3. The backward incident wave travels 10 m to reach left support and an extra 

14.2 m to reach the sensor B. While traveling along a distance of 24.2 m, the 

wave loses its coherency to some extent, but the detected time delay is still 

reasonably clear in the cross-correlation coefficient. 

4. The reflected wave from right support travels a 15.8 m path to reach sensor B, but 

the corresponding time delay is clearly identifiable in the cross-correlation 

coefficient. 

6.3.4 Effect of Noise 

In this section the effect of noise on the cross-correlation analysis is investigated. The 

model used in this analysis is shown in Figure (6.30): A simply supported beam is 

subjected to a narrow-band force with the central frequency 0)0 = 27T X 6000 rad/s and 
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a bandwidth of B = 2n x 4000 rad/s. The noise level R that is introduced in the 

measurement x(t) is defined as: 

R = T 7 7 ^ (6-23) 
max(x(t)) v ' 

where <r is the rms value associated with the measurement x(t). 

In this study two noise levels are introduced: (1) 15% noise, and (2) 30% noise. Figure 

(6.35) and Figure (6.36) show one sample of noisy acceleration response with 30% noise 

at both sensors A and B. The autospectral density functions of the noisy accelerations are 

plotted in Figure (6.37). Cross-correlation coefficient of the measurements at sensors A 

and B with 30% noise is plotted in Figure (6.38). In this figure, two peaks are clearly 

detected, but the last expected peak is smeared by noise. Figure (6.39), Figure (6.40) and 

Figure (6.41) show the peaks in greater detail. These figures also show a comparison 

between the effects of different levels of noise on the cross-correlation coefficient. It may 

be noted that 

1. Recall that an increase in the level of the noise decreases the amplitude of cross-

correlation coefficient at the estimated time delay. Hence the detection of the peak 

becomes more difficult. 

2. An increased level of the noise does not change the locations of the peaks of 

cross-correlation coefficient indicating the time delays. This property is useful if 

the amplitude of the peak is distinct enough for time delay detection. 



182 

Based on these properties and the results presented in the preceding sections it can be 

concluded that 

1. Even in the presence of 30% noise, the first peak can be readily detected. 

2. For 15% and 30% percent noise levels the detection of the second peak becomes 

increasingly difficult. 

3. For 15% and 30% noise, the third peak cannot be detected. 

Time (s) 

Figure (6.35): Response at sensor A a) acceleration b) noise(R=30%) c) noisy acceleration 
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Figure (6.36): Response at sensor B a) acceleration b) noise(R=30%) c) noisy acceleration 
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Figure (6.37): Autospectral -density -function of noisy acceleration (R=30%) response at 

a) sensor A b) sensor B 
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Figure (6.38): Cross-correlation coefficient of acceleration response 

in presence of 30% noise 
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Figure (6.39): Cross-correlation coefficient between noisy acceleration measurements: 

comparison of the effect of different levels of noise on first peak 
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Figure (6.40): Cross-correlation coefficient between noisy acceleration measurements: 

comparison of the effect of different levels of noise on second peak 
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Figure (6.41): Cross-correlation coefficient between noisy acceleration 

measurements: comparison of the effect of different levels of noise on third peak 
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In order to suppress the effect of noise, the cross-correlation function is used instead of 

cross-correlation coefficient. However, the results appear to be useful for detection of 

only the first peak. This fact is clarified in Figures (6.42), (6.43) and (6.44). 
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3 

Figure (6.42): Cross-correlation function between noisy acceleration measurements: 

comparison of the effect of different levels of noise on first peak 
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Figure (6.43): Cross-correlation function between noisy acceleration measurements: 

comparison of the effect of different levels of noise on second peak 
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Figure (6.44): Cross-correlation function between noisy acceleration measurements: 

comparison of the effect of different levels of noise on third peak 
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6.4 Damage Detection 

In this section, cross-correlation analysis is used to detect damage in a dispersive 

waveguide representing bending wave propagation in a beam. The model is a simply 

supported beam shown in Figure (6.45). As discussed in the previous chapter, dispersion 

of waves causes difficulty in the detection of time delay between the noisy measurements 

of incident and reflected waves; hence only the time delay caused by the incident waves 

is investigated. For simplicity, the damage detection procedure is restricted only to the 

case where damage occurs between the measurement locations. 

P(t) 

10 m 
^ td 

10m 

10.2 m , ' ' 4 m \ 5.8 m 

Sensor A 

Random process xk(t) 

Sensor B 

Random process yk(t) 

Figure (6.45): Beam model for time delay estimation problem: investigation of 

damage in a beam 
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Simulated damage is introduced over its length Ld and the extent of simulated damage is 

s. Specifically, Ld refers to the length of damage while s indicates the percentage 

reduction in the flexural stiffness of the beam. In this analysis, the mass of the damaged 

element is assumed to be unchanged. 

Based on this assumption the group wave speed in the damage area is defined as 

cgd = 2yfc ( i }—\ = 2(1 - s ) 1 ' 4 ^ — 
V m I KmJ (6.24) 

= ( l - s ) 1 / V 

where cgd denotes the group speed in the damaged area, and cg is the group speed of 

undamaged beam. Two cases for the length of damage are considered: 

1. Ld = 2 m 

2. Ld = 4 m 

In each case, analyses are carried out for three different values for the extent of damage. 

1. s = 25% 

2. s = 50% 

3. s = 75% 

The beam is subjected to a narrow-band white random force with the central frequency 

to0 = In x 6000 rad/s and one octave bandwidth B = 2n x 4000 rad/s. All the 

measurements in this section are assumed to be corrupted by 20% noise. 
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6.4.1 Damage Length Ld = 2 m 

Cross-correlation function of the acceleration measurements at sensors A and B is plotted 

in Figure (6.46). It will be noted that 

1. Damage causes delay in the propagation of wave between two locations of the 

beam manifested through the shifts in the peaks of cross-correlation. 

2. Higher magnitude of damage extent increases the time delay between two 

measurement points 

— 25% damage 
x -| Q 4 undamaged 

3 r r-

*-"-*- 50% damage 
x 1 o4 undamaged 

o-o-o- 75%damage 
x ^Q4. undamaged 

W II IT a V > 
•fl I ° T I TV I 
ll <P I C: I In 
• | () I A | 11-

x 10 

Time Laa (sec) 

8 10 

X 10"4 

Figure (6.46): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent (damage length 2 m) 
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Damage extent is computed based on the comparison of the time delay in the undamaged 

and damaged model. Two cases are considered: 

In the first case, it is assumed that the damage length is known and is equal to Ld. Hence 

one obtains 

(6.25) 
t 

td d 

d 

~ L d \ 
'9 

Ld 
cgd 

where t and td are the time delays in undamaged and damaged beam, respectively, d and 

Ld are the length of propagation path and the length of damaged area, and cg and cgd are, 

respectively, the group wave speed in undamaged and damaged beam. Using Equation 

(6.24), one obtains 

(1 - syi*d 
td ( l - s ) i / 4 d + ( i - ( i - s ) i / 4 ) L d 

(6.26) 

In the second case, it is assumed that the damaged length is unknown. The entire 

propagation path d is considered as the damage length Ld. Using Equation (6.27), one 

obtains 

l = ( 1 _ s ) l / 4 ( 6 2 7 ) 
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Of course such assumptions on the damage length only provide the minimum estimate of 

damage extent. If more accurate estimate of damage extent is needed, higher number of 

sensors (more than two) would be required. Table (6.6) shows the calculated damage 

extent. 

First case 

(s=25%) 

Second case 

(s=50%) 

Third case 

(s=75%) 

Time delay in 

undamaged beam 

0.00076 s 

Time delay in 

damaged beam 

0.00078 s 

0.00084 s 

0.00091 s 

Damage extent 

Known 

damage length 

18.5% s 

53.4% s 

73.6% s 

Unknown 

damage length 

9.9% s 

33.0% s 

51.3% s 

Table (6.6): Calculation of damage extent in damaged beam (damage length 2 m) 
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6.4.2 Damage Length Ld = 4m 

In this case, it is assumed that the entire length of the propagation path between sensors A 

and B is damaged. Figure (6.47) shows the cross-correlation function of the noisy 

acceleration measurements at sensors A and B. The calculation of damage extent is 

presented in Table (6.7). 

x 1 0 
25% damage 

_ undamaged 
o-o-o 75% damage 

x •( Q4 undamaged 

1.5 0.5 

X10 x 10 

Time Lag (sec) 

Figure (6.47): Cross-correlation function of acceleration measurements: comparison of the 

effect of different damage extent (damage length 4 m) 
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First case 

(s=25%) 

Second case 

(s=50%) 

Third case 

(s=75%) 

Time delay in 

undamaged beam 

0.00076 s 

Time delay in 

damaged beam 

0.00084 s 

0.00092 s 

0.00107 s 

Damage extent 

33.0% 

53.4% 

74.5% 

Table (6.7) Calculation of damage extent in damaged beam (damage length 4m) 

In comparison to the previous case, because the damage introduced in the beam is more 

severe (a greater length is damaged); the time delay shifts are longer. This property 

makes the detection of the time delay easier. 

In the following sections, advantages and disadvantages of the proposed approach are 

discussed. 
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6.4.3 Conclusions 

The advantages of this approach are summarized below: 

1. This approach is data-driven. There is no need to define any specific model. 

2. The analysis presented is applicable to any type of loading (transient or 

stationary). 

3. One of the main difficulties of conventional damage detection approaches (i.e. 

modal analysis based methods) is the high degree of sensitivity to the 

measurement noise. It is shown that the correlation analysis provides acceptable 

results in the presence of high levels of measurement noise. 

4. The simplicity of the presented approach makes it applicable to engineering 

problems. 

The limitations of presented approach for detection of damages in dispersive waveguides 

are: 

1. Unlike non-dispersive wave propagation, use of the information related to 

reflected waves from the boundary seems to be difficult. Hence prediction of the 

damage location requires more measurement locations. 

2. In contrast to non-dispersive wave propagation, minor damages are difficult to 

detect when using this approach for dispersive media. 
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The general limitations of the proposed approach (both for non-dispersive and dispersive 

propagation cases) are: 

1. This approach is not applicable to non-linear cases. 

2. Prediction of the location and severity of damage needs more sensors. 

3. In the analysis performed in this thesis, only one dimensional elements namely 

rod and beam are considered. In two and three dimensional waveguides, waves 

are traveling in more than one direction. Hence application of the proposed 

approach may have pose difficulties resolution of which requires further research. 

4. The noise simulated in this analysis is assumed to be measurement noise only. For 

such noise the assumption of low degree of correlation between noises at two 

different locations is quite reasonable. However the effects of model noise such as 

due to environmental effects, which may have high degree of correlation between 

different locations, are not considered in the current investigation. 



Chapter 7 

Summary, Conclusions 

and Future Research 

7.1 Summary 

The non-model approach to vibration based damage identifications is based on 

comparison between the values of a dynamic parameter obtained directly from 

measurements in intact and damaged structures. The parameter chosen in this work is 

wave speed. In order to find the wave speed an estimate of the time delay in the arrival of 

the wave between two neighboring measurement points is required. Cross-correlation 

analysis, which is being used in several different fields of engineering, is applied in this 

work to obtain the estimate of time delay. In order to evaluate the effectiveness of this 

technique computer simulation studies are carried out on two different one-dimensional 

structures: an infinite rod, which acts as a non-dispersive waveguide, and an infinite 

beam, which is a dispersive waveguide. Use of infinitely long structures guarantees that 

the response includes only the incident wave. For the purpose of simulation numerical 

solutions of the response at two neighboring locations of a mathematical model of the 

structure are obtained by Fast Fourier transform. The excitation is assumed to be an 
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impulsive force applied at the middle of the structure, that is, at the origin of the single 

coordinate. Cross-correlation analysis is performed on these solutions. The results show 

that the technique has a high level of accuracy for both the rod and the beam and under 

each of the different loading conditions used in the analysis. 

In the next step, boundary conditions are imposed on the simulation models to investigate 

the effect of reflection from boundaries. Finite element models are used to achieve this. 

Cross-correlation analyses of the responses provide accurate results for the arrival times 

of incident as well as reflected waves for both the rod and the beam models. 

Next, in order to simulate the most realistic measurements, random errors are introduced 

in the results obtained from FEM. Such errors represent the presence of noise in the 

measurements. The cross-correlation analysis is performed in the presence of different 

levels of noise. It is shown that the effect of noise can be suppressed to a large degree by 

using cross-correlation function instead of cross-correlation coefficient. The results are 

still accurate and reliable in the case of non-dispersive wave. However in the dispersive 

case, the results obtained for reflected waves become inaccurate when noise is present. 

Further research is required for this case. 

At the final step, a procedure for damage detection based on the comparison of wave 

speed in undamaged and damaged waveguides is developed. In the non-dispersive case, 

an initial estimate of damage location and the minimum possible amount of damage is 

predicted. In the dispersive case the estimate of damage location can be predicted only 

when it lies in the path between two measurement locations. Further investigations need 

to be carried out for this case. 
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7.2 Conclusions 

The following conclusions can be drawn from the work presented in this thesis: 

Non-dispersive waveguide 

1. The time delay between two acceleration measurement locations in a non-

dispersive waveguide excited by narrow-band, broad-band or transient forces, can 

be estimated quite accurately, even in the presence of high level of noise. In the 

examples presented in this work the error in the time delay estimate was found to 

be less than 1%. 

2. If a non-dispersive waveguide has fixed boundary conditions at the ends, the time 

delay between incident and reflected waves can be estimated quite accurately, 

even in the presence of high levels of noise. In the examples in this work the error 

in the estimate was again less than 1%. 

3. Based on two measurement locations in a non-dispersive waveguide with fixed 

boundary conditions, an initial estimate can be obtained of the location of even a 

low level of damage caused by axial stiffness reduction. This is true even when a 

high level of noise is present. If the length of damage is known, the extent of 

damage can be estimated accurately, otherwise the minimum possible damage 
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extent can be found. To refine the estimate of the damage location and hence of 

the damage extent more closely spaced measurement locations would be required. 

Dispersive waveguide 

1. The time delay between two acceleration measurement locations in a dispersive 

waveguide excited by narrow-band, broad-band or transient forces, can be 

estimated quite accurately, even in the presence of high level of noise. Again, the 

error in the estimate was less than 1% in the examples presented in this work. The 

distance between measurement locations should be such that the coherency of 

dispersive waves is guaranteed. 

2. If a dispersive waveguide has pinned supports at the ends, the time delay between 

the arrival acceleration waves can be estimated with fair accuracy, the error being 

less than 5% in the examples presented in this work. This holds true even in the in 

the presence of low levels of noise. 

3. In a dispersive waveguide with pinned supports at the ends, presence of damage 

caused by flexural stiffness reduction can be found, provided such damage lies 

between two neighboring measurement locations. If the length of damage is 

known, the extent of damage can be estimated accurately, otherwise the minimum 

possible damage extent can be found. The damage detection procedure described 
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here to small damage is not as effective for a dispersive waveguide as it is for a 

non-dispersive waveguide. 

7.3 Future Research 

Time delay estimation 

1. In the time delay detection of dispersive wave propagation discussed in the 

current study, the time delay is found for a specific band of frequency. As a 

long-term research focus, it will be very useful to provide a time-frequency-

amplitude representation of dispersive wave propagation. This representation can 

be obtained using time-frequency analysis tools such as wavelet analysis or 

Hilbert-Huang transform. In this context, any decomposition that can extract 

group waves from a dispersive wave seems to be promising. 

2. In this work, the response of a dispersive waveguide to the broad-band force is 

filtered to narrow-band of frequency in order to use cross-correlation analysis for 

the estimation of time delay. The filter, which is chosen in this study, is frequency 

selective filter. One of the major problems of frequency selective filters is phase 

distortion. Hence the time delay estimates obtained from such filtered signals is 

less accurate. Time domain decomposition of the wave could results in more 

accurate results. One of the new decomposition methods that can be applied to 

non-stationary and non-linear signals is Empirical Mode Decomposition. 
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3. In the current study, the time delays detected are related to the positive time delay 

axis. There are also other peaks that appear in the negative side of time delay axis. 

These peaks contain some information about the dynamic characteristics of the 

waveguide and reflection properties from the boundaries. Investigation of the time 

delay detected by these peaks and their amplitude may provide more useful 

knowledge about the dynamic system. 

4. The effect of boundary conditions on dispersive wave propagation needs to be 

investigated in more details. Defining some criteria for correlation length, in 

which the coherency of dispersive wave is guaranteed, leads to an upper limit for 

the propagation path. Investigation of time delay estimation for the propagation of 

reflected waves in a path that satisfies this limitation may lead to extraction of 

more information about the reflection in dispersive medium and needs additional 

study. 

Damage detection 

1. The efficiency of cross-correlation analysis for estimation of time delay between 

incident waves in both non-dispersive and dispersive waveguides has been 

validated through experiments in previous studies (White, 1969). Based on the 

analysis carried out in this thesis, the applicability of time delay estimation in 

damage detection also needs to be investigated through laboratory experiments. 
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2. In this study, the damage is modeled by reduction in axial and flexural stiffness in 

non-dispersive and dispersive waveguides, respectively. This simple model does 

not take into account the effect of scattering of the wave in the damaged area. A 

more precise modeling of the wave propagation in the damaged propagation path 

is necessary. 

3. The focus of this work is on the detection of time delay shifts due to damage. If 

the dissipation of energy of the system caused by damage can be modeled, the 

amplitude of cross-correlation coefficient should show decrement. Hence a 

combination of time delay shift and decrement of cross-correlation coefficient at 

the time delay could be a promising tool for use in damage detection. 

4. The analysis performed in the current work is based on single path propagation. 

The mathematical derivation of multiple path propagation, especially in 

non-dispersive wave propagation, is available in the literature. Using that basis, 

investigation of the applicability and effectiveness of the techniques studied here 

in damage detection of more complex structures is worthy of further study. 
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