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Abstract 

The static behaviour of active Open Cross Section Thin Wall Beams (OCSTWB) with 

embedded Active/Macro Fibre Composites (AFCs/MFCs) has been investigated for the 

purpose of advancing the fundamental theory needed in the development of advanced smart 

structures. An efficient code that can analyze active OCSTWB using analytical equations 

has been studied. 

Various beam examples have been investigated in order to verify this recently devel

oped analytical active OCSTWB analysis tool. The cross sectional stiffness constants and 

induced force, moments and bimoment predicted by this analytical code have been com

pared with those predicted by the 2-D finite element beam cross section analysis codes 

called the Variational Asymptotic Beam Sectional (VABS) analysis and the University of 

Michigan VABS (UM/VABS). Good agreement was observed between the results obtained 

from the analytical tool and VABS. 

The calculated cross sectional stiffness constants and induced force/moments, the con

stitutive relation and the six intrinstic static equilibrium equations for OCSTWB were all 

used together in a first-order accurate forward difference scheme in order to determine the 

average twist and deflections along the beam span. In order to further verify the analyti

cal code, the static behaviour of a number of beam examples was investigated using 3-D 

Finite Element Analysis (FEA). For a particular cross section, the rigid body twist and 

displacements were minimized with the displacements of all the nodes in the 3-D FEA 

model that compose the cross section. This was done for a number of cross sections along 

the beam span in order to recover the global beam twist and displacement profiles from 

the 3-D FEA results. The global twist and deflections predicted by the analytical code 

agreed closely with those predicted by UM/VABS and 3-D FEA. 
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The study was completed by a parametric investigation to determine the boundary 

conditions and the composite ply lay-ups of the active and passive plies that produce the 

greatest twist in an active I-beam spar using an induced bimoment. It was found that 

greater twist could be produced by distributing the active plies near the outer flange edges 

and towards the warping restrained beam root. 
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Chapter 1 

Introduction 

1.1 Motivation 

The ability of a structure to change shape in a changing environnment can confer many 

advantages. For both terrestrial and aerospace structures such as wind turbine blades, 

high-rise buildings, and aircraft wings and vertical tails, structural morphing provides the 

capability of actively controlling vibrations produced by the corresponding aeroelastic phe

nomena [2, 3, 4, 5]. In the case of helicopter rotor blades and tiltrotor propeller blades, 

morphing capabilities allow for additional possible applications including noise control [6], 

increased rotor blade efficiency [7] and reduction of the blade sailing phenomenon [8]. 

Active Fibre Composites (AFCs), as well as the more recently developed Macro Fibre 

Composites (MFCs) offer an alternative method of actuation to conventional linear hy

draulic and electric actuators. These thin and flexible piezoelectric composite patches can 

be integrated into a composite lay-up of the skin of an airfoil structure, eliminating the 

need for internal moving parts, and providing actuating capabilities at frequencies up to 

10 kHz [9]. A single 110 mm by 73 mm by 0.3 mm patch of MFC is strong enough to 
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CHAPTER 1. INTRODUCTION 2 

actuate under resisting forces of up to 923 N [9]. Consequently, AFCs/MFCs may be par

ticularly useful for helicopter rotor blades where the high centripetal acceleration requires 

low weight, the compact structure makes maintenance of internal parts difficult, and the 

aerodynamic forces require high frequency actuation to dampen vibrations and noise. 

Another approach envisioned to achieve morphing rotor blades is to integrate MFCs 

into the flanges of a thin wall open section composite spar, which would be used in place 

of a conventional D-spar [10, 11]. The MFCs would be configured to induce twist in the 

thin wall open section spar, thereby causing the angle of attack and thus the aerodynamic 

behaviour of the rotor blade to change. 

An active helicopter rotor blade prototype called the Active Twist Rotor (ATR) was 

developed by the National Aeronautics and Space Administration (NASA), the United 

States Army and the Massachusetts Institute of Technology (MIT) and used airfoil inte

grated AFCs to induce twist in a composite D-spar [12]. Experimental wind tunnel tests 

of the ATR demonstrated that it could achieve 1.5° twist at a frequency of 5 Hz and an ap

plied voltage of 1000 V [12]. Numerical simulations of the ATR running at 687.5 Rotations 

Per Minute (RPM) and 1000 V predicted 0.75° tip twist at 0 Hz and a maximum of 1.4° at 

6 Hz [13]. When MFCs were used instead of AFCs, the numerical results were 1.3° at 0 Hz 

and a maximum tip twist of 2.8° at 7 Hz [13]. A new variant of MFCs under development 

with greater actuation capability is called a single crystal MFC and uses single crystal 

Pb(Mg1/3Nb2/3)O3-PbTi03 (PMN-PT) fibres instead of the conventional polycrystalline 

Pb(ZrTi)03 (PZT) fibres [14]. When single crystal MFCs were used in place of AFCs in 

the ATR, the numerical results were 3.1° tip twist at 0 Hz and a maximum of 5.6° at 

6 Hz [13]. According to [13], ±2° tip twist is enough to attenuate helicopter rotor blade 

vibrations. 
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There has been recent interest in using an I-beam spar to produce twist in tiltrotor 

and helicopter rotor blades by applying a mechanical moment couple to the I-beam spar 

root [1]. The goal of this research was to produce large rotor blade twist of 2°-4° at the 

outer 12-32% blade span for the purpose of increasing the lift produced at hover and cruise 

operating points for the V-22 Osprey [1]. In addition to increasing lift producing efficiency, 

large rotor blade twist may also be necessary to reduce the large bending deflections caused 

by the blade sailing phenomenon [8]. Helicopters are at risk of blade sailing during en

gaging/disengaging of rotors on ship decks in high wind and high sea conditions. The low 

rotor speeds during these phases reduce the centrifugal stiffening forces on the rotor blades 

and make them susceptible to large vertical bending deflections caused by the aerodynamic 

loads due to wind flowing over the ship and the motion of the ship in high sea conditions [8]. 

In the current approach to design a morphing rotor blade, MFCs are envisioned to 

be embedded in an I-beam spar and configured to induce a moment couple, which would 

result in twisting the I-beam spar. Optimization of an active rotor blade requires many 

iterations due to the vast design space involved. For example, optimization of a spar design 

may take numerous factors into consideration such as the spar and rotor blade geometry, 

ply lay-up, weight, strength, induced twist magnitude and spanwise location, actuation 

frequency response, and dynamic stability. A tool that can quickly and accurately analyse 

an active thin wall I-beam spar can be very useful for preliminary optimization and design 

studies of morphing rotor blades. Recently, a code has been developed by the Applied 

Dynamics Group at Carleton University that can quickly determine the cross sectional 

properties of active composite Open Cross Section Thin Wall Beams (OCSTWBs) [15]. 

This development, which will be presented in detail in Chapter 2, is based on analytical 

results obtained from variational asymptotic analysis of thin wall sections where the full 
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3-D elastic problem is reduced to a linear 2-D analytical shell problem over the cross sec

tion [15]. Alternative codes that can analyse active composite beams include standard 

3-D Finite Element Analysis (FEA) codes and 2-D Finite Element (FE) cross sectional 

analysis codes called the Variational Asymptotic Beam Sectional (VABS) analysis and the 

University of Michigan VABS (UM/VABS) [16, 17]. 

For a 0.1 m by 0.1 m by 1 m active I-beam with a seven ply laminate, the approximate 

analysis times for each code on a computer with a dual core 2.2 GHz CPU are: 11 min us

ing 3-D FEA with 44625 3-D FEs; 3 s using VABS with 616 2-D FEs; and 0.35 s using the 

analytical code with 600 1-D elements [18]. Neither the 3-D FEA nor the 2-D VABS anal

ysis times include the required geometry modelling and meshing time [18]. Also, the 3-D 

FEA analysis time does not include the post-processing work. The minimal pre-processing 

work and the fast analysis times make the analytical based code an attractive alternative 

to FE codes for high-iteration analysis of active OCSTWB. An additional advantage of the 

active OCSTWB theory is that it gives physical insight into the beam mechanics, allowing 

one to see the stiffness and induced actuation terms that contribute to a particular defor

mation behaviour of a beam. The primary motivation for the development of a fast active 

OCSTWB analysis code is for the real-time analysis of a helicopter rotor blade with an 

embedded active I-beam spar [8]. This was done for the purpose of developing a dynamic 

control system for active rotor blades. Additionally, this analytical code has potential 

applications in the development of other morphing terrestrial and aerospace applications 

where large design spaces are present. 

The goal of this research was to validate the active OCSTWB analytical code and use 

it to optimize the configuration of an active I-beam spar for maximum twist. 
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1.2 Background 

1.2.1 Beam Theories 

A beam is a geometrically slender structure where one dimension is much larger than the 

other two. When arbitrarily loaded, a highly complex set of deformations may be produced 

in a general beam. For special cases of beam geometry, boundary conditions, loading and 

materials, a small number of deformation modes become dominant, allowing these beams 

to be accurately analysed using simple beam theories. In general, beam theories begin by 

an analysis of a beam cross section, followed by an analysis along the beam span [19]. For 

classical beam theory, the constitutive relation derived from a cross sectional analysis has 

the form [19] 

Fi 

Mx 

M2 

_M3 

where i<\ is the axial force along the x\ direction, M\ is the torque about the X\ axis, and M2 

and M3 are the bending moments about the x2 and x3 axes, respectively; EA is the axial 

rigidity; GJ is the Saint-Venant torsional rigidity; EI2 and EI3 are the fiexural rigidities 

about the transverse beam axes; and 7n is the extensional strain in the x\ direction, K\ 

is the torsional strain about the X\ axis, and n2 and K3 are the bending strains about the 

x2 and x-i axes, respectively. The global Cartesian coordinates Xi of a beam are shown in 

Figure 1.1. This form includes pure axial beam extension, Saint-Venant torsion theory and 

Euler-Bernoulli beam bending theory. These beam theories are called the classical beam 

theories and their four corresponding strains are called the classical strain measures [8, 20]. 

The ad-hoc assumptions associated with Saint-Venant torsion theory are: cross sections 

EA 0 0 0 

0 G J 0 0 

0 0 EI2 0 

0 0 0 Eh 

7n 
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K2 
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Figure 1.1: The global Cartesian coordinates Xi of a beam. 

remain rigid in their own plane, the torsional stiffening end effects of restrained warping 

decay quickly from the beam ends and do not have a significant impact on the global 

behaviour of the beam, and the rate of twist is constant along the beam length [21]. For 

Euler-Bernoulli beam theory, the ad-hoc assumptions are: cross sections remain normal to 

the neutral surface after deformation and the axial strain varies linearly in the transverse 

direction [22]. Both theories assume that the beam is composed of a homogeneous, linearly 

elastic isotropic material and has no initial twist or curvature. Consequently, the classical 

beam model given by Eq. 1.1 is potentially accurate enough for the analysis of an isotropic, 

prismatic beam with a solid thick wall cross section [19]. 

One exception is the special case of an open cross section thin wall beam where the end 

effects of restrained warping decay slowly from the beam end and thus have a significant 
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effect on the global beam deformation behaviour [23]. In this case, an additional degree of 

freedom K\ , the change in rate of twist with respect to the axial coordinate corresponding 

to Vlasov beam theory must be incorporated into the beam constitutive model in order to 

account for this significant deformation mode [23]. Another exception is for beams that 

have a short length to cross sectional depth ratio, or when short wavelength vibrations, 

which are associated with high frequency vibration, must be captured where the transverse 

shear deformations become significant [20, 24]. In these cases, two additional degrees of 

freedom 2712 and 2713, the transverse shear strains corresponding to Timoshenko beam 

theory must be captured [20]. Thus, in Vlasov beam theory, the Saint Venant assumption 

that cross sections remain rigid in their own plane after deformation is relaxed [23]; and 

in Timoshenko beam theory, the Euler-Bernoulli assumption that cross sections remain 

normal to the midplane after deformation is relaxed [22]. Higher order beam theories that 

further relax the assumptions of classical beam theory are available; however, the addi

tional accuracy they provide is not large enough for most engineering applications [22]. 

Many beam theories have been developed in an attempt to accurately model beam de

formations. These theories may be compared on bases such as mathematical rigour; com

plexity and ease of implementation; the ability to capture all nonlinearities and coupling 

phenomena; the ability to analyse anisotropic materials and complex beam structures; and 

the ability to recover the full 3-D displacement field from the 1-D spanwise solution [19]. 

Before the 1980's, most beam theories were developed to model isotropic beams; however, 

with the availability of advanced composite materials in the 1980s, subsequent research has 

mostly focused on the development of anisotropic beam theories [19]. For an anisotropic 

OCSTWB, the appropriate constitutive model must include, in addition to the classical 

beam constitutive model, off-diagonal terms in the stiffness matrix to account for the cou

pling phenomena present in anisotropic materials, and the extra Vlasov degree of freedom 
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Ki to account for the significant restrained warping present in OCSTWB [8, 17, 19, 25], 

i.e., 

F! 

Mx 

M2 

M3 

Mu 

= 

Cn 

Cl2 

c13 

C14 

C l 5 

C l 2 

C22 

C*23 
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C l 3 

C23 

C33 

C34 

C35 

C l 4 

C*24 

C34 

C44 
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C35 

C45 

C55 

7n 

« i 

« 2 

« 3 

«i 

where Cy are the terms of stiffness matrix C, and Mu is a moment couple or bimoment, 

which is associated with the Vlasov refinement [26]. A bimoment can be caused on the 

cross section of a beam as the result of normal axial stresses; it causes no net force or 

moment in the beam. It produces beam twist, as shown in Figure 1.2 [26]. 

As rotor blades are relatively slender beams, the deformations due to shear are negli

gible and the Timoshenko-like model is not required; however, if high-frequency vibration 

modes must be captured or if the anisotropic OCSTWB is a relatively short and deep 

beam, a Timoshenko-like refinement should be considered [8]. 

In 1979, V.L. Berdichevskii published a paper describing a new mathematical approach 

to analysing reducible structures, such as shells, plates and beams, where one dimension 

is much smaller or larger than the other two [27]. This approach, called the Variational 

Asymptotic Method (VAM), is capable of rigorously reducing a full 3-D beam elasticity 

problem to a linear 2-D problem over the cross section and a nonlinear 1-D problem along 

the selected beam reference line [8, 27]. Anisotropic beam theories since then may be 

classified into two categories: those based on the VAM and those based on ad-hoc assump

tions [19]. The advantage of the former is that they are rigorous and will consequently 

work on all beam geometries and ply lay-ups, unlike the latter [19, 17]. 

(1.2) 
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Figure 1.2: I-beam root with a fully restrained web and free-to-warp flanges. A set of 
forces applied to the flanges cause a bimoment and thereby produce twist in the I-beam. 

A widely used numerical structural analysis tool that can analyse anisotropic beams is 

the 3-D Finite Element Method (FEM)—or Finite Element Analysis (FEA) [1, 7, 23, 25]. 

Excellent agreement has been shown between it and experimental results in predicting the 

deflection and twist behaviour of anisotropic beams under various loading and boundary 

conditions [28, 29]. The intensive pre-processing work involved in modelling and meshing 

a beam and the expensive computation time make this method uneconomical for high-

iteration beam analysis; however, in the absence of any experimental validation, the results 

from a 3-D FEA analysis can be used to validate a new approach [1, 7, 19, 23, 25]. 
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1.2.2 Variational Asymptotic Method 

Reducible structures are those that have one or two dimensions that are much smaller or 

larger than the others, such as thin shells and plates, or slender beams. In the case of 

an OCSTWB, it is a reducible structure that has both the slenderness of a beam and the 

thinness of a shell, as shown in Figure 1.3. 

Figure 1.3: Beam dimensions that define the small parameters. 

As seen in Figure 1.3, L is the beam length, a is the characteristic dimension of the 

cross section, h is the thickness of the walls, and R is the radius of curvature of the wall 

contour, which is of the same order as a, i.e., O(R) ~ 0(a). These dimensions result in 

small parameters, shown in Eqs. 1.3, which are the basis for the dimensional reduction 

procedure of the VAM. 

°(!)« i -* °Q)« i ;i.3) 

The VAM can be used to construct an asymptotically correct energy functional per unit 
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length and an approximate strain field along the reference line of the beam, by finding 

stationary points of the 3-D elastic energy functional [8, 17, 19, 27]. This results in 

an asymptotic series of terms of increasing order with respect to the small parameters 

for the energy functional. In the VAM, the order of all the terms are determined in 

comparison to the order of the maximum strain in the beam, where in the case of an 

OCSTWB, e = max (|7n|,/Z|KI|, a|/v2|,«|/v3|) [8]. The order of the wavelength of most of 

the deformations in the axial direction / are assumed to be of the order of the beam length 

L; however, some deformation modes exist only locally near a restrained end and have 

deformation lengths much less than the beam length L. Consequently, in reference to 

Eqs. 1.3, a more general form of the small parameters involves replacing the beam length 

L with the wavelength of elastic deformations I in the axial direction 

o ( y ) « l and O f^\ < 1 (1.4) 

This modified small parameter is generally satisfied for long wavelength static and low 

frequency dynamic deformations [19]. As an aside, the classical strain measures give the 

internal beam deformation modes, where the cross sections remain rigid during deforma

tion [19]. Figure 1.4 conceptualizes the effect of various external end conditions on the 

twist profile along the length of a beam that is subjected to a mechanical torque at the tip. 

In this diagram, curve (a) shows pure Saint-Venant internal twist in the beam, which would 

occur for free-free root-tip boundary conditions. External deformation modes, such as the 

Vlasov and camber modes, are the result of restrained warping at the beam ends [19]. The 

fast decaying end condition near the root seen in curve (b), which would occur at a fixed 

root for a thick wall solid section or thin wall closed section, may be neglected since it does 

not have a significant effect on the global twist behaviour of the beam. In the case of an 

OCSTWB with a fixed root, the slow decaying Vlasov end condition, shown near the root 

of curve (c), will have a large effect on the global beam twist behaviour, and thus must be 
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considered in the beam model. The long wavelength of deformation / associated with the 

Vlasov deformation mode for OCSTWB will consequently satisfy the small parameters of 

Eqs. 1.4 when performing the Vlasov refinement in the dimensional reduction procedure. 

i 

tw
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t 

root 

k 

syS ...-•• 

< • 
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V /<& 

/ tip 
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l 

Figure 1.4: The effect of various external end conditions on the twist profile of a 
beam with a mechanical torque applied at the tip, a) Beam with a free to warp root, 
and thus no external end condition, resulting in pure Saint Venant internal twist, b) 
Fast decaying external end condition having negligible impact on the general twist 

behaviour, c) Slow decaying end condition having a large effect on the general twist 
behaviour. The value of twist has been referenced to zero at the root end. 

As the wall thickness decreases, the wavelength of the Vlasov deformation mode will 

increase, causing the conditions given in Eqs. 1.4 to be better satisfied and the resultant 

solution to be more accurate [19]. According to the literature, a beam is classified as a 

thin wall beam when the thinness parameter O(hfa) is less than 1/15, and the slenderness 

parameter 0(a/L) is less than 1/10 [15, 17, 26]. 

The beam analysis process begins by obtaining the strain field from a linear 2-D analysis 

of the cross section using the VAM. These strains, that are functions of the axial coordinate 

x\ only, Figure 1.5, appear in the right-hand column in Eq. 1.2. The resultant energy 
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functional is a function of these strains only and has dimensions in the form of energy per 

unit length. These strains vary along a beam reference line, which defines the origin of 

the cross sectional coordinate system and the xi coordinate [19]. Convenient choices for 

the reference line are the shear centre, as discussed in [23] and [17], and the area centroid, 

as used in [30] and [19]. For anisotropic beams, the shear centre can be found by first 

constructing a Timoshenko-like model, as discussed in [17]. Differentiation of the energy 

functional with respect to the strains gives the stiffness terms of the beam constitutive 

equation, as given in Eq. 1.2. Next, the constitutive relation is used together with a set of 

six nonlinear intrinsic static equilibrium equations, given by [19, 23], in order to find the 

strains and mechanical forces, moments and bimoment along the beam span. Using the 

computed strains and the geometric relations given in [19], the deformation of the reference 

line, and beam twist about it, may be found. The deformation of the beam reference line, 

shown in Figure 1.5, represents the global rigid-body deformation of the beam [19]. 

In Figure 1.5, X\ is the global beam axial coordinate; x2 and x3 are the global beam 

cross sectional coordinates in the horizontal and vertical directions, respectively; 6, are 

the local orthonormal unit vectors corresponding to an undeformed cross section; and Bi 

are the local orthonormal unit vectors corresponding to a deformed cross section that 

has undergone an arbitrary translation and rotation. The translation components in the 

xi, %2 and £3 directions from an undeformed local coordinate system to its correspond

ing deformed local coordinate system are designated as u\, u2 and u3. Finally, the 3-D 

displacement, strain and stress fields are recovered using appropriate relations, as given 

in [19, 23]. The 3-D displacement field includes the cross sectional warping, which is re

ferred to as the local deformation of the beam [19]. The above beam analysis procedure 

may be summarized into three general steps, as shown in Table 1.1. 

Fundamental assumptions of the present OCSTWB theory include beam slenderness, 

long wavelength deformations, wall thinness, small strain, moderate local rotation, zero 
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deformed beam 
reference line, R 

- • Xo 

undeformed beam 
reference line, r 

Figure 1.5: The deformation of the beam reference line from its undeformed state to 
its deformed state after an arbitrary translation and rotation. 

initial twist and curvature, and linearly elastic materials [8, 19]. The VAM and its past 

applications to passive beams will be outlined in the remainder of this section, the recent 

application of the VAM to the cross sectional analysis of active OCSTWB is presented in 

Chapter 2, and the nonlinear 1-D analysis is described in Chapter 4. Full 3-D recovery is 

beyond the scope of this work. 

The VAM is an iterative method designed to approximate the 3-D elastic or shell 

energy as an asymptotic series of terms of increasing order with respect to the small 

parameters, given in Eqs. 1.4. As previously mentioned, the largest strain measure in 

the beam is of 0 (e ) [8]. The objective of the VAM is to identify all terms in the strain 

field of 0 (e ) , resulting in a solution of 0(e) accuracy. In other words, the VAM is a 
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Table 1.1: Outline of the three main steps of a static analysis of a prismatic beam 
using the VAM. 

Input Output 

1. Linear 2-D cross sectional 
analysis using the VAM. 

• Beam geometry 

• Material properties 

• Cross sectional stiffness con
stants 

Warping functions 

2. Nonlinear 1-D analysis 
along the beam span. 

• Cross sectional stiffness con
stants 

• Boundary conditions 

• Applied loading 

• Global twist and displacement 
of the beam, 

• Strains, forces, moments and 
bimoments along the beam 
span 

3. Full 3-D recovery. 

• Global twist and displacement 
of the beam 

• Strains along the beam span 

• Warping functions 

• Local displacement, strain 
and stress fields 

method that rigorously transforms an exact 3-D elastic or shell analysis problem to a 

linear 2-D problem. Before beginning the VAM analysis, the 3-D elastic or shell strain 

energy functional is symbolically transformed to an exact energy functional per unit length, 

composed of unknown strains at the beam reference line. There are two main parts to a 

VAM cross sectional analysis: 

1. In the zeroth approximation, a general strain field, in terms of unknown displace

ments, is substituted into the energy functional and excessively large terms with 

respect to 0(e2), such as 0(e2(a/l)~2) and 0(e2(a/l)~4), are eliminated. In the 

existing literature, this elimination is referred to as "killing" or "annihilating," as 

these excessively large terms, called "phantom" terms, are fictitious terms that can

not physically exist since they would violate the assumption that the classical strains 



CHAPTER 1. INTRODUCTION 16 

are the largest strains present in the beam [8, 19]. 

• As the energy functional is quadratic with respect to the strains, the corre

sponding order of the strains in the above energy terms are 0(e), 0(e(a/l)~2) 

and O ( e ( a / 0 _ 1 ) . 

• The zeroth approximation may require up to two steps: where the first step 

gives the rigid-body displacement field, and the second step, if necessary, would 

involve perturbing the strain field and using the perturbation terms to eliminate 

any remaining excessively large terms [19]. 

2. Each subsequent step involves iteratively perturbing the strain field and minimizing 

the energy functional, in order to produce additional strain terms of 0(e) [19]. 

• These iterations continue until no new strain terms of O(e) are produced, where 

usually one or two iterations are required. At this point, the resultant energy 

functional is considered to have converged to 0(e2) accuracy [19]. 

• Unlike for the case of thin wall closed cross section beams, no constraint equa

tions need to be applied to the energy functional for OCSTWB [8]. 

The above beam analysis approach using the VAM has been applied to general passive 

and active beam cross sections using the 2-D cross sectional beam analysis codes, VABS, 

developed originally at the Georgia Institute of Technology and will be referred to as 

GT/VABS in this thesis. A similar development at the University of Michigan is known 

as the University of Michigan VABS (UM/VABS) [16, 31, 32, 33]. These codes have 

been verified against 3-D FEA and experimental data [16, 17, 23, 25]. The VAM has 

additionally been applied to and verified for passive open and closed cross section thin 

wall beams, yielding analytical solutions for the cross sectional stiffness constants and 

warping functions [19, 34, 35]. Recently, the VAM has been applied to active open and 
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closed cross section thin wall beams, yielding analytical solutions for the cross sectional 

stiffness constants, warping functions, and induced force/moments and in the open section 

case, bimoment [8, 15, 18, 36, 37]. This thesis focuses on the verification of the active 

OCSTWB code developed by the Applied Dynamics Group at Carleton University. 

1.2.3 Fibre Composite Materials 

Modern aerospace structures are being manufactured with an increasingly larger percent

age of advanced composite materials, such as carbon fibre composites [38]. A fibre com

posite material consists of a thin aligned sheet of flexible strong fibres, such as carbon, 

kevlar or E-glass, which are embedded in a matrix material, such as epoxy. These highly 

anisotropic materials are consequently very strong in the fibre direction, while being highly 

resistant to corrosion and fatigue due to the polymer matrix that protects the fibres from 

mechanical and chemical damage. A stacking, or "lay-up" of fibre composite sheets, also 

called "plies" or "lamina," forms a laminate shell structure, whose strength may be tailored 

in specific directions by varying the orientation of the plies. The primary advantages of fi

bre composite materials, as compared to the traditional aluminium alloys used in aerospace 

structures, include fatigue resistance and weight savings. Fibre composite materials are 

also used in high performance terrestrial applications such as wind turbines, watercraft, 

land vehicles and sports equipment. 

Materials that change shape in the presence of an electric field, or conversely generate 

an electric field when mechanically deformed are called piezoelectric materials [39]. There 

are both ceramic and polymer piezoelectric materials; however, piezoceramies have far 

greater actuation capability than piezopolymers—on the order of 300 times greater [39]. 

A piezoceramic material is one whose asymmetrical crystal structure has its electric dipoles 

oriented in a net average direction [39]. A piezoceramic block in its deformed and unde-

formed state, polarized in the £i_/oca/ direction, is shown in Figure 1.6. The local ply 
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coordinates £i_/oca/ are related to the undeformed beam and laminate coordinates Xi by 

the ply angle fl, as shown in Figure 2.2. 

undeformed 

*- deformed 

\3-local 

^2-local 

-electricfield, E 

pole 

electrode 

1-local 

Figure 1.6: Deformation of a piezoceramic block by an applied electric field. 

The most common type of piezoceramic is lead zirconium titanate (PZT) [39]. In 1997, 

the concept of a piezoelectric fiber composite was proposed where PZT fibres are embedded 

in an epoxy matrix and sandwiched between two thin polyimide films with interdigitated 

copper electrodes etched onto them [40, 41, 42]. The first implementation of this technology 

was called an Active Fibre Composite (AFC) [41]. PZT fibres with a circular cross section 

were extruded and lain across a bottom sheet of interdigitated electrodes coated with a 

layer of epoxy. Another coating of epoxy was applied to the top of the PZT fibres, the 

top sheet of interdigitated electrodes was added, and the laminate was pressed and heated 

in a mold with a vacuum port to eliminate voids. Finally, the laminate was heated above 

the PZT's Curie temperature and a high electric voltage of about 3000 V was applied 

to the interdigitated electrodes for about a minute in order to polarize the dipoles [41]. 

Various types of PZT materials have been manufactured by "doping" them with other 

atoms, such as lanthanum, lithium, sodium, potassium and bismuth, or by altering their 

file:///3-local
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manufacturing processes, in order to modify their mechanical and electrical properties, 

such as their actuation capabilities and Curie temperatures [43, 44]. The second and 

more recent variant of a piezoelectric fibre composite is called a Macro Fibre Composite 

(MFC) [41]. Instead of extruding PZT fibres, as was done for AFCs, the PZT fibres are 

produced by sawing PZT wafers into strips [41]. This innovation results in PZT fibres 

that have a rectangular cross section rather than a circular one, leading to improved 

contact between the PZT fibres and electrodes, increased surface area between the fibres 

and epoxy matrix, and a higher fiber volume fraction. Consequently, the advantages of 

MFCs over AFCs include lower required applied voltages, improved actuation efficiency 

and performance, less susceptibility to fibre pull-out, and reduced manufacturing costs [45]. 

An MFC laminate with exposed components is shown in Figure 1.7. 

Interdigitated 
electrode pattern on 
polyimide film {top and 
bottom) 

v3-local 

v2-local 

v1-local 

Structural epoxy 

Sheet of aligned 
rectangular 
piezoceramic fibers 

Figure 1.7: Exploded view of an MFC laminate, courtesy of [9]. 

The PZT dipole orientations alternate between the electrodes, as do the electric field 

directions, as shown in Figure 1.8. This configuration will result in tensile strain—positive 

strain—in the 2i_/ocaj fibre direction. When initially polarized, only the PZT fibre seg

ments in between the electrodes will be oriented in the Xi-iocai direction, and hence, only 

the PZT fibre segments in between the electrodes will contribute to the laminate strain, 

as shown in Figure 1.8 [46]. There have been various forms of research into improving the 
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properties of piezoelectric fibre composites, such as by optimizing the MFC geometry to 

minimize the inactive fibre segments called "dead zones" under the electrodes; manufac

turing hollow PZT fibres to reduce the voltage requirements: developing new resins with 

improved mechanical and dielectric properties to minimize fibre pullout and maximize 

voltage transfer to the fibres; and using single crystal Pb(Mgi/3Nb2/3)O3-PbTi03 (PMN-

PT) fibres instead of the polycrystalline Pb(ZrTi)03 (PZT) fibres to increase actuation 

performance [41, 45, 46]. 

epoxy matrix 

Figure 1.8: A segment of an MFC with an applied electric field inducing positive 
strain in the x\-iocai direction, courtesy of [9]. 

1.3 Thesis Objectives and Overview 

The objectives of this thesis were to validate the analytical model and the corresponding 

code that was developed by earlier studies to obtain cross sectional constants and acti

vation forces, moments and bimoment for an active OCSTWB. This required a thorough 

investigation of the underlying mathematical development, the outline of which is pre

sented in the thesis. Finally, the code was used to perform a parametric investigation of 
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an open section thin wall I-beam spar for maximum induced twist. 

In order to accomplish these objectives, a detailed derivation of the active OCSTWB 

theory is presented first in Chapter 2, including a derivation of the beam kinematics, 

the mechanical shell strain energy functional and the analytical expressions for the cross 

sectional stiffness constants and induced force/moments/bimoment. Next, the active 

OCSTWB analysis code is verified against the 2-D FEA codes: UM/VABS and GT/V-

ABS using various beam examples in Chapter 3. The cross sectional analysis results are 

subsequently verified against 3-D FEA solutions by using them in a nonlinear 1-D problem 

along the beam length to calculate the average beam displacement and twist profiles in 

Chapter 4. In Chapter 5, a parametric investigation of an I-beam spar for maximum twist 

was performed using the analytical active OCSTWB code. Finally, the conclusions and 

recommendations from this research work are given in Chapter 6. 



Chapter 2 

Cross Sectional Analysis of Active 

O C S T W B 

The development in this chapter follows the analytical active OCSTWB theory given 

in [8, 15, 18], which was an extension of the analytical OCSTWB theory found in [19]. 

The contribution of the work presented in this chapter is to outline the development of 

this theory in comprehensive detail. 

2.1 Beam Geometry and Kinematics 

Rather than analysing an arbitrary active OCSTWB cross section using full 3-D elasticity 

theory, the analysis may be simplified by beginning from shell theory instead. In shell 

theory, a beam is more conveniently described by a curvilinear coordinate system rather 

than a Cartesian coordinate system, as shown in Figure 2.1 for an arbitrary OCSTWB. 

In Figure 2.1, Xj represents the global Cartesian coordinate system, whose origin is at 

the beam root, and Uj are the displacements of the beam reference line at a particular 

axial position x\ in the corresponding %i directions. At any particular axial position xi, 

22 
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Figure 2.1: An arbitrary OCSTWB's geometry described by a curvilinear coordinate 
system. 

bi are a set of local unit vectors in the xt directions. The curvilinear coordinate system 

is described by xi, s and £, where s is the contour coordinate and £ is the shell thickness 

coordinate, in the outward normal direction n to the contour. A beam contour is a line 

in the cross sectional plane that traces the points of mid-thickness along the shell walls; 

the contour coordinate s is always tangent to the contour direction r and has an arbitrary 

point of origin s0. Moreover, Vi, are the beam thin wall displacements in the corresponding 

curvilinear directions: x\, s and £. The vector, r(s) in Figure 2.1 relates the origin of the 

bi orthonormal triad to a point on the contour of the corresponding cross section. In the 

global Cartesian coordinate system, r, r and n satisfy the following relations: 
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r = x2b2 + x3b3 

T = r = x2b2 + x3b3 

n = T x bi = x3b2 — x2b3 (2.1) 

where the dot above the Xi terms signifies partial differentiation with respect to the contour 

coordinate s, x = ^ . The components of r in the r and n directions are 

rT = r r = x2x2 + x3x3 (2.2) 

rn = n r = x3x2 - x2x3 (2.3) 

The Frenet-Serret relations may be used to find expressions for the radius of curvature 

of the contour [47] 

R = ^ 
T 

„ — X360 + ^2^3 
R = ^ f-̂  2.4 

x2b2 + x3b3 

As the direction of r is parallel to n, the ratio of their components must be equal: 

-X* X2 (2.5) 
x2 x3 

Using Eq. 2.5 to eliminate one of the variables from Eq. 2.4, the radius of curvature of 

the contour at any point s is found to be 
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R = ^ = ^ (2.6) 
x2 x3 

Curvilinear displacements relative to the Cartesian displacements at an arbitrary point 

on the shell are 

V1 = Mi 

v2 = T • (u2b2 + u3b3) = u2x2 + u3x3 

v3 = n- (u2b2 + u3b3) = u2x3 - u3x2 (2.7) 

where Ui denotes a displacement of a point on the cross section in the Xi direction at a 

contour position s, as shown in Figure 2.1. 

The total strain tensor of a shell structure can be described by the generalized shell 

strain measures jap and pa/g such that [48, 49] 

£a(3 = laft + ZPap (2.8) 

where ~ja$ are the strain measures that correspond to in-plane shell stretching, and pap 

are the strain measures that correspond to shell bending/curvature, and £ is the outward 

normal coordinate to the shell midplane. In this chapter, Greek indices vary from 1 to 2, 

while Latin indices vary from 1 to 3. These generalized strain measures may be written in 

terms of the curvilinear displacements, Eqs. 2.7, for cylindrical shells, as was proposed by 

Koiter and Sanders [34, 49] 
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dQ _ d20 d() where ()?i = g^-, ()tn — -g^r and Q^ = -^r- The strains along the beam reference line, 

shown in Eq. 1.2, are related to the displacements of the beam reference line Ui and twist 

about the reference line 9 as 

e = 

~ 
7n 

Kl 

« 2 

« 3 

= 
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«i 
0' 

-u'i 

u'i 

9" 

(2.10) 

where ()' = Q~\ positive bending about the 22 axis, K2 > 0, results in vertical deflection 

in the negative 23 direction due to the right hand sign convention; and positive bending 

about the xj, axis, K3 > 0, results in horizontal deflection in the positive £2 direction. 

2.2 Beam Strain Energy 

For a piezoelectric material, the converse effect that gives the induced piezoelectric strain 

tensor from the application of a constant electric field under no mechancial stress is [50] 
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e^] = dkijEk (2.11) 

where e? is the induced strain tensor in the piezoelectric materials's local frame of refer

ence, dkij is the electromechanical coupling tensor of the material and Ek is the applied 

electric field in the Xj_;oca/ direction. As it was discussed in Section 1.2.3, in the interdigi-

tated MFC laminates, the piezoelectric fibres are polarized along their longitudinal direc

tion. Therefore, when the electric field is applied in the fibre direction only, E2 = -Eg = 0, 

and therefore 

s{*] =dUjEl (2.12) 

Only the in-plane strain tensor components, e^, £22 a n d 1̂2 , a r e significant due to 

the thinness of the shell. 

The piezoelectric composite plies can have arbitrary orientations d in the laminate 

plane, as shown in Figure 2.2 [18]. 

X2-local 

Figure 2.2: An MFC ply at an arbitrary orientation •# from the global x\ axis with an 
electric field E applied in the fibre direction. 

Rotating the resultant strain tensor components from the local ply reference frame to 
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the global Cartesian coordinate system, results in 

fc22 

fc12 

= R{0) 

dinE 

di2iE 

diuE 

= 

dmE 

d\22E 

dmE 

(2.13) 

where d is the ply angle, relative to the X\ global beam axis coordinate; d\ap are the 

rotated electromechanical coupling terms; E designates the electrical field along the fibres; 

and 72.(i9) is the rotation matrix given by 

n{d) 

cos2(tf) sin2(tf) -2cos(tf)sin(tf) 

sin2(??) cos2(tf) 2cos(tf)sin(tf) 

cos(i9) sin(i?) — cos(?9) sin(a9) cos2^) — sin 2^) 

The constitutive law for a general material is [51] 

(2.14) 

al3 = E^eZ (2.15) 

where a^ is the stress tensor, E^kl is the elasticity or Hookean tensor and e^ is the 

mechanical strain tensor. Material symmetries due to equilibrium requirements, a^ = Oj% 

and e^i = e^, cause E^kl = Ejlkl and El^kl = Etjlk, and result in only 36 independent 

constants in the elasticity tensor [52]. Consequently, the elasticity tensor may be reduced 

to a 6 x 6 stiffness matrix C using Voigt's convention, shown in Table 2.1 [51]. 

The first and last two indices of E^kl are replaced by the corresponding indices given 

in Table 2.1, such that ij = m and Ik = n, to form Cmn. For example, E1122 = E22U = 

C\2 = C21, E1132 = Cu and E2312 = C46. The resulting reduced constitutive law is 

(2.16) 
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Table 2.1: Voigt's condensed indice notation convention. 

or in the expanded form, 

Tensor Indices 

11 
22 
33 

23 and 32 
31 and 13 
12 and 21 

Matrix Indices 

1 
2 
3 
4 
5 
6 

(2.17) 

0\ C\\ C\i C13 Cu Cl5 Cl6 £' 

&2 C\2 C22 C23 C*24 C25 C*26 £: 

C"3 Cl3 C23 C33 C34 C35 C36 

7"23 Cl4 C*24 C34 C44 C45 C46 

7"31 Cl5 C*25 C35 C45 C55 C*56 

7"12 Cl6 C*25 C35 C45 C55 C66 

where CTJ is the direct stresses in the Xj_/om/ direction, r^ are the shear stresses with respect 

to the Xi_iocai coordinates, e™ is the direct mechanical strain in the Xj_/oca/ direction, and 

7™ are the mechanical shear strains w.r.t. the Xj_/oca; coordinates. 

e'i 

72
m3 

731 

7r2 

For a general anisotropic linearly elastic 3-D body, the 3-D mechanical strain energy 

density per unit volume, in terms of mechanical strains e™ can be expressed as [52] 

2U{m) = Eijkle™e% (2.18) 

where in the presence of mechanical strains e^, and induced strains e"-, the total strain 

Eij IS 
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(2.19) 

Substituting Eq. 2.19 into 2.18, one gets 

2tf(m) = ^ y « ( e y _ £(a)){£ki _ £(a)} ( 2 2 ( ) ) 

According to shell theory, the thickness stress components of a shell are much smaller 

than the planar stress components, a^ ~ 0 [52]. Consequently, the 3-D mechanical strain 

energy can be transformed to a reduced mechancial shell energy per unit volume by min

imizing the 3-D mechanical strain energy with respect to the strain component £i3 in the 

shell thickness direction £ as [52] 

2U{m) = LPWieap - e{:l){el6 - e$) (2.21) 

where £ap is the total strain tensor from Eq. 2.8, e*p is the active strain tensor in the 

global Cartesian reference frame from Eq. 2.13, and Da/3lS are the 2-D plane-stress reduced 

constants given by [34, 49, 52] 

pa/333 77-7(533 

Da01s = E*016 ^ H^G^G^ (2.22) 

where 

777*333 77^333 
r r - l _ 77.^3 A3 _ ^ ^ 

P-\ £ 3 3 3 3 

TT.a/333 77^333 
Qa^ = Ea^3 ^ _ ^ 2 2 3 ^ 

The 2-D plane-stress reduced constants Daf5l& may be alternatively constructed from 
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the ply stiffness matrix C. Rotating the ply stiffness matrix C from the local ply reference 

frame to the global Cartesian coordinate system 

C = K-\ti)CTL£{'d) 

where the expanded rotation matrices TZa and 1Z£ are given in [38] as 

(2.24) 

n„(0) = 

Ke{d) = 

COS2(tf) 

sin2(tf) 

0 

0 

0 

sin2(?9) 

cos2($) 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 cos(tf) -sin(tf) 

0 sin(t?) cos(tf) 

cos(tf) sin(tf) cos(tf) sin(tf) 0 0 0 

cos2(tf) 

sin2(tf) 

0 

0 

0 

sin2(tf) 

cos2($) 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 cos(tf) -sin(tf) 

0 sin(tf) cos(tf) 

-2cos(tf)sin(tf) 2cos(tf)sin(tf) 0 0 0 

2 cos(tf) sin(tf) 

-2cos(tf)sin(tf) 

0 

0 

0 

cos2(tf) - sm2(i9) 

cos(#) sin(i?) 

— cos(i9) sin($) 

0 

0 

0 

cos2($) — sin2($) 

Finally, the 2-D plane-stress reduced constants Da/3^6 may be found from the relation 

» _ 1 - ~ T - - 1 -

D — C\ — Z,C<iC% v>4 + O4 O3 O4 (2.25) 

where the Ci matrices are constructed from the components of the rotated ply stiffness 

matrix C as 
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Cx = 

C, = 

C, = 

C4 = 

c„ 
C l 2 

C l 6 

C l 3 

C23 

C36 

C33 

C35 

C36 

C l 3 

C l 5 

C14 

C l 2 

C22 

C26 

C l 5 

C25 

C56 

C35 

C55 

C45 

C*23 

C*25 

C24 

C l 6 

C26 

C*66 

C14 

C 2 4 

C46 

C36 

C45 

C44 

C36 

C56 

C46 

(2.26) 

The 2-D plane-stress reduced constants Daf3lS have the following resultant matrix form 

D = 

2^)1111 £)1122 £)H12 

2)1122 £)2222 £)1222 

23)1112 £)1222 2 } 1 2 1 2 

(2.27) 

Substituting Eq. 2.8 into Eq. 2.21 and integrating through the thickness h and along 

the entire cross section contour s gives the mechanical shell strain energy per unit length 

of the beam as 

= f f2 Da^ 2£/M — / / ' naP~ftu, _ _L <r„ _ _ ^a)\u, . _L c„ . _ ,-(") {la/3 + CPa/3 ~ ^ a t f ) ^ + ^ ~ S<5 ) ̂  dS (2.28) 

Substituting Eq. 2.13 into Eq. 2.28 yields 



CHAPTER 2. CROSS SECTIONAL ANALYSIS OF ACTIVE OCSTWB 33 

2U^ = [ f2 Da^s(~faP + £pQ/3 - dlaf3E)(llS + fas - dll&E) dfi ds (2.29) 

Expanding the integrand of Eq. 2.29, grouping the shell strain terms into two vectors, 

<A T _ 7n hpn hpn a n d 4>7 
2712 722 hp22 , and integrating through the 

shell thickness, as done in Appendix A.l, gives 

2U{m) = I ( V T Q ^ + 2<t>TStp + c/>TP<f> - 2^TH - 2cf>TG + X(E)) ds (2.30) 

where the Q, S and P laminate elastic matrices, the H and G laminate electromechanical 

coupling matrices, and the ^(E) quadratic electromechanical field expression are given in 

Appendix A.l. 

2.3 Application of the VAM to Active OCSTWB 

2.3.1 Phantom Step 

As discussed in Section 1.2.2, the goal of the VAM is to construct an energy functional of 

0(e2) in terms of the displacements at the beam reference line, Eq. 2.10. The phantom 

step begins by dropping all terms differentiated with respect to the axial coordinate in the 

general strain field, Eqs. 2.9. The remaining non-zero strain terms are 
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2712 = 1>1,2 

_ ^1,2 

722 = f 2,2 + ~= 
K 

P22 — ^3,22 m, <-> 
Strain terms differentiated with respect to the axial coordinate x\ are much smaller 

than strain terms differentiated with respect to the transverse coordinate s since 

0 (O . i = ( ) ' ) « ^ ( y ) and C?((),2 = ( ' ) ) « o ( ^ ) (2-32) 

and 0(a/l) <C 1 (Eqs. 1.4). Substitution of the reduced strain field, Eqs. 2.31, into the 

mechanical shell strain energy functional, Eq. 2.30, results in an energy functional whose 

minimum occurs when all the strains are zero, 712 = pu = 722 = P22 = 0. Alternatively, 

this result may be found by substituting the curvilinear displacements, Eqs. 2.7 into the 

reduced strain field, Eqs. 2.31 and determining the order of the strain terms with respect 

to the small parameters of Eqs. 1.4, yielding 
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2712 = Uh2 

, huii2 
= ^ L 

722 = (U2X2 + U3X3),2 + 
U2X3 - U3X2 

R 

o «f)-2) 
u uf • - • \ , ,'(u2x2 + u3x3)\ 
hp22 = h{u2x3 - u3x2),22 - h [ I (2.33) 

o «ir2m 

where the classical strain measures, introduced in Eq. 1.2, are assumed to be the largest 

strains present in the beam and of the same order, such that 

0{u\) « O(h0') w 0(-av%) w 0{au'2') « O(e) (2.34) 

This assumption gives a general solution since if some strain terms are of higher order 

than the others, there will exist unnecessary, negligible terms in the energy solution of 

order higher than 0(e2). Additionally, the radius of curvature R, the characteristic cross 

sectional dimension a, and the two Cartesian cross sectional coordinates x2 and x3 are 

assumed to be of the same order, such that 

0{R) w 0{a) w 0{x2) « 0{x3). (2.35) 

To determine the order of the terms in Eqs. 2.33, 0(u\) ~ 0(«i) , 0{u2) ~ 0(1x2) and 

0(^3) ~ 0(1*3) are assumed, and Eqs. 2.32, 2.34 and 2.35 may subsequently be used. For 

example, the order of the hpi2 strain term is found by 
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u\ « 0(e) - Ul « C?(eZ) - wli2 « 0 f e ^ -> ^ w O (e ( y ) * ^ (2.36) 

As seen in Eqs. 2.33, all of the terms have order greater than (9(e) with respect to 

the small parameters and are consequently "phantom" terms that must be eliminated by 

setting the strain terms to zero, such that 

0 = vh2 (2.37) 

0 = ^ (2.38) 

0 = ^,2 + ~ (2.39) 

0 = 3̂,22 - Q ) 2 (2.40) 

Integrating Eq. 2.37 or 2.38 with respect to s and comparing with the first curvilinear 

relation of Eqs. 2.7, gives 

Vl = C{xi) = ux (2.41) 

Also, integrating Eq. 2.40 with respect to s, yields 

V3>2 ~ G?) = ~e{xi) (2-42) 

where C and 9 are constants of integration with respect to s only. 

Rearranging Eq. 2.39 to isolate v3 and substituting the expression for v3 into Eq. 2.42, 

gives 
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-(Rv2t\2 ~ Q ) = -0(*i) (2.43) 

Using Eqs. 2.3 and 2.6, it can be verified that the solution of Eq. 2.43 is given by 

v 2 = u2x2 + u3x3 + 9rn (2.44) 

Substitution of Eq. 2.44 into Eq. 2.39 gives the solution for v3 as 

v3 = u2x3 - u3x2 - 9rT (2.45) 

Eqs. 2.41, 2.44 and 2.45 describe the rigid body displacement of the cross section and 

are repeated here as 

Vi = Ul 

v2 = u2x2 + u3x3 + 9rn 

v3 = u2x3 - u3x2 - 9rT (2.46) 

Using Eqs. 2.7, the rigid body displacement field can be expressed in Cartesian coor

dinates as 

Ui = Ui 

u2 = u2 - x39 

u3 = u3 + x29 (2.47) 

This completes the phantom step of the VAM and gives the first iteration of a displace-
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ment field, and thus a strain field and energy functional as Eqs. 2.9 and 2.30, respectively, 

in terms of the displacements and twist at the beam reference line: u\, u2, u3 and 6. Subse

quent iterations of the VAM will identify cross sectional warping terms in the displacement 

field. 

2.3.2 First Perturbation 

Perturbing the rigid body displacement field by unknown warping terms u>i, w2 and vbz 

yields 

Vi = U\ + Wi 

v2 = uaxa + 6rn + w2 

v3 = u2x3 - u3x2 - 6rT + w-i (2.48) 

Substituting the perturbed displacement field, Eqs. 2.48 into the general strain field, 

Eqs. 2.9 and using the relations given in Eqs. 2.3 and 2.6, as done in Appendix A.2, yields 
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7n = 

2712 = 

722 = 

O e 

W2,2 + 

O(e) O(e) 

x2u'2 + x3u'3 + rn6' + w1;2 + w2,i 

Tff1) o&r1) o(^)_1) ©«tT) ^Hfr^^r1) 

R 

( \ 

hpn = h x3u2' — X2W3 — rT6" + w3,n 

Kow)) <MZ)) °«f)) owt)a)y 
( ( x 

hpn = h — xau'a + rn9' - w1>2 

v V^IKT)-1) °(£) c?«tr(^))y 
W2 

\ 

Jj^ + «>3,12 - 7D™2,1 

0(0 ^ ^ 

/ip: '22 / l 

V 
W3,2 

©(e) 0 (e ) 7 

where the orders given below the terms include the contributions of the coefficients; the 

orders of the terms with the orders given in regular font are determined directly using 

Eqs. 2.32, 2.34 and 2.35; and the orders of the terms with the orders given in bold font 

are determined during the following minimization of the energy functional. 

The perturbed strain field, Eqs. 2.49, is substituted into the mechanical strain energy 

functional, Eq. 2.30, which is subsequently minimized with respect to the perturbation 

terms w\, w2 and w3. The minimization is done by taking the variation of the energy 

functional and setting it to zero, as 
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8{U{m))=f ((F) SW1 + (P) 5W2+(P) 5W3) ds = 0 (2.50) 

where F is the integrand of the energy functional, which contains quadratic strain terms, 

i.e. 7i2, and cross strain terms, i.e. 712/O11, such that 

F = F (7^, 7^, 7|2, p ^ ^ p2^ 7 n 7 l 2 ) 7 l l 7 2 2 , 

TllPll) 7llPl2, 7llP22, 712722, 7l2Pll, 7l2Pl2, 

712P22, 722P11, 722P12, 722P22, P11P12, P11P22, P12P22) (2-51) 

The perturbation terms must be chosen such that they minimize the energy functional, 

Eq. 2.50, as follows. In the expression for 2712 in Eqs. 2.49, the three excessively large 

phantom terms i^i^, isu'3 and rn9' must be eliminated by a perturbation term. Of the 

two perturbation terms present in the 2712 expression, u>i,2 is the appropriate one to use 

since w2,i must be of a higher order than Wi>2 as terms differentiated with respect to the 

axial coordinate X\ are smaller than terms differentiated with respect to the contour coor

dinate s. Additionally, if w2,i was used to eliminate the phantom terms, it would produce 

excessively large terms in other strain expressions, in which case the energy functional 

could not be minimized. For the w\^ term to eliminate the excessively large terms in the 

expression for 2712, it must be set to 

^1,2 = -u'a±a - rn9' (2.52) 

Defining a quantity called the sectorial coordinate as [26, 53] 

= f rnds (2.53) V 
'so 
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where s0 is the origin of the contour, allows the tu^i term in the 711 expression to be 

written as 

i&u = - < x Q - rj6" (2.54) 

There are no other known phantom terms that need to be eliminated. At this point, it 

is sufficient to determine only the orders of the remaining perturbation terms. Once the 

strain field has been constructed to 0(e) accuracy, the values of the unknown strain terms, 

containing the unknown perturbation terms, will be found in a single minimization of the 

energy functional with respect to the unknown strain terms. The lowest order—or leading 

order—perturbation terms remaining are found in the expression for 722 in Eqs. 2.49. 

Comparing the order of the perturbation terms found in 722 and hp22, it can be seen that 

722 is excessively large relative to hp22, such that 

722 = (^) hp22 (2.55) 

As all the remaining unknown perturbation terms are of higher order than those found 

in the expression for 722 in Eqs. 2.49, the only way to minimize the energy functional is to 

set the 722 strain term to zero, such that 

722 = w2,2 + — = 0 (2.56) 

where w2 and W3 must consequently be of the same order. Of the remaining perturbation 

terms, the two leading order ones are found in the hp22 strain expression of Eqs. 2.49. 

During the minimization, these leading order terms will produce terms in the energy 

functional that are quadratic in them, i.e. (...) (^3,22) , and terms that are a cross 

between them and other terms, i.e. ( . . .) (hw3<22) (hd'), as seen in Eq. 2.51. In order to 

minimize the energy functional, the order of the terms quadratic in the leading order 
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perturbation terms must be of the same order as those that are a cross between the 

leading order perturbation terms and the lowest order known terms that have not been 

eliminated. Consequently, the leading order perturbation terms must be of the same order 

as the largest non-phantom known terms in the strain field, Eqs. 2.49, such that 

O (hw3,22) = 0[-h (j±\ j = O K ) = O ( ^ r j \ = O (h6') = O (e) (2.57) 

The orders of the remaining perturbation terms are found using the relations given in 

Eqs. 2.32, 2.34 and 2.35. As will be seen, additional perturbations of the displacement 

field will not produce any more phantom terms in the strain field; consequently, the zeroth 

approximation is now complete. 

2.3.3 Second Perturbation 

Perturbing the previous displacement field by a second set of unknown warping terms W\, 

w2 and w3, yields 

Vi — 1*1 + W\ + W\ 

v2 = uaxa + 9rn + w2 + w2 

v3 = u2x3 - u3x2 - 6rT + u;3 + w3 (2.58) 

Substituting the perturbed displacement field, Eqs. 2.58 into the general strain field, 

Eqs. 2.9, and using the relations given in Eqs. 2.3 and 2.6, as done similarly for the first 

perturbation in Appendix A.2, yields 
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7n = 

2712 = 

722 

u[ -xau'a- r\Q' + w M 

^2,1 + Wl,2 + ^2 ,1 

"MfX*)-1) ^ °Wt)) 
^2,2 + "p 

/ 

fy>. 11 = h 

\ 

V e> 

X3U2 - X2«3 - rT9" + w3iU + w3,n 

>m) °m) °«T)) O^)2) o(4rf($))j 

hpu = h U>1,2 

°m) 
_3_ 

Ik 

( \ 

w 2 , i + w 2 , i 

hp22 = h 

j ^ , + 3̂,12 + U>3,12 4 i ? . « . . . • 

^3,2 + W3,2 
1 

R~ w2 + w2 
(2.59) 

-I ,2 

Unlike in the case of the first perturbation of the strain field, none of the terms of 

known order are phantom terms. Consequently, this indicates that the first perturbation 

completed the zeroth order approximation, and the present, second perturbation corre

sponds to the first order approximation. By inspection of Eqs. 2.59, the leading order 

perturbation terms of unknown order are w\^, w2j2 and ^ , which are found in the expres

sions for 2712 and 722- These terms must have the same order as the largest known order 

terms in the strain field, Eqs. 2.59, such that 
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O K 2 ) = O (w2,2) = O (^-) = O (u[) = O (x^) 

o {he') = o (hw3:22) = o 
hw2\ 

R >u- o w (2.60) 

As done before, the orders of the remaining perturbation terms are found using the 

relations given in Eqs. 2.32, 2.34 and 2.35. As will be seen, additional perturbations of the 

displacement field will not produce any more terms in the strain field of (9(e); consequently, 

the strain field given in Eqs. 2.59 has asymptotically converged to (9(e) accuracy. A beam 

energy functional of (9(e2) accuracy can now be found using the present strain field. For a 

linear cross-sectional theory, the terms of (9(e) in the strain field, Eqs. 2.59, are retained, 

yielding 

7n 

2712 

722 

hpn 

hpi2 

hp22 

= 

= 

= 

= 

= 

= 

U^ XQUQ 

W\,2 

, w3 
W2,2 + -p" 

0 

-he' 

h ( W3,2 -
w2 

~R 
(2.61) 

where 7n, 7i2, 722, pn, P12 and p22 are the strains containing the 0(e) accurate terms. 

The corresponding strain term vectors, used in Eq. 2.30, become ipT = 7n hpn hPu 

and 4> = 2712 722 hp. 22 , where tj) contains all the known 0(e) strain terms and cj> 

contains all the unknown (9(e) strain terms. Substituting the (9(e) accurate strains into 
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Eq. 2.30, yields 

2U{m) = f (if>TQ-i/> + 2(PTStP + <j>TPcl> - 2^TH - 2cj>TG + K(E)) ds (2.62) 
JY.8 

Starting with the classical strains due to axial, torsional and bending actions, the vector 

of strains given in Eq. 2.10, becomes 

e = 

u\ 

9' 

- u , 

Ur, 

The vector of known strains xjj can be expressed in terms of e, Eq. 2.63, as 

(2.63) 

i/> = Te (2.64) 

where 

j,= 

7n 

hpn 

hpn 

= 

u[ — X2U2 — X3U3 

0 

-he' 

= 

1 0 £3 -x2 

0 0 0 0 

0 -h 0 0 

u. 

9' 

— Un 

Un 

(2.65) 

and consequently, 
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' general 

1 0 X3 - £ 2 

0 0 0 0 

0 -h 0 0 

(2.66) 

In the special case of a horizontal strip, shown in Figure 2.3, x3 ss 0 due to the 

thinness in the X3 direction, causing the —x^u'l term of 711 to become less than 0(e) [19]. 

In addition, the previously higher order —hx2u3' term of pu becomes 0(e) since w3' is large 

for a strip, yielding 

-horiz. strip 

1 0 0 -x2 

0 0 x2h 0 

0 -h 0 0 

(2.67) 

where | i 2 | = 1 since the contour s is parallel to the x2 axis. A similar derivation may be 

used to find T for a vertical strip. 

* X 3 

F=-

Figure 2.3: Cross section of a horizontal strip with reference axes x2 and 2:3, and the 
contour coordinate s. 

Substituting Eq. 2.64 into Eq. 2.62 yields, 

2U{m) = / (eTTTQTe + 2cj)TSTe + cj)TP<f) - 2eTTTH - 2(j)TG + H(E)) ds (2.68) 
JY.8 

Next, the energy functional, Eq. 2.68, is minimized with respect to the unknown strains 

(j), as 
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S (2U{m)) = 0 

(2STe + 2Pc[> - 2G) 8(f> = 0 

4> = -PlSTe + P~lG (2.69) 

Unlike for the case of closed cross section thin wall beams, there are no constraints that 

need to be applied to the warping perturbation terms for OCSTWB when minimizing the 

above beam energy functional. Substituting Eq. 2.69 into Eq. 2.68 and simplifying, yields 

2U^ = / \eTTTQTe-eTTTSTP'1STe + 2(GTp-1STeY 

- 2 (HTTe) - GTP1G + K(E) ds (2.70) 

where the relation P = PT, inferred from Eqs. A.8, has been used, and (GTP~1STe) = 

GTP~lSTe since it is a scalar quantity. Terms involving mechanical strains Te only, con

stitute the non-active structural component of the beam energy, whereas terms involving 

the electromechanical coupling matrices G and H, constitute the active component of the 

beam energy due to piezoelectric actuation. The final strain energy of 0(e2) accuracy has 

the form, 

o7/(m) n-i i structural , QJ/(&) _i_ 07 /quadratic E—field Icy IJ-I \ 

where 
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^structural = f ^-Tj^T ( g _ gTp-lgj y - j d s 

JY.8 

2U{a) = f [2 (GTp-1STe)T - 2 {HTTe)J 

^quadratic E-field = /" [_GTplG + H(£)j d s (373 ) 

ds 

The current, second perturbation of the displacement field gives the first order approxi

mation to both the strain field and energy functional. As seen in the strain field, Eqs. 2.59, 

there are two terms, rj9' and u>2,i, in the expressions for 7n and 2712, respectively, that 

are C M e ( f ) ( ^ ) )• These terms correspond to the Vlasov deformation mode and can 

be significiant for OCSTWB. A third perturbation of the displacement field will identify 

additional terms of O (e ( | ) (^) J in the strain field, and by repeating the minimization 

procedure above, energy terms of O (e2 (y) (£) j and O (e2 ( | ) (£) J will be found 

and added to the beam energy. 

2.3.4 Third Perturbation 

Perturbing the previous displacement field by a third set of unknown warping terms wi, 

w2 and W3, yields 

Vi = U\ + W\ + W\ + W\ 

0(d) 0(d) O(ea) 0 / e o ( a ) (£ ) -n 

v2 = uaxa + 9rn + w2 + w2 + w2 

o^f)-1) o^y1) °M*) _ I ) o(ta) ̂ Ht)(!)"') 
v3 = u2x3 - u3x2 - 6rT + w3 + w3 + w3 (2.73) 

°Wf)_1) o(«'(t)-1) o « D °W*) °(€a) oHf)(&)"1) 
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where successive perturbation terms must be of a higher-order than their previous coun

terparts [19]. Substituting the perturbed displacement field, Eqs. 2.73 into the general 

strain field, Eqs. 2.9 and using the relations given in Eqs. 2.3 and 2.6, as done similarly 

for the first perturbation in Appendix A.2, yields 

7n 

2712 = 

722 = 

Ui XaUa 7)6" + W U + Wi;i 

^W ^ T o(e^y1) o(^)) o ^ ^ ) - 1 

^2,1 + Wl,2 + W2,i + Wi,2 + 

oHmr1) °(e) °«i)) <^«t)(&)"1) o(«(t?(^) 
™2,1 

2 / ,. \ - 1 

W2^ + -Q- + ™2,2̂  + 
W3 

R 

( 

hpu = h 

\ 

hpu = h 

x3u2' - X2W3 - rT6" + w 3 ; n + w 3 j n + w3A1 

\<*&) °m) °«t)) ^Hty2) °(<in!t)) °Hf)3)/ 
( \ 

3 
AR 

Wl,2 

47? 
- 6> + t&3)12 + W3.12 - 7 5 w2,i + w2,i 

°M)) °(t) °(e(f)) °(e(f)^}) w f ) ) 0«*)(-))/. 

+ / l 
4R 

hp22 = h 

( \ 

Wl,2 - 3W2,1 

\ © ( « ( f ) ) 0(e(f)2)) 

1 

tW3,12 + 

°«t)a) 

\ 

™3,2 + ^3,2 + ^3,2 - " H I W2 + W2 + ^ 2 (2.74) 

,2 

By inspection of Eqs. 2.74, the leading order perturbation terms of unknown order are 

•̂ 1,2) ^2,2 and ^ , found in the expressions for 2712 and 722- As the previous perturbation 



CHAPTER 2. CROSS SECTIONAL ANALYSIS OF ACTIVE OCSTWB 50 

has minimized the terms of 0(e2) in the beam energy functional, the current perturbation 

must minimize terms of O (e2 (f) (£) J and O (e2 (y) (^) j . Consequently, the lead

ing order terms must have the same order as the largest known order terms that are not 

of 0(e) in the strain field, Eqs. 2.74, such that 

O (wlt2) = O (™2,2) = O (^\ = O (V9") = O (w2A) = o(e ( y ) (£\ j (2.75) 

As done before, the orders of the remaining perturbation terms are found using the 

relations given in Eqs. 2.32, 2.34 and 2.35. No new terms of 0(e) have been produced 

in the strain field given in Eqs. 2.74 by the third perturbation of the displacement field, 

as given in Eqs. 2.73. Consequently, the previous strain field, Eqs. 2.59 has converged to 

0(e) accuracy. If the displacement field was perturbed a fourth time, it would be seen that 

no new terms of O I e ( | ) (^) J would be produced; consequently, the strain field given 

in Eqs. 2.74 has asymptotically converged to O ( e (y) (^) j accuracy. A beam energy 

functional of O (e2 (") (£) j and O (e2 (y) ( | ) j accuracy can now be found using 

the present strain field. Retaining terms of O ( e (y) (^) j in the strain field, Eqs. 2.74, 

yields 

7n = -V0" 

2712 = ^2,1 + U>1,2 

722 = W2,2 + — 

hpn = 0 

hpi2 = 0 

hp22 = 0 (2.76) 
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where 7 n , 712, 722, P11, P12 a n d P22 are the strains containing the O ( e ( | ) ( | ) ) ac

curate terms. The corresponding strain term vectors, used in Eq. 2.30, become i{>T — 

711 hpn hpn and (p1 , where if) contains all the known 2712 722 hp22 

O (e ( | ) (£) J strain terms and <fr contains all the unknown O (e (f) (^) j strain terms. 

The vector of known strains i/> can be expressed in terms of e, Eq. 2.63, as 

where 

v> = 

and consequently, 

$ = fe' 

7n 

hpn 

hpn 

= 

-rj8" 

0 

0 

= 

0 -ry 0 0 

0 0 0 0 

0 0 0 0 

0 -77 0 0 

0 0 0 0 

0 0 0 0 

uV 

0" 

-u. 

w 

3 

(2.77) 

(2.78) 

(2.79) 

The known and unknown strain vectors, t/? and </>, respectively, can be expressed as an 

asymptotic expansion in terms of ?/> and ifr, and </> and 0, respectively, as 

a 

- 1 

ip = v . + v>. + c , l e ( y ) ' _ l or e 

° ( £ ) o ( E ( f ) (£ ) - r 

0 = ^ + ^ +°[£{l) 
a \ 2 //?, 

7/ U 
- 1 

or e (2.80) 
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Dropping the higher-order terms from Eqs. 2.80, and substituting the expressions for 

tp and (p into Eq. 2.30, yields 

re j meet = 2U{m) + I UTQtp + *pTQip + *pTQ'ip + 24>TStP + 4>TP4> 

-2tpTH - 24>TG + 24>TS$ + 2<pTS'ip + (pTP$ + <pTP(p) ds (2.81) 

where the lower-order terms of O (e2) have been grouped into the 2U(-m^ term that is given 

in Eq. 2.62. 

As the unknown strain vector </> was determined in the previous minimization, re

sulting in Eq. 2.69, another expression for </> cannot be calculated during this minimiza

tion. Consequently, (pip and 0 0 cross terms must vanish in the refined energy functional, 

Eq. 2.81 [8, 18, 54]. Similarly, (pip cross terms cannot exist since ip only contributes to 

the minimization of the previous refined energy functional with respect to </> [54]. In other 

words, these cross terms are linearly independent, and thus are orthogonal. Discarding 

the (ptp, <p<fi and <pip cross terms from Eq. 2.81, and substituting Eqs. 2.64 and 2.77 into 

Eq. 2.81, yields 

2U 
(m) 
refined 

0{e) £« 
2e'TfTQTe +e'TfTQTe + 2<pTST^ 

Wa(fx*n 0(e*(? 

+ (p'Pcp 
O e 

2eu TlH- 2(pJ G 

'mr)°r°{^fmr2)J 
ds (2.82) 
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where eTTTQTe' = [e'TTTQTe\ = e'TTTQTe since the terms of Eq. 2.82 are scalar 

quantities. For the terms in Eq. 2.82 containing the electromechancial matrices H and G, 

their orders can be either C U e 2 ( f ) ( f ) ) or (9 (e2 ( | ) (£) J since the electromechan

ical matrices H and G, which contain the prescribed strain field e°L can be up to O (e), 

but still produce terms of higher-order. 

Next, the energy functional, Eq. 2.82, is minimized with respect to the unknown strains 

(f>, as 

(2Sfe' + 2P4>-2G)84> = 0 

4> = -P-STe' + P^G (2.83) 

Substituting Eq. 2.83 into Eq. 2.82 and simplifying, yields 

\Tr\J. J.TcTrt-1, ^Qiji-ip'S'p-'Stp 

+2ipTQTe - 2$TH + 2 ^ r 5 " 1 P ~ 1 G ds (2.84) 

where the relation P = PT, inferred from Eqs. A.8, has been used, and the transpose of 

any term must be equal to itself since they are scalar quantities. The refined strain energy 

has the form, 

a a S L i = 2W(m) + MvTsTal + 2w£L* (2-85) 

where 

file:///Tr/J
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structural 

(a) _ 
ISOV I 

97/ 

^Vlasov 

= f \<&TQ$-$TSTp-1Sil> + 21p
TQTe\ ds 

= f \-2II>TH + 2$TS-1P-1G\ ds (2.86) 
Jy.s L J 

and 21/^ has been given in Eq. 2.71. 

The current, third perturbation of the displacement field gives the second order approx

imation to both the strain field and energy functional. Using the refined energy functional, 

Eq. 2.85, analytical expressions will be found for the cross sectional stiffness constants and 

induced force/moments/bimoment actuation constants at the beam reference line in the 

next section. 

2.3.5 Stiffness and Actuation Constants 

Only the energy terms that contain mechancial strains will contribute to the expressions 

for the cross sectional stiffness constants and induced force/moments/bimoment actuation 

constants. Consequently, the quadratic electric field terms of the refined beam energy 

functional in Eq. 2.85 will not contribute to the actuation constants. The portion of the 

refined energy that contributes to the cross sectional stiffness and actuation constants has 

the form 

ZL4rejined — € Oclassical^ i - ^ ^Vlasov/classical^- i £ ^Vlasov^-

+2W (6 )22^ + 2U (^fined (2.87) 

The cross sectional stiffness and actuation constants can be found by differentiation of 
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each individual term in Eq. 2.87 by the vectors of strains at the beam reference line, e and 

e', as follows. Grouping the terms of Eqs. 2.72 and 2.86 with the terms given in Eq. 2.87, 

and differentiating the terms by e and e', as appropriate: 

^classical (4a:4) — r> o— o— |_ ^classical*^] 

2dedeJEl 

[TT(Q-STP-1S)T] ds 

[ [eTTT(Q-STp-1S)Te] ds 
Jy.s 

•L (2.88) 

_ ld_ _8_ r T , 
^-'Vlasov/classical (4x\) ry n— o—/ |_ ^Vlasc-v/classical^ J 

"~ 2di~dE' Jy 

-L(l 
2tpTQTe 

77 0 0 

d s 

QT ds 

(2.89) 

C Vlasov 
1 8 d r T -. 

^de'di1 JEs 

T O T D - 1 , ip'Qip-i/j'S'p-'S^ 

2> 
-77 0 0 Q 

-77 

0 

0 

-77 0 0 

ds 

sTp-1s 

-77 

0 

0 

\ 

/ 

ds (2.90) 
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n (a) 

Ml 
(a) 

M: (a) 

M. 
(a) 

n o = \ J classical 

ld_ 
2di 

Es 

[ h (GTp-1STe)T - 2 (HTTe\ ds 

(GTP~1ST)T - (HTT\ ds (2.91) 

M ( a ) = 9 Qz> ^ >refined 

l_d_ 
2de' 6 V*. J^s 

- L ( - [ 
-2tpIH + 2tp1S-1p-iG ds 

- 77 0 0 H + -r] 0 0 S-'P-'G ds (2.92) 

where Cciassicai is the stiffness matrix corresponding to the classical degrees of freedom e; 

Cviasoviclassical is a stiffness vector that contains the coupling terms between the classical 

degrees of freedom e and the Vlasov degree of freedom 0", which is associated with e'; 

Cviasov is the Vlasov stiffness term corresponding to the Vlasov degree of freedom 0"; F^ , 

M[a\ M^a\ Mia) and M^a) are the induced extensional force along the X\ axis, torsion 

about the x\ axis, bending moments about the x2 and xj, axes, and bimoment, respectively, 

on the cross section due to actuation of the piezoelectric materials. The above analytical 

expressions, Eqs. 2.88, 2.89, 2.90, 2.91 and 2.92, can be solved over an OCSTWB cross 

section by first numerically integrating through each laminate thickness to compute the 

material matrices Q, S and P, and electromechanical matrices H and G of each laminate. 

Finally, the analytical expressions can be numerically integrated along the entire cross 
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sectional contour, where the contour can be divided into segments—called "branches"—to 

simplify integration by identifying segments of the contour that have similar geometry 

and laminate configuration, such as a straight horizontal contour segment with a constant 

laminate lay-up. The cross sectional stiffness constants, given by Eqs. 2.88, 2.89 and 2.90, 

are the components of the cross sectional stiffness matrix given in Eq. 1.2, such that 

C n C\2 C13 C14 C15 

C\2 C*22 C23 C24 C25 

13 ^ 2 3 L-33 ^ 3 4 ^ 3 5 

C\A C*24 C34 C44 C45 

Cl5 C*25 C35 C45 C55 

'classical 

(a Vlasov Jclassical r c Vlasov 

(2.93) 

The beam constitutive model for OCSTWB, given in Eq. 1.2, can be extended to active 

OCSTWB using the induced force/moments/bimoment actuation constants at the beam 

reference line, Eqs. 2.91 and 2.92, such that 

Fi 

Mx 

M2 

M3 

C\\ C\2 C\i C\4 C15 

C\2 C*22 C*23 C*24 C*25 

C13 C2 3 C33 CM C35 K2 + M9
(a) (2.94) 

Cl4 C*24 C34 C44 C45 

Cl5 C25 C35 C45 C55 

where the vector on the left-hand side gives the total force/moments/bimoment at the 

beam reference line, the first term on the right-hand side gives the force/moments/bimoment 

due to mechanical strain, and the second term on the right-hand side gives the force-

/moments/bimoment due to piezoelectric actuation. In the next chapter, the above active 

7n 

Kl 

« 2 

« 3 

+ 

" FW ' 

M[a) 

M2
(a) 

MJa) 

_ Mla) _ 
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OCSTWB cross sectional analysis approach is compared against UM/VABS and GT/V-

ABS using various example cross sections. 



Chapter 3 

Verification of the Active O C S T W B 

Analysis 

In this chapter, the active OCSTWB analysis approach that is outlined in Chapter 2 is 

compared against UM/VABS and GT/VABS using various cross sections. The example 

cross sections will be presented, the preparation of input files for UM/VABS and the active 

OCSTWB code will be described, and the output results will be given and discussed. 

3.1 Cross Section Examples 

Six OCSTWB cross section examples, representing typical beam cross sections, have been 

used to validate the active OCSTWB code, as summarized in Table 3.1. The corresponding 

geometry of each cross section is shown in Figure 3.1. For each cross section, the reference 

line, and thus the origin of the global Cartesian coordinate system Xj, is positioned at 

the area centroid. The first example, a passive isotropic channel beam, was taken from 

the cross section examples included with the GT/VABS code, where both the input and 

output data for the example was included. Cross section Examples 2 through 6 represent 

59 
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normal OCSTWBs. Beam Example 4 is referred to as an extensional I-beam since, as 

will be seen in Chapter 4, the beam undergoes displacement in the axial direction only. 

Beam Example 5 is referred to as a bimoment I-beam since the active plies induce only a 

bimoment in the beam. 

Table 3.1: Summary of the cross section examples investigated. 

Geometry Active or Passive 

1. Isotropic Channel Figure 3.1(a) Passive 

2- Strip Figure 3.1(b) Active 

3. Cruciform Figure 3.1(c) Active 

4. Extensional I-Beam Figure 3.1(d) Active 

5. Bimoment I-Beam Figure 3.1(d) Active 

6. Channel Figure 3.1(e) Active 

The material properties used for the isotropic channel cross section are: E = 2.6E + 9, 

G = 1.0E + 9 and v = 0.3. Two materials have been used for the anisotropic cross section 

examples: passive carbon fibre plies, AS4/3506-1 and early generation generic active fibre 

plies with PZT fibres [24]. The material properties are listed in Table 3.2. The orthotropic 

elastic properties are given by the Young's moduli En and E22, the shear moduli G12 and 

G23, and the Poisson's ratios ẑ 12 and f23, with respect to the local ply coordinate system 

xi-iocai- The electromechanical properties are given by the electromechanical coupling-

terms dm, d112 and di22. The ply thickness is given by tpiy, and the spacing between the 

interdigitated electrodes is given by teiectrodes-

The seven ply laminate lay-up of each branch, listed in Table 3.3, is given from bottom 
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Figure 3.1: Geometry of the passive and active OCSTWB cross section examples. 

to top for horizontal branches, and from left to right for vertical branches. The voltages 

applied to the active plies of each branch are given below the ply stacking sequence; in 

the case of Example 5, the bimoment I-beam, the voltage sign is reversed between the left 
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Table 3.2: Passive and active ply material properties. 

En [GPa] 
E22 [GPa] 
Gi2 [GPa] 
G23 [GPa] 

" 1 2 

" 2 3 

*piy H 
d m [m/V] 
dna [m/V] 
o!i22 [m/V] 

^electrodes l^J 

AS4/3506-1 

141.96 
9.79 

6 
4.8 
0.3 
0.4 

1.0E-3 

Generic AFC 

42.2 
17.5 
5.5 
4.4 
0.35 
0.42 

1.0E-3 
3.81E-10 

0 
-1.6E-10 
1.1E-3 

and right halves of the flanges. This checkered voltage pattern was used to induce a pure 

bimoment for the I-beam cross section. These examples, listed in order of complexity, were 

chosen to demonstrate the capabilities of the active OCSTWB code and the limitations 

one has to consider in applying the code to active OCSTWB. 

Table 3.3: Laminate lay-up and applied voltage of each branch. 

Branch 

[1] [2] [3] 

1. Isotropic Isotropic Isotropic Isotropic 

Channel 

2. Strip [05/(45A)2 /05/(-45^)2 /05] 
+2000 V 

3. Cruciform {0S/(-45A)2/0S/(45A)2/0S} [(0S/90S)3/0S] 

+2000 V 

I-Beam: [(05)7] [0S/(0A)2/0S/(0A)2/0S] [0S/{0A)2/0S/(0A)2/0S] 
4. Extensional +2000 V +2000 V 
5. Bimoment +2000 V / -2000 V -2000 V / +2000 V 

6. Channel \{45S/0S)3/45S] [(0S/0A)3/0S] [(0S/0A)3/0S\ 
+2000 V -2000 V 

Example 1 was analysed by GT/VABS, UM/VABS and the active OCSTWB code; the 
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remaining five examples were analysed by UM/VABS and the active OCSTWB code only. 

At the time the analyses were done, only UM/VABS had the capability to analyse cross 

sections with active materials; for GT/VABS, the capability of analysing cross sections with 

active materials was being incorporated into its code. In the next section, the preparation 

of input files for both UM/VABS and the active OCSTWB code will be presented. 

3.2 Preparation of Input Files 

3.2.1 UM/VABS 

As specified in the UM/VABS documentation, UM/VABS requires a single text input file 

that contains the nodal coordinates of the meshed cross section; the definition of elements 

by nodes, type and material properties; the elastic and electromechanical properties of 

the materials; the ply angles and applied voltages; displacement constraints; and various 

parameters that control the type of analysis to be performed and the behaviour of the 

code [55]. A 3-D CAD program with a graphical user interface, called GiD, was used to 

generate a 2-D mesh of the example cross sections, including individual element material 

type assignment [56]. Using the custom file output generation capabilities of GiD, output 

code was written to instruct GiD to generate a fully compatible UM/VABS input file. 

To begin, the 2-D geometry of a cross section is entered into GiD as a set of planar 

surfaces, as shown in Figures 3.2(a) and 3.2(b) for the I-beam and channel cross sections, 

respectively. An isoperimetric quadrilateral plate element, called CQUAD4, was used as 

the element type for the UM/VABS input file. As a CQUAD4 element is defined by a 

single node at each of its four corners, the surface is meshed with a structured mesh of 

quadrilateral elements, such that every interior node is directly connected to four nodes. 

As the anisotropic cross section examples are composed of laminates with seven equally 
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thick plies, the meshed cross sections must be seven elements thick, or a number evenly 

divisible by seven. The number of elements can be controlled in GiD by selecting Meshed 

> Structured > Lines > Assign_Number_of .Cells in the GiD menu, choosing the lines 

that span the thickness of the example cross sections, and entering the number of elements, 

such as 7 for the present examples. The meshed I-beam and channel cross sections, each 

meshed with over 600 elements, are shown in Figures 3.2(c) and 3.2(d), respectively. A 

larger number of elements could not be used as the limited evaluation version of the 

software, which was used, did not permit more than 1000 nodes to be used in a mesh. 

A CQUAD4 element is defined by listing its four corner nodes in a consecutive, counter

clockwise (CCW) order around the element, where a vector from the first node to the 

second node defines the direction of the x2-iocai laminate axis [55]. For each of the six 

surfaces shown in Figures 3.2(a) and 3.2(b), GiD can use a different nodal ordering scheme 

for the elements generated, i.e. either clockwise or counter-clockwise, or with the first node 

located at any of the four element corners, as shown in Figure 3.3(a) for the channel cross 

section. The nodal ordering scheme of the channel sections, shown in Figure 3.3(a), must be 

reordered to the scheme shown in Figure 3.3(b). The ordering scheme used for a particular 

surface can be determined by selecting U t i l i t i e s > Lis t > Elements in the GiD menu, 

choosing an element of the desired surface, noting the order of the four nodes that define 

it, selecting View > Label > All, and comparing the nodal order for the element with 

the locations of its labelled nodes. Each surface, and the elements it contains, can be 

assigned to a single designation, called a "layer." As there are eight possible ordering 

schemes—two directions and four locations for the first node—eight layers are created, each 

corresponding to a different ordering scheme. Each surface is subsequently assigned to the 

layer corresponding to the ordering scheme used for its elements. Output code was written 

to reorder the nodes of each element to the convention required for the UM/VABS input 

file using the layer designations assigned to every element, as given in Appendix B.l.l . 
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Figure 3.2: Modelled and meshed example cross sections in GiD. 

In order to assign materials, ply angles and applied voltages, a set of files, that together 

are called a "problem type," must be created and loaded into the main file, which contains 

the meshed cross section. These files also contain the output code used to generate the 

UM/VABS input file. Using the included cmas2d. gid problem type as a template, only the 
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. mat materials file and . bas output instructions code file were changed, and are included 

in Appendices B.l.l and B.1.2, respectively. Defining a material type entry for every 

combination of materials, ply angles and applied voltages used, such as AS4/3506_45deg 

and AFC_0deg_-2000V, the material type combinations are assigned to individual elements. 

This can be done by selecting Data > Materials , choosing the appropriate material type 

combination from the drop-down box, clicking Assign > Elements, and selecting the 

required elements. The results are shown in Figures 3.4(a) and 3.4(b) for the I-beam and 

channel cross sections, respectively. 

A 3-D orthotropic material entry type, called MAT3D, was used to define the elastic 

properties of both the passive AS4/3506-1 carbon fibre composite, and the active fibre 

composite. Piezoelectric behaviour was modelled using thermal expansion through the 

active thermal entry, called MAT5. To apply piezoelectric material properties to a MAT5 ac

tive thermal entry, the equivalent thermal coefficients of expansion are set to au = V'dm, 

a22 = Vdi22, OL\2 = Vdn2, the remaining a -̂ thermal-mechanical coupling constants are 

set to zero, and the THICK field is set to teiectrodes- The applied voltage V is set by the 

TEMPD entry, which gives the change in temperature across the thickness, given by the 

THICK field. This is a direct parallel to the piezoelectric effect, where a change of voltage 

V occurs across the electrode spacing telectrodes- As the TEMPD entry can only be set once, 

it is set to a value of unity and the electromechanical coupling constants duj are scaled by 

the the applied voltage V. A unique material entry must be set for each combination of 

material and applied voltage used in the cross section. 

An element property entry, called PSHELL, associates a material entry to a ply orien

tation angle $. A unique element property entry must be set for each combination of 

material entry and ply orientation angle. 
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Similar to how a 3-D FE model must be constrained from rigid body motion, the 2-D 

FE cross section must also be constrained. These rigid body constraints are applied us

ing the SPCADD and SPC1 single point constraint entries. UM/VABS requires that a cross 

section be constrained from rigid body translation in all three orthogonal directions, and 

from in-plane rigid body rotation. This can be done by placing constraints on two nodes 

in the cross section. First, an arbitrary node is chosen and constrained from rigid body 

translation in all three orthogonal directions. Second, an additional node is chosen and 

constrained against motion in either the x^ or x3 in-plane directions, such that rigid body 

in-plane rotation is constrained without constraining the cross sectional warping. The 

control parameters are set as shown in Appendix B.1.2, where the VLASOV parameter must 

be set to YES to request that a Vlasov analysis be performed on the cross section. 

An input file can be generated by selecting F i l e s > Export > Calcu la t ion- f i l e . . . 

in the GiD menu and giving it a .vabs extension. Once run in UM/VABS, such as by 

dragging the input file to the UM/VABS executable application file, the .vout output 

file will contain the 5 x 5 cross sectional Vlasov stiffness matrix C and the 5 x 1 induced 

actuation vector, called a "Vlasov active force vector," among other information. The 

UM/VABS coding factors out the negative signs of the F[a\ Ad[a\ M^] and Afi,a) induced 

actuation terms. Consequently, these terms must be multiplied by —1 in order to compare 

them against those predicted by the active OCSTWB code. 

3.2.2 Active OCSTWB Code 

The active OCSTWB theory that was presented in Chapter 2 was implemented using code 

written in MATLAB [15]. As specified in the active OCSTWB code documentation, two 

text input files are required. The first, contour_input .m, contains the contour geometry, 

the paths of integration, and the laminate assignments; the second, Laminateslnput. dat, 
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contains the material properties, the ply thicknesses, the laminate ply lay-ups of each 

branch segment, and the applied electric fields [57]. In order to describe the contour of 

a cross section, a contour origin and a path of integration are required. A contour origin 

must satisfy the requirement that [15] 

/ rjds = 0 (3.1) 

where 77 has been defined in Eq. 2.53. The paths of integration proceed from the contour 

origin to the end points, or "edges," of the cross section. At each corner, a new branch, with 

associated local contour coordinate s$, begins, where i is the branch number. Branches 

can be arbitrarily subdivided into additional branches if needed. The paths of integration 

for the I-beam and channel cross section examples are shown in Figures 3.5(a) and 3.5(b), 

respectively. As shown in Figure 3.6, the contour has been represented by a series of points 

since the active OCSTWB code uses numerical integration to calculate the cross sectional 

stiffness and actuation constants. A sufficiently high contour point density is required to 

produce an accurate and converged solution. 

Each branch requires six different entries in the contour_input .m input file. The 

first entry, b ranch( i ) . branch_id, is given a unique non-zero integer branch identification 

number i. The second entry, branch(i) .path_to_origin, is set to a vector of branch 

numbers that identify the path to the contour origin, beginning with its connecting neigh

bour that is closest to the contour origin. If the branch connects directly to the con

tour origin, it is set to a value of [0]. The third and fourth entries, branch(i) .x2 and 

branch(i) .x3, give the x2 and X3 coordinates, respectively, of the discretized contour 

branch points, beginning at Sj = 0 and proceeding in order to the end of the branch. The 

fifth entry, branch(i) .laminate, is set to the laminate identification number, contained 

in Laminateslnput .dat, of the laminate associated with each branch point. For the sixth 

entry, if the contour segment before the next contour point is of the same laminate type as 
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the present contour point, the present contour point is a continuous point in the laminate 

and is set to a space, ' '; otherwise, it is a transition point between laminates and is set 

to 'T ' , as shown in Figure 3.6. 

As none of the current cross section examples have more than one laminate type in a 

branch, no transition points are needed; however, a cross section example used in Chap

ter 5 will need transition points. The contour input file for the extensional and bimoment 

I-beam cross section examples is included in Appendix B.2.1. 

The Laminateslnput. dat input file begins with a Number_of -Regions entry that is set 

to the number of laminate types, called "regions," used for the cross section. A region is a 

unique combination of a laminate ply lay-up and an applied electric field; it also includes 

elastic and electromechanical material properties, and ply thicknesses. The applied electric 

field Ei of a piezoelectric fibre composite material, used in Eq. 2.12, can be found by the 

relation [8]: 

V 
Ei = (3.2) 

^electrodes 

Each region block begins with a Region entry that is given the region/laminate identifi

cation number, the laminate thickness, and the number of plies in the laminate lay-up. The 

remainder of a region/laminate block consists of a ply entry for each ply in the laminate. 

The plies are given in order from £ = ~ to £ = | where £ is the through-the-thickness 

shell coordinate in the normal direction. Consequently, the direction of £ and the resulting 

order of plies are functions of the direction of the contour coordinate s. A ply entry is 

given a ply identification number from one to the total number of plies in the laminate; 

the material name; the elastic properties of the orthotropic ply material; the ply thickness, 

tpiy] the local ply angle d with respect to the axial coordinate Xi, as shown in Figure 2.2; 

the applied electric field Ex; the electromechanical constants duy, and the material density. 
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The last entry, the material density, is not used in the code and can be set to unity. If 

the ply is passive, the electric field E\ and the electromechanical constants duj are set to 

zero. The laminates input file for the bimoment I-beam cross section example is included 

in Appendix B.2.2. 

The active OCSTWB code is executed by placing the contour and laminates in

put files in the same directory as the .m files that contain the code, and running the 

calculate_st iffness_actuation.m script in MATLAB. The output, which contains the 

terms of the 5 x 5 cross sectional Vlasov stiffness matrix and the 5 x 1 induced actuation 

vector, is displayed in the MATLAB Command Window, and is included in Appendix B.2.3 

for the bimoment I-beam cross section example. 

3.3 Results and Discussion 

The direct stiffness terms of the stiffness matrix C are the extensional Cn\ torsional C22; 

bending about the x2 and x3 axes, C33 and C44, respectively; and Vlasov C55 stiffnesses. 

Generally, the results indicate that the direct stiffness terms are the dominant stiffness 

terms, while the coupling stiffness terms CV,-, where i ^ j , are mostly negligible. 

The cross sectional stiffness results of the isotropic channel example, given in Table 3.4, 

show that there is an appreciable difference in results between all three cross section 

analysis codes. For the dominant stiffness terms, which include the direct stiffness terms 

and the C45 coupling term, the GT/VABS results are within 18.2% of the UM/VABS 

results, while the active OCSTWB code results are within 13.9% of those of UM/VABS and 

2.3% of those of GT/VABS. Consequently, the relative amount of disagreement between 

the active OCSTWB code and the two FE codes, UM/VABS and GT/VABS, is similar to 
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Table 3.4: Cross sectional stiffness constants for the isotropic 
channel example predicted by UM/VABS, GT/VABS and the active 

OCSTWB code. 

Cn 

C22 

C33 

C44 

C55 

C12 

C l 3 

C14 

C15 

C23 

C24 

C25 

C34 

C35 

C45 

U M / V A B S 

3.016E+11 
1.568E+11 
1.220E+13 
2.340E+13 
5.549E+15 

0 
-3.120E+7 
«0 

«o 
0 
0 
0 
-2.465E+2 
-1.572E+5 
3.300E+14 

1. Isotropic Channe l 

G T / V A B S 

3.120E+11 (+3.5%a) 
1.591E+11 (+1.5%a) 
1.397E+13 (+14.6%a) 
2.444E+13 (+4.5%a) 
6.561E+15 (+18.2%a) 

0 
«0 (100%a) 
«0 
ssO 
0 
0 
0 
«0 (100%a) 
-1.031E+8 (+65500%a) 
3.675E+14 (+11.4%a) 

Active O C S T W B 

3.016E+11 (0.0%°, -
1.547E+11 (-1.4%°, 
1.216E+13 (-0.3%°, 
2.333E+13 (-0.3%a, 
5.910E+15 (+6.5%a 

0 

•3.3%6) 
-2.8%6) 
-13.0%6) 
-4.6%6) 
, -9.9%6) 

-3.120E+7 (0.0%a, oo%6) 

«0 
«0 
0 
0 
0 
«0 (100%Q, 0.0%fc) 
wO (100%a, 100%6) 
3.759E+14 (+13.9%' \ 2.3%6) 

0 percent change with respect to UM/VABS. 
b percent change with respect to GT/VABS. 

the relative amount of disagreement between the two FE codes themselves. 

As seen in Table 3.5 for the strip example, UM/VABS predicts significant values for the 

C12 stiffness term and the M{ induced actuation term, whereas the active OCSTWB code 

predicts these terms to be zero. This demonstrates a limitation of the active OCSTWB 

theory, where it cannot capture torsional couples induced by active layers within the thick

ness of a single composite lay-up due to the thin wall assumption. The extension-twist 

stiffness coupling C12 and induced torque M[ predicted by UM/VABS stem from the 

thickness-wise moment arm between the two lower +45° active plies and upper -45° active 

plies of the strip cross section example, given in Figure 3.1(b) and Table 3.3. This example 

was chosen only to demonstrate an aspect of the active OCSTWB theory; in a real active 
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OCSTWB application, twist would be induced using a built-up cross section of laminates 

separated by a distance proportional to a rather than using plies of a single laminate sepa

rated by a distance proportional to h, where a and h have been defined in Figure 1.3. The 

difference in results for the C24 term between UM/VABS and the active OCSTWB code is 

likely due to the thin wall assumption also. For the remaining dominant terms, Cn, C22, 

C33, C44 and Fia\ the active OCSTWB code results are within 5.7% of those of UM/VABS. 

For the cruciform example results, given in Table 3.5, the active OCSTWB code is 

again unable to predict the Cn and M{ terms since the cruciform example is simply the 

previous active strip inverted, with two passive vertical walls added at the centre, shown in 

Figure 3.1(c) and Table 3.3. Consequently, the value of M[a) predicted by UM/VABS for 

the cruciform is the same magnitude as the value predicted for the strip, but with opposite 

sign, as expected. The Cn, C22 and C33 stiffness terms are much larger for the cruciform 

compared to the strip, as expected, due to the added stiffness given by the presence of 

vertical walls in the cruciform example. For the remaining dominant terms, Cn, C22, C33, 

C44 and Ff\ the active OCSTWB code results are within 1.7% of those of UM/VABS. 

Both the extensional and bimoment I-beam examples have the same cross sectional 

stiffness properties, given in Table 3.6, as expected, since both have the same geometry 

and ply lay-ups, as shown in Figure 3.1(d) and Table 3.3. The bending stiffness about the 

%2 axis C33 is greater than about the x3 axis C44, as would be expected of an I-beam. For 

the dominant stiffness terms, Cn, C22, C33, C44 and C55, the active OCSTWB results are 

within 2.1% of those of UM/VABS. 

For the extensional I-beam, where all active plies are oriented in the xx axial direction 

and have +2000 V applied, a pure axial induced extension force F{" is produced, shown in 

Table 3.7, as expected. For the dominant F^ term, the active OCSTWB code is within 

0.2% of UM/VABS. 
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Table 3.5: Cross sectional stiffness and induced actuation constants of the strip and 
cruciform examples predicted by UM/VABS and the active OCSTWB code. 

2. Strip 3. Cruciform 

UM/VABS Active OCSTWB UM/VABS Active OCSTWB 
C n [N] 
C22 [N-m2] 
C33 [N-m2] 
C44 [N-m2] 
C55 [N-m4] 

C12 [N-m] 
C13 [N-m] 
C14 [N-m] 
C15 [N-m2] 
C23 [N-m2] 
C24 [N-m2] 
C25 [N-m3] 
C34 [N-m2] 
C35 [N-m3] 
C45 [N-m3] 

F[a) [N] 

Mj a ) [N-m] 
M{

2
a) [N-m] 

M^a) [N-m] 

Mia) [N-m2] 

4.956E+7 
8.571E+1 
2.771E+2 
4.127E+4 
2.301E-1 

3.727E+3 
«0 
«0 
«0 
«0 
«0 
wO 
«0 
«0 
RsO 

-2.795E+3 
-1.357E+1 

«0 
«0 

«0 

4.956E+7 (0.0%) 
9.058E+1 (+5.7%) 
2.766E+2 (-0.: 
4.130E+4 (+0 
0 (100%) 

0 (100%) 
0 
0 
0 
0 
-9.909E+1 (oc 
0 
0 
0 
0 

-2.741E+3 (+: 

0 (100%) 
0 

0 
0 

2%) 
.1%) 

• % ) 

1.9%) 

1.054E+8 
1.569E+2 
5.027E+4 
4.155E+4 
4.766E-1 

-3.729E+3 
«0 
wO 
«0 
wO 
«0 
«0 
wO 
«0 
wO 

-2.800E+3 
1.358E+1 
wO 

«0 

wO 

1.054E+8 (0.0%) 
1.544E+2 (-1.6%) 
4.988E+4 (-0.6%) 
4.130E+4 (-0.6%) 
0 (100%) 

0 (100%) 
0 
0 
0 
0 
-9.909E+1 (00%) 
0 
0 
0 
0 

-2.848E+3 (-1.7%; 

0 (100%) 
0 
0 
0 

For the bimoment I-beam, where all active plies are oriented in the x\ axial direction 

and have a checkered +2000 V / -2000 V voltage pattern applied to its flanges, a pure 

induced bimoment M^ is produced, shown in Table 3.7, as expected. For the dominant 

Mla) term, the active OCSTWB code is within 1.5% of UM/VABS. 

As seen in the channel results, given in Table 3.8, a large induced bending actuation 

about the x3 axis M3 is produced, as expected, due to the active plies oriented at 0° to 

the X\ direction in the flanges with opposite polarity voltages applied to the left and right 

flanges, shown in Figure 3.1(e) and Table 3.3. The channel is the most complicated of 

the cross section examples, as intended, since it produces more dominant terms than the 



CHAPTER 3. VERIFICATION OF THE ACTIVE OCSTWB ANALYSIS 74 

Table 3.6: Cross sectional stiffness constants of the extensional and bimoment I-beam 
examples predicted by UM/VABS and the active OCSTWB code. 

Cu [N] 
C22 [N-m2] 
C33 [N-m2] 
C44 [N-m2] 
C55 [N-m4] 

C12 [N-m] 
C13 [N-m] 
Cu [N-m] 
C15 [N-m2] 
C23 [N-m2] 
C24 [N-m2] 
C25 [N-m3] 
C34 [N-m2] 
C35 [N-m3] 
C45 [N-m3] 

4. & 5. I -Beams 

U M / V A B S 

2.192E+8 
2.059E+2 
4.263E+5 
9.955E+4 
2.827E+2 

0 
« 0 
« 0 
«0 
0 
0 
0 
wO 
wO 
« 0 

Active O C S T W B 

2.183E+8 (-0.4%) 
2.017E+2 (-2.1%) 
4.233E+5 (-0.7%) 
9.912E+4 (-0.4%) 
2.880E+2 (+1.9%) 

0 
0 
0 
wO 
0 
0 
0 
0 
«0 
«0 

Table 3.7: Cross sectional induced actuation constants of the extensional and 
bimoment I-beam examples predicted by UM/VABS and the active OCSTWB code. 

4. Extensional I-Beam 5. Bimoment I-Beam 

Fx
(a) [N] 

M1
(a) [N-m] 

M^a) [N-m] 
M<a) [N-m] 
Mi a ) [N-m2] 

U M / V A B S 

-2.341E+4 
0 

«0 

« 0 
« 0 

Active O C S T W B 

-2.338E+4 (+0.2%) 
0 

0 
0 

«0 

U M / V A B S 

«0 
0 
«0 

«0 
3.111E+1 

Active O C S T W B 

« 0 
0 

« 0 
« 0 
3.158E+1 (+1.5%) 

other cross section examples: five dominant direct stiffness terms, two dominant coupling 

stiffness terms C13 and C45, and two dominant induced actuation terms M3 and M^ . 

For the dominant terms, the active OCSTWB code results are within 5.3% of those of 

UM/VABS. 

For the Cu and C23 terms of Table 3.8, there is a large disagreement between the values 
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Table 3.8: Cross sectional stiffness and induced actuation constants of the channel 
example predicted by UM/VABS and the active OCSTWB code. 

6. Channel 

UM/VABS Active OCSTWB 

C n [N] 
C22 [N-m2] 
C33 [N-m2] 
C44 [N-m2] 
C55 [N-m4] 

C12 [N-m] 
C13 [N-m] 
Cu [N-m] 
C15 [N-m2] 
C23 [N-m2] 
C24 [N-m2] 
C25 [N-m3] 
C34 [N-m2] 
C35 [N-m3] 
C45 [N-m3] 

Fia) [N] 
M1

(o) [N-m] 
M^o) [N-m] 
Mla) [N-m] 
Mi,a) [N-m2] 

1.881E+8 
2.778E+2 
1.966E+5 
4.393E+5 
2.744E+3 

-1.479E+1 
6.299E+5 
«0 
ssO 
-4.287E+1 
«0 
wO 
ssO 
«0 
3.197E+4 

«0 

«0 
«0 
-9.381E+2 
-7.243E+1 

1.880E+8 (-0.1%) 
2.711E+2 (-2.4%) 
1.963E+5 (-0.2%) 
4.385E+5 (-0.2%) 
2.882E+3 (0.1%) 

« 0 (100%) 
6.298E+5 (0.0%) 
wO 

«o 
w0 (100%) 
« 0 
«0 
wO 
«0 
3.366E+4 (5.3%) 

wO 
«0 

«0 
-9.377E+2 (0.0%) 

-7.452E+1 (-2.3%; 

predicted by UM/VABS and the active OCSTWB code. However, these terms are much 

smaller, and therefore less important, than the other non-zero dominate terms. For the 

isotropic channel results, shown in Table 3.4, there is a large disagreement between some 

of the dominant coupling stiffness values predicted by UM/VABS and GT/VABS, such as 

C13 and C35. As both UM/VABS and GT/VABS have been verified against experimental, 

literature and 3-D FEA data, the disagreement between some of coupling stiffness values 

predicted by the active OCSTWB code with those of UM/VABS does not invalidate the 

active OCSTWB code. 

In the next chapter, cross section Examples 2 through 5 will be extended to full beam 
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examples, and additional beam examples will be introduced. The cross sectional con

stants will be used in a 1-D problem along the beam reference line to find the average 

beam extension, twist and deflection profiles at the beam reference line for the full beam 

examples. These results will be verified against either 3-D FEA or results available in the 

research literature. Various boundary conditions and applied mechanical loading will also 

be investigated, especially in regards to twisting an I-beam through bimoment actuation. 
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Figure 3 .3: Nodal connectivity orders for the elements of each surface of a cross 
section. 
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Figure 3.4: Material, ply angle and applied voltage assignments for the example cross 
sections. 
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Figure 3.5: Discretized contours, paths of integration, and branches of the example 
cross sections. 
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Figure 3.6: Identification of continuous contour points, ' ' , and a transition contour 
point, ' T ' , in the region of two joining laminate types within a horizontal branch i. 



Chapter 4 

Investigation of Beam Displacement 

and Twist 

In this chapter, the behaviour of the nonlinear 1-D problem along the beam reference line 

will be investigated using the cross sectional stiffness terms and induced actuation terms 

to obtain the beam displacement and twist at its reference line. Various beam examples 

will be presented, the solution of the nonlinear 1-D problem will be given, and the results 

will be validated against 3-D FEA. 

4.1 Nonlinear 1-D Beam Problem Formulation 

With the cross sectional constants evaluated, as discussed in Chapters 2 and 3, the global 

beam displacements and twist can be obtained by using them in a nonlinear 1-D problem 

along the beam reference line. Forces, moments and bimoments along the beam reference 

line are calculated by solving beam equilibrium equations. By discretizing the beam ref

erence line by a number of beam elements, the strains at each node can then be obtained 

through the constitutive relation, Eq. 2.94, and used to find the relative change in the 

80 
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orientation of the deformed basis B between each pair of nodes, which can then be used 

to find beam displacements and twist. 

For a Vlasov beam model, represented by Eq. 2.94, which is used for OCSTWB, the 

intrinsic static equilibrium equations are [23, 58] 

F[-F2K3 + F3K2 + fl = 0 

F!2-F3Kl + FlK3 + f2 = 0 

Fa-FiKz + FtKi + h = 0 

M[ - M2K3 + M3K2 - M^ + mi = 0 

M^-M3K1 + M1K3-(l+ln)F3-K3M^ + m2 = 0 

M^-M1K2 + M2K1 + (l+~fu)F2-K2M^ + m3 = 0 (4.1) 

where Ki — ki + Ki, such that k\ is the initial beam twist, and k2 and k3 are the initial beam 

curvatures about the x2 and x3 axes, respectively; fa are the body distributed forces in the 

Xi directions; and mi are the body distributed moments about the For prismatic 

beams with no applied distributed forces or moments, one has hi = 0 and ft = nii = 0. 

To consider beams with initial twist and curvature, the active OCSTWB theory, given 

in Chapter 2, must be extended to include these features in addition to using non-zero 

ki values in Eqs. 4.1 [19]. There are seven independent unknowns, Fj, F2, F3, Mi, M2, 

M3 and Mw in Eqs. 4.1. Whereas considering Eqs. 4.1, one has only six equations. An 

additional equation can be added to the set given in Eqs. 4.1 by considering the relations 

for K\ and K\ as: 
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«i = S12 (Fi - F?) + S22 (Mi - Mf) + S23 (M2 - M2
a) 

+S2 4 (M3 - M») + S25 (Mw - M°) (4.2) 

«'i = 515 (Fi - Ff) + S25 (Mi - M?) + 53 5 (M2 - M2
a) 

+5 4 5 (M3 - M3
a) + S55 (Mw - M°) (4.3) 

where these expressions for K\ and ^ are obtained from the constitutive relation, Eq. 2.94. 

Differentiating Eq. 4.2 with respect to X\ and equating the resulting expression to the one 

given in Eq. 4.3 for K[, yields the seventh intrinsic static beam equation, as 

Sl2F[ + S22M[ + S23M2 + S24M3 + & M : - S15 (Fx - Ff) (4.4) 

-S25 (Mj - Mf) - S3b (M2 - M2
a) - S45 (M3 - M3

a) - 555 (Mu - M») = 0 

Adding Eq. 4.4 to Eqs. 4.1 and assuming small strain [19], such that (1 + 711) 

can obtain the set of necessary intrinsic static equilibrium equations for a prismatic beam 

without any body forces or moments, as: 
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F[ - F2«3 + F 3 K 2 = 0 

F!A - Fxn2 + F2KX = 0 

M[ - M 2 K 3 + M3K2 -M^ = 0 

M'2 - M3K1 + Mm3 - F3 - K3MI = 0 

M3 - M1K2 + M2KX + F2 - «2AC = 0 

S12FJ + SaaMj' + S2ZM'2 + S24M3 + S25M^ - Slb (Fx - Ff) (4.5) 

-S25 (Mi - M?) - S35 (M2 - M2
a) - S45 (M3 - M3

a) - 555 (Mw - M°) = 0 

The /«j terms in Eqs. 4.5 can be replaced by their expressions in terms of Fi, Mi and 

Mw using the constitutive relation, Eq. 2.94. Expanding Eq. 2.94 again, the relations for 

K2 and «3 are 

K2 = 513 (F1 - Ff) + S23 (Mi - M?) + S33 (M2 - M2
a) 

+S3 4 (M3 - Af3
a) + S35 (Mw - M») (4.6) 

«3 = 514 (Fi - Ff) + S24 (Mi - M?) + 534 (M2 - M2
Q) 

+S4 4 (M3 - M3°) + 545 (Mw - M«) (4.7) 

To solve the intrinsic static beam equations, Eqs. 4.5, the beam reference line is dis-

cretized, as shown in Figure 4.1. Each of the n nodes are spaced evenly by a distance Axi. 

A first-order accurate finite difference scheme is used to solve the intrinsic static beam 

equations. 
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Attempts were made to solve Eqs. 4.5 using various finite element methods, such as 

the Galerkin weighted residual method and the least-squares method. Higher accuracy, 

faster convergence, and a mathematically more elegant solution compared with the finite 

difference method were the motivating factors behind the efforts to develop a FE solution 

scheme. The second order term M£ in Eqs. 4.5, which is only present in the instrinsic static 

equilibrium equations derived for a Vlasov beam model, is the source of the difficulty in 

developing a stable and convergent FE solution scheme. Using the least-squares method, 

the boundary conditions were always satisfied, but small changes in input values or the 

number of elements used caused large variations in the results. The problem was ill-posed 

since the derived Jacobian was not full rank. To correct this problem, the residuals must 

be normalized in a specific way. This is a mathematical problem with no rigorous proce

dure available to find how these residuals must be normalized. A second-order accurate 

finite difference scheme was also attempted; however, due to possible singularities in the 

Jacobian, this scheme also gave divergent results for some cross sectional inputs. 

0 
/ 
/ 

discretized 
reference line 

Ax, 

\ 

root tip 

Figure 4.1: Profile view of a beam with a discretized beam reference line. 

Substituting Eqs. 4.2, 4.6 and 4.7 into Eqs. 4.5 and discretizing as a forward difference 
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scheme, yields 

Fi
 A ~ Fi - F{ [5i4 (Fi - Ff) + S24 (Mx - Mf) + 534 (M2 - Ma

2) 

+S4 4 (M3 - M3
a) + S45 (Mw - M°)] + F | [S13 (F2 - Ff) + S23 (M, - M?) (4.8a) 

+S 3 3 (M2 - M2
tt) + S34 (M3 - M3°) + S35 (Mw - M»)] = 0 

P-J+1 _ pi 
2
 Ax

 2 - Fi [S12 (Fx - F?) + S22 (Mx - Ml) + S23 (M2 - Ma
2) 

+S24 (M3 - M3
a) + S25 (Mw - M°)] + Ff [514 (Fi - Ff) + S24 (Ml - Ma

x) (4.8b) 

+S 3 4 (M2 - M2
a) + 544 (M3 - M3

a) + S45 (Mw - M»)] = 0 

F \ F ' - Ff' [S13 (Fi - F?) + 52 3 (Mi - M?) + 53 3 (M2 - M2
a) 

+5 3 4 (M3 - M3
a) + S35 (Mw - AC)] + F2

J [512 (F : - Ff) + S22 (M, - Mf) (4.8c) 

+S 2 3 (M2 - M2
a) + S24 (M3 - M3

a) + S25 (Mu - M°)] = 0 

— 4 i- M3
2 [Sl4 Fi - Ff + S24 (Mi - Ml) 

+S3 4 (M2 - M2
a) + S44 (M3 - M3

a) + S45 (M„ - M°)] + Mj [513 (F : - Ff) (4.8d) 

+S 2 3 (M, - Mf) + S33 (M2 - M2
a) + 534 (M3 - M3

a) + S35 (Mw - Af°)] = 0 
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Mj+1 - Mj 

- ^ r - Mi [5i2 (F, - F?) + S22 (Mi - M?) + S23 (M2 - M2
a) 

+S2 4 (M3 - M3
a) + S25 (Mw - AO] + M? [5i4 (Fx - Ff) + S24 (Mi - M?) (4.8e) 

+S3 4 (M2 - M2°) + S44 (M3 - Ml) + S45 (Mw - M°)] - F | - W* [S14 (F, - F") 

+5 2 4 (Mj - Mi3) + S34 (M2 - M2
a) + S44 (M3 - M3

a) + S45 (Mw - M°)] = 0 

Mj+1 — Mj 

- 5 - ^ - ^ - M? [513 (F, - F°) + S23 (My - M°) + S33 (M2 - M2
a) 

+5 3 4 (M3 - M3
a) + 53 5 (M„ - M°)] + M | [512 (Fi - Ff) + 522 (M, - Mf) (4.8f) 

+S 2 3 (M2 - M2
a) + 524 (M3 - M3

a) + S25 (M„ - M")] - F^ + W* [SVi (Fx - F°) 

+S2 3 (Mi - Mf) + S33 (M2 - M2
a) + S34 (M3 - M3

a) + 535 (Mw - M°)] = 0 

0 F(+1-F( a M{+l-M{ c M3
2
+l-Mi 0 M3

3
+l-Mi 0 „,, 

012 r h o 2 2 h <b23 h D24 h b25W
J 

Axi Axi Ax\ Axi 

-S15 (Fi - Ff) - 525 (Mx - M?) - 535 (M2 - M2
a) (4. 

- 5 4 5 (M3 - M3
a) - S55 (Mw - M°) = 0 

where a change of variables have been made, W = M^, in order to recast the problem into 

a first-order form. This results in an additional equation, Eq. 4.8h. 
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4.2 Beam Examples 

Fourteen OCSTWB examples have been used to verify the active OCSTWB code, as 

summarized in Table 4.1. The first four examples, passive isotropic I-beams with applied 

mechanical bimoments and torque, were taken from reference [1], where the authors have 

presented the corresponding twist profile results along the beams' reference lines. Examples 

5 through 13, are beams with cross sections given previously in Table 3.1. In all cases, 

the spans of the beams are at least ten times their characteristic cross sectional dimension 

a to satisfy the slenderness assumption used by the VAM, Eq. 1.3. Examples 9 through 

13, are used to investigate various boundary conditions and applied mechanical loading 

for the anisotropic I-beam example. Additionally, Example 12 is used to study the effect 

of reversing the electrical polarity, and thus the sign of the induced bimoment, at the 

beam midspan. This was done by reversing the sign of the induced bimoment Mi, for 

the nodes of the outer half of the beam span, |f < x\ < L. Examples 9 and 11 have the 

same laminate ply lay-up as the other anisotropic I-beams, such as Example 8, except that 

the applied voltages have been removed, thereby causing the induced bimoment actuation 

term to become zero. 

Beams 1 through 4 have the same isotropic cross section, as shown in Figure 4.2. The 

material properties used for the isotropic I-beams are: E = 10.6E+6 lb//in2, G = 3.98FH-6 

lb//in2 and u = 0.33. 

The applied mechanical loading and boundary conditions for the beam examples are 

summarized in Table 4.2. For the isotropic I-beam, the mechanical bimoments are applied 

by a set of normal axial forces positioned at the tip, F ' , and root, Fr, flange edges, 

as shown in Figure 4.3. In order to verify the active OCSTWB code, the value of the 

mechanical torque T, that was applied at the tip of beam 4, was selected such that it 

would recreate the plot in reference [1]. The values of the mechanical bimoments Mu 
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Table 4.1: Summary of the beam examples investigated. 

1. 
2. 
3. 
4. 

5. 
6. 
7. 
8. 
9. 
10. 
11. 
12. 
13. 

Type 

I-beam (lit.) 
I-beam (lit.) 
I-beam (lit.) 
I-beam (lit.) 

Strip 
Cruciform 
I-beam (ext.) 
I-beam (bimo. 
I-beam (bimo. 
I-beam (bimo. 
I-beam (bimo. 
I-beam (bimo. 
I-beam (bimo. 

Cross Section 

Figure 4.2 
Figure 4.2 
Figure 4.2 
Figure 4.2 

Figure 3.1(b) 
Figure 3.1(c) 
Figure 3.1(d) 
Figure 3.1(d) 
Figure 3.1(d) 
Figure 3.1(d) 
Figure 3.1(d) 
Figure 3.1(d) 
Figure 3.1(d) 

Length 

62 in 
62 in 
62 in 
62 in 

1 m 
1 m 
1 m 
1 m 
1 m 
1 m 
1 m 
1 m 
1 m 

Laminate Lay-up 

Isotropic 
Isotropic 
Isotropic 
Isotropic 

Table 3.3 - 2. 
Table 3.3 - 3. 
Table 3.3 - 4. 
Table 3 . 3 - 5 . 

Table 3.3 - I-Beam 
Table 3 . 3 - 5 . 

Table 3.3 - I-Beam 
Table 3.3 - 5. Reversed 

Table 3.3 - 5. 

Active or Passive 

Passive 
Passive 
Passive 
Passive 

Active 
Active 
Active 
Active 
Passive 
Active 
Passive 
Active 
Active 

i 

i 

.E 

0.
1 

' 
I 

L [2] 

[3] 

i 

[1] 

^ 3 

w Y 

i t 

• * 

3.763 in 
» 

o 

Figure 4.2: Cross section of the isotropic I-beam from [1]. 

applied at the tips of Examples 9 and 11, were chosen to be about the same as the induced 

bimoments M& produced for the active bimoment anisotropic I-beam examples, given in 

Table 3.7. This would allow for comparison of twist profiles between the application of a 

bimoment through active induction and mechanically at the beam ends. The free to warp 

root boundary condition used for Examples 10 through 13 will determine if the reduction 

in torsional stiffness will lead to greater twist, as discussed in [1]. 

Examples 1 through 4, were analysed using the active OCSTWB code and the results 

were compared against the literature results; and Examples 5 through 13, were analysed 
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Table 4.2: Applied mechanical loading and boundary conditions for the beam 
examples. 

1. 
2. 
3. 
4. 

5. 
6. 
7. 
8. 

9. 
10. 
11. 
12. 
13. 
14. 

Boundary Conditions 

Root 

Web restrained 
Web restrained 
Web restrained 
Web restrained 

Restrained 
Restrained 
Restrained 
Restrained 

Restrained 
Restrained 

Free to warp 
Free to warp 
Free to warp 
Free to warp 

Tip 

Free 
Free 
Free 
Free 

Free 
Free 
Free 
Free 

Free 
Free 
Free 
Free 
Free 

Restrained warping 

Applied Mechanical Loading 

Root 

Fr = 400 lb/ 
Fr = 0 

Fr = 400 lb/ 
Fr = 0 

Tip 

F* = 0 
Ft = 400 lb/ 
F* = 400 lb/ 

F * = 0 , T = 30.11b/-in 

Mw = - 3 0 N-m2 

Mw = - 3 0 N-m2 

Figure 4.3: 3-D model of the isotropic I-beam example with boundary conditions, and 
applied mechanical forces at both tip and root. 

by 3-D FEA, UM/VABS and the active OCSTWB code. In the following section, the 

nonlinear 1-D problem along the beam reference line and the analysis of the beam examples 

using 3-D FEA will be discussed. 
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4.3 Boundary Conditions and Applied Loading 

Boundary conditions and applied loading must be expressed in terms of the unknown 

forces, moments and bimoment variables, Fi, Mi and MW) respectively, in order to include 

them in the finite difference scheme. For the discrete set of normal axial forces applied to 

the isotropic I-beam flanges at the root, Fr and tip, F f , shown in Figure 4.3, the resulting 

mechanical bimoments are M£ at the root, and M^ at the tip. Following the theory given 

in [26], a bimoment can be expressed as 

M^= coaXlh ds (4.9) 

where a; is a warping function, aXl are the normal axial stresses in the beam, and h is 

the wall thickness. The warping function u> depends on the cross section geometry and is 

given by 

oj = u0 — I rn ds (4-10) 

where ui0 is the initial value of ui and is zero at the origin of the contour s0. As required 

by Eq. 3.1, the origin of the contour is coincident with the area centroid for an I-beam, as 

shown in Figure 4.4. Substituting the second relation of Eqs. 2.3 into Eq. 4.10, yields 

LO = U>, '0 - n r ds (4.11) 

where the unit normal vector n is given by the third relation of Eqs. 2.1 and is included 

in Figure 4.4 along with the contour position vector r. The warping function along the 

third branch S3 is given by 
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w ( s 3 ) = 0 - / Ods 
Jo 

= 0 (4.12) 

for the second branch S2, 

fS2 

u (s2) = u>(s3 = g) - -g ds 
Jo 

= gs2 (4.13) 

and for the remaining branches, the warping function is given in Table 4.3. 

A positive axial force F is directed in the positive x\ direction and vice-versa, as shown 

in Figure 4.3 and Table 4.3. As stress is related to linearized strain by aXl = E-^3-, a 

positive axial force at the beam root, Fr, produces compression in the flange and thus 

negative stress. However, a positive axial force at the tip, Ff, produces tension in the 

flange and thus positive stress, as indicated in Table 4.3. 

Table 4 .3: Warping functions and applied axial stresses for each branch of an I-beam 
cross section. 

Branch to Axial force Root Tip 

Sl 

«2 

S3 

S4 

S5 

SG 

-gsi 

gS2 

0 
0 

gs5 

-gse 

-F 
F 

F 
-F 

As the normal axial forces, Fr and F*, are applied at the flange edges, the only con

tributions to the integral of Eq. 4.9 are at the four discrete flange edges, such that, at the 
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n 

contour 
origin, 
u)=0 

Figure 4.4: Cross sectional parameters of an I-beam used to construct a warping 
function. 

root 

Ml = ] T u>(8i = b)Fr(si = b) 
j=l ,2,5,6 

= -AgbFr 
(4 

and at the tip 
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Ml = Y. ^{si = b)Ft{sl = b) 
i=l,2,5,6 

= 4gbFl (4.15) 

For the isotropic I-beam examples, beam Examples 1 through 4, given in Table 4.2 and 

Figures 4.2 and 4.3, the evaluated applied mechanical bimoment values at the root and 

tip are given in Table 4.4. 

Table 4.4: Applied mechanical bimoment values at the root and tip for the isotropic 
I-beam examples. 

MZ [lbrin
2] Ml [lb;-in2] 

1. -1844 0 
2. 0 1844 
3. -922 922 
4. 0 0 

As discussed in [59], a free to warp root boundary condition is applied by setting the 

bimoment at the root node to zero, M\ = 0. The condition that the beam root has zero 

twist, 6 (xi = 0) = 0, is applied during the post-processing of the finite difference results. 

A mechanical bimoment at a free to warp root can be applied by directly setting the root 

bimoment to the value of the applied bimoment, M^ = M£, and likewise, a mechanical 

bimoment can be applied at a free tip by setting M™ = M{j. A restrained root end requires 

that warping at the beam end be restrained, such that K\ = 0' = 0 [23, 26, 59]. Using 

Eq. 4.2, the restrained root boundary condition can be expressed in terms of the unknown 

forces, moments and bimoment, Ft, M, and Mw, as 
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512 {F} - Ff) + S22 {M\ - M?) + S23 {Ml - M2
a) 

+S24 {Ml - M3
a) + S25 {Ml - M°) = 0 (4.16) 

and likewise for a restrained warping boundary condition at the tip, as 

5i2 ( i ? - F?) + S22 (Mr - M?) + S23 (M2
n - M2

a) 

+5 2 4 (M3" - Af3°) + S2b {Ml - Ml) = 0 (4.17) 

The total torque T in a beam is the sum of the Vlasov torque — M'w and the Saint-

Venant torque Mi, such that T = —M^ + Mi [26, 59]. After the change of variables, 

W = M'u, and rearranging, Mx = W + T. At the tip, MJ1 = Wn + T, where any ap

plied mechanical torque must be equal to the total torque T. Moreover, at a free end, 

F? = F2
n = F3" = M2

n = M3
n = M£ = 0 and Mf = Wn [23]. 

4.4 Beam Displacements 

The finite difference equations formed at the root, interior and tip nodes are given in 

Table 4.5. These equations form a linearly independent set of equations that are neither 

overdetermined nor underdetermined. They were solved numerically using the Newton-

Raphson method [60]. 

Once the forces, moments and bimoments, Ft, Mi and Mw, have been solved for at each 

node, the corresponding strains can be obtained using the beam constitutive relation, 

Eq. 2.94. To determine beam displacements and twists, first it is necessary to use the 
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Table 4.5: Beam equations applied to each node of a discretized beam reference line. 

i. 
ii. 
iii. 
iv. 
v. 
vi. 

vii. 

viii. 

ix. b) 

Root Node, 1 

Eq. 4.8b 
Eq. 4.8c 
Eq. 4.8d 
Eq. 4.8e 
Eq. 4.8f 
Eq. 4.8g 

Eq. 4.8h 

Eq. 4.8h 
a) Free to warp: Mj, = 0 

Mechanical bimoment: M^ = •Ml 
c) Restrained: K\ = 0, Eq. 4.16 

Interior Nodes 

Eq. 4.8b 
Eq. 4.8c 
Eq. 4.8d 
Eq. 4.8e 
Eq. 4.8f 
Eq. 4.8g 

Eq. 4.8h 

Eq. 4.8h 

Tip Node, n 

Ff = 0 
F 2 "=0 
F3" = 0 

Mn = Wn+T 

M2™ = 0 
M£ = 0 

a) Free: M™ = 0 
b) Mechanical bimoment: M™ = M^ 

c) Restrained warping: m = 0, Eq. 4.17 

computed strains at each node to construct rotation, or direction cosine, matrices that 

relate the change in orientation of the deformed basis B between each pair of nodes [19]. 

In reference to Figure 1.5, let a rotation matrix CBb represent the change in orientation 

between an undeformed point on the beam reference line, in basis 6, to its final deformed 

orientation, in basis B. The rotation matrix of a node j + 1 is related to the rotation 

matrix of its neighbouring node j , as 

cBb{j+l) = ^CBb{j+l)cBb(j) (4.18) 

where A C B t ' , + 1 ' is the change in orientation between the two deformed neighbouring 

nodes due to twist and bending strains. At the beam root, where rotation is constrained 

to zero, 6 = 0, and CBb^ consequently becomes the identity matrix I. The change in 

orientation matrix 
ACBb(j+l) 

can be expressed as an exponential power series, as [19] 
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A C Bb 
= e 

/ - * + - $ * 6 
(4.19) 

where <&T = e\a e2a &•$& is the finite rotation vector, the tilde is the skew-symmetric 

operator, which transforms a vector to a matrix, as 

# = 

0 —e^a e2a 

e^a 0 — e\ot 

—e2a eia 0 

(4.20) 

and e = ei e2 e3 
is a unit vector about which a rotation a occurs. The numeri

cal efficiency can be increased by transforming the power series expression for A C B 6 in 

Eq. 4.19 to an alternative form using Pade approximation to read [61] 

A C Bb 

2 
\&)+o (i>3) (4.21) 

Terms of O (<i?3 j and higher will be neglected in Eq. 4.21 since small strain has been 

assumed. As the strains, «1; K2
 a n d /?3> represent the twist and bending rotations per unit 

beam length, the finite rotation matrix, Eq. 4.20, can be rewritten in terms of the nodal 

strains, as 

0 — K3 K2 

& = Ax1 K3 o - « i (4-22) 

—K2 Ki 0 

where A:ri is the separation distance between nodes. Substituting Eqs. 4.21 and 4.22 into 
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Eq. 4.18, yields 

cBb{j+l) = '-/+1 

Axi 2 
ft (3+1) 

- f t 0+1) 

/ 

^ I : 

Aa;i 2 
O+i) ft 

,.0+i) 
— K2 

-Ki 
O+i) 

ft 0+i) 

- f t 0+i) 

ft 0+i) 

ft 
0+i) 

— ft 
0+i) 

V1 

« 
0+i) 

— f t 0+i) 

\ 

CBb{j) (4.23) 

Beginning at the root node, where CBb^ = J, Eq. 4.23 can be evaluated iteratively 

to find the deformed orientation of each node. The beam twist (ft at each node can be 

calculated by rotating the undeformed unit vector, 63 = 0 0 1 , by CBb, such that 

B$ = CBbbs, as shown in Figure 4.5. The resulting components of the deformed vector, 

B 3 = Bb 
°1 ,3 °2 ,3 °3 ,3 , can be used to calculate the twist at each node, as 

<p 
180° C2~3 

arctan 
Bb(j) 

TV °3,3 
(4.24) 

where the subscripts denote the row and column entries of the rotation matrix CBb. 

The strains in the deformed basis B are given by [19] 

7 = CBb (ei + u' + few) - ei (4.25) 

where 7 = 711 2712 27; 13 

T 

, ei = 1 0 0 , u' is the displacement vector dif

ferentiated with respect to x l5 k is a skew-symmetric matrix of the components of initial 

twist and curvature, and u = Ui U2 U3 
is the displacement vector in the b basis. 

In the absence of initial twist and curvature, k = 0. Neglecting global shear strains, as 
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--
IP 

B3 

U 2,3 

b3 

a 

< P _ -

r*Bb 
^ 3,3 

\ ^ X 3 

Figure 4.5: Angle of a deformed reference frame Bi at a particular axial position x\ 
relative to the undeformed reference frame b{. 

discussed in Chapter 1, results in 712 = 713 = 0, and recognizing that 711 is the strain in 

the Bi direction, the displacements of each node in the undeformed b basis are given by 

where ul 

support. 

v?+l = v? + (cBw+»yl 
{^t1 + 1) Axx 

0 

0 

— 

Axi 

0 

0 

0 0 0 

(4.26) 

since displacement is constrained at the root due to the beam 

The above finite difference scheme, given in Table 4.5, has been implemented using six 

MATLAB .m function files. The code used to calculate the beam displacements and twist 

from the computed nodal forces, moments and bimoments, was taken from code previously 

developed by the Applied Dynamics Group to analyse active closed cross section thin wall 

beams. In the beam input file, beam_input .m, given in Appendix C.l.l, the following input 

must be entered: the beam analysis code used; whether the induced actuation is off, on, 

or has its signs reversed at the beam midspan; the beam length; the boundary conditions; 

the applied loading; and the previously computed cross sectional stiffness and induced 
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actuation constants from Chapter 3. Next, the input processing file, process_input .m, 

given in Appendix C.1.2, transforms the stiffness constants C -̂ to flexibility constants 

Sij, assigns the induced actuation values at each node, and sets the initial guess values 

for the unknown forces, moments and bimoments at each node. The main analysis file, 

beam_displacement_twist .m, given in Appendix C.1.3, calls all the supporting functions 

and outputs the beam displacement and twist results. The system of beam equations and 

their corresponding Jacobian are constructed in the equations.m and jacobian.m files, 

given in Appendices C.1.4 and C.1.5. These equations are then solved in the Newton-

Raphson solver file, newton_raphson.ni, given in Appendix C.1.6. The beam displacements 

and twist recovery code is not included. 

4.5 3-D Finite Element Analysis 

Beam Examples 1 through 4 were omitted from this FE analysis since literature results 

were available. As there was a lack of experimental data available for active OCSTWBs, 

beam Examples 5 through 12, were analysed using 3-D FEA. The software used to perform 

the 3-D FE analysis was ANSYS Multiphysics. To begin a 3-D FEA analysis, the beam 

geometry should be entered. Each ply must have its own separate volume since material 

type, ply orientation and applied voltages are assigned directly to volumes. At a corner or 

intersection between two laminates, separate volumes must be defined which have height 

and width equal to the ply thicknesses. The 49 volumes that compose the lower laminate 

intersection of the I-beam are shown in Figure 4.6. This must be done to help ANSYS 

generate a valid structured mesh. Neighbouring volumes are bonded to each other by 

Preprocessor > Modeling > Operate > Booleans > Glue > Volumes. 

An eight node elastic brick element with optional piezoelectric capabilities, called 

S0LID5, was selected by Preprocessor > Element Type > Add/Edit/Delete > Add.. . . 

http://newton_raphson.ni
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' 1 H M L - — — 

^ x 2 

Figure 4.6: Front view of the lower laminate intersection of the 3-D FEA I-beam. 

Two element types were created: one with displacement Uj degrees of freedom only for the 

carbon fibre plies, and one with an additional voltage V degree of freedom for the active 

plies. 

Material properties are entered by Preprocessor > Material Props > Material Models. 

For the carbon fibre plies, a material model is created with an arbitrary density of unity 

and the elastic properites entered as a linear orthotropic material type. For the active 

plies, a material model is created with an arbitrary value of unity for material density; a 

relative permittivity ratio of 1800 for PZT fibres; the orthropic material properties con

verted to an anisotropic elastic matrix, as required by ANSYS for active materials; and 

the piezoelectric electro-mechanical coupling terms dXij entered as a piezoelectric strain 

matrix. For the piezoelectric strain matrix, the strain in the fibre direction due to an 

applied electric field in the fibre direction dm is entered in row X column X; the strains 

perpendicular to the fibre direction due to an electric field in the fibre direction rf122 are 
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entered in the YX and ZX row-column positions; and the remaining entries are set to zero. 

Local coordinate systems must be created for each unique ply orientation by WorkPlane 

> Local Coordinate Systems > Create Local CS > At Specified Loc +, where the 

local X3-iocai axis is oriented in the x3 direction for horizontal laminates and in the — %2 

direction for vertical laminates, as shown in Figure 3.3. The X\-\ocai and X2-iocai axes 

are oriented such that X\-iocai is in the fibre direction, as shown in Figure 2.2. The ele

ment types, material models and local coordinate systems are assigned to each volume by 

Preprocessor > Meshing > Mesh At t r ibutes > Picked Volumes. 

A restrained boundary condition is applied by Preprocessor > Loads > Define Loads 

> Apply > S t ruc tu ra l > Displacement > On Areas, selecting all the areas at the beam 

root, and prescribing zero displacement. A free to warp boundary condition can be ap-

poximately applied to a meshed I-beam model by restraining the nodes at the root end 

around the area centroid, such that rigid body motion of the beam is constrained. 

A mechanical torque load at a beam tip is applied by first creating a single point 

node coincident with the beam reference line and positioned in front of the tip. Next, the 

node is connected to the tip by Preprocessor > Modeling > Create > Contact Pair 

> Contact Wizard, and selecting the areas that compose the beam tip as the Target 

Surface, the previously created node as the Target Type and a force-distributed con

straint as the Constraint Surface Type. Finally, the torque is applied by Preprocessor > 

Loads > Define Loads > Apply > S t ruc tura l > Force/Moment > On Nodes and en

tering the torque value. Using a contact pair, ANSYS will generate weighting functions 

that determine how the torque load will be distributed over the tip cross section. 
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For a mechancial bimoment applied at the tip of an I-beam, Eq. 4.9 and Table 4.3 are 

used to determine the values of stress that must be applied to the flanges, as 

" - = -2H& ( 4 ' 2 7 ) 

where the resulting stress value is aXl = 17.14E + 6 Pa. The sign of the stress on 

each flange is indicated in Table 4.3. In ANSYS, the stresses at the beam tip were ap

plied by Preprocessor > Loads > Define Loads > Apply > S t ruc tura l > Pressure 

> On Areas. 

The value of the required electric field in the PZT fibre direction is given by Eq. 3.2. 

An electric field is applied to the active plies by first selecting Preprocessor > Loads > 

Define Loads > Apply > E lec t r i c > Boundary > Voltage > On Areas, and setting 

a voltage of zero to all the areas at the root end. Next, voltages are applied to the 

active ply areas on the tip end, producing an electric field in the axial beam direction. 

The values of the applied voltages are chosen such that the resulting components of the 

generated electric fields in the local PZT fibre directions are the required electric field val

ues. The electric field components perpendicular to the PZT fibre directions will induce 

no strain, as required, since, by definition, the duj electro-mechanical coupling terms only 

generate strain in the presence of an electric field in the fibre direction. 

The beam model is meshed by first selecting Preprocessor > Meshing > Mesh Tool 

> Size Controls > Global > Set. It was checked that a maximum element edge length 

of 0.008 m was sufficient to obtain a converged solution. If the meshed elements were 

allowed to exceed 0.008 m in length, the resulting solution became poorly conditioned. 

The meshed I-beam and channel beam models are shown in Figures 4.7(a) and 4.7(b), 

respectively. 
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(a) I-beam. 

(b) Channel. 

Figure 4.7: Perspective view of the meshed 3-D FEA I-beam and channel beam 
models. 
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After running the simulation, the deformed beam shapes can be plotted by select

ing General Postproc > Plot Results > Deformed Shape. Typical front views of the 

deformed I-beam and channel beam are shown in Figures 4.8(a) and 4.8(b), respectively, 

where the cross sectional warping can be more clearly discernable to the eye for the channel 

beam than for the I-beam. 

(a) I-beam, displacements scaled 1610%. (b) Channel, displacements scaled 1330%. 

Figure 4.8: Front view of the deformed 3-D FEA I-beam and channel beam models. 

To calculate the average beam displacements and twist, the coordinates %i and displace

ments iii of every node are required. The nodal coordinates can be obtained by selecting 

Lis t > Nodes. . . and the nodal displacements can be obtained by selecting General 

Postproc > Lis t Results > Nodal Solution > DOF Solution > Displacement vector 

sum. Considering a typical beam cross section, as shown in Figure 4.9, the undeformed 

cross section undergoes a rigid body translation and rotation, described by the unknown 

displacement variables, u2 and u$, and the unknown rotation variable 9. These displace

ment and rotation variables describe the global deformation of a beam cross section and 

are the same as those described in Section 4.4. A rotation 6 of vector rA is given by 



CHAPTER 4. INVESTIGATION OF BEAM DISPLACEMENT AND TWIST 105 

cos 9 — sin 9 

sin 9 cos 9 

Jun 

X o 

x\ cos 9 — xl
3 sin 9 

x\ sin 9 + x\ cos # 
(4.28) 

where A can be any point on the cross section. After a rigid body translation and rotation, 

point A moves to point A", and the displacement can be described by 

u. 

u% 

A" U2 + x\ (cos 9 — 1) — x\ sin 9 

u3 + xh ( c o s 9 — 1) + xl
2 sin 9 

(4.29) 

rigid body 
displacement 
and rotation 

undeformed 

deformed 

Figure 4.9: Undeformed, deformed, and rigid body minimized with respect to the 
deformed cross sections of an angle beam at a particular axial position x\. 

A minimization function can be constructed that measures the distance between a 

point on the cross section that has undergone rigid body deformation and one that has 

undergone full deformation, as predicted by ANSYS. The distances are added for all the 

nodes in the cross section, resulting in the function 
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N 

f (6, u2, us) = 2_. [u2 — u2 — x\ (cos# — 1) + x3 sin6] 
i=0 

+ [«g — us — x3 (cos 9 — 1) — x2 sin 9]2 (4.30) 

that when minimized, it describes how closely a particular rigid body deformation ap

proximates the deformation predicted by ANSYS. In Eq. 4.30, TV is the total number of 

nodes in a cross section and the square root sign has been omitted in order to cast the 

minimization function in a form that can be minimized using the lsqnonlin minimization 

function in MATLAB. The extensional displacement u\ can be obtained by averaging all 

of the axial displacements of the nodes in a cross section. 

Three .m function files were developed in MATLAB to perform the minimization. 

The read_ansys_results.m file, given in Appendix C.2.1, uses a third party function 

called txt2mat. m to extract nodal results from the output text files produced by AN

SYS and enter them into a matrix. The main analysis file, beam_displ_rot .m, given in 

Appendix C.2.2, finds the nodes that compose a particular cross section, calls the mini

mization function, and outputs the results. The minimization function file, rigicLbody-

_minimization.m, given in Appendix C.2.3, implements Eq. 4.30. 

4.6 Results and Discussion 

The displacements and twists predicted for the beam examples by the cross sectional 

analysis codes, UM/VABS and the active OCSTWB code, using the nonlinear 1-D beam 

formulation were obtained. Due to the absence of any corresponding experimental data in 

the literature, these results were compared to the corresponding results from a 3-D FEA 
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solution in each case. Only the significant displacement and twist profiles are presented 

below, where the insignificant ones have been omitted. It should be noted that in all the 

following examples, the beam is restrained from twist and displacement at the root and 

the tip is always free to twist and displace. 

The twist profiles of the isotropic I-beams, Examples 1 through 4, analysed by the 

active OCSTWB code, are shown in Figure 4.10(a). The corresponding results given in 

the literature [1], are shown in Figure 4.10(b). The agreement of the results with the 

literature is excellent. 

(a) Active OCSTWB code. (b) Literature, courtesy of [1]. 

Figure 4.10: Examples 1 through 4. Twist profiles predicted for the isotropic 
I-beams, for a free to warp root and free tip, with mechanical bimoments applied to the 
root only (1), the tip only (2), and to both the tip and the root (3); and a mechanical 

torque applied to the tip (4). 

Figures 4.11(a) and 4.11(b) show the twist 9 profiles of the active strip and cruci

form, Examples 5 and 6, respectively, predicted by 3-D FEA, UM/VABS and the active 

OCSTWB code. For both examples, the root is restrained, the tip is free, and 2000 V 

is applied. Both 3-D FEA and UM/VABS are in close agreement; however, the active 

OCSTWB code predicts zero twist. These special beam examples demonstrate a limita

tion of the active OCSTWB code where it cannot capture active torsional couples induced 
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by active layers within the thickness of a single composite lay-up due to the thin wall 

assumption. However, it is capable of capturing the induced moments within a built-up 

cross section of active laminates, as would be used in practical applications. As the cru

ciform, Example 6, is simply the strip, Example 5 with a symmetric lay-up and passive 

vertical stiffeners added, the reversed twist direction and reduced twist magnitude of the 

cruciform compared to the strip, are as expected. 

x, [m] x, [m] 

(a) Strip, beam Example 5. (b) Cruciform, beam Example 6. 

Figure 4.11: Examples 5 and 6. Twist profiles of the active strip and cruciform, for a 
restrained root and free tip, with 2000 V applied. 

The axial displacement u\ profile of the active extensional I-beam, Example 7, predicted 

by 3-D FEA, UM/VABS and the active OCSTWB code, is shown in Figure 4.12. Again, 

the root is restrained, the tip is free, and 2000 V is applied. The excellent agreement of 

the results with the 3-D FEA is clearly shown in this diagram. 

The twist 9 profiles of the active and passive I-beams with restrained warping at the 

root and free warping at the tip, Examples 8 and 9, as predicted by 3-D FEA, UM/VABS 

and the active OCSTWB code, are shown in Figures 4.13(a) and 4.13(b), respectively, 

and indicate close agreement between all three codes. In the case of the passive I-beam, a 

mechanical bimoment of M^ = —30 N-m2 was applied at the tip. This mechanical bimo-

ment is approximately equal to the values of the induced bimoment that were predicted 
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x, [m] 

Figure 4.12: Example 7. Axial extension of the active I-beam, for a restrained root 
and free tip, with 2000 V applied. 

by UM/VABS and the active OCSTWB code of M^ = -31.1 N-m2 and A£ = -31.6 

N-m2, respectively. Both the active and passive twist profiles closely match, indicating 

that an active I-beam with an induced bimoment, and warping restrained root and free 

tip boundary conditions can alternatively be analysed as a passive beam with an equal 

valued mechanical bimoment applied at the tip. For the active I-beam, the maximum 

twist of —2.43° at the beam tip shows that appreciable twist can be achieved by inducing 

an active bimoment in an I-beam with restrained warping at the root. 

The twist 9 profiles of the active and passive I-beams with free to warp boundary con

ditions at the root and the tip, Examples 10 and 11, predicted by 3-D FEA, UM/VABS 

and the active OCSTWB code, are shown in Figures 4.14(a) and 4.14(b), respectively. 

For both plots, the UM/VABS and active OCSTWB code results are in close agreement; 

however, the 3-D FEA results predict somewhat greater twist than the other two codes. 

In the active case, the 3-D FEA results predicted slightly greater than zero twist at the 

root ends due to the difficulty in modelling a true zero twist boundary condition at a free 

to warp beam end of a 3-D FEA model. As a result, while the centre of the I-beam web 

at the root is constrained to have a zero twist, the remainder of the I-beam cross section 
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(a) Active, beam Example 8. (b) Passive, beam Example 9. 

Figure 4.13: Examples 8 and 9, I-beams restrained from warping at the root and free 
to warp at the tip. Twist profiles of (a) active beam subjected to ±2000 V and (b) 

passive beam with M^ = —30 N-m2 applied mechanical tip bimoment. 

at the root can warp such that the net rigid body rotation of the entire cross section 

at the root end is no longer zero. In the passive case, the twist predicted by 3-D FEA 

is 13.2% larger than that predicted by UM/VABS and the active OCSTWB code. This 

could be due to two reasons. A lower level of accuracy in the finite difference scheme 

that was used to recover global diplacements and twist, and the greater beam flexibility 

due to more degrees of freedom in a 3-D FEA analysis than in a 2-D cross sectional analysis. 

Unlike in the case of a warping restrained root and free to warp tip boundary condi

tion, for the free to warp root and free to warp tip boundary condition, the twist profiles 

predicted for a passive and active I-beam with equal valued induced and mechanical bimo-

ments are very different. Consequently, there are particular boundary conditions in which 

an active beam cannot be analysed as a passive beam with a corresponding mechanical 

end load. By changing the root boundary condition of the passive I-beam from warping 

restrained, in Example 9, to free to warp, in Example 11, the amount of twist produced 

is about four times greater, as shown in Figures 4.13(b) and 4.14(b). A greater amount 
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of twist is expected with a free to warp root since a warping restrained root reduces the 

Vlasov warping, which is a mode for beam twist. 

For the active I-beam with a free to warp root, Example 10, the twist profile is sym

metrical with approximately zero twist predicted at the beam ends and a maximum twist 

of 0.71° predicted at the beam midspan, as shown in Figure 4.14(a). At the tip, the twist 

predicted by UM/VABS and the active OCSTWB code is not exactly zero. This is likely 

due to the displacement and twist recovery code accumulating numerical error as it cu

mulatively adds changes in displacement and twist node-to-node from the prescribed zero 

initial displacement and twist at the root node. 

x1 [m] x1 [m] 

(a) Active, beam Example 10. (b) Passive, beam Example 11. 

Figure 4.14: Examples 10 and 11, I-beams free to warp at the root and tip. Twist 
profiles of (a) active beam subjected to ±2000 V and (b) passive beam, with 

M^ = —30 N-m2 applied mechanical tip bimoment. 

In an at tempt to generate appreciable twist in an active I-beam with a free to warp 

root boundary condition, the sign of the voltage of Example 10 was reversed at the beam 

midspan. The resulting twist profile for Example 12 is shown in Figure 4.15, where, as 

in the case of Example 10, shown in Figure 4.14(a), no appreciable twist is produced in 

the beam. As before, zero twist is predicted at the beam ends; however, the twist profile 
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now has a sinusoidal shape, with zero twist predicted at the beam midspan. Also, both 

the UM/VABS and the active OCSTWB code results are in close agreement, while the 

twist predicted by 3-D FEA is somewhat different. This difference again can be attributed 

to the modelling of the zero twist root boundary condition in a 3-D FEA model and the 

limited accuracy of the finite difference scheme used to recover the beam displacements 

and twist. 

Beam Examples 10 and 12 have only internal normal axial forces due to the actuation 

of the active plies, whereas Examples 8, 9 and 12 all have external normal axial forces 

due to either the presence of a warping restrained end or the direct application of normal 

axial mechancial forces. Consequently, Figures 4.13, 4.14 and 4.15 indicate that external 

normal axial forces are required to generate appreciable twist in an I-beam through Vlasov 

deformation. 
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Figure 4.15: Example 12, I-beam with free to warp at the root and the tip. Twist 
profile of the active beam subjected to ±2000 V, with the sign of the applied voltages 

reversed at the midspan. 

In a second attempt to generate appreciable twist in an active I-beam with a free 

to warp root boundary condition, the tip boundary condition of beam Example 10 was 

changed to warping restrained. The resulting twist profile for beam Example 13 is shown 
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in Figure 4.16, where an appeciable twist of 2.41° was predicted at the beam tip. The twist 

profile of beam Example 13 has both an inverted sign and shape from the twist profile of 

beam Example 8, as expected, since the warping restrained boundary condition has been 

moved to the beam tip and a free to warp root boundary condition effectively acts as a 

free end in the case of induced actuation. 

As seen in Figures 4.13(a) and 4.16, greater overall twist is achieved in the outer half 

of the beam span of Example 13 compared to Example 8. Of the previous active I-beam 

examples analysed, Example 13 is the most appropriate one to use as an I-beam spar for 

a helicopter rotor blade since the outboard half of a rotor blade generates the most lift 

due to its higher velocity relative to the inboard half. In the following chapter, an active 

I-beam spar will be optimized for maximum produced twist. 

Figure 4.16: Example 13. Twist profile of the active I-beam with a free to warp root 
and a warping restrained tip, subjected to ±2000 V. 



Chapter 5 

Parametric Investigation of an 

Active I-beam 

In this chapter, a parametric investigation of an active I-beam spar for maximum twist in 

a helicopter rotor blade will be investigated using the active OCSTWB code, previously 

verified in Chapters 3 and 4. The optimal placement of passive and active plies in an 

I-beam spar to achieve maximum twist using an induced bimoment will be determined. 

High performance MFCs will be used rather than older AFCs in order to give an im

proved estimate of the actuation authority one can expect when using piezoelectric fibre 

composites in a rotor blade. 

5.1 I-beam Spar Configurations 

Beginning with the integral twist-actuated rotor blades presented in [62, 37], the dimen

sions and laminates given for the (g) Mach-scaled Boeing CH-47D helicopter rotor blade, 

modified to include AFCs, were used as a baseline to obtain a beam length, chord length, 

airfoil shape, and a mass per unit length value for the spar. Next, the active D-spar was 

114 
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replaced by an active I-beam spar with the same wall thickness, as shown in Figure 5.1. 

The rotor blade skin and internal foam are only needed to maintain the airfoil shape and 

their contribution to the beam stiffness will be neglected in the current analysis. The 

height-to-width ratio of the I-beam spar in [1], optimized for maximum twist using a me

chanical bimoment, was chosen as a reasonable starting ratio for an active I-beam spar to 

be optimized for maximum twist using an induced bimoment, as shown in Figure 5.2. 

0.1369 m 

Figure 5.1: Cross sectional view of an I-beam spar embedded in a VR-7 airfoil of a 
(g) scaled Boeing CH-47D helicopter rotor blade. 
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Figure 5.2: Cross sectional dimensions of the active I-beam spar. 

As given in [52], the thickness of an AS4/3506-1 carbon fibre ply is 1.27E-4 m; however, 

it will be approximated as 1.5E-4 m to facilitate the cross sectional modelling. Both the 

AS4/3506-1 and MFC material properties are given in Table 5.1, where the MFC material 
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properties were obtained from [9]. 

Table 5.1: Passive and active ply material properties. 

AS4/3506-1 

En [GPa] 141.96 
E22 [GPa] 9.79 
G12 [GPa] 6 
G23 [GPa] 4.8 

fi2 0.3 
I/23 0.4 

tpiy [m] 3.0E-4 
dm [m/V] 
dii2 [m/V] 
di22 [m/V] 

^electrodes [mj 

MFC 

30.34 
15.86 
5.52 
5.52 
0.31 
0.31 

1.5E-4 
4.60E-10 

0 
-2.10E-10 

5.0E-4 

Each flange is divided into four equal width laminates, the outer (Of) widths and inner 

(If) widths, as shown in Figure 5.3. The corresponding laminate ply lay-ups are given in 

Tables 5.2, 5.3 and 5.4, where S denotes AS4/3506-1, M denotes MFC, and M p denotes a 

passive MFC ply such that no voltage is applied. The laminate ply lay-ups are given from 

bottom to top. Both top [2] and bottom [3] flanges have the same laminate ply lay-ups. All 

the configurations have a web laminate ply lay-up of [(90S)2/ (OS)^/ (90S)2]. The voltages 

applied to the left (L) and right (R) halves of each flange are: +1500 V, -500 V, -500 V 

and +1500 V, for the [2-L], [2-R], [3-L] and [3-R] flange halves, respectively. These are 

the maximum voltage values given in the MFC specifications [9]. The magnitude of the 

negative applied voltages, which cause the MFCs to contract in the fibre direction, is less 

than the magnitude of the positive applied voltages since PZT fibres can contract much 

less than they can extend. For Configurations 7 and 8, in Table 5.4, the I-beam spar is 

divided into two equal length spans, an inner (Is) span and an outer (Os) span, as shown 

in Figure 5.4. 

Three different laminate ply lay-up variables of the I-beam spar were optimized. First, 

beam Configurations 1 through 3, given in Table 5.2, were used to determine the optimal 
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Figure 5.3: Inner (If) and outer (Of) laminate segments of the left (L) and right (R) 
I-beam flanges. 
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root tip 

Figure 5.4: Inner (Is) and outer (0S) I-beam spar spans, 

flange-wise placement of the carbon fibre plies. Under constant induced bimoment, the 

carbon fibre plies are initially uniform across the flanges, then distributed in the inner 

widths of the flanges, and finally distributed in the outer widths of the flanges. The total 

amount of carbon fibre plies is constant in all three beam configurations. Second, beam 

Configurations 4 through 6, given in Table 5.3, were used to determine the optimal flange-

wise placement of the MFCs. Under constant stiffness, the active MFC plies are initially 

uniform across the flanges, then alternately distributed in the inner and outer widths of the 

flanges. Third, beam Configurations 4, 7 and 8, given in Table 5.4, were used to determine 

the optimal span-wise placement of the MFCs. Under constant stiffness, the active MFC 

plies are initially uniform across both the flange and span, then alternately distributed in 

the inner and outer spans of the beam. In all beam configurations, the beam length is 1 
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m and the boundary conditions are warping restrained at the root and free to warp at the 

tip. For Configurations 4 through 8, the mass per unit length of the beam, 0.3454 kg/m, 

is a little less than the for the D-spar of reference [62], 0.3621 kg/m. Consequently, these 

I-beam spar configurations are comparable to the original D-spar. 

Table 5.2: Active I-beam spar configurations for the flange-wise distribution of carbon 
plies under constant induced bimoment. 

Segment 

Distribution [If] [Of] 

1. Uniform [0M/(0S)2/0Mp/0M] same 
2. In [0M/(0S)4/0M] [0M/(0Mp)2/0M] 
3. Out [0M/(0Mp)2/0M] [0M/(0S)4/0M] 

Table 5.3: Active I-beam spar configurations for the flange-wise distribution of MFC 
plies under constant stiffness. 

Segment 

Distribution [If] [Of] 

4. Uniform [{0S)2/0M/0Mp /(05)2] same 
5. In [(0S)2/(0M)2/(0S)2] [(0S)2/(0Mp)2/(0S)2] 
6. Out [(05)2/(0Mp)2/(05)2] [(0S)2/(0M)2/(0S)2] 

Table 5.4: Active I-beam spar configurations for the span-wise distribution of MFC 
plies under constant stiffness. 

Segment 

Distribution [Is] [Os] 

4. Uniform [{0S)2/0M/0Mp /(05)2] same 
7. In [(0S)2/(0M)2/(0S)2] [(0S)2/(0Mp)2/(0S)2] 
8. Out [(0S)2/(0Mp)2/(0S)2] [(05)2/(0M)2/(05)2] 
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5.2 Results and Discussion 

The twist profiles of the active I-beam spar with various flange-wise distributions of carbon 

fibre plies, Configurations 1 through 3, are shown in Figure 5.5. The distribution of 0° 

carbon fibre plies near the web compared to near the flange edges has little effect on the 

twist produced in the I-beam spar. 
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Figure 5.5: Flange-wise carbon fibre ply distribution, I-beam spar Configurations 1 
through 3. Twist profiles of the active I-beam spar, for a warping restrained root and a 

free to warp tip, with the distribution of carbon fibre plies varying in the flange-wise 
direction. 

The twist profiles of the active I-beam spar with various flange-wise MFC ply distribu

tions, Configurations 4 through 6, are shown in Figure 5.6(a). An MFC ply in the outer 

flange width contributes approximately 210% more to twist actuation than an MFC ply in 

the inner flange width. The twist profiles of the active I-beam spar with various span-wise 

MFC ply distributions, Configurations 4, 7 and 8, are shown in Figure 5.6(b). An MFC 

ply in the inner I-beam spar span, which is the span closest to the warping restrained 

root boundary condition, contributes approximately 330% more to twist actuation than 

an MFC ply in the outer I-beam spar span. Consequently, to maximize twist in an I-beam 

spar by inducing a bimoment, the active plies must be distributed towards the outer flange 

edges and close to the warping restrained boundary condition at the root. 
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x, [m] x1 [m] 

(a) Flange-wise distribution, Configurations 4 (b) Span-wise distribution, Configurations 4, 7 
through 6. and 8. 

Figure 5.6: Twist profiles of the active I-beam spar, for a warping restrained root and 
a free to warp tip, with the distribution of MFC plies varying in the (a) flange-wise 

and (b) span-wise directions. 

Between Configurations 4 through 8, which satisfy the mass per unit length restrictions 

of the ( i) scaled CH-47D rotor blade, Configurations 6 and 7 produce the highest tip 

twist values of ±10.5° and ±11.3°, respectively. Using the I-beam spar Configuration 6, an 

alternate set of boundary conditions and applied voltage were found to produce a slightly 

greater tip twist. Restraining the warping at both the root and the tip of Configuration 6, 

and reversing the sign of the applied voltages at the midspan, results in the twist profile 

shown in Figure 5.7. This new set of boundary conditions and applied voltages result 

in greater overall twist for the outer span of the rotor blade, where most of the lift is 

produced [1]. 

A full analysis of the rotor blade, including the skin, foam and I-beam spar, is required 

to obtain a more accurate twist profile for the ( | ) scaled CH-47D rotor blade. If a span-

wise segmented airfoil structure is used, such that the airfoil skin and foam are cut in the 

chord-wise direction at a number of beam stations, as shown in Figure 5.8, the I-beam 

spar would become the dominant structural member that provides torsional stiffening. In 

this case, the twist values predicted for the active I-beam spar would be close to the twist 
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Figure 5.7: Configuration 6, alternate boundary conditions. Twist profile of the 
optimized active I-beam spar, for a warping restrained root and a warping restrained 

tip, with the signs of the applied voltages reversed at the midspan. 

produced by the overall rotor blade structure. The segmented airfoil model was proposed 

and investigated in [8], where it was experimentally shown that the chord-wise cuts have 

little effect on the aerodynamic properties of the rotor blade. 

airfoil segment 

Figure 5.8: Segmented airfoil concept, courtesy of [8]. 

As discussed in [45], a new type of MFC, called a "single crystal MFC," is currently in 

development. When used in the Active Twist Rotor (ATR) model [12], the single crystal 

MFC implementation produced approximately 300% more twist than a standard MFC 

implementation and 900% more twist than when using AFCs [45]. Consequently, MFCs 

can be used to produce appreciable twist in an I-beam spar; and a new type of MFC, not 

yet being manufactured, offers the possibility of producing much larger amounts of twist 

in an I-beam spar. 



Chapter 6 

Conclusions and Recommendations 

6.1 Conclusions 

The thesis work began by a literature review of beam theories, the Variational Asymptotic 

Method (VAM), and composite and active materials. The application of the VAM to anal

yse active OCSTWB was reviewed. The validity of the resulting active OCSTWB analysis 

code was investigated by analysing the cross sectional properties of a number of different 

open active sections using OCSTWB and comparing the results to those (a) existing in 

the literature and (b) resulting from other available methods. This code proved to be 

an extremely accurate, reliable and fast method. Using these cross sectional properties, 

the nonlinear behaviour of a number of open passive and active, thin wall cross sections 

subjected to mechanically applied and induced bimoments were investigated. To this end, 

the nonlinear span-wise problem along the beam reference line was solved by discretizing 

the governing equilibrium equations using a forward finite difference scheme. The mod

elling of active OCSTWB in 3-D FEA was investigated, and the global displacements and 

twist values were calculated by minimizing the deformation of a rigid body cross section 

with the 3-D FEA nodal displacements. Both 3-D FEA and literature results were used 
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to verify the active OCSTWB code. An active I-beam spar was used in a parametric 

optimization study to determine the distributions of carbon fibre and MFC plies that pro

duce the greatest twist using an induced bimoment effect. The following conclusions are 

noteworthy: 

• A code based on the VAM that can analytically analyse active prismatic OCSTWB 

has been verified against literature results, 3-D FEA, and the 2-D FE cross sectional 

analysis tools, GT/VABS and UM/VABS. 

• Appreciable twist can be produced in an OCSTWB using piezoelectric fibre compos

ites. Using MFCs to induce a bimoment in an I-beam can be a particularly effective 

method of producing twist. 

• In an implementation of an optimized active I-beam spar in a ( | ) Mach-scaled 

Boeing CH-47D helicopter rotor blade using MFCs, it was found that twist could 

be maximized, when using the induced bimoment effect, by distributing the MFCs 

towards the outer flange edges and towards the restrained warping beam root. 

6.2 Recommendations 

There is much work that can be done in further development of the active OCSTWB 

theory. Some of the possible future work could involve: 

• Extend the active OCSTWB theory to include beams that have initial twist and 

curvature since many helicopter rotor blades are designed with initial twist. 

• Augment the active OCSTWB theory to construct a Timoshenko-like beam model, 

in order to analyse beams with short lengths, beams undergoing high frequency 

vibration, or to accurately find the shear centre of a beam. 
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• Derive the intrinsic dynamic equilibrium equations for a Vlasov-like beam model, in 

order to perform vibration and dynamic analyses. 

• Solve the nonlinear problem along the beam span using the FE method, in order to 

obtain a more accurate solution that converges with fewer elements, and thus faster, 

compared to using the finite difference method. 

• Develop the local recovery relations, in order to find the displacements, stresses and 

strains at a particular local material point in the beam. 

• Use a broad optimization design space of an active OCSTWB spar and perform 

simulation runs using the active OCSTWB code in a genetic or swarm optimization 

scheme. 
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Appendix A 

A.l Shell Energy 

The following derivation transforms the shell energy from indicial notation form, Eq. 2.29, 

into matrix form. Repeating Eq. 2.29: 

2W<m> = / I Da^s(lap + $,pa0 - dlaf)E)(^s + £p7<5 - dll5E) dtids (A.l) 

Expanding Eq. A.l, yields 
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2U^ = f I" {[Dnn (m+tPn-dmE) +2D1112 (7 l 2 + £p12 - dU2E) 

+D1122 (722 + £p22 - dl22E)} ( 7 l l + fpn - d u l £ ) 

+ [2D1112 ( 7 l l + f p„ - d m £ ) + 4D1212 (7 l2 + £Pl2 - dll2E) 

+2D1222 (722 + £p22 - d122£;)] (7 l 2 + £p12 - J1 1 2£) (A.2) 

+ [D1122 (711 + £pn - d m £ ) + 2D1222 (7 l 2 + epi2 - dn2E) 

+D2222 (722 + £p22 - dl22E) ] (722 + £p22 - d122£)) de ^ (A.3) 

where the following symmetries have been used: d\\2 = Ji21, 7 i 2 = 721, P12 = P2i) and 

T~\af)~f5 __ r)/3a7<5 _ r\a/38f __ ryyda/3 _ r^S^afi __ r)7<5/?a 

Grouping terms in the integrand of Eq. A.3 that are quadratic in the known strains, 

7n7n, 7nPn, 7n/0i2, P11P11, P11P12 and p i2pi2, as J ^ ; coupling between the known and 

unknown strains, 712711, 712P11, 712P12, 722P11, 722P12 and P22P12, as 1^\ quadratic in 

the unknown strains, 7i27i2, 712722, 712P22, 722722, 722P22 and p22p22, as 1^; coupling 

between the known strains and electromechanical strain components, 7ii^ia/3, Pnd\a0 and 

Pi2^ia/3, as I^diap'i coupling between the unknown strains and electromechanical strain 

components, 7i2rfia/g, 722̂ 10/3 and p22diaj3, as I<pdlaa'-> and quadratic in the electromechanical 

field, dlapd^s, as IdlaPalyS> y i e l d s 

2Q{m)=I' J\ i1**+IH>+IH+ltdiap+^^+id^^) ̂ ds (A-4) 

where, after factoring out the known and unknown strain vectors, ipT = 7n hpn hp 12 
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and (f>T = 2712 722 hp-22 respectively, gives 

*1pTp 

>4>ip 

lWia/3 

<Pdla0 

7i i ^ P n hpi2 

= 2 2712 722 hp22 

111 

hpn 

hpu 

7n 

hpn 

hpu 

2712 722 hp22 

- 2 7n hpn hp 12 

= - 2 2712 722 ^P22 

^1111 D l l l l ( f ) 2 j D 1 1 1 2 ( 9 

2^1112(1) 2 Z ^ ( i ) 2 4^1212 ( f y 

^1112 D 1 1 1 2 ( f ) 2£>1212(f) 

£,1122 £,1122 ( 0 2D1 2 2 2 ( f ) 

_ £ 1 1 2 2 ( D ^ 1 1 2 2 ( f ) 2 2 D - 2 2 ( f ) 2 

£)1212 £)1222 £,1222 / | \ 

£,1222 £,2222 £,2222 / | \ 

^ 1 2 2 2 ( f ) ^ 2 2 2 2 ( ! ) ^ 2 2 2 2 ( f ) 2 

(Z?1111Jm + 2£1112J112 + D1122d122) £ 

(D1111 <Jm + 2D1112d112 + D1122d122) f 

(2£>1112dm + 4D1212J112 + 2D1222d122) f 

(2D 1 1 1 2Jm + 4£>1212 J112 + 2D1222d122) f 

(£>1122dm + 2JD
1222J112 + D2222d122) E 

(D 1 1 2 2 J m + 2£>1222J112 + D2222Ji22) f 

2712 

722 

hp22 

(A.5) 

and the group of terms composing the quadratic electromechanical field can be collapsed 

into indicial notation form, as 

7 < W i 7 4 = Da/3lSdlapdlj6E
2 (A.6) 

Integrating through the shell thickness h, while recognizing that the shell strains, 7 ^ 



APPENDIX A. 136 

and pag, are functions of the contour coordinate s only, gives 

2U{m) = [ (ij)TQil) + 2</>TSt/> + <t>TP<t> ~ WTH - 2(j>TG + X(E)) ds (A.7) 

where the Q, S and P matrices describe the laminate elastic material properties and are 

given by 

Q 

s = 

p = 

E]111 

ET 

_ 2 ^ 6
1 1 2 

£1112 

^1122 

p i 122 

£1212 

£1222 

P1222 
Eeb 
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[ zEir 
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2El112 AEl212 
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£2222 

p2222 
Eeb 

2 ^ 6
2 1 2 

2^f2 

2 £ 1 2 2 2 

P1222 
^eb 

rp2222 
Eeb 

P2222 
^b 

(A.8) 

where E^6, E^1 and E^01 are the shell stretching, coupling and bending elastic stiff

ness constants, respectively, and are given as [34] 

J rpafi-yS T?uf3~j8 rpa/3~fd 1 / T^afjjd 

\Ee ,Eeb , b h j - J hU <1, h, yhJ d£ 

In Eq. 2.30, H and G are electromechanical coupling matrices given by 

(A.9) 
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H = 

z(a) 

W[a)/h 

W2
{a)/h 

and G 

?{a) ZK
2
a>/2 

7(a) 

r(o) 
wr/h 

where the Z\ and Wi ' components are 

and 

(a) _ 

z\ 

4 a ) 

zia) = 

[Duudin + 2D1112dU2 + Dn22dU2] Edi 

!'2 [2Dni2dlu + 4D1212J112 + 2Dl222d122] EdU 

£h [Dll22din + 2Dl222dn2 + D2222d122] Edi 

wi 

W^a) 

(a) _ 

w. 
(a) 

P [Dnndlu + 2Dni2dn2 + DU22d122] E^dZ 

P [2Dni2dlu + 4Dul2dU2 + 2Dl222dl22] Efidt, 

J \ [Dll22dlxl + 2Dl222d112 + D2222d122] Etidt; 

(A.10) 

(A.H) 

(A.12) 

The final term in the integrand of Eq. 2.30, H(-E'), is a quadratic term of the electric 

field, given by 

N(£) = / [ Da^5dlaPdll&E2d^ (A.13) 
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A.2 First Per turbed Strain Field 

The following derivation finds the first perturbed strain field. Repeating the general strain 

field, Eq. 2.9, gives 

7 n = ^1,1 

Pll = ^3,11 

2712 = f 1,2 + f 2,1 

Pl2 = ^3,12 + T p (^1,2 - 3 v 2 , i ) 

722 = ^2,2 + TT 

^22 = ^3,22 - ( ^ ) (A.14) 

and the first perturbed displacement field, Eq. 2.48, as 

v2 = uaxa + 9rn + w2 

v3 = u2±3 - u3x2 — 9rT + w3 (A.15) 

Substituting the first perturbed displacement field, Eq. A. 15, into each strain compo

nent of the general strain field, Eq. A.14, yields, for *yn, hpu and 2712, 

7n = wi -^1 ,1 (A. 16) 

pn = h (w'2'i3 - u'3% - Q"rT + w3,n) (A.17) 
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2712 = (ui,2 + wi,2)-(u'axa + 6,rn + w2,i) 

= u'2x2 + u'3x3 + 6'rn + wi,2 + w2,i (A.18) 

where U\^ = 0 since u\ is a function of the axial coordinate X\ only. For hp\2i 

hp\2 = h [u'2x3 - u'3x2 - 0'rT + w3:i2 

+j„ (ML2 + *i,2 - 3u'axa - 36'rn - 3t&2,i) 

/ 1 3 
= h ( — (xau'a + rn6' - wh2) -& + t&3,i2 - 4^^2,1 (A.19) 

where U\^ = 0, the relations x2 = ^ and x3 = ^ from Eqs. 2.6 were used, and the 

following relation between rT and rn was derived using Eqs. 2.3 and 2.6, as 

rT = X2X2 + ^2^2 + ^3^3 + ^3^3 

dx2 

ds + 
dx3 

ds 
x3 x2 

R 
(A.20) 

where the Pythagorean theorem (dx2) + (dx3) = (ds) was used. 

For 722, 

722 = {uaxa + 0rn + w2a) + I u2— - u3— - 0— + — 

- , w3 
= ^2,2 + -Q- (A.21) 
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where the relations x2 = ^ and x3 = ^ from Eqs. 2.6 were used, and the following relation 

between fn and rT was derived using Eqs. 2.3 and 2.6, as 

rn = x3x2 + x3x2 - x2x3 - x2x3 

For /ip22, 

x3x2 - x2x3 

x2 x3 

-RX2 + -RX* 

= —rT R 
(A.22) 

hp22 = h [u2x3 - u3x2 - 9fT + w3a 

-— (uaxa + 9rn + w2) 

= h ™3,2 
W2 

~R 
(A.23) 

where Eq. A.20 and the relations x2 = ^ and x3 = ^ from Eqs. 2.6 were used. 
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B.l GiD to UM/VABS Interface Code 

B. l . l Materials File: .mat 

NUMBER: 

NUMBER: 

NUMBER: 

NUMBER: 

NUMBER: 

NUMBER: 

NUMBER: 

NUMBER: 

NUMBER: 

1 

2 

3 

4 

5 

6 

7 

8 

9 

MATERIAL 

MATERIAL 

MATERIAL 

MATERIAL 

MATERIAL 

MATERIAL 

MATERIAL 

MATERIAL 

MATERIAL 

AS4/3506_0.deg END MATERIAL 

AS4/3506.45.deg END MATERIAL 

AS4/3506_90_deg END MATERIAL 

AFC_0_deg_2000V END MATERIAL 

AFC_45_deg_2000V END MATERIAL 

AFC_-45_deg_2000V END MATERIAL 

AFC_0_deg_-2000V END MATERIAL 

AFC_45_deg_-2000V END MATERIAL 

AFC_-45_deg_-2000V END MATERIAL 

B.l.2 Output Instructions File: .bas 

$ GENERAL INFO 

$ 
$ Number of Elements & Nodes 

$ *nelem *npoin 

$ 

141 
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$ Node Y Z 

*set e l ems(a l l ) 

*loop nodes 

•format ' '741i7.23.4f7.8.4f ' ' 

GRID *NodesNum *NodesCoord(2,real)*NodesCoord(3,real) 

*end nodes 

$ 

$ CONNECTIVITIES 

$ 

$ Element Material Node(l) Node(2) Node(3) Node(4) 

$ Initially CW nodal assignments: 

*set Layer LayerCW4321 *elems 

$ LayerCW4321 

*loop elems *OnlyInLayer 

•format ' '%9i°/Jl'/.7i°/.71°/Ji'/Ji" 

CQUAD4 *ElemsNum •ElemsMat *ElemsConec(4) *ElemsConec(3) *ElemsConec(2) *ElemsConec(l) 

•end elems 

$ 

•set Layer LayerCW3214 •elems 

$ LayerCW3214 

•loop elems •OnlylnLayer 

•format ' '7.9i7,7i7.7i7.7i7.7i7.7i" 

CQUAD4 •ElemsNum •ElemsMat •ElemsConec(3) •ElemsConec(2) •ElemsConec(l) •ElemsConec(4) 

•end elems 

$ 

•set Layer LayerCW2143 •elems 

$ LayerCW2143 

•loop elems •OnlylnLayer 

•format ' '7.9i7.7i7.7i%7i7.7i7.7i" 

CQUAD4 •ElemsNum •ElemsMat •ElemsConec(2) •ElemsConec(l) •ElemsConec(4) •ElemsConecO) 

•end elems 

$ 

•set Layer LayerCW1432 •elems 

$ LayerCW1432 

•loop elems •OnlylnLayer 

•format ' '7.9i7,7i7.7i7.7i7.7i7.7i" 

CQUAD4 •ElemsNum •ElemsMat •ElemsConec(1) •ElemsConec(4) •ElemsConecO) •ElemsConec(2) 

•end elems 

$ 
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$ Initially CCW nodal assignments: 

*set Layer LayerCCW1234 *elems 

$ LayerCCW1234 

•loop elems *OnlyInLayer 

•format ' '7.9i7.7i7.7i7.7i7.7i7.7i' ' 

CQUAD4 *ElemsNum *ElemsMat *ElemsConec(l) *ElemsConec(2) *ElemsConec(3) *ElemsConec(4) 

*end elems 

$ 

*set Layer LayerCCW2341 *elems 

$ LayerCCW2341 

•loop elems •OnlylnLayer 

•format ''7.9i7.7i7.7i7.7i7.7i7.7i'' 

CQUAD4 •ElemsNum •ElemsMat •ElemsConec(2) •ElemsConecO) •ElemsConec(4) •ElemsConec(l) 

•end elems 

$ 

•set Layer LayerCCW3412 •elems 

$ LayerCCU3412 

•loop elems •OnlylnLayer 

•format ' '7.9i7.7i%7i7.7i7.7i7.7i' ' 

CQUAD4 •ElemsNum •ElemsMat •ElemsConecO) •ElemsConec(4) •ElemsConec(1) •ElemsConec(2) 

•end elems 

$ 

•set Layer LayerCCW4123 •elems 

$ LayerCCW4123 

•loop elems •OnlylnLayer 

•format ' '7.9i%7i7.7i7.7i7.7i7.7i' ' 

CQUAD4 •ElemsNum •ElemsMat •ElemsConec(4) •ElemsConec(1) •ElemsConec(2) •ElemsConecO) 

•end elems 

$ 

$ MATERIALS 

$ 

$ Materials Used In AS4/3506 

MAT3D 1 142E+9 9.8E+9 9.8E+9 6.00E+9 6.00E+9 4.80E+9 0.3 + 

0.3 0.42 1 

$ Materials Used In AFC-2000V 

MAT3D 2 42.2E+9 17.5E+9 17.5E+9 5.5E+9 5.5E+9 4.4E+9 0.354 + 

0.354 0.42 1 

$ 

MAT5 2 381E-12 -16E-11 0 0 0 0 1.1E-3 
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TEMPD 2000 

$ Materials Used In AFC.-2000V 

MAT3D 3 42.2E+9 17.5E+9 17.5E+9 5.5E+9 5.5E+9 4.4E+9 0.354 + 

0.354 0.42 1 

$ 

MAT5 3 -381E-12 16E-11 0 0 0 0 1.1E-3 

$ PROPERTIES 

$ 

$ Property: 

PSHELL 1 1 0 

$ Property: 

PSHELL 2 1 45 

$ Property: 

PSHELL 3 1 90 

$ Property: 

PSHELL 4 2 0 

$ Property: 

PSHELL 5 2 45 

$ Property: 

PSHELL 6 2 -45 

$ Property: 

PSHELL 7 3 0 

$ Property: 

PSHELL 8 3 45 

$ Property: 

PSHELL 9 3 -45 

AS4/3506_0-deg~ 

AS4/3506_45_deg— 

AS4/3506_90_deg— 

AFC-0_deg_2000V— 

AFC-45_deg_2000V— 

AFC.-45.deg_2000V— 

AFC.0-deg_-2000V— 

AFC_45_deg_-2000V— 

AFC_-45_deg_-2000V-

$ CONSTRAINTS 

$ 

SPCADD 2 

SPC1 2 123 1 

SPC1 2 3 200 

$ 

$ CONTROL PARAMETERS 

vParam DEBUG YES 

vParam ECHO YES 

vParam 0RDER2 NO 
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vParam REORDER NO 

vParam RENUMBER NO 

vParam TIMOSH NO 

vParam VLASOV YES 

B.2 Active OCSTWB Input and Output Files 

B.2.1 I-Beam Contour Input File: contour_input .m 
branch(1 

branch(1 

branch(1 

branch(1 

branch(1 

branchd 

% 

branch(2 

branch(2 

branch(2 

branch(2 

branch(2 

branch(2 

7. 

branch(3 

branch(3 

branch(3 

branch(3 

branch(3 

branch(3 

7. 

branch(4 

branch(4 

branch(4 

branch (A, 

branch(4 

branch(4 

7. 

branch(5 

branch(5 

.branch_id = 1; 

.path_to_origin = [0] ; 

.x3 = (0:0.0005:0.05); 

.x2(l:length(branch(l).x3)) = 0; 

.laminate(l:length(branch(l).x3)) = 1; 

.laminate_cont(l:length(branch(1).x3)) = ' '; 

.branch_id = 2; 

. path_to_origin = [1] ; 

.x2 = (0:-0.0005:-0.05); 

.x3(l:length(branch(2).x2)) = 0.0535; 

.laminate(l:length(branch(l).x3)) = 2; 

.laminate_cont(l:length(branch(2).x3)) = ' ' ; 

.branch_id = 3; 

.path-to_origin = [1] ; 

.x2 = (0:0.0005:0.05); 

,x3(l:length(branch(3).x2)) = 0.0535; 

.laminated:length(branch(3) .x3)) = 3; 

.laminate_cont(l:length(branch(3).x3)) = ' ' ; 

.branch_id = 4; 

.path_to_origin = [0] ; 

.x3 = (0:-0.0005:-0.05); 

.x2(l:length(branch(4).x3)) = 0; 

,laminate(l:length(branch(4).x3)) = 4; 

, laminate_cont(l:length(branch(4).x3)) = ' ' ; 

,branch_id = 5; 

,path_to_orlgin = [4] ; 



APPENDIX B. 

branch(5).x2 = (0:-0.0005:-0.05); 

branch(5).x3(l:length(branch(5).x2)) = -0.0535; 

branch(5).laminate(l:length(branch(5).x3)) = 5; 

branch(5).laminate_cont(l:length(branch(5).x3)) = ' ' ; 

7. 

branch(6).branch-id = 6; 

branch(6) .path_to_origin = [4] ; 

branch(6).x2 = (0:0.0005:0.05); 

branch(6).x3(l:length(branch(6).x2)) = -0.0535; 

branch(6).laminate(l:length(branch(6).x3)) = 6; 

branch(6).laminate_cont(l:length(branch(6).x3)) = ' ' ; 

B.2.2 I-Beam Laminates Input File: Laminateslnput.dat 
Number_of_Regions 6 

Regionl 7.0E-3 7 

plyl-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply2-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply3-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply4-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply5-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply6-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply7-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

Region2 7.0E-3 7 

plyl-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply2-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply3-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply4-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply5-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply6-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply7-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

Region3 7.0E-3 7 

plyl-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply2-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply3-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply4-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply5-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply6-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply7-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

Region4 7.0E-3 7 
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plyl-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply2-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply3-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply4-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply5-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply6-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply7-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

Region5 7.0E-3 7 

plyl-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply2-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply3-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply4-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply5-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply6-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 -1818.1E+3 381E-12 0 -160E-12 1 

ply7-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

Region6 7.0E-3 7 

plyl-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply2-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply3-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply4-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

ply5-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply6-AFC 42.2E+9 17.5E+9 5.5E+9 4.4E+9 0.354 0.42 1.0E-3 0 1818.1E+3 381E-12 0 -160E-12 1 

ply7-AS4/3506-l 141.96E+9 9.79E+9 6.00E+9 4.80E+9 0.3 0.42 1.0E-3 0 0 0 0 0 1 

B.2.3 Bimoment I-Beam Output 
The classical 4x4 stiffness matrix 

2.1832e+008 0 -1.0656e-008 4.2746e-010 

0 2.0167e+002 0 0 

-1.0656e-008 0 4.2327e+005 4.7748e-012 

4.2746e-010 0 4.7748e-012 9.9121e+004 

The classical actuation vector 

-1.1369e-013 

0 

-1.2621e-012 

-3.9968e-014 

The Vlasov-classical coupling terms 

1.2506e-012 0 1.7053e-013 9.5213e-013 
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The Vlasov Rigidity 

2.8799e+002 

The Vlasov actuation moment 

3.1577e+001 

0 

0 

0 
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C.l Nonlinear 1-D Beam Span Analysis Code 

C . l . l I npu t File: beam_input.m 

function [Cij_FlMia,analysis,length.rootBC,tipBC,T,Mw_root,Mw_tip, ... 

induced_actuation,number_of.elements] = beam_input 

analysis = ' ActiveOCSTWB'; % 'ActiveOCSTWB ', 'UMVABS ' or 'GTVABS ' 

induced_actuation = 'uniform'; % 'passive', 'uniform' or 'reversed' 

length = 1 ; % 1 m, GTVABS: 200, Gandhi: 62 in 

number_of.elements = 120; 

% boundary conditions : 

rootBC = 'restrained'; % 'restrained' or 'freeToWarp ' 

tipBC = 'free'; '/, 'free' or 'marpingRestrained ' 

'/, applied loading: 

Hv.root = 0 ; '/, root bimoment 

Mw_tip = 0 ; X tip bimoment 

T = 0; % tip torque 

% Cll; C22; C33; C44 ; C55; C12; C13; C14 ; C15; C23; C24 ; C25; C34 ; C35; C45; 

% Fla;Mla; M2a; H3a; Mwa 

Cij_FlHia = [1.59E+008 

2.50E+002 

1.79E+005 

3.34E+005 

149 
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1.88E+003 

- 1 . 1 9 E - 0 1 2 

7 .39E+005 

1 .98E-009 

1 . 5 5 E - 0 1 1 

- 2 . 4 4 E - 0 1 4 

- 4 . 2 4 E + 0 0 2 

- 6 . 2 9 E + 0 0 1 

- 2 . 0 7 E - 0 1 1 

- 9 . 0 9 E - 0 1 3 

2 .40E+004 

8 . 7 4 E - 0 1 3 

- 2 . 8 8 E + 0 0 1 

- 3 . 7 7 E - 0 1 4 

3 .05E+002 

2 . 2 9 E + 0 0 1 ] ; 

end % function 

C.1.2 Input Processing File: process_input .m 

function [Sll , S22 , S33 , S44 , S55 , S12 , S13 , S14 , S15 ,S23,S24,S25 , S34 , S35 ,S45 , 

Fla.Mla,M2a,M3a,Mwa,Fl,F2,F3,Ml,M2,M3,Mw,W,S,C,length,rootBC,tipBC, 

T,Mw_root,Mw_tip,number_of.elements] = process.input 

[Cij_FlMia,analysis,length,rootBC,tipBC,T,Mw_root,Mw_tip, ... 

induced_actuation,number_of.elements] = beam_input; 

Cll = Cij.FlMia(l); 

C22 = Cij_FlMia(2) ; 

C33 = Cij_FlMia(3); 

C44 = Cij_FlMia(4) ; 

C55 = Cij_FlMia(5); 

C12 = Cij_FlMia(6) ; 

C13 = Cij_FlMia(7) ; 

C14 = Cij_FlMia(8) ; 

C15 = Cij_FlMia(9); 

C23 = Cij_FlMia(10); 

C24 = Cij_FlMia(ll) ; 

C25 = Cij_FlMia(12) ; 
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C34 = C i j _ F l M i a ( 1 3 ) ; 

C35 = C i j _ F l M i a ( 1 4 ) ; 

C45 = C i j _ F l M i a ( 1 5 ) ; 

% stiffness matrix 

C = [Cll C12 C13 C14 C15; 

C12 C22 C23 C24 C25; 

C13 C23 C33 C34 C35; 

C14 C24 C34 C44 C45; 

C15 C25 C35 C45 C55] ; 

% compatibility matrix 

if (C15 "= 0) II (C25 "= 0) II (C35 "= 0) II (C45 "= 0) II (C55 ~= 0) 

S = inv(C) ; 

else 

S = inv(C(l:4,l:4)); 

S(l 

S(2 

S(3 

S(4 

SC5 

,5) 

5) 

5) 

5) 

5) 

= 

= 

= 

= 

= 

0 

0 

0 

0 

0 

Sll 

S22 

S33 

S44 

S55 

= 

= 

= 

= 

= 

SCI 

S(2 

S(3 

S(4 

S(5 

,1) 

,2) 

,3) 

4) 

5) 

S12 

S13 

S14 

S15 

S23 

S24 

S25 

S34 

S35 

S45 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

S(l 

SCI 

SCI 

SCI 

SC2 

SC2 

SC2 

SC3 

SC3 

SC4 

,2) 

,3) 

,4) 

5) 

3) 

4) 

5) 

4) 

5) 

5) 
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% initializing the active force vectors 

Fla = zeros(number_of.elements + 1 ,1) 

Mia = zeros(number_of_elements + l , 1) 

M2a = zeros(number_of_elements + l , 1) 

M3a = zeros(number.of_elements + l , 1) : 

Mwa = zeros(number_of_elements + l , 1) : 

if strcmp(induced_actuation,'passive') X 'passive', 'uniform' or 'reversed') 

firstHalf = 0; 

secondHalf = 0; 

elseif strcmp(indueed_actuation,'uniform') 

firstHalf = 1; 

secondHalf = 1; 

else if strcmp(indueed_actuation , 'reversed') 

firstHalf = 1; X positive direction 

secondHalf = -1; 7, -1, reverse direction 

else 

error('Notuaurootuboundaryucondition.urootBCu
 = u''restrained' ' u°ru ''freeToWarp ' ' ' ) 

end % if 

if strcmp(analysis , 'ActiveOCSTWB ' ) II strcmp(analysis , 'GTVABS') 

b = 1; 

elseif strcmp(analysis, 'UMVABS') 

b = -1; 

end % if 

for i = 1:(number.of.elements+1) 

if i < round(number.of.elements/2) 

polarity = firstHalf; 

else 

polarity = secondHalf; 

end X if 

Fla(i) = Cij_FlMia(16) * b * polarity; 

Mla(i) = Cij.FlMia (17) * b * polarity; 

M2a(i) = Cij_FlMia(18) * polarity; 

M3a(i) = Cij.FlMia(19) * b * polarity; 

Mwa(i) = Cij.FlMia(20) * b * polarity; 

end X for 
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% Assigning the initial guess nodal values 

c = -40; 

for j = 1: 

Fl(j ,1 

F2(j ,1 

F3(j ,1 

Ml(j ,1 

M2(j ,1 

M3(j ,1 

Mw(j ,1 

W(j ,1) = c 

end % for 

number_of.elements +1) 

= c ; 

= c ; 

= c ; 

end % function 

C.1.3 Main Analysis File: beam_displacement_twist .m 

function beam_displacement_twist 

clc 

clear 

format short e 

[Sll, S22,S33,S44,S55,S12,S13,S14,S15,S23,S24,S25,S34,S35,S45, ... 

Fla,Mla,M2a,M3a,Mwa,Fl,F2,F3,M1,M2,M3,Mw,W,S,C,length.rootBC,tipBC, . . . 

T,Mw_root,Mw_tip,number_of.elements] = process_input; 

% Newton Raphson 

number_of.iterations = 50; % 100 

[Fl, F2, F3, Ml, M2, M3, Mw, W] = newton_raphson(Sll , S22 , ... 

S33 , S44 , S55, S12 , S13 , S14 , S15 , S23 , S24 , S25 , S34 , S35 , S45 , Fla, ... 

Mia, M2a, M3a, Mwa, Fl, F2, F3, Ml, M2, M3, Mw, W, number_of.elements, ... 

number.of.iterations, T, rootBC, length, Mw_tip, tipBC , Mw_root); 

7, nonlinear displacement and twist recovery 

% constructing the input variables 

Xf = zeros(number_of_elements+l,1); 

Xf(l) = W(number_of_elements+l); 

for kk = 2:number_of_elements+l 
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Xf(8*(kk 

Xf(8*(kk 

Xf(8*(kk 

Xf(8*(kk 

Xf(8*(kk 

Xf(8*(kk 

Xf(8*(kk 

Xf(8*(kk 

-2)+2) 

-2)+3) 

-2)+4) 

-2)+5) 

-2)+6) 

-2)+7) 

-2)+8) 

-2)+9) 

= 

= 

= 

= 

= 

= 

= 

= 

Fl((number 

F2((number. 

F3((number. 

Ml((number. 

M2((number. 

M3((number. 

Mw((number. 

-Of. 

.of. 

.of. 

.of. 

.of. 

.of. 

.of. 

.elements +2) 

.elements+2) 

.elements+2) 

.elements+2) 

.elements +2) 

.elements +2) 

.elements +2) 

W((number_of.elements+2)-

-kk) 

-kk) 

-kk) 

-kk) 

-kk) 

-kk) 

-kk) 

kk) ; 

end % for 

delta_x = length/number_of.elements; 

number_beam_elements = number_of.elements; 

Flexibility_Matrix = S; 

FreeTipBCs = [Fl(number_of_elements+l); F2(number_of.elements+1); F3(number_of.elements 

+1); Ml(number_of_elements+l); M2(number_of_elements+l); M3(number_of.elements+1); Mw( 

number_of_elements+l)] ; 

y = deformation.rotations(Xf,delta_x,number_beam_elements,Flexibility_Matrix,FreeTipBCs, 

Fla,Mla,M2a,M3a,Mwa); 

y.tip_twist_angle; 

theta = flipud(y.tip_twist_angle ' ) ; 

C_deformation = y.CBb; 

y = deformation_displacements(Xf,delta_x,number.beam.elements,Flexibility_Matrix, 

FreeTipBCs,Fla,Mla,M2a,M3a,Mwa,C_deformation); 

for k = 1:number_of_elements+l 

U_l(k) = y{k}(l) ; 

U_2(k) = y{k}(2); 

U_3(k) = y{k}(3) ; 

end % for 

Ul = flipud(U_l'); 

U2 = flipud(U_2'); 

U3 = flipud(U_3'); 

% reducing the number of elements to 10 and arranging the forces in a column vector from 

root to tip 

x = 0:length/number_of.elements:length; % xl coordinate from tip to root 

number_of.elements = 10; 

xi = 0:length/number_of.elements:length; 
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X output 

Ul = i n t e r p l ( x , U l , x i ) ' 

U2 = i n t e r p l ( x , U 2 , x i ) ' 

U3 = i n t e r p l ( x , U 3 , x i ) ' 

t h e t a = i n t e r p l ( x , t h e t a , x i ) ' 

end X function 

C.1.4 Equations Assembly File: equations.m 

function equations = equations(Sll, S22 , S33, S44, S55, S12, S13, S14, ... 

S15, S23 , S24 , S25 , S34 , S35 , S45 , Fla , Mia, M2a , M3a , Mwa , ... 

Fl, F2, F3, Ml, M2, M3, M B , W, number.of.elements , rootBC, length, T, Mw_tip , 

tipBC, Mw_root) 

EquationsSize = 8*number_of_elements+8; 

EquationsArray = zeros(EquationsSize,1); 

dx = length/number.of.elements; 

for i = 1:number.of.elements 

X first-order accurate forward difference equations 

Equations = [(Fl(i+1) - Fl(i)) / dx - F2(i) * (S14 * (Fl(i) - Fla(i)) + S24 * (Ml(i) 

- Mla(i)) + S34 * (M2(i) - M2a(i)) + S44 * (M3(i) - M3a(i)) + S45 * (Mw(i) - Mwa(i 

))) + F3(i) * (S13 * (Fl(i) - Fla(i)) + S23 * (Ml(i) - Mla(i)) + S33 * (M2(i) -

M2a(i)) + S34 * (M3(i) - M3a(i)) + S35 * (Mw(i) - Mwa(i))) (F2(i+1) - F2(i)) / dx 

- F3(i) * (S12 * (Fl(i) - Fla(i)) + S22 * (Ml(i) - Mla(i)) + S23 * (M2(i) - M2a(i) 

) + S24 * (M3(i) - M3a(i)) + S25 * (Mw(i) - Mwa(i))) + Fl(i) * (S14 * (Fl(i) - Fla 

(i)) + S24 * (Ml(i) - Mla(i)) + S34 * (M2(i) - M2a(i)) + S44 * (M3(i) - M3a(i)) + 

S45 * (Mw(i) - Mwa(i))) (F3(i+1) - F3(i)) / dx - Fl(i) * (S13 * (Fl(i) - Fla(i)) + 

S23 * (Ml(i) - Mla(i)) + S33 * (M2(i) - M2a(i)) + S34 * (M3(i) - M3a(i)) + S35 * 

(M«(i) - Mwa(i))) + F2(i) * (S12 * (Fl(i) - Fla(i)) + S22 * (Ml(i) - Mla(i)) + S23 

* (M2(i) - M2a(i)) + S24 * (M3(i) - M3a(i)) + S25 * (Mw(i) - Mwa(i))) (Ml(i+1) -

Ml(i)) / dx - M2(i) * (S14 * (Fl(i) - Fla(i)) + S24 * (Ml(i) - Mla(i)) + S34 * (M2 

(i) - M2a(i)) + S44 * (M3(i) - M3a(i)) + S45 * (Mw(i) - Mwa(i))) + M3(i) * (S13 * 

(Fl(i) - Fla(i)) + S23 * (Ml(i) - Mla(i)) + S33 * (M2(i) - M2a(i)) + S34 * (M3(i) 

- M3a(i)) + S35 * (Mw(i) - Mwa(i))) - (W(i + 1) - W(i)) / dx (M2U + 1) - M2(i)) / dx 

- M3(i) * (S12 * (Fl(i) - Fla(i)) + S22 * (Ml(i) - Mla(i)) + S23 * (M2(i) - M2a(i) 

) + S24 * (M3(i) - M3a(i)) + S25 * (Mw(i) - Mwa(i))) + Ml(i) * (S14 * (Fl(i) - Fla 

(i)) + S24 * (Ml(i) - Mla(i)) + S34 * (M2(i) - M2a(i)) + S44 * (M3(i) - M3a(i)) + 

S45 * (Mw(i) - Mwa(i))) - F3(i) - W(i) * (S14 * (Fl(i) - Fla(i)) + S24 * (Ml(i) -
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Mla(i)) + S34 * (M2(i) - M2a(i)) + S44 * (M3(i) - M3a(i)) + S45 * (Mw(i) - Mwa(i)) 

) (M3(i+1) - M3(i)) / dx - Ml(i) * (S13 * (Fl(i) - Fla(i)) + S23 * (Ml(i) - Mla(i) 

) + S33 * (M2(i) - M2a(i)) + S34 * (M3(i) - M3a(i)) + S35 * (Mw(i) - Mwa(i))) + M2 

(i) * (S12 * (Fl(i) - Fla(i)) + S22 * (Ml(i) - Mla(i)) + S23 * (M2(i) - M2a(i)) + 

S24 * (M3(i) - M3a(i)) + S25 * (Hw(i) - Mwa(i))) + F2(i) + W(i) * (S13 * (Fl(i) -

Fla(i)) + S23 * (Ml(i) - Mla(i)) + S33 * (M2(i) - M2a(i)) + S34 * (M3(i) - M3a(i)) 

+ S35 * (Mw(i) - Mwa(i))) S12 * (Fl(i+1) - Fl(i)) / dx + S22 * (Ml(i+1) - Ml(i)) 

/ dx + S23 * (M2U + 1) - M2(i)) / dx + S24 * (M3U + 1) - M3(i)) / dx + S25 * W(i) -

S15 * (Fl(i) - Fla(i)) - S25 * (Ml(i) - Mla(i)) - S35 * (M2(i) - M2a(i)) - S45 * ( 

M3(i) - M3a(i)) - S55 * (Mw(i) - Mwa(i)) W(i) - (Mw(i+1) - Mw(i)) / dx]; 

if i == 1 X additional root equation 

if strcmp(rootBC,'restrained') 

EquationsArray(i) = S12*(Fl(i)-Fla(i))+S22*(M1(i)-Mla(i))+S23*(M2(i)-M2a(i))+ 

S24*(M3(i)-M3a(i))+S25*(Mw(i)-Mwa(i)) ; 

elseif strcmp(rootBC, ' freeToWarp ') 

EquationsArray(i) = Mw(i)-Mw_root; 

else 

error('Notuaurootuboundaryucondition.urootBCu=u''restrained''uoru''freeToWarp 

') 

end 7. if 

end 7. if 

if i == number _of .elements 7, additional tip equation 

if strcmp(tipBC ,'free ') 

EquationsArray(l+i*8+l) = Fl(i+1) 

EquationsArray(l+i*8+2) = F2(i+1) 

EquationsArray(l+i*8+3) = F3(i+1) 

EquationsArray(l+i*8+4) = Mi(i+1)-(W(i+1)+T); 

EquationsArray(l+i*8+5) = M2(i+1); 

EquationsArray(l+i*8+6) = M3(i+1); 

EquationsArray(l+i*8+7) = Mw(i+1)-Mw_tip; 

elseif strcmp(tipBC , 'warpingRestrained') 

EquationsArray(l+i*8+l) = Fl(i+1) 

EquationsArray(l+i*8+2) = F2(i+1) 

EquationsArray(l+i*8+3) = F3(i+1): 

EquationsArray(l+i*8+4) = Ml(i+1)-(W(i+1)+ T) 

EquationsArray(l+i*8+5) = M2(i+1); 

EquationsArray(l+i*8+6) = M3(i+1); 
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EquationsArray(l+i*8+7) = S12*(Fl(i+l)-Fla(i+l))+S22*(Ml(i+1)-Mla(i+1))+S23*( 

M2(i+l)-M2a(i+l))+S24*(M3(i+l)-M3a(i+l))+S25*(Mw(i+l)-Mwa(i+D); 

else 

error('Notuautipul>oundaryucondition.utipBCu=u''free''uoru''warpingRestrained' 

' ') 

end Z if 

end % if 

for j = 1:8 

EquationsArray(l+(i-1)*8+j) = Equations(j); 

end '/, for 

end % for 

equations = EquationsArray; 

end X function 

C.1.5 Jacobian Assembly File: jacobian.m 

function jacobian = jacobian(Sll, S22, S33, S44, S55, S12, S13, S14, ... 

S15, S23, S24, S25, S34, S35, S45, Fla, Mia, M2a, M3a, Mwa, ... 

Fl, F2, F3, Ml, M2, M3, Mw, W, number.of.elements , rootBC , length, tipBC) 

% Initializing the global Jacobian matrix 

GlobalJacobianSize = 8*number_of_elements+8; 

GlobalJacobian = zeros(GlobalJacobianSize,GlobalJacobianSize); 

dx = length/number_of.elements; 

for i = 1:number_of.elements 

% first-order accurate Jacobian 

LocalJacobian = [-O.lel / dx - F2(i) * S14 + F3(i) * S13 -S14 * (Fl(i) - Fla(i)) -

S24 * (Ml(i) - Mla(i)) - S34 * (M2(i) - M2a(i)) - S44 * (M3(i) - M3a(i)) - S45 * ( 

Mw(i) - Mwa(i)) S13 * (Fl(i) - Fla(i)) + S23 * (Ml(i) - Mla(i)) + S33 * (M2(i) -

M2a(i)) + S34 * (M3(i) - M3a(i)) + S35 * (Mw(i) - Mwa(i)) -F2(i) * S24 + F3(i) * 

S23 -F2(i) * S34 + F3(i) * S33 -F2(i) * S44 + F3(i) * S34 -F2(i) * S45 + F3(i) * 

S35 0 O.lel / d x 0 0 0 0 0 0 0; -F3(i) * S12 + S14 * (Fl(i) - Fla(i)) + S24 * (Ml( 

i) - Mla(i)) + S34 * (M2(i) - M2a(i)) + S44 * (M3(i) - M3a(i)) + S45 * (Mw(i) -

Hwa(i)) + Fl(i) * S14 -O.lel / dx -S12 * (Fl(i) - Fla(i)) - S22 * (Ml(i) - Mla(i)) 

- S23 * (M2(i) - M2a(i)) - S24 * (M3(i) - M3a(i)) - S25 * (Mw(i) - Mwa(i)) -F3(i) 
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* S22 + Fl(i) * S24 -F3(i) * S23 + Fl(i) * S34 -F3(i) * S24 + Fl(i) * S44 -F3(i) 

* S25 + Fl(i) * S45 0 0 O.lel / dx 0 0 0 0 0 0; -S13 * (Fl(i) - Fla(i)) - S23 * ( 

Hl(i) - Mla(i)) - S33 * (M2(i) - M2a(i)) - S34 * (M3(i) - M3a(i)) - S35 * (Mw(i) -

Mwa(i)) - Fl(i) * S13 + F2(i) * S12 S12 * (Fl(i) - Fla(i)) + S22 * (Ml(i) - Mla(i 

)) + S23 * (M2(i) - H2a(i)) + S24 * (M3(i) - M3a(i)) + S25 * (Mw(i) - Mwa(i)) -0.1 

el / dx -Fl(i) * S23 + F 2 U ) * S22 -Fl(i) * S33 + F2(i) * S23 -Fl(i) * S34 + F2(i) 

* S24 -Fl(i) * S35 + F2(i) * S25 0 0 0 O.lel / dx 0 0 0 0 0; -M2(i) * S14 + M3(i) 

* S13 0 0 -O.lel / dx - M2(i) * S24 + M3(i) * S23 -S14 * (Fl(i) - Fla(i)) - S24 * 

(Ml(i) - Mla(i)) - S34 * (M2(i) - M2a(i)) - S44 * (M3(i) - M3a(i)) - S45 * (Mw(i) 

- Mwa(i)) - M2(i) * S34 + M3(i) * S33 -M2(i) * S44 + S13 * (Fl(i) - Fla(i)) + S23 

* (Ml(i) - Mla(i)) + S33 * (M2(i) - M2a(i)) + S34 * (M3(i) - M3a(i)) + S35 * (Mw( 

i) - Mwa(i)) + M3(i) * S34 -M2(i) * S45 + M3(i) • S35 O.lel / dx 0 0 0 O.lel / dx 

0 0 0 -O.lel / dx; -M3(i) * S12 + Ml(i) * S14 - W(i) * S14 0 -1 -M3(i) * S22 + S14 

* (Fl(i) - Fla(i)) + S24 * (Ml(i) - Mla(i)) + S34 * (M2(i) - M2a(i)) + S44 * (M3( 

i) - M3a(i)) + S45 * (Mw(i) - Mwa(i)) + Ml(i) * S24 - W(i) * S24 -O.lel / dx - M3( 

i) * S23 + Ml(i) * S34 - W(i) * S34 -S12 * (Fl(i) - Fla(i)) - S22 * (Ml(i) - Mla(i 

)) - S23 * (M2(i) - M2a(i)) - S24 * (M3(i) - M3a(i)) - S25 * (Mw(i) - Mwa(i)) - H3 

(i) * S24 + Ml(i) * S44 - W(i) * S44 -M3(i) * S25 + Ml(i) * S45 - W(i) * S45 -S14 

* (Fl(i) - Fla(i)) - S24 * (Ml(i) - Mla(i)) - S34 * (M2(i) - M2a(i)) - S44 * (M3(i 

) - M3a(i)) - S45 * (Mw(i) - Mwa(i)) 0 0 0 0 O.lel / dx 0 0 0; -Ml(i) * S13 + M2(i 

) * S12 + W(i) * S13 1 0 -S13 * (Fl(i) - Fla(i)) - S23 * (Ml(i) - Mla(i)) - S33 * 

(M2(i) - M2a(i)) - S34 * (M3(i) - M3a(i)) - S35 * (Mw(i) - Mwa(i)) - Ml(i) * S23 + 

M2(i) * S22 + W(i) * S23 -Ml(i) * S33 + S12 * (Fl(i) - Fla(i)) + S22 * (Ml(i) -

Mla(i)) + S23 * (M2(i) - M2a(i)) + S24 * (M3(i) - M3a(i)) + S25 * (Mw(i) - Mwa(i)) 

+ M2(i) * S23 + W(i) * S33 -O.lel / dx - Ml(i) * S34 + M2(i) * S24 + W(i) * S34 -

Ml(i) * S35 + M2(i) * S25 + W(i) * S35 S13 * (Fl(i) - Fla(i)) + S23 * (Ml(i) - Mia 

(i)) + S33 * (M2(i) - M2a(i)) + S34 * (M3(i) - M3a(i)) + S35 * (M«(i) - Mwa(i)) 0 

0 0 0 0 O.lel / dx 0 0; -S12 / dx - S15 0 0 -S22 / dx - S25 -S23 / dx - S35 -S24 / 

dx - S45 - S 5 5 S25 S12 / dx 0 0 S22 / dx S23 / dx S24 / d x O O ; 0 0 0 0 0 0 O . l e l 

/ d x 1 0 0 0 0 0 0 - O . l e l / dx 0 ; ] ; 

if i == 1 X additional row at top 

if strcmp(rootBC,'restrained') 

GlobalJacobianQ ,1:8) = [S12 0 0 S22 S23 S24 S25 0]; 

else if strcmp(rootBC , 'freeToWarp') 

GlobalJacobianQ ,1:8) = [0 0 0 0 0 0 1 0]; 

else 

error('Notuaurootuboundaryucondition.urootBCu=u''restrained' ' uor u' 'freeToWarp 

'") 
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end Z if 

for j = 1:8 

for k = 1:16 

G l o b a l J a c o b i a n ( l + ( i - l ) * 8 + j , ( i - l ) * 8 + k ) = L o c a l J a c o b i a n ( j , k ) ; 

end X for 

end X for 

elseif i == number_of.elements X tip element 

if strcmp(tipBC , 'free') 

X last column: node i+1, element i 

GlobalJacobian(GlobalJacobianSize-8, GlobalJacobianSize) = S22/dx; X S22/dx 

differentiation w.r.t. W 

GlobalJacobian((GlobalJacobianSize-6):GlobalJacobianSize, (GlobalJacobianSize 

-7):GlobalJacobianSize) = ... 

[ 1 0 0 0 0 0 0 0 ; X Fl 

0 1 0 0 0 0 0 0 ; X F2 

0 0 1 0 0 0 0 0 ; X F3 

0 0 0 1 0 0 0 - 1 ; X Ml 

0 0 0 0 1 0 0 0 ; X M2 

0 0 0 0 0 1 0 0 ; X M3 

0 0 0 0 0 0 1 0 ] ; X Mw 

elseif strcmp(tipBC , 'warpingRestrained') 

X last column: node i+1, element i 

GlobalJacobian(GlobalJacobianSize-8, GlobalJacobianSize) = S22/dx; X S22/dx 

differentiation w.r.t. W 

GlobalJacobian(GlobalJacobianSize-7, GlobalJacobianSize-1) = -1/dx; X -1/dx 

differentiation w.r.t. Mw 

GlobalJacobian((GlobalJacobianSize-6):GlobalJacobianSize, (GlobalJacobianSize 

-7):GlobalJacobianSize) = ... 

[ 1 0 0 0 0 0 0 0 ; X Fl 

0 1 0 0 0 0 0 0 ; X F2 

0 0 1 0 0 0 0 0 ; X F3 

0 0 0 1 0 0 0 -1; X Ml 

0 0 0 0 1 0 0 0 ; X M2 

0 0 0 0 0 1 0 0 ; X M3 

S12 0 0 S22 S23 S24 S25 0]; X Mw 

else 
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error('NotuautipuboundaryuCondition.utipBCu=u' 'free' ' uor u' 'warpingRestrained' 

") 

end X if 

X node i , element i 

for j = 1:8 

for k = 1:8 

GlobalJacobian(l+(i-l)*8+j, (i-l)*8+k) = LocalJacobian(j,k); 

end X for 

end X for 

else 

for j = 1:8 

for k = 1:16 

GlobalJacobian(l+(i-l)*8+j, (i-l)*8+k) = LocalJacobian(j,k); 

end X for 

end X for 

end X if 

end X for 

jacobian = GlobalJacobian; 

end X function 

C.1.6 Newton -Raphson Equa t ion Solver File: newton_raphson.m 

function [Fl, F2, F3, Ml, M2 , M3 , Mw, W] = newton_raphson(Sll, S22, ... 

S33, S44 , S55, S12 , S13 , S14 , S15 , S23 , S24 , S25 , S34 , S35 , S45 , Fla, ... 

Mia, M2a, M3a, Mwa, Fl, F2, F3, Ml, M2, M3, Mw, W, number_of.elements, ... 

number_of.iterations, T, rootBC, length, Mw_tip, tipBC, Mw_root) 

X Solving for the nodal values using the Newton-Raphson method 

for k = 1:number_of_iterations 

J = jacobian(Sll, S22, S33, S44, S55, S12, S13, S14, ... 

S15, S23, S24, S25, S34, S35, S45, Fla, Mia, M2a, M3a, Mwa, ... 

Fl, F2, F3, Ml, M2, M3, Mw, W, number_of.elements , rootBC, length, tipBC); 

f = equations (Sll , S22 , S33 , S44 , S55 , S12 , S13 , S14 , ... 

S15, S23, S24, S25, S34, S35, S45, Fla, Mia, M2a, M3a, Mwa, ... 
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Fl, F2 , F3, Ml, M2 , M3 , Mw, W, number.of.elements , rootBC , length, T, Mw_tip. 

tipBC , Hw.root); 

dx -J\f ; 

% check 

if (k = = 1 ) II (mod(k,20) == 0) 

IterationNumber = k 

sizeJ = size(J) 

rankJ = rank(J) 

end % if 

gFiniteDiffNewton = norm(f)"2 

deltaX = norm(dx); 

% Updating estimated nodal values (Xnew = Xold + dx) 

for j = 1:(number_of_elements+l) 

Fl(j) = Fl(j) + dx((j-l)*8+l) 

F2(j) = F2(j) + dx((j-l)*8+2) 

F3(j) = F3(j) + dx((j-l)*8+3) 

Ml(j) = Ml(j) + dx((j-l)*8+4) 

M2(j) = M2(j) + dx((j-l)*8+5) 

M3(j) = M3(j) + dx((j-l)*8+6) 

Mw(j) = Mw(j) + dx((j-l)*8+7) 

W(j) = W(j) + dx((j-l)*8+8); 

end % for 

if gFiniteDiffNewton < le-10 

Fl; 

F2 

F3 

Ml 

M2 

M3 

Mw 

W; 

f = equations(Sll , S22, S33, S44, S55, S12 , S13 , S14 , ... 

S15, S23 , S24 , S25 , S34 , S35 , S45 , Fla, Mia, M2a , M3a, Mwa, ... 

Fl, F2, F3, Ml, M2, M3, Mw, W, number.of.elements, rootBC, length, T, Mw.tip, 

tipBC , Hw.root); 
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r e t u r n 

end X if 

end X for 

end X function 

C.2 3-D FEA Displacement and Twist Post-processing 

Code 

C.2.1 Read 3-D FEA Output File: read_ansys_results.m 

function node_coord_displ = read_ANSYS_results 

X reading the two ANSYS nodal coordinates and displacement ouput text files into matrices 

NCoord = txt2mat('bimomentibeamNodalCoordinates',0,-1); X 0 header lines, no text 

wrapping; empty positions replaced with 'NaN' 

NDispl = txt2mat('bimomentibeamNodalDisplacements ' ,0 ,-1); 

lengthNCoord = length(NCoord); 

lengthNDispl = length(NDispl); 

X removing the empty rows and the fifth 

NCoordReduced = intersect(NCoord,NCoord, 

NDisplReduced = intersect(NDispl,NDispl, 

NDisplReduced = NDisplReduced (:, 1: 4) ; 

NCoordNodes = NCoordReduced (:, 1) ; 

NDisplNodes = NDisplReduced (:, 1) ; 

[Nodes, iCoord, iDispl] = intersect(NCoordNodes, NDisplNodes); 

NResults = zeros(length(Nodes) ,7) ; 

X assembling the node numbers , nodal coordinates and nodal displacements into a single 

matrix 

for i = 1:length(Nodes) 

NResults(i , 1:4) = NCoordReduced(iCoord(i) , 1:4) ; 

NResults(i ,5:7) = NDisplReduced(iDispl(i) ,2:4) ; 

column of NDispl 

'rows ' ) ; 

'rows ' ) ; 
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end X for 

node_coord_displ = NResults; 

end % function 

C.2.2 Main Analysis File: beam_displ_rot .m 

function beam_displ_rot(node_coord_displ) 

% beam length 

length = 1; '/, 1 m or 200 

beam_station = length:-length/20:0; 

X initial guess values at tip 

xO = [0,0,0]; X [U2.U3, theta] [m.m.rad] 

X initializing the unknown variables 

U2 = zeros(1,length(beam_station)); 

U3 = zeros(1,length(beam_station)) ; 

theta = zeros(1,length(beam.station)); 

min_function = zeros(length(beam_station) , 1); 

for j = 1:length(beam_station) 

X initializing the cross-sectional variables 

k = 0; 

X finding the closest X value to the beam_station 

smallestDiff = length; 

closestX = 0; 

for i = 1;length(node_coord_displ) 

diff = abs(node_coord_displ(i,2)-beam_station(j)); 

if diff < smallestDiff 

smallestDiff = diff ; 

closestX = node_coord_displ(i,2); 

end % if 

end X for 

X, finding the number of nodes in the cross section closest to the beam_station 

for i = 1;length(node_coord_displ) 

if node_coord_displ(i,2) == closestX 
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k = k + 1 ; 

end 7, if 

end % for 

number_of_nodes = k; % number of nodes in each cross-section 

X = zeros(number_of_nodes ,1) ; 

Y = zeros(number_of.nodes , 1) ; 

Z = zeros(number_of_nodes ,1) ; 

UX = zeros(number_of_nodes , 1) ; 

UY = zeros(number_of_nodes ,1) ; 

UZ = zeros(number_of_nodes , 1) ; 

% assigning the known data to the cross-sectional variables 

k = 0; 

for i = 1:length(node_coord_displ) 

if node_coord_displ(i,2) == closestX 

k = k+1; 

X(k) = node_coord_displ(i,2); 

Y(k) = node_coord_displ(i , 3) ; 

Z(k) = node_coord_displ(i,4); 

UX(k) = node_coord_displ(i ,5) ; 

UY(k) = node_coord_displ(i ,6) ; 

UZ(k) = node_coord_displ(i ,7) ; 

end % if 

end 7, for 

lb = [-length/20 ,-length/20 ,-length/2] ; 7. lower bound 

ub = [length/20,length/20,length/2]; Z upper bound 

options = optimset('Display','off'); 

[x,resnorm] = lsqnonlin(Srigid_body_minimization,xO,lb,ub,options,Y,Z,UY,UZ, 

number_of.nodes); 

f = rigid_body_minimization(x,Y,Z,UY,UZ,number_of_nodes); 

min_function(j) = norm(f); 

7, calculating the average axial displacement , ignoring bending effects 

SumUX = 0; 

for k = 1: number_of_nodes 

SumUX = SumUX + UX(k); 

end 7, for 
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Ul(j) = SumUX/number_of.nodes; 

U2(j) = x(l); 

U3(j) = x(2); 

theta(j) = x(3); 

% solved values 

next cross 

xO = x; 

end X for 

X output 

Ul = flipudCUl') 

U2 = flipud(U2') 

U3 = flipud(U3') 

theta = flipud(theta'*180/pi) 

min_function; 

end X function 

C.2.3 Minimization Function File: rigid_body_minimization.m 

function f = rigid_body_minimization(x,Y,Z,UY,UZ,number_of_nodes) 

k = 1:number_of_nodes ; 

fl = UY(k)-x(l)-Y(k)*(cos(x(3))-l)+Z(k)*sin(x(3)) ; 

f2 = UZ(k)-x(2)-Z(k)*(cos(x(3))-l)-Y(k)*sin(x(3)); 

f = [f l;f2] ; 

end X function 

at current cross-section are used as the initial guess values for the 

section 


